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Abstract

We study systems of simple point processes that admit stochastic intensities. We
represent these point processes as thinnings of Poisson measures and are interested
in a convergence result of such systems. This result states that, if the stochastic
intensities of the limit point processes are independent of the underlying Poisson
measures, the convergence in distribution in Skorohod topology of the stochastic
intensities implies the same convergence for the point processes.
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1 Introduction

In this paper we consider systems of point processes admitting stochastic intensities.
Processes of these type arise naturally in the study of particle systems, such as modeling
of neural activity (see e.g. [14] or [15]) or financial data (see e.g. [2] or [13]). Note that
such processes can always be written as thinnings of Poisson measures.

The natural question is: when does the convergence in distribution in Skorohod space
of systems of such processes follow from the convergence of their intensities? In this
paper we study this question. Our main result, Theorem 1.1, roughly states that if the
intensities of point processes converge in distribution and their limits are independent of
the underlying Poisson measures, then the systems of point processes converge as well.

To give the formal statement of Theorem 1.1, denote by D(RR;,R) Skorohod space,
M the space of locally finite measures endowed with the topology of vague convergence
and N the subspace of locally finite simple point measures.

Theorem 1.1. Let Y* and YV'* (N,k € N*) be D(Ry, R, )-valued random variables.
Let (7*), . and (7*), . be iid. families of Poisson measures on R, x R, having
Lebesgue intensity. Let Z"'* and Z* be point processes defined as follows

ZtN’k ::/ ]1{Z<Y;i,k}d7rk(s,z), Zf ::/ ]l{zgf/k_}dﬁk(&z), ,Z{J 2 1
[0,t]><]R+ - [U,t]XR+ s
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Convergence of point processes

Assume that, for every n > 1,(YN1 ¢l .. YN" 7"} converges in distribution to (Y1,
7l ., Y™ 7 in (D(Ry,R) x N)", and that, for each k > 1, Y* is independent of 7*.

Then, foranyn > 1, (ZN’k)1<k<n \<p<,, in distribution in D(R, R™).
In particular, (ZNF), converges to (2%),, in distribution in D(R4,R)N
with the product topology.

converges to (Z")

endowed

Remark 1.2. In the statement of Theorem 1.1, we need to guarantee the following
property: Poisson random measures are A'—valued random variables. This is a direct
consequence of Theorem 2.6.1II1.(ii) of [6] and of the definition of Poisson measures (see
Definition 3.1).

Remark 1.3. According to Lemma 4 of [4], a point process Z having stochastic intensity
(Ys—),>o (where Y is a cadlag process) can always be written in the form of Theorem 1.1.

Let us note that, in Theorem 1.1, the processes Y%k are not assumed to be inde-
pendent of the Poisson measures 7. Otherwise, the proof would be straightforward by
conditioning by Y V'*. Let us also note that the condition of independence of the limiting
intensities Y* from Poisson measures 7" is often satisfied and natural in many examples
of application. It holds for example when the limiting intensities are deterministic, or
when they are functionals of Brownian motions with respect to the same filtration as 7*.

If the processes YV'* are semimartingales, the result of Theorem 1.1 can follow from
Theorem IX.4.15 of [10], provided the convergence of the characteristics of the corre-
sponding semimartingales holds. But we do not assume the semimartingale structure
for the intensities YV:* in Theorem 1.1.

When the limiting intensities are deterministic, Theorem 1.1 can be compared to
Theorem 1 of [5] that states that the convergence of point processes is implied by
the pointwise convergence in distribution of their compensators (i.e. for each ¢ > 0,
the compensator at time ¢ converges in distribution in R). In [5], Theorem 1 holds
when the compensator of the limit point process is a deterministic function, whereas in
Theorem 1.1, the limit point processes have stochastic intensities.

The idea of the proof of Theorem 1.1 consists in writing the point processes ZN:*
and Z* as a function ® of respectively YN* 7% and Y* 7% (k > 1). Then, knowing that,
(YN, 7F) converges in distribution to (Y*, 7¥), we can use Skorohod representation
theorem to assume that this convergence is almost sure. Finally, proving that ® is almost
surely continuous at (Y*, 7%) concludes the proof.

The organization of the paper is the following: in Section 2 we give some examples
of applications of Theorem 1.1, then in Section 3 we recall some classical properties of
Poisson measures and of the vague convergence. Finally, Section 4 is devoted to the
proof of Theorem 1.1

2 Examples

We start this section with an example of system of point processes based on [8]. In
this example the stochastic intensities are in fact semimartingales. We illustrate both
methods of proof of the convergence of this system: using Theorem 1X.4.15 of [10] about
semimartingale’s convergence and using our Theorem 1.1.

Example 2.1. Let a > 0 and 7% (k > 1) be independent Poisson measureson R xR xR
with intensity dt - dz - dv(u) where v is the centered normal distribution with variance
one. Define XV as solution of

N

1

N N k

dX;" = —aX,; dt + — g /]R xRU]l{ZSH(X”N’)Z}dW (t, z,u),
k=1 +
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Convergence of point processes

and
Nt / 1 ¥ dr'(s, z,u).
' [0,t] xR+ {z<1+(xi)?} ( )

It was shown in Theorem 1.4 of [8] that X"V converges in distribution in D(R.,R)

to X, where X is solution of
dXt = *Oledt + \/ 1 + X?de,

with W some one-dimensional standard Brownian motion. Define also

A :/ 1, ex A7 (s, 2, u),
' [0,t] xRy {esrexz}

where 7' (i > 1) are independent Poisson measures on R? having Lebesgue intensity.

In order to show the convergence of (ZV);<;<,, in distribution in D(R,,R") using
Theorem IX.4.15 of [10], we have to consider the semimartingale (X, ZV:1 ... ZNV:"n)
and show that its characteristics converge to those of (X, Z%, ..., Z").

An alternative proof of the convergence of (ZV%);<,<, to (Z)1<i<, relies on the
Theorem 1.1. Indeed, following Theorem 1.4 of [8], X~ converges in distribution in
D(R4,R) to X, and, being adapted to the same filtration, the Brownian motion W is
independent of the Poisson measures 7 (i > 1) (see Theorem I1.6.3 of [9]).

Theorem 1.1 allows us to consider processes that are not semimartingales, such as
Hawkes processes and Volterra processes. Since the stochastic intensities of Hawkes
processes are not, in general, semimartingales, Theorem 1.1 can be interesting to show
the convergence of Hawkes processes, provided that one can show the convergence of
their stochastic intensities. Let us give an example of application of Theorem 1.1 in this
case. The example is based on Examples 7.3 and 7.4 of [1].

Example 2.2. Let us consider K(t) := ¢ for some v > 0, KV (t) :== K(t/N) and some
Poisson random measure 7 on ]Ri having Lebesgue intensity. Let X" satisfy

t
XN :/ KN(t - 5)]1{z§|XN_\}d7T(S’Z) —/ KN(t—s) |X§V|ds.
[0,¢] xRy ° 0

Theorem 7.2 of [1] implies that the sequence of processes (X{¥);>0 = (N "' XR¥,):>0 has
converging subsequences (in distribution in the topology L? ), and that every limit
process (X;):>o satisfies

t
Xt:/ K(t — 5)\/| X4 |dB., @.1)
0

for some standard Brownian motion B. Besides, one can prove with standard arguments,
the tightness of (X' N in Skorohod topology. Then, we can consider a subsequence of
(X Ny that converges in distribution in the topology of LZQOC and in Skorohod topology.
The limit for both topologies is necessarily the same on Skorohod space. Indeed, let & be
the limit for leoc topology and # be the limit for Skorohod topology of a sequence of cadlag
functions (z"),. The L? . convergence implies that z}' converges to #; for Lebesgue-a.e.
t > 0. Besides, the convergence in Skorohod topology implies the convergence z}' to I
for every continuity point ¢ of #. This implies that & = & Lebesgue-a.e.

This implies the convergence of (a subsequence of) YV := [XV| to Y := | X| in Skoro-
hod topology. Moreover, the Brownian motion can be shown to be necessarily indepen-
dent of the Poisson measure 7 (using Theorem I1.6.3 of [9]). Then, Theorem 1.1 implies

the convergence in distribution in Skorohod topology of Z} := f[07 xRy 1 (- SY;Y_} dm (s, z)
to the point process Z; := f[O.t]x]R+ 1{z<Yg_}dﬁ(3’ z), where 7 is independent of Y. To the
best of our knowledge, there is no classical way to prove this convergence.
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As it was mentioned in Introduction, if the stochastic intensities of the limit point
processes are deterministic, then the hypotheses of Theorem 1.1 are satisfied. Let us
give a practical example based on [7].

Example 2.3. Consider any locally bounded K : R, — R and any Lipschitz continuous
function f : R — R, . Define X” as solution of

N
1 .
xN = — / K(t—s)]l dﬂj(s,z)7

' JV;; 0.6 {2<r(x )}

where 7/ (j > 1) are independent Poisson measures on Ri with Lebesgue intensity, and
X as the deterministic solution of

t
X = / K(t —s)f(Xs)ds.
0
Let
zNi = / 1 dr'(s,z) and Z} = / 1 e dri(s,2).
t Ot]x R, {z<r(xM)} t 04]xER, {z<F(X)}
Then, Theorem 8 of [7] states that, fori > 1, forall T" > 0,

E [ sup ‘ZtN’i — 7}
0<t<T

} < CrN~Y2,

for some constant Cr. In other words, ZV* converges to Z in a L'—sense. As X is a
deterministic function, Theorem 1 of [5], and a fortiori Theorem 1.1, can be used to
show the (weaker) convergence in distribution in D(R, R) of Z+ to Z, provided X~
converges to X.

3 Classical properties of Poisson measures and the vague conver-
gence

Let us begin with the usual definition of random measures and Poisson measures. We
restrict this definition to the space ]R2+ since we only need this space in the paper, but
Definition 3.1 can be generalized to any measurable space. In the rest of the paper, ]R?F
is always endowed with the Borel sigma algebra B(R?).

Definition 3.1. A locally finite random measure on ]R?|r is a M—valued random variable,
where M is endowed with the c—algebra generated by the functions 1 € M — =(B)
(B € B(R2)).

A Poisson measure on ]R?F is a locally finite random measure 7 satisfying:

« forall B € B(R%), n(B) follows a Poisson distribution,
« for every n € IN*, for all disjoint sets Bi,...,B, € B(R%), the variables 7(B;)
(1 <1 < n) are independent.
The function i : B € B(R3) — I [r(B)] is a measure on R that is called the intensity
of m.

Remark 3.2. In Definition 3.1, we can consider Poisson distribution with parameter
infinity. A Poisson variable with parameter infinity is a random variable X satisfying
X =+o0a.s.

Let us begin with an elementary lemma.

Lemma 3.3. Let D € B(Ri), 1 be a (deterministic) measure on Ri, and m be a Poisson
measure on R% with intensity p. If (D) = 0, then, a.s. n(D) = 0.
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Proof. By definition, 7(D) is a Poisson variable with parameter p(D) = 0. O

Now, we state and prove another classical property of Poisson measures.

Lemma 3.4. Let 7 be a Poisson measure on ]R2+ with Lebesgue intensity. Then,
PVt>0,7({t} xRy) <1)=1.

Proof. Let us write

Pt n({t} xRy)>2) <P > Loty > 1| <E > L=y
(tl,ml),(tg,.’tz)Eﬂ' (tl,ml),(t27.’l,‘2)€7'r
(t1,@1)#(t2,22) (t1,@1)#(t2,22)

Then, introducing the random measure 7(2) (called the second factorial measure of )

defined as
7® = Z O(t1,w1,t2,72)

(t1,x1),(t2,x2)€E™
(t1,z1)#(t2,22)

we can write

Z 1{t1:t2} = /IR4 ﬂ{tlztg}dﬂ'(z)(tl7x17t27x2)'

(t1,21),(t2,x2)E™ il
(t1,1)#(t2,22)

According to the multivariate Mecke equation (see Theorem 4.4 of [12]) and Fubini-
Tonelli’s theorem, the expectation of the integral above is

/ / / / ]]-{tlztg}dtldthxlde =0.
Ry JRy JRy JRy

This allows to conclude that P (3¢, 7 ({t} x Ry) >2) =0. O

We end this section with a result claiming that the vague convergence of locally finite
point measures implies the convergence of their atoms.

Proposition 3.5. Let P* (k € IN) and P be locally finite simple point measures on Ri
such that P* converges vaguely to P. Let T, M be positive real numbers such that
P(0([0,T] x [0, M])) = 0. Denote n;, := P*([0,T] x [0, M]),n := P(]0,t] x [0, M]) and
(th, 28)1<i<n, (resp. (ti,2i)1<i<n) the atoms OfP|][€0,T]><[O,]W] (resp. Pyjo,1)x[o,m])-

Then, for k large enough, ny, = n, and there exists a sequence of permutation (o*);, of
[1,n] such that, forall1 <i <mn, tﬁk(i) (resp. zﬁk(i)) converges to t; (resp. z;) as k goes
to infinity.

Proof. To begin with, Proposition A2.6.11.(iv) of [6] implies that n; converges to n as k
goes to infinity. As n; (kK € IN) and n are integers, this implies that n; = n for k large
enough.

To show the convergence of tf and zf, (1 < i< n)letus fix some ¢ > 0. Then, for each
1 < ¢ < n, consider an open ball B; centered on (¢;, z;) of radius smaller than ¢ (for the
supremum norm) such that, forall i # j, B; N B; = @.

Thanks to Proposition A2.6.11.(iv) of [6], we know that P*(B;) converges to P(B;) = 1
(1 <i < n). Since P* are point measures, this implies that forall 1 <i < n, P*(B;) =1
for k large enough. As the sets B; (1 <14 < n) are disjoint, there exists a permutation ok
such that (tc’jk(i), zijk(i)) € B,. Hence, for k large enough, forall 1 <4 < n, |t’;k(i) —ti| <e
and |z§k(i) —z| <e. -

ECP 26 (2021), paper 4. https://www.imstat.org/ecp
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4 Proof of Theorem 1.1

This section is dedicated to prove Theorem 1.1. Let us begin with an important result.
Theorem 4.1. Let  : D(R4,R.)™ x N — D(R,,R™) be defined as

(I)(x77r)t = (/[0¢]><]R+ ﬂ{zgzgi}dﬂ-] (57 Z))

Let (z,7) € D(Ry, R4)™ x N™. A sufficient condition for ® to be continuous at (z, ) is:

1<j<m

(a) foreach1 < j <m, foreveryt >0, m({t} x Ry) <1,

(b) for each 1 < j < m, for every t > 0, if 7/({t} x R,) = 1, then, for all i # j,
7 ({1} x Ry) =0,

(c) for each 1 < j < m, for every t > 0 such that 7/ ({t} x Ry) = 1, 27 is continuous
att,

(d) foreachl < j <m, 7/ ({(t,z{_) St > ()}) =0.

Before proving Theorem 4.1, let us point out that, in general, ® is not continuous at
every point of D(R4,R4)™ x N™. This is shown in Example 4.2, where hypothesis (d) is
not satisfied.

Example 4.2. Let us consider the point measure 7= = J(;,;) and the constant function
z:t € Ry — 1. In addition, we consider the functions =™ defined as in Figure 1 below.
Obviously, ||z — 2"||«c = 1/n, but ®(z,7); = Ly>13 and ®(z",7) = 0. In other words,
x™ converges uniformly to z, but ®(z", ) does not converge to ®(x, ) for non-trivial
topologies.

1 | |
1—1/nN

Figure 1: Graph of z™

The proof of Theorem 4.1 uses the following lemmas about the convergence in
Skorohod space.

Lemma 4.3. Let (zx)n be a sequence of D(R.,R) converging to some © € D(R,,R),
and (tn)y be a sequence converging to some t > 0. If x is continuous at t, then
.Z‘N(tN—) — I(t)

Proof. Let T >t such that x is continuous at 7. By Theorem 16.2 of [3], x converges to
x in D([0,T],R). Consequently, there exists a sequence of continuous increasing bijective
functions Ay : [0,7] — [0, 7] such that [[Ax — Id||, o 7) and |lzn — 2 0 An|| (o 7 Vanish
as N goes to infinity. Then, as Ay is continuous,

[2(t) — an (tn—)] < [2(t) = O (En)] + [eOn (v =) — 2 (tn )|
<lz(t) — (AN (ENn))] + [l 0 An = 2n]oo,0,7]
vanishes as N goes to infinity since
AN (tn) =t < [An(tn) = tn| + [En =t < [[An = Id]| g (o 7 + [En — 2]

This concludes the proof. O
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Lemma 4.4. Let T > 0, k € IN*, n; € IN*, and consider increasing sequences 0 = t; o <
tig <. <timo1 <tin, =T,0=15 <t)] <...<t)y  <tNy=T@A<i<k). We
define the functions g, gy € D([0,T], R¥) by

{ g(t) = (Z?;Bl ]l[ti,j7ti,j+1[(t)j>
9(T) = (n; — 1)19‘9’

i fort € [0,T7,

1<i<

and

nN -1 .
on(t) = (055 ey o ((07)
gn(T) = (”fv - 1)1§i§k'

We assume that there exists a dense subset A C [0,T] containing T and such that,

forallt € A, gn(t) converges to g(t). Moreover, we assume that for all i1 # iy, for all
j1 € [1,ni,—1] and js € [1,n4,-1], tiy j, # tis .- Then gy converges to g in D ([0, T],R¥).

fort € [0, T,
1<i<k

Proof. Since gn(T) = (nl¥ — 1)1<i<) converges to g(T) = (n; — 1)1<;<, we know that

an =n,; for all N (large enough) and all 1 <7 < k.
Now, we show that foreach 1 < i <k, 1 <j<n; —1, tf\’] converges to t; ;. As the
sequence (thJ) ~ is bounded, it is sufficient to show that ¢; ; is its only limit point. Let s

be a limit of a subsequence (tf;N))N.

We show that s = ¢; ;. If s > t; ; there would exist some r € ANJt; ;, s[ satisfying
that g,(n)(r) converges to g(r). This is not possible because, as r < s = limy t:fg.N),
gon)(r)i < j — 1 for N large enough, and as r > t; ;, g(r); > j. For the same reason,
it is not possible to have s < ¢; ;. As a consequence, t; ; is the only limit point of the
bounded sequence (t;;) - This implies the convergence of t}; to t; ;. In the rest of the
proof, let us re-index the set {¢; ; : 1 <i <k,1 <j<mn;—1}as {s;:1 <14 <n} where
n= Zle(ni — 1), such that $1 < 82 < ... < s,. And we consider the same indexes for the
pointstﬁ\fj 1<i<k1<j<n;—1.

To prove the convergence of gy to g in D([0,7],R), we just have to define the
sequence of functions (A\y)y such that each Ay is the function that is linear on each

interval [s¥, sN ;] and that satisfies Ay (s') = s;. These functions verify gy = go Ay and
_ - LGN = —
||/\N Id”oo,[O,T] 121%){n|57' S5 | 1Igflgxk |tZ7J tz,j| njgo 0.
1<j<n;—1
This implies that (gn)n converges to g in Skorohod topology. O

Now, we can give the

Proof of Theorem 4.1. Let us consider (zj,7g) = (2, ..., 2, 7}, ..., 7"k a sequence of
D(R,,R)™ x N™ converging to (z,7) = (z!,...,2™, 7%, ...,7™). Let Z := ®(x,7) and
Zk = (I’(xk,ﬂ'k). ‘

Let us consider 7" > 0 such that for all 1 < j < m, #/({T} x Ry) = 0 and for all
k e IN*, wi({T} x R4) = 0. In particular T is a point of continuity of Z and of each Zj,
and, as the set of all the atoms of the measures 7/ and wi (1 <j<m,k >1)is countable,
the set of points T satisfying the previous conditions is dense.

According to the proof of Theorem 16.2 of [3], in order to prove the convergence of
Z to Z in D(R4,R™), it is sufficient to prove this convergence in D([0,T], R™) for the
points T satisfying the conditions of the previous paragraph. Indeed, these points T" are
continuity points of Z and there exists an increasing sequence of such points 7' going
to infinity. Then, by Lemma 4.4 (whose hypothesis is satisfied thanks to hypothesis (a)
and (b)), the convergence of Z; to Z in D([0,T], R™) will follow from the convergence
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of (Zy); to Z; for every point ¢ satisfying the same conditions as 7. Let us show the
convergence of (Z,i)t to ZJ for every 1 < j < m. In the rest of the proof, we work with
fixed j,t,T.

To show this, fix some M > max(\|a:j||oo’[0’T],supk HxiHoo,[O,T]) (where we know that
the supremum over k of ||x7||,[0,7] is finite since (7)), converges in Skorohod topology)
such that 77 (9([0, ¢] x [0, M])) = 0. Then write {(7%,¢’) : 1 <i < N} the set of the atoms
of 7r|7[0,t]><[0,M] and {(T,:,Ci) 1< < Nk} that of (Wi)\[o,t}x[o,wf]-

Then, since we choose M such that 7/ (9([0,¢] x [0, M])) = 0, Proposition 3.5 implies
that N, = N for all k (large enough), and that, for each 1 <i < N, 7} and (} converge
respectively to 7% and ¢’ (we can assume that ¢* = Id in the statement of Proposition 3.5,
possibly reordering the indexes of the atoms of every P¥).

Notice that

(ZDe = ]l{cgg(x;)fi_}]l{T;St}'

i=1
To end the proof, one has to note that ﬂ{Cié(zi)T;_} converges to ]l{CiSI]}r}’ and

that ]l{Ti;St} converges to 1;,:i<;; = 1. By hypothesis (d), ¢t # xi_ whence there are
two cases, either (¢ < ij_ or (' > xi_ In the first case, we consider € > 0 such that
CPte< o:JT ._. Then, noticing that hypothesis (¢) guarantees that 27 is continuous at 7°¢,
Lemma 4.3 and the convergence of 7; and (;, respectively to 7* and ¢* imply that, for
k large enough, C,i <(+e/3< :vi —g/3 < (xi)ﬁi_7 what implies the convergence of
H{Ciﬁ(lf;)f,gf} to ]l{ﬁiiﬂﬂii,}' The second case is handled in the same way, as well as the

convergence of 1.i; to 1(i<yy, recalling that 7 ({t} x Ry) =0, and so 7 < t. a
Let us finally prove our main result.

Proof of Theorem 1.1. Step 1: Let us show that (ZV*);<;<,, converges to (Z%); <1<, as
N goes to infinity in D(R, R™).

Since (D(R4,R) x M)™ is a separable metric space (see Theorem 16.3 of [3] for
D(R4,R), and Theorem A2.6.111.(i) of [6] for M), we can apply Skorohod representation
theorem (see e.g. Theorem 6.7 of [3]) to show the almost sure convergence of a
sequence ((YN1 7Ny (YN» 7Ny to (Y1 7Y), ..., (Y™, 7)) in (D(Ry,R) x V)"
as N goes to infinity, where these variables have respectively the same distribution as
(YN by, oo (YN 7)) and (Y #Y),..., (Y™, 7).

Then Theorem 4.1 implies the almost sure convergence of the multivariate point
processes (ZN’k)lngn = @((?N’k,%N’k)lékgn) to (Zk)lgkgn = @((?k,%k)lgkgn) in
D(R,,R™). Let us show that the hypothesis of Theorem 4.1 are satisfied almost surely.
Hypothesis (a) is a classical property of Poisson measures (see Lemma 3.4). Hypoth-
esis (b) is satisfied since the Poisson measures 7t (1 > 1) are independent, whence,
considering i # j, denoting A(7/) the set of points ¢ > 0 such that 77 ({t} x R} ) = 0, we
have that U, 4(zs){t} x Ry is a null set (since A(#7) is finite or countable) independent
of 7%, and consequently

Pla( |J {3 xR #0| =B |P[a( | {t}xRy)#0[7 || =0,

teA(T) te A(wd)

by Lemma 3.3.
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Hypothesis (¢) and (d) are satisfied for a similar reason. For (c¢), one has to observe
that

P (3t>0,77 ({t} xRy)=1and Y/ is not continuous at t) =P | #/( | | {t}xRy)>1],
teD(Y7)

where D(Y7) is the set of discontinuity points of Y7. As D(Y”) is a.s. finite or countable
(see e.g. the discussion after Lemma 1 of Section 12 of [3]), whence UteD(Yj){t} x Ry is
a null set independent of 7/, and Lemma 3.3 gives the result:

Pl | xRy =1|=E|P|#( | {t}xRy) =1y’ || =0.
teD(Y9) teD(Y7)

And hypothesis (d) holds true, because the set {(t,Y/ ) : ¢t > 0} is also a null set
independent of 77.

Then, the almost sure convergence of (ZV*), <<, to (Z*),<j<, implies the conver-
gence in distribution of (ZV*), <<, to (Z¥)1<r<, in D(R4, R™).

Step 2: We have shown that, for every n € IN*, (Z™*); <, <,, converges to (Z*);<x<n
in distribution in D(R,R™). This implies the convergence in the weaker topology
D(R4,R)". Then, the convergence of (ZV:F),~; to (Z%),>1 as N goes to infinity in
D(R4,R)N is classical (see e.g. Theorem 3.29 of [11]). O
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