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Abstract: We define a metric d on the space N of locally finite simple point measures. By
construction, the convergence of a sequence of point measures with respect to d means the
convergence of their atoms. The probabilistic and topological properties of this metric allow
us prove that the convergence in distribution of the stochastic intensities of a system of point
processes implies the convergence of the system.
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1. Introduction

In this paper we study topological and probabilistic properties of the space A/ of locally finite point
measures on Ri. More precisely, we introduce an explicit metric d on N designed to compute the
distance between the atoms of the point measures. In particular, the space (N, d) will be shown to be
separable but not complete. However, we will show that the law of Poisson measures with Lebesgue
intensity is tight on (N, d). Another significant property of this space is that, for realizations of
Poisson measures with Lebesgue intensity, the convergence for the metric d is equivalent to the vague
convergence (see Proposition 2.6). These properties allow us to prove our main result Theorem 1.1,
where D(R4,R) denotes Skorohod space.

Theorem 1.1. Let Y* and YN'¥ (N, k € N*) be D(R, R} )-valued random variables. Let (7*)
and (ﬁk) N
and Z* be the point processes defined as follows

ng’k ::/ ]l{zgyzi,k}dwk(s,z), Zf ::/ ]l{zgyk;}dﬁk(s,z), k>1.
[0,t] xR N [0,t] xR 4 s

keN*
be i.i.d. families of Poisson measures on R, x R, having Lebesgue intensity. Let ZN-F

Assume that, for every k > 1, (YN gl YN’kLﬂ'k) converges in distribution to (Y1, 71, ... Y 7F)
in (D(R4,R) x N)*. and that, for each k > 1, Y* is independent of 7k,
Then, for anyn > 1, (ZN’k)1<k<n converges to (Zk)1<k<n in distribution in D(R,,R™). Hence

(ZN”“) in distribution in D(R+7R)N* endowed with the product topology.

Remark 1.2. In the statement of Theorem 1.1, we need to guarantee the following property: Poisson
random measures are (N, d)—valued random variables. This is a consequence of Proposition 3./.

converges to (Z’“)

E>1 E>1

Remark 1.3. According to Lemma 4 of [3], a point process Z having stochastic intensity (Ys—) <,
can always be written in the form of Theorem 1.1. B
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X. Erny/Convergence of point processes 2

Let us note that, in Theorem 1.1, the processes YV** are not assumed to be independent of the
Poisson measures 7*. Otherwise, the proof would be straightforward by conditioning by Y ~:F.

One can note that, if the processes Y* and YV* (kK > 1,N > 1) are semimartingales, then
the result of Theorem 1.1 can be proved with Theorem IX.4.15 of [8]. Theorem 1.1 allows us to
consider processes that are not semimartingales such as Hawkes processes and Volterra processes. In
particular, since the stochastic intensity of Hawkes processes are not, in general, semimartingales,
Theorem 1.1 can be used to show the convergence of Hawkes processes, provided that one can show
the convergence of their stochastic intensity. Let us give an example of application of Theorem 1.1
in that direction for a one-dimensional point process (an example of application in the infinite-
dimensional case would be an alternative proof of Theorem 1.7 of [6]). The example is based on
Examples 7.3 and 7.4 of [1].

Example 1.4. Let us consider K(t) :=t7 for some v > 0, K™(t) := K(t/N) and some Poisson
random measure T 0N ]R?Ir having Lebesgue intensity. Let X~ satisfy

t
XtN:/ KN(t—S)]l{z§|XN7|}d7T(S)Z)_/ EN(t—s)[X ] ds.
[0,6] xR ° 0

Theorem 7.2 of [1] implies that the sequence of processes (XN )0 = (N7'X{)i=0 has converging
subsequence (in distribution in the topology L?. ), and that the limit process (X;)i>o satisfies

loc

— t —

Xt:/ K(t —s)\/|Xs|dBs,
0

for some standard Brownian motion B. Besides, one can prove with standard arguments, the tight-
ness of (XN)n in Skorohod topology, so that we can assume that (a subsequence of) (XN)n con-
verges to X in Skorohod topology.

This implies the convergence of YN := |XN| to Y := |X| in Skorohod topology. Moreover, the
Brownian motion can be shown to be necessarily independent of the Poisson measure m (using
Theorem I11.6.3 of [7]). Then, Theorem 1.1 implies the convergence in distribution in Skorohod
topology of ZN := f[07t]xR+ ]l{zgyﬁ}dw(&z) to the point process Z; = f[O,t]xﬂh ]l{zgzi}dir(s,z),
where 7 is independent of Y. To the best of our knowledge, there is no classical way to prove this
convergence.

Theorem 1.1 can be compared to Theorem 1 of [4] that states that the convergence of point
processes is implied by the pointwise convergence in distribution of their compensators. In [4],
Theorem 1 holds when the compensator of the limit point process is a deterministic function,
whereas in Theorem 1.1, the limit point processes have stochastic intensities.

The idea of the proof of Theorem 1.1 is to use Skorohod representation theorem in order to show
the almost sure convergence of the point processes Z™F from the convergence of the (representant
of the) Poisson measures 7/V*. In this proof, the fundamental property of the convergence of Poisson
measures is the convergence of their atoms. To prove Theorem 1.1, one needs to consider a metric
space (M, m) that contains every realization of Poisson measures on Rﬁ_ with Lebesgue intensity
and that satisfies the following conditions:

e (M,m) is separable,
e the o—field generated by m is the one generated by the mappings 7 € M — w(B) (B €
B(R3)),
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e the law of a Poisson measure on R% with Lebesgue intensity is tight on (M, m),
e the convergence of simple point measures on (M, m) implies the convergence of their atoms.

The space (N, d) is a metric space satisfying all these conditions. In this paper, we study the
properties of this space. Another possible candidate for the couple (M, m) can be found in [5].
Indeed, one can define a metric d# on the space of locally finite measures M# by

00 dT) (), p(r)
a* = - ’ d 1
(/J'a V) /0 € 1 4 d(r) (N(T)7 V(T)) T, ( )

where (") is the measure y restricted on [0,7]?, and d(") is Prohorov metric.

In this paper, we introduce a metric d (see Definition 2.1) and use the topology of d to prove
Theorem 1.1. As d is more specific to the space A we are interested in than d#, it is also more
natural and easier to compute explicitly than d#. Indeed, the convergence of point measures in the
topology of d means exactly the convergence of the atoms of the measures, and this is the property
we need in Theorem 1.1.

In Section 2, we introduce formally the space A and the metric d. Section 3 is devoted to compare
the o—field defined by d with the smallest o—field such that the functions 7 € N+ 7m(B) € N are
measurable (B € B(R2)). In Section 4, we study a compactness criterion in the space (N, d) and
prove the tightness of the law of Poisson measures with Lebesgue intensity. Finally, in Section 5,
we prove Theorem 1.1.

2. Definitions and notations

In this paper, we study the space N of locally finite simple point measures on Ri. We always
identify any point measure with the set of its atoms. Consequentely, we can define A as

N={PCRy xRy : VI'>0,|PN[0,T]?| < +oo}.

Besides, let N7 be the set of finite subsets of [0,7]2, and for each P € A" and T > 0, let Pr =
PN [0,T]2 € Nr.

Definition 2.1. For each T > 0, we define the metric dr on Nt in the following way: for P, P’ €
Nr, we write P = {(t;,z;) : 1<i<n} and P' = {(t;,z;) ¢ 1 <j < m}, where n = |P| and
m = |P’|, and where each indexing is lexicographically ordered, then

, 1 if [P # |P'|,
dr(PP) =3 1A max (Jt = 4]V |z —2l) i [P =[P =n.

Then we define the metric d on N by
+oo
d(P, P :/ e "d.(P,, Pl)dr.
0

Let us note that the integral is well-defined because, as r — d,.(P,, Q,) is piecewise constant, we
know that r — e~ "d,.(P,,Q,) is piecewise continuous.

We begin by proving the following fundamental property of the metric d. This property allows us
to characterize d with the metrics dr (T > 0). Lemma 2.2 can be compared to Proposition A2.6.11
of [5], whose proof relies on the fact that, with the notation of (1), r — d(u("), (") is non-
decreasing. In the proof of Lemma 2.2, we use the fact that r — d,.(u,, v,) is piecewise constant.
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Lemma 2.2. Let P,P* € N' (k € N). The following assertions are equivalent:

(i) d(P, P*) vanishes as k goes to infinity.
(i) There exists some increasing sequence (Ty,),, such that T,, goes to infinity as n goes to infinity
and, for each n, dr, (PTMP%) vanishes as k goes to infinity.

Proof. Step 1: Let us prove that (i) implies (7). Assume that d(P, P*) vanishes. For each n € N*,
let T, be any points of Jn 4+ 1/2,n + 1[ that does not belong to {t V z : (t,z) € PUJ, P*} (this
implies that T}, is a continuity point of r — d,.(P,, P¥)).

Now, to show that dr, (Pr,, Pf. ) vanishes as k goes to infinity, we show that any subsequence
admits a subsequence that vanishes. For the sake of readability, we will not write these subsequences.

Firstly, as d(P*, P) vanishes, there exists a subsequence such that d,.(P,, P*) vanishes for almost
all r > 0. In particular, we can fix some R €]T,,,n + 1] such that dg(Pg, PE) vanishes. Let us write
Pr = {(ti,z;) : 1 <i < N} and Pk = {(tF,2F) : 1 < i < N.}. Since dr(Pgr, PE) vanishes, Ny
converges to N, implying that Ny = N for k big enough, and (¥, 2F) converges to (t;,2;) as k goes
to infinity, and hence t¥ v z¥ converges to t; V z;. Then let us consider > 0 and i, 45 such that

til\/zi1+77<Tn<ti2\/Zi2*7]

and for all i, ti V z; ¢]ti1 \ Zilatiz \ Zig['

As d,(P,, P¥) vanishes for almost all 7 > 0, we can consider such a number r €]t;, V 2z;, +1,t;, V
2, — 1. Observe that s +— d(Ps, P¥) is constant on Jt;, \V 2;, +n,t:, V 2;, —n[ for all k (big enough),
we have that dr, (PTn,quﬂn) = d,(P,, P¥) vanishes as k goes to infinity.

Step 2: Now, we prove that (#4) implies (¢). The main part of the proof consists in showing that,
for all e > 0,n € N*, for k big enough (depending on n and ¢),

T
/ e "d. (P, PF)dr < e. (2)
Thn-1

To show (2), let us fix some n € N*, and write Pr, = {(t;,2): 1 <i < N} and P} = {(t},2]):
1 < i < Ni}. As dr, (Pr,, P} ) vanishes as k goes to infinity, we know that Ny = N for k big
enough. Let us note r; :=t; V z;, r¥ :=tF V2l (1 <i < N),ro=rf =0and ryyy =71k, =T,
Let us consider 0 € Gy such that

(To(1), to(1)s Z0(1)) <iex -+ <iez (To(N)to(N)» Zo(n)) - (3)

To simplify, we assume in a first time that the numbers ¢; V z; (1 < ¢ < N) are all distinct. As
dr, (Pr,, P} ) vanishes, we know that t¥ and 2 converge respectively to t; and z; (1 < i < N).
Consequently, for k big enough,

k k
To'(].) < ... < TO'(N)‘

Then, for any r € [0,7;,], there are two cases:

e cither 7 €]r;VrF, rip1Arf, [, which means that | P,| = |P}|, implying d,.(P,, PF) < dr, (Pr,, P}, ),

e or 7 € [r; ArF r; v r¥] which means that |P,.| # | P¥| implying d,.(P,, P¥) = 1.

Let us note I% = (J¥[r; A7F,r; V r¥]. The Lebesgue measure of I¥ is

N

3 Jri = | < N-dr,(Pr,, PE),
i=1
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which vanishes as k goes to infinity. As a consequence (2) is proved.

To prove (2) without the hypothesis that the r; :=t; V 2; (1 <4 < N) are distinct in (3), instead
of writing [0, T,] as the union of [r; Ar¥, r; Vr¥] and Jr; Vr¥, rips ArF [ where 0 < i < N, one has to
write this union for a subset of ¢ for which the r; are distinct, and for each of these index 4, one has
to consider jﬁl (resp. jffz) such that r;?ﬁl is the smallest (resp. biggest) Tf for the j satsifying r; = r;.
Then, it is sufficient to write [0,T,] as the union of [r; A r;?k, 1 V r;?k. | and |r; V r;.“k, Tl A r?k [.

i1 i,2 0,2 it1,1
Then (2) is still true because |r; — Tfk | and |r; — r;?k | are both non-bigger than dr, (Pr,, Py ).
2 i,1 n

Consequently, (2) is proved. Now we show that

+oo T4
d (P, P*) = Z/ e "d, (P, PF)dr
n=0"Tn

vanishes as k goes to infinity. Let us note that, we can assume that for all n, T,, > n (possibly
considering a subsequence). Hence, we assume in the rest of the proof that > -, e Tn < 4o0.

Let n > 0, let N; € N* such that .\ e~ Tn <, and k, € N* such that, for every 0 <n < N,
and k > k,, (2) holds with ¢ = /N,,. Hence, for k > k,, d(P, P*) < 2. O
Remark 2.3. In Lemma 2.2, there does not exist a universal sequence (T},),. However, if (P"*),
(i € 1) is a finite or countable family of sequences such that, for each i € I, d(P?, P**) vanishes
as k goes to infinity, there exists an increasing sequence (Ty,), that goes to infinity such that, for
every i € I, for all n €N, dg, (Pj | P}k) vanishes as k goes to infinity.

Now, the separability of (A, d) is a mere consequence of Lemma 2.2.
Lemma 2.4. The space (N,d) is separable.

Proof. Let D = Jpcn- Dr where Dy = {P € Nr @ P C Q?}. It is classical that D is countable. It
is then sufficient to prove that D is dense in (N, d).

Let P € N. Let us consider an increasing sequence T}, such that T}, goes to infinity, and P N
{T,} x Ry = &. The facts that Pr, is finite and that the elements of Pr, can be approximated by
rational numbers complete the proof. O

Remark 2.5. The space (N, d) is separable, but not complete. Indeed, let us consider

- {(1,1), (1+ :L1)}

L 11\ [ 2
d(w9, 7P) = / e "dr+ < — ) / e "dr < —.
1/p q p 1/q q

Consequently, (t™),, is a Cauchy sequence, but it does not converge. Indeed, the limit =, if it would
exist, should have ezactly two points, since every m™ has ezxactly two points (by definition of d). But
the two points of ™™ merge as n goes to infinity.

For all1 < q<p,

Lemma 2.2 also allows us to prove an interesting property of the metric d, using Proposi-
tion A2.6.1T of [5] that let us compare d with the metric d# defined in (1).

Proposition 2.6. On the subspace {P € N : VT > 0,|PN{T} x Ry| € {0,1}}, the topology of the
metric d, is the topology of the vague convergence.
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Proof. Step 1: We assume that d(P, P¥) vanishes as k goes to infinty.

By Lemma 2.2, there exists an increasing sequence (75,),, that goes to infinity and that satisfies:
dr, (PTH,P%L) vanishes as k goes to infinty, for every n € N. To show the vague convergence of
P* to P, we just have to show that, for each n, d(T")(PTn,Pﬁ) vanishes, where d(”») is Prohorov
metric on N7, (see Proposition A2.6.11.(ii) of [5]). '

Let us fix some n € N and note Pr, = {(t;,z) : 1 <i < N} and Py, = {(tF,2F) : 1 <i < N*}.
As dr, (Pr,, Py ) vanishes, we know that N* converges to N, that is Ny = N for k big enough.
Now, let ¢ > 0 and consider k. € N such that, for all k > k., dr, (Pr, , P}, ) < e. Hence, for k > k.,
|t; —t¥| < e and |z; — zF| < e. This implies that, for any closed A € B([0,T,,]?), PNA C P*N A% and
PN A C PNAS (where A° = {z € A: 3y € A, ||z —yl|| < €}). Consequently, d'7»)(Pr, , Pk ) < e
for all & > k..

Step 2: We assume that P* converges vaguely to P. Using Proposition A2.6.IL(iv) of [5], this
implies that, for any bounded A € B(R?) such that PNJA = &, |P¥ N A| converges to |P N A|. To
prove that d(P, P¥) vanishes, we use Lemma 2.2.

Let us consider some increasing sequence (T;,), that goes to infinity such that, for every n € N,
PNn({T.} x[0,T,]U[0,T,] x {T}) = @. In the rest of the proof, we fix some n € N and prove that
dr, (Pr,, P, ) vanishes as k goes to infinity. For this purpose, let us note Pr, = {(t;, 2) : 1 <i < N}
and Py = {(tF,2F): 1 <i < NF}.

To begin with, we know that N* := |P*N[0, T},]?| converges to N := |PN[0,T}]?|, hence N¥ = N
for k big enough. Now, we just have to show that, for all 1 <i < N, tf (resp. zf) converges to t;
(resp. z;). Let ¢ > 0 and ¢ := ¢ Aminj<;<ny—_1(ti+1 — t;). The reason why we work on a subspace of
N in this proposition is to guarantee that § > 0.

Then, by Proposition A2.6.1L.(iv) of [5], we know that, for each 1 <i < N, |P* N B((t;,2),6/3)|
converges to |P N B((t;, z),d/3)| = 1. As a consequence, for each 1 < i < N and for k big enough,
there exists a unique j¥ € [1, N] such that (t?k,sz) belongs to B((t:,2i),0/3). Whence, for k big

7

enough,

k Y J k
t-k1<ti_1+*<ti**<tﬂc,

Ji- 3 3
and, since the indexing are lexicographically ordered, we know that jf = ¢ for k big enough.
Finally, as (t¥, 2F) belongs to B((t;,2:),6/3), we know that [tF —t;| < £/3 and |2F — z;| < /3 for
all 1 <¢ < N, for k big enough. O

One could extend the previous proposition to the whole space N/ by modifying the definition of
the metrics dr. In the definition of dr(P,Q), instead of comparing pairwise the atoms of P with
those of Q when they are lexicographically ordered, one should consider an optimal ordering.

3. Measurability in (N, d)

In the proof of Theorem 1.1, we need to identify any Poisson measure that has Lebesgue intensity
with an (N, d)—valued random variable. Indeed, we will apply Skorohod representation theorem to
the Poisson measures 7%, seen as (N, d)—valued random variables, to obtain some copy 7*, which
are also (N, d)—valued random variables. Then, we will need to guarantee that 7 can be seen as
Poisson measures.

In order to prove it formally, let us recall the usual definition of Poisson random measure.
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Definition 3.1. Let us note B™(N) the o—algebra generated by the functions m € N — 7(B)
(B € B(R%)), and B4(N) the o—algebra generated by the metric d.

In the following, we call random measure any (N, B™(N'))—valued random variable.

A Poisson random measure is a random measure m satisfying:

e for all B € B(R?), m(B) follows a Poisson distribution,
e for all disjoints By, ..., B, € B(R%), the variables 7(B;) (1 <i < n) are independent.

The function p : B € B(R%) — E [r(B)] is a measure on R that we call the intensity of .

Formally, this section is dedicated to prove that B™(N) = B%N). For this purpose, let us
introduce B™(Nr) the o—algebra generated by the functions 7 € N+ 7(B) (B € B([0,T1])), and
B4(N7) the o—algebra generated by the metric dr. In a first time, we prove that B™(N7) = BY(Nr)
for all T > 0.

Lemma 3.2. For all T > 0,B4(N7) C B™(N7).

Proof. For P € N, let us define n(P) := |P| = P([0,7])?) and (¢t;(P), 2:(P)) (1 < i < n(P))
lexicographically ordered such that P = {(¢;(P), z;(P)) : 1 <14 < n(P)}. By definition of B™(N7),
P € (Nr,B™(N7)) = n(P) € (N,P(N)) is measurable. We also have that P € (N7, B™(N7)) —
t;(P) € (R,B(R)) (i > 1) are measurable since {t;(P) <t} = {P([0,¢] x [0, T]) > i}. This also holds
for z;(P) (i > 1) as

{z:(P) < 2} = | J{ts(P) = ... = ti (P) # iy 1 (P)}
j=0
N ﬂ {P({t»(P)—1 t-(P)+1] x [0 z]) >j+1}.
1 n7 K3 n ) -
neN*
Finally, denoting by Bg,. the open balls for dr, we have, for n > 1, Bg,.(P,n) = Nr,and forn < 1,
n(P)
Bup (Pyn) =~ (n(P)) N () t; (:(P) = n, t:(P) + ) 0 2" (2:(P) = 1, 2(P) + 1))
i=1

Lemma 3.3. For all T > 0,B™(Nrt) C B4(N7).

Proof. Let us fix a < b,c < d. We have to show that, for any n € N, {Q € Nr : Q([a,b] X [c,d]) = n}
belongs to BY(N7). This is true for n = 0 since

(@ Ny s Qa,Wxlesd) =0} = |J N (wir\Bar (P1))

k>1 neN P={(t1,21),--s(tn,2n)}
PCQin[a—1/k,b+1/k]x[c—1/k,d+1/k]
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Then, the case n = 1 is a consequence of

@oixied) == U {e(|na+i]x|wa+i]) o}

keN* g1 €Qnla,b]
q2€QNlc,d]

n{@(fwtx ed Janan + 3] x s+ 1] ) =0}

Finally, we can prove that, for any n > 2, {Q € Nt : Q([a,b] x [c,d]) = n} belongs to B4(NT)
by induction, using

{Q([a,b] x [¢,d]) = n} = U U {Qa.q1] x [e.qe]) =1}
ni,n2,n3€[0,n—1] g1 €QNla,b]
1+ni1+n2+nz=n go€QN[c,d]

N{Q(a1,b1x]g2, d]) = n1} N{Q([a, 1] x]g2, d]) = n2} N {Q(Ja1, 8] X [c, g2]) = ns}.
O
Let us end this section with
Proposition 3.4. B™(N) = B4(N).

Proof. This follows from Lemmas 3.2 and 3.3 as in the proof of Theorem A2.6.III.(ii) of [5]. Let
us mimic this proof. In a first time, let us note that BYN) = o(Uypsq 7' (B4(N7T))), where 77 :
P € N+ Pr € Np. The inclusion from the left to the right holds true because the functions 77 :
P e (N,d) — Pr € (Np,dr) are measurable (T > 0), and the other inclusion is a consequence of
the fact that, for any P € N, the function Q € N+ d(P,Q) € (R, B(R)) is o(Upsq 77" (B4NT)))
measurable.

To show that B™(N) C BY(N), it is sufficient to show that, for all A € B(R?), the mapping
Q4 :m e (N,BYN)) — m(A) is measurable. This is a consequence of the facts that the set A =
{A € B(R?) : ®, is B4(N) measurable} is a monotone class containing the bounded measurable
sets of R% (see Lemma 3.3).

Conversely, let R be a oc—algebra on N such that, for any A € B(Ri), ® 4 is R—measurable.
Then, Lemma 3.2 implies that B4(N7) C R for every T > 0. By definition of d, BY(N) is the
smallest o—algebra containing every BY(N7), thus B4(N) C R.

Hence B(/N) is the smallest c—field such that ®4 is measurable for all A € B(R%). O

4. Tightness and compactness in (N, d)

Now, we prove a compactness criterion in (N, d), that relies on compactness in the spaces (Nr,dr).

Lemma 4.1. Let K C N and (T,,), be an increasing sequences that goes to infinity. Let us note
Kr, ={Pr, : P € K}. Assume that, for all n € N*, K is a compact set of (Nr,,dr,). We
also assume, that there exists a sequence of positive numbers (0, )nen+ such that, for all (n, P) €
N*x K, PN(|Ty, — 6n, Tn + 0,[x[0, T,] U [0, T, ] X]Ty, — 0y, Tr + 6n]) = @. Then K is a compact set
of (N, d).

Proof. Let (P*), be a sequence of K. By induction, and using the axiom of dependent choice, we
show the existence of a sequence of increasing functions (¢,), and a sequence (Q™),, such that:
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e YneN* Q" e Nr,,
o VneN*, dr, (Q",Pgﬁl"-“"%(’“)) — 0,
" —00
e Vm <n,Q7 =Qm, that is Q™ C Q".
Let ¢(n) = ¢10...0¢,(n) and Q = |J, Q. We just have to show that d (Q, P*™)) goes to 0
as k goes to infinity. This is a mere consequence of Lemma 2.2, noticing that for each k& > n,

dr, (QTH,P:,?:]C)) is a subsequence of dr, (QTH,P}?O“'W"(M) that vanishes. O

For ¢ > 0 and T' € N*, we consider some N(T,¢) € N*,v(T,¢) € R* and 6(T,¢) € RY (we will
fix their values in the proof of Proposition 4.4). And we define K¢ C A as follows

K°={PeN :VT €N, #Pr < N(T,¢)
and PN (T —6(T,e), T+ 6(T,e)[x[0, T]U [0, T|x]T —6(T,e), T+ 6(T,¢e)]) =&
and V(t, 2), (t',2') € Pr, (t,2) # (t',2) = |t —t'| > ~(T,¢e)}.

Using Lemma 4.1, we prove

Lemma 4.2. For all ¢ > 0, K¢ is a compact set of (N, d).

Proof. Thanks to Lemma 4.1, it is sufficient to show that, for every 7" € N*, K5 is a compact set
of (NT, dT).

Let (P*), be a sequence of K%, we write P* = {(t§,2}),..., (tk , 2k )} where ny € [0, N(T,¢)]
and the pairs (f,2f),..., (tk ,2F ) are lexicographically ordered. Considering a subsequence, we
can assume that, for each k, ny =n € [0, N(T,¢)].

For every 1 < i < n, the sequences (t¥); and (z¥); are bounded, hence they admit converging
subsequences. Extracting successively the subsequences, we can assume that t¥ converges to some
t;, and zf converges to some z; (1 <i<n).

Besides, for all 1 < i < n and k € N*, we know that tf < t§+1 —v(T,¢e), whence t; < t;41 —
~v(T,e). Consequently (t1,21),...,(tn, 2n) are lexicographically ordered. Then, we consider P =
{(t1,21),- -, (tn, 2n)}, and we know that dr (P, P*) goes to 0 as k goes to infinity.

In short, we have shown that (P*), has a converging subsequence. 0O

Remark 4.3. The set K¢ has been defined using the sequence T,, = n (with the notation of
Lemma 4.1). Obviously, with any sequence that goes to infinity, we would have defined another
compact set.

The goal of the compact set K¢ is to show that

Proposition 4.4. The law of a Poisson measure m on Ry x Ry having Lebesgue intensity is tight

on (N, d).
Proof. Let m be a Poisson measure on Ry x R, having Lebesgue intensity. We show that for all
e>0,P(nm ¢ K°) < 2¢ for a suitable choice of N(T,¢),0(T,¢e) and (T, ¢). By definition,
P(re K°) =P (VT € N*,«([0,T] x [0,T]) < N(T,e),
w((|T = 6(T,e), T+ 0(T,e)[x[0, T U0, T|X|T —6(T,¢e), T+ (T,e)[)) =0,
V(r,Q), ('.¢) e m N[0, TP, (1,¢) # (', (') = |7 — 7| 2 7(T'¢))
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Then,
+oo
P(r ¢ K°) <Y P(n([0,7] x [0,T]) > N(T,e)) (4)
T=1
- io P (x(JT — &6(T, ), T + &(T,e)[x[0,T) U [0, T|X|T — (T, ¢), T+ &(T,e)[) >1)  (5)
T=1
“+o0
+Y P@En € [0, |T/y(T,e)] = 1,7 ([ny(T€), (n+ 2)y(T,€)] x [0,T]) > 2)  (6)
T=1

Now we control the terms (4), (5) and (6). Let us begin with (4), by Taylor-Lagrange inequality,

N(T,e)

T2k T2N(T,e)+2
P(x([0,T] x [0,T]) > N(T,e)) = e T [T —

S N —
| - |
2 R (N(Tye) + 1)!

As for all x > 0, 22" /n! goes to 0, we can fix some N(T,¢) € N* such that the expression above
is bounded by £/27. This implies that (4) is bounded by Y77, 57 = 5.
Let us bound (5). Using Taylor-Lagrange inequality once again,
P(r ()T —6(T,¢e), T+ 6(T,e)[x][0, TVU [0, T|x]T — 6(T,e), T+ 6(T,e)]) > 1)
— o (48(Te)(T+8(Te))~48(T,e)?) (645(T,6)(T+6(T,a))—45(T,5)2 _ 1)
< 46(T,e)(T + 6(T,¢)) — 40(T,¢)* = 46(T,e)T

Then, we just have to choose some 0(7',¢) < 757, to bound (5) by £/2.
To control (6), we first notice that the probability inside the sum is bounded by

[T/7(T,8)] -1
P (7 ([ny(T,e), (n +2)7(T'€)] x [0,T]) = 2)

n=0
T T
< P (7 ([0, 29(T, 0,7]) >2) = ———e 2T7(Te) (2TV(Te) _ 1 _ 97~(T,
< P (02T X 0T]) 22) = e (e AT 2)
T
< 272~ (T, €)? < 2T3~(T, e
Fixing v(T,e) < 7a57, we obtain that (6) is bounded by ¢.
Finally, P (7 ¢ K¢) < 2¢, where K¢ is a compact set of (N, d). O

5. Convergence of point processes

This section is dedicated to prove Theorem 1.1. Let us begin with

Theorem 5.1. Let @ : D(R;,R.)™ x N™ — D(R.,R™) be defined as

@(l’,’ff)t = (/[O’t]XRJr ﬂ{zng}dﬂ-](s’z)>

@ is continuous at the point (z,7) € D(Ry,Ry)™ x N™ if:

1<j<m
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e for each 1 < j < m, for every t > 0 such that 7/ ({t} x Ry) =0, 27 is continuous at t,
e for each 1 < j <m, for every t >0, 7/ ({t} x Ry) <1,

o foreach1<j<m, n’ ({(tﬂcL) > 0}) = 0.

The proof of Theorem 5.1 uses the following Lemmas about the convergence in Skorohod space.
Their proofs being quite straightforward and classic, we omit them.

Lemma 5.2. Let (zn)n be a sequence of D(R;,R) that converges to some x € D(R4,R), and
(tw)y be a sequence that converges to some t > 0. If x is continuous at t, then xn(ty—) — x(t).

Lemma 5.3. Let T > 0, k € N*, increasing sequences 0 =t, 0 < t;1 < ... <tin,—1 <tin, =T
(1<i<k)0= tﬁ\fo < tJ-Yl < ... < thnNA < tanN =T (1 <i < k). We define the functions

?

g,9nN € D([OvT]ka) by; fOT't € [OaT[

N

n; —1 ;
gn(t) = (ijo 1[tfjvtfj+1[(t)3)1gi<k7

nifl .
{ g(t) = (Zj=0 1[ti,j7ti,j+1[(t)])1<i<k7 and
g(T) = (nz - 1)1§i§k7 gN(T) = (nfv — 1)1§i§k .

We assume that there exists a dense subset A C [0,T] that contains T such that, for all t €
A, gn(t) converges to g(t), and we assume that for all iy # is for all j1 € [1,n;,—1] and jo €
[1,75,-1], tiy j, # tir,jo- Then gn converges to g in D ([0, T],R¥).

Proof of Theorem 5.1. Let (xF 7%) = (zbF ... o™k gbk . 7mk), converges in D(R,,R)™ x
N™ to (z,7) = (z,...,2m 7t ..., 7). Let Z := ®(x,7) and Z* := ®(2* 7*). Thanks to
Lemma 2.2 and Remark 2.3, we can consider an increasing sequence (7)), such that T, goes

to infinity and dr, (wglf, 77, ) vanishes as k goes to infinity, for every 1 < j < m.

We fix ¢ > 0 such that for all 1 < j < m, 7/ ({t} x R;) = 0 and for all k € N*, 77k ({t} xR,) = 0.
In particular ¢ is a point of continuity of Z and of each Z*. By Lemma 5.3 and Proposition 16.2
of [2], the convergence of Z* to Z in D(R,,R™) will follow from the convergence of ZF to Z; for
every such point ¢. Let us show the convergence of th’k to Zg for every 1 < j < m. In the rest of
the proof, we work with a fix j.

To show this, fix some n such that T, > max(t, xjHoo,[O,t] , SUpy, ij7kHoo,[O,t])’ and write
™ N0,T,)* = {(r,¢) + 1<i<N}and 7% N [0,T,]* = {(7F,¢F) : 1<i< Ny}, where the
pairs are lexicographically ordered.

The convergence of W%lf to 77, in (N7, ,dr,) implies that Ny = N for all & (big enough), and

that, for each 1 <i < N, 7F and ¢ converge respectively to 7; and ;.
Notice that

N
gk _
A= 2 M e VMt
i=1 H

To end the proof, one has to note that ]I{Cffl'i}f,} converges to ]l{g‘igmii}’ and that ]I{Tij,kgt}

converges to 1, <;}. These convergences hold true because (; # x{, and 7; # t, and because of
Lemma 5.2. O

Before proving Theorem 1.1, let us state two lemmas, whose proofs are omitted.

Lemma 5.4. If (E,), is a sequence of separable metric spaces, | [, Ey is a separable metric space.
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Lemma 5.5. Let (E,)nen be a sequence of topological spaces, and, for each n, (X¥)ren be a tight
sequence of random variables on E,,. Then, defining Y* := (X¥),, € [1,.cn En, the sequence (Y*)en

is tight on [ ], En for the product topology.

Proof of Theorem 1.1. Step 1: Let us show that (Z™*); <4<, converges to (Z¥)1<x<, as N goes to
infinity in D(R4,R"™).

Since (D(R4,R) x N)™ is a separable metric space (see Theorem 16.3 of |2], and Lemma 2.4),
we can apply Skorohod representation theorem to show the almost sure convergence of a sequence
(YN RN (YN mNyY o (YR, ..., (Y™, 7)) in (DR, R)xN)™ as N goes to infinity,
where these variables have respectively the same distribution as ((Y™N!,7!),..., (Y™ 7)) and
(YL, 7h),..., (Y™, 7).

_Then Theorem 5.1 implies the almost sure convergence of the multivariate point processes
(ZNF)1<hgn = QYR TVF)1<<p) to (ZF)1<kzn = ®((VF, ) 1<k<n) in D(R1,R™).

Step 2: Now, we prove that (ZV'F); > converges to (Z¥)y>1 as N goes to infinity in D(R,,R)N .

A consequence of Step 1 is that, for every n € N*, (ZN*);<4<, converges to (Z¥)1<k<, in
D(R,,R)". This implies that, for every k& € N*, Z™V* converges in distribution to Z*, hence,
as D(R,,R) is a separable metric space, the sequence (L(ZN*))y is tight on D(R,R). Then,
Lemma 5.5 implies that the sequence (L£((X™*).>1))n is tight on D(R,,R)N".

Let P be a limit of a converging subsequence. Noting py : D(R,,R)N" — D(R,,R)* the projec-
tion on the k first coordinates, we know that P o plzl is uniquely determined for all k£ > 1. Then, as
D(R;,R)N" is a separable metric space (see Lemma 5.4), P is determined by Po p, ' (k€ N*). O
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