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processes from the convergence of their
stochastic intensities.
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Abstract: We study systems of simple point processes that admit stochastic intensities.
We represent these point processes as thinnings of Poisson measures and are interested in a
convergence result of such systems. This result states that, if the stochastic intensities of the
limit point processes are independent of the underlying Poisson measures, the convergence in
distribution in Skorohod topology of the stochastic intensities implies the same convergence
for the point processes.
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1. Introduction

In this paper we consider systems of point processes admitting stochastic intensities. Processes of
these type arise naturally in the study of particle systems, such as modeling of neural activity (see
e.g. [13] or [14]) or financial data (see e.g. [2] or [12]). Note that such processes can always be
written as thinnings of Poisson measures.

The natural question is: when does the convergence in distribution in Skorohod space of systems
of such processes follow from the convergence of their intensities? In this paper we study this
question. OQur main result, Theorem 1.1, roughly states that if the intensities of point processes
converge in distribution and their limits are independent of the underlying Poisson measures, then
the systems of point processes converge as well.

To give the formal statement of Theorem 1.1, denote by D(R,,R) Skorohod space, M the space
of locally finite measures endowed with the topology of vague convergence and N the subspace of
locally finite simple point measures.

Theorem 1.1. Let Y* and YN'F (N, k € N*) be D(R,R.)-valued random variables. Let (%)

—k
and (_7T )kGN*
and Z* be point processes defined as follows

zNk ::/ ﬂ{z<yﬁ,k}dﬂk(572), A ::/ ll{zg}—,k_}dﬁ'k(s,z), kE>1.
[0,t]><]R+ - ¢ [U,t]XR+ s

keN*
be i.i.d. families of Poisson measures on R xR having Lebesgue intensity. Let Z™'F

Assume that, for everyn > 1, (YN 7t YN 7)) converges in distribution to (Y1, 71, ... Y™ 7")

in (D(R4,R) x N)", and that, for each k > 1, Y* is independent of 7.

Then, for any n > 1, (ZN’k) converges to (Zk)1<k<n in distribution in D(R4,R™). In
particular, (ZN*’“) in distribution in D(R., R)N* endowed with the product
topology.

1<k<n

converges to (Zk)

k>1 k>1
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Remark 1.2. In the statement of Theorem 1.1, we need to guarantee the following property:
Poisson random measures are N —valued random variables. This is a direct consequence of The-
orem 2.6.I11. (i) of [6] and of the definition of Poisson measures (see Definition 3.1).

Remark 1.3. According to Lemma 4 of [{], a point process Z having stochastic intensity (Y;_),~,
(where Y is a cadlag process) can always be written in the form of Theorem 1.1. -

Let us note that, in Theorem 1.1, the processes YN-* are not assumed to be independent of
the Poisson measures 7. Otherwise, the proof would be straightforward by conditioning by Y V¥,
Let us also note that the condition of independence of the limiting intensities Y* from Poisson
measures 7 is often satisfied and natural in many examples of application. It holds for example
when the limiting intensities are deterministic, or when they are functionals of Brownian motions
with respect to the same filtration as 7*.

If the processes YN'* are semimartingales, the result of Theorem 1.1 can follow from Theo-
rem IX.4.15 of [10], provided the convergence of the characteristics of the corresponding semi-
martingales holds. But we do not assume the semimartingale structure for the intensities Y N'F in
Theorem 1.1.

When the limiting intensities are deterministic, Theorem 1.1 can be compared to Theorem 1
of [5] that states that the convergence of point processes is implied by the pointwise convergence
in distribution of their compensators (i.e. for each ¢ > 0, the compensator at time ¢ converges in
distribution in R). In [5], Theorem 1 holds when the compensator of the limit point process is a
deterministic function, whereas in Theorem 1.1, the limit point processes have stochastic intensities.

The idea of the proof of Theorem 1.1 consists in writing the point processes ZV:* and Z*
as a function ® of respectively YV:* 7% and Y* 7% (k > 1). Then, knowing that, (Y™VF 7¥)
converges in distribution to (Y*,7%), we can use Skorohod representation theorem to assume that
this convergence is almost sure. Finally, proving that ® is almost surely continuous at (Y% 7%)
concludes the proof.

The organisation of the paper is the following: in Section 2 we give some examples of applications
of Theorem 1.1, then in Section 3 we recall some classical properties of Poisson measures and of
the vague convergence. Finally, Section 4 is devoted to the proof of Theorem 1.1

2. Examples

We start this section with an example of system of point processes based on [8]. In this example
the stochastic intensities are in fact semimartingales. We illustrate both methods of proof of the
convergence of this system: using Theorem IX.4.15 of [10] about semimartingale’s convergence and
using our Theorem 1.1.

Example 2.1. Let o > 0 and 7% (k > 1) be independent Poisson measures on R, x R, x R with
intensity dt - dz - dv(u) where v is the centered normal distribution with variance one. Define XV
as solution of

N

1
dxN = —axNdt+ — / ul dn®(t, z,u),
! ! \/Nﬂg1 Ry xR {z<1+(x¥)7} ( )

and

ZNi ::/ 1 dr'(s, z,u).
t oaxE, S
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It was shown in Theorem 1.4 of [8] that XV converges in distribution in D(Ry,R) to X, where

X is solution of
dXt = —OéXtdt + \/ 1+ XEth,

with W some one-dimensional standard Brownian motion. Define also

Zi:/ 1 co A7 (s, 2, 1),
' [0,t] xR {esixz} ( )

where 7 (i > 1) are independent Poisson measures on Rﬁ_ having Lebesgue intensity.

In order to show the convergence of (ZN'")1<i<, in distribution in D(R,R") using Theo-
rem IX.4.15 of [10], we have to consider the semimartingale (XN, ZN:1 ..., ZN'"™) and show that its
caracteristics converge to those of (X, Z1,..., Z™).

An alternative proof of the convergence of (ZN'")1<i<n to (Z)1<i<n relies on the Theorem 1.1.
Indeed, following Theorem 1.4 of [8], XN converges in distribution in D(R,,R) to X, and, being
adapted to the same filtration, the Brownian motion W is independent of the Poisson measures 7'
(i > 1) (see Theorem I1.6.3 of [9]).

Theorem 1.1 allows us to consider processes that are not semimartingales, such as Hawkes pro-
cesses and Volterra processes. Since the stochastic intensities of Hawkes processes are not, in general,
semimartingales, Theorem 1.1 can be interesting to show the convergence of Hawkes processes, pro-
vided that one can show the convergence of their stochastic intensities. Let us give an example of
application of Theorem 1.1 in this case. The example is based on Examples 7.3 and 7.4 of [1].

Example 2.2. Let us consider K(t) :=t7 for some v > 0, K™(t) := K(t/N) and some Poisson
random measure T 0N Ri having Lebesgue intensity. Let X~ satisfies

t
[0, xR, ° 0

Theorem 7.2 of [1] implies that the sequence of processes (XtN)tzo = (N’lXﬁt)tZO has converging

subsequences (in distribution in the topology L? ), and that every limit process (X;)i>o0 satisfies

X, = / K(t — 5)\/| X.|dB,, (1)

for some standard Brownian motion B. Besides, one can prove with standard arguments, the tight-
ness of (XN)N in Skorohod topology. Then, we can consider a subsequence of (XN)N that converges
in distribution in the topology of L7, . and in Skorohod topology. The limit for both topologies is nec-
essarily the same on Skorohod space. Indeed, let & be the limit for LlQOc topology and & be the limit
for Skorohod topology of a sequence of cadlag functions (z™),,. The L . convergence implies that
xy converges to T, for Lebesgue-a.e. t > 0, whence, the convergence for all continuity point t of &.
Besides, the convergence in Skorohod topology implies the convergence xi' to &; for every continuity
point t of &. This implies that & and & have the same continuity points, and that & = Z.

This implies the convergence of (a subsequence of) YN := | XN| to Y := | X| in Skorohod topology.
Moreover, the Brownian motion can be shown to be necessarily independent of the Poisson measure 7
(using Theorem I1.6.3 of [9]). Then, Theorem 1.1 implies the convergence in distribution in Skorohod
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topology of ZN = f[07t]xR+ ]l{zgyﬁ}dw(&z) to the point process Z; = f[07t]xR+ ]l{zg—,sf}dir(s,z),
where 7 is independent of Y. To the best of our knowledge, there is no classical way to prove this
convergence.

As it was mentioned in Introduction, if the stochastic intensities of the limit point processes are
deterministic, then the hypothesis of Theorem 1.1 are satisfied. Let us give a practical example
based on [7].

Example 2.3. Consider any locally integrable K : Ry — R and any Lipschitz continuous func-
tion f : R — Ry. Define XV as solution of

N
XN =_— / K(t—s)1 dml (s, z),
F=52 S (t =) cpexn yydm’ (s, 2)

Jj=1

where 70 (j > 1) are independent Poisson measures on Ri with Lebesgue intensity, and X as the
deterministic solution of

— t —
Xt:/o K(t—s)f(Xs)ds.
Let

z :/ L dn'(s,2) and Z} :/ 1 ¢ ndri(s,2).
! [0,t] xRy {sz(Xé\’_)} ( ) t 0 {sz(Xs—)} ( )

Then, Theorem 8 of [7] states that, for i > 1, for all T > 0,

,t] xRy

E { sup ‘ZtN’i—Zf
0<t<T

:| é CTN71/27

for some constant Cp. In other words, Z™' converges to Z in a L' —sense. As X is a deterministic
function, Theorem 1 of [5], and a fortiori Theorem 1.1, can be used to show the (weaker) convergence
in distribution in D(R,,R) of ZN'' to Z, provided XV converges to X.

3. Classical properties of Poisson measures and the vague convergence

Let us begin with the usual definition of random measures and Poisson measures. We restrict this
definition to the space Ri since we only need this space in the paper, but Definition 3.1 can be
generalized to any measurable space. In the rest of the paper, }Ri is always endowed with the Borel
sigma algebra B(R32).

Definition 3.1. A locally finite random measure on Ri is a M—wvalued random variable, where
M is endowed with the o—algebra generated by the functions T € N — m(B) (B € B(R%)).
A Poisson measure on Ri is a locally finite random measure © satisfying:

e for all B € B(R?), m(B) follows a Poisson distribution,
e for all n € N*, for all disjoint sets By,..., B, € B(R%), the variables m(B;) (1 <i < n) are
independent.

The function p: B € B(R%) — E [r(B)] is a measure on R% that is called the intensity of .
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Remark 3.2. In Definition 3.1, we can consider Poisson distribution with parameter infinity. A
Poisson variable with parameter infinity is a random variable X satisfying X = +00 a.s.
Let us begin with an elementary lemma.

Lemma 3.3. Let D € B(R%), p be a (deterministic) measure on R2, and 7 be a Poisson measure
on R2 with intensity p. If p(D) = 0, then, a.s. 7(D) = 0.
Proof. By definition, 7(D) is a Poisson variable with parameter u(D) = 0. O

Let us recall an important representation result of Poisson measures as marked renewal processes.

Theorem 3.4. Let A\ > 0, m be a Poisson measure on Ri with Lebesgue intensity. Let (T;, Z;)
(i > 1) be the atoms of g, x[0,x], lezicographically ordered, and Ty := 0. Then

T;, Z; (i > 1) are real-valued random variables,

the variables T; 11 —T; (i > 0) are i.i.d. following the exponential distribution with parameter \,
Z; (i > 1) are i.i.d. following uniform distribution on [0, A,

the families (T;);>1 and (Z;);>1 are independent.

This result allows us to prove another classical property of the Poisson measures.

Lemma 3.5. Let m be a Poisson measure on Rﬁ_ with Lebesgue intensity. Then,
PVt>0,7({t} xRy) <1)=1.
Proof.

P (3t w({t} x Ry) > 2) =P < U {3t, TR, o ({t} x Ry) > 2})

neN*
ZHILH;O]P (3t77r|R+><[0,n]({t} X R+> > 2)

Let n € N*. It is then sufficient to show that

P (3t, 7r, xjo,, ({t} x Ry) >2) =0.
To this end, we use Theorem 3.4 to write the atoms of mr, x[0,n] @s (T3, Zi)i>1. Then, we have
P (3t, mr, o, ({t} X Ry) >2) =P(3i > 1, T; = Tiy1)
<Y P(Ti=Ti1) =0
i>1
since T;4+1 — T; follows the exponential distribution with parameter n (i > 1). O

We end this section with a result claiming that the vague convergence of locally finite point
measures implies the convergence of their atoms.

Proposition 3.6. Let P* (k € N) and P be locally finite simple point measures on R? such
that P* converges vaguely to P. Let T > 0,M > 0 such that P(9]0,T] x [0, M]) = 0. Denote
ni = PY([0,T] x [0, M]),n := P([0,t] x [0, M]) and (t¥, 2F)1<i<n, (resp. (ti,2i)1<i<n) the atoms
of ]D\’fo,T]x[o,M] (resp. Plo,r)x[0,m))-

Then, for k large enough, ny, = n, and there exists a sequence of permutation (o*);, of [1,n] such
that, for all 1 <i <mn, tkk(i) (resp. Zi’“(i)) converges to t; (resp. z;) as k goes to infinity.

o



X. Erny/Convergence of point processes 6

Proof. To begin with, Proposition A2.6.II.(iv) of [6] implies that nj converges to n as k goes to
infinity. As ni (k € N) and n are integers, this implies that ny = n for k large enough.

To show the convergence of t¥ and z¥, (1 < i < n) let us fix some ¢ > 0. Then, for each 1 < i < n,
consider an open ball B; centered on (¢;, z;) of radius smaller than ¢ (for the supremum norm) such
that, for all ¢ # j, BN B; = @.

Using again Proposition A2.6.I1.(iv) of [6], we know that P*(B;) converges to P(B;) =1 (1 <4 <
n). Since P* are point measures, this implies that for all 1 < i < n, P¥(B;) = 1 for k large enough.
As the sets B; (1 < i < n) are disjoint, there exists a permutation o* such that (t’;k(i), z(’;k(i)) € B;.
Hence, for k large enough, for all 1 < i < n, |t’;k(i) —t;] < e and |z§k(i) —z| <e. O

4. Proof of Theorem 1.1

This section is dedicated to prove Theorem 1.1. Let us begin with an important result.

Theorem 4.1. Let @ : D(Ry,R.)™ x N™ — D(R.,R™) be defined as

O(z, ) = (/[o,t]xR+ ]l{zgmi-_}dﬂﬂ (s,z)>

Let (z,m) € D(Ry,R.)™ x N™. A sufficient condition for ® to be continuous at (x,7) is:
(a) for each 1 < j < m, for everyt >0, 7/ ({t} x Ry) <1,
(b) for each 1 < j < m, for everyt >0, if 7/ ({t} xRy ) = 1, then, for all i # j, 7' ({t} xR,) =0,
(c) for each 1 < j < m, for every t > 0 such that 7 ({t} x Ry) =1, 27 is continuous at t,
(d) for each 1 <j <m, n/ ({(t,x{_) L t> 0}) =0.

1<j<m

Before proving Theorem 4.1, let us point out that, in general, ® is not continuous at every point
of D(R4,R,)™ x N™. This is shown in Example 4.2, where hypothesis (d) is not satisfied.

Example 4.2. Let us consider the point measure ™ = d(1,1) and the constant function v :t € Ry —
1. In addition, we consider the functions x" defined as in Figure 1 below. Obviously, ||z — 2™||s =
I/n, but ®(z,7); = Ly>1y and ®(2",7) = 0. In other words, " converges uniformly to x, but
®(2™, ) does not converge to ®(x,m) for non-trivial topologies.

Ficure 1. Graph of ™

The proof of Theorem 4.1 uses the following Lemmas about the convergence in Skorohod space.

Lemma 4.3. Let (xn)n be a sequence of D(Ry,R) converging to some x € D(R4,R), and (tn)y
be a sequence converging to some t > 0. If x is continuous at t, then xn(ty—) — x(¢).
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Proof. Let T" > t such that x is continuous at T. By Theorem 16.2 of [3], n converges to x
in D([0,T],R). Consequently, there exists a sequence of continuous increasing bijective functions
An 1 [0,T] — [0,T] such that [[Ax —Id|| o) and |[zn — 20 An|| o) Vanish as N goes to
infinity. Then, as Ay is continuous,

z(t) —an (v =)| <[a(t) — 2w (En)] + lzAn (Ev =) — 2n (iv -]
<lz(t) —z(An(En)) + [z 0 AN — 2 ]]o0,f0,7]
vanishes as N goes to infinity since
AN (tn) =t < [AN(En) =t |+ [t =t < [[An = 1d]| o 0,77 + [En — 2]
O

Lemma 4.4. Let T > 0, k € N*, n; € N*, and consider increasing sequences 0 =t,9 <t;1 <...<
timi—1 <tin, =T,0= tf-\fo < thl <...< tivan < tanN =T (1 <i<k). We define the functions

g,9N € D([OaT]aRk) by

{ 9(0) = (S0 Loy (0F) __ fort € [0.71,
g(T) = (n; — 1)1§i§k7 o
and
an(t) = (S5 Uy en((0)7)
gn(T) = (niv - 1)1951@'

We assume that there exists a dense subset A C [0,T] containing T and such that, for all
t € A, gn(t) converges to g(t). Moreover, we assume that for all iy # is, for all j; € [1,n;,—1] and
g2 € [1,miy-1], tiyj, # tin.jo- Then gn converges to g in D ([0, T],R¥).

. fort €[0,T7,

1<i<

Proof. Since gn(T) = (nYY — 1)1<i<k converges to g(T) = (n; — 1)1<i<k, we know that nY = n; for
all N (large enough) and all 1 <4 < k.

Now, we show that for each 1 <7 < k,1 < j < n; — 1, tfvj converges to ¢; ;. As the sequence
(t;)n is bounded, it is sufficient to show that t;; is its only limit point. Let s be a limit of a

subsequence (tf;N)) N

We show that s = t; ;. If s > ¢; ; there would exist some r € AN|t; ;, s[ satisfying that g,n)(r)
converges to g(r). This is not possible because, as r < s = limy tfé-N), gon)(r)i < j—1for N
large enough, and as r > t; ;, g(r); > j. For the same reason, it is not possible to have s < t; ;.
As a consequence, t; ; is the only limit point of the bounded sequence (tf\'J)N This implies the
convergence of tfvj to ¢; ;. In the rest of the proof, let us re-index the set {ti,j 1<i<k1<j<
n; —1} as {s; : 1 <i<n} where n = Zle(ni — 1), such that $; < s2 < ... < s,. And we consider
the same indexes for the points tfvj 1<i<k1<j<n;—1).

To prove the convergence of gy to g in D([0,T],R), we just have to define the sequence of
functions (Ayx)y such that each Ay is the function that is linear on each interval [s2, sﬁl] and that
satisfies )\N(sf\’) = s;. These functions verify gy = g o Ay and

N N
AN = Tdlloo o, ry = max [s; = 57| = max  [ti; — ] — 0.
1<j<n; -1
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Now, we can give the

Proof of Theorem 4.1. Let (¥ 7%) = (zb* ... o™k gbk . 7mk), converges in D(Ry,R)™ x
N™ to (z,7) = (2},...,2™ ..., 7). Let Z := ®(x,7) and ZF := &(2*, 7%).

Let us consider T > 0 such that for all 1 < j < m, 7/({T} x Ry) = 0 and for all k €
N* 7% ({T} x R,) = 0. In particular T is a point of continuity of Z and of each Z*, and, as the
set of all the atoms of the measures 7/ and 7/-¢ (1 <j<m,k >1)is countable, the set of points T
satsifying the previous conditions is dense.

According to the proof of Theorem 16.2 of [3], in order to prove the convergence of Z* to Z in
D(R4,R™), it is sufficient to prove this convergence in D([0,T],R™) for the points T satisfying
the conditions of the previous paragraph. Indeed, these points 7' are continuity points of Z and
there exists an increasing sequence of such points T' going to infinity. Then, by Lemma 4.4 (whose
hypothesis is satisfied thanks to hypothesis (a) and (b)), the convergence of Z* to Z in D([0, T], R™)
will follow from the convergence of ZF to Z; for every point ¢ satsifying the same conditions as 7.
Let us show the convergence of th’k to Zg for every 1 < j < m. In the rest of the proof, we work
with fixed j,¢,T.

To show this, fix some M > max(ijHoo’[O’T] , SUpy, ”xjvk‘|m7[07T]) (where we know that the

supremum over k of ||xj”“| ‘oo is finite since (x7'F);, converges in Skorohod topology) such that

10.7) _
7w (Ry x [0,M]) = 0, and write {(,{;) : 1 <i< N} the set of the atoms of 7r|j[0,t]><[0,M] and

{(Tf,@k) 1< < Nk} that of Wf[b’it]x[O,M]‘

Then, Proposition 3.6 implies that N, = N for all k¥ (large enough), and that, for each 1 <i < N,
7k and (¥ converge respectively to 7; and (; (we can assume that o* = Id in the statement of
Proposition 3.6, possibly reordering the indexes of the atoms of every P*).

Notice that
N
g,k _
Z" = Z]l{csz’,f }]l{ﬂkﬁt}’
i=1 =Tk

To end the proof, one has to note that ]l{chxjfi} converges t0 Ty .5 4, and that 1 oy

converges to 1y, <4 = 1. By hypothesis (d), ¢; # xiﬁ, whence there are two cases, either (; < xj77
or ¢; > x17 In the first case, we consider € > 0 such that (; + ¢ < xJT7 Then, noticing that
hypothesis (¢) guarantees that 27 is continuous at 7;, Lemma 4.3 and the convergence of 7/ and (¥
respectively to 7; and (; imply that, for k large enough, (¥ < (; +¢/3 < a2l —¢/3 < ;vif_, what
implies the convergence of H{Cfﬁwi‘:,} to H{Ciémir}' The second case is handled in the same way,

as well as the convergence of 1« Si} to 1., <¢y, recalling that 7/ ({t} x R}) = 0, and so 7; < t. [
Let us finally prove our main result.

Proof of Theorem 1.1. Step 1: Let us show that (Z™*); <4<, converges to (Z¥);<x<, as N goes to
infinity in D(R,R"™).

Since (D(R4+,R)xAN)™ is a separable metric space (see Theorem 16.3 of [3], and Theorem A2.6.11L.(i)
of [6]), we can apply Skorohod representation theorem (see e.g. Theorem 6.7 of [3]) to show the al-
most sure convergence of a sequence (Y1, 7#N1) (YN 7Nn)) to (Y7, ..., (Y™, 7)) in
(D(Ry,R)xN)™as N goes to infinity, where these variables have respectively the same distribution
as (YN b, ..., (YN 7)) and (Y 7Y),..., (Y™, 7).
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_Then Theorem 4.1 implies the almost sure convergence of the multivariate point processes
(ZNF)1chan = Q((YNF,TNHF)1can) to (ZF)1<han = ®((YF,7)1<k<n) in D(Ry,R™). Let us
show that the hypothesis of Theorem 4.1 are satisfied almost surely. Hypothesis (a) is a classical
property of Poisson measures (see Lemma 3.5). Hypothesis (b) is satisfied since the Poisson mea-
sures 7 (i > 1) are independent, whence, considering i # j, denoting A(77) the set of points ¢ > 0
such that 7 ({t} x R;) = 0, we have that Useams{tt x Ry is a null set (since A(#7) is finite or

countable) independent of 7, and consequently

Pla( | (I xR)#0| =E|P|#( | {} xRy #07 || =0,

teA(R7) te A(wd)

by Lemma 3.3.
Hypothesis (¢) and (d) are satisfied for a similar reason. For (c), one has to observe that

P (3t > 0,7/ ({t} x Ry) =1 and Y7 is not continuous at t) =P [ 7/ U {t} xRy >1],
teD(Y9)

where D(Y7) is the set of discontinuity points of Y7. As D(Y7) is a.s. finite or countable (see e.g. the
discussion after Lemma 1 of Section 12 of [3]), whence ;¢ p(ys){t} X R4 is a null set independent

of 77, and Lemma 3.3 gives the result:

Pl#( J xR)21) =E[P|#( |J @)xR)2177 )| =0.
teD(Y7) teD(Y7)

And hypothesis (d) holds true, because the set {(,¥7 ) : t > 0} is also a null set independent of 77

Then, the almost sure convergence of (ZN’k)lgkgn to (Zk)lgkgn implies the convergence in
distribution of (ZN’k)lngn to (Zk)lgkgn in D(R+,Rn)

Step 2: We have shown that, for every n € N*, (ZV*); <, converges to (Z¥)1<k<, in dis-
tribution in D(R,,R™). This implies the convergence in the weaker topology D(R.,R)™. Then,
the convergence of (ZV*);>; to (ZF)1>1 as N goes to infinity in D(Ry,R)Y" is classical (see e.g.
Theorem 3.29 of [11]). O
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