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THE ESSENTIAL SPECTRUM OF THE DISCRETE LAPLACIAN ON
KLAUS-SPARSE GRAPHS

SYLVAIN GOLENIA AND FRANCOISE TRUC

ABSTRACT. In 1983, Klaus studied a class of potentials with bumps and computed the essential spectrum
of the associated Schrédinger operator with the help of some localisations at infinity. A key hypothesis
is that the distance between two consecutive bumps tends to infinity at infinity. In this article, we
introduce a new class of graphs (with patterns) that mimics this situation, in the sense that the distance
between two patterns tends to infinity at infinity. These patterns tend, in some way, to asymptotic
graphs. They are the localisations at infinity. Our result is that the essential spectrum of the Laplacian
acting on our graph is given by the union of the spectra of the Laplacian acting on the asymptotic
graphs. We also discuss the question of the stability of the essential spectrum in the appendix.
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1. INTRODUCTION

The computation of the essential spectrum of an operator is a standard question in spectral theory. For
a large family of Schrodinger operators, it is well-known that the essential spectrum is characterised by
the behaviour at infinity of the potential. In 1983, Klaus introduces in his article [Kla] a type of potential
with bumps with a crucial feature, that is, the distance between two such bumps tends to infinity. He
computes the essential spectrum of this 1d (continuous) Schrodinger operator in terms of the union of
the spectrum of some simpler operators. The common patterns, that define the localisations at infinity,
are given by the behaviour of the potential. In [LaSi], this notion is illustrated by the use of R-limits, see
also [CWL] for this concept and references therein. The example of Klaus was generalised and encoded in
some C*-algebraic context in [Gelfl, Gelf2], see also [MaPuRi]. We refer to [Ge] for more general results
and historical references. We mention also [NaTal, NaTa2] for recent developments in a sparse context.

In the context of graphs, the computation of essential spectra is done in many places e.g., [Kel, Ra,
SaSu]. In [BrDeEl, El] they extend the R-limit technique to discrete graphs. We refer to [Goll, GeGol]
for a C*-algebra approach.

Our motivation in this paper is to analyse a graph analog of the example of Klaus where the “bumps”
are no more due to a potential but to patterns coming from the structure of the graph. We call this
family of graphs Klaus-sparse graphs. The approaches of R-limits and C*-algebras do not seem to apply
here. We rely directly on the construction of Weyl sequences.

Date: Version of March 25, 2020.
2000 Mathematics Subject Classification. 47A10, 341.20,05C63, 47B25, 47A63.
Key words and phrases. essential spectrum, locally finite graphs, self-adjointness, spectral graph theory.
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2 SYLVAIN GOLENIA AND FRANGOISE TRUC

We start with some definitions and fix our notation for graphs. We refer to [CdV, Chu] for surveys on
the matter. Let V be a countable set. Let £ :=V x V — [0,00) and assume that

E(x,y) =E(y,x), forall z,y e V.

We say that G := (V,&,m) is an unoriented weighted graph with vertices V and weighted edges £ and

where m is a positive weight on the vertices
m: YV — (0,00).
In the setting of electrical networks, the weights correspond to the conductances. We say that x,y € V
are neighbours if £(x,y) # 0 and denote it by = ~ y. We say that there is a loop in x € V if £(x, z) # 0.
The set of neighbours of x € £ is denoted by
Ng(x) ={y € &,z ~ y}.
A graph is locally finite if | Ag(x)| is finite for all x € V. A graph is connected, if for all z,y € V, there
exists an x-y-path, i.e., there is a finite sequence
(1,...,xN+1) € YPNFL guch that 27 = T, xny1 =y and Ty ~ Ty,

We recall that a graph G is simple if £ has values in {0,1}, m = 1, and if it has no loop.
In the sequel, all graphs G = (V,£,m) are locally finite, connected and have no loop.

We now associate a certain Hilbert space and some operators on it to a given graph G = (V, &, m).
Let £2 (V) := £2(V,m; C) be the set of functions f : V — C, such that ”fH%?n(V) =D ey m(x)|f(2)]? is
finite. The associated scalar product is given by

(£.9)g = (£, 9)ez,v) == Y _m() f(x)g(x), for f.g € £3,(V).
eV

We also denote by C.(V) the set of functions f : ¥V — C, which have finite support. We define the
quadratic form:

(1.1) P4(f,0) =5 3 E@)lf@) — FW)P 20, for € C.(V)

z,yeV

It is closable and there exists a unique self-adjoint operator Ag, such that

Qg(f?f) = <f,Agf>g, for f € Cc(v)

and D(A1/2) D(2g), where the latter is the completion of C.(V) under || - [|> + Z2¢(-,-). This operator
is the Friedrichs extension associated to the form Zg (e.g., [Gol3]). It acts as follows:

(1.2) Agf(x Zfz (z,y)(f(x) = f(y)), for f € Ce(V).

When m = 1 and £ has values in {0, 1}, the operator is essentially self-adjoint on C.(V), c.f., [Woj]. A
large literature is devoted to this subject.
We define the degree associated to G = (V,E,m) by

degg(x) := @) Zé‘(m,y), forz e V.
yev
Given a function V : ¥V — C, we denote by V(-) the operator of multiplication by V. It is elementary

that D(deg1/2( )) C D(AUQ) Indeed, one has:

<(f,8¢f)g ZZEwy\f — f))?

zEV y~x

(1.3) <D E@ S @P +1f@)IP) = 2(f, degg () ),

€Y y~w
for f € Ce(V). Moreover, setting d,(y) := m~V/2(2)1(,,(y) for any =,y € V, (5,, Agd,) = degg(z), so
Ag is bounded if and only if sup, ¢y, degg(z) is finite, e.g. [KL2, Gol3]. Here we have used the following
standard notation: for any given set X, 1x(x) :=1is € X and 0 otherwise.
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The aim of our work is to study the essential spectrum of Ag for Klaus-sparse graphs. The precise
definition is given in Section 2 but let us give a rough description of such a graph: it consists of a (double
infinite) family of finite graphs {G; x }(;,x) which are patterns that are connected by a “medium graph”
Gar. The latter has a uniformly bounded degree. For any given k, there is a kind of increasing limit of
G;.x when ¢ — oo which is an infinite graph Go, ;. The graphs {G. r}r are the localisations at infinity
of G. Moreover the distance in G between the G; , goes to infinity as lim(i, k) — oo with respect to the
Fréchet filter. We prove the following theorem :

Theorem 1.1. Assume that G := (V,E,m) is a Klaus-sparse graph. Using notation of Definition 2.1,

we have

1) Ag is essentially self-adjoint on C.(V).

2) The essential spectrum of Ag is given by the union of the spectra of Ag__ . , the localisations at infinity,
namely:

Uess(Ag) = U U<Agoo,k)'
keJ

First of all, to simplify the presentation we do not include any potential and stick to perturbation of
graphs. The proof of 1) is inspired by [Gol2]. Let us mention that the inclusion C in 2) holds for a wider
class of graphs and is the easy part of 2). The reverse inclusion is the interesting and difficult part. To our
knowledge, in the context of C*-algebra, the only result that could tackle this issue is in [Ge]. However it
is complicated to compare his results to ours, since they are given in terms of some abstract ultra-filters.
Moreover, in our result the union that we obtain is minimal, e.g., Section 3.4.1. We now compare to [El].
In his chapter 4, the author’s more general results overlap with ours but they do not contain ours. They
are complementary. Let us explain in which sense they do not contain our result. First we point out that
the author is dealing only with bounded operators and with m = 1. We do not believe that it is a strong
obstacle for his method. However, his approach relies fundamentally on a reverse Shnol’s Theorem that
is fulfilled under a uniform sub-exponential growth: ¥y > 1,3C > 0 so that Vr € N*

(1.4) sug Hy € V,dg(z,y) =r} < CH".
re

We construct in Section 3.4.2 a general family of Klaus-sparse graphs that do not have a uniform expo-
nential growth.

Finally in the appendix, Theorem A.l ensures the stability of the essential spectrum under a pertur-
bation of the metric that is small at infinity.

Acknowledgements: We would like to thank Eric Amar and Michel Bonnefont for fruitful discus-
sions. We thank Latif Eliaz and Jonathan Breuer for mentioning their interesting results.

2. KLAUS-SPARSE GRAPHS

2.1. Further notation. We introduce some further notation and definitions. Given a,b € Z, we denote
by [a,b] := [a,b]NZ and [a, co[:= [a, c0[NZ. Given X C Y, we denote by X¢ := Y\ X the complementary
set of X, when no confusion can arise. Given H, K Hilbert spaces, we denote by B(H, K) and K(#, K) the
set of bounded and compact operators from H to K. Set also B(H) := B(H,H) and K(H) := K(H,H).

Given G, := (V;,&,m;) and z; € V; for i = 1,2, we say that Gy is induced by Go and denote it by
g1 C Go if there is an injection f : V; — Vs such that

f(vl) C Vo, 51(x,y) :52(,](‘(55),]0(@/))7 and ml(z) :mg(f(QS)), vayevr
We shall write (G1,21) C (G2, x2) if we have in addition f(x1) = x2. To simplify, we shall often simply
write
Vi TV, & =6&|v,,v,, mi=maly, and 21 = 2.
Moreover, given a graph G = (£,V,m) and X C V, we denote by [X]9 := (X, &|xxx,m|x) the induced
graph of G by X.
We denote by dg the (unweighted) distance for G (over V) given by
dg(z,y) :==min(n,z =x¢g ~ 21 ~ ... ~ T, =y, with z; € V),

for x,y € V when x # y and dg(x,z) := 0. It is a distance on V when G is connected. Given r > 0, we
set

Bg(z,r) :={y € V,dg(x,y) <r}.
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2.2. The Klaus-sparse graph. In the introduction we explained by hand-waving the notion of Klaus-
sparse graph that we present in this article. Here is the precise definition.

Definition 2.1. A graph G := (V,E,m) is called a Klaus-sparse graph if the following is satisfied.
o Set of patterns: Let J be at most countable such that | J| > 1. There exist a family of connected
subgraphs G; i := (Vi g, Eik, Mi k) withi € N and k € J, that are induced by G .
o Localisations at infinity: There are Gook = (Voo,krEoo,ky Moo k), for all k € T, and Gy =
Vat, Eptymam) and zaq € Vaq, with uniformly bounded degree:

(2.1) sup degg,, (y) < oo.
YEVM

Here M stands for medium.
These two families verify the following compatibilities:
(a) For alli € N and k € 7, there are 0 < ri% < Tff;t such that

1,
=00 and lim & — 7% = 0o
(i,k) oo % ’

int

lim

(i,k)—o00

where the limit is taken with respect to the Fréchet filter, i.e., the one given by the complementary
of finite sets.
(b) For alli e N and k € J, there exist x; 1, € Vi and Too ks € Voo ki, SO that

(1Bg (@i, 7517 @i k) C (Goors Too k)
and for all r > 0 and k € J, there is i € N such that
([Bgaw s (oo s 1I7*, oo k) C ([Bg (@i, i — 1)), wik)-
(c) We set
{Ci}ie := {connected component of [V \ UieN)keng(l‘Lk’T;fl]z — 1)]9}.

Here L C N*. It is finite or not. We suppose that for alll € L, there are a vertex x; of C; and an
order < on L such that

Viime L, lam = (Cr,x1) C (Cony Zm) C (G TM)-
(d) For alli,j € N and k, k' € J, such that (i,k) # (j,k'), we have
Bg (i g, 75%) N Bg (4, m550) = 0.
(e) For all v >0, there is (i,k) € N x J such that
(2.2) [Bgpi (2p,7)]9% C [Bg (@i ke, 753 — 1)\ Bg(wip,ris + 1)]°.

At first sight, it looks a bit abstruse but will be more intuitive by relying on the figures. In Figure 1,
C; ~ [—ai, b;] where a; and b; are integers that tend to co. The medium graph is Gy = Z, see Figure 2.
Note that we could have chosen Goq = N.

In Figure 3, [V \ UienBg (z;,71")]9 is connected. Therefore £ is reduced to an element and Gaq = Z2,
see Figure 4.

3. PROOF OF THE MAIN THEOREM

3.1. Essential self-adjointness. In this section we prove the first part of Theorem 1.1. We rely on a
perturbative approach. We assume that G := (V,&,m) is a Klaus-sparse graph and we use notation of
Definition 2.1. We set:

Vu = UBg(x@kﬂﬁgﬁ:)? gﬁ =& x 1V”><Vﬁ7 and gﬁ = (Vuagﬁvm|vﬁ)'
ik
Due to Definition 2.1 (d), the balls that are constituting V¥ are two-by-two disjoint. Using the notation
of induced graph given in Section 2.1, we deduce that

Agr = @ ABg (o))
i,k

Since [Bg (i x, ¢} )]9 is a finite graph for all i, k, we infer that Ag: is essentially self-adjoint on C.(V*).
We extend it to V by 0, we obtain that Ag: & 0 is essentially self-adjoint on C.(V).
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Bg(22,1,75%)
.. Bglz21,75)

FI1GURE 1. G is a Klaus-sparse star-like graph. Here £ = N.

Then, mimicking the proof of (1.3), we have:
(3.1) I(f, (Ag = Ag: ©0) f)g| < 2(f, W(-)f)g,

where )
W(x) = —— g E(x,y ffﬂ(x,yﬂ, for x € V.
() m(x) ev| (@,y)

Note that

Z E(z,y), when xz € Vi,

1
m(x) s

! Zf(x,y), when z ¢ VA
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X Bg,, (Too,1,7) : B (xpm,7)

FIGURE 3. G is a Klaus-sparse Z2-like graph. Here £ = {1}.
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Bgoo,l(-roo,lar) Bgoo‘z(a’ﬂoo,?’r)
/\\ /\\
N N
4 N 1/ 7 N 1/
4 N\ 4 N\
4 N 4 N
4 N 4 N
/ /
’ Too,1 AN ’ Too,2 AN
4 \, 4 \,
S S
¢ \ ¢ \
AY 4 N 4
A e A e
AY 7 N 7
\ / N 7
A 7 N 7
A 7 A 7
N , N ,
N e N e
N N
goo,l goo,Q
Bg, (xm;7)
N
4 N
/.
/]
, S
z \,
S
4 N
’ N
7/
’ M AN
z
N\ e
A e
N e
A e
A 7
A e
\ /
N\ 7/
NI
2
~
Gm =1L

FIGURE 4. Localisations at infinity for the Z2?-like graph given in Figure 3

Therefore, recalling (¢) of Definition 2.1, we have that the support of W is contained in {C; };c-. Moreover,
using again (c), we obtain that
sup W(x) < sup degg,, (7).

zey zEV M
In particular, this implies that Ag — Ag: ®0 is a bounded operator. Hence by the Kato-Rellich Theorem,
e.g., [RS, Proposition X.12], we conclude that Ag is also essentially self-adjoint on C.(V). O

3.2. General facts about the essential spectrum. For the proof of the second point of the main
theorem, we rely extensively on the properties of approximate eigenfunctions. For the convenience of the
reader, we recall these results.

We start by characterising the spectrum and the essential spectrum of a general self-adjoint operator,

e.g., [RS, p. 268].

Theorem 3.1. Let H be a self-adjoint operator acting in o Hilbert space (H,| - ||). We have:

1) A € o(H) if and only if there are v, € H such that |n] = 1 and lim, oo (H — XN)@, = 0. The
functions (on)nen are called approximate eigenfunctions.
2) X € 0ess(H) if and only if there are @, € H such that
(@) lonll = 1,
(b) w — limy, 00 o = 0,
(¢) limy, oo (H — X)g,, =0.
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The sequence of functions (@n)nen is called a Weyl sequence.

For the next theorem, the first point is a one-line proof. The second one relies on Persson’s Lemma,
e.g., [KL, Proposition 18].
Theorem 3.2. Let G := (V,E,m) be such that Ag is essentially self-adjoint on C.(V). It follows that:

1) M€ a(Ag) if and only if there are v, € Cc(V) such that ||@n|] =1 and lim, o0 (Ag — N, = 0.
2) X € 0ess(H) if and only if there are ¢, € C.(V) such that

(a) llenll =1,
(b) for all finite set K C V, we have supp(p,) N K =0, for n large enough,

(¢) limy, 00 (Ag — AN, = 0.

3.3. Computation of the essential spectrum. In this last section, we finish the proof of the main
theorem. We start with two lemmas.

Lemma 3.1. Let G := (V,&,m) be such that Ag is essentially self-adjoint on C.(V). Let x : V — R be
bounded, and define

1
m(z)

G(z) == > E(z,y)Ix(y) — x(@)]-
yey
We have:

(a) For all f € C.(V), we have

(£ [Ag, xO) gyl < (f,G() g

(b) Assuming that G is bounded, [Ag, x ()] extends to a bounded operator that we denote by [Ag, x(+)]o-
(c) The operator [Ag, x()]o is compact if

(32) lim G(z)=0.

|z| =00

Proof. Take f € C.(V). Using the Cauchy-Schwartz inequality, we have:

(A XOING < D1 @)Y E@,y) [(x(w) — x@)] - £ W)

TeY Yy~
< % DN E@)xw) — x@)] - 1F@)P + E@y)x() = x@)] - |f )
reV y~x
=Y G@)m(@)|f(@)]* = (f,G()f)g-
zeV

The boundedness is immediate and the compactness follows from the min-max theory, e.g., [Gol3][Propo-
sition 2.8]. O]

Lemma 3.2. Assume that G := (V,&,m) is Klaus-sparse. Using the notation of Definition 2.1, there
exists x : V — [0, 1] such that

1) x(z) =1 when x € Uien keg Bg (i, ") and x(z) = 0 when = € (Ui,kBg(xiyk, oY — 2))0.

2) The operator [Ag, x(-)]o is compact.

Proof. Set

| do(@, Bg (i, 7))
R =

,ifx € Bg(w g,y — 1) for some i € Nand k € 7,
0, otherwise.

Recalling Definition 2.1 (d), this can be rewritten as follows:

dg(z, B(xi, %))
X(l‘) = Z max (1 - pext _ pint _ ,1 0

ieN,keJ i,k ik

Given x € V, we have

G(z) == ﬁ S (@) x(y) — x(@)] < degg(z) x F(a),

y~zx
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where
1

. ext _ ,int _ 1’
F(x):=q ri —riy—1
0, otherwise.

if © € Uienveg Bg (i, 753 — 1) \ Bg (@i ke, rif — 1),

Thanks to the support of F' and recalling Definition 2.1 (c), we refine the estimate as follows:

Gla) < sup degg,,(y) x Fla).
yEVM
Moreover, we have that F(z) — 0 as || — oo due to Definition 2.1 (a) and the Fréchet convergence.
This implies (3.2), which ensures that [A, x()]o is a compact operator. O

Lemma 3.3. Assume that G := (V,E,m) is Klaus-sparse. Using the notation of Definition 2.1, we have
U(AM) - Uess(@kejAgoo,k)'

Proof. Let A € o(A ). First note that A v is bounded by (1.3) and (2.1). In particular, C.(V) is a core
for A pq. Then, by Theorem 3.2, there are ¢, € C.(Vaq) so that ||¢n|lg,, = 1 and lim, oo (A —A), = 0.
Let r,, > 0 be chosen such that supp(y,) C Bg,,(xr,7n — 1). Using properties (d) and (e) of Definition
2.1, we see that there exist an isometric graph embedding T,, and an injective function ¢ : N - N x J
such that

X in O
T+ (B (2, )] = [Bg (2g(m)s 50y — 1)\ B (@ g(n)s i) + DI C Goo hn):

for all n € N and ¢(n) = (i(n), k(n)). Since ¢ is injective, note that ¢(n) — oo in the Fréchet sense, as n
goes to infinity. The last inclusion is due to Definition 2.1 (b).
Since it is a graph embedding and recalling that supp(¢,) C Bg,,(zam, s — 1), we have

()
(@kej (Agoo,k: - )‘)) Thon = (Agoo,un) = NThon = (Ag = NTnpn = T ((Arm — A)pn) — 0,

as n — o0o. Moreover, since it is an isometry we have ||Tn¢nlluyg.. , = 1. Since lim(; py o0 )% = 00,

up to a subsequence, recalling the support of T;,p,, we see that w — lim,,_, o, T,p,, = 0. This is a Weyl

sequence for @re 7Ag,, k. This yields that A € dess(PresAg. k)- O

We turn to the proof of the main result.

Proof of Theorem 1.1: We prove the two inclusions.

D: Let A € 0(Ag,, ) for some k € J. One can find functions ¢,, € Cc(Vg., ,,) such that ||, , = 1 and
lim, 00 (Ag., . —\)¢@n = 0 by Theorem 3.2. Let 7, > 0 be chosen so that supp(,) C Bg.. , (Too ks Tn—1).
By Definition 2.1 (b) and (d), we see that there exist an isometric graph embedding 7;, and a strictly
increasing function ¢ : N — N such that

Ty ¢ [Bgos i (Too s 7)1 9% = [Bg (T ks Ty & — DI,
for all n € N. Since it is a graph embedding, we have
(Ag = NThpn = Tn((AQm,k — AN)gn) = 0,

as n — oo and since it is an isometry we have || T, ¢,llg = 1.

Recalling (d), we see that the supports of (T,,¢n)nen are two by two disjoint. In particular, we obtain
w — limy, 00 Tnpn = 0. We infer that T,,¢,, is a Weyl sequence for (Ag, A). In particular A € gess(Ag).
This implies that Uge 70(Aco,k) C Tess(Ag). Since oess(Ag) is closed, we obtain the first inclusion.
C: Let A € 0ess(Ag). There are ¢, € C.(V) verifying 2 (a)-(c) in Theorem 3.2. Take x as in Lemma 3.2
and distinguish two cases.

i) Suppose that liminf, . [[(1 — x(-))¢nllg > 0. Set

1
A= x(Denllg
We have ||¥,||g =1, for all n € N with support in ﬂLkBg(xi,k,r;fl,;)C. By Definition 2.1 (c), we have the

following direct sums:

(3.3) U, = 1P, and Agl, =Y 1¢,AgV,.
leL lel

v, (1 —=x())en-



10 SYLVAIN GOLENIA AND FRANGOISE TRUC

For each | € £, we inject 1¢, V), into Goq and denote it by \IJLM. Since \Ijiz,/\/l is with finite support, there
is p = p(l,n) such that

p
L= W allga, = D 1% allg,
=0

leL
By Lemma 3.4 (b), there exist (0;,)iec.nen such that

(3.4) > el >1
leL Gm
Set now )
IENVES : DT Y
HZzea elel‘"‘I’fz,MH lec
Gm
Then,

1

1AM = N T mllgn = —
HZleL e Z‘“‘I’n,MH
Gm

A e, W,

leL ;
5

26191 m(Ag — N1, P, Z” Ag — N1e, ¥, ||g

leL , =
3 Ag — N1 = x()@n
2 (Ag = MW, |lg = I(Ag 1_)( (Nenllg

(1= x())enllg
1

< =g (11 = Xl - 186 = Dl + 186, XN lle) 0

as n — 00, since [Ag, x(+)]o is compact by Lemma 3.2 and ¢,, tends weakly to 0. This implies that
A€ 0(Am) C Oess(AgresGoe )> by Lemma 3.3.

ii) Suppose now that liminf, , [|[(1 — x(:))¢nll¢ = 0. Up to a subsequence, we can suppose that
lim,, 00 ||X(-)@nllg = 1. Thanks to Lemma 3.2, note that

SUPP(X(')Sﬁn) - UBQ Ti ks T ze)lcet - 2)'
i,k
Set

1 1
U, = ——XpPn =
IX(Denllg

Bg (w1 r5% — 2X QDE Bgfﬂk 72).
|| Uix Bo (i, — 2)X ()(Pan Ulk 5 (@7 ) " ZLJ R 1k

Note that ||¥,||g = 1. Using Definition 2.1 (d), we have
(3.5) U = @reg BiZ0 Lpg(wiprey—2)Un and AgWh = @reg OiZ0 Lpg (a4, -1)06 Yn
where the sum is taken over a finite number since ¢,, is with compact support. Moreover,

1= Tallg =" Z 5o st —2) TnlG-

keJ i=0
We now inject 1p; (s, , rext—2)¥n into Goo  using Definition 2.1 (b). We denote by Wik Vo k — C the
new function. Trivially, we have
> Z 15 lE o = 1.

keJ i=0
Since Wi is with finite support, there is p = p(k,n) such that

n,00

o) p

ank = Y NG, = D IWRE, -
=0 i=0

Thanks to Lemma 3.4 b), there exist (6; k.n)ien ke .nen € [0, 2787 such that

oo 2 oo
(3.6) 3 ;eiei,k,nq,;fm >3y qugfgo;y;w =Y s =1.

keg Goow k€T i=0 keg
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Set

1
\Ilfloo:: — E elelk”\lﬂk
o0 i0; W \®
Sweg [Sizo et il
k/

=1 for all n € N. Using again Definition 2.1 (b) and (d), we have

-3 o, -Vt

Ukeg 9o,k keg
O} 1 )
1=0

|g

Note that ., |

’rlOO”gook

@ (Agoo,k - A)‘i/icl,oo

keT

o) 6., ik’
Zk’ej Hzizo evin m W o keJg

oo, k'
6)
<>

g

Zeiei,,k‘n (Ag — )\) (1Bg(wi,k;7’fﬁ:_2)\p")

keJ
@ (3:5)
- ZZH Ag =2 (139 zir5—2) Un ) g [(Ag — M) W.,llg
keJ i=0
1
S o~ UlXlleo Ag_)‘SDnQ'F AgaX'SOng—)O
Conlc (IIxlfoe - € )enllg + Il Olenllg)

as n — 0o, since [Ag, x(+)]o is compact by Lemma 3.2 and ¢,, tends weakly to 0. Thus (@kej\ifﬁm)neN

is a Weyl sequence for Ag, ;g .. We conclude that A € 0(Ag, 6. ,) = Urego(Ag.. ) O
We have used the following Lemma coming originally from [Am].

Lemma 3.4. a) Let (e;);en be included in a Hilbert space H such that ||e;|| = 1. Let (B;)ien € CY. For
all p € N*, we have:

2
P P
(3.7 364,...,0, € [0, 27| such that Zeieﬂﬂjej > Z 1812
j=1 j=1
b) In particular, let (f;)jen be included in a Hilbert space H. For all p € N*, set a(p) = 5’:1 £

There exist (0;)jeq1,p) < [0, 27|71 such that

2
p .
> e fill = alp).
j=1

Proof. a) We prove the result by induction. The case p = 1 is trivial. Suppose that we have (3.7). Set

ki=3""_, €% Bje;. Let 0,41 € [0,27] such that 2R(e!%+1 3, 1epy1,k) > 0. We have:
2
ptl _
Yo Bjel| = kP + 1Bpeal + 2R(€ Bugrepin, k) 2 (K] + 1Bpra .

which concludes the proof.
b) Set f; := Bje; such that ||e;|| =1 and apply a). O

3.4. Sharpness. We conclude by discussing further examples.

3.4.1. The closeness of the union is not automatic. In the context of R-limits and C*-algebra, the union
of the spectra of the localisations at infinity is always closed. A contrario, in the context of Klaus-sparse
graphs, we prove in this section that this union is not always a closed set. Theorem 1.1 is sharp.
To see this let us consider a Klaus-sparse graph G := (V, £, m) constructed as in Figure 1 where the
localisations at infinity of G are of the following types:
1) Let Goo,0(Voo,01€00,0, 1) be a simple 3-star infinite graph. Namely, let Vo o := {0} U ({1,2,3} x N*)
and set £0,0(0, (¢,1)) := 1 and Ex 0((4,7), (4,k)) :==11if |k — j| =1, for all ¢ € {1,2,3} and j, k € N*
and set £x,0(z,y) := 0 otherwise.
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Moo,k

Too,0 o

Lo,k

Goo,0 Goo i for k € N*

)

M

Gm =1
F1GURE 5. Localisations at infinity, counter example for the closeness

2) For each k € N*, let Goo & ' = (Voo ks Eco k> Moo, k) bE given by

_ _ 1, ifjz—yl=1, | s(k), ifxz=0,
Voo,k - Zv goo,k(x7y) - gz(x7y) - { 0’ elsewher67 moo,k)(x) T ]_, elsewhere.

where s(k) is a sequence such that 0 < s(k) < 1, to be fixed later.
3) Let G = (Z,&2,1).

We refer to Figure 5 for an illustration. We have:

(A o) = [0,4] U {g} . oMo ) = [0,4U {M} .

The former is well-known, e.g, [BrDeEl, Lemma 4.4.5] with a verbatim proof. The latter comes from a
direct computation: the spectrum has an absolute continuous part and a discrete one, constituted by a
unique eigenvalue A\, = m Let us choose s(k) :=1— @ + 37- When k goes to 400, (s(k) —1)2
tends to %, so that A tends to 8, which shows that the set Ures o(Ag.. ) is not a closed set. A suitable
sequence si can be chosen in order to get any limit [ for Ax , provided 4 < I < 0.

3.4.2. A graph without uniform sub-exponential growth. Take a graph G; := (V,€,1)) such that (1.4) is
wrong and Go := Z. Then take z € V and glue G; with G5 in a direct way such that x is identified with 0.
We denote by G o this graph. Take a Klaus-graph constructed as in 1 where the localisation at infinity
is given by Goo 0, see Figure 6 and Gyrq = Z as medium graph. Clearly G has no uniform sub-exponential
growth. The result of [El] cannot apply whereas ours can.

APPENDIX A. STABILITY OF THE ESSENTIAL SPECTRUM

Stability of the essential spectrum is a wild subject. The general idea is that if a perturbation is small
at infinity then the essential remains the same. To establish it, given H and Hperty being self-adjoint, one
usually proves that (Hperew + 1)1 — (H +1) 7! is compact to obtain that gess(Hpertu) = ess(H). This is
the Weyl’s theorem, e.g, [RS, Theorem XIII.14]. The difficulty lies in proving the compactness by taking
advantage of the smallness of the perturbation at infinity. We refer [GeGo2] historical references therein
and also for a general abstract method. However, our situation does not fall exactly in the abstract
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FIGURE 6. An antitree with spheres S,, of size (n + 1)! glued with Z at 0, a counter-
example with non-exponential growth

setting of [GeGo2] and we need some adaptations. We present an extended version of [Gol3, Proposition
5.2] (where m = m).

Theorem A.1l. Let G := (£,V,m) be such that D (Aém) =D (degl/Q( )) Let G := (£,V,m) with
V=V and such that there is ¢ with g(m,y) < c&(x,y), for all z,y € V and

(A1) lim T(x) =1land lim &(z,y)—E(z,y) =0.

2| =00 () |2,y =00

Then D (A;p) D (degl/ (- )) and
Uess(AQ) = Uess(A§>'
We stress that the operators Ag are not necessarily supposed to be essentially self-adjoint C.(V) and
that we consider their Friedrichs’s extension.

Proof. First we transport unitarily Ag from ¢2(V, m) into £2(V,m). Namely, we set A= '”( 1A '”E 5-
We shall prove that

(A.2) Ag—Aeck (deg;,”( ), (deg1/2( )) ) ,

here * denotes the antidual and we have identified £2(V,m) with its antidual.
We have:

&;-E:(u,/%)Agﬂ/z / / g( /mg)
By (1.3), Ag is bounded in B (degép() (deg1/2( ))*) and ( - W) ((d )) )

The first term is compact in K (degé/ (), (deg /2( )) ) In a same way, since \/ﬁ €B ((deg1/2 ) )

3

the third term is also compact. We turn to the second one. Given f € C.(V), we have
0 11:(39 ~ 85)0)] < (| deegl) —degg o + 3 1501w - o)~ Fi )|
< deng ) dosg0)s + 5 3 Wl ) - D)
+3 X @P [ - T

z,ycV
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where
(A4) F(x) = o(1 4 degg(x)), as |z| — oo.

To see this we use (A.1) and the Lebesgue convergence. We justify the domination of the first term by

(f, | degg () — degg () f)g = 3 m@) @ | —— 3 &) - % S ()

z€eY m(a?) yey yey
1 1 1 -
<SS m@f@)P (| —= - =Y @)+ |=— > &z,9) - E@,y)
;, (m(x) m<x>>y§, Y m(@% Y Y

< ((1 +§1€1\I}) %) + ((1 +c) :1615 gg%)) (f,degg () f)

and that of the last term, as follows:

1 )2 . x *M~IE :l m(x 332.# . B 1 MNx
%,yzev'f( ) ““ Y~ F £l ’y>’ zm,yZev @ @) | sy = e @)
= % <1 +esup 223) (f, degg () f).

The treatment of the second term is similar. Thanks to (A.4), we infer that the operator F'(-)(1+ deg())

is compact in K (degé/2(~)7 (degé/2(~)) ) By the min-max principle, e.g., [Gol3, Proposition 2.4], (A.3)

ensures that the second term also belongs to K (degé/2(~), (degg2(~)) *) We conclude that (A.2) follows.

We turn to the consequences of (A.2). Using the KLMN’s theorem, e.g. [RS, Theorem X.17], we
obtain that D(A/2) = D(degé/2(~)). Going back by unitary transform into ¢2(V,m), we obtain the
result for D(Ag 2). Concerning the equality of the essential spectra, the compactness of Ag — A implies

that (Ag 4+1)~' — (A +1i)~! is a compact operator, e.g., [GeGo2, Condition (AB)] or [Gol3, Proof of
Proposition 5.2]. The Weyl’s Theorem concludes, e.g, [RS, Theorem XIII.14]. O

To apply this theorem we suppose crucially that the form-domain of Ag is equal to that of degg(-).

Recalling (1.3), we have D (degé/ 2()) cD (Ag 2) in general but the reverse inclusion is not automatic.

We refer to [Gol3] for the beginning of this question and [BoGoKe] for an equivalence. We refer also
to [BoGoKeal] for a magnetic version. In our context, it is enough to suppose the equality of the form-
domains for the localisations at infinity. This is the aim of the next Proposition.

Proposition A.1. Let G := (V,E,m) be a Klaus-sparse graph defined as in Definition 2.1. Assume that
D (Al/Q ) ~-D (deg1/2 (.)), for allk € J. Then D (A;/Q) =D (deggﬂ(.)).

Breg Yoo,k DBreg Yoo,k

Proof. Recalling (1.3) it is enough to show that D (Aéﬂ) cD (degé/Q(o)). By hypothesis and with the
help of the uniform boundedness principle, there is C' > 0 such that

(f,de8a, e s6e ()N oresGoon < OUS DoresGon HonesGoon + 1 1G0cs60)s
for all f € Co(®resVoos). Take x as in Lemma 3.2. For all f € Co(V), we have
(f,Ag flg = [ Agxflg + (X[, Ag (1 =x))g + (1 =X)f: Ag xflg + (1 = x) [, Ag (1 = X)[f)g
> é(xf, degg () xf)g — IxflIE = 1L =x)Agll - 2l fllg - Ixfllg + I fllg - (L = x)fllg)-

Recalling that [|x|| = [|1 — x|| = 1 and that |[(1 —x)Ag|| and [|(1 — x) degg(-)|| are finite by (2.1), we infer
there is ¢ such that

(f.degg(-)f)g < c((f,Agf)g + I flg), forall feC(V),

which ensures that D (Aém) cD (degém(-)) and concludes. 0
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