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1 General Introduction

The optimal transport problem remained highly academic for a long time, at least in the formulation given by G.
Monge, and took on a more concrete aspect with L. Kantorovitch’s idea of formulating it in terms of optimal resource
allocation. More recently, works such as those by R. J. McCann [22], Y. Brenier and J.-D. Benamou [4] have enabled
a dynamic approach to this type of problem (mainly when applying a quadratic Euclidean cost to transport). This
formulation paves the way for easier numerical treatments as it allows the application of classical numerical methods
in the field of variational and convex optimization under constraints.

An important tool in optimal transport theory is the Wasserstein distance : a metric for estimating the difference
between two probability measures (or, more generally, between two measures of the same mass). This distance repre-
sents a global transport cost between two measures, assuming that the local cost of mass displacement depends on
the distance and linearly on the local mass.

One of the main limitations of optimal transport is that it can only be applied between measures of the same global
mass. This is why numerous research works have proposed various extensions of these Wasserstein distances to measure
spaces of potentially different masses [3, 30, 29].

The use of optimal transport for interpolation problems has also encouraged the search for new optimal models of
"unbalanced" mass transport, particularly dynamic models. Indeed, in addition to offering a variational framework
more suited to numerical processing, these models provide a continuous temporal evolution (a "geodesic interpolation”
for the Wasserstein metric in the classical case) between the source and target measures. The dynamic formulation
proposed in [4] represents the mass conservation constraint during continuous transport over time with a conservative
continuity equation. Their model uses absolutely continuous measures with L? densities (in space-time) : if p(t,x)
represents the temporal evolution of the interpolated density, and v(t, z) represents the velocity field derived from the
transport plan, we thus have dyp + div(pv) = 0.

Many models, aiming to generalize these interpolations for measures or densities of different masses, use a source term
in the continuity equation (which becomes dip + div(pv) = f) that must be accounted for in the energy functional
(see [18, 19], or [10, 9, 28, 20, 21| with applications to image processing as well, or [12] for use in data assimilation).

The model we will study in this work starts from the same idea of introducing a source term in the continuity equation
and adapting the energy term. However, it does not aim to create an interpolation between two different measures or
densities (nor does it aim to construct a metric between such measures), but rather to return directly to an optimal
allocation problem under the constraint of a displacement cost. A non-standard characteristic of our model is that this
cost directly represents a loss of the transported mass : the objective of the problem is therefore to minimize this loss.
In this model, the initial density does not need to be fully transported and the question is to determine the correct
allocation of a part of this initial mass, taking into account its dissipation along its path. More explicitly :

Consider a production area wich produce (for example,
coal) and a target area to supply. The production area pro-
duces more coal than the needs of the target area. Moreover,
transport also requires coal consumption. The objective is
to determine an optimal allocation plan that ensures sup-
ply while minimizing the coal consumption necessary for
transport.

Resource to deliver

Resource consumed by transportation



G

&

Transport

G
L e -

We choose to start from a dynamic model (inspired by [4]) : we denote by p : [0,1] x R? — R, the mass density
(positive) to be transported over a time interval [0,1] and in a space R? (d € N), and by v : [0,1] x R — R? the
velocity field transporting p. Let ¢ : R — R4 be a so-called "mass dissipation" function, which will determine the
rate of mass loss/consumption during transport. More precisely, considering an initial mass distribution (i.e., a mass
density) available pg : R? — R, and a target mass p; : R? — R, (delivery objective at time ¢ = 1), we set the
following conditions :

— At any time t € [0, 1] and at any point z, ¢ is a function of the magnitude of the velocity field |v(¢, x)|, and the
mass loss is proportional to the mass p(t, ) present at (¢, z) by the dissipation rate ¢ (|v(t,z)|) (the dissipation
rate is directly related to the speed of movement).

— We choose to neglect the consumption of the initial impulse, i.e., the initiation of movement (even if it can be
interesting to observe in some cases).

— At any point x € R?, the selection at ¢ = 0 of the transported mass density p(0,z) must be less than or equal
to the initially available mass density pg(z), and the target mass density must be delivered at time ¢t = 1 (i.e.,
p(1.2) = pi (a)).

— We seek to minimize the overall mass loss along the path.

In other words, our problem amounts (formally) to determining a density-velocity pair (p,v) that minimizes the
dissipation energy

E
Target area

Production area
=)
(@)
r
)
—

K(p,v) = / [ clotpte.z) et (L1)

under the following dissipation and initial condition constraints :

{ Op + div(pv) = —=((|v])p,

p(0,-) < po and p(1,-) = p1

(if the traces of p at t = 0 and ¢ = 1 are well-defined). Note that formally, via the constraint (1.2), we could reformulate
K as follows

K(p / Rd( lv(t, x)|)p(t, z) de dt = / /Rd dive 4 (pv) dedt = / (O,x)dx—/Rd p(l,z)dx.

that is, as the difference between the total mass initially selected for displacement / p(0, ) dr and the total mass
Rd

delivered / p(1, z) dz, knowing that / p(0,z)dx < / po(z) dz and / p(l,x)dx = / p1(z) de.
Rd Rd R Rd R
Although we plan to address a future numerical resolution through the Eulerian dynamic formulation (search for an

optimal density-velocity pair (p,v) in space-time) as posed above, we have initially chosen to focus on obtaining a
"proper" formulation of this problem, through a more "classical" approach, that is, to show the existence of an optimal

(1.2)



transport/allocation plan.

However, the very physical formulation of this problem does not allow us to approach it as a simple allocation problem :
it indeed poses a constraint of mass dissipation on continuous displacements over time. This is why we have reformulated
this problem from a Lagrangian point of view, inspired by branched transport models?® [33, 14, 7, 23, 24, 26, 27, 6, 7|.
In other words, we will seek to distribute a selection of the (density of) mass pg initially available over the set of
paths defined on [0, 1] with image in R? of a fixed regularity (here M-Lipschitz paths, for a sufficiently large Lipschitz
constant M arbitrarily fixed?) so that the target mass p; is delivered while minimizing the overall mass loss (which
dissipates along each path).

More precisely, denoting by L% the set of M-Lipschitz paths, we seek to minimize the cost K (representing the global
mass dissipation)

K(w) :/ (1= e I S @D ()
Ld.M

over the set of positive Radon measures w on the metric space (Ld’M , doo) ¢ satisfying the constraints mo#w < poL?
and m#w = p1 L4, where 7y, m @ LYM — R? with 7y(7y) = 7(0) and () = (1) for every path v € L&M.

As we will see in section 49, in a case of an isotropic and homogeneous environment (i.e., without external spatial
or temporal influences on this dissipation), the resolution of this Lagrangian problem will in fact be reduced to the
resolution of an optimal allocation problem from R to R? (the optimal trajectories of the Lagrangian solution reducing,
as one might expect, to straight-line movements at constant speed).

Note that such a problem does not always have a solution. For example, consider the case where the initial available

density po has the same global mass as the target density ("to be delivered") p1, i.e., / po(x)de = / p1(x) dx, with
Rd Rd

po # p1 (i.e., the two densities are not equal L£%-almost everywhere) : it would then require a mass strictly greater
than that available in pg to be transported to p; despite the mass dissipation.

This document will be divided into three main sections, the essential content of which we can announce as follows :
— In section 2, we will present our model in more detail and show (proposition 2.30) the existence of an optimal
solution in the case where the set of constraints is non-empty (i.e., in the case where the problem (1.2)
admits at least one solution).
— In section 3, we will show that in the case of disjoint supports between the densities py and p1, a measure wept
of optimal allocation of the available mass via pg over the set of paths L%M corresponds to a "bang-bang" type
selection of py = pgL? (proposition 3.1), i.e., there exists a Borel set Vioope Of R? such that

d
Toffwopt = v, , PoL".

In other words, in the case of an optimal measure w,y; of optimal allocation on LM at every point 2 € R?,

the (infinitesimal) available mass carried by py is either fully transported or not at all. Or again, returning to
the formal model (1.2), we have p(0, ) = po(x) or p(0,z) = 0 at every point z € R%.

— In section 4, we will formulate the dual problem associated with the initial (primal) problem (definition 4.1 and
properties (I)) and show the existence © of a solution to it (lemma 4.65).

We will thus also be able to show the existence of a saddle point for the Lagrangian L. associated with the
coupled primal-dual problem (proposition 4.69 and lemmas 4.10 and 4.12).

This will allow us to show the uniqueness of the solution w,y; (lemma 4.28) of the primal problem and to
characterize it in terms of the solution to the dual problem (on which the "selection zone" V,,, . mentioned in
the previous point will also depend (proposition 4.26).

We will see that, as one might expect in a homogeneous and isotropic environment, it is restricted to allocating
mass only to paths of the "linear interpolation" type® (proposition 4.19) and therefore, as already mentioned
above, that this problem can be reduced to a more "classical" optimal allocation problem from R? to R? (similar
to that of Monge-Kantorovich), rather than from R? to L% (as in our Lagrangian formulation).

— These three sections are followed by several appendices detailing some results necessary for the various proofs
developed in the document. Most are in fact common results, often well-known (or even academic), from the
literature on optimal transport, functional analysis, measure theory, or optimization. Our goal is also to make
this document as self-contained as possible (although we will of course still often refer to various results from
the literature without re-proving them).

. Thanks to Benoit Merlet (Laboratoire Paul Painlevé, Univ. de Lille) for suggesting this approach for an initial "theoretical clearing".
. And thus arbitrarily large.

doo representing the uniform distance between the paths elements of
See Lemma 4.50 and Corollary 4.51.

. Still in the case where the measures pg = poL£? and p; = p1 L% have disjoint support.
. Thus straight-line trajectory at constant speed.

LM,
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Note : Below you will find updated versions of the document regarding corrections of errors that I may discover over
time, or that may be reported to me :

— English version : https://amubox.univ-amu.fr/s/GPSTBY7035E2cBS

— French version : https://amubox.univ-amu.fr/s/P9oXERzRHZ2SXbW

2 Lagrangian Formulation and First Existence Results

Let us begin by introducing some preliminary notations for spaces of continuous functions with values in R (R is
equipped with its canonical metric derived from the absolute value norm) : for a topological space® (X, T,p(X)), we
define :

— The set C(X) of continuous functions on (X, 7,,(X)) with values in R.

— The set CT(X) of continuous functions on (X, 7,,(X)) with values in R} (positive).

— The set C.(X) of continuous functions on (X, 7,,(X)) with values in R with compact support.

— The set CF(X) of continuous and compactly supported functions on (X, 7,,(X)) with values in Ry (positive).

— The set Cy(X) of continuous and bounded functions on (X, 7,,(X)) with values in R.

— The set C;f (X) of continuous and bounded functions on (X, 7o, (X)) with values in Ry (positive).

— The set Cy(X) the closure of the set C.(X) in (Cp(X), |- ||oc), Wwhere the norm | - || is defined for every

function f € Cy(X) by

[flloe = sup [f ()]
zeX

2.1 Some Reminders About Radon Measures (Positive and Signed)

Let us begin with a reminder of definitions for positive and signed Radon measures (these definitions may vary in the
literature, so these are our own, which more specifically refer to those in [31]).

Définition 2.1 (Positive Radon measure®). Let (X, 7To,(X)) be a separated and locally compact topological space. We
say that p is a positive Radon measure on (X, Top(X)) if and only if :
— p is a Borel measure on X.
— 1 is finite on every compact subset of X (on a topological space such as X, we will also say that p is locally
finite©).

— 1 is outer reqular, meaning that for every Borel set A of X, we have

w(A) =inf{u(V), ACV, V open}.

— w is inner regular, meaning that for every non-empty Borel set A of X such that p(A) < 400, we have

w(A) =sup{p(K), K C A, K compact}.

Définition 2.2 (Signed Radon measure). Let (X, 7,,(X)) be a separated and locally compact topological space. We
say that p is a signed Radon measure on (X, Top(X)) if and only if its positive and negative variations are both positive
Radon measures, in other words, if the pair (uy,u_) corresponding to its Jordan decomposition? is a pair of positive
Radon measures (of course, in this case, the total variation || is by definition also a positive Radon measure).

Let us now define our notation for the spaces of Radon measures, positive or signed.

Définition 2.3. Let (X, 7,,(X)) be a separated and locally compact topological space. We denote by :
— M (X) the set of finite positive Radon measures on X .
— M(X) the set of finite signed Radon measures on X, meaning those whose total variation |u| is finite : i.e.,
p € M(X) & [u| € My (X) & piy, p— € My (X).
The set M(X) is a vector subspace of the space of signed measures, and the set M (X) is a convex subcone of M(X),
meaning it is stable under addition and multiplication by a positive real number (we will not prove this here, but a
construction can be found in [31]).

Définition 2.4. Let (E, | - ||g) be a normed vector space. We then denote by E’ its topological dual, that is, the set
of continuous (real-valued) linear forms on (E, || - ||g). We equip E' with the subordinate norm (or dual norm) || - || g
defined for all p € E' by

X
lole = swp lo@)= sup 22
z€Bg(0,1) z€E\{0} Izl e

(where Bg(0,1) denotes the unit ball in (E,||-||g)).

. Top(X) denotes the topology with which X is equipped.

. The definition of a Radon measure varies somewhat in the literature, and this is therefore just one version.
. We can also say that p is a Borel measure.

. That is, such that 4 = u4 — p— and |u| = p+ +p—.

Q0 T
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Théoréme 2.5. Let (X,d) be a locally compact and o-compact metric space. Then the set M(X) (set of finite signed
Radon measures on (X,d)) equipped with the norm derived from the total variation® is the topological dual of the space

(Co(X); [ - lloo)-

More precisely, an application L : Co(X) — R is a continuous linear form on (Co(X),| - |le), if and only if there
exists an outer reqular signed Radon measure® p € M(X) such that for every f € Co(X), we have

L(f) = /X f d.

In this case, we also have ||L||c,(x) = |u[(X) and the measure p associated with L is unique in M(X).

Theorem 2.5 is a classic result in the literature (it is an extension of the Riesz representation theorem for positive
linear forms on Cy(X) as stated in [31]). For a detailed proof of Theorem 2.5, that is, with the exact statement we
have given, we can refer to one of our own course summaries that can be found at the following link : : https:
//amubox.univ-amu.fr/s/MDEjJ6fBfKqfSH6

The proof found there is in fact heavily inspired by a Master 1 analysis course by Jean-Frangois Babadjian [1] who
establishes it for the case where X = R? (see the link to it in the reference). However, it is necessary for us to place
ourselves in a broader case here to also apply it in the case where (X, d) = (Ld’M , doc) (which is a proper metric space,
hence locally compact and o-compact).

Lemme 2.6. Let (X,d) be a non-empty, locally compact and separated topological space. Then the set M4 (X) of
finite positive Radon measures is closed in the set M(X) of finite signed Radon measures for the weak-x topology (if
we equip M(X) with the norm derived from the total variation®).

Proof : By Theorem 2.5, M(X) equipped with the total variation norm is the topological dual of the space
(Co(X), Il lloo)- Let (uun)n be a sequence of measures in M (X) converging weakly-+ in M(X) to a measure p € M(X),
i.e., for every function f € Cy(X), we have

/deun n_>—+>oo/deu-

In particular, for every f € CF(X), we have / fdu, > 0 for every n € N. Thus, by taking the limit, we have
X
/ fdp > 0. We thus have u > 0, i.e., p € My (X) .
X

(]

Remarque 2.7. For the conclusion of the proof of Lemma 2.6, we have in fact implicitly used the following result :

"Let X be a non-empty, separated, locally compact and o-compact topological space. Then any signed Radon measure

W is positive if and only if we have fdu >0 for every function f € CH(X)."
X

This is also demonstrated in the course summary already mentioned above for the proof of Theorem 2.5.

Remarque 2.8. The set M(X) equipped with the norm derived from the total variation p — |u|(X) is a normed
vector space : Theorem 2.5 implies that this structure actually forms a Banach space as the topological dual of the
Banach space (Co(X), || - ||oo)-

The set M (X) can then be seen as a closed convex subcone of M(X) (see Lemma 2.6).

2.2 Original Problem

In the rest of this document (including appendices), d will denote a non-zero natural integer (it will be the dimension
of the finite-dimensional vector space in which we will work).

We equip R? with the Euclidean norm |- |. Let o and y; be two Radon measures with compact support (hence finite)
on R?. Let B(R?) be the Borel o-algebra on R?.

For every d € N*, we define the set LM := LM ([0, 1],R?) of M-Lipschitz functions on [0, 1] with values in R%. We
equip L4M with the distance d,, defined by duoo(71,72) = SUPyeo,1) [71(t) — 72(t)| for all y1,72 € LM,

Let t € [0,1], we define m; : L4™ — RY by m;(y) = 7(t). Note that for every ¢ € [0, 1], the function 7; is continuous
(and even 1-Lipschitz) from (LM d..) to R? equipped with the Euclidean norm.

a. That is, the norm p — |p|(X), see the definition 2.3.

b. In the sense that the pair of measures (u+, p1—) corresponding to the Jordan decomposition of p is a pair of (positive) Radon measures,
and finite.

c. That is, the norm p — |p|(X).

d. See Remark 2.7


https://amubox.univ-amu.fr/s/MDEjJ6fBfKqfSH6
https://amubox.univ-amu.fr/s/MDEjJ6fBfKqfSH6

Let M, (L%M) be the set of finite positive Radon measures on LM (see the definition 2.3). Let B(L%M) be the
Borel o-algebra on LM,

Let a € RY. We will assume in the following that M is chosen such that Supp(po) U Supp(u1) C B(a, M/2).

Let ¢ : Ry — Ry be a Borel function, which in many statements will be assumed to be of class C!, convex and
strictly increasing, such that ¢(0) = 0.

For every measure w € M. (L4M), for every t € [0, 1], we define the measure on B(R?) as follows : for every A € B(R?),
we have

MZ(A) — / ) e~ Sy (s)N)ds dw(y) = / La(y(t))e™ Sy (s)N)ds dw(7).
T (A4) LM
In other words, by defining for every ¢ € [0, 1] the function ¢; : LM — R by £;(y fo Nds (Vy € LM), we
have pf, = m# (e~“*w) (note that o = 0).
We can reformulate this characterization as follows (see Proposition B.7) : for every measure w € M (Ld’M ), for

every t € [0,1], and for every f € C.(R?),

F() dpl () = / £ (1)) e I8 S @D o)
Rd

Ld.M

Définition 2.9 (Primal Problem).
— We define the constraint set

Cor(po; 1) = {w € My (LY, pd, < po, ply = i} (2.1)
— We also define the energy K, for every w € M (Ld’M), by

K(w) = g (RY) = ui(RY) = / (1 e Jo ) duo(y). (2.2)
Ld.M
Provided that the constraint set Cpr(po, 11) is non-empty, we seek to show that argming, (.0 ,)K £ 0.

We can then make the following (non-rigorous) development :

inf K(w) = inf K

weczjfr(l#oym) @) weMlJrn(Ld*M) KD + tess o ()]

= if {K(wH sup ( ) dpg,(x / F(@) dpo( sup ( / 9(y) d (y) — / g(y)dui(y)ﬂ
weM (LM feC+(R%) geC(Rd) Rd Rd

1 (We assume at this step that we can perform the inf-sup inversion)

= sup {/ y) dpa (y / f(z) dpo(x
feCt(RY), geC(R9) R4

T oertt /Ld,M (1+ £(1(0) = [1+ g(y(1)))e™ Jo < IDds) dww)}

WEM  (LdM)

= sup { / y) dpa (y / [ (@) dpo(x) — vp,, (f, g)}
FECHRT), geC(RY)

= sup {/ y) dua (y /f ) dpo(z
(f,9)€Dym “JRE

with
Dar = {(7.9) € CHRY) x ORY), 14 F(3(0)) — (1 + gla())e 2D > 0 vy e 43 (23)
Définition 2.10. We define J,, 1, ¢ (f,9) € CT(RY) x C(RY) — R the dual term of the energy K by

Snosl£:9) = [ o) din) = [ fa)duola

We thus define the dual problem of the one in Definition 2.9 :



Définition 2.11 (Dual Problem). We define the functional J,,, ., : C*t(R?) x C(RY) — R by

Vo 1:9) = [ o) i) = [ 1o dpofa). (2.4
for every pair (f,g) € CT(R?) x C(RY).

We seek to show that argmaxp J,, u, 7 0.

2.3 First elements
In this entire subsection, we will assume that Cps(po, p1) # 0.

Lemme 2.12. The set Dy; can be redefined as follows :

D = {(f.9) € CT(RY) x C(RY), 1+ f(x) > (1 +max{0,g(y)}) e "D, Va,y e R? | |z —y| < M} .

Proof : We temporarily define the set D}, by :

Dy = {(£,9) € Ct(RY) x C(RY), 1+ f(w) > (1 +max{0,g(y)}) e =D, Va,y e RY | [z —y| < M}

For all z,y € RY, and for every path 7 : [0,1] — R? that is Lipschitz (or at least £%almost everywhere differentiable,
with integrable derivative), we have by Jensen’s inequality, since ( is convex and strictly increasing on R,

/0 7(8))d8> sc( / Iy <s>>|ds) < / ¢ () ds. (2.5)

Let (f,g) € D}, and let v € L4M . Since the function ( is strictly increasing (and by the relation (2.5)), we have

¢y (1) =~ (0)]) =C<

(1) =~(0))) ¢ (/0 |W/(5))|d5> < ((M).

We thus have e~ Jo ¢(17/(s)Dds < S*C(h(l)*’Y(O)D? and thus

14 £(7(0)) > (1 + max{0, g(v(1))}) e~ O=1OD > (1 4 max{0, g(7(1))}) e~ Jo <" ()Dds
> (14 g(y(1)))e o S (©)Dds,

and this for all v € L%M hence (f, g) € Dy, and thus Dy, C Dys. Conversely, let (f,g) € Dy, and let x,y € R? such
that |x —y| < M :

— Ifg(y) <0, then 1+ f(z) > 1> (1+max{0,g(y) e =)
M <1

=0
— If g(y) > 0, then, considering the linear interpolation path 7, defined for all ¢ € [0,1] by vy (t) = z +t(y — x)
1
(we indeed have 7., € L%M), we have /0 C(7ay (8))ds = (& — y|) and thus

1+ (@) = 1+£(3(0)) = (1g(y(1))e B CTEODE  (1rmax{0, g(y) eI = (1 + max{0, g(y)}) eI,
=9(y)=g(v(1))

We thus indeed have (f,g) € D),, and thus more generally Dy; C D, hence Dy = D).

Définition 2.13. We define the set

Doe = {(£,9) € CGFRY) x Cy(RY), 1+ f(x) > (1 +max{0,g(y)}) e I=7¥D, v,y e RI}.

Remarque 2.14. Of course, we could have simply defined Dy, by

Do = {(f.9) € CT(RY) x C(RY), 1+ f(x) = (1+ g(y)) e <", v,y € RY} .

Définition 2.15. Let a € R?, and let M > 0. We define the set

v = {(f.9) € C* (B(a, M/2)) x C (B(a, M/2)), 1+ f(2) > (1 +max{0,g(y)}) e~ 1=, Va,y € B(a, M/2)} .



Lemme 2.16. Let a € R, let my,m’, M € R such that 0 < 2m < 2m/ < M, and let a pair (f°,¢°) € Doy~ Then
there exists a pair (f,g) € Do such that ;
— fiBam) = Ifb(am) ™4 91Ba.m) = 9{(am)-
— f and g are both constant on R¥\B(a,m’) : more precisely, g is zero on this set and f is equal to S(f°) =
¢(M) 0
e sup |fY].
B(a,m")
— For all z € B(a,m’), we have f(z) < S(f°).
— Ifg° >0, then g > 0.

To prove Lemma 2.16, we will need Urysohn’s lemma, the proof of which can be found, for example, in [31].

Lemme 2.17 (Urysohn’s Lemma [31]). Let X be a non-empty, separated, and locally compact topological space. Let
V be an open set in X, and K a compact subset of X included in V. Then there exists f € CT(X) such that

1 < f<1ly.

Proof of Lemma 2.16 : By Urysohn’s Lemma 2.17, there exists a function x € Ce(B(a, M/2)) such that 15— <
X < 1p(a,m')- We define, as in the statement, the constant SO =™ sup | £ < +o0.

B(a,m’)
We then define the pair of functions (f!,g¢') € C*+ (B(a,M/Q)) x C (B(a,M/Q)) by f1=xf+ (1 -x)S(f%° >0
and g' = xg° (we also have g* > 0 if g° > 0). Since the function y is uniformly zero on the annulus C'(a,m’, M/2) =

B(a, M/2)\B(a,m), this is also the case for the function g*, and the function f! is uniformly constant equal to S(f°)
on C(a,m', M/2).

We then define the pair of functions (f,g) € CT(R?) x C(R?) as the constant extensions on R? of the pair (f!,g'),
in other words f(z) = fl(z) and g(z) = g'(z) for all x € B(a,M/2), and f(z) = S(f°) and g(z) = 0 f or all
r € RN\B(a, M/2) : the functions f and g are thus continuous and bounded, with moreover f(z) < S(f°) for all

x € B(a,m’) (since e¢M) > 1),
— Let y € B(a,m’) C B(a, M/2).
— For all € B(a,m') C B(a, M/2), we have

)< sup [ <D sup | = S(f9),
B(a,m’) >1 B(a,m’)

and thus

S(1+f0(z))64(lz—y\)

1+g(y) =1+ ¢"(1)x(w) = (1= x®) + L+ ¢°W)x(») < 1 —x(y)) + (1 + max{0,¢°(¥)}) x(v)
< (1= x(y) + x(@) (1 + fOa))e =D

—1+X( )0 (x)es o =v)
g1

<14 fO(x)esle=vD

< Clz=vD) | 40y eClla—l)
>1

= (1+ fO(x))es==vD
= (14 (1 = x(@) °(x) +x(2) f*(x))e7)
——

<s(r”)
< (L4 (1= x(@)S(f°) + x(@) f(w))es 14D
/()

= (1+ f(x))esUz=uD,

since (f?,¢°) € D%/, and by Lemma 2.12.
— For all z € RY\ B(a, m'), we have



1+g(y) =1+ 6" (W)x(y) = 1 —x®) + 1+ ¢°W)xy) <1 —x¥)) +x(v) (1 + max{O,gO(y)})
< (1= x(®) + x() (1 + f(a))etlewD

=1+ X(y)fo(a)eC(la—yD

<M

—
<1+ fO(a)e<(|a —yh

<1+ S(f%
~——"
=f(x)

< (L4 S,

In both cases, we have 14 g(y) < (1 + f(z))e(*=¥D for all € R, and this for all y € B(a, m’).

Moreover, since for all z € R? we have (14 f(z))e¢!*=¥D > 1, we thus indeed have
“ >1
>0 2

14 max{0,g(y)} < (1 + f(x))elz=vD

for all z € R%.
— Moreover, for all y € R¥\ B(a, m’), and for all z € R?,

L4g(y) = 1< (1+ f(x))etl=D.
0 >0 21

Q

In the end, we thus indeed have 1 + max{0,g(y)} < (1 + f(z))eSU==¥D for all 2,y € R, i.e., (f,9) € Do

Of course, for all x € B(a,m), we have f(z) = fl(z) = (x)f () + (1 — x(2)S(f°) = fo(m) and g(z) = g'(z) =
=0

O

Corollaire 2.18. Let a € R, let m,m’, M € R such that 0 < 2m < 2m’ < M, and let a pair (f°,g°) € Dar. Then
there exists a pair (f,g) € Doo such that ;
— fiB@m) = [Bam) 4 9Ba,m) = 9B (am)-
— f and g are both constant on R¥\B(a,m') : more precisely, g is zero on this set and f is equal to S(f°) =
¢(M) 0
0D qup |,
B(a,m’)
— For all z € B(a,m’), we have f(z) < S(f°).
— Ifg° >0, then g > 0.

Proof : It suffices to note that (f ) € D%, then to apply Lemma 2.16 to this same pair.

B BT

2.4 Existence of a solution if Cy/(uo, 1) is non-empty

Let us recall the statement of Rademacher’s theorem, which we will frequently refer to in this document :

Théoréme 2.19 (Rademacher’s Theorem [11] p.81). Let f : R — RP (p € N) be a locally Lipschitz function. Then f
is L3-almost everywhere Fréchet-differentiable (and its Fréchet differential coincides with its distributional differential).

Recall that the measure jq is by hypothesis of compact support. The space L»M is equipped with the distance do,
defined by doo(71,72) = Supseo.1) 11 (t) — 72(t)] for all 41,75 € LEM.

Lemme 2.20. Let f € C.(R?), i.e., a continuous real function on R with compact support. Let a € R? and r > 0
such that Supp(f) C B(a,r). Let vy, be the constant path in LM equal to a, i.e., v, = a.

Then, for all t € [0,1], we have Supp(f o m) C Ba_ (Va, 7 + M).
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Proof : Let v € LY\ By_ (va,7 + M). By continuity of the function t ~ |y(t) — a| on [0,1] (hence with compact
image), there exists t, € [0,1] such that do(v,7a) = |7(ta) — a|. Moreover, since the function 7 is M-Lipschitz, we
have for all ¢ € [0,1] :

[v(t) —al = |y(ta) —a] = |v(t) = v(ta)| = doo (Vs Va) M|t —ta| > 7+ M — M =1, (2.6)
N—— N ——
=doo (V+Ya) <M |t—tq| >r+M >—M

i.e., y(t) € R™\B(a,r). We thus have 0 = g (y(t)) = (g o m)(7), and this for all v € LM\ B;_(y,,7 + M) : hence
Supp(f o) C By (Va, 7+ M).

O

Lemme 2.21. Let a € R? and r > 0 such that Supp(uo) C B(a,r). Let vy, be the constant path in L% equal to a,
1.€., Vg = Q.

Then Supp(w) C Ba_ (Ya,™ + M) for all w € Cpr(po, p11)-

Proof : Let w € Cps(po, p11)- Let v € LYM\B,__ (74,7 + M). By proceeding with the same calculation as in the proof
of Lemma 2.20, namely the relation (2.6), we then have |y(t) — a| > r|, i.e., ¥(t) ¢ B(a,r).

The path v thus lives entirely outside the ball B(a,r) in RZ. In particular, v(0) ¢ B(a,r), i.e., m0(y) ¢ B(a,r). Thus
LEM\By_ (Yo, + M) C 7y " (RN\B(a,r)). Thus :

w (Ld’M\Bdm (Ya, T + M)) <w (770_1 (Rd\B(a,r))) = (mp#Hw) (Rd\B(a, T)) =pul (Rd\B(a, r)) < 1o (Rd\B(a,r)) =0,
Hence Supp(w) C By, (Ya, 7 + M).
[l

Lemme 2.22. Let ¢ : Ry — Ry be a continuous and increasing function. Let the function L : (L% d.) — R be

1
the function defined for all v € LYM by L(vy) = / C(|7/(s)]) ds.
0

1
For alln € N*, let 1, = - and define the function L, : (L*M d.) — R for all v € LM by

L,(v) = /OlTn ¢ (‘7(54'7'")_7(5) ) ds = /01 1[0717%](8)4 (‘V(SML)_'Y(S)

Tn Tn

) e

Then for all n € N* the function L, is continuous (hence Borel). Moreover, the sequence of Borel functions (Lp)n
converges pointwise to the function L.

The function L is thus in particular Borel (the preimage by L of any Borel set in R is thus a Borel set in (LM d..)).

Proof : Let (yx)r be a sequence of paths in L%M converging to a path v € L%M for the distance do, (uniform
convergence on [0, 1]). Thus for all n € N*, and for all s € [0,1 — 7,], we have |y (s + 7,) — Y& (s)| < M., hence

¢ ) <),

for all k € N. Moreover, since (s + 7,,) - (s + 7,) and v (s) = ~(s) we have
n—-+oo n—-+oo

¢ ) qu(sw)—v(s))

n—-+oo Tn
for all s € [0,1 — 7,,]. Thus, by the dominated convergence theorem, we have
V(s +7n) —(s)

Luow) = [ T )as = /OmC (=

Consequently, for all n € N, the function L,, is continuous and hence Borel. Moreover, for all paths v € L% -
— For all n € N* and for all s € [0,1 — 7,], we have |y(s + 7,) — v(s)| < M,. Thus, for all s € [0,1], and since
the function ( is increasing, we have

110,1—7,1(5)C ('7(34‘%)—’7(3)

Tn

V(8 + Tn) — Tk(8)

V(s + 7o) — Yi(s)

V(8 + 7o) — Yk(8)

) ds = L, (7).

)SC(M)~

— For all n € N*, and of course for L-almost all s € [0, 1] (at which ~ is differentiable, which is the case almost
everywhere by Rademacher’s theorem 2.19), we have (due to the continuity of ¢) :

1j0,1-7,1(5)C (’W) — 1p0,1)(s)C(|7 (5)]).

n—-+oo
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By the dominated convergence theorem under the integral sign, we thus have L, (7) —+> L(y) for all y € LM | in
n—-+0oo

other words the sequence of Borel functions (L), converges pointwise to the function L : it is thus also Borel.
|

Définition 2.23. We define IntLin the set of linear interpolations in R, that is, such that y(t) = (1 —t)y(0) + ty(1)
for all t € ]0,1]

We also define the subset M (IntLin) C M (Ld’M) of measures w € My (Ld’M) with support in IntLin, that is, for
which v € IntLin for w-almost all v € L*M

Lemme 2.24. The set IntLin is closed in (L% d,.).

Proof : Let (7,), be a sequence of paths in IntLin converging to a path v € L% for the distance d, i.e., converging
uniformly, and thus pointwise, to . In other words, for all ¢ € [0,1], we have v,(t) — ~(¢). Moreover, for all
n—-+oo
€ (0,1, we have 7, (t) = (1= 8)3(0) + t3(1) —> (1= £)(0) + t9(1), hence 7(t) = (1 —1)y(0) + t3(1) by
uniqueness of the limit. We thus indeed have v € IntLin.
|

Définition 2.25.
— We define the operator T' : R? x RY — (LYM [ d) by T(z,y) = Yz for all x,y € RY, where v, represents
the linear interpolation path between x and y, i.e., vz, (t) = (1 —t)x +ty for all t € [0,1]. We of course have
r (Rd X Rd) C IntLin.
— For every measure w € My (Ld7M), we define the measure wp = [[ o (m, m1)] # (eco(m_”o')_"‘w), where the
function L is defined in the statement of Lemma 2.22, and is Borel on (L*M d..) by this same lemma.

Lemme 2.26. The operator T is continuous (for the topology induced by the norm in R? x R and by the distance dso
on LEM ),

Proof : Indeed, for all pairs (x1,91), (x2,72) € R? x R, we have

IT(z2,y2)(t) = T(z1,91) ()| = [Van,yo (1) — Var,u (8)] < (1 —t)|xe — 21| + tly2 — 11| < |22 — 21| + Jy2 — 1]
for all ¢ € [0, 1], hence doo (I'(21,91),['(22,92)) = b}lp T (z2,y2)(t) — T(z1,y1) ()] < |22 — 21| + Y2 — 31
tel0

O

Lemme 2.27. Let ( : RY — Ry be a continuous, convez, increasing function satisfying ((0) = 0. Then for all
w € Car(po, p1) (if Car(po, p1) is non-empty), we have wr € Cas(o, 1) N My (IntLin) and K (wr) < K(w) (more
precisely pl, < pd).

Proof : Note that for all v € L4 and all t € [0,1], we have T (m(7),71(7)) (t) = (1 — t)v(0) + ty(1) (the path
T (mo(7),m1(7)) is thus in particular differentiable on [0,1]). We have in particular :

— ' (m0(7), m(7))" = ~(1) — 7(0), hence

L (T (mo(7)s (7)) = C(I7(1) = ~(0)])-

— I (mo(v), m1(v)) (0) = ~(0).
— I'(mo(v), m1 (7)) (1) = (D).

Let w € Car(po, p11)- Let us show that wr € Car(po, 1) :
— For every function g € C(R?), we have

/ o(x) dpd (z) = / g (1(1)) e dup ()
Rd Ld,M

/d g (T (mo(v), m1(7)) (1))67L(F(7ro(w)m(7)))eC(Im(v)fﬂo(v)\)fL(v) dw()
L —g(~(1)) =e—¢(Ur (W=7

g (y(1)) e~ SUm (V) =m0 (M) ¢ (1) =7 (0)) = L(v) dw(7)

I
\

Ld.M

[0 " duo()
/ @) dpg, («
1

and this for every g € C(R?), hence p}, = pl

~

= p1 (since w € Cas(po, p1))-
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— Since the function ¢ is convex and increasing on Ry, we have (by Jensen’s inequality) :

/0 7(8))d5> SC(/O Iy (8))Id8) S/O C('(s)]) ds = L(v)-

hence €¢I (M=m0MMD=L() < 1. Thus, for every function f € C+(R%), we have

C(y(1) =~(0)]) = C(

f() dpd, () = / £ (4(0)) deor()
Rd Ld.M

= [, £ ), m(0) @) 0D )
' =1(1(0)) =t

<[, F00) )

= [ fla)dpg (),
Rd
and this for every f € C*(R?), hence ugr <1 < po.
We thus indeed have wr € Cas (o, p1) with pl, - < p2, hence K (wr) < K(w).

Finally, let F' : L4™ — R be a continuous function on (L*M  d.) such that Supp(F) C L»M\IntLin (strict inclusion
since L4M\IntLin is open in (L% d,) by Lemma 2.24), hence F(y) = 0 for all iy € IntLin. Then we have

/Ld,M F(y)dwr(7) =/ F (T (mo(7), m1(7)))eSUmM=moMD=LM gy(+)) = 0,

Ld.M

and this for any F' as defined above. In other words, Supp (wr) C IntLin, i.e., wr € My (IntLin).
(]

Lemme 2.28. Let ¢ : RY — R, be a continuous, convez, increasing function satisfying ((0) = 0. Then, by equipping
M (Ld’M) with the norm derived from the total variation®, the set Cpr(po, 1) N My (IntLin) is closed in M (Ld’M) b
for the weak-x topology.

Proof : Suppose that Cps(uo, pt1) is non-empty (otherwise the result is trivial) : in this case, the set Cas (1o, p1) N
M (IntLin) is also non-empty by Lemma 2.27.

Let (w™),, be a sequence of measures in Cps(po, p11) N M (IntLin) converging weakly-x in M (L%*) to a measure w.
— Since Cas(po, p1) N My (IntLin) € My (L4M), and the set M, (L) is closed in M (L%) for the weak-s
topology by Lemma 2.6, hence w € M (Ld’” )
— Let F' : L%M — R be a continuous and positive function on (L% d..) such that Supp(F) c L4M\IntLin
(strict inclusion since L% \IntLin is open in (L%M d.,) by Lemma 2.24), hence F(v) = 0 for all v € IntLin.
Thus, for all n € N, F(v) = 0 for w™-almost all v € L%M | hence

oz/L F(y)dw™(y) —> /Ld,MF(v)dw(v),

d,M N~~~ n—+00
=0

and thus / F(v)dw(y) = 0 for any F as defined above. In other words, Supp (w) C IntLin, ie., w €
La,M

M (IntLin).

— Let g € C.(R?) (continuous function with compact support on R? for the canonical topology, hence bounded) :
the function g o 7y is thus also continuous and bounded on the space L»M equipped with the distance dq ©.
For all n € N, we have fol (1Y (s))ds = ¢(|y(1) = v(0)]) = ¢(|m1(7) — mo(7)]) for wm-almost all v € LEM (since
w™ € M, (IntLin)), and thus

o 1) (y)e= UMM =mo(ND) gun () = Pl () — P (2,
/Lm(g )(v) dw" () / g(x) dpl. (x) /Rdg()du()

Rd
For all ¢ € [0,1], the function m; is continuous (and even 1-Lipschitz) from (L% d..) to R? (equipped with
the Euclidean norm). Thus, the function v +— (g o 71)(7y)e= UMM =m0 is also continuous on (LM d..).
Consequently, we have

a. Le., the norm w + |w| (L4M).

b. The set M (L%M) equipped with the total variation is the topological dual of the space (Co(L%™M),| - |lo) by Theorem 2.5 (by
taking (X,d) = (Ld’M, doo)7 which is a proper metric space by Lemma B.13 (in the appendix), and thus in particular locally compact and
o-compact).

c. Since the functions m; are 1-Lipschitz on L%M equipped with the distance doo.
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/ z) dpa (z / 9(x) duln (z
Rd Rd

/ (gom)( —¢(lmi(y)— ﬂ0(7)|)dwn(7) . / (go771)(7)@‘4('”1(7)‘7‘0(7)‘)dw(w),
d,M Ld,M

n—-+oo

and thus / (g om)(y)e” cUmMN=mMD guy(y) = / g(x) dpy ().
Ld.M Rd

Moreover, since w € M (IntLin), we similarly have as above fol ¢ (s)])ds = ¢(|v(1) = v(0)]) = ¢(Jmi(y) —
7o(7)|) for w-almost all v € LYY | hence

T 1(z) = omy 6*4(|7T1(’Y)*7T0(’Y)D W — om fo (17" (s)])ds ' x 1 z),
|s@am@ = [ @ome) aw) = [ tgom))e aw) = [ o) dul @

and this for every function g € C.(R?). We thus indeed have ul = p;.
— Let f € CH(R?) (positive continuous function with compact support on R?, hence finite) : the function f o mo
is thus also continuous, positive, and bounded on (L% d.). For all n € N, we have

/ (fom))dw(y) = [ f(z)dpou(a /f ) dpoa
Ld,]\/l Rd

and thus,

n—-+4+oo

/ £(@) Al (z) = / (f o mo) () dw(7) — / (fom)dut) = [ fz)dul(a),
Rd Ld.M d.M Rd
< Jrd f(x) dpo(x)

hence / f(z)dpl (z) < / f(z) duo(x), and this for every f € CF(R?). We thus indeed have ul < pq.

Thus, w € Car(po, 1) N My (IntLin). The set Cps(o, 1) N My (IntLin) is thus closed for the weak-* topology in
M+ (L ? )

O

Lemme 2.29. Let ¢ : RY — Ry be a Borel function. If Cas(io, jt1) is non-empty, then Cas(po,p1) is bounded for
the total variation norm : more precisely, Cp (o, f11) C B (0, o (R%)).

Proof : Indeed, for every w € Cps (10, 11), we have

o (E4) = s (L) = 5 (RY)) = (o) (RY) =, (RY) < o (RY).
O

Proposition 2.30. Let ¢ : R? — R, be a continuous, convex, increasing function satisfying ((0) = 0. If the
constraint set Cpr(po, 11) 18 non-empty, then there exists a measure w € Cpr(po, p1) N My (IntLin) minimizing the
energy KC on Cas (o, t11)-

Proof : Let (w"), be a sequence of elements in Cps(uo, 1), minimizing for the energy K, ie., £(w") —

n—+oo
inf K >0.
Cr (po,p1)

According to Lemma 2.27, for every n € N, there exists a measure wf® € Cps(po, 1) N My (IntLin) satisfying
K(wp) < K(w™) (with even ,ugp < p2.). The sequence (wi), is therefore also a minimizing sequence of elements
of Cps(po, 1) for the energy K.

By Lemma 2.29, the sequence (wf¥),, is bounded for the total variation. Moreover, by Theorem 2.5, the set M (Ld’M)

of finite (signed) Radon measures on (L% d.)), equipped with the total variation norm, is the topological dual of
the Banach space (Co(L4M), ]| - ||oo) .

Thus, according to the Banach-Alaoglu-Bourbaki theorem (see for example [8]), there exists a finite (signed) Radon

measure w on (L4 d.) and a subsequence (wy: (n))n extracted from (wf), converging weakly-* to w.

By Lemma 2.28, the space Cps(po, p1) N M4 (IntLin) is closed in M (Ld’M) for the weak-* topology : we thus have

a. Theorem 2.5 indeed applies to our case : by Lemma B.13 (in the appendix), the metric space (Ld*M, doo) is proper, and consequently
locally compact and o-compact.
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w € Cpr (o, p1) N My (IntLin).

Finally, we have

W) = [ P - m®Y / L Aw) =R = = (R =K (@),

Ld.M n—-+00

hence, by uniqueness of the limit, & (w) = c (inf )IC.
M (HosH1

3 Bang-Bang Aspect of the Initial Selection Measure y,

The purpose of this section is to demonstrate that in the case where
— ¢ : Ry — Ry is a convex and strictly increasing (hence coercive) function such that ¢(0) = 0 (hence
continuous ).
— The measures jo and p; have disjoint supports and fig is absolutely continuous” with respect to the Lebesgue
measure,
if w is a measure on L% minimizing the energy K, then the initial mass selection measure p is "bang-bang" with
respect to the measure pg, in other words, "we take everything, or we take nothing."

More precisely, we wish to show the following proposition :

Proposition 3.1. Assume that ( : Ry — Ry is a convex and strictly increasing (hence coercive) function such that
€(0) =0 (hence continuous). Assume that po is a finite positive measure and is absolutely continuous with respect to
the Lebesgue measure, and that Supp(uo) N Supp(p1) = 0. Suppose further that argmingec, (uo.u) (@) # 0.

Then, for every measure w € argmingec,, (uo.u0)K(@), there exists a Borel set V., C Supp(uo) such that pl has a
density of 1y, with respect to the measure po. In other words :

p, = v, po-

Before proving Proposition 3.1, we will show the intermediate result of the following subsection.

3.1 Non-Optimality for a Measure ;° Not "Bang-Bang" with Respect to 1, Between
Two Sets of Equal Volume

Proposition 3.2. Assume that ¢ : Ry — Ry is a convex and strictly increasing (hence coercive) function such that
¢(0) = 0 (hence continuous). Assume that ug is a finite positive measure and is absolutely continuous with respect to
the Lebesque measure (let py be its density with respect to Lebesgue® : since pg is finite, we thus have py € L'(R%)),
and that Supp(uo) N Supp(p1) = 0. Let w € Car(po, 1) : b is thus also absolutely continuous with respect to the
Lebesgue measure (let pO be its density with respect to Lebesgue).

Assume there exist two compact sets in RY, Qy and Qy, disjoint and of equal non-zero volume (i.e., L) = L4(Qy) >
0), such that
— 4 = Supp (1915‘1) and Qo = Supp (lggﬁd),
— inf(e y)e0) xsupp(uy) [T — Yl — SUP(4 ) ey xSupp(uy) |2 — Yl > 0, where i is the image measure at t = 1 of
O by w, de., g = MHAWrans, wWhere Wians = 17751(91) w (i.e., for every Borel set A C R, pi(A) =
w (m () N (A)) ).
— p%(x) > 0 for L-almost every x € Q.
— ¢y (Q2) < po (Q2).
Then there exists w' € Cas(o, 1) such that K(w') < K(w) (w is thus not optimal for the energy K).

Various definitions and results used in the following proof can be found in appendix B.

Proof of Proposition 3.2 : To show that under these hypotheses, the measure w is not optimal for the energy K,
we will construct a measure wr € Cas(po, 1) such that K(wr) < K(w).

As a preliminary remark, note that w is a finite measure on L»™ . Indeed, L%M = Ty 1(Rd), and thus

w (L) = w (m5 (RY) = (modhe) (RY) = 4 (RY) < pao (RY) < +oc.

Let ¢ be a convex optimal transport potential of the measure 1o, £? to the measure 1o, L% as defined by Brenier’s
theorem [32], i.e., such that V¢ is an optimal transport plan between these two measures (optimal for the cost | - |?).
In particular, we have

a. Indeed, since ¢ is convex, it is continuous on R4y with 0 = ¢(0) > limy+ ¢ > 0, i.e., 0 = ¢(0) = limy+ ¢.
b. See the definition B.16 in appendix B.
c. Whose existence is given by the Radon-Nikodym theorem B.17.
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Voi# (10, £%) = 1, L% (3.1)

(Note that this is the only point that interests us : the fact that this transport plan is optimal for a quadratic cost is
of no interest to our problem.)

By this same theorem, we have V¢ (Supp (1o, £%)) = Supp (1q,£%), hence V¢ (Q;) = Qo (recall that under the
hypotheses of the statement, we have 2; = Supp (191£d) and Qo = Supp (192 £d)).

Moreover, according to [16] (proposition 3.2-3), we can consider that ¢ is finite on R?, and thus locally Lipschitz on

R%, and admits a global minimum on R?. By the Rademacher theorem 2.19, ¢ is thus differentiable on £%almost all
of RZ.

Equation (3.1) should be understood in the following sense : for every Borel set A C R%, we have £% (21N V(;S*l(A)) =
L1(QyN A), with Vo1 (A) = {z € Di, Vo(x) € A} = DiN d¢*(x) where Di represents the set of points in R? at
which ¢ is differentiable .

We define the Borel operator T : R —s R? by T'(x) = V¢(x) for all 2 € Di, and T'(z) = 0 for all 2 € RY\Di. For every
Borel set A C R%, we thus have
(1o, LY (T7H(A)) =L (A NT 1 (A)) =L (QNDINT(A)) + L4 (2 \Din T~ (A))

=LY (2 NV (A) + LY(U\DIiNT (AN {0}))

<£4(Q,\Di)=0

=LY (2 NV H(A) =L (Qn A)
= (1o, L% (A).
In other words, we have T# (1o, £%) = 1q, L%

For what follows, we will again need to use the operator I' (see the definition 2.25). We recall its definition and
properties here :
— The operator I' : RY x RY — (LYM d.) defined by I'(z,y) = 7, for all ,y € RY, where 7, , represents the
linear interpolation path between x and y, i.e., v, 4(t) = (1 —t)z + ty for all ¢t € [0, 1].

The operator I' is continuous (see Lemma 2.26) : indeed, for all pairs (z1,v1), (72,y2) € R? x R%, we have

T(22,y2)(t) = T (21, y1) )| = Vs (B) = Yar 40 ()] < (1 =) w2 — 21| + tly2 — y1| < |22 — 21| + [y2 — ¥1|

for all ¢ € [0,1], hence dos (I'(z1, 1), '(22,12)) = sup T2, 92) () = T(@1, 91) ()] < |22 — 21| + [y2 — w1l
te[o,1
We will also need to define the following functions, densities, and measures :
— The function #7 : R = R by :

min{p®, poo T — p? o T}
eT = 0 191
P

Note that since p° (x) > 0 for £L%-almost every = € Qy, we have 67(x) < 1 for L%almost every z € R? (hence

Or € L>(R%)). Moreover, by Lemma B.11, we have pgo T, p0 o T € L'(R?, 1q, £¢) C L}, (R4, L?).
— The Borel function/density o : L™ — R by op = 7 o mg, with my : LEM — R defined by mo(7) = 7(0)

(similarly, for the following, 71 () = v(1)).
— The Borel function Ay : LM — R by

() = exp ( [ s + crron - 7(1)I)) = o B ST O,

Indeed, the function y s e~ Jo ¢(7'()Dds ig Borel by Lemma 2.22. Moreover, the function (x,y) — C(|T(z) —y|)
from R? x R is also Borel (T being Borel by definition), and by continuity of the exponential function, the func-
tion (x,y) + eSIT@) =YD is also Borel. Finally, by Lemma B.14, the function v + (mo(7), 71(7)) = (7(0), (1))
is continuous from (LM d..) to R? x R%, hence Borel : hr is thus indeed Borel.

The function hp represents the initial consumption at ¢ = 1 starting from ~(0) (i.e., e~ Jo C(|'Y,(S)Dds) increased
by the consumption rate necessary for the new starting point 7'(v(0)) (i.e., e¢UT((©O)=v(MD),

a. Di is a Borel set. Since the function ¢ is differentiable almost everywhere, we have £% (Rd\Di) =0.

16



=m1(7)

PN
Define the set V. = {y € m; (1), (1) ¢ Supp(pj)}. We thus have m (V,;) C R*\Supp(u}) and
Wirans (Vi) = w (V) (since V,,, C 7o 1(Q1). Thus :

w (Vi) = @irans (Vi) < werans [m1" (71 (V)] = (ma#trrans) (1 (Vi) = w1 (m1 (Vi) = 0.
Thus, w (Vyy) = 0, i.e., for w-almost every v € 75 H(Q1), we have (1) € Supp(u}).
Moreover, note that since the function ( is by hypothesis increasing, we have

la=shz¢( it o)

(x,y)€Q1 X Supp(p})

for all (x,y) € Q1 x Supp(}), hence
inf T — > ( inf T — ) .
(z,y)€Q1 X Supp (k1) < =< (,y)€Q21 XSupp (k7 ) | vl
Similarly, we have ((Jz — y|) < ¢ (sup(w,y)eﬂzxsupp(ui) |x — y|> for all (z,y) € Qo x Supp(u}), hence

sup ¢l —yl) <C< sup )Ix—y|>~

(z,9)€Q2 xSupp(u)) (z,y)€Q2 xSupp(p)

We thus have

inf C(|lx—y|)— sup ¢ x—y)ZC( inf x—y)—( sup x—yl).
eancartsumntin 7o i ST 2 el T TN o By

Moreover, since by hypothesis we have inf(; y)c0, xSupp(u}) [T = Yl > SUP (4 y) e, xSupp(u)) [ — ¥/, and since the
function ( is strictly increasing, we have

(i ey) ¢ s Jr—yl).
(%,y) €Q1 X Supp(p}) (z,y)€Q2 xSupp(p])

and thus
inf  ((lz—yl) - sup ((lz =y >0
(@,y) €Q1 xSupp(p} ) (z,y)€Q2 xSupp ()

Define the constant 0 < K = inf(, y)eq, xsupp(uy) C(1Z = Yl) = SUP (4 y)e, xsupp(uy) C([2 — y[). For all v €
7y 11 N Di) we have T'(v(0)) = Vo(7(0)) € T(1) C Q. Note that, since o < £4, and

w (my H(Q\Di)) = (mo#w) (2 \Di) = ud,(21\Di) < 410(21\Di).
Since po < £4, and since £4(€1\Di) = 0, we have 110(21\Di) = 0, hence w (' (€1 \Di)) = 0 : thus, T'(¥(0)) €
Qs for w-almost every v € 7, ().

We thus have ¢(|T(v(0)) — v(1)|) < —K + ¢(]7(0) — ¥(1)]) w-almost every v € 75 ' (Q1). Moreover, since the
function ( is increasing and convex, by Jensen’s inequality, we have

¢ (0) - ' / <<( / (s |ds> < / ()

(IT((0) /cw s < —K + C(7(0) /cw Vs < —K,  (32)

Thus

ie., 0 < hr(y) <e X <1 for w-almost every v € w5 (Qy).
— The Borel measures defined on (L4M d) :
— vp = orw. Note that :

r (L4M) :/Ld,M UT(V)dw(V):‘/LdYM br(1(0) dw(r) = | Or(e) d(motw)(z / Or(z S d(mo#w)(z)
<lg, (=
< pd () < po() < +o0.

vr is thus a finite Borel measure on (L*M d..), and o7 € L' (Ld’M,w).

17



— ¢ = [To(Tomg,m)|# (hrvr) = (L o (T o mo, m)# (hrorw). Since 0 < hy < e K < 1, we have
hror € Lt (Ld’M,w), hence hropw is also a finite Borel measure on (Ld’M, d~). The functions I', mp and
7 being continuous, and the function T being Borel, the function T'o(T omg, 1) is also Borel from (L4 d.)
to (LYM d,.), hence the measure 14 is well-defined (and finite).

In other words :

/ F('Y)dVT('V):/ F(y)or(y) dw(v), (3.3)
Ld,M Ld.M

and

1
[ F@diee) = [ FE@aO)0)er) e (— [ ctrrenas + curaon - «y(l))) duo()
Ld.M Ld.M 0

(3.4)
for every F € C.(LM).
Let us now proceed to the proof of the result in question, in three steps : We will show in the first two steps that
ph, = pa and that p < po, and thus that we indeed have wp € Cas(po, 1), and then in the third step that
IC(MT) < IC(w)
— First point : Let f € C.(R?) and A > 0. We have

f() dyi, () = / F(r())e I3 SN DS g ()
Rd

Ld.M

:/ Flr(1))em Jo S DS gy — / Fr(1))e= I S D gy ()
Ld.M LM

+/ f(W(l))e_ fol C(17'(s))ds dl/%ec(’y)
LdM S —
=fom(v)

F@ @) - [ e B OO (3) dus)
Rd Ld.M

+/ FID(T(4(0)), 7(1))(1))e ™ Jo INTOOIAOY OIS ()0 () deo ()
Ld.M
=(fom)(T(T(~(0)),7(1)))

Note that :
— T'(7(0),~(1))(0) = ~(0),
((0), ¥(1)(1) = ¥(1),
— T((0),5(1)) = 5(1) = 1(0)
Similarly, we also have :
— D(T((0)),7(1))(0) = T(7(0)),
— D(T((0)),»(1)(1) = ~(1),
— (T (0))m(1))’ =7(1) =T(+(0))

Foz alﬁ vy € LM we thus have [ C(ID(T(v(0)),7(1))'(s))ds = [, ¢(Iv(1) = T(v(0))ds = ¢(|v(1) — T(v(0))])
and thus :

e I3 CUDTGO) AW (s (1) = o= CITEO)=1DD o= [ <1 ()Dds (LUTGON 1D — o= [ <1 ()

Hence

[ FEEGO) A @) AT A O yor () ) = [ Fla e O () ),

= [ F(y(1))e™ Jo S0 (IDds gdec(y) =[panr F(y()e™ Jo SOV D gy ()

[ @)l (o /f 2) db (x /f ) dun (2
Le., pl, = pl = p.

— Second point : Let f € CF(R?). We have

Thus, for all f € C.(RY) :
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= [ ta)det) - [ sao)d@) ¢ [ f60) de)
Ld.M Ld.M LdM S —

=fomo ()

=(fomo)(T(T(7(0)),7(1)))
= [ f0dst) = [ fo@ere)am + [ TETGO) OOk ()rr() do()

Ld, M
=T(v(0))

— [ gD+ [ G- ora) )+ [ TGO G)r0) de()
Ld’M\ﬂ'o (€1) ) (©1) To (€1) (3 5)

Recall that 0 < hp(y) < e ¥ < 1 for w-almost every v € 7, '(Q1) (see (3.2)). Thus, for w-almost every
v € my ' (Q1), we have p2 ((0)) > 0 and

) < ek TOO) = ATGO))

0 < hy(y)or(y p%(7(0))

Thus

=e A F(T(@)) [po(T()) = p(T(@))] de

Since T#(1q, £L4) = 1, L%, recall that by Lemma B.11, we have pgo T, pl o T € L*(RY,1q,£%) C L, (R, L?)
since pg, p° € L'(R?) c L'(R?, 1q,L%). Moreover, since f x (pg — p°) € L*(R%,1g,L?), the same Lemma B.11
allows us to make the following change of variable y = T'(x) :

[ 1@ [T @) = T @) do = [ FT@) [T @) = AT ()] dlta,)(e)
= [ 1@ [ = )] [T (0, )
= /R ) [po(y) = pL(v)] dl2a, L (y)

=/, FW) [po(y) = p2(w)] dy.

Thus,
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‘We thus have :

[r@ad,@=[ e+ [ e —ert) e+ [ fTGO)EG)r() de)
Rd LAM\n; () 5 (1) g ()

~ [ @ at@+ [ TGO ert) du)
R4 m (1)

< f(w)du3($)+-e‘K7< Fy) dpo(y) — f(y)dug(y))
R4 Qg Qo

<1
=

[ @+ [ st R ([ e - [ @ adm)
R\ Q4 Q2 Qo2 Q

>0 (since weCas(po,p1))

< / 2) il (x W F(y) dpoly W
Rd\Qg Q2

< Jrava, (@) dpo()

< /R o, Sl / £(9) dio(y
= [ 1@ (@)

In summary, we indeed have flz)dpld (x / f(@) dpo(z) for all f € CF(RY), ie., . < po.
Rd

With the result of the first point (namely uwT = 1), we thus indeed have w € Cps(po, f41)-
— Third point : Finally, let us show that the cost K(wr) of wr is strictly less than the cost K(w) of w.

Resuming the decomposition wr = w + vy — 4 and equation (3.5) : we have for all f € CH(R?) and all A > 0 :

<e X

][ f(x)dugT(x)::L/‘ 117(0))dw(7)-][ f(V“D)UT(V)dW(V)+1/ﬂ FI(T(7(0)),v(1))(0) hr(y)or(7) dw()
Rd Ld,M Ld,]\/f Ld,,M :T(’y(o))
hence
f(x)dpl,, (z) S/ f(v(O))dw(v)*/ F(v(0))or(v) dw(7)+e’K/ F(T(v(0))or(y) dw(v).
Rd Ld.M Ld.M Ld.M

=Jra J(@) dpd, (z)
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Taking the particular case f = 1, we obtain the inequality :

10, (RY) < WO RY) + (75 — 1) / or() duw().
T Ld.M

Now,

/ or(y) dw(y) = / 07(+(0)) deo()
Ld,M

Ld.M

- / br(x) dyd(z)
Rd

= | or(x)p)(x)de
Rd

= A min{p},(z), po(T(z)) — pd(T(z))} da.

Let us distinguish between the two possible cases :
— If p2 () > po(T(x)) — p°(T'(x)) for L%almost every = € 2y, we have p0 (z) > po(T(x)) — p%(T(z)), hence

— w

min{p;, (), po(T(2)) — (T (x))} dx > / [oo(T' () = Pl (T (2))] da

Q1 Q1

= / [po(y) — po, ()] dy
Qo

:/Qz po(y)dy—/gng(y)dy

= p10(Q2) — 11, (Q2) > 0.
—_————

>0 (by hypothesis)

— Otherwise, if there exists O C ; such that £¢(0) > 0 and such that po(T(x)) — p2(T(z)) > p2(z) for
L%almost every = € O.

Since p (z) > 0 for £%-almost every z € O C Q1, we have / P2 (x) dz > 0, hence
o

min{ s (0), o(T(2) — (T (@) b = [ (o) o>
Q1 (@)

In the end, for both cases, we have

/Ld,M JT('Y) dW(’Y) = A min{pg(x),pO(T(g;)) _ Pg(T($))}dx < 0.

Thus,
Ho R SR+ =) [ or()det) < )R
<0
which allows us to conclude : (R — 1 (RY) < p (RY) — p1 (RY), ie., K(wr) < K(w).
=K(wr) =K(w)

We conclude the proof by setting w’ = wr.

3.2 Proof of Proposition 3.1

Before proving Proposition 3.1, we will introduce some definitions and show some intermediate results.
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Définition 3.3. Let (X, T, u) be a measure space. We define on T the relation L as follows : for A,B €T,
AKX B <= pu(A\B) =0 and u(B\A) = 0.
The relation % is an equivalence relation on T (according to Lemma B.35)).

Définition 3.4. Let (X, T, u) be a measure space equipped with the equivalence relation K. We define on T the relation
“w
= as follows : for ABeT,

AXB — w(A\B) = 0.
The relation i is an order relation on the set Ty which denotes the space T quotiented by the equivalence classes of
S (according to Lemma B.36).
Lemme 3.5. Soient yo € R? et vy > 0, et soient 1,79 € R\ B(yo,1}). Alors on a
Yy € B(yo,7h), |1 —yl > |72 —y| & |z —21|* + 2rf|m2 — 21| — 2(x9 — 21,0 — 1) < 0.

In other words, the ball B(yo, () is entirely (and strictly) on one side of the median hyperplane between x1 and xo if
and only if

|zg — o1 |2 + 2rf|xo — 21| — 2(20 — 1,90 — 21) < 0.

Preuve : En effet, pour tout y € B(yo, (), on a

|2 = yl* — |21 =y = (2 — 21,22 + 21 — 2y)
= (12 — 1,72 — 21 + 2(T1 — ¥))
= |wg — 21> + 2(xg — 21,21 — )
= |72 —901|2 +2(z2 — 21,90 — ¥) — 2(z2 — 21, Y0 — T1).

Ainsi, sachant que  max_ (xo — z1,y0 — y) = ry|re — 21|, on a :
yEB(yo,rp)

vy € B(yo, 7o), |21 =yl > |22 =yl & Yy € Blyo,rp), w2 —y* — |21 —y[> <0
< Yy € B(yo,rp), |x2 — 12+ 2(xy — 21,90 — y) — 2{x2 — 21,90 — x1) < 0
& |wg — 21 |* + 2rh|we — 21| — 2{x0 — 71,90 — 1) < 0.
O

Lemme 3.6. Soit une mesure positive borélienne j1 non nulle sur R telle que p < L. Soient yo € RY et v} > 0, et
soit x1 € RN\ B(yo, r}). On suppose que pour tout x € RY vérifiant |z1 — y| > |x — y| pour tout y € B(yo,ry), c'est @
dire, d’apres le lemme 3.5, tel que

|z —x1|* + 2r) |z — 21| — 2(x — 21,90 — 1) <O,
il existe r > 0 tel que u (B(z,r)) =0.

In other words, for every image x of x1 by orthogonal symmetry with respect to a hyperplane strictly separating the
sets {z1} and B(yo, (), there exists r > 0 such that p (B(z,r)) = 0.

Alors 1 (Usep(y0, 7, 21)) = 0, 0@ Usep(o, 7, 21) = {x € RY, |v1 —y| > |z —y| Yy € B(yo,7})}-
Preuve : D’aprés le lemme 3.5, on a
Usep(yo,rf)axl) = {.13 S Rd7 |Jj - Z‘1|2 + 2T6|$ - 331| - 2<Z‘ —T1,Y0 — $1> < 0}

The operator x — | —x1|? +2rj|z — z1| — 2(x — 21, yo — z1) being continuous, the set Usep(yo, rh, 1) is an open set in
R?. By hypothesis, for every x € R%, we can thus choose r > 0 small enough so that B(z,7) C Usep(yo, 7h, 1). We thus
indeed have u (Usep(yo, 70, 1)) = 0 according to Lemma B.18. Note that if |z — yo| < r{), then Usep(yo, 74, 21) = 0.

O
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Lemme 3.7. Soient yo € R? et 1)) > 0, et soient x1 € RN\ B(yo,7§) et 2 € Usep(yo, 7h, 1), 0

Usep(Y0,70,21) = {x € RY, |o — 21> + 2rf |z — 21| — 2(x — 21,90 — 1) < 0}.
On pose

Ky 2y = |22 — 21| + 2r0|wg — 21| — 2(z2 — 21,90 — 21) <O,
1
6 (3 +2ry + 2[yo — 1| + 2[yo — 2|

For all 0 < r1,79 < max {—

1

))kxl’xz, 1} and for all y1 € B(yo,r() and all 0 < r} <
max | —
{ 24 (2 + 1) + |yo — x2| + w2 — x1])

kzyans1p, o a:

inf lay — z1)? — sup lag — 2z2|* > 0.
(a1,21)€B(z1,71) X B(y1,r1) (as,22)€B(w2,m2)x B(y1,7})

Preuve : Pour tout z € B(y;,r}), on a:

|z — z|2 — |z — 2\2 = (xg — 21,20 + 1 — 22)
= (zg — 21,20 — 21 + 2(x1 — 2))
= |zg — x> + 2(xy — 21,21 — 2)
= |zy — 21 |* + 2(z3 — 31,90 — 2) — 2(x2 — 1,50 — 1)
= [@g — 1] + 2(z2 — x1,50 — Y1) — 2(w2 — 21, Y0 — T1) + 2(T2 — X1, Y1 — 2)

< wg — @1 |2 4 2rp|ze — 1] — 2(x2 — 21,90 — T1) + 27 |w2 — 21

=kzy,29

= Ky, 2o + 27|22 — 21

Soit a; € B(x1,71), et soit z1 € B(y1,77), on a :

‘(ll —2’1|2 = |a1 —$1|2 —2(@1 — X1, 21 —l'1> + |l‘1 —2’1|2

= |a1 —$1|2 —2(@1 — 1,21 —.’L‘1> + |I2 —Zl|2 — (|$2 —,21|2 - le —Zl|2)

Y

—2r1]21 — 21| = Ky 2y — 270 |22 — 21| + |22 — 21

Soit ag € B(xa,72), et soit z2 € B(y1,77), on a :

lag — 22|? = |ag — x2|> — 2{ag — T2, 20 — o) + |T2 — 20>
<75+ 2rg|zp — wo| 4 |12 — 2|
=75+ 2rplz0 — wa| — 2(z2 — 21,22 — 21) + |21 — 22 + |22 — 212
<73+ 2rg|zg — wo| + 47 e — 21| + 47 + |zo — 2|2

Pour tous z1, 22 € B(y1,7]), on a ainsi :

lag — 21 % — |ag — 22|® > =271 |21 — 21| — 27 |w2 — 21| — 75 — 22|20 — o] — 4] |To — 21| — 47 — Ky
> =27 (ry + 10 + Yo — @1|) — drifes —x1| =3 — 2ra (] + 75 + |yo — 2)
—Ary (ry + 76 + lyo — 22]) — 47A/12 — ka1 2,
On a —r3 > —ry, et r} <1 (donc —4r2 > —4r}), d’ou

—ry = 2ry (ry 7+ lyo — @2]) = =12 (3420 + 2|yo — w2|) = —r2 (3 + 2 + 2[yo — a1 | + 2Jyo — w2]) >

kﬂﬁlﬂﬁza

=

ainsi que
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—_

=2r (1 70+ [yo — 21) > =2r (L + 70+ [yo — 1)) = —r1 (3 + 2rg + 2Jyo — 21| + 2|y — 22|) > =key a0,

03

et également

—_

—4r? — A |zg — xy | — 4ry (P rh + |yo — x2|) > —4r) (2476 + |yo — x2| + |20 — 21]) > ékxhxz.

1
—ky, .2, > 0. Dol

On a ainsi |a; — 21 |* — |ag — 2]* > —3

. 1
inf lay — 21 |* — sup lag — 29| > _ikxl’xz > 0.
(a1,21)€B(z1,71) X B(y1,r1) (as,22)€B(w2,m2) X B(y1,7})

([
Définition 3.8. Pour z € R%, v € R\{0}, r > 0 et 0 < A < 1 : on définit l’ensemble ouvert CC(x,v,r,\) as follows :

CO(JI,U,T, A) = B(.’,E,’I‘) N {y € Rdv <'U,y - 1’> > ‘y - I‘Z + /\‘y - SL‘|}
Lemme 3.9. Soit une mesure positive borélienne finie pu non nulle sur R? telle que p < L. Alors, pour tout xq € R?,

tout a > 0 et tout 0 < \ < a, il existe x € R? tel que, pour tout r > 0, on ait pu (CC(x,a(zg — z),7, X)) > 0.

Preuve : Soit 0 < A < 1 et soit X' €)X, a[. Référons-nous a la définition B.31 pour définir ’ensemble CT'(xzg —
x, N /a,z,r), pour tout z € R% et tout r > 0 par :

CT(xog —x,N Ja,z,7) = B(z,r) N {y € RY, (xg —z,y —x) > (N /a)|zo — x| - |y — x|}

D’aprés le lemme B.32, il existe x € R?\{x(} tel que, pour tout r > 0, on ait u (CT(x¢ — z,\'/a,z,r)) > 0. Pour un
tel x, et pour tout r > 0, on a r > R, = min{(N — A)|zg — z|,7} > 0.

On remarque que CT(zo—x, N /a,z, Ry ) C CC(x,a(xo—x), Ry, A). En effet, pour tout y € CT(a(zo—2z), N, z, Ry ),
ona (N —Axg— x| > Rer > |y — x|, et donc

afzo —z,y —x) > Nl|zo — x| |y — 2 = (N = Nlwo — 2| - [y — 2| + Alzo — 2| - [y — 2 > |y — 2 + Ay — 2.
On a donc p (CC(x,a(xg — x),m,A)) > p (CC(z,a(xg — ), Ry ry A)) > p (CT (o — 2, N /a, 2, Ry ) > 0.
(]

Preuve de la proposition 3.1 : Pour tout w € Cps(po,p1), on a en particulier ug < po. La mesure /18, est
donc absolument continue par rapport & la mesure pg : il existe donc une densité positive f € L1+(Rd7 o) (voir le
théoréme B.17 de Radon-Nikodym) tel que p’ = fpug. Quitte & prendre f « Lsupp(uo) f> on peut supposer que
Supp,.s(f) C Supp(po), et comme ,uw < 119, on a donc 0 < f < 1 pg-presque partout. Soit f un pg-représentant de f,
et définissons ensemble So— 14 (f) = {z € R%, f(z) € R\[0,1]} : on a donc pg (So—,14) = 0.

Posons g = 1ga\s,_,, f : on a alors g g = f pio = pl. En effet, pour tout borélien A C R?,

(9 10)( /f ) dpo(z / z) dpo(z /f z)1s, . (@) dpo(z)

_ /A o(@) duo(z) + /A @) = /A o) dpo(z) = (f o) (A).

=0

Thus, by possibly taking f < g, we can consider that 0 < f < 1 pg-almost everywhere.

Let ULY be the set of points z in R? having an open neighborhood U, such that f(y) € {0,1} for pg-almost every
y € U,. It is clear that U, C U[y for every x € U}y : UL} is therefore an open set. Let us show that f € {0,1}
po-almost everywhere on UJY.

Let (2,,)nen be a countable dense family in R? (for example, an indexing of Q%) : the family of open sets (B (xn, 2_k))(n ENXN

is then a countable neighborhood basis of Re. For every x € ULY, there exists r > 0 such that B(z,7) C U,,
k € N such that 27% < /2, and n € N such that = € B(z,,27%) by density of the sequence (x,), in R? : hence
B(zn,27%) C B(z,r) CU,. Thus U ¢ U B(xn,27%), where

(n,k)eJEP
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Joy = {(n,k) € Nx N, 3z € Usy N A and U, € Voisgy (v) such that x € B(z,,27%) c UL NU,},
with Vois)} (z) = {Uw neighborhood of x such that g (Ux N A?) = 0}.

For every jip-representative f of f, we define the set Ar={z € RY, f(z) ¢ {0,1}}. For such a representative f and
for every x € U, we have g <A?ﬂ Uw> = 0?. Hence pg (Afﬂ B(x, 2_]“)) =0 for every (n,k) € J§Y.

Thus, since Ujy N Ay C U g [B(:En,Q*k) N Aﬂ, we have pg (A?ﬂ Ué‘f) = 0 by o-additivity of the Lebesgue
(n,k)€Jyy

measure. In other words, for ug-almost every z € Uy, we have f(x) € {0,1}. By returning to the almost everywhere

equivalence class, we thus have f € {0,1} up-almost everywhere on U/} .

It is therefore clear that R¥\Supp(uo) C R\Supp,,,(f) C ULY.

We then set Fro = RNULY (FHo, is therefore closed). We thus have F C Supp,,,(f) C Supp(uo) and A = Fho
(see the definition 3.4). Thus :

— If FFo, # (), then for every x € FF0o,, every ug-representative f of f, and every 7 > 0, we have p (B(:E, )N A7> >
0. Indeed, let 2 € F*o and f be a pg-representative of f : if there existed r > 0 such that g (B(ac, r) N A7> =0,

€SS
then this would mean that f (and therefore more generally its class f) is almost everywhere equal to 0 or 1 on
B(z,7), and thus that = € U} = R\ Flo

€ess*

By Lemma B.39, for every « € F!2 and every r > 0, we also have pq (B(x,r) N FHo) > 0.

€ess €ess
— Fto =0 < po(FF) = 0. Indeed, suppose that F!o # (), then by the previous point, for every z € FFo,
and every 7 > 0, we have po (B(z,r) N FH) > 0 and thus po (FF) > po (B(z,r) N FE) > 0. The converse is
obvious.
We will prove the proposition by contraposition. Since the density f (in the sense of the equivalence class of pp-almost
everywhere equality) of the measure p? with respect to the measure g is po-almost everywhere with values in {0, 1}
on U}Y, it is sufficient to show that Fo = (). We will therefore show that if F*2 # (), then w is not optimal for our pro-
blem, i.e., there exists a measure w’ € Cpr(po, 1) such that L(w’) < K(w) and therefore w ¢ argmin K(w).
We will therefore assume in the following that F*o = (). We will seek to apply Proposition 3.2 to a sub-part 7
of the measure w.

weCns(po,p1)

Let 7g be a L%representative of pg, f a L%-representative of f, and let p0 = fpg (which is therefore a £%representative
of pg)).
Wehave A7 & 7' ((0,1)). Indeed, 7~ ((0,1)) € A7 = F ' (R\{0,1}) (hence 7' ((0,1)) \A7 = Dand ANF ' ((0,1))
f71 (R\(0,1)), and, knowing that 0 < f < 1 L%-almost everywhere, we have L% (?71 (R\(O, 1))) = 0. Hence A5 B
f71 ((0,1)) (see the definition 3.3 and Lemma B.37).
For every z € {0 <l < %} = {0 < fpo <Po}, we have pg(x) > 0, and thus 0 < f(z) < 1, i.e., {0 <l < /To} C
FH0,1). Tz e F 1 ((0,1)), and if 7g(z) > 0, then z € {0 <l < %}- Thus

——1 - — ——1 g £t ——1 4

T O\{0<B<m) =7 (010N RO R T (0,1)nps " ({o}).

— 1 1

Orpo [f ((0,1) N7 ({0})] =

| po(z)dx =0, 1i.e. ug [?71 ((0,1))\ {O <p0 < %H =0 (Lemma
B.38).

770, 1)npe L ({o})

Thus, since we also have {0 <0 < %} C ?_1 ((0,1)), we have {0 <0 < %} B f_l ((0,1)) R~ Az, hence, by Lemma
B.37, we have

[0<p <m} 7 ((0,1) % A (3.7)

For every x € F!0, and for every r > 0, we have u, (B(x, r)n A7) > 0. Indeed, suppose there exists x € F*° and r > 0

such that u? (B(:E, )N A?) =0,1ie, / 14;(y)f(y) dpo(y) = 0, in other words 1A7(y)?(y) = 0 for pp-almost every
B(z,r)
y € B(z,r). Now if 14 (y) f(y) = 0, then 14 (y) = 0 : indeed, if we had 14, (y) = 1, then we would have y € A7, hence

f(y) # 0 and thus 1A7(y)f(y) = f(y) # 0. We would therefore have pq (B(x,r) N AT) = /B( ) 1a+(y) dpo(y) = 0,

xT,Tr

which would imply that x € U[ = R¥\F£o. By (3.7), we thus have

€SS

a. By definition of UJY.
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w[mt (Bla,r)n {0 <08 <po})] = nl (Ba.r)n {0 <ol <po}) =l (Blar) 0T ((0,1)))
(3.8)
ul (B(x,r) N A?) >0,

for every x € FFo, and for every r > 0.

Let us show that for every x¢ € FF o there exists Ry > 0 such that for every 0 < ro < Ry there exists yg € Rd\B (o, Ro)

ess?

such that for every r{, > 0 we have

w [mo " (B(wo,m0) N {0 < 0% <70} ) Ny (Blyo, )] > 0. (3.9)

First, note that Supp(p1) = Supp(m#w). Indeed, we have pu; = ul < m#w, hence Supp(p1) C Supp(m#w).
Conversely, by definition of the support of a measure :

0= (RASupp(yu1) = ey (R™\Supp(i1)) = /L Agasuppgu) (T (M)e o SN (),

hence 1ra\supp(ui)(71(7))e” Jo <" )D) ds dw(w) = 0 for w-almost every v € L%M | and thus 1Ra\Supp(uy) (T1(7)) = 0 for
~—————
>0
w-almost every v € L%M : consequently, we have

0= /Ld,M Lra\Supp(ye) (M1(7)) dw(w) = w [77" (RASupp(p1)) ] = (m1#w) (R*\Supp(u1)) -

Hence R¥\Supp(u1) € R4\Supp(m#w), i.e., Supp(mi#w) C Supp(p1) and thus Supp(p;) = Supp(m #w).
Let us now show the relation (3.9). Let zy € FX, : since F*° C Supp(ug) and Supp(iug) N Supp(p1) = 0, we have

€SS €SS

2o € RN\Supp(p1) = R¥\Supp(mi#w), and thus, since Supp(yu1) is closed in RY, there exists Ry > 0 such that
B(xg, Rg) € RA\Supp(m #w), i.e., w (ﬂfl(B(xO, RO))) =0.

Thus, by (3.8), for every 0 < rg < Ry, we have

0<wm" (Blxo,mo) N {0< 0l <7o})] =w[my" (Blzo,m0) N {0 < 9% <75} ) \m1 " (B(wo, Ro))]

=w [7761 (B(xo,ro) N {0 <0 < %}) Nyt (Rd\B(mO,RO))] .
Fix 0 < 79 < Ry, and define the positive Borel measure A, r, on R by

Asoro(A) = w [m5 " (B(xo,m0) N {0 < o8 <75} ) Nyt (A\B(wo, Ro))] -

for every Borel set A in R?. We thus have

Azoro (RY) =w [m5 " (B(wo,70) N {0 < pQ <75} ) Nyt (RN\B(z0, Ro))] > 0.

The measure A, r, is therefore non-zero, and thus, by Lemma B.20, there exists yo € R? such that for every ry >0,
we have

0 < Aug.ro (Blyo, 7)) = w [m5 " (Blo,m0) N {0 < o0 <75} ) Nt (Blyo, m)\B(xo, Ro))]

<w [7761 (B(ivoﬂ"o) N {0 < @ < %}) ﬁﬁfl(B(yo,r(’)))} :

Moreover, it is clear that yo € R\ B(z, Ro) : indeed, if we had yo € B(zo, Ro), there would exist 7, > 0 such that
B(yo,ry) C B(xo, Ro) and thus such that :

Aroro (B(yo,70)) =w |5 (B(zo,m0) N {0 <8 <75} ) Nt (0)] = 0.

Fix 0 < r{, < 1 sufficiently small so that B(zo,70) N B(yo, ry) = 0 (recall that ro < Ry and yo ¢ B(xo, Ro)), and define
the positive Borel measure Ay r, y,r OD R? by

Asosrogort(A) =w [15" (AN B(zo,m0) 0 {0 <08 <75} ) Nyt (Byo.rp))] -

for every Borel set A in R?. We thus have
Nao.ronry (RY) = w 15t (Blao,m0) 1 {0 < p% <25} ) Nyt (B(wo. 76))] 2 Awe.ry (Bluo, 7)) > 0.
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The measure Ay, 1 o, 18 therefore non-zero and finite ®, and thus, by Lemma 3.9, there exists 1 € Supp (Azo,r07y07ré) C

B(z0,70) such that for every 7 > 0 we have Ay, yo.rs (CC(21,2(y0 — 21),7,277)) > 0, where the set CC(x1,2(yo —
x1),7,2r() is defined in Definition 3.8.

We define the set Usep(yo, 70, 21) by :

Usep(yo,70,21) = {x € RY, v — z1|? + 2rh|z — 21| — 2(x — 21,0 — 1) < O}.

By Lemma 3.5 (recall that 2r( < 2), we have Usep (o, ), 1) = {z € RY, |21 —y| > |v — y| Yy € B(yo,r})}. We thus
have CC(z1,2(yo — x1),7,2r() = B(x1,7) N Usep(yo, 1y, 1) for every r > 0.

We have Supp ()‘xo,ro,yo,r(,) N B(yo,74) C B(xo,r0) N B(yo, ) = 0, hence ;1 € Rd\B(yO,r(’)).

Moreover, for every r > 0, we have

)‘wo,ro,yo,r(’) (Usep(yoar(/%xl)) > Amo,ro,yo,T(’] (B(J?l,’l") N USEP(yOa 7“6,.131)) = )\Io,To,yo,T(/J (CC($1, 2(y0 - $1)7Ta 2T’0)) > 0.

Thus, by taking the contrapositive of Lemma 3.6, there exists xo € Usep(yo, 1), 1) such that for every r > 0, we have
Azosroo,ry (B(x2,7)) > 0 (note that 1 ¢ Usep(vo, 70, 71), hence 1 # x3). We thus have zo € Supp ()\IO,TO,yO)Té) C

B(z0,70), hence zo ¢ B(yo,7})-

Thus, for every ro > 0, we have

ul (B(xg,rg) N {O <0 < %}) =w [770_1 (B(xg,rg) N {O <0 < %})}
> w {7‘(0_1 (B(;l:g,’/’z)ﬂB(Io,’f‘o)ﬁ {O<E<%})] (310)
> w |my " (B(x2,m2) N B(xzo,m0) N {0 < p% < 7o} ) Ny (AN Byo, 7))

> Azo,ro,yo,r(’) (B(anTQ)) > 0.

Similarly, we show that

/1’82 (B(.’L‘l,T'l) N {O < E < m}) > )‘Io,To,yo,Té (B(iCl,Tl)) > /”LSJ (B(xhrl) N {0 < E < %}) > )‘zo,ro,yo,ré (B(xhrl))

2 /\1'07"“0,110,7‘6 (Cc(x1’2(y0 - $1)7T1,27‘6)) >0,
(3.11)
for every ry > 0.

We set ky, 2, = |22 — 212 4+ 27{|z2 — 21| — 2(x2 — 71,90 — 1) < 0, and we fix the radii 1 and 7§ such that they satisfy

1
/ k$1,$271}7
6 (3 4 2r( + 2[lyo — @1| + 2|yo — x2|)

0 <7, < M :=max {— (3.12)

and sufficiently small so that B(x1,71) N B(yo,ry) = 0, B(z2,79) N B(yo, ) = 0 and B(z1,m1) N B(z2,r3) = 0. We
further fix r; such that

£ (B(:ﬂl,rl) N {O <l < %}) <L? (B(l'g,’l”g)) .

Indeed, note that since u, < £, if u (A) > 0 then £L¢(A) > 0 (for every Borel set A). Thus, since (B(ml, r1) N {0 <0 < %}
0 and p (B(J?Q,’f‘g) N {0 < @ < pTg}) > 0 for all 71,75 > 0, we have

3
/

£ (B(xl,rl) N {0 <9 < pT)}) >0
and
L (B(wa,r2) n {0 <08 <75}) >0

for every rq,79 > 0. By the dominated convergence theorem, we can further show that the functions

hi: s £ (B(xl,r) n{o<pg < m}) (3.13)

a. Since )‘zo,ro,yo,ré(Rd) <w (7‘(51 (Rd)) = 9 (R?) < po(RY) < +oo.
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and
hy @7 LY (B(xg,r)> (3.14)
are continuous on Ry and that hq(r) — 0 and hy(r) — 0.
r—0 r—0

Thus, once rJ is fixed satisfying 0 < 73 < M (see condition (3.12)), we can fix 71 sufficiently small so that 0 < r) < M
and 0 < hl(rl) < hg(’/‘g)

We define the positive Borel measure Ay, r, y,,~ oD R by

Mooy (A) = w [mg ! (B(1,m1) N B(xo,m0) N {0 < o8 < 7o} NA) Nt (Blyo, 7)) -

for every Borel set A in R%. We thus have

Az1,r o0.rh RY =w [71'51 (B(xl,rl) N B(xzg,r0) N {0 <p0 < %}) Nt (B(yo,ré))]
Aroﬂ’o,yow(’) (B(xlvrl))

Z )‘xg,ro,yo,ré (00(1‘17 Q(yo - $1)7 T, 2T/0))

Vv

> 0.

The measure A, ., 4, is therefore non-zero, and thus, by Lemma B.20, there exists y; € R? such that for every
r} > 0, we have

0 < sy oy (Blyr,14)) = w [mg* (B(x1,m1) N Blwo,0) N {0 < o8 <75} ) Ny (Blys, i) N Blyo, )]

(3.15)
<wlmg! (Bl@,m)n{0<pl <po}) Nt (B, rh) N Blyo,rh))] -
We fix the radius 7| such that
1
0<ry <M :=ma {— kmx,l}. 3.16
1 X 24(2+T6+‘y0—x2|+|x2_«x1|) 1,T2 ( )
Finally, we define the positive Borel measure Ay, r, 4, on R? by

Aoy (A) = w [151 (AN Bz, m) 0 {0 <08 <5} ) Nyt (B )] -

for every Borel set A of R%. Of course, by resuming relation (3.15), Ay ey, (RY) > Aeryrayorr, (B(y1,71)) > 0 : the
measure Ay, r, 4, i therefore non-zero.

We define the set Q" = Supp ()\Iwhyl)%) (2" is non-empty since the measure Azt 18 non-zero). It is clear

that Q" C B(z1,7r1) N {O <0 < pT)} C B(x1,7r1). Moreover

4 (@) = [ (2]

> w [71'61 (Qim N B(x1,7r1) N {0 <pb < /To})]
(3.17)
>w [71'0_1 (Qllm N B(z1,71) N {O <0 < /To}) Nt (B(yl,r’l))]

= >\3f177'1,y117'/1 (Q’Llnl) > O

Thus, since pf < £, we have £¢ (9’1’”) > 0.

""" is non-zero : indeed

We define the positive measure 7" on L4M by 7"t = 1{1( w. The measure 7
0

Qir)nry H(B(y,ry))
Tim (Ld7M) > )\11,r17y17ri (9717”) = )‘$17T1,y1le1 (Rd) > 0.

The marginal measure associated with 79" at ¢ = 0 is therefore also non-zero (since p2;,; (R?) = 7" (L“M)). Let us
now show that ﬂ?_im- is absolutely continuous with respect to the Lebesgue measure. For every Borel set A of R%, we
have
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Pini(A) = w (5 (AN Q) At (Byi, )
<w(myt (ANQP)) (3.18)
=, (AN QM) = (Lgupd) (A).

We therefore have p2,,,, < Lgini 12 < po. Since moreover g < £, we indeed have 12, < £%. Let £%,,,, be the density

of 1%, with respect to L% Let £%,,, be a representative of £2,,, for the Lebesgue measure. The measure x2,,, being
Borel on R? (which is among other things a complete metric space), it is inner regular, i.e., for every Borel set A C R :

(12:ni (A) = sup {udini (K), K C A, K compact }.

o -1 . —1
By taking A = Q"' N &0 (R4 ), there exists a compact set K; C Qi N &0 (R4+) such that

rini rini

ini -1 1 ini -1 1 ini ini
e (O AT ) 2 e (00) 2 B (B 0 (1) = B 007) = () ()
— 4 (@) >0,
by (3.18) and (3.17). Since 2,,,, is absolutely continuous with respect to the Lebesgue measure, we also have £ (K;") >
0. We then define the compact set €2, = Supp <1K1+Ed). By Lemma B.33, we have
O C Kf— C Q:nz C B(.Z‘l,’f‘l),
£4(0) =L (Kfr), and €y = Supp (191£d).

i d,M _ _ ini
We define the positive measure 7 on L by 7 = 1W51(Ql)mql(3(yhri))w = 177071(91)7' . Of course,

u?_ (Rd) = ,Uz?_ini (Ql)
= ,LL.,O_z:m (Kf_) - N-,O—im (K1+\Ql)
—
=0

= M?.im‘ (Kfr) > 0.

Indeed, since £¢ (Kfr\Ql) = rd (Kf) — L (©1) =0, and since ugm < L% we indeed have ,ugim. (Kf\ﬂl) =0.

Thus, p2, and therefore 7, are two non-zero measures, and, since ,ugm is absolutely continuous with respect to the
Lebesgue measure (this is also the case for 42, since p? < p2,..), we have £4(Q;) > 0 (since 2., (€1) > 0).

Thus, for every z € Q1 C Ky, we have 1q, (2)€%,,.;(z) = £%,,..(x) > 0. Moreover, for every Borel set A of R?, we have

Tini

H2A) = (L™ (mo ' (4))
=7 (mg (AN Q)
= pini (AN Q)
= (Lo, p7im:) (4)

e p? =10, 4%, = 10,£%,.L£% Thus, by naming & the density of u? with respect to the Lebesgue measure?, we
have &, = 191521‘,”4,5 in the sense of £%almost everywhere equality, and thus &, (x) > 0 for £%almost every x € €.
Finally, regarding the properties of the measure 7, note that we have

2 RO =7 (mo " (RN\)) =w (mp ' (RAQ) Nt () Nyt (Blya, 1)) = w(0) =0,
hence Supp (ug) C Q.
Recall that our proof is based on the application of Proposition 3.2 to the measure 7. Using the same notations as in
the statement of this proposition, we already have a compact set 21 (a compact set on which we have available mass)

satisfying the conditions of the statement. It remains for us to construct the compact set (2, that, together with €2y,
satisfies the necessary conditions for the application of this proposition (in particular, the compact set {25 must be

a. Radon-Nikodym theorem B.17.
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"closer" to the target area for the mass transfer from €2y, and must still have a "stock of available mass" in its own
area). For this, let us resume the functions hy and hy defined above at (3.13) and (3.14).

Recall that we have Q; C K" C Q" C B(zy,71) N {O <l < pT)} C B(xy,71) :

0< ﬂd (Ql) < ﬁd (B(.’Eh’l“l) N {0 < E <%}>

= hl(’f'l)

< ha(r9)

=r (B(xg,rg) N {0 <0 < %}) .
The function hs is continuous on Ry and ha(r) — 0. Thus, by invoking the intermediate value theorem, there exists
r—

ry €]0, 79[ such that £¢ () = ha(re) = L (Q2), where Qy = B(x2,72). We fix such an 7 (for example, the supremum
of all radii less than r§ for which hs satisfies the equality).

Moreover, it is clear that Q5 = Supp (1gz2£d). And of course, by relation (3.10) :
S ({0 <ol <7}) > ul (Blaa,r) N {0 <l <7}) >0.

If we had p2 (Q2) = po (22), ie., / (po(z) — p2(x)) dL%zx) = 0, then we would have p%(z) = po(z) for L%-almost
Q

9 _,—/
>0

every x € Oy = B(wa,79), i.e., L4 (QQ N {0 <pl < %}) =0, hence u? (B(:rg,rg) N {0 <0 < %}) = 0. We therefore
have p2 (Q2) < o (Q2) (i-e., "there exists a stock of available mass" on Q5).
We define v]_; the target transport measure (without dissipation) at ¢t = 1 by v]_; = n#7 = m# (1%’1(91) 7'). We

thus have

Vthl = 7T1# (17r0—1(91) . 1[77071(91)07571(B(y177'§))}w) .

Now we have

Liston  Lrgt@onmr (Bunrh)] = Lrgt@nmg  (Bunr):

and thus v_; = m# (lﬂgl(gl)mwfl(B(y”i)) w). Thus, for every Borel set A of R, we have

viZi(A) = w ([mg " () Nyt (Byr, 1)) Ny H(A))
<w (m ! (Bys, ) Ny H(A))
=w (7r1_1 (B(y1,71) NA)).

It is therefore clear that for every Borel set A of R? satisfying A € R4\ B(yi,7}), we have v]_;(A) = 0, hence
Supp (vi=1) C B(y1,71)-

Thus, we have

inf la — b > inf la — 0]
(a,b)€Q1 xSupp(v{_,) (a,b)eB(z1,r1)xB(y1,77)
and
sup la —b] < sup la —b].
(a,b)€Q2 xSupp(v{_,) (a,b)€B(z2,m2) X B(y1,77)

: 2 2
Now, by Lemma 3.7, we have 1nf(a"b)emxm la —b]* — SUD(, 1) e B(warra) x Byrrl) |a —b]* > 0, hence

2 2
( inf |a—b|> - sup la—0b] | > inf la — b — sup la — b|?
(a,b)€Q1 xSupp(v{_,) (a,b)eQ2 xSupp(v{_,) (a,b)€Q1 xSupp(v]_,) (a,b)eQa xSupp(v]_,)

> inf la —b|* — sup la — b|?
(a,b)€B(x1,m1) X B(y1,7) (a,b)eB(wa,r2) X B(y1,7])

>0,
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and thus

inf la —b] — sup la —b] > 0. (3.19)
(a,b)€Q1 xSupp(v]_,) (a,b)eQa xSupp(v{_,)

Moreover, since B(z1,71) N B(z2,79) = 0, and thus Q; N Qs = 0, we have p2 (Q2) = 0, given that, let us recall,
Supp (,ug) C Q4. Thus

19 (Qa) = 0 < p (2) + po (Q2) — p1g, (Q2) = (12 + po — ) (R2)
=0

knowing that in general we have u® < u% + o — 2 (and since by hypothesis, we have pg — ul > 0, the measure
uo + po — p is also positive).
We therefore have a measure 7, absolutely continuous with respect to the Lebesgue measure with density ¢ with
respect to it, as well as two compact sets €; and €5 in R?, satisfying the following hypotheses :

— We have pu0 < puQ + po — pl, ie. 7 € Cpr (/f; + po — ,uS),T).

— Q1 = Supp (191/5‘1), Qs = Supp (lgzﬁd) and L4 (Q) = L4 () > 0.

— With v{_; = m#7, we have

inf la —b] — sup la —b] > 0.
(a,b)€1 xSupp(v{_,) (a,b)€Q2 xSupp(vy_;)
(see (3.19)).
— &%) > 0 for L%almost every z € €.
— 12 (Q2) < (2 + po — 1) (R2).
Thus, by Proposition 3.2, there exists a measure 7/ € Cpy (,ug + po — 12, 7'), that is, a positive Borel measure on L%M
satisfying p2 < uQ + po — p2, and pl, = pl, and such that K(7/) < K(7).

We then define the measure w’ = 7 — 7+ w. Note that w — 7 = (1 — 1ﬂ51(91)m7r;1(3(y1,r,1))>w > (. The measure ' is

>0
therefore positive.

Moreover, note that for any Borel measures o and 3 (unsigned) on L% and any A € R, and for any function
f € C.(R%), we have

F() dpip () = / F(3(0)) dla + AB)()
Rd Ld.M

- /LM F(7(0)) da(y) + A f(2(0)) dB(v)

Ld.M

— [ F@)dul(@) + A / f(2) dud(@).
Rd Rd

In other words, 9 A8 = u + )\uoﬁ, i.e. the application a + u% (which transforms an unsigned measure on L% into
a measure on RY) is linear and positive (in the sense that if o > 0, then % > 0). We show that the same holds for the
application a — . We thus have
ol =y =l = p 4l <+ po — pd) — pd 4 pd = o
S E M = M — [ = il =
With the previous point, we thus have w’ € Cps (o, pt1)-
0 (RY) = 0 (RY) — pO(RY) + 0 (R) < pO(RY) — pd (RY) + s (RY) = i (RY). Thus

K(w') = ndr(RY) = m(RY) < p(RY) — i (RY) = K(w).

To conclude : if F#o # (), then there exists a measure w’ € Cps(po, p11) such that K(w') < K(w), i.e. the measure w is
not optimal for our problem. Thus, by contraposition, if this is not the case, that is, if w € argminwecM(ltoym)IC(w),

then FHo = (), i.e. R? = U[?. In other words, if f is a Borel representative of the density of the measure y° with

respect to the measure pg, f(x) € {0,1} for pg-almost every = € R%. We then define the Borel set V, = f71 ({1}).
We then have for every Borel set A of R :
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- [ F@duota) = | oy T ot + /. g Lt ¢ / oy, T 0

=0

=0

_ / F() dppo(w) = po (AN V),
ANV,

“ =1

ie. p = 1y, po-

4 Consistency of the Dualized Problem

In this section, we will sometimes make broader assumptions about the dissipation function ¢ than in other sections
(depending on the statements, ¢ will not always be assumed to be convex and increasing on Ry ). The function ¢ will
at least be assumed to be continuous and positive on R;.

4.1 General Formulation (properties (I) )

In this subsection 4.1, the dissipation function { will, as announced above, be assumed to be continuous and positive
on Ry (at least, i.e., subject to additional assumptions in the statements). We will also assume that Cps (o, 1) # 0.

Définition 4.1. We define the Lagrangian Le on (w,(f,g)) € My (LYM) x [CT(R?) x C(RT)] b

—)C(w

Le(w, (7,9)) = o+ [ f@ @)~ [ fa@ i)+ [t i)~ [ o)l

= _ o= LIV G)DdsY g 1 )
/ (1+76(0) - 1+ (1) ) o) + [ o)t - [ (et

Rd

Suppose that (@, (f,g)) is a saddle point of the Lagrangian L.. In other words, for all (w,(f,g)) € My (L4M) x
[CT(RY) x C(R?)], we have :

In particular, we have L.(2w, (f,g)) > L ( ,(f,9)) and L.((1/2)w, (f,9)) > Le(@, (f,9)), hence

/Ld,M (14 F((0)) = [1 +g(y(1)))e Jo <MD ggs(y) = 0.

Consequently, for all w € M (Ld*M ), we have

/Ld,M (14 F(1(0)) — [1 4+ Gy (1))]e™ o VD) o) > / (14 F((0)) — [1 + gly(1))Je I <0 @Dis) ge5m) — 0,

Ld.M

Since the last relation holds in particular for any Dirac measure w on (LM T(L%M)) (these Dirac measures are
indeed elements of M. (L%)), we obtain

14 F(4(0)) — [1 + g(y(1))]e Jo <17 (©)Dds >

for ally € LM ie., 1+ f(z) — [1+g(y)le” Jo S ()Dds > 0 for all z,y € R? and all v € L* such that v(0) = x and
(1) = y, ie., 1+ f(x) > (1 +max{0,5(y)}) e ¢I==¥D in other words (f,g) € Dy where, let us recall (see Lemma
2.12) :

Dy = {(f,9) € CT(RY) x CRY), 1+ f(4(0)) = (1 + g(y(1)))e™Jo €= > 0, vy € Lip(RY) }
= {(£,9) € CTRY) x C(RY), 1+ f(x) > (1 +max{0,g(y)}) e 1"V, va,y e R | [z —y| < M} .

Finally, for all (f,g) € C*(RY) x C(R%), we have L.(@, (f,3)) > L.(@, (f + f,g + g)), hence
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@) dpg(x / f(@) dpo(z / 9(y) dpa(y) — /R L 9(y) dpg(y) <0
which implies /R 9 dim(y) - /R 9w)dub(y) = 0 for all g € C(RY) (by taking f = 0), e o > 4l and
/Rd f(z)dpl(z) — /Rd f(z)duo(x) <0 for all f € CT(RY) (by taking g = 0), i.e., u1 = pl. We therefore have :

w € Curlpo, 1) = {w e My (LYM), o > pd, pa = pl}
Moreover, since L.(@, ((1/2)f,9)) < L.(@, (f,9)), we also have f(a:) dpd(z) / f(z)dpo(r) > 0 and thus

dlj’w / f dﬂo =0.

Thus, every saddle point (, (f, 7)) € /\/lJr (Ld’M) x [CT(R?) x C(RY)] of L, satisfies the properties (I) :

Propriétés (I).
1. (w7 (?ag)) € CM(/U‘OMLU) x DM
2. / (1 + f(v(0)) = [1 +g(v(1))]e™ Jo C(W(S)WS) dw(v) =0, in other words :
Ld.M

/ (Flx) + 1) dul () = / (@) + 1) dyid(y).

[ Fe) @) = [ Fa) dota).

Remarque 4.2. Since (f,7
0

,G) € D, the second property can also be reformulated as follows : for w-almost every
v € LYM we have 1+ f(~(

) = [L+g(y(1))]e~Jo <1 ®)Dds g,

Conversely, suppose a point (@, (f, 7)) in the space M (Ld’M) X [C*(Rd) X C(Rd)] satisfies the properties (I) above.
Let us show that (0, (f,g)) is then a saddle point of Le.
— Since (f,g) € Du, for all ¥ € LM | we have

1 +?(7(0)) > (1 4 max{0,g(v(1))}) e~ S (O)=(M)]) > [14g(y(1))]e” Jo C(IW'(S)I)dS’
hence 1+ F(7(0)) — [1+g(y(1))]e~ Jo <7 ()Dds > 0. Thus, for all w € M, (L4M) | we have :

/ (14 7(1(0)) = [+ Fly(n)]e Jo €M) dun(y) = / (14 F(3(0)) = [+ g(y(1))]e™ Jo <D= i),

Ld.M

hence Le(w, (f,9)) > L@, (f,9))-
— For all (f,g) € CT(R?) x C(RY), we have

L@ (1.9) = K@) + | @) dibla / f@ @)+ [ owdn® = [ o))
=0
< K(w)
(4.1)
=0
= K@)+ /R F@) dug (= / f(@) dpo(a / 9(y) dpa(y) — /R L 9() dig(y)
= Lc (wa (?7 ?))

All the above reasoning can therefore be summarized in the following proposition :

Proposition 4.3. A pair/triplet (@, (f,)) in the space My (L“M) x [CT(R?) x C(RY)] is a saddle point of
L. if and only if it satisfies the properties (I).

Remarque 4.4. The triplets (w, (f,g)) satisfying the properties (I) form a convex set : in other words, the set
of saddle points of L. is convexz.
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We recall (see (2.4)) that the functional J,, ,, : CT(R?) x C(R?) — R is defined by

Jpour (f1 9) :/Rd ) dpa (y / f(x) duo(x

for every pair (f,g) € CT(RY) x C(RY).

Lemme 4.5. In general, if Car(po, p1) # 0, we have  inf K >supJy, -

Cn(po,m1) Du

Proof : Suppose that Cps (1o, p1) # 0 and let w € Cpy(uo, p1) and (f, g) € Dps. We therefore have in particular

/ F((0) dw(v) = f(at)du?u(m)S/ (@) dpo ()
Ld.M Rd Rd

and

o SV )Dds g () — Lin W,
/Ld,Mg(V(l)) dw(7) /Rdg(y)duw(y) /Rdg(y)du (v)

Hence

/ (1= e 3 < @Dis) )
Ld.M

2 [, (e B quy [ a0 )~ [ 1) duo)
<0

+/Rd 9(y) dp(y) —/L[LM g(y(1))e™ J3 ¢ (s))ds des()

=0

= [ st = [ r@dute)+ [ (14 F00) = 1+ a0 R TOE) o)

>0

=J KOs K1 (fvg)

2 Jl‘UuNfl (f? g),

and this holds for every measure w € Cps(po, 1) and every pair (f, g) € Das.

Lemme 4.6. If the Lagrangian L. admits at least one saddle point (w0, (f,q)) (thus satisfying properties (I) ), then :

— (f,9) € argmax J, 4,

Dum

— K) =Lc(w (f 9) = uo’m(f 9)-
Proof : Indeed, for every (f,g) € Das, we have

Jos (f19) = /Rd ) dua (y / f(@) dpo(x

=L.(®@,(f.9))
— = Jo ¢V ()Dds\ g
= /Ld,M (1 + f(’Y(O)) [1 + 9(7(1))]6 ) dw(’y) + /Rd d’ul / f d,UO
>0
=L.(@,(f,9))
- / (1HTOO) = [ ghle T EODE) dg(y) + / G dmly / F(@) duao(x)
=0

= JH(M/M (?7 g)

O

The above relation also showed us that L.(@, (f,7)) = Juo.u (f,g). Moreover, we also have K(w) = L.(w, (f,9)) b

relation (4.1).
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O
Lemme 4.7. Suppose that the Lagrangian L. admits a saddle point (@, (f,q)) (thus satisfying properties (I) ), and
let (f,g) € Dar such that (f,g) € argmax J,, u, -
Dum

Then (w (f 9)) is also a saddle point of L.

Proof : Indeed, we then have Juom(f 9) =Ju (f,9) = max J, . (f9).

(f,9)€EDM
Tpoyn (113) = /R ) dinly) - /R ) duofa)
=L.(@,(f.9))
= /L (14 7(0) = [+ Gy(0)]e o <P ODE) dy) + /R 3(y) dyus () — /R F(@) duo(z)
- =Jug . (£,9)
=L(w,(f,9))
< /L (14 F(4(0) = [1 +g(y(1)))e Jo <O ©Dd) dgs() 4 /R 9W) dm(y) - Rd?(x)duo(x)
= =Jug,uy (f.9)

/lU J251 (? ) ,uo M1 (f a)

-~

Hence / (1+ F(r(0)) = [1 + G(y(1))e™ Jo <1 IN9) () = 0, in other words
Ld,M

L@+ vauie) = [ @+ ndid) (= [ 60+ Dau)).

Moreover :

dpy ()

= Ja (G(2)+1) dp(z)

| i@ db@ = [ (Fw)+ 1 dibie) - iR

= [ @)+ 1 din @) = s RY)
=Jfra 9W) dp1 ()= Ja F(z) dpo(a)

_ / 2) din (z / F(@) dpo(a /f(m)duo(iv)+u1(Rd)—u%(Rd)

_ / o) dins (4 / F(a) dyto (x /ﬂz)duo(x)wad)w%(Rd)
- fRd F(w) dul(x)

=Jra (G(¥)+1) dpk(x)

~

= [ @)+ Ddin)~ [ F@)+ Db + [ Fw)duto)

Rd

=0
F2) dpo ().
Rd

The properties (I) are therefore satisfied by (@0, (f, q))-
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Proposition 4.8. Let (w, (f,9)) € Car(po, 1) X Das. Then the following two statements are equivalent :
— The following properties hold simultaneously :
- W€ argmin K,
~ Car(po,pa)
- (f,9) € argmax Jy,
min K = maxJ
Car (posp1) Dum
— The pair/triplet (0, (f,q)) is a saddle point of L.

Proof :

— Suppose first that @ € argmin K, (f,7) € argmaxJ,, ,,, and min K = maxJ,, ,, : to show that (@, (f,7))
Car (posp1) Dy Car (po;p1) Dum

is a saddle point of L., it suffices to show that (@, (f,g)) satisfies properties (I). We have
K®)=  min K =max Jpoms = Jpo (?7 9)-
Car (posp1) Dum
Thus,

0= /Ld’M (1 e ff}c(w(smds) dw(vy) — (/Rd 9(y) dpa (y) — /d?(z) duo(x)>

=K(w) =Jug,u1 (f5

(/Ld‘M (1,5[01 C(W(s)\)ds> dw(v)*/m ) dpa(y / f() dpd(x ) ( duo(x)f/Rd?(x) dug(x))

Rd

= Jra 3(y) du1 (y) = fiaa T() dud, ()

>0 (since (£,9))€EDm)
- / (14 T7(1(0) = [L+ ()l o € OD) () +/Rd

hence :
" (1 +7(0) = [1+g(@)le <<‘W’<s>‘>d8) a5 (y) =0,

/ f@)d [po — pg)) (2), ie. / f(@) dpd(x (@) dpo ().

The palr/trlplet (@, (f, g)) therefore satisfies propertles ( ).
— Now suppose that (w0, (f, 7)) is a saddle point of L. : it t
that (f,g) € argmaxJ,, ,, from Lemma 4.6.
Dm

hus satisfies properties (I), and moreover, we know

Let us show that w € argmin K. For every w € Cas (o, pt1), we have :
C (10,p1)
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K(w) = /Ld (1 e B on )

= [ (e B o) = [ gt + [ F) bt

Rd

=Jra 9(y) dul,(y)

+</Rd ) dpa (y /f ) dpro(x ( @) dpo (@ /f z) dp (@

=Le(w,(7.)
— /Ld’M (14 F(4(0)) = [1 +G(v(1))]e™ Jo €D gy () + (/Rd 3(y) dpa (y) —/Rd F@) dpo( ))
=Jpg.uy (:9)
— N
+ [ 7@ o - u2](a)
Rd
>0

2 LC(wa (?a ?))

We therefore have, for every w € Cps(po, pt1),

K:(w) Z Lc(w7 (?7 g)) Z Lc(w7 (?7 g)) = K:(w) (Z Lc(w7 (?7 ?)) = JMO,Ml (?7 g) = max JMO,Hl) 9

ie, w € argmin K.
Car(po,p1)

q)). Then, for every optimal measure

Corollaire 4.9. Suppose that the Lagrangian L. admits a saddle point (w, (f,
9)) is also a saddle point of L.

w e argmin K and every pair (f,g) € argmaxJ,, ., the pair/triplet (w, (f,
Cn (1o 11) Dum

Proof : We directly apply Proposition 4.8 : the existence of at least one saddle point ensures the condition c r(nin ) K=
M (Ho,H1
axdJ,, -
HBMX Ko, 11

O

4.2 Characterizations of the Saddle Points of L. and Solutions to the Primal Problem
in Terms of Solutions to the Dual Problem

4.2.1 Exponential Formulation of the Dual Term

Throughout this subsection 4.2.1, we assume that ¢ : Ry — R, is a positive, convex, and strictly increasing (hence
coercive) function such that ¢(0) = 0 (hence continuous?®).

For every function f : R? — R, we denote ¢f = (0(—f) (inf-convolution of ¢ and —f), i.e., °f denotes the c-concave
transform of f for a cost defined by c(z,y) = ((Jy — z|) for all z,y € R%.

Let f : R? — R be a continuous function in F¢ (i.e., such that ¢f > —oo, see definitions A.8 and A.15). We then
define :
— The set O¢ f(x) by O¢ f(z) = argmin [((|z — z|) — f(2)].

z€Rd
— The domain Dom (3¢ f) of O f as the set of x € R? such that 9. f(z) # 0.
For more details, we refer to definition A.15 and generally to appendix A for all the properties of the mapping f — ¢f
that we will use in this document.

Lemme 4.10. Suppose that the Lagrangian L. admits at least one saddle point (@, (?7 q)).

Then there exists a locally Lipschitz, positive, and bounded function o : R* — R satisfying :
— o, %a € F¢, and even Dom (9;a) = Dom (0.%) = R%.

a. Indeed, since ¢ is convex, it is continuous on Ry with 0 = ¢(0) > limy+ ¢ > 0, i.e., 0 = ¢(0) = limy+ ¢.
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— The function ‘o is also locally Lipschitz, positive, and bounded.

— The function « is a fized point of the operator h — CCh.

— We have 0 < In (14 max{0,7}) < o < —%a < In(f + 1) on supp(uo) Usupp(u1).
— The triplet (57 (e‘g‘l —1,e* — 1)) is also a saddle point of L.

— f= et —1 wo-almost everywhere, and g = e — 1 py-almost everywhere.

Proof : Since the pair/triplet (@, (f,g)) is a saddle point of L, it satisfies properties (I). By the original hypothesis,
the measures g and p; have compact support, and more precisely Supp(po) U Supp(i1) C B(a, M/2). There therefore
exists 0 < m < M/2 such that Supp(po) U Supp(p1) C B(a,m).

— Since (f,g) € Dy, by lemma 2.18, there exists a pair of functions (fl,gl)) € Dy, such that the functions ?1

and g" are bounded and f g, n) = ?ig(a,m) and G4, m) = J|p(a,m)- We therefore have

o 0.0 = [ 3)dus(w) ~ [ Fia)dota) = G - /B( T o)
-1
/B L TG - / L T @

- [ a @ )—/Rd?l(xwo(x)

J#o H1(f ’§1)) - I%ax‘]#o»#l
M

(4.2)

(by lemma 4.6), and thus, by lemma 4.7, the pair/triplet (w, (?1 g')) is also a saddle point of L.
We therefore have f +1 > 1and 1+max{0,g"} > 1. The functions hy = In (f + 1) and hy = In (1 4+ max{0,7'})

are both continuous, bounded, and positive on R%. Moreover, they satisfy the following relation :

Va,y € RY, hy(y) < hy(x) + (o — yl).

Due to this relation, we also have hy € F.. By Proposition A.23 (taking as hypothesis of this lemma f < hy,
g < hg, and as result a < h), there exists a function a € Cy(R?) C F¢ that is locally Lipschitz, such that :

— S € Cy(R?) C F¢ is also locally Lipschitz,

— « is the fixed point of the operator h — SSh,

— 0< hy <a< %< hy.

Of course, by definition of the operator h + h, for all x,y € R we have %a(y) < ((|ly — z|) — a(z), hence
e(®) < e~ W) elly—zl) Moreover, since —%a > o > 0, we have e~ 1 > 0 and thus e = 1+max {0, et — 1}.
We therefore have (e_ca —1,e* — 1) € Dy C Dy

— We have ?1 > | >e* —1>max{0,g'} > 7', and thus

—1 _
%aXJHO7H1 = Jpos (7)) :/ y) dpa (y / f ) dpo(
M Rd

hence

OS/ ((’(y dM1 / duo( ) =maxJ,, -
Rd d Dm

Thus, by lemma 4.7, the triplet (w, ( T —1,e” )) is also a saddle point of L.

Finally, we have

o< [ e —1-gamt)+ [ [ (0 < 1)] duow) =0,

————
>0 >0

_ —1 .
hence f = f = e=fa 1 po-almost everywhere, and § = g* = e* — 1 p;-almost everywhere, with moreover
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0 < In(1+max{0,g(z)}) = In (1 + max{0,g" (z)}) = hy(z) < “a(z) < a(z) < hs(z) =In (?1 + 1)

—In (F(x) +1)

for all x € supp(o) Usupp(u1) C B(a,m).
— To conclude, since a and ‘a are continuous and bounded, and the function ¢ is continuous and coercive (by
general hypotheses in this part), we indeed have Dom (J¢c)) = Dom (84404) = R? by lemma A.27.

]

For simplicity of notation, we will reformulate lemma 4.10. First, let us define properties (II) as follows : a function
a : RY — R satisfies properties (II) if it satisfies the following properties :

Propriétés (II).
— a is locally Lipschitz, positive, and bounded (hence Dom (9;c) = R%, and thus of course o € F¢).
—0<a<-%.

Définition 4.11. We define Fix, (Rd) as the set of functions o : R? x RY — R satisfying properties (II).

We can reformulate lemma 4.10 as follows :

Lemme 4.12. Suppose that the Lagrangian L. admits at least one saddle point (@, (f,7)).
Then there exists a function o € Fix, (Rd) such that :

— The pair/triplet (w, (efca —1,e* — 1)) is also a saddle point of L.

— 0<In(1+max{0,7}) <a< -%<In (f +1) on supp(po) Usupp(p1).

— f= e 1 to-almost everywhere, and g = e — 1 py-almost everywhere.
Remarque 4.13. If (@, (e_co‘ —1,e* — 1)) is a saddle point of L., with « additionally satisfying properties (II), it the-

refore satisfies properties (I), which can consequently be reformulated as follows : a pair/triplet (w, (efco‘ —1,e* — 1))
is a saddle point of L. if it satisfies the following properties (I’) :

Propriétés (I°).
1. W€ Car(po, 1) and o € Fixe (Rd).

2. / (e—coz('y(O)) _ ea(’Y(l))e_ f()l C(|7/(3)|)d5) dw(’}/) =0, in other words :
Ld.M

—COZZL‘ «
[ @ aus@ = [ e,
Rd R4

3. /Rd (eiga("”) — 1) dpl(z) = /Rd (eico‘(““*) — 1) dpo(x).

Définition 4.14. We define the set Dpiz+— by :

Drive— = {(e77 = 1,¢# 1), B € Fixc (RY)} .

Remarque 4.15. We have Dpiz4— C Do C Dy, hence sup  Jug u0 <supJgp <supdugu-

Driz+— oo M
Remarque 4.16. While it is immediate that a pair/triplet (E, (e’ca —1,e* — 1)) satisfying properties (I’) also
satisfies properties (I) and is therefore a saddle point of L., the converse is more subtle.

Indeed, if the pair/triplet (w, (e*%‘ —1,e* — 1)) is a saddle point of L., then by Proposition 4.3, it satisfies properties
(1) : points 2. and 3. of properties (I’) are then immediate. However, for point 1., while we do have @ € Cpr(po, pt1),
we cannot assert that o € Fix¢ (Rd). We can only say, by Lemma 4.12, that there exists a function 8 € Fix¢ (Rd) such

that (w, (e’cﬁ —1,ef - 1)) is a saddle point of L., and which in this case indeed satisfies properties (I’), such that
‘o = B po-almost everywhere on R and oo = B pq-almost everywhere on RY.

Lemme 4.17. Let (w, (e*CO‘ —1,e*— 1)) € My (LEM)x [CH(RY) x C(R)] be a pair/triplet such that a € Fix¢ (RY).
Then the following two statements are equivalent :
— The following properties hold simultaneously :
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- W€ argmin £,

CM(NO)/JJ)
_¢,
: (6 “—1e" - 1) € argmax J o 4, ,
Driz+—
min K = max J .
1o,
Car (1o,p1) DFiwt—

— The pair/triplet (w, (eJ"‘ —1,e* — 1)) s a saddle point of L.

Proof : We have (e‘ga —1,e* — 1) € Drizt+— C Doo C Dy (see Remark 4.15).

— Suppose that the pair/triplet (w, (e‘c“‘ —1,e* — 1)) is a saddle point of L.. Then, by Proposition 4.8, we have

we argmin £, min K =maxJ,,,,, and
Cnr (po,p1) Cn (posp1) Dm

_Sa o
I%ZXJMO,M - J/Lmltl (6 —Le" - 1) < sup Juo K1 < maXJlto M1

Drizt -
. —a o .
e, Juom (e —1,e% — 1) max Jy, ., =maxJd,,, = min K.
Drict— Dum Cn (po,p1)

— Conversely, suppose that w € argmin I, (e’ ¢ —1,e% — 1) € argmaxJ,  ,,,and min K= max J, .
Cn (po,11) Driz+— Ca (po,p1) Driat—

By Lemma 4.5, we have inf K >supJ,, ., hence
Dy

Cn (1o,11)
inf K >supJy,p, = max Jyu ., = min K,
Cn (po,m1) Dy Drizt— Cr (po,p1)
. . _a o
ie, min K= max J,,,, =maxJ, ., and ( —1,e% — 1) € argmaxJ,, ,, = argmax.J, ..
Cn (po,11) Driwt— Dum Driz+t— D

Thus, by Proposition 4.8, the pair/triplet (w, (e‘ga —1,e* — 1)) is a saddle point of L..
O

Remarque 4.18. To extend Remark /.15 : in the general case (i.e., even when there is no saddle point for the

Lagrangian L.), we have more than the inequality sup J,, ., < sup JH0 w1 < sup Jyg - In fact, we always have the
Driz+— oo Dum

equality :

sup JHO H1 S’;lp ‘]Ho H1 sup J#o K- (4'3)

Driz+— oo

Indeed, following the reasoning in the proof of Lemma 4.10, there exists 0 < m < M /2 such that Supp(ug) U Supp(p1) C
B(a,m), and for every (f,g) € D, there exists, by Lemma 2.18, a pair of functions (f1,g') € Do (the functions f1

and g* are thus bounded), such that fip(a,m) = f|1B(a’m) and g,B(a,m) = g|1B(a,m)7 and thus 3 1y (f,9) = Jpo i (F1591).
Moreover, the functions hy = In (?1 + 1) and hy = In (1 + maX{O,gl}) are continuous, bounded, and positive on R?
and satisfy the relation :

Va,y € R hy(y) < hyp(x) + C(lz — y)).

By Proposition A.23, we can then construct a function o € Fix¢ (Rd) (hence (e’Ca —1,e* — 1) € Drpizy—), such that
0<hy;<a< —Sa < h¢ and thus such that f' > | >e® — 1> max{0,g'} > g', hence

—u o
Jpon (f,9) = J#Oyl’fl(f ) ) T (6 —Le" - 1) < sup Jug s

DFriz+—

i.e.,

Sup J#o#l < sup < Sup J#mm < sup J#oyltu

Dm Fizt— Doo M

hence the equality (4.3).

Lemme 4.19. Suppose that supp(uo)Nsupp(p1) = 0 and that py < L. Let w € argmingee,, (uo,u1)K(@) be a measure
and a € Fix, (Rd) be a function (i.e., recall, satisfying properties (II) ) such that the triplet (w, (e_C" —1,e*— 1))
is a saddle point of L. (if such a function « exists).

Following Remark 4.2, the second point of properties (I) can be reformulated as follows : for w-almost every v € L%M
we have

— “a(7(0)) = ¢(Iy(1) =7 (0)]) — a(~(1)),
— () = (1 =t)v(0) + ty(1), for allt € [0,1], i.e., w € Cpr(po, 1) N My (IntLin) (see Definition 2.23).
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Proof : Indeed, by the second point of properties (I) and Remark 4.13), we have

/ (e 500) _ M) =¢n =3O 4. (@) (=¢VM=O) _ = J3 & (=) y(y) = .
Ld.M

>0 >0

Following Remark 4.2, we therefore have e~ "(7(0) — ca(v(1)¢=¢(7()=7(0)) = @, j.e., —a(7(0)) = a(v(1)) = ¢(|(1) -
,Y(O)l)a for w-almost every vy € LM

Similarly, for w-almost every v € L%M  we have e~ ¢(I"(1) =70 _ ¢~ Jo ¢ty ()hds — g,
Hence ((|y(1) fo |)ds = 0 for w-almost every v € L4M.

Since ( is convex and strlctly increasing on Ry, we have (by Jensen’s inequality) :

(1) - '/ <c(/ (s ds) / (Y () ds = ¢ (1) = A(O)]).

Hence ¢(]y(1)—=~(0)]) =¢ </ 17 (s))] ds) : since ( is strictly increasing on R4, hence bijective, we have |y(1)—~(0)| =
0

1

Jo 17/ (s))lds.

Thus, for w-almost every « (i.e., for the paths v to which the measure w "allocates mass"), «y is a linear interpolation
(i.e., y(t) = (1 = t)y(0) + ty(1)), i-e., w € Car (o, 1) N M (IntLin).

O

Remarque 4.20. Under the same hypotheses on (, if a is a continuous and positive function (hence oo € F¢), the
function y — C(|z — y|) — Sa(y) is continuous and coercive for every x € R? : it therefore admits at least one global

minimum on R?, i.e. argmln [C(Jz —y]) = S(y)] = Oc‘a(x) # O (see Definition A.25). In other words, under these
y€eR
conditions, we have Dom (9;a) = R%.

If ( ( —fa _ 1, e 1)) is a saddle point of L., then, by Lemma 4.19, for w-almost every path v € LM (which are
therefore w-almost all linear interpolations), we have
— 7(0) € argmin [((1y(1) = y]) = ‘)] = oca(y(1)),

yER

— and comversely ~(1) € axgmin[<((0) ~ y) ~ a(v)] = %ar(0)) (since @((0)) = (1) ~AO)) ~ atr(V))

4.2.2 Characterization of the solutions to the primal problem in Terms of the solutions to the dual
problem when ( is strictly convex and sufficiently regular

Throughout this subsection 4.2.2, we assume that ¢ : Ry — R is a O function, strictly convex such that ¢(0) = 0
(and thus strictly increasing and coercive).

We define the set Dom (V. f) of points z € R? at which O, f(z) admits a unique element, which we denote V. f(z),
ie., Ocf(x) ={Vcf(x)} (see Definition A.25).

Lemme 4.21. Suppose that supp (o) Nsupp(p1) = 0 and that py < L. Let w € argmingee,, (uo,u1) (@) be a measure
and o € Fix¢ (Rd) be a function such that the triplet (w, (e_go‘ —1,e* — 1)) is a saddle point of L. (if such a pair
(w, @) exists).
Then Dom (9ca) = R? and, for w-almost every v € LM,
— the function ‘« is Fréchet-differentiable at ~(0),
— we have ¥(0) € Dom (V¢a),
= we hae o(1) = Ve (4(0), &

— if 7(0) € O (v(0
) & Ocar (4(0)) (ie., “a(v(0)) # —a (v(0)), then Vi a (v(0)) # 0 and

! ([Vafa (4(0)]
Ve (7(0))]
Proof : By Proposition A.45, we have Dom (9;a) = R? and the function ‘%« is Fréchet-differentiable at £%-almost

every point € R?. At each point = where %« is Fréchet-differentiable, we have z € Dom (V¢ar), with :
— Vea(z) =z, if 2 € Oca(x) (ie., %a(z) = —a(z)),

— if y(0

)% (5(0)).
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(€)~ (|=Va'a(@)])

alz) ==x —V,%a(z
_ O (Vaba@) o ¢
- V@]

if ¢ Oca(z) (ie., a(x) # —a(x)).
Let A be the subset of R? of points = at which S« is not differentiable, and let A, be the subset of L% of paths v at
which % is not differentiable at (0) : we thus have A, = m;'(A). Since the function « satisfies properties (II), the
function o is in particular locally Lipschitz, and thus Fréchet-differentiable £%-almost everywhere on R? (by 2.19),
i.e., LI(A) = 0. Since moreover pg < L%, we also have jio(A) = 0, hence u (A) = 0 (since u® < pg). Thus,

w(Au) = w (5 (A)) = (mo#w) (4) = uby(4) = 0.

Thus, following Lemma 4.19 and Remark 4.20, for w-almost every path v € L“M  we have v(1) € dca(y(0)) =
{V¢a (7(0))}, which concludes the proof.

O

We recall that the operator I' : RY x R — (LM d.) is defined by I'(x,y) = 7., for all z,y € R, where v,
represents the linear interpolation path between z and y, i.e., v,4(t) = (1 —t)z + ty for all ¢ € [0,1] (see Definition
2.25).

Lemme 4.22. Suppose that supp(po)Nsupp (1) = 0 and that o < L. Letw € argminee, (uo.u0) (@) be a measure
and o € Fix¢ (Rd) be a function such that the triplet (w, (e_ca —1,e* — 1)) is a saddle point of L. (if such a pair
(w, ) exists).

Then w =T o (I, Vea) #p.

Proof : By Lemma 4.19, we have w € M, (IntLin) C M (L%*), where M (IntLin) denotes, recall (see Definition
2.23), the subset of measures in M (L%*) supported on IntLin (set of linear interpolations).

Now, for every path v € IntLin, we have v = I" (7(0),y(1)). Thus, for every continuous function # on (L%M  d..) with
values in R, we have

| Forase = [ Pe)de).

IntLin

By Lemma 4.21, for w-almost every v € L4M | the function % is Fréchet-differentiable at v(0), v(0) € Dom (V¢a),
and (1) = V¢a (v(0)). Thus, for every continuous function F on (L*M d.,) with values in R, we have :

[ F@de) = [ FEOO5(1) data)
Ld.M IntLin
- / P 0(0), Vea ((0))) dw(n)
- / F(T(1(0), Vea (1(0))) do()

=/, F (' (z,Vea(x))) dm#w] (x)

=/, F (T (z,Vea(z))) dupd(z).

O

Lemme 4.23. Let o € Fixe (Rd) be a function and v be a finite Borel measure on R® with compact support. We define
the measure

w="To(I,Vca)#v.
Then, for every t € [0,1], we have pul, = (1 — )1+ tVea) # (et IVea=iy).

Proof : First, note that by Lemma 2.26, the operator I' is continuous, and by Lemma 4.21, the operator V « is Borel :
thus the measure w is Borel on L%M .

Next, note that we have : I'o (z, Vea(x)) (t) = (1 — t)z + tVea(z), ie.,
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molo(I,Vea) = (1 -t)I+tVia,
for every z € R? and every t € [0, 1].

Moreover, by definition of T', we have [I" o (I, Vga)]_l (Ld’M\IntLin) = 0 : hence, for every Borel set A,

w(A)=v (Mo (L Vea)] " (4)) =v (Mo (I, Vea)] " (ANntLin)) = w (AN IntLin),

Thus, for w-almost every v € L4M | we have v : t +— (1 —t)y(0) + (1), hence 7/ = (1) — 7(0) = (71 — 7o) () (recall
that the function 7 — 7 is continuous from (L4M d.) to R?).

Let t € [0,1], and let f € C(R?). We then have

f(@) d:“i;(x) = / () e Jo C(1Y' (s)])ds dw(7)
R Ld.M
= [ fatye B oD )
IntLin
= [ o) e =0 )
IntLin
= / f(me(v)) e~ W{m () =mo (1)) dw(7)
IntLin
= / f(me()) e~ tC(m(v) =m0 (M) dw(7)
Ld.M

= /Ld y f (7Tt (F (y, V(O&(y)))) e~ Wm Ty, Vea(y))) —mo(T(y,Vea(y)))) du(y)

N / F((1 =)y +tVca(y)) e CI=Ver=eD gy (y),
Ld.M

and this holds for every f € C(RY) and every t € [0, 1].
]

Proposition 4.24. Suppose that supp(uo) Nsupp(p1) = 0 and that pg < L. Let w € argmingec, (uo.u) (@) be a

measure and o € Fix¢ (Rd) be a function such that the triplet (w, (e*CO‘ —1,e* — 1)) is a saddle point of L. (if such
a pair (w, o) exists).

Then ul, = lep-1(R__) Ho-
Proof : We will show that —%a~* (R ) 2V, (where the set V,, is defined by Proposition 3.1).

— First, let us show that —Sa™! (Ry) = V., Since the triplet (w, (e_ca —1,e* — 1)) is a saddle point of L., it
satisfies properties (I), in particular :

ala
/ (e — 1) dlpo — p2)(x) =0,
R e —
>0
hence e~ —1 =0, i.e., —Sa(x) = 0, for [y — pu]-almost every = € RZ. The hypotheses of Proposition 4.24

satisfy those of Proposition 3.1, according to which there exists a Borel set V, of R? such that p° = 1y, uo,
hence o — 1, = (1 — 1y,) po. Or, equivalently :

0= /Rd (7@ = 1) dlpo — p)(w) = /Rd (e7 @ — 1) (1 - 1y, (2)) dpso(x) = / (=™ —1) dpg(a),

RNV, e
>0

hence e~ *(®) —1 =0, ie., —Sa(x) = 0, for pg-almost every z € RAV,,, i.e., po (=%~ (Ry4)\Vi,) =0, that is,

0 Ry R VL (4.4)
(see Definition 3.4).
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— Next, we will show in the following points that V, LGt (Ry+). Let w € Cpr(o, p1), and let A be a Borel
set of R? such that u1(A) = 0. We thus have

0= ) =)= [

o= I SV @Dds gyy0) = / La(y(1))e= Jo OV (@)Dds gy ().
THA)

Ld.M

>0

ie, 1a(y(1))e™ Jo ¢(W'()Dds = 0 for w-almost every v € LM | in other words, 14(y(1)) =0, ie., v(1) € RI\A,
for w-almost every v € L»M .

Thus, since of course p1 (R*\Supp (p1)) = 0, we have v(1) € Supp (p1) for w-almost every v € LM,
Similarly, we have
w [75 " (RA\Supp (10))] = (mo#w) (RA\Supp (110)) = 1o (R*\Supp (10)) = 0
i.e., v(0) € Supp (1) for w-almost every v € L&M.
Thus, if moreover supp(uo) N supp(u1) = 0, we then have v(0) # (1) for w-almost every v € LM ie.,

w ((m — )~ ({0})) =0.
— Since the function « satisfies properties (II), we have in particular 0 < o < —%. Thus, if ‘%a(z) = 0, we also
have a(z) = 0.

Let Diff? (‘a) be the set of paths v € L%M for which % is Fréchet-differentiable at v(0). By Lemma 4.21, we
have Diff® (‘o) & LM | and thus w(A) = w (ANDift (%w)) for every Borel set A of LM,

Suppose that 75" (‘a™* ({0})) NDIff),(%a) # @ and let v € 7y ' (‘™! ({0})) NDIff{, (‘) : we thus have a (y(0)) =
S (7(0)) = 0, i.e., ¥(0) € dca (7(0)). Thus, again by Lemma 4.21, we have v(1) = «(0). In other words, in all
cases (including when my ' (‘™! ({0})) N Diff), (‘a) = 0), we have :

o (S ({0})) NDIff), (‘) C (m —m) "' ({0})
Thus, if supp(uo) Nsupp(u1) = 0, we have w (71 — m) ! ({0})) = 0 (previous point), and therefore

0=w((m —m) " ({0}) > w (" (‘o ({0})) NDIff,(‘0)) = w (w5 " (%™ ({0}))) =, (o' ({0}))
1o (Vi 1 Sa™t ({01)

Ho (Vw\cail (R——)> > 07

ie., po (Vo\a™ (R__)) = 0. We thus have

Vo, % (R, (4.5)

The relation l-ﬁ is an order relation on the set of Borel sets. Thus, by the antisymmetry property due to relations
(4.4) and (4.5), we have

V, =% P (Ro).
(see Definition 3.3). Thus, by Lemma B.38, for every Borel set A of R?, we have

HO(A) = po (AN VL) = o (AN‘a™ (R-))
ie., pd = 1v, 1o = Lea-1(r__) Ho-
U

Proposition 4.25. Suppose that supp(uo) Nsupp(u1) = 0 and that py < L. Let w € argminwecM(umm)K(w) be a
measure and o € Fix, (Rd) be a function (i.e., satisfying properties (II) ), such that the pair/triplet (w, (e_ca —1,e*— 1))
is a saddle point of L. (if such a pair (w, ) exists).

Then we have
—w="To (I, VCOt) # (1<a_1(R77),u0).
— pul, = (1= I+ tVea) # (e‘tq(lvw‘_l‘)1<a71(R”)u0> for every t € [0,1].

Proof : By Lemma 4.23, we have w =T o (I, V;a) #ug, and by Lemma 4.23, we have

ph = (1= )T+ tVca) # (e70Veem D0 )

Moreover, by Proposition 4.24, we have p’ = lc-1(r__) po, which immediately concludes the two points of the
proposition.
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Proposition 4.26. Suppose that supp (o) Nsupp(u1) = 0 and that py < L. Let w € M (Ld’M) be a measure and
a € Fixe (Rd) be a function.

Then the following statements are equivalent :

1. The pair/triplet (w, (e’co‘ —1,e* — 1)) is a saddle point of L.

. . <
2. we argmin K, min K= max J, ., * and (e *—1,e% — 1> € argmax J o u, -
Car (prospi1) Cm(posp1) Driz— Driny—

3. w=TIo (I, Vga) # (1404*1(R__),UIO) and lu,i} = 1.
4opub = (1= +tVea) # (e_tmvw_”)1<a71(R__)u0> for every t € [0,1], and pl, = p1.

Proof : Of course, the equivalence between point 1. and point 2. is already established by Lemma 4.17. Let us address
the other equivalences :
— 1. = 3. Suppose that (w, (e’ga —1,e* — 1)) is a saddle point of L.. Then, by Lemma 4.23, we have w =

Fo(I,Vea) #ul . Moreover, by Proposition 4.24, we have u = lco-1(r__) Ho- Finally, the equivalence between
point 1. and point 2. implies in particular that w € Cas(jt0, 1), and thus pl, = p1, which concludes point 3.
— 8. = 4. Suppose that w =T o (I, Vea) # (leu-1(r__)to). By Lemma 4.23, we immediately have

ph = (1 =)+ tVea)# (e*tC(WCQ*IDug) .

— 4. = 2. Suppose that p!, = (1 — )+ tV ) # (eftc(lvmfll)1406_1(Rﬁ)u0) for every t € [0, 1], and that we
have !, = u1. In particular, we have

p, = (1 =0)I+0Vea) # (efoc(lv‘wl‘)1<a—1(R,,)uo) =I# (Lea—1(r__yHo) = Lea—1(r__yho < po,

and thus w € Cpr(po, p11). Moreover, we have ul, = (Vo) # (e—C(IVca—II)1<a71(RW),uO), and thus

/eau)dm(@:/ e“@)du;(az):/ Veal) = CIVea@ D1, (@) dpio(e)
Rd Rd Rd

=—Sa(x)

:/ o (Vea(z)) = C(|Vea(r) ’"’”‘)1%_1@”)(33) dpio () (4.6)
Rd

= /d e 11wy () dpo(x) :/ =@ g (x).
R

Rd

We also note that e='@ — 1 = (eJO‘ — 1) lcq-1(r__), hence

L0 =1) @ = [ (0 =1) 10w @ duwt) = [ (0 <1) duote), @)

Rd
and thus :

(e_Ca(fc) _ 1) dpio ()

J o, (e_c(" —1,e* - 1) = /Rd (ea(r) _ 1) dpy (2) _/

Rd

_ /R (e 1) dl ) - /R (e 1) dul (o)

_C
- /Rd @ dpgy () — /Rde @ dpud (x) + pd (RY) — pl(RY)
—_—

=K (w)
= fra €= 506 dd, ()

N / e dyf () - / =@ 4yl (z) + K(w)
Rd Rd
= K(w).
Now, by Lemma 4.5, we have  inf K >supJ,, ., , and by Remark 4.16, we have supJ,o 4, = sup  Jyug, -
D D

Cr (10,1) M DFizt—
We can thus conclude :

a. See Definition 4.14.
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Kw)> inf K>supJuy, > sup Juoun = Juon (e_co‘ —1,e%— 1) = K(w),
Char(po,p1) M Fizt—

hence

: —‘a oY
Kw)= min K=maxJ, ., = max Ju . = Juo,m (e —1,e* — 1) .
Caa (po,p1) Du Dria+t-

]

Remarque 4.27. Under the same hypotheses as Proposition 4.20, if the equivalent assertions of the latter are satisfied,
then

0 # argmin K = argmin K.
Car (posp1) Cas (0,11 )NM g (IntLin)
This indeed immediately follows from the third assertion of Proposition 4.26, or from Lemma 4.19.
Lemme 4.28. Suppose that supp(po) Nsupp(p1) = 0 and that pg < L. Suppose there exist two measures wy,ws €
weCur (o.p1) (@) and two functions ai, ag € Fixe (Rd) such that the two pairs/triplets ((,71, (6*4‘3‘1 —1,e* — 1))
and (LTQ, <e_<“2 —1,e* — 1)) are two saddle points of L.

argmin

Then we have

wi=wy =T0(LVcar)# (L 1(r__yt0) =T o (L Veaz) # (L1 m__ o) (4.8)
(hence in particular uniqueness of the solution to the primal problem® on LM ).

Proof : By Proposition 4.26, if (4,71, (e_ca1 — 1,6"‘1 — 1)) and (072, (e‘c"‘2 — 1,6"‘2 — 1)) are two saddle points of

. _ ¢ 1 1 _ ¢ 2 2 .
L., then we have wi,ws € argmin K, (e @ —1,e% — 1) , (e ¥ —1,e% — 1) € argmaxJ,, 4, and min K =
Cn (po,11) Driz+— Caa (po,p1)

max J o, ua - Thus, by the same Proposition 4.26, we indeed have
Fixz+—

wi =T 0 (L Vear) # (Laq,sr_yio)  and wo =T o (LVean) # (L1 o) -
0

Remarque 4.29. Lemma 4.28 actually illustrates the "crossing of saddle points" phenomenon, which can be formu-
lated as follows :

Let E and F be two sets, and let L : E x F' — R be a function with two saddle points (u1,p1), (uz,p2) € E X F, i.e.,
such that for every uw € E and every p € F, we have

L(ui,p) < L(ui,pi) < L(u,pi)
fori e {1,2}. Then (u1,p2) and (ue,p1) are also saddle points of L.
Indeed, we have L(u1,p1) < L(ugz,p1) < L(ugz, p2) < L(ui, p2) < L(ui, p1), i.e.,

L(uy,p1) = L(uz,p1) = L(uz,p2) = L(u1, p2).
Thus, for every uw € E and p € F, we have
L(u1,p) < L(u1,p1) = L(u1,p2) = L(uz,p2) < L(u,p2) and  L(uz,p) < L(uz,p2) = L(uz, p1) = L(u1,p1) < L(u,p1).

4.3 Existence of a Saddle Point for the Lagrangian L,

In this subsection, we place ourselves under the original hypotheses : we assume there exists a € R? such that

Supp(po) U Supp(p1) C B(a, M/2).

a. Definition 2.9.
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4.3.1 Approximation of indicator functions by positive continuous functions with compact support
(Lusin’s Theorem)

We recall the statement of Lusin’s theorem, from which :

Théoréme 4.30 (Lusin’s Theorem [31]). Let X be a non-empty, separated, and locally compact topological space, and
let 11 be a Radon measure on X. Let A be a Borel set of X such that u(A) < +oo, and let f : X — Ry be a positive
Borel function on X, zero outside A.

Then there exists a function g € C.(X) such that |g| < supy |f| and such that

n({re X, gx) # f(z)}) <e

The proof of Lusin’s theorem can be found in [31] (we do not reproduce it here). However, we would like to specify,
through the following lemma, the case where we wish to approximate, via Lusin’s theorem, indicator functions of Borel
sets by positive continuous functions with compact support.

Lemme 4.31. Let X be a non-empty, separated, and locally compact topological space. Let p be a positive Radon
measure on X. Let A be a Borel set of X such that (A) < +oo, and let f : X — Ry be a positive Borel function
on X, zero outside A.

Then, for every e > 0, there exists a function g € CH(X) such that p({z € X, g(x) # f(x)}) < € and such that
0<g <supx|fl-

As a corollary, if moreover supy | f| < 400, there exists a sequence (gn)n of functions in CF(X) converging pointwise
w-almost everywhere to f and satisfying 0 < g, < supy |f| for every n € N.

To prove Lemma 4.31, we will first show the following small result (also taken from [31]) :

Lemme 4.32 (See [31]). Let (X,T) be a non-empty measurable set, and let u be a positive measure on (X, X). Let
(E,) be a sequence of measurable sets in (X, T). For every x € X, we define the set I(x) ={n €N, xz € E,}.

If Z w(Ey,) < +oo, then I(x) is finite for p-almost every x € X (in other words, for p-almost every x € X, x belongs

neN
to a finite number of E,,).

Proof : Define A = {z € X, Card(I(z)) = +oo} (where Card(Z) denotes the cardinality of a subset Z of N).
We define the positive Borel function f : X — Ry U {400} by g = >, .n1E,. We note that for every z € X,
f(x) = Card(I(z)), hence z € A & f(x) = +oc.

neN

The sequence of measurable functions Z 1g, being increasing and converging pointwise to g, we thus have,

0<k<n
n

by Beppo Levi’s theorem :

> ouE) =) /XlEndNZ/X > g, dﬂnjoo/xfdﬂ

0<k<n 0<k<n 0<k<n

hence / fdu = Z w(E,) < +oo by taking the limit, and consequently we must have p(A) = 0.
X neN

O

Proof of Lemma 4.31 : Let A be a Borel set of X such that u(A) < +oo, and let f : X — R4 be a positive
Borel function on X, zero outside A. By Theorem 4.30 (Lusin’s theorem), there exists a function go € C.(X) such
that u ({z € X, go(z) # f(z)}) < € and such that |go| < supx |f]-

We define the function g = max{go,0} € C(X). Of course, for every z € X, if go(z) = f(z), then go(z) > 0 and thus
g(x) = go(x) = f(z) : in other words, by contraposition, g(z) # f(z) = go(z) # f(x), i.e.,

{z€ X, gla) # f()} C {x € X, gola) # f(@)},
hence i ({a € X, g(x) # f(2)}) < u({z € X, go(x) # f(2)}) < e, with of course g < |go| < supy |].

Suppose moreover that supy |f| < 4+o00. By the above, for every n € N, there exists a function g, € CT(X) such that
uw{z e X, gu(z) # f(x)}) < 27" and such that 0 < g, < supy |f].

For every n € N, we set B, = {z € X, gr(x) # f(x)}. We thus have Z w(By) < Z 27" < 400. Thus, by Lemma

neN neN
4.32, for p-almost every x € X, there exists a finite number of n € N for which x € B,,, i.e., there exists k € N such

that, for every n > k, we have x € X\B,, i.e., g,(z) = f(x). The sequence (g,)n thus converges pointwise u-almost
everywhere to f.
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(]
Lemme 4.33. Let (X, Top(X)) be a separated and locally compact topological space, and let v be a signed and finite
Radon measure on (X, Top(X)) (i.e., v e M(X)).
Suppose there exists a Borel set A of X such that v(A) > 0. Then there exists a function f € CF(X) such that
/ fdv>0.
b's

Proof : Since v € M(X), we have |v| € M (X). Let € > 0. By Lemma 4.31, there exists a function f € CJ(X)
satisfying 0 < f < 1 such that, setting £ = {x € X, h(z) # 1a(z)}, we have |v|(E) < e. We then have

/dey = /X 1a(z)dv(z) +/ (f(x) —1a(z)) dv(z) > v(A) — 2e.

X
=v(A) >—2|v|[(E)>—2¢

By choosing € > 0 such that 0 < 2e < v(A), we thus have / fdv>0.
b's
(Il

4.3.2 Solving the inf-sup equality in the case of non-lagrangian allocation (Equivalence of Straight-Line
Displacements)

In this subsection, we will seek to apply the Fenchel-Rockafellar theorem. We recall its statement here (taken from the
book by F. Brezis [8], to which we refer for a proof based on the Hahn-Banach theorem), as well as the definition of
the generalized /Legendre transform of a convex function on a Banach space F :

Définition 4.34. Let (E,|| - ||g) be a normed vector space, and let E' be its topological dual®. Let f : E — RU{+o00}
be a function such that f £ +oo (f is not uniformly equal to +00).

We define f* : B/ — RU {400} as the Legendre (or conjugate) transform of f, by

[ () = sup (p(z) — f(x))

zeE

for every ¢ € E'.

Théoréme 4.35 (Fenchel-Rockafellar Theorem [8]). Let (E,|| - ||g) be a normed vector space, and let E' be its topo-
logical dual. Let f,g : E — RU {400} be two convexr functions such that there exists a common point o € E for
which f(xg) < +00 and g(xg) < +oo. We further assume that the function f is continuous in a neighborhood of xg.

Then the Legendre transforms f* and g* of f and g respectively are well-defined on E', and :

inf [f(2) +g(z)] = sup [—f" (=) = g" (¢)] = max [ f* (—p) = g" ()] *-
xre pEE! pe

Let B(R?) and B(R? x R?) be the Borel o-algebras on R? and R? x R? (canonical topology), respectively. Let M (R?)
and M(R? x R?) be the sets of finite signed Radon measures on (R%, B(R?)) and (R? x R?, B(R? x R?)), respectively.

Throughout this subsection 4.3.2, the function ¢ : R, — R will again be assumed to be continuous and positive on
R, (unless additional hypotheses are specified in the statement).

Définition 4.36. We define the function K : C) (RY) x Cyp(R?) — Cy(R? x R%) as follows : for every pair (f,g) €
CH(RY) x Cy(RY) -
K[(f,9)] : (z,y) — (9(y) + Ve U790 — (f(z) +1).

Note that since ¢ is continuous and positive (hence 0 < e=¢I#=¥D) < 1), the function K|[(f,g)] is indeed continuous
and bounded.

Lemme 4.37. If the function ¢ is additionally continuous, positive, and coercive, then the function K is injective.

Proof : Let (f1,91), (f2, 92) € C; (RY) x Cy(RY) be two pairs of functions such that K|[(f1,91)] = K[(f2, g2)], i.e., for
all z,y € R?, we have

(91(y) + e WD — (£ (@) +1) = (g2(y) + Ve D — (fo(2) +1).

a. Definition 2.4
b. This theorem also shows that, under these conditions, there exists a maximum (i.e., attained) for the adjoint dual problem, but not
necessarily a minimum (i.e., attained) for the primal problem.
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Hence (g1(y) — g2(y))e ¢Uz=¥) = f,(x) — fa(z). If we fix 2 € R? and consider a divergent sequence (y,), such that

|yn| — oo, then since ( is coercive, we have ((|z —yn|) — oo, hence e~ ¢(z=¥=l) 5 0. Since the functions
n——4oo n—-+oo n—+00

g1 and go are bounded, we also have (g1(yn) — g2(yn))e ¢U==¥=D) 0, hence fi(x) — fo(z) = 0 for all z € R?,

n—-+oo
hence f; = fo.

We thus have (g1(y) — g2(y))e=¢1==¥D =0, i.e., g1(y) — g2(y) = 0 for all z,y € R%, hence g; = go.
(]

Définition 4.38. In the case where the dissipation function ( is continuous, positive, and coercive, we define the
function A : Cp(R? x RY) — RU {+00} as follows : for every u € Cy(R? x RY),

) = o (f,9), where {(f.9)} = K~'({u}) if u € K (G (RY) x Cy(RY))
+0o0 otherwise (i.e., if K= 1({u}) = 0),
Throughout the rest of this section, we assume that the dissipation function ( is continuous, positive, and coercive.
Lemme 4.39. The function A is convex on Cy(R? x RY).

Proof : Let uy,uz € K (Cf (R?) x Cy(RY)), i.e., there exist two (unique) pairs (f1,91), (f2,92) € C; (RY) x Cyp(RY)
such that, for all 2,y € R?, we have

ur(z,y) = (g1(y) + e 0= — (fi(z) + 1) and us(z,y) = (92(y) + Ve — (fao(z) + 1),
For every A € [0, 1], we thus have

(1= Nu(z,y) + Muz(@,y) = 1+ (1= Ngi(y) + Ag2(y)] e 7D — (1 + (1 =N fi(y) + Mfa(y)
for all z,y € R%, hence K ((1 — A\)f1 + Afa, (1 — AN)g1 + Ag2) = (1 — A)uy + Aug, and thus

A((]. — )\)’Lbl + )\'UQ) = _JHO,IM ((1 — )\)fl + )\fg, (1 — )\)gl + )\gg)
= [ (=N + M) diofe) = [ (1= Nan) + Age(o) a0

=N [ @) - [ o) dun)] +3] [ 26 o) - [ 60 )]

=—Jug,ug (f1,91) =—Jug.u1 (f2,92)

= (1 - )‘)[7‘]#0,#1 (flv gl)] + )‘[7‘]#07#1 (an 92)]
=A(u1) =A(u2)

= (1= M)A (ur) + A (ug).

Définition 4.40.
— For all measures vy, v, € M(R?), we define the set ©(vg,v1) as follows :

O(vp,v1) = {T € M(R* x R?), 7 (A xR >vy(A), VA € B(RY), /

e=SU=YD 47 (z,4) = 11 (B), VB € B(Rd)} :
Rix B

— For all measures vy, v; € M, (R?), we define the set ¥(vy,vy) (corresponding to the constraint set Cpr(vo,v1)
in our framework) as follows :

U(vg, 1) = {T e My (R*xR%), 1 (A x Rd) < 1p(A), YA € B(RY), /

—¢Ue=vD (2, y) = vy (B), VB € B(Rd)} :
Rix B

— We define the energy functional ® : M(R? x R?) — R (corresponding to the energy K in our framework) as
follows : for every measure T € M(R? x R%),

O(7) = /Rded [1 — e‘mx_y‘)] dr(z,y).
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We write Cj,(R? x R?)’ for the topological dual of the Banach space (Cp(R? x R%), | - [|c)-

Note that for every measure 7 € M(R? x R?), the linear form f — [54, ga f(2)d7(x) is well-defined on Cj(R? x R?)
(since the measure 7 is finite) and, for every function f € Cy(R? x R?), we have

[ t@dr@| < [ (r@)ldie) < R xR (4.9
Rd x R4 R4 xRd

<+o0
The linear form f — [pa, ga f(2)d7(2) is thus continuous on (Cp(R? x R?), || - |sc) and is therefore an element of

Cb(Rd X Rd)/.

We then define the linear mapping L : M(R?xR%) — C,(R?xR%)’ which associates to every measure 7 € M(R%xR?)
the linear form on Cp(RY x RY) L(7) : f + [qayga f(x)d7(x). Note that L is injective and that for every measure

7 € M(R? x R%) and every function f € C,(R% x R%), we have from (4.9),

| s@ir@

hence [|L(7)[lc; < |7|(R? x R?), where || - [c; denotes the operator norm subordinate to [| - [|oc, i.e., the norm with
which Cy(R? x R%)" is endowed (we could even show that [|L(7)||c; = |7[(R? x R?), but this is not necessary here).

IL(T)(f)] = < 7R < R f e

Lemme 4.41. Let A* be the Legendre transform of A on the dual space of (Cy(R* x RY), || [c). Then A* o L =
L& (~po,—m) ~ -
Proof : Let 7 € M(R? x R?%) : we thus have L(7)(u) = / udr for every function u € Cy(R? x R%).

R4 xRd

— Suppose there exists A € B(R?) such that 7 (A x R?) < —o(A). There then exists a function f € C; (R?) such
that

/ f(@) dr(z,y) < — / £() dpuo(a). (4.10)
Rd x R4 Rd

(by abusing notation, also denoting by f the function (z,y) — f(z)). Indeed, we can apply Lemma 4.33 to the
measure v = —74 — 19 € M(R?), where 7, is the measure on R? defined by 74(E) = 7 (E x R%) for every Borel
set E of R? (we thus indeed have 7, € M(R?)). By this lemma, there exists a function f € C.F(R?) satisfying
f <1, and such that

i@ == [ @@ = [ 5@l

:fRd «rd f(@) dT(z,y)

Fix such a function f : for every A > 0, we define the function uy by ux(z,y) = K(Af,—1) = —(Af(x) +
1) = (=1 + De=¢Uz=vh — (Af(z) + 1) for every (z,y) € R? x R%. We then have A(u) = J,, . (\f,—1) =

A /R F@) dp) + /R dpr(y), and thos
L(7) (up) — Auy) = /Rded uy dr — A(uy)

:7/RdXRd(/\f( z) + 1) dr(z,y) / f (@) dpo(x / dpn (y)

(- [ @) [ f@ do(x)) — 7R < RY — (R oo,

—+00

>0

hence A*(L(7)) = sup [L(T)(u) — A(u)] = sup {/ udr — A(u)} = +4o00.
u€C,(RIXRT) ueCy(RixRY) LIRIxRY

— Suppose there exists B € B(R?) such that / e ¢Uz=vD +(2 4) # —p1(B). We can then again apply Lemma
Rix B

4.33 to the measure v/ defined by v/'(E) = + (/

e~ CUz=vD 7 (2, ) —i-,ul(E)) for every Borel set E of R?,
RixXE

depending on the sign of e~ ¢(lz=yl) 7(x,y) + p1(B). By this lemma, there exists a function g € C’;r(Rd)

Rix B
such that / g(y)dv'(y) > 0.
R
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Thus, possibly reversing the sign of g#, we can consider that we have

/ g(g)e 0= dr(z,y) > — / o(y) dur (v).
Rd x Rd Rd

Then, choosing for every A > 0 the function uy(z,y) = K(0,\g) = (g(y) + 1)e=¢0==¥D — (0 4- 1) for every
(z,y) € RY x R, we have A(u) = J,,; 4, (0, Ag) = —/ 9(y) du1 (y), and thus
Rd

L(7) (uy) — Aluy) = /R = A

- /Rd Rd [(g(y) + 1)6—C(|m—y\) o 1} dT(x,y) + /d g(y) dul(y)

R

- ,\(/RdXRd g(y)e W=D qr(z, y) + /Rd 9(y) dul(y))

>0

fo [ o

— 400,
A—+oo
hence A*(L(7)) = sup {/ udr — A(u)} = +4o0.
ueC,(R*xR4) LJRIxRd
— Finally, suppose that 7 € ©(—uo, —p1) (if O(—po, —p1) # 0), i.e., for every f € C;7(R?) and every g € Cy(R?),

we have

/ g(y)e W=D dr(z,y) = —/ 9(y)dua(y) and / flz)dr(z,y) / f(x) dpo(a
R4 xRd Rd R4 xR
Then, for every function u € K (C;"(R?) x C,(R)), with {(f,9)} = K~'({u}), we have

L(7)(u) — A(u) = /Rd » wdr — Au)

==Jug,u1 (,9)

= /Rded u(z,y) dr(z,y) / f(@) dpo(x / 9(y) dﬂl(y))

:/Rdmd [(g(y) + De<0==4D — (f(a) + 1)] dT(x,y)—/Rd f(=) duo(x)Jr/Rdg(y)dm(y)

([, st i)+ [ o) dm)

=0

+ (_ /Rded f(x)dr(z,y) - /R’i f(z) d,uo(x)> + /Rded [e¢t==vD — 1] dr(z,y)

<0 =—o(r)
< _q)(T)a
A*(L(7)) = sup {/ wdr — A(u)} < —d(7).
ue€Ch,(R¥xR2) LJRIx R4

Finally, by choosing u(z,y) = (0 + 1)e=¢l#=vD) — (0 + 1) = e=¢(=z=vD) — 1 for every (z,y) € R? x R?, i.e., such
that (0,0) € K(u), we have

/ udr — A(u) = / [em¢Ue=oD 1] dr(2,y) = Jpg.p (0,0) = —®(7),
R x R4 R xR D

=0

a. Thus, we have g > 0 or g < 0.
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hence A*(L(7)) = sup {/ udr — A(u)| = —(7).
u€C,(R*xR4) LJRIxRd

In all cases, we indeed have A* o L = 1g(_5,—p,) — P

Définition 4.42. For every © € R and every m > 0, we define the sets

Yom = {u IS C’b(Rd X Rd‘)7 u(z,y) <0, Vo,y € B(x,m/Q)} ,
and
Tg’m = {u € Cb(Rd X Rd’)7 u(z,y) =0, Vo,y € B(x7m/2)} .

Lemme 4.43. Let 1. be the Legendre transform of by- ON the dual space of (Co(R* X R?), | |lsc) (where a

a,M

is defined at the beginning of the subsection). Then - = LL (M., (B(a,M/2) < B(a, M/2))) where M4 (B(a, M/2) x
a,M ’ ’

B(a, M/2)) denotes, by abuse of notation, the subset of positive measures in M(R? x R?) with support in B(a, M/2) x
B(a,M/2).

Proof :
— Let 9 € Cy(R? x RY)". Suppose there exists a function u € Y9, such that ¥(u) # 0. Since —u € T9 ;,, we can

assume that ¢(u) > 0 by possibly replacing v with —u. For every A € R, we have Au € Tg’M C T, 5> and thus

Y(Au) — - (Au) = Ad(u) — Ho0,

a,M A—400

=0

hence 11— (V) = sup [O(u) — vy, o (u)] = sup P(u) = +oc.
a,M u€Ch (R xXR4) ' uET;’M

Thus, by contraposition, if V- (9) = 0, then we have ¥(u) = 0 for every function u € 19 ;.
a,M )

— By Theorem 2.5, the set M(Ra x RY), i.e., the set of finite signed Radon measures on R? x R%, equipped with
the total variation norm, can be identified with the topological dual of the Banach space (Co(R? x RY), || - [s)-

Note that since Cy(R% x R%) € Cy(R? x R?), the restriction of every element of C,(R? x R?)’ to Cy(R? x RY) is an
element of the dual of Cy(R? x R?), and thus is associated with a measure in M(R% x R?%). In other words, for
every ¥ € Cy(R? x R?)’, there exists a unique measure 79 € M(R% x R?) such that for every u € Cy(R? x RY),

we have ¥(u) = udty.
R4 xRd

Let ¥ € Cp(R? x R?)’ such that .2 (¢) = 0, and let 7y € M(R? x R?) be the measure associated with ¢ as
a,M

per the previous paragraph.

Let € > 0. By Lemma 2.17 (Urysohn’s lemma), there exists a function y € C.(R?xR?) such that Bt/ < Bla b)) <

X < 1p(a,M/2+e)xBa,M/24+¢)- For every function u € Cy(R x R?), we then have (1 — x)u € T 5 and

xu € C(R? x RY) : thus, ¥ ((1 — x)u) = 0 and 9 (yu) = / Xu dry, hence
R4 xRd

Hu) =9 (1 —x)u) +9 (xu) = / Xudty.

Rd x R4

For every n € N*, let x,, € C.(R?xR%) be a function such that 1B(a,M/2)><B(a,M/2) < Xn < 1B(a,M/2+2-7)x B(a,M/242-7)-

The sequence of functions (x,u), thus converges pointwise to the function 15 i u, with moreover

a,M/2)xB(a,M/2)

Ixnu| < |u| for every n € N* and / |ul d|T9| < 400 (the measure |7y| being finite). Thus, by dominated
R x R4

convergence, we have

Hu) =9 (1 = xn)u) + 9 (xnu) = /Rded Xnudry —— /Rded w5t 73 < Bapi72) A0
=0

ie, d(u) = /Rded Wl gy« Bz 4 = L <1B(a’M/2)XB(a’M/2)T19) (u), and this holds for every function

u € Cy(R? x R%), hence ¥ = L (1

B(a,M/g)xB(a,M/Q)Tﬂ)'

Moreover, suppose there exists u € T, such that J(u) > 0. Since for every A > 0 we have Au € T, we
would then have
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HAu) — - (Au) = AMd(u) — o0,

a,M A—~4o0
=0
hence 13— (9) = sup [0(u) — vy, o (u)] = sup ¥(u) = +oo, which would contradict the hypothesis
M u€C, (R xRY) ’ ueY,
that .5 () = 0.

a,M

Thus, we have /
R4 xRd
function u € C;(Rd x R?) ¢ T, ar» hence 1B(a M) xBla )T € M (Rd X Rd), ie, 1

M (B(a,M/2) X B(a,M/Q)), and thus

Ul g2 Blaaryz) 470 = J(u) < 0 for every function u € YT, ,,; and thus for every

Bla,M/2)xBla,M/2) 0 €

9 € L(My (Bla, M/2) x B(a, M/2))) .

— Conversely, let 7 € M4 (B(a7 M/2) x B(a, M/Z)) For every function u € T ,,, we have

L(T)(u)z/ udr = / udr <0,
Rd x R4 JB(a,M/2)xB(a,M/2)
ie., Lfr;M (L(1)) = sup [L(7)(u) — tx, ,, (u)] < 0. Finally, considering the zero function (which is indeed

u€Cy(RIxR4)
an element of T /), we have L(7)(0) — ¢tr, ,,(0) = 0, hence

p- (L(r))= sup [L(r)(u) —ix, , (u)] =0.
oM ueC, (RIXRY)
We have thus shown that 17 (J) =0 <= J€L <M+(B(a,M/2) X B(a,M/2))>7 ie.,
a,M
oy T (M (B(a,M72)x<Bla, M72))

O

Remarque 4.44. Note that the functions by and LL( ) are both homogeneous in addition

My (B(a,M/2)xB(a,M/2))
to being indicator functions of convex sets : it is thus not inconsistent in this case that two indicator functions are
conjugates of each other.

Définition 4.45. We define the set ijfl\o/l as follows :

D = {(f,9) € C*(RY) x C(RY), 1+ f(2) > (1+ max{0,g(y)}) e~*(==¥D, vay € B(a, M/2)} .
Note that we have Doy C Dy C Dgt”]?/[.

Lemme 4.46. If there exists a € R? such that Supp(uo) U Supp(p1) C B(a, M/2) (which corresponds, recall, to the
general hypotheses of this subsection), then

sup Jl"Ole (fa g) = sup J#07H1 (fa g)' (4-11)
(£,9)€Dy (£,9)€Dso

Proof : First, since Do, C Dy, 3y, we have sup(; gyeprre Jpuo,us (f59) > 5up(s gyen.. Jpopu (f59)-

a, M

Let 0 < m < M/2 such that Supp(uo) U Supp(p1) C B(a,m) C B(a, M/2). Moreover, for every pair (f',g') € D'y,
we have (f‘lB(a7M/2), gﬁB(a,M/Q)) € D5, (see Definition 2.15) : thus, by Lemma 2.16, there exists a pair (f?,¢%) € Dao
such that f‘QB(a’m) = f‘lB(mm) and g‘QB(a’m) = 9|113(a,m)’ and consequently such that Juoﬁm(fQ,gQ) = JHO,Ml(fl,gl). We
thus indeed have (4.11).

(I

Proposition 4.47. Under the hypotheses of this subsection, namely that the dissipation function ¢ is continuous,
positive, and coercive, we generally have :

min O(r) = sup Sy (fr9) = sup Jpugu (f,9),
€W (j10,01)N M+ (B(a,M/2) x B(a,M/2)) (£.9)€Du (£.9)€Ds

considering that +o0o is an attainable value for a minimum in the case where we would have W(ug, 1) = 0 (see Remark
4-48).
In the opposite case, if U (ug, p1) N My (B(a, M/2) x B(a,M/2)) # 0, then

argminfeq,(m,m)mm+(B(a,M/Q)xB(a,M/z))(I)(T) 7 0.
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Proof : We will apply Theorem 4.35 (Fenchel-Rockafellar theorem) between C,(R? x R?) and its dual Cj(R? x R?)".
Take the pair (0, ~1) € D}'y;, and let the function ug be defined by ug(z,y) = (—1+ De¢Ue=vD) — (04 1) = —1 for all
z,y € R%: for every r € (0,1), we then have By (uo,7) C Cy (R?xR?) C T, a- Thus, the function by is uniformly

zero on B (u,r), and thus continuous in the neighborhood of ug. Moreover, A(ug) < —J,, ., (1, =1) < +00. We can
thus apply the Fenchel-Rockafellar Theorem 4.35 :

inf [A . - [—A*——*, }
uerl(gded) (u)+LTa’M(u) TEMS(EE)de) =7 LY‘“M(T)
(4.12)
- AN () — . (9 }
ﬁecbrgzad);Rd)/{ (=9) LTa,M()
By Lemma 4.43, L;;M = LL(M+(B(a,M/2)><B(a,JV[/2)))'

Let ¥ € Cp(R?*xR?)’ such that A*(—ﬂ)—!—bfr;M (9) # 4o00. We thus have in particular Li‘r;M (9) = L (M (B(a M/2) x B(a,3/2) )
0,ie,v €l (M+(B(a, M/2) x B(a, M/Z))) : there thus exists a unique measure 7 € M (B(a, M/2) x B(a, M/2))
(L being injective), i.e., recall, a positive and finite Radon measure on R? x R? with support in B(a, M /2) x B(a, M/2),
such that ¥ = L(7). Thus, by Lemma 4.41, we have

A (=0) = A (L(=7)) = to(—po,—p1) (=T) = P(=T) = to (g, 1) (=T) + B(T),
hence in particular tg(_,, —u,)(—7) = 0. Note that since 7 € M4 (R? x R?), we have —7 € O(—po, —p1) < 7 €
U (o, pt1) (see Definition 4.40 for W(ug, p1)), hence

A*(=0) + Lfr;M(ﬂ) = O(7) + tw (o) (T) + LM+(B(a,M/2)><B(a,1\/[/2))(T)

> inf [CI)(T) + L\I’(/i(hllfl)(T)} .
reM. (B(a,M/2) x B(a,M/2))

Thus, we have

min A (=) + .k 19}2 inf D(1) 4+ .
9EC,(RIxRA) (=) Yo TeM+(B(a,JVI/2)xB(a,M/2))[ ) \P(”O’M)( )}

Conversely, for every measure 7 € M (B(a, M/2)x B(a, M/2)), we of course have L(7) € L <M+(B(a, M/2) x B(a, M/Z))),

hence ¢*_ (L(7)) = 0. If moreover 7 € W(ug,u1) (if ¥(uo, 1) # My (B(a,M/2) x B(a,M/2))), then —7 €

Ta,]%

O(—po, —p1), i-€; te(—pg,—p1)(—7) = 0, hence

(T) + tw (o ) (T) = D(T) + to(—pg, ) (=7) + 13- (L(T))
=A% (L(-=7))

= (L) + iy (L)

> wmin [0+ )],

T 9ECH(RIXRT) a, M
hence
inf D(1)+1¢ )| > min [A* —N+E_ (9.
T€M+(B(a,M/2)><B(a,M/2))[ (7) =+ bt ) (7)) HEC, (RIxRA)/ (=9) Ta,,M( )
and thus
min A (=09) + 2 19}: inf d(7) 4+ )| = inf d.
9eCy(RIXRA)! (=) Ya»M( ) T€M+(B(a,M/2)><B(a,M/2))[ (7) + 90 (7) T (0,11 ) "My (B(a,M/2) x B(a,M/2))

Moreover, if mingec, (ra xray {A*(—ﬁ) + - y (19)} < 400, then for every ¥ € argminge e, (raxrey |A*(—V) + Lfr_M (9)

and 7 € C,(R? x R?) such that ¥ = L(7), we have 7 € M (B(a, M/2) x B(a, M/2)), and

® = A (=) 45 () = i [A*—ﬁ . ﬁ]: inf ®
(T) + L0 (o) (T) ( )+LT%M( ) pecmn ( )+LT@,M( ) \P(Mw])QM“BI(S’M/Q)XB(G’M/Q))

= min P.
U (po,p1)NM4 (B(a,M/2)x B(a,M/2))
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By compiling with (4.12), and by reversing the signs, we finally obtain

sup —Au) —tp- (u)| = inf o= min . (4.13)
u€Cy(RIxR?) oM W (po,p1)NM (B(a,M/2) x B(a,M/2)) W (po,11)N M (B(a,M/2)x B(a,M/2))

Note that (4.13) is trivially valid if mingec, (raxRa) {A*(—ﬁ) + (19)} = +o0.

o

In other words, if ¥ (o, p1)NM 4 (B(a, M/2)x B(a, M/2)) # 0, there exists a measure 7 € ¥ (ug, p1)NM 4 (B(a, M/2)x
B(a, M/2)) such that

—d(7) = inf Au) +ip- (u)| = sup [*(I)(T) — Ly ,“)(T)] ,
u€Ch (RIXR) oM } TeM.(B(a,M/2)x B(a,M/2)) "

ie., argminTG\I/(/to,/Ll)ﬂM+(B(a,M/2)xB(a,M/Q))(I)(T) # () (which in particular concludes the last point of the lemma).

For every pair (f,g) € Do C D}y, by defining the function u(z, y) = (9(y) + e CUe=vD) — (f(z)+1) for all 2,y € RY,
we have (f, g) = K(u), hence A(u) = —J,,0 1, (f,9), and u € C; (R? x RY) C T, a» hence erM(u) =0, and thus

Tuon (fr9) = =Aw) =ty (@) < sup |=A() =ty (u)],

oM uwECH(REXR4)
ie.,
sup  Juou (fr9) < sup {—A(u) - LT—M(U)} . (4.14)
(f,9)€D u€Cy(RIxR1) @

Suppose that sup,ecc, (rdxrd) [—A(u) — - (u)} < +00, and let € > 0 and u € C,(R? x R?) such that

(u)] <A@ -y (@) > sup [—A(u)—LT;M(u)} — € < foo.

sup [—A(u) — by .
@ u€Cy, (R xR4)

u€Cy (R xR4)
Since A(7) + by= (@) is finite, we necessarily have @ € Y, ,, and K~ ({u}) # 0. Consider the pair (f,9) =K '(q) :
since uw € Y, we have (f,9) € D'y, and

A@) =L F9) 2 s [Aw) =i ()] e
’U.€Cb(Rd><Rd) @
Consequently,
SUD S (1) 2 T () = sup [=A() —0p ()] — e,
(f.9)€DY uweC, (R4 xRY) o

and this holds for every € > 0. Thus, and due to the equality 4.11 (Lemma 4.46), we have

sup JHO’P«l (f’ g) = Sup 5 JM07M1 (fa g) > sup |:_A(u) —ly- (u>:| .
(f,9)€Doo (f.9)€D. u€C, (R4 xR4)

Therefore, by combining with (4.13) and (4.14), we obtain

sup  Juoun (fr9) = sup [—A(u) — LT—M(U)} = min D. (4.15)
(£,9)€Dws weCy (RExRY) a, T (0,11 )NM 4 (B(a,M/2) x B(a,M/2))

This also holds for the case where sup,,c ¢, (rd xr4) [—A(u) —ly- (u)] = ming,
Le., if ‘I](/’LO?/’Ll) N M+(B(a’> M/Q) x B(a’7 M/Q)) = (Z)

Indeed, in this case, there exists a sequence (uy, ), of functions in Cp(R% x R?) such that —A(u,)—ty- Ny (tn) =2 —+00.
a, n—-+0o0

oo AM . (Bl 72 x Bla,b172)) & = 100,

In this case, A(u,) + by (uy,) is finite for every n € N, hence u,, € Y, and K~'({un}) # 0. By setting, for every
n €N, (fn,gn) = K~ (uy), we indeed have (fn,g,) € D}y, and

J o1 (frsgn) = —A(un) = —A(un) — LT;M(Un) — 100,

n—-+oo
Hence, still due to the equality 4.11 :
sup JHU,M (f7 g) = sSup Juo,m (f7 g) = fo0.
(f,9)€Dos (f,9)€DY;

Finally, we know from Remark 4.18 that sup(; gyep.. Jpuo.u (f29) = SUP(s g)epns o, (5 9)-
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O

Remarque 4.48. Note that if W (puo, p1) N My (B(a, M/2) x B(a,M/2)) =0, then A* = 400, hence supp__ Jyug.u, =
supDZT& JMOJM = 40 by (4.12).

In other words :

(po, 1) #0 <= sup Do = Sl;lp Jpop < H00 == supJy = supJyg py < NO(Rd) - ﬂl(Rd)

M oo M

(result restated in Corollary 4.52).

4.3.3 Solving the inf-sup equality in the lagrangian case

Throughout this subsection 4.3.3, ¢ : Ry — R4 is a positive, continuous, convex, and strictly increasing (hence
coercive) function such that ¢(0) = 0.

Lemme 4.49. Let X, Y, and Z be any three sets, and let f : X — Z and g : Y — Z be two mappings. Then for
all subsets A C X and B CY, we have

(f.9) ' (Ax B) = f~H(A) ng~"(B).
Proof : Indeed, we have

r€(f,9) ' (AxB) & (f(z),9(x)) EAxB s xzcf YA andzecg (B) & xcf 1 (A)ng (B).
(I

Lemme 4.50. We again consider the function T' (see Definition 2.25). We have
— T#Y(pg, 1) = Car(po, 1) N My (IntLin), in the sense that for every measure 7 € W(ug, 1), we have T#1 €
Car(po, 1) N My (IntLin), and where for every measure w € Cpy(po, p1) N My (IntLin), there exists a unique
measure T € U(pg, 11) such that w = T'#T.

Moreover, for every measure 7 € U(pg, 1), we have K(T'#71) = O(7).

— (mo, m1)# [Cos (po, p11) N My (IntLin)] = ¥(po, 41), in the sense that for every measure w € Cpr(po, 1) N
My (IntLin), 7 € U(uo, p1), we have (mo, m1)#Hw € ¥(po, 1), with moreover K(w) = ®(7), and where for every
measure T € U(ug, 1), there exists a unique measure w € Cpr(po, p1) N My (IntLin) such that T = (mg, m1)#w.

Moreover, for every measure w € Cas(o, 1) N My (IntLin), we have ® ((mo, m1)#w) = K(w).
— More generally, for every measure T € My (Rd X Rd), we have (g, m1)# (T#7) = 7 and, for every measure
w € My (IntLin), we have T# ((mo, m1)#w) = w.

Proof :
— Let 7 € U(uo, 1) (if $(po, 1) # 0), and let w = T'#7. Since T is a positive measure, w is also positive.

Recall that for every z,y € R?, we have I'(z,y) = y — @, m9 o I'(z,y) = ['(2,y)(0) = z and m o ['(x,y) =
['(x,y)(1) = y. Thus, for every subset X of R, we have (mpoT')"1(X) = X x R? and (7 o)~ }(X) = R? x X.

Moreover, since I' maps into IntLin, we have, for every Borel set A € B(L%M), T=1(A) = '}(ANIntLin), and
thus

w(A) =7 (I"'(4)) =7 ("' (ANIntLin)) = w(A N IntLin).
In other words, the measure w is supported on IntLin, i.e., w € M (IntLin).
— For every A € B(R?), we have
p(A) = w (mg ' (A) =7 (T (m5 ' (A))) =7 ((mo o 1) "1 (A)) = 7 (A x RY) < po(A). (4.16)
— For every B € B(R?), we have

- ,
,LLi;(B) = /Ld o 1_”171(3)(7)@7 Jo ¢y (s)]) ds dw(fy)

_ / s (Dl )™ o ST @D s (g )
Ld.M

/Rd Rd 11“1(#;1(3))(337y)e‘<(|f—y\) dr(z, y)
X

/ 1(7T10F)71(B) ('Ta y)e—C(\z—yD dT(]}, y) = / 1Rd><B(x7 y)e_C(lx_yD dT(J?, y) = :ul(B)
R4 xRd Rd xRd
(4.17)
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We thus indeed have w € Cas (0, 1) N My (IntLin), i.e., T# (¥ (po, 1)) C Car(po, p1) N My (IntLin).

Moreover, from (4.16), we have p (RY) = 7 (R* x R?) and from (4.17), we have p,(R?) = / e CUz=vD) dr (2, y),
R4 xRd
hence

) = (R~ (R = 7 (R RY) - [

e=SUe=vD) gr(z,y) = / (1 _ e—C(lx—yD) dr(z,y) = ®(1).
R4 x R4

R4 x R4

Let w € Cpr(po, p1) N My (IntLin) (if Cps(po, p1) # 0, i-e., Car(po, 1) N M4 (IntLin) # @ by Proposition 2.30),
and let 7 = (g, m1)#w. Since w is a positive measure, 7 is also positive. By Lemma 4.49,
— For every A € B(R?), and knowing that m; *(R?) = L% we have

7 (AxR?) =w ((mo, m) ' (AxRY)) = w (m5g "(A) N7y '(RY)) = w (m5 ' (A)) = pd(A) < po(A).  (4.18)

— For every B € B(RY), we have (mo,m1)~! (R x B) = mg'(RY) Ny '(B) = 7 '(B). Moreover, since w €
d,M
—Ld

M (IntLin), we have fol (' (s)]) ds = ¢(Jy(1) = v(0)]) = ¢(|mo(7) — 71 (7)]) for w-almost every v € LM,
Thus, for every B € B(R?), we have

1Rd><B(x7 y) e_C(lz_yD dT(J?, y)

dyRd

5~

/ e U= dr (2, y) =
RixB

Lrax g (mo(7), m1 (7)) e~ ¢TI =MD gy ()

d,M

Il
—

L gy -1 Ry (7) € o S I3 iy () (4.19)

Il
—

Ld.M

1,1y (7) €7 Jo ST @D s gy ()

I
—

d,M

e~ J3 VD s g4y =l (B) = 11 (B).

Il
—

m '(B)
We thus indeed have 7 € U(ug, 1), i.e., (mo, m1)# [Car (120, 1) N My (IntLin)] C U (pg, p1)-

Moreover, from (4.18), we have 7 (R? x R?) = 2 (R?) and from (4.19), we have / e~ U= dr (2, y) =
R4 xRd
ul (RY), hence

O(7) = /Rd y (1 — eiC(‘xfyl)) dr(z,y) =1 (Rd X Rd) f/R e~ ¢Uz=yl) dr(z,y) = ug(Rd) —,uij(Rd) = K(w).

dwRd

Finally, for every v € IntLin, we have (I o (7o, 71)) (7) = T'(7(0),7(1)) = 7 and, for every pair (z,y) € R¢ x R%,
we have ((71'0771'1) o F) (‘T7y) = (F(I, y)(O),F(x,y)(l)) = (xvy)a i'e'a FO(TFOaﬂ'l) = IIntLin and (Tl'o, 771)01_‘ = IRded'
In other words, I is a bijection from R? x R? to IntLin, with inverse (g, ;).

Thus, for every measure w € M (IntLin), and for every Borel set A € B(L%M), we have

T# ((mo, m1)#w) (A) = (o, m1)#w (F_l(A)) =w ((770, m) (I’_l(A))) =w ((F o (7r0,7r1)_1(A)) =w(A),

Le.,, I'# ((mo, m1)#w) = w. Since (mo, m1)# [Car(po, p1) N My (IntLin)] € W(po, p1), if w € Cor(pto, 1) N
M (IntLin), we have (7o, m1)#w € W(uo, p1). We thus indeed have T'# (U (ug, i£1)) = Car (o, 11)NM 4 (IntLin).

Similarly, we can show that for every measure 7 € M (Rd X Rd), we have (mg,71)# (T'#7) = 7 : for every
Borel set X € B (Rd X Rd), we have

(w0, 1) # (D7) (X) = (D7) (0, m1) " (X)) = 7 (D7 ((mo, m1) "1 (X)) = 7 (Do (o, m)) ™ (X)) = 7(X).

Similarly, since T'# (¥ (po, 1)) C Car(tto, 1) N My (IntLin), if 7 € U(ug, 1), then T#7 € Car(po, 1) N
M (IntLin). We thus indeed also have (mq, m1)# [Car(po, 1) N My (IntLin)] = U (ug, p1)-
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Finally, note that by combining the first two points, we have W(ug, p1) #0 < Car(po, p1) # 0, ie., U(pg, p1) =0 <
Car(po, 1) = 0 : this makes the three points valid even if Cps(po, 1) = ¥ (po, 1) = 0.

O

Corollaire 4.51. We assume that the dissipation function ¢ is positive, continuous, and coercive.
— If W(po, 1) # 0, then argming,, . ® # 0 and

I3 (argmin‘l’(ﬂo’ltl)q)) = a‘rgmincM(Ho’ﬂl)ﬁMJr(IntLin)IC'

We thus have in particular () # argmingec,, (uo,u1)n M. (intLin) C Car (Ko, 1)
— If CM(:“Onu’l) # (07 then argmincM(yo,pl)ﬂM+(IntLin)IC 7& @ and

(mo, m1)# (argmincM(#O’M)QMAIMMH)IC) = argming,, .,)®-

We thus have in particular O # argming ., ,.)® C ¥(po, p1)-
— In either of the previous cases (which are indeed equivalent), we additionally have

min ®= min K= min
W (p0,p1) Cn (po,p1) Car (p0,p1)N My (IntLin)

Proof : Let us address the first point : suppose that ¥(ug, 11) is non-empty. Then, by Proposition 4.47 (recall that ¢
is assumed to be positive, continuous, and coercive), we have argmin\p(uom)q) 0. Let 7 € argminq,(uo}m)é : we then
have T#7 € Cas(po, 1) N M4 (IntLin) by Lemma 4.50 (in particular, we have Cps(po, 1) N My (IntLin) # (), and

min & = &(7) = K(T'#7) >

> inf (4.20)
W(po,p1) Car (po,p1)NM 4 (IntLin)

Let € > 0 and let w € Car (o, 1) N My (IntLin) be a measure such that

inf K<Kw) < inf K+e.
CM(,U,(),/J,l)ﬂM+(IntLin) CM(/_LU,,ul)ﬂM+(IntLin)

Again, by Lemma 4.50, we have (mg, m1)#w € ¥(uo, 11) and thus, by (4.20),
inf K+e>Kw) = ((mg,m1)#w) > min & = &(7) = K(T#7).
Car (po,p1)NM 4 (IntLin) ( ) (( 0 1)# ) W(po,p1) ( ) ( #* )
In other words, we have infe,, (0,41 )n M. (IntLin) K + € > K(I'#7), and this holds for every e > 0, hence

min & = K(I'#7) = inf K= min
W (po,p1) C (po,p1)NM 4 (IntLin) Cn (po,p1)NM (IntLin)

Le., I'#7 € argming (10,41 )n M (IntLin) K and this holds for every 7 € argming,,, ,,,)®, hence I'# (argmin\l,(umm)q)) -
argmincM(uo,ul)ﬁM+(IntLin) :
Finally, let w € argmine,, (0 .1)n M. (ntLin)K @ by Lemma 4.50, there exists a unique measure 7 € W(uo, 1) such that

w = I'# 7, and thus

min & = min
W (p10,41) Car (110,001 )NM 4 (IntLin)

K(w) = K(I'#t7) = @(7),
hence T € argming,,, ,,,)®. We thus indeed have

I'# (argminq,(uo,#l)q)) = argming, (0. u1)N M. (IntLin) K- (4.21)

Moreover, by Proposition 2.30, argmine (.0 1 )naMm. (intLin)C C argmineg 0, K, hence

min ®= min K= min
U(po,p1) Cm (po,p1) Car (120,111 )N M4 (IntLin)

The second point : if Cas(po, 1) # 0, then argming, (.0 11)AM (intLin) K 7 0 by Proposition 2.30. By Lemma 4.50, we
have (m, m1)# [Cas(po, p1) N M4 (IntLin)] = W(uo, p1), hence W(uo, p1) # 0 : we can then reduce to the first point.
By the latter, argming,, ,,)® # () and we have the relation (4.21).

Moreover, again by Lemma 4.50, we know that for every measure 7 € M (Rd X Rd), we have (mg, m1)# (T#71) = 7,
ie., (mo,m1)# (T#X) = X for every subset X of M (Rd X Rd). By resuming the relation 4.21, we have

argming,,, ,,,)® = (mo, m1)# (I‘# (argminq,(uoﬁm)q))) = (mp, m)# (argminCM(MO’HI)QM“IMLM}C) .
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Corollaire 4.52. We assume that the dissipation function C is positive, continuous, and coercive. Then

min K =supJ,, u,-
Cm (/"07/"1) D

In the particular case where Cpr(po, 1) = 0, we have supp,  Jug 0, = +00. More generally,

Cor(pos ) 0 <= supJy u < 400 <= supJyuy < +00 <= supJyy = supJ,y < po(RY) — 1 (RY).
Dum Doo Do Dy
(4.22)

Proof : By Proposition 4.47, we have

min O =supJuy us
W (ppo, 1) My (B(a,M/2)x B(a,M/2)) Dum

and by Corollary 4.51, if Car(po, 1) # 0, then argming, (o . )K # 0, argming,, ., ® # 0 and
min ®= min K< R%) — RY).
U(po,p1) Car(po,pn) #o(RY) = m (R

Moreover, by Lemma 4.5, we have  inf K >supJ,, ,,, hence
Cor(posp1) Dum

supJyy, < min K= min &< min @ =supJuy,us
Dum Car (po,m1) (o, p1) U (p0,p1)NM (B(a,M/2) x B(a,M/2)) Dum
ie.,
min K= min &= min D =supJygu-
Car (po,p1) U (po,p1) U (po,u1)NM 1 (B(a,M/2) % B(a,M/2)) D

Conversely, if Cps (0, 1) = 0, then W(ug, 1) # 0 (since otherwise, Cps (1o, #1) would be non-empty by Lemma 4.50).
By Proposition 4.47 and Remark 4.48, we then have supp,, J;4,, = +00. In summary :

— If Cps(po, 1) # 0, then supp,, Jyg.y = ming,, (uo.u1) K < pio(R?) — p1 (RP),

— If CM(MO?/J/l) = (2)7 then Supp,, J#o,ltl = 00,
Le., if supp,, Jyue,un < 400 is finite, then necessarily Cas (1o, 11) # 0, and thus supp,, Juguy < po(R?) — p1(R?), hence
the equivalence relation (4.22).

O

Remarque 4.53. The proof of Corollary 4.52 further shows that if W(uo,p1) # O or Car(po, 1) # 0 (which is
equivalent by Corollary 4.51), then argmin\l,(uovul)mMJr(B(a’M/Q)XB((LM/Q))CI) # 0 and

argmin‘ll(ug,pl)ﬂ/\/l+(B(a,M/Z)XB(a,M/Q))(I) C argming (., )P
4.3.4 Existence of a maximum for J,, ,, on Dy, and finalization of the proof of existence of a saddle

point for the Lagrangian L.

Finally, let us show that (under the conditions of this section) J indeed admits a maximum on Dj; (and more

precisely on D).

o1

Définition 4.54. Let X be a subset of RY. We define the following set (where R = RU {—o0, +00}) :

Cond¢(X,R) ={(f,9), f,.9: X — R, Va,ye X, g(z) < f(y) + ¢z —yl)}.

Lemme 4.55. Let X be a subset of R, and let {(fi, g:)icr} be a family of elements of Cond(X,R) indezed by any
set I. Then

<inf fi,inf gi> € Cond¢(X,R) and <sup fi,sup gi) € Cond¢(X,R).
iel " iel iel * el
Proof : For all z,y € X, we have :

— infier gi(e) < g5(2) < f5(9) + C(z — yl), for all j € I, hence infier gi(x) — ({12 — yl) < infier fi(y).
— Similarly, sup,e; fi(y) = f5(y) > 95(2) + (| — y]), for all j € I, hence sup,c; fi(y) — (| — yl) > sup,e; g:(a).

O

Corollaire 4.56. Let X be a subset of RY, and let {(fn, gn)nen} be a sequence of elements of Cond¢(X,R). Then

(lim inf fn,liminfgn) € Cond¢(X,R) and (lim sup fn, lim sup gn) € Cond¢(X,R).
—+00

n—r+o0 n n—+o00 n—+o00
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Proof : Direct application of Lemma 4.55.

Définition 4.57. We define the following set :

Cond¢(R%Ry) = {(f,9) € CL(RY)?, Va,y € X, g(x) < f(y) +((Jz—y])}.

Définition 4.58. Let a € R%, and let m > 0. We define the set CondC m o (RY) of pairs (o, B) € Cond¢(R%,Ry) for
which there exists a real constant K (o) > 0 such that

— o(z) < K(a) for all x € B(a,m),

— a(z) = K(a) and B(x) =0 for all x € RN\ B(a,m).

We also define the set DE = D, N C4 (RY)2.

Lemme 4.59. Let ( : Ry — R,. Let a € R%, let m,m/, M € R such that 0 < 2m < 2m/ < M, and such that
Supp(po) U Supp(p1) C B(a,m).

Then for every pair (a, ) € Cond¢(R?,Ry), there ewists a pair (@, B) € Condg’ ™ (R?) such that

¢,const

Jog (€7 = 1,6% = 1) = T (€ = 1,° —1).

More precisely, using the notations of Definition 4.58, we have

K(@)=1In (eC(M) sup |e* —1|+ 1) .
B(a,m’)

Proof : We of course have eCondc(R.R+) _ 1 — D, in the sense that (e — 1, — 1) € DZ for every pair (a,) €
Cond¢ (R4, R;.), and conversely, for every (f,g) € DL, we have (In(f +1),In(g + 1)) € Cond(R% R.).

Let (a, B3) € Cond¢ (R4, Ry) : and set (fa,gﬁ) = (ea —1,ef — 1) € DX, C Dj;. By Lemma 2.16 and its Corollary 2.18,
there exists a pair (fia gT’> € DY, such that :

— FBlam) = f{B(a,m) and 9° |B(a,m) = gIBB(a»m)' _
— f and ¢P are both constant on R*\ B(a,m’), with moreover g8(x) = 0 and fo(z) = e¢(M) SUPgr Ty | /] for
all z € RN\ B(a,m’).
— For all z € B(a,m’), we have f(z) < e¢(M) SUPF (i |1
— ¢# >0 since g® > 0).
We then set @ =1In (f* + 1) and 8 =In (gﬁ + 1) We thus have, by setting K = In (64( )supB( ) [f + 1)
— B>0.
— @(r) < K for all z € B(a,m’).
— B(z) =0 and @(x) = K for all z € R\ B(a, m’).
— (6, B) € CondC(Rd7 R4), and thus (a, B) € Cond®”” (R?) by the three previous points and Definition 4.58.
F

¢, const

inally, since fT"lB(a’m) = f{B(a,m) 2nd gB\B(a,m) = ng(mm), we have :

J#o,m (ea_ 1aeﬁ_ 1) = J#o,m (fiaﬂgiﬁ> = J#o,ul (fa’gﬂ> = J#o,ul (ea - 1’eﬂ - 1) .

O

Remarque 4.60. Of course, we could have redone the proof of Lemma 2.16 and directly set f = xB and a@ =
xa + (1 — x)K where x € C.(RY) is a function such that 15am < X < 1p@,my2) (which exists by Lemma 2.17),
but this would have forced us to re-detail the (similar) cases a second time. We therefore chose to start again from the
result of Lemma 2.16 even if at first glance this form does not seem optimal.

We thus have, for 0 < 2m < 2m’ < M such that Supp(uo) U Supp(p1) C B(a,m) :

sup J o (eJX’@ — 1, — 1) = sup J o (ea/ —1,¢" - 1) . (4.23)
(@,8)€Cond¢ (R?,R) (o ,B')Cond Ty, (RY)

Lemme 4.61. Let ¢ : Ry — Ry be a continuous, positive, and coercive function such that ((0) = 0 and such that
¢(s) >0ifs>0. Let E be a subset of RY and let B € C(R?) such that B(z) = 0 for all x € RI\E.

Then, for all x € E, we have O¢B(x) C E.
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Proof : Since ¢ is continuous and coercive, and (8 is continuous and bounded, we have Dom (0;3) = Re. Let z € E.
For all y € 0.5(x), we have

0< B(z) = Blx) — ((lz — z]) < sup [B(2) = ((Jz — 2])] = =B(x) = By) — ¢(|ly — =).

z€R4

Let y € 0:B(x) : if we had y ¢ E, we would then have (y) = 0 and |y — x| > 0, hence {(Jy — z|) > 0 and thus

Blz) < —B(x) = Bly) — ((ly —]) <0,
=0 >0

which would contradict the positivity of 5.
|

Lemme 4.62. Let ¢ : Ry — Ry be a positive, continuous, and coercive function such that ((0) = 0 and such that
C(s)>0ifs>0. Leta € R, let m > 0 and let B € Cy(R?) such that B(x) = 0 for all x € R¥\B(a, m).

Then, for all x,y € B(a,m), we have |CB(:17) — Cﬂ(y)| <sup( (B((), Zm)).
Proof : Since ( is continuous and coercive, and f is continuous and bounded, we have Dom (0;3) = R?. Moreover,
the continuity of ¢ ensures that sup ¢ (B(O, 2m)) is indeed finite.

Let z,y € B(0,2m). Let z, € 0:f(x). By Lemma 4.61, we thus have z, € B(a,m), and thus |z, —y| < |z, —a|+|a—y| <
2m. Thus, we have

Bly) —B(x) < Clze —yl) = B(z2) — (C(122 — z]) = B(22))
>%B(y) =$B(x)

= ((lze = yl) = ¢(|22 — )
>0

= ((|22 = y]) < sup ¢ (B(0,2m)) < +oc.

We similarly show that 3(z) — ) <sup( < (0,2m) )

Définition 4.63. Let ¢ : Ry — Ry. Let a € R, let R > 0. We define the set
Cond *(RY) = {(a, ) € Cond¢(R*,Ry), 0< B < a <G(R)}.

where G(R) = In (eC(R) S C(BOR)) _ 1‘ n 1).

Lemme 4.64. Let ¢ : Ry — Ry be a positive, continuous, coercive, strictly increasing function such that (0) = 0.
Suppose that Cpr (o, 1) # 0. Let a € RY, let m, M € R such that 0 < 2m < M, and such that Supp(uo) U Supp(u1) C
B(a,m).

Then for every pair (o, 8) € Cond¢ (R, Ry.), there exists a pair (@, B) € Cond;’ M(Rd) N Cond®M/2 (R?) such that

¢,const

o (65, 1’€B7 1) = Jpo (ea - 1,€ﬂ — 1) .

Proof : Let m’ € R such that 0 < 2m < 2m’ < M. Let (o, ) € Cond¢(R%, Ry ). By Lemma 4.59, there exists a pair
(a!, ') € Condy ™ (R?) such that

(,const

J”O”“ (6041 - 1’eﬂ1 - 1) = JMO,M (ea - 176/6 - 1) :
We thus have in particular infgs o' = ian a', and thus, by continuity of o', it admits a global minimum on
B(a,m'), i.e., argmingaa’* N B(a, m’) # (.
Let ¢ = minga ! > 0. We set a? = o' —c and 4% = max{0, 8! —c}. By Lemma 4.55, and since (a2, 0) € Cond¢(R% R )
(a? being positive), we still have (a2, ?) € Cond¢(R? Ry) (with still 3%(z) = 0 for all z € R*\B(a,m’)), and thus
(a?, %) € Cond :th(Rd) with mings o = 0 and still argmingaa® N B(a,m’) # 0.

We then have the inequality :
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8l al
Jlto,ll«l R e dﬂl ra dNO
/ emax{c 5 } d,LLl / eozl d,U()
Rd Rd
= ¢ (/ 6‘max{O,ﬁlfc} d/ll _/ ealfc d/JO) (424)
Rd Rd
=e° (/ e dpy — / e duO)
Rd Rd

2 2
— oC a® B
=€ Jumm (6 € )

Now, by Corollary 4.52 (which applies under the hypotheses of this lemma), we have

IN

min K =supJy u,-
Cn (ko,p1) Doo

Let w € argming,, (,,,,4,)C (vecall that the statement of the lemma assumes that Cas (g0, 1) # 0). For every (o, 8') €
Cond,(R%,Ry), we thus have (¢ —1,ef" — 1) € Dy and thus

’

Tpow (¢ = 1,67 = 1) =Ty, (¢ 7)) = 1 (RY) + po(RY) < pl,(RY) = (RY),
N———

=K (w)

hence g, (¢2,¢”) < pl(R?) — po(R) < 0.

2 2 2 2
In our case, since e® > 1, we then have e“J, ., (eo‘ el ) < Juoumn (eo‘ el ) < 0, and thus

aeﬂl> < J,uo,,ul (ea27662> )

1
(0%
J#o,#l (6

due to the inequality (4.24), i.e

JMO”“ (€O¢2 B 17652 - 1> 2 JMO;Ml (eal — 1,€ﬁ1 - 1) .

We then set o = —¢32 and 83 = 52. We then have

0< B < o <o (4.25)
=p2  =—p2

Recall indeed that since (a?, %) € Cond (R4, R.), we have 82(y) — ((|z — y|) < o?(z) for all z,y € R?, and thus, for
all € R,

0 < B%(x) = B*(2) = C(Jo — zl) < sup [B*(y) = C(Jo —y|)] < a?(x).

yERd
=52 (a)
Due to the inequality (4.25), we have :
— Juo,m (eo‘3 — 1,6’63 — 1) > o (eo‘2 — 1,662 — 1).
— minge @ = mings o = 0 and () # argmingsa® N B(a,m’) C argmingaa® N B(a, m’).
Let zg € argmingaa® N B(a, m’), thus verifying a® = —¢3%(x) = 0. Due to the hypothesis of strict increase of ¢, we

indeed have ((s) > 0 for s > 0. We can thus apply Lemma 4.62 by which, for all x € B(a,m’), we have
0<a®(z) = |a?(z) — a®(z0)| = ‘Jﬁ(x) + 45(950)‘ < sup¢ (B(0,2m)) < sup¢ (B(0, M), (4.26)
~——
=0

i.e., We apply Lemma 4.59 one last time by which there exists a pair (*, 5) € Condz Z’mgt( 1) ¢ Condg fﬁﬁt(Rd) such
that

JHO”“ (ea - 1’€B_ 1) = ‘]Hmm (ea3 - 1,6’83 - 1) .

Moreover, by this same lemma and by the inequality (4.26) :

P s(FT) 1] 4 1),

=G(M)

<p<a< K(@)=In (eC(M) sup

e‘)‘3 — 1‘ + 1) <In (eC(M)
B(a,m")
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O

Lemme 4.65. Let ¢ : Ry — Ry be a positive, continuous, coercive, strictly increasing function such that ¢(0) = 0.
Let a € RY, let M € R such that Supp(uo) U Supp(p1) C B(a, M/2).

If Car (o, 1) # 0, then

sup J gy = max Jpopr = maxJyg g,
D Doo

oo oo

i.e., there exists a pair (f,g) € DL, such that Jy, 1, (f,9) = Suppt Juguy = Supp__ Jpg i

Remarque 4.66. Let us make the following small reminder before the proof of Lemma 4.65. For every pair (o, 8) €
Cond¢ (R4, Ry.), we thus have by definition : for all z,y € R%, 08(y) < a(x) + ((|y — x|), hence

0 < B(z) = B(z) = ((Jx — x]) < sup [B(y) = ((Jz —y])] < ().

N—— ye Rd

=—B(a)

Since of course we have B(x) < ((|y — x|) — B(y) for all z,y € R, we also have

Bla) < inf [¢(ly—=]) = By)] < ((Jlz —2]) - Blx) = =B(x),
—_——

yERC

=0
=B (x)

hence

0 < Bx) < “B(x) < ~Blx) < ala). (4.27)

Proof of Lemma 4.65 : First, note that for every pair (f,g) € D, we have (f, max{g,0}) € Do, (by Lemma 4.55),
hence (f, max{g,0}) € DL and

Jpon (f>9) :/ gduy —/ [ dpo S/ maX{g,O}dul—/ fdpo = 3y, (f,max{g,0}).
Rd Rd R4 Rd

We thus have supp+ Jyug,u = supp_ Jug,u, -

Recalling that eConde RYRY) 1 = DI, let (o, Bn)n be a sequence of elements of Cond¢(R?,R ) such that the sequence
(eon —1, ef» — 1) is maximizing for J,, ,, on DL, i.e., such that

JMOle (ean - 17 eﬁn - 1) 7 SU_P JMOle = SDup JN07M1'

n——+oo

oo oo

By Lemma 4.64, there exists for every n € N a pair (@, 3,,) € Cond;’é\/l(Rd) N Condgzi\gﬁt(Rd) C Cond,(R%,R;) such
that

J o, (eo‘” - l,eﬁ" - 1) < Juon (ea" - 1,66” - 1) <supJ

oo

Ho,H1
The sequence (ea" -1, ePn — 1) is thus also maximizing for J,, ., and, by definition of Condg,’éw (R?), the sequence
(@, B,) is uniformly bounded in C;"(R?) x C;7 (R?).

We then define, for every n € N, o/, = —%3,, and B, = {(—a!,) = ¢5B,,. We thus have in particular, by the relation
(4.27) recalled in Remark 4.66 :

0<B,< B, < o <ay,
-~~~
=G, =-<F,
for every n € N. Thus, /Rd (egn - 1) duy < /Rd (65/" — 1) dpy and /Rd (ea;/ - 1) dpo < /Rd (ea" - 1) dug, hence
JM07H1 (ean — 1765n — 1) = Ad <eBn — 1) d,LLl - /Rd (ean — 1) dﬂo S /Rd (65; — 1) d,LLl _ /Rd (eozln — 1) duo

= JII,OJU (60/" - 15 eﬁ; - 1) .

a. In other words, argmaxp, Jug,uy = argmaxp _Jug,u; # 0 : the dual problem stated in Definition 2.11 indeed admits at least one
solution.
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Since we of course have (o, 3,,) € Cond;(R%, R.) for every n € N, the sequence (e% —1,ePn — 1) is also maximizing
n
for J o, in Do, i€,

J o, (eo‘/" —1,efn — 1) — supJg - (4.28)

n——+oo D

Moreover, since the families {3, } and {a/,} are uniformly bounded in C, (R?), then by Lemma A.21, the families
{=%3,,} and {{(—al,)} are equicontinuous (and also uniformly bounded in C;"(R%)).
N—— ——

={a} ={s.}

By Ascoli’s theorem, the family {(alTL)|B(a.M/2)’ (6;)‘3((1 M/2)} is relatively compact in the space
(C* (B(a, M/2)) x C* (B(a,M/2)) ||  |loc) : thus, there exists a pair (a®, %) € C* (B(a, M/2)) xC* (B(a, M/2))

and a subsequence ((a;(n»‘W, <5;<”>>|W)n extracted from ((O‘;I)IW’ (@L)\W>n converging

uniformly to (a?, 8°).

Let m,m’ € R such that 0 < 2m < 2m’ < M and such that Supp(uo) U Supp(u1) C B(a,m). We set (f°,¢°) =
(eo‘s - l,eﬂ3 - 1) : we thus have (f°,4°) € Dy, with g > 0. Thus, by Lemma 2.16, there exists a pair (f,g) € Doo
with g > 0, i.e., (f,g) € DL, such that fig(e,m) = f|OB(a,m) and g|B(a,m) = g?B(mm).

In other words, the restriction of the sequence (eo‘;’(m -1, ePotm) — 1) to B(a, m) converges uniformly to the restriction
n

of (f,g) to B(a,m). And since Supp(uo) U Supp(p1) C B(a, m), we thus have

J#oyﬂl (ea" - 176,6” - 1) - Juo,m(fv g)v

n—-+oo

hence JM07M1 (f’ g) = SU'ijC JHOle = Supp_, Jl»bo’ln by (4'28)'

O

Remarque 4.67. Recall that in the context of the statement, we did not assume that { was strictly convez, nor even
locally Lipschitz : we thus did not apply the results of subsection 4.2.1 at the beginning of the proof of Lemma 4.65,
notably the observations of Remark 4.18, which state that supp_ Jugun = SUPp,.,.,  Juo,urs Prizt— (see Definition

4.14).

Remarque 4.68. Note that even if the set Dy is, unlike Dyy, independent of the bound M, the existence of a
mazimum for J,, ., on D still depends on M through the measures po and py on which J,, ., depends because :
— We must have Supp(uo) U Supp(p1) C B(a, M/2).
— We must have Cpr(po, p1) # 0.

Proposition 4.69. Let ( : Ry — Ry be a positive, convex, and strictly increasing (hence coercive) function such
that ((0) = 0 (hence continuous). Let a € RY, let M € R such that Supp(uo) U Supp(u1) C B(a, M/2). Suppose
moreover that supp(po) Nsupp(p1) = 0 and that py < L9

If Car(pios pa) # 0, then the Lagrangian L. admits a saddle point on M. (L4M) x [CT(R?) x C(RT)].

Proof : Under the hypotheses of the statement, we have :
— argming, (40, K 7# 0 and mine,; (0,u1) K = supp,, Jug,us = supp__ Jpug,u, by Corollary 4.52,
— argmaxp_Jy, ., 7 0 by Lemma 4.65.
Thus, by Proposition 4.8, the Lagrangian L. admits a saddle point on M (L*M) x [CT(RY) x C(R?)].

Définition 4.70. We define the set Fixgpt (T 1) = {a € Fix¢ (RY), (eico‘ —1,e*— 1) € argmaxDMJuo_M},

Remarque 4.71. If (, po, and p1 satisfy the hypotheses of Proposition 4.69, then by this proposition and Proposition
4.26, we thus have Fixgpt (Jpo,ur) # 0.

Remarque 4.72. By adding to the hypotheses of Proposition 4.69 the hypothesis that the dissipation function ( is
also C' and convex, we can then apply the results of Propositions 4.24 and 4.25 and Lemmas 4.10, 4.12, 4.17, and
4.28, to obtain in particular the uniqueness and an explicit form of the optimal measure w (i.e., minimizing the energy
K on Car(po, 1)) as a function of a potential o € Fixzpt (J 1)
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5 Conclusion and Perspectives

5.1 Summary of Main Results

Let a € R%, let M € R such that Supp(o) U Supp(u;) C B(a, M/2). We further assume that supp(uo) Nsupp(u;) = 0
and that po < £4.

Let ¢ : Ry — R4 be a positive, convex, and strictly increasing (hence coercive) function such that ¢(0) = 0 (hence
continuous).

If the constraint set Cps(uo, 1) is non-empty, then :

1. The primal problem (see Definition 2.9), i.e., the existence of a measure w € Cps(uo, 1) minimizing the energy
KC on Cpr(po, p1), admits a solution (Proposition 2.30).

More precisely, such a solution is in Cps(po, 1) N My (IntLin) : this solution only allocates mass on paths of
the "linear interpolation" type (all displacements are made in a straight line at constant speed).

2. The dual problem (see Definition 2.11), namely the existence of a maximum of the functional J,, ,, on the set

Dy (or Do), admits a solution (Lemma 4.65). We have an inf-sup connection (and even min-max) between
the primal problem and the dual problem (see Lemma 4.65, Corollary 4.52, and Proposition 4.69) :

min K = maxJ
Cn (po,p1) Dwm
3. The Lagrangian L. (Definition 4.1) admits a saddle point on M (L“M) x [CH(R?) x C(R?)] (Proposition
4.69). More precisely, any pair (w, (f,g)), where w is a solution to the primal problem (i.e., point 1.) and (f, g)
is a solution to the dual problem (i.e., point 2.), is a saddle point of L. (Proposition 4.8).

Mot I%aX JMO,Ml .
)

4. For any solution (f,g) € D of the dual problem, there exists a function a € Fix, (Rd) (thus satisfying

properties (II), see Definition 4.11), such that f = e~ e 1 po-almost everywhere?, and g = e® — 1 pj-almost
everywhere (Lemmas 4.10 and 4.12).

In other words, argmaxyp, Jy, u, = argmaxp,. . Ju, ., (Remark 4.18), ie., Fixzpt (Juo,u1) # 0 (Remark 4.71).

5. Any solution to the primal problem selects the initially available starting measure p in a "bang-bang" manner.
In other words, if w € argming, (,,, .,,)K, then there exists a Borel set V,, of R? for which we have :

pgy, = moFw = Ly, po
(Proposition 3.1).

If we further assume that ¢ is C' and strictly convex, then :
— The primal problem admits a unique solution w,,; explicitly defined as a function of any potential o € Fix, (Rd)

satisfying <€_ca —1,e% — 1> € argmaxp,, . Juo,u by :

Wopt = T'o (L VCOé) # (1(05—1(}:(77)#0) . (51)
(Proposition 4.26 for (5.1) and Definitions A.25 and 2.25 for V.« and I respectively). In particular, we have
11, Lea—1(R__) po (Propositions 4.24 and 4.26).
— For all ¢t € [0, 1], we have
,ufuopt = (1= +tVea) # (e—tC(Wm—ID1<a71(R__)M0> (5.2)

(Proposition 4.26).
Finally, note that Corollary 4.52 also gives us a first criterion (whose practical utility remains to be proven) to determine
whether the constraint set Cps(po, 1) is non-empty :

Corr(po, 1) # 0 = sglpJﬂo,m < +o0 = sl;lpJuo,m < po(R?) — pur (RY).
M M

5.2 Short-Term Perspectives
5.2.1 Dynamic Formulation from an Eulerian Perspective

Our main short-term perspective is to return to the dynamic Eulerian formulation stated in (1.2), in the introduction
section of our problem.

To connect with our problem, suppose that the dissipation function ¢ is a O, strictly convex function such that ¢(0)
0. Let a € R%, let M € R such that Supp(uo) U Supp(p1) C B(a, M/2). Suppose further that supp (o) Nsupp(p;) =
and that po < £4.

[

a. See Definition A.15 for the definition of o — Sou.
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By Propositions 4.69, 4.8, and 4.26 as well as Lemma 4.12, there exists a unique measure w € Cps(po, 441) minimizing
the energy K on Ca(pio, /11), and a potential a € Fix (R?) such that (e_ca —1,e* — 1) maximizes J,, ., on Dy (ie.,

ac Fixgpt (Juo.pa)), i-€., such that (w, (efco‘ —1,e% — 1)) is a saddle point of L. and such that we have

ph = (1 =t)I+tVea)# (e‘tmvﬂ_ll)1<a71(R__),u0) .
Thus, for all x € R, among all paths in L% starting from the point z, the measure w only (possibly) allocates mass
to the paths v, : t = (1 —t)z +tV a(x).

Suppose there exists a (velocity) field v : (0,1) x R? — R? such that for all £ € [0,1] and all € R? at which % is
Fréchet-differentiable, we have

Yot) = Veala) -z = v (t, (1 - a + tVca(@)) = v (t,7(2)) (5.3)

Moreover :
— By Lemma 4.19, we have w € M, (IntLin), i.e., v € IntLin for w-almost every v € L4M ie., v(t) = (1 —

£)y(0) + t~(1).
— By Lemma 4.21, % is Fréchet-differentiable at v(0), v(0) € Dom (V¢a) and (1) = V¢a (7(0)) for w-almost
every v € L4M.
In other words, for w-almost every v € LM and all ¢ € [0,1], we have v(t) = (1 — t)7(0) + tV¢a (v(0)). Thus, if v
—————
=v(1)
satisfies the relation (5.3), we have
V' (t) = Vea ((0)) = v(0) = v (£, (1 = £)7(0) + tVea (v(0))) = v (t,7(t)) - (5-4)
for w-almost every v € LM and all ¢ € [0, 1].

We denote by fi, the Borel measure on (0,1) x R? defined by

not) = | o [ttt o)) a (5.5)

for every Borel set A of [0,1] x R?®,

The pair (p,,v) then satisfies the continuity equation (in the sense of distributions) :
Opptey + divy (Uﬂw) = _C<|U|)Mw (5.6)
1
with moreover K(w) = / C(|v(t, x)]) dul (x) dt = / C(Jv]) dppe-
0o JRe (0,1) xR

For a formal justification of this equivalence (not very rigorous in substance), see Appendix C.

The important point here would be that such a velocity field v exists : by reformulating the relation (5.3), it would be
sufficient for it to satisfy

F,(t,z) —x
t
where the function F, : [0,1] x R? — R? is defined for every (¢,z) € [0,1] x R? by F,(t,z) = (1 — t)z + tVea(z).

If we could show that there exists a potential o € Fixzpt (Jpuo.ua) ® such that for all ¢t € (0,1), the function F,(t,-) is
invertible (at least on the left), we could then define v by

— v (t, Fa(t,z)). (5.7)

U(tv y) =

for all (t,y) € (0,1) x R,

5.2.2 Numerical Exploitation of the Eulerian Model by Convex Relaxation

The dynamic Eulerian formulation of Subsubsection 5.2.1 paves the way for classical numerical treatments in the field
of variational optimization under constraints.
2|

For example, if we choose the dissipation function ¢ such that the function (s, z) € Ry, x R — ¢ <—> s is convex
s

a. Recall that by the Fubini-Tonelli theorem (see [31]), the mapping = — 14(t, z) is Borel for every t € [0, 1].
b. See Definition 4.70 and Remark 4.71.
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(for example ¢ = | - |?), it is possible, using the change of term m = pv ® proposed in [4], to relax the constraint set as
follows :

0up +aiv(m) < —¢ (121)
p(0,-) < po and p(1,) = p1.

We thus obtain a set of convex constraints in (p,m) on which we seek to minimize the convex cost K'(p,m) =

/01 /Rd ¢ (W) p(t, ) dz dt.

We then rely on the coincidence ® between the solutions of the relaxed problem and the solutions of the initial problem
(i-e., the problem defined by (1.1) and (1.2) via the change of term m = pv).

Among the convex optimization methods under constraints that have already been widely explored and exploited
in the context of dynamic optimal transport models (Eulerian formulation), we can particularly mention augmented
Lagrangian methods [4], proximal-splitting or primal-dual methods [15, 25, 5].

5.2.3 Consistency Criterion, Numerical Exploitation of the Lagrangian Model, and Explicit Special
Cases

As already mentioned at the end of the subsection 5.1, Corollary 4.52 gives us a theoretical criterion to determine the
consistency of the primal problem (i.e., that of Definition 2.9), in other words, to determine whether the constraint
set Cas(po, p11) is non-empty (i.e., whether it is possible to deliver the target measure py from the initial availability
measure jio). This involves determining whether the dual term supp,, J,,,4, is finite or not, knowing that if it is finite,
it is necessarily less than po(R?) — iy (R?).

One question would therefore be whether it is possible to effectively exploit this consistency criterion in practice. If
not, it will then be necessary to look for other consistency criteria that are more effective in practice. But if so, this
calculation can be coupled with the direct search for a potential o € Fixzp Y 110,11 ) Whose knowledge would allow us

to directly compute the optimal allocation measure w,,; on L% i.e., the optimal transport plan : indeed Proposition
4.26 gives us the relation (5.1), and even the relation (5.2) from which we can also retrieve the solutions (u,v) (or
(p,v) for u = pL?) of the dynamic problem.

A final point on which the Lagrangian model could in any case also be useful (in addition to the descriptive properties
established through it ¢), whether or not this model is exploited numerically (for example compared to an Eulerian
model), would be to be able to explicitly determine the solutions of a certain number of special cases in order to use
these as comparison criteria to verify the empirical validity of different numerical methods that could be tested, and
to observe their mutual differences in efficiency (always empirically).

5.3 Long-Term Perspectives
5.3.1 Anisotropic or Inhomogeneous Variant of the Model

Making the dissipation function ¢ depend on spatial position, or even time (if we remain in a dynamic formulation),
i.e., minimizing a cost in (p,v) of the type

1
Ko = [ [ cltootta)plt,a) dode (5.9)
0 JRd
(with ¢(¢,x,0) = 0) among the pairs (p,v) satisfying the dissipation constraint :
{ 8tp + le(pU) = 7C(t7 x, U)p,

p(0,-) < po and p(1,-) = p1.

In this context, the function ¢ : [0,1] x R? x R? — R, could model an inhomogeneous or anisotropic environment
(obstacles, currents, maelstrom, etc.) evolving or not over time.

If, as proposed in Subsubsection 5.2.2, we wish to obtain a cost

K'(p,m) = /01 /Rd ¢ (t,sc, m> p(t,x) dx dt

a. We here resume the expression of this problem in terms of the density-velocity pair (p,v) as used in the general introduction section
1. The term m then corresponds to the momentum.

b. Point to be rigorously shown.

c. Such as the "bang-bang" type selection of the mass to be moved with respect to the initially available mass measure pg.
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that is convex in (p,m) (by again introducing the momentum term m = pv), we can for example take {(t,z,v) =
|R(t, z)v|?, where (t,z) — R(t,z) is a C* function defined on [0,1] x R? with values in GLg(R).

This example could be close to exploratory work [17] on the introduction of various physical constraints in the dynamic
optimal transport model introduced in [4] (classical optimal transport in L? for a quadratic Euclidean cost).

Such a problem can easily be transposed into a Lagrangian framework as treated in this report : if, for every ¢ € [0, 1]
and every measure w € M, (Ld’M), we define the Radon measure p!, = m# (e_e’w) (on RY) with ¢, : v —

fg C(s,7(8),7'(s))ds, i.e.,

VFECRY, [ F@d@) = [ o) oo g,

the problem then reduces to minimizing on M. (L%*) the dissipation cost

K(w) = p(RY) — u,(RY) = / (1= e Jo et i) go(y)

La.M
under the constraint u® < pg and pl = p1.

It is then easy to see that the formal calculations carried out in the small appendix C work in the same way with the
measures /!, as defined above (and for the measure p,, as defined in (5.5) with respect to the measures pl)). We can
then also establish under the same conditions that (., v) satisfies the continuity equation

at,ufw + le’I' (U,uw) = 7C(ta &€, ’l})ﬂw.

in the sense of distributions, and

1
K(w) = / C(t, 2, v(t, @) dul,(z) dt = / C(t,z,v(t,x)) dpg, (t, x)
0o JRe (0,1)xR?
for every measure w € M, (L%M) and every velocity field v satisfying v'(t) = v(t,(t)) for all ¢ € [0,1] and w-almost
every v € L4M,

With such a model, as with those studied in [17], the trajectories of optimal transports no longer have any reason to
be straight-line displacements at constant speed, i.e., no longer have any reason to be linear interpolations in time.

The perspective of this model leads us to favor the approach of Subsubsection 5.2.2 rather than that of Subsubsection
5.2.3 : indeed, the Eulerian formulation seems much more flexible for introducing these external penalty constraints. In
an Eulerian model, we directly compute the pair (p,v) in space and time : a previous study [17] allowed us to conclude
that in practice, the numerical methods used to solve homogeneous and isotropic cases are only slightly more complex
with the introduction of environmental constraints of the same type as those we have described. The algorithms did
not run much slower in these cases and were very similar.

On the contrary, a method based on a Lagrangian point of view seems more complex to implement. As soon as the
transport paths are no longer linear interpolations, but curved paths that can be traveled at non-constant speeds
(which may be the case if ¢ varies with time), we will have to deal with a much more complicated question than a
simple allocation problem : determining the solution to the primal problem from a solution to the dual problem may
be more complex (but perhaps not, and theoretical study will be needed to find out).

5.3.2 Model Variant for a Locally Fixed Maximum Transport Time rather than Globally

Note that in our model, we have fixed a uniform travel time equal to 1 (i.e., L% = Lip,,([0, 1],R?)). In the case of an
Eulerian formulation of an optimal transport problem, without introducing a source term in the continuity equation
(as in other cases of "unbalanced" transport), the global travel time does not influence either the solutions to the
problem (i.e., the optimal transport plans) or the overall optimal transport cost (notably in the case of the model from
[4]). We can therefore choose the travel time indifferently, and thus the choice ¢ = 1 is a perfectly neutral convenience
choice.

In our model, on the contrary, the travel time is of great importance, especially when the dissipation function ( is
strictly convex, and the dissipation rate is no longer proportional to speed, evolving in a superlinear manner with
respect to it. This qualitative reflection makes it clear : in the case where ( is superlinear, the faster a given path is
completed, the greater the consumption will be. In our case, we see that the same transport carried out in a time ¢t = 1
may no longer be possible if it is carried out in a shorter time due to the lack of initially available mass to consume
for this purpose.

Moreover, if a transport is optimal, i.e., if an allocation measure wop: € Cas(fto, 1) on LM is optimal (which implies
a "bang-bang" type selection of the initial mass ,ugopt a), it is actually impossible (except in trivial cases) to maintain

a. In the case of measures pg and p; with disjoint supports.
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the same transport plan (i.e., by "loading" the same paths, or more precisely by keeping the same optimal allocation
operator V¢a in RY) to carry out the same transport in a shorter time, given that there is no "additional reserve to
consume" at the start of each path "loaded" by wep *. In other words, it is only for a measure w € Cps(po, p1) for which
ul is not "bang-bang" with respect to w, and even for a measure whose density pl is p-almost everywhere strictly
less than the density po of juo P, that we can possibly hope to maintain the same allocation plan while preserving the
delivery objectives (but with the possibility of "loading more" these paths at the start, all this depending on the limit
at each point and the fixed time).

In other words, each fixed global travel time corresponds to a different starting selection and optimal allocation in R?,
or even corresponds to the existence or non-existence of a solution (the constraint set Cps(po, ) may be empty or not
depending on the fixed global delivery time t).

We also note that in many other models (including the reference model [4]), the choice of a uniform time is not
originally a primary modeling choice : it results from the dynamic reformulation of an optimal allocation problem
posed in other terms (in which the notion of travel time and the details of the transport in general do not appear). In
other words, its dynamic formulation does not directly result from a need to model a practical case of transport that
is "continuous in time".

In our case, on the contrary, we have the desire to model a transport that is practically continuous in time. This is
why, rather than a model that imposes a global and uniform delivery time, i.e., that imposes that all points in space
(or at least at every point in the support of the target measure p;) be "delivered at the same time", a more practical

model and more in line with potential applications should allow differentiating delivery times between each point in
R?.

We would therefore like to be able to study a model in which we fix two arrival measures (or a vector measure
with image in Ri) : one setting at each point in R? the "delivery need" or "target mass distribution" (corresponding
to p1 © in the context of this first study), and the other setting at each point in R? a maximum delivery time/delay.

The study of such a variant of our original model (a variant that may even be very distant) can of course be perfectly
combined with that proposed in Subsubsection 5.3.1.

5.3.3 Other Possible Variants and Model Complexifications

— Develop a discrete model rather than a continuous one. We then expect to partially lose the "bang-bang" selec-
tion properties of the initially available mass distribution, and no longer necessarily have unilateral allocations
(an atom may divide its mass between several destinations ¢). However, we will probably be able to rely on the
continuous model (i.e., based on "diffuse" measures, i.e., absolutely continuous with respect to the Lebesgue
measure) to approximate atomic parts (i.e., not absolutely continuous with respect to the Lebesgue measure).

— Introduce an economy of scale cost : for example in the manner of classical branched transport models, or by
allowing mass exchanges between different points during displacement for a (super-linear) cost depending on
their mutual distance, thus encouraging temporary proximity, or even temporary crossing or mutualization of
trajectories. Such a model seems to us more suitable as a sub-variant of the variant proposed in Subsubsection
5.3.2.

— Propose models of mass dissipation only during the initial impulse without continuous dissipation (as could be,
for example, a ballistic flight) rather than models of continuous dissipation along the path as is the case for the
model presented in this report and the variants proposed so far.

a. The entire infinitesimal local mass of uo at this point is already selected, and thus already "consumed or delivered" for a transport
corresponding to the original duration, here t = 1.

b. If we consider the case where g < £%.

c. Note that in the context of this reflection, we improperly use this notation : the index "1" here implies a global travel time equal to
1.

d. A Kantorovitch-type transport rather than a Monge-type transport.
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Annexes

A c-concave transforms : generalities and specific cases within the scope
of this study

Finding an expression of the primal problem solutions of our model in terms of the dual problem solutions reduces

to a classical optimal transport setting. Two optimal dual terms are linked by a mutual relation given by an inf-

convolution transformation, which can be rewritten as an involution through a double c-concave transformation.

The determination of optimal allocation pairings between each starting point and its endpoint(s) corresponds to the
arguments (i.e. argmin) of these transformations (and conversely).

The properties of these c-concave transformations have been widely studied in the framework of “classical” optimal
transport problems, i.e. allocation problems with mass preservation minimizing a cost ¢(z,y) (which corresponds to
the parameter “c” in these so-called “c-concave” transformations). We refer, in particular, to the works of W. Gangbo
and R.-J. McCann [13] (while probably omitting many other contributions published before or after these works).

This appendix aims at revisiting and reusing this theoretical framework in the context of our model.

A.1 Some preliminary generalities

Lemme A.1. Let H be a Hilbert space, and let f : H — R and g : H — R be two proper functions. The following
results hold :

— If f and g are convex, then fUg is convez.

— If f or g is concave, then fOg is concave (regardless of the nature of the other function).

Proof :
— Assume that f and g are convex. Let x1, 25 € H and A € [0, 1]. For all y;,y> € H, we have

(fOg) (1 = Nz1 + Azz) < f((1 =Ny + Ay2) + 9 (1 — N1 + Azz — (1= Ay1 + Ay2))
= (1 =Ny +Ay2) + g (1 = A)(z1 —y1) + Mz2 — y2))
<A =Xf(y) + Af(y2) + (1= Mgz —y1) + Ag(@2 — 42)
=1 =N [f(y1) +g(z1 —y)] + A[f(y2) + g(z2 — y2)].

By taking the infimum over y; and ys, we have

(fOg) (1 = AN)z1 + Azz) < (1 — A)(fOg)(z1) + A(fOg)(x2).
Thus the function fOg is convex.
— Assume for instance that g is concave (and that f is arbitrary). Let z1,29 € H and A € [0,1]. For all y € H,
we have

(1 =N (fOg)(@1) + A(fOg)(22) < (1 = A) [f(y) + g(z1 — )] + A[f(y) + g(z2 — y)]
fy) + (1= Ng(z1 —y) + Ag(z2 — y)]

< +g((1=A)(21 —y) + Az2 —y))

) +g((1 =Nz + Azs —y)

By taking the infimum over y, we have

(1 =X (f0g)(z1) + A(fOg)(22) < (fOg) (1 = AN)z1 + Aza).
Thus the function fOg is concave. Of course, since flg = gllf, one may swap the roles of f and g.

O

Lemme A.2. Let f,g : R — R be two functions such that g is continuous and f is lower semi-continuous.
Let x,y € R? and let (x,,),, and (yn)n be two sequences in R? converging respectively to = and y. Suppose that for every
n € N, one has y, € argmin,ga [f(2) + g(zn, — 2)]. Then y € argmin, g [f(2) + g(z — 2)].

Proof : Let z € R%. For all n € N, one has f(y,) + g(xn — yn) < f(2) + g(z,, — 2), hence, taking the lower limit gives

f) +g(x —y) <lLminf(f(yn) + g(zn — yn)] < Hminf[f(2) + g(@, — 2)] = f(2) + g(z — 2),

n—-4oo n—-+o0o

and this holds for every z € R%.
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O
Corollaire A.3. Let f,g : R — R be two functions such that g is continuous and f is lower semi-continuous. Then

the set E = {y € R, y € argmin, cga [f(2) + g(y — 2)]} is closed in R?.

Proof : Suppose that E is non-empty, and let (z,,), be a sequence in E converging to some x in R%. From Lemma
A.2, we have z € argmin,cga [f(2) + g(z — 2)], hence z € E.

O

Corollaire A.4. Let f,g : R? — R be two functions such that g is continuous and f is lower semi-continuous.

Suppose that there exists x € R? such that fOg = fEg in a neighborhood of x (i.e. such that argmin,cga [f(2) + g(y — 2)]
is non-empty for every y in a neighborhood of x), and such that x ¢ argmin,cga [f(2) + g(z — 2)].

Then there exists r > 0 such that for every y € B(z,r), one has y ¢ argmin,ga [f(2) + g(y — 2)].
Proof : By assumption, there exists R > 0 such that for all y € B(x, R), argmin,ga [f(2) + g(y — 2)] is non-empty.
Moreover, by assumption, z € R\ E, where the set E is defined as in the statement of Corollary A.3. But this same

corollary shows that E is closed, and since = belongs to the open set B(z, R) N [Rd\E]7 there exists r > 0 such that
B(z,r) C B(z, R) N [RN\E].

O

Lemme A.5. Let X and Y be two non-empty topological spaces, and let p and v be two finite positive Borel measures
respectively on X and Y. Let D be a Borel subset of X such that u(X\D) = 0, and let a measurable operator
T:(D,BX)ND,u) — (Y,B(Y),v) (where B(X) and B(Y) denote respectively the Borel o-algebras on X andY')
push forward p onto v, i.e. TH#Hu =v.

Then Supp(v) C T (Supp(u)) (see Definition B.6).

Proof : We have Supp(u)ND C T—1 (T (Supp(u))) 2. We then have

v (T (Supp(w))) = (T~ (T (Supp(n))) ) > 1 (Supp(r) N D) = 2 (Supp() N D) = s (Supp(s)) + 2 (X \Supp(p))
T

= u(X) = p(T7HY)) = v(Y) = v (T (Supp(p))) + v (Y\T (Supp(1))) -

In summary, we get v (T (Supp(u))) >v (T (Supp(u))) +v (Y\T (Supp(,u)))7 hence 0 > v (Y\T (Supp(u))) >0, ie.
v (Y\T (Supp(n))) = 0, thus Supp(v) C T (Supp(p)).

O

Lemme A.6. Let a function ¢ : Ry — Ry be differentiable on Ry . Then :
— Ifz € RIN\{0}, the function o|-| is differentiable at x (hence d(Col-|)(x) = {V(Co|-|)(x)}) with V(Co|-|)(z) =
Cllal)
||
— If moreover ( is differentiable at 0, convexr and increasing®, and such that ((0) = 0, then d(C o |-])(0) =
¢'(0)B(0,1).

Proof :
— Let z € RN\{0} : for all h € R%, one has

a. When referring to the image T'(A) of a subset A of X by T, we of course refer to the image of the subset of A on which T is
well-defined, i.e. AN D. One could/should therefore write T'(A N D) instead of T'(A). In particular here, one could write T (Supp(u) N D)
instead of T (Supp(u)).

b. Non-decreasing.
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¢z +nl) = ¢ (VI + 202, 1) + h[21)

<o e+ )

=C| J=|| 1+ ;2<m,h>+:2|2+0(;|i|(x,h>+m2)
=o(|h|)
2 2
= Gl + ¢/ [yt k) + 15 +o1kD)] +o (7t B + 253 +o(1h))
=o(l|h])
= (el + S e + o1,

— Suppose that ¢ is also differentiable at 0, convex and increasing with ¢(0) = 0. For any £ € B(0,1) and any
h € R4, we have |h| > {¢, h}, hence

C(IRl) = ¢ ({8, h}) = €(0) + ¢"(0){&, h} = ¢"(0){&, 1}
~~

=0

Thus ¢'(0)¢ € d(¢ o - [)(0), ie. ¢'(0)B(0,1) C (¢ o |- ])(0).
Conversely, let § € d(C o |-])(0)\{0} : then ¢(|h]) > ¢(|0]) + (8, h) for all h € R?%. Setting h = tf for t > 0, we
=~

=0

get :
¢(tlef) — ¢€(0)
o~

Letting t — 07 yields |6] < ¢’(0), i.e. 8 € ('(0)B(0,1). In other words, (¢ o | - [)(0) C ¢’(0)B(0,1), hence
a(¢el-)(0) = ¢'(0)B(0,1).

¢(tl6l) > tlo]* <= 0] <

O

Remarque A.7. From Lemma A.6, for any R > 0, we have sup }8({ o|-]) (B(O, R))‘ <sup |¢'([0, R])| < 400 (since

¢’ is continuous on Ry ).

A.2 Some general properties of c-concave transforms

Définition A.8. Let c : RY x R — R be a symmetric cost (i.e. c(x,y) = c(y,z), Y,y € R?).
— For any function f : R* — R, we define °f, the c-concave transform of f, by

f(x) = inf [c(x,2) = f(2)],

z€R4

for every x € R%,
— We define the set F. of functions f : RY — R for which the domain of °f equals R? (i.e. for which °f is
finite-valued everywhere in R?).

Lemme A.9. Letc : R4 xR — R, and let f,g : R — R such that g < f. Then °f < %.

Proof : For all 2,y € R?, we have

f(z) = inf [e(z,2) — f(2)] < clz,y) — fy) < clz,y) —g(y),

z€R4
ie. °f(z) <inf era [c(z,y) — g(y)] = G(x) for all z € R™.
]

Remarque A.10. For any cost ¢ : R* x R® — R, the mapping f — °f is concave and decreasing® on the space of
real-valued functions on R, equipped with the classical order (i.e. induced by the usual order on R).

a. Non-increasing
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Lemme A.11. Let ¢ : R x R — R be a symmetric cost (i.e. ¢(x,y) = c(y,z), Yo,y € R?), and let f,g : R — R.
The following three statements are equivalent :

— g S Cf}

T Vx,y € Rd7 g(a:) + f(y) S c(x’y)f

— [ <9
If these properties are satisfied, then f,g € Fe.

Proof : We indeed have the following equivalences :
f>g < VreR?, inf [e(z,2) = f(2))] = f(2) 2 g(2)
ze
= Va,y €RY clz,y) > g(z) + f(y)
(y,)
=c(y,x

— Vz,y € R c(y,x) — g(x) > f(y)

— Vy eR% (y) = inf [e(y.2) —9(2)] 2 f(y)

— f<%.

Finally, since f and g take finite values at every point of R?, if these properties are satisfied, we indeed have °f(z) >
g(z) > —oco0 and %Y(y) < f(y) > —oo for all z,y € R™

O

Lemme A.12. Let a cost ¢ : R x R — R such that © + c(z,y) is upper semicontinuous for every y € R, If
x = c(x,y) is upper semicontinuous for every y € RY, then for any function f € F., °f is upper semicontinuous.

Proof : Let f € F., and let (z,), be a sequence of points in R? converging to a point x € R%. Let ¢ > 0, and let
2z € R? such that °f(x) < c(x, 2,) — f(22) < °f(x) + €. For every n € N, we have f(z,,) < ¢(2p, 2:) — f(22), hence

Flan) = (@) < (c(@n, 22) = f(22)) = (c(2, 22) = f(22) — €) = c(@n, 22) — c(2, 22) + €.
Since x — ¢(x, 2, is upper semicontinuous, we have limsup,,_, | . [¢(%n, 2:)—c(x, 22)] < 0, hence limsup,,_,, o, °f () <
°f(x)+e¢, and this for any € > 0, thus limsup,,_,, o, °f(z,) < °f(x). Therefore, the transform °f is upper semicontinuous.

O

Lemme A.13. Let c : R xR? — R be a symmetric cost (i.e. c(x,y) = c(y,z), Yo,y € RY). For any function f € F,
we have :

1. °f € F,
2. =) 2 f,
3. nf = o(()) = .

Proof : Let f € F..

— (Points 1. and 2.) By definition of °f, we have °f(z) < c(z,y) — f(y), i.e. f(y) < c(x,y) —°f(x) for all z,y € R
——

:C(y7w)
Hence
“Fly) = inf fely,2) ~ F(@)] 2 £(3) > oo, (A1)
for all y € R? (and therefore in particular we have °f € F,).
— (Point 3.) Furthermore,
=f(z)
cee — i f s f — 3 f —
(o) = inf [e(o.9) ~ i [e(y.2) = i [o(z,0) — F()])

=°<f(y)

inf sup inf [C(ZL’, y) - C(yv Z) + C(Zv u) - f(u)]
y€ER? ,cRd u€Rd

Now, for all z,y, z € R%, we have
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i [e(e,) = ey, 2) + () — f()] < e, 9)=ely2) + e(z,) — f0) = elo,) — )
=0
Therefore, for all z,y € R%, we have
sup inf [e(z,y) — c(y, 2) + c(z,u) — f(u)] < sup [c(z, y) — f(y)] < c(z,y) — f(y),
2eRd u€ER z€R4
and thus, for any = € RY,

“of(a) = inf sup inf [e(w,y) ~ e(y.2) + e(z) — f@)] < inf felw,y) ~ f@)] = F(a).
YER? zeRd u€ ye

Therefore, we have both ¢“f < ¢f and, by the second point, “¢°f = °9(°f) > °f, i.e. <°f = °f.
O

Lemme A.14. Let ¢ : R?*x R? — R be a symmetric cost (i.e. c(x,y) = c(y,z), Vz,y € R?) and such that c(x,z) =0
for all x € R, and let f : RY — R. Then (—f) < —°(—f) < f.

Proof : For any function h : R — R, we have % < —h : indeed, for any x € R?,

‘h(z) = zienl;fd [e(z,2) — h(2)] < c(z,z) — h(z) = —h(z).
\26_/
Thus, “(— ) = ((~£)) < ~(—), ie. (—f) < ()

Moreover, according to Lemma A.13, we have “{—f) > —f, i.e. =°(—f) < f.

A.3 Properties under more specific assumptions for our study

Définition A.15.
— Let ¢ : Ry — R. By abuse of notation, for any function f : R — R, we denote by Sf the c-concave transform
of f for c(z,y) = C(|lx —y|) for all z,y € R, i.e. f = CO(—f) (the inf-convolution between ¢ and —f). In this
case, we also denote F¢ = F..
— Let R, 3 > 0. For any function f € F¢, we define the set :

Arg(fl (R.B) = | ArgPt[f] (x,),

z€B(0,R)
where ArgPt[f], (2.8) = { € RY, $f(x) < C(Jz — =) — () < () + B).

Lemme A.16. Let ¢ : R, — R, be a positive function. Then, for any function f : R?* — R bounded above, we
have f € F¢.

Proof : Let f : RY — R be a function bounded below by a constant. Since f is bounded for all z,y € R%, we have
C(lz—y|) — f(y) > —f(y) > —supga f > —00, i.e. Sf(x) > —oo for all x € RY, and thus f € F.

O

Definitions and notation reminders :
— We denote by Fy,(R?) the set of functions from R? to R that are bounded. We equip this space with the norm
| loo defined for any function f € Cy(R?) by

[flloo = sup |f(z)].
zER4

Recall that (F,(R%),]| - ||s) is also a Banach space. We also note that F,(R?) C F¢, according to Lemma A.16.

— We also recall that Cy,(R?) denotes the set of continuous and bounded functions from R? to R. We also equip this
space with the norm ||[|o : C3(R?) can be considered as a vector subspace of Fj(R?). Recall that (Cy(R?), || - [l
is also a Banach space.

Remarque A.17. For a proof of the completeness of Fy(R?) and Cy(R?), and more generally of Fy(X) and Cy(X)
for any non-empty metric space X, one can also refer to the beginning of the synthesis mentioned in section 2 for the
proof of theorem 2.52.

a. It can be accessed via the following link : https://amubox.univ-amu.fr/s/MDEjJ6fBfKqf SH6
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Lemme A.18. Let ( : Ry — Ry be a positive, continuous, and coercive function such that ((0) = 0. Let A be a
bounded subset of (Fy,(R), |- [loc)-

Then for all R > 0 and all B > 0, there exists a constant R' > R such that Arg[A]. (R,3) C B(0,R') (in the sense

that Arg[f]. (R, 3) C B(0, R') for any function f € A).

Proof : Recall that F},(R?) C F¢. Let a,b € R be such that a < f < b for any function f € A.

Let f € A, x € B(0, R), and 2, € ArgPt[f]. (2, 8) C Arg[f]. (R, 8). Then

0 < (lr = 2al) b= f(20) +C(lw = 2o]) = (o = 20]) = f20) +b="f(a) + B+
——

20 <Cf(x)+8
=0 (A.2)
—
<Clz—2z)) - fle)+B+b=—f(2) +B+b<B+b—a < +o0.
—_— ~——
>¢f () —a

In other words, we have 0 < ((|z—z;|) < B+b—a. Since ( is coercive, there exists K > 0 such that (! ([0, B+b— a]) C

, K|. Thus, we have |z;| < |z|+|z—24| < |z|+K < R+K. By setting R = R+K > R, we therefore have z, € , ,
0, K|. Th h K<R+K.B ingR" = R+K >R herefore h B(0, R

and this for all z, € ArgPt[f]. (v,8). Hence ArgPt[f]. (z,8) C B(0,R’), and this for all z € B(0,R), that is

Arg[f]. (R, B) C B(0, R’). Finally, since this holds again for all f € A, we indeed have Arg[A]. (R,3) C B(0, R).
([

Lemme A.19. Let { : Ry — Ry be a positive, continuous, and coercive function such that ((0) = 0, and let
f € Fy(R?) be a function.

Then, the function Sf is continuous on RY.

Proof : Recall that, according to Lemma A.16, we have F},(R?) C F¢. Let R > 0. By Lemma A.18 (taking A = {f}),

there exists R’ > 0 such that Arg[f]. (R,1) C B(0, R’). Since ¢ is continuous on Ry, it is uniformly continuous on
[0, R’ + R] (Heine’s theorem) : there therefore exists a constant 6 > 0 such that for all a,b € R satisfying |a — b| < 4,
we have |((b) — ((a)| < e.

Let € € (0,1] and let ,y € B(0, R) be such that |x — y| < . We have

ArgPt [f]g (z,¢€), ArgPt [f]g (y,€) C Arg [f]( (R,€) C Arg [f]g (R,1) C B(O, R').

Let z, € ArgPt[f], (z,€), i.e., f(x) < ¢(|z—22]) — f(22) < Sf(w)+e. Note that we also have Sf (y) < ((|y —zz|) — f(2z).-
Thus,

Fly) = f2) < [Cy = zal) = f(z)] = [y = 20]) = f(2a) = €]

2 (y) <<f(x)

<y = z2) = C(lw — 22]) + €

Since z; € ArgPt [f] (z,€) C B(0, '), we have |y — 2, |z — 2;| € B(0, R+ R’). Thus, we have ||y — 2| — |z — 2,[| <
ly — x| <6, hence |((ly — zz|) — {(|z — 2z|)| < e. We then have :

Fly) = F@) <y — 22]) — ¢z — 22]) +€ < 2e.

<e

By swapping the roles of z and y, we finally obtain |f(y) — °f(x)| < 2¢, and this for all z,y € B(0, R) satisfying
|z —yl < 0.

The function ¢f is therefore uniformly continuous on B(0, R), and this for all R > 0 : ¢f is thus continuous on R?.

O

Lemme A.20. Let ¢ : Ry — Ry be a positive, coercive, locally Lipschitz function such that (0) = 0. Then for any
bounded function f : R — R (hence in particular f € F; by Lemma A.16), the function Sf is locally Lipschitz.

Proof : Let f be a bounded function, and let R > 0. By Lemma A.18 (taking A = {f}), there exists R’ > 0 such that
Arg[f]. (R,1) C B(0, R'), and thus, for all € € (0,1] :

Arg[f]. (R,e) C Arg[f]. (R, 1) C B(0, ).
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Let L > 0 be a Lipschitz constant for the restriction of ¢ to [0, R + R’].

Let z,y € B(0,R), and let € € (0,1]. Let 25 € ArgPt[f]. (z,¢) C Arg[f]. (R,€) and z; € ArgPt[f]. (y,€) : thus,
x— 25,y — 25 € B(O,R+ R'). We then have

Fly) = Fx) <y = 2gl) = f(=5) + (=Clz = 25]) + f(z5) +€)

>4f(y) 2—<f(2)

=y =z = e =2 +e < L(ly— 2] — o — 2)) + e < Lly —a| + ¢,

and this for all € € (0, 1], hence Sf (y)—Sf(x) < L|y—=|. Similarly, we obtain Sf(x)—f(y) < Lly—=x|,i.e. [Sf(y)—Sf(z)| <
L|y — z|. And this for all R > 0 : ¢f is therefore locally Lipschitz on R?.

O

Lemme A.21. Let ¢ : Ry — Ry be a positive, continuous, and coercive function such that ((0) = 0. Then, for any
bounded subset A of (Fy(R?), | - [lc), “A is a subset of equicontinuous functions on RY.

Proof : Recall that F},(R?) C F; (by Lemma A.16). Let a,b € R be such that a < f <b for all f € A, and let R > 0.
We show that the set is uniformly equicontinuous on B(0, R). Let € > 0.

By Lemma A.18, there exists R’ > R such that Arg[A]. (R,1) C B(0, R’). Moreover, since ( is continuous on Ry,
it is uniformly continuous on [0, R’ + R] (Heine’s theorem) : there therefore exists a constant § > 0 such that for all
u,v € [0, R' + R] satisfying |u — v| < §, we have |((u) — ((v)] <e.

Let f € A and let z,y € B(0, R) satisfy [v —y| < d. Let z; € ArgPt[f], (z,¢), we have :

Fly) = flx) < (Clly = 25]) = £(20)) + (= ¢z = 25]) = £(25)) + ) = C(ly — 25]) = C(lz — 25]) + .
>¢f(y) >—f(2)

Now, z; € ArgPt[f]. (v,€) C Arg[f], (R,€) C Arg[f], (R, 1) C Arg[A]. (R,1) C B(0, '), hence |z — zg|, |ly — 25| €
[0, R + R]. Furthermore, we have ||z — z&| — |y — 25|| < | — y| < 6, and thus

fly) = f(@) < Cly = 25]) = C(lz = 25]) +e < 2.
Similarly, we can show that f(z) — Sf(y) < 2e, i.e., |Cf(y) - Cf(m)} < 2¢, and this for all z,y € B(0,R) and all f € A.

Since this reasoning holds for all € > 0, the family A is indeed a set of uniformly equicontinuous functions on B(0, R)
and this for all R > 0 : it is therefore a set of equicontinuous functions on R%.

]

Lemme A.22. Let ( : Ry — Ry be a positive, continuous, and coercive function such that ((0) = 0. Then,
‘Fy(RY) C Fy(RY), and the operator f — Sf is non-expansive (i.e., 1-Lipschitz) on (Fy(R%), ]| - |s)-

Proof : Recall that F},(RY) C F.
Let f € Fy(R?) : for all z € R%, we have

—o0 < —sup |f| < °f = inf [((Jz —y]) = f(y)] < ((Jo —al) — f(z) <sup |f] < +oo,
Rd y€ER T Rd

ie., ¢f € Fy(R?), and this for all f € F,(RY) : we therefore have [}, (RY) C Fj(R?).
Let f,g € Fy(R?) and let € > 0 : for all x € R%, and all 2 € ArgPt [f]; (z,€), we have

‘lx) = f(x) < (¢ (lz = 25]) = g(25)) + (= (C(Jo = 25]) = £(25)) + ) = 9(=5) = F(25) + e < [If — gl +e.

>¢9(x) 2=<f(x)

Similarly, we have Sf(z) — Sg(z) < ||f — glloo + € for all x € R, hence

¢

19 = *flloc = sup |g(x) = “f(2)| < [If = gl + ¢,

z€ERY

and this for all € > 0, hence ||% — *f|loo < ||f — glloo- The operator f ~ ¢f is therefore non-expansive.
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Proposition A.23. Let ¢ : Ry — Ry be a positive, continuous, and coercive function such that {(0) = 0.
Let f,g € Fy(RY) (hence f € F¢) satisfy g(z) < f(y) + C(|z — y|) for all z,y € RY.
Then there exists a function h € Cy(R?) C Fe¢ such that :

1. h € Cyp(RY).

2. h is a fived point of the operator u — ‘“u.

8. g<h<—-h<f.

4. If moreover C is locally Lipschitz, then h and h are locally Lipschitz.

Proof : Let h = {—f). By Lemma A.11, we have g < S(—f) and, by Lemma A.14, we have {(—f) < —S4(—f) < f,
i.e., g <h< —% < f (which immediately concludes point 3. and that h,%h € F,(R?)).

Moreover, by Lemma A.13, we indeed have %h = $¢¢(—f) = ¢(—f) = h, and by Lemma A.19, h = ¢(—f) is continuous,
as is %h (i.e., h,h € Cp(R?)).

Finally, if moreover ( is locally Lipschitz, then by Lemma A.20, h and °h are locally Lipschitz.

Lemme A.24. Assume that the function ( : Ry — Ry is convex. We have the following results :
— If f is convex, then Sf is concave.
— If f is concave, then Sf is conves.

Proof : Suppose that f is convex, i.e., —f is concave. Since ¢f = (—f)0(, ¢f is concave by the second point of Lemma
A1,

Suppose that f is concave, i.e., —f is convex. Since f = (—f)(, Sf is also convex by the first point of Lemma A.1.

O

A.4 Characterization of transport plans

Définition A.25. Let ( : Ry — Ry be a positive, continuous, and coercive function such that (0) = 0. Let
f : RY — R be a continuous function in F;. For all x € RY, we define the set O f(x) by :

O f(x) = argmin [((|z — x) — f(2)].

z€R4

We further define the domain Dom (9. f) of Ocf as the set of x € R? such that O f(z) # 0.
We also define the set Dom (V¢ f) of points x € R? at which O¢ f(x) has a unique element, which we denote by V. f(x)
(i-e.; Ocf(x) = {Vf(x)}).
Définition A.26. For any subset X of R%, and any function f € F¢, we define the set O f(X) by
0 f(X) = [ 0cf ()

rzeX

Lemme A.27. Let ( : Ry — Ry be a positive, lower semicontinuous, and coercive function. If the function f :
R? — R is upper semicontinuous and bounded above, then Dom Ocf) = R?.

Proof : For the case of O f, let S(f) = supga f < +00. Let x € R? : for all z € R, we have —S(f) < ((|z — 2])—S(f) <
——

>0
C(Jz — z|) = f(2). Since ( is coercive, the same holds for the (lower semicontinuous) function z — ((Jz — z|) — f(z) : it
therefore admits at least one global minimum on RY, i.e., O f(z) # 0.

O

Lemme A.28. Let ¢ : Ry — R4 be a positive function.

Let f : RY — R be a continuous function in Fe¢, and ((-—-)-concave, i.e., a fized point of the mapping f — CCf = Y(5f).
Then, for all .,y € R, the following three statements are equivalent :

— y € 0¢f(x) (and thus x € Dom (0, f)).

— (@) = ¢l — ) — F)-

— z € 8:5f(y) (and thus y € Dom (9:5f)).

7



Proof : Let z,y € R%. By definition of d;f(x), y € Ocf(z) & *f(x) = ((|z — y|) — f(y). Similarly, by definition of
acff(y)7 and since f is a fixed point of f — “f, we have
x € 9 f(y) & fly) = “f(y) = C(ly — z]) = °f(x),
ie., ¢f(z) = C(lz —yl) — f(y) (e, y € I f(2)).
Remark : we consistently have : z € 9:f(z) & f(x) = “f(x) = ((|lz — z|) — °f(z) = =f ().
O
Lemme A.29. Let ( : Ry — R4 be a positive, continuous, and coercive function. Let A be a bounded subset of
(Co RN, [ - lloo)-
Then for all R > 0, there exists a constant R’ > R such that 0: A (B(O, R)) C B(0, R') (in the sense that O; f (B(O, R)) C

B(0,R") for any function f € A).

Proof : It suffices to apply Lemma A.18, noting that for all R > 0 and all 8 > 0, we have J:;A (B(QR)) -
Arg[A]. (R, ).

O

Lemme A.30. Let ¢ : Ry — Ry be a positive, continuous, and coercive function. Let f : RY — R be an upper
semicontinuous function such that Dom (O¢ f) # 0. Suppose there exists a sequence (xy) of elements of Dom (O f)
converging to an element x of R?, and a sequence (y,)n of elements of RY converging to a point y € R? such that, for
alln € N, we have y,, € O f(xy,).

Then Ocf(x) # 0 and y € O¢ f(z).

Proof : Direct application of Lemma A.2, knowing that — f is lower semicontinuous.
O

Lemme A.31. Let ¢ : R, — Ry be a positive, continuous, and coercive function. Let f : RY — R be an upper
semicontinuous function such that Int (Dom (¢ f)) N Dom (V¢ f) # 0, and let x € Int (Dom (9, f)) N Dom (V¢ f) and
r > 0 such that B(z,r) C Dom (0, f).

Then for all € > 0, there exists 6 €]0,7] such that V¢ f (B(z,0)) C B(V¢f(x),€).

Proof : Let f, x, and r be as described in the statement. Let us proceed by contradiction, and assume there exists a
threshold € > 0 such that for all § €]0, ], there exists 2’ € B(x, d) for which we have 9. f(2') N [RA\B (V¢ f(x),€)] # 0.

We then define two sequences (), and (y,), in R? satisfying, for all n € N :

T, € B(z,1/n) and y, € Ocf(z,) N [RAB (Vef(z),€)] -

By Lemma A.29, taking A = {f} and taking R > 0 large enough so that B(z,r) C B(0, R), there exists R’ > 0 such
that 0. f (B(x,7)) C Oc f (B(O,R)) C B(0, R’) : we thus have y, € B(0, R’) for all n € N.

Since the ball B(0, R’) is relatively compact in R?, there exists a subsequence (Yo(n))n Of (Yn)n converging to a point
y € R%. Moreover, since R1\B (V¢ f(z),€) is a closed subset of R?, we have y € R\B (V¢ f(z),€), hence y # V. f(z).
However, since x,,,y — x, we have y € J¢ f(x) = {V¢f(x)} by Lemma A.30. Hence y = V¢ f(x), which contradicts

n—+oo
the conclusion of the previous paragraph.

O

Lemme A.32. Let ¢ : Ry — Ry be a positive, continuous, and coercive function. Let U be an open subset of R?,
and let u be a finite Borel measure on R? such that Supp(p) C U.

Let f : RY — R be an upper semicontinuous function such that U C Dom (9¢ f) and such that pn (U\Dom (V¢ f)) = 0,
i.e., such that for p-almost every x € U, we have x € Dom (V. f).

Then V¢ f (Supp(p)) = Supp (Ve f#u) .

a. See the footnote of Lemma A.5 : we could/should therefore write V¢ f (AN Dom (V¢ f)) rather than V¢ f(A).
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Proof : By Lemma A.5, we have

Supp (V¢ f#1) C Ve f (Supp(u)).
Conversely, we show that V. f (Supp(r)) C Supp (V¢ f#p). Let & € Supp(n) N Dom (V¢ f). Let € > 0 : by Lemma
A.31, there exists a bound ¢ > 0, which we take small enough so that B(x,d) C U ?, such that
O f (B(x,6)) C B(V¢f(x)e).

Since z € Supp(p), we have p (B(z,d)) > 0 (see Lemma B.20). Knowing that B(z, §)NDom (V¢ f) C Ve f~H (Ve f (B(z,9))),
we obtain the following inequalities :

0 < p(B(x,0)) = pu(B(x,8) N Dom (V¢ f)) < [V f7H (Ve f (B(w,0)] = (Vef#u) (Ve f (B(x,0)))
< (Ve f#m) (0cf (B(x,9)))
< (Vef#m) (B(Vcf(x),€))

ie., (Vef#up) (B(Vef(x),€)) > 0, and this for all € > 0 : by Lemma B.20, we therefore have V¢ f(z) € Supp(V¢ f#u),
and this for all x € Supp(p) N Dom (V¢ f).

We thus have V¢ f (Supp(p) N Dom (Ve f)) C Supp (Vef#u)P, and thus, since the set Supp (V¢ f#pu) is closed by

=V f(Supp(u))

definition,

Ve f (Supp(p)) C Supp (Ve f#u) -
0

Lemme A.33. Let ¢ : R — Ry be a positive, continuous, and coercive function such that ((0) = 0. If f : R* — R
is a continuous function bounded above, then Dom (9. f) = R.

Proof : Let f : R — R be a continuous function bounded below (hence f € F; by Lemma A.16). Let x € R%. For

all y € RY, we have ((|z —y|) — f(y) > —sup|f| + ¢(|z — y|) : the function y — f(y) + ((|z — y|) is therefore coercive.
>_

Being also continuous, it thus admits at least one global minimum on R.

O

Lemme A.34. Let ¢ : Ry — Ry be a positive, C*, and coercive function such that (0) = 0. Let f : R* — R be a
continuous function such that f € F¢ (hence Cf is also continuous by Lemma A.19).

Suppose there exists x € R such that Oc f is non-empty in a neighborhood of x, and such that x ¢ O f(x). Then :

— For all h € R, Sf admits a directional derivative at x in the direction h, denoted Dy (°f)(z).

— Let (tn)n be a strictly positive real sequence converging to 0, and let (y,), be a sequence of elements of R® such
that yn, € Oc f(x +t,h) for alln € N. Then the sequence (Yn)n is bounded and, for any cluster point G of (Yn)n,
we have § € O; f(x) and

_ C(z—17)

Dy (“f)(z) = W@ =7, h) = (V. [C(|- DI(z =), h).

. . C/(|$ - y\) _ . —
— Finally, have Dy, (°f = —(r—7y,h) = Vi : —7),h).
inally, we have Dp(°f)(x) @E%?}l(m) | 7 (x — 7, h) ﬂe%lcl;l(n:)< (|- D]z —7),h)

Proof : Let r > 0 be such that B(z,r) C Dom (9. f), i.e., O¢ f(x) # 0 for all z € B(z,r).
— Let h € R% and let i € O f(z) (hence § # z) : by Lemma A.6, for all ¢ €]0,7/(2|h])], we have

o th) < G+ th=71) = @) = (e =) = 1@) +15 =T la g+ ol
=¢f(x)
o, (““‘t) A C'fj_‘yﬁm (x—7.h) + @ for all ¢ €]0, r/(2|A|)[, and thus
f(x —f(x "(lt—7
hﬁﬁﬂ"( £ +tht) f( )) - C(Ly@(l)@_y,h% (A.3)

and this for all h € R? and all § € 9, f(x).

a. And then so that B(z,§) C Dom (8 f).
b. cf. the footnote of the lemma statement.
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— Let (t,)n be a strictly positive real sequence converging to 0 such that ¢,, €]0,r/(2|h|)[ for alln € N, and let (y,,)n
be a sequence of elements of R? such that v, € ¢ f(z + t,h) for all n € N. By Lemma A.18 (taking A = {f}),
there exists R > 0 such that Arg[f]. (|z[ +r,1) C B(0, R), hence df(z + t,h) C ArgPt[f]. (z +tnh,1) C
Arg[f]. (Jz| +r,1) C B(0, R) for all n € N. The sequence (yy)n is therefore bounded in RY : its closure is thus
non-empty.

Let 7y be a cluster point of the sequence (y,)n, and let (yg(n))n be a subsequence of (y,), converging to 7.
By Lemma A.2, since f and { o] - | are continuous, we have 7, € 0. f(z). In particular, 7, # « : we can thus
choose the subsequence (y4(n))n such that all its terms are sufficiently close to 7, so that, for all n € N, we
have y4(,,) # . For all n € N, by convexity of the function ¢ o |- |, we have

Iz + tomyh = Yoml) = €Uz = Yo |) + Loy (ValC(l - DIz = yom))s )

hence
fla+ tomyh) = 1z + tomyh = Yom)) = fYoem)
> ¢l = ypml) = FWem) + towm) (Ve S D@ = Yom), h)
f(x)
> Sf () + toem) (ValC( DI = o), h)
and thus
fz +tsmh) = f(2) ¢z = ypm|)
> (Ve[| D@ = Ysm), h) = 7 —————— (& = Yo(n), h)-
o (Ve LD = wom) 1) = == 2 )
By taking the limit inferior (and since the function ¢’ o | - | is continuous because ¢ is C!), we obtain the
inequality :
< tomh) — ¢ "z -7
n—+00 t(b(n) |33 - yo‘

However, by inequality (A.3) (valid for any § € O; f(z)), we also have

(Cf(x +tomyh) — Cf(fv)) < Sz = 5ol)

to(n) |z — 7y

lim sup (x — T, h),

n—-+o0o

and consequently

Flot tomh) = F@) | Cr—7,)

—— (=T, h). (A.5)
to(n) oo |z — Tl 0
Moreover, still by inequality A.3, we have
"y — 77 ¢ _< "N —7
(| 7y0‘) (x — Yo, h) = lim f(z +th) - “f(z) < (o 7y|) (x — 7, h) (A.6)
|z = 7o 10" t |z — 7]
_ oz —wl), (- yl)
forally € Ocf(x), i.e., ——>(x —Yy,h) = min ——"(x —y, h).
Yy Cf( ) ‘I*y0| < Yo > yede f(x) ‘$*y| < Yy >

— Keep the same point 7, as in the previous step (defined under the same hypotheses : cluster point of the same
sequence (Y, )n), and show that the directional derivative in the direction h of f at z is well defined, i.e.,

f(x + tymyh) — f(x) _><’(|x*§ol)<
to(n) t=0+ [z — Tl

€ _y07h>'

Suppose this is not the case : there would then exist ¢ > 0 and a real sequence (), converging to 07 and
satisfying ¢/, €]0,7/(2|h|)[ for all n € N, and such that

fla+tph) —f(@)  ((lz 7))
t, |z — 7l
for all n € N, and let (y/,),, be a sequence of elements of R? such that y/, € O f(z +t,,h) for all n € N. Reasoning

as in the previous point via Lemma A.18, we deduce that the sequence (3/,),, is bounded in R? and thus admits
a cluster point 7;. We thus have, for a subsequence (y;’(n))n of (y,)n converging to 7y :

(r—=7,h)| >€>0, (A7)

St tyh) @) -]

— <{E - @ 7h>
tfp(n) n—+o0 ‘1‘ - y1| !
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and

Cllr =T, o (St th) @) =),
PR ( ! )S y
C’(|x—?1|)<

— r—y,h) <
=7, vl

for all g € O¢ f(z). In particular, we have

¢'(lz = %ol)
|z — Tol
St tomh) — @) ¢z —7)

t:a(n) n—-—4o00 ‘x 7y1|

<l‘ _y07h> <

Moreover, inequality (A.6) shows that we also have

<I _ylvh> = M<$ _?07h>a

which contradicts inequality (A.7).

St toonh) = @) e =Tol),
ton) =0t |z =T
thus well defined at z for any direction h € R%. It also satisfies the properties stated in the lemma.

We thus indeed have T — 7o, h), and the directional derivative of ¢f is

O

Yl

Remarque A.35. The property Dy(°f)(x) = min M(x —7g,h) = min (V.[C( - ])](x —7),h) can be
yedcf(x) |z =7 €0, f ()

seen as a variant of the mazimum formula (Theorem 17.18 of [2], 2nd edition, p. 296) : ¢'(x;h) = max(dg(x),h).

This supports the comparison of O¢ f with the classical subdifferential and justifies this notation.

Lemme A.36. Let ( : Ry — Ry be a positive, C* class, and coercive function such that ((0) = 0. Let f : R* — R
be an upper semicontinuous function such that f € F¢.

Suppose there exists v € R such that Oc f is non-empty in a neighborhood of x, and such that x ¢ O f(x). Then

Du(°f)(x) < — sup  Du(“f)(y).

Y€ f ()
Proof : By Lemma A.34, for all y € d¢ f(z), we have
S 1)) ¢(lz—yl) ¢(ly — =)
D, (5f)(z) = min = (r—2z2,h) < >—""(r—y h)=—""—"(y—x,h).
6 e) = min Sz < STy = Sy )
By Lemma A.28, we have z € 9:f(y) for all y € O¢ f(z), and thus by Lemma A.34 :
¢(ly —=|) oy —=2])
22 V(y—a,h) > min 22—y — 2z h) =Dy(% ,
ly — = W )= z€dcfy) |y — 2 w ) =Da(HE)
hence Dy, (5f)(x) < —Dp(%f)(y), and this holds for all y € O, f(z). Thus,
Dp(“f)(x) < inf  [-Dp(“f)(y)] == sup Du(“f)(y)-

T y€o f(=) Y€ f ()
([

Lemme A.37. Let ¢ : Ry — Ry be a positive, C* class, and coercive function such that ((0) = 0. Let f : R — R
be an upper semicontinuous function such that f € Fe.

Suppose there exists x € R? such that O f is non-empty in a neighborhood of x, and such that x ¢ O f(x). Then, for
all h € R4, the directional derivative Dy, (Sf) is well-defined and lower semicontinuous in a neighborhood of x (and is
expressed as in Lemma A.34). Moreover, there exists r, > 0 such that y ¢ O f(y) for all y € B(z,74).

Proof : Let h € R%. By the statement and Corollary A.4, there exists r, > 0 such that B(z,r,) C Dom (0 f) and
such that y ¢ 9. f(y) for all y € B(z,75,). Thus, by Lemma A.34, D, (f)(y) is well-defined for all y € B(x,r;,) and

D (Sf) () = Cly=2D _, py.

z€0¢ f(y) |y — Z|
Let y € B(x, ) and let (y,) be a sequence of elements of B(x, ) converging to y. Let (2y,), be a sequence of elements
of R? such that 2, € O¢f(y,) (and thus z, # y, since y, ¢ 9 f(yn)) and

¢(lyn = 2nl)
Dn Cf Yn) = Yn — Zn, h
(o) = S )
for all n € N. By Lemma A.18, there exists R, > 0 such that Arg[f]. (|z| + ra,1) C B(0, Ry), hence 9 f(yn) C

ArgPt[f]; (yn, 1) C Arg[f], (|z| + rn,1) C B(0, Rp,) for all n € N. The sequence (2;,), is therefore bounded in RY.
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Let us show that liminf, o Dn(f)(yn) > Dn(Sf)(y). For this, let us reason by contradiction, and suppose that
liminf,, s 4 oo Di(Sf)(yn) < Dn(Sf)(y), and in this case take 0 < € < Dp,(f)(y) — liminf,, o Du(5f) (yn)-

There would then exist a subsequence (y4(n))n extracted from (y,), satisfying

nf Du (%) (Un) < Du(4) ) < lim inf Do () (y) + € < Da()(v)

for all n € N. Since the sequence (2,), is bounded, we can assume, by extracting another subsequence from (24(n))n
(and thus from (y4(n))n), that the sequence (z4(n)), converges to a point z € R9, more precisely satisfying z € d¢ f(y)
by Lemma A.30. We therefore have

C(1Ygn) — 2(m)1)
Yo (n) — Z(n)]

=Dy (Cf)(yqb(n)

Wotm) — ot B) < liminf Dy () (9) + € < Da(F) ()

for all n € N, and the sequence (yg(n) — 2¢(n))n thus converges to y — z # 0 (since y ¢ 9 f(y)). Thus, by taking the
limit as n — 400, we obtain (due to the continuity of (')

Dty ) <t inf D) o) + € < D)
>Dn(¢f)(y)
hence, since W@ —2,h) > Din(*H)(y),

Di($)(y) < liminf Dy (f)(yn) + € < D) (1),

which is clearly absurd. We therefore indeed have liminf, 1 Dx(°f)(yn) > Dpn(f)(y) and this holds for all y €
B(x,73,) and for every sequence (¥, ), of elements of B(z,r,) converging to y. The function y ~ Dy (5f)(y) is therefore
lower semicontinuous on B(z, 7).

O
Lemme A.38. Let ( : Ry — Ry be a positive, C* class, and coercive function such that ((0) = 0. Let f : R* — R
be an upper semicontinuous function such that f € F¢.

Suppose there exists x € R? such that O¢ f is non-empty in a neighborhood of x, and such that x ¢ O f(z). Then, for all
h € R%, Dy, (°f) is well-defined in a neighborhood of x, and the function t v Dy, (Sf)(x + th), defined in a neighborhood
of 0 fort >0, is continuous at t = 0.

Proof : By the statement and Corollary A.4, there exists ry > 0 such that B(xz,r,) C Dom (J¢f) and such that
y ¢ Oc f(y) for all y € B(x,ry,). Thus, by Lemma A.34, D (Sf)(y) is well-defined for all y € B(x,7,) and Dy (Sf)(y) =

/ j—
min M(y —z,h).
z€0¢ f(y) |y — Z|

Let us show that Dy, (Sf)(x + th) — Dy (Sf)(x). For this, let us reason by contradiction and suppose there exists a
t—0
real € > 0 and a strictly positive real sequence (t,), converging to 0 such that ¢, €]0,7,/(2|h|)[ and

D)) — Dh(EF) (@ + tah)| = € > 0 (A8)
for all n € N. Let (z,,), be a sequence of elements of R? such that z, € 9 f(x + t,h) and
C(Jz 4+ thh — 2n))
|z 4+ thh — 2|

for all n € N (recall that we have x +t,h ¢ O¢ f(x +t,h), and thus 2z, # x+t,h). By Lemma A.34, the sequence (zy,)n
is bounded in R? : its closure is therefore non-empty and thus, by extracting a subsequence, we can assume that (zn)n
converges in R? to a point Z satisfying

Dy, (Sf)(x + tp,h) =

(x +tph — zpn, h)

D) (@) = EZZD 2

|z —Z|

by the second point of Lemma A.34. Recalling that we have z ¢ 0. f(z), and thus Z # z, we then have (due to the
continuity of the function (') :

¢'(lz+toh — Z”|)<x—|—tnh Y M@; —Z,h) = Dy(%f) (),

Dy (¢ =
h(f)($+tnh) |x—|—tnh—zn| A ‘.’E—E‘

thus contradicting our hypothesis (A.8).
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Lemme A.39. Let ¢ : Ry — Ry be a positive, C* class, and coercive function such that ((0) = 0. Let f : R — R
be an upper semicontinuous function such that f € Fe.

Suppose there exists v € RY such that O¢ f is non-empty in a neighborhood of x, and such that x ¢ O f(z). Then :
— For all h € R% and for all A > 0, we have Dy, (Sf)(x) = ADy(Sf)(z).
— For all hy,he € R%, we have Dy, y1,(Sf)(2) > D, (f)(x) + Dy, (5f) (z).

Proof : Let h € R? and let A > 0. By Lemma A.34, for all z € 9, f(z), we have

¢(Jz — =) Gz —2])
W@f —z,\h) = )\W@: — 2, h) > ADy (%) (z),
>ADp (¢f) ()
hence Dy, (°f)(z) = min M(zfz,m > )\Dh(cf)(:v). Similarly, we show that D(l/,\)h(cf)(x) > (1/XN)Dp(°f) (),

z€0¢ f(x) |.’II — Z|
hence Dy, (Sf)(z) = ADy(Sf) ().

Now let hy, hy € R%. Again by Lemma A.34, for all z € O, f(z), we have

/ B / _ ! _
lo=al) gy = Sl s e
|z — 2| |z — 2| |z — z|

>Dpy (f) (@) >Dhp, (Sf) ()

Hence Dy, 44, (%f)(2) = min ==z

_ ¢ ¢
i S (@ =z ha) 2 Dy (49)(@) + Dy (D) (@)

O

Lemme A.40. Let ¢ : Ry — Ry be a positive, C* class, and coercive function such that ((0) = 0. Let f : R — R
be an upper semicontinuous function such that f € F¢.

Suppose there exists © € R such that Oc f is non-empty in a neighborhood of x, and such that x ¢ O f(x).

/ J—
If Sf is Gateaus-differentiable at , then V,5f (z) = w(x —y) for ally € O¢ f(x).

Proof : If ¢f is Gateaux-differentiable at x, then for all h € R?, we have Dj,(°f)(z) = (V,°f(z),h). Moreover, by

/ —
Lemma A.34, we also have D, (°f)(z) = min M(m —z,h).
z€dc f(x) |z — 2|

For all h € R%, we have

o=z, o Cle=c,

ZEIgga})ér) |x — 2| (z—2h) = z€0:f(x) |z — 2| (=2 =h)
= _D—h(cf)(x) = <vw<f(x)7 _h> = <VICf(.Z‘), h>
= min M(w—z,h).

z€0¢ f(x) |JJ — Z|

Thus, for all y € ¢ f(x), we have

Cle=al), o e, e, o
‘.’L‘—y| <l‘ y7h> 2€0cf(x) ‘.’E—Z| <$ Zah’> ze@f}(z) |£L’—Z| <l‘ Z7h> <vx f(x)7h>
for all h € RY, ie., V,Sf(x) = M(x —9).

|z -yl
0

Remarque A.41. We could in fact have proven Lemma A.40 directly and more simply, without referring to the
results obtained on directional derivatives. Indeed, by Lemma A.28, for all x € R? such that Ocf is non-empty in a
neighborhood of x with x ¢ 9 f(x), and for ally € O f(x) (hence y # x), we have x € O:5f (y), i.e., T is a mazimum of
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the function z — ((|ly — z|) — Sf(2) : since this function is Gateaua-differentiable at x, the latter is therefore a critical
point, i.e.,

ValC(| - D@ —y) = VaSf(2) =

C/(|SU 7y‘)(l‘ 7y)

e, Vo) = Vald(l Dl —9) = 51

Lemme A.42. Let ( : Ry — Ry be a positive, C* class, strictly convex function such that ((0) = 0 (and thus
strictly increasing and coercive®). Let f : R? — R be an upper semicontinuous function such that f € Fe.

Suppose there exists x € RY such that O¢ f is non-empty in a neighborhood of x, and such that x ¢ O f(z).

If °f is Gateauz-differentiable at x, then x € Dom (V¢ f)P, i.e., O f(x) is reduced to a single element and

Voof(@) = ValC(l- Dl (@ = Ve f(2) = : I(:lx—_Vch’];SI)D

In other words, considering the inverse function (¢')~" : [¢'(0), (' (+00)[— Ry of the function (¢')I1€"(0):¢ (o)l e
have V,°f(x) # 0 and

(z =V f(z)).

(V.S (@)])

C xT).
@ )

Veflz) =2

Clle =)

Proof : For the case of Cf :if Cf is Gateaux-differentiable at , then by Lemma A.40, we have V,ff(x) = = — |

y) for all y € ¢ f(x).

The function ¢ being C!, strictly convex, and increasing on R, its derivative ¢’ is continuous, strictly positive (except
possibly at 0), and strictly increasing on Ry (hence injective).

¢'(|lz — 1)
|z — y1]

=) = [ o )| <9551 = [0 ”‘yﬂNx—m>=<ﬂx—mn>o

(x—y1) = ngf(x) = M(m — y2), hence

Let y1,y2 € Oc f(z) : we thus have F—
x—

=y
J— / J—
Since ¢’ is injective, we thus have |z — y;| = | — y2| > 0, hence ¢ |(|x ?/Z|l|) = < |(|3(; yTD and thus z — y; = = — yo,
r—Uh T —Y2
Le., y1 = yo.
The set Bcf( ) is therefore reduced to a single element, denoted V¢ f (), and we thus have |V, f ()| = ¢ (|z — V¢ f(2)]) >
0, hence (¢')~* (|V.Sf(2)|) = |z — Ve f(2)].
o= Vef@) o« (DAL @D o ey

Thus, we have x — V¢ f V.o f(x)) = V.o f(x), ie

SO = Tl =ves@p V) = TR “

-1 VICf T
Ver(@) = o - D WD G gy,

IVaif ()|
]

Remarque A.43. Note that if  is not strictly convez, nothing prevents O f(x) from not being reduced to a single
element when Sf is Gateauz-differentiable at x under the conditions of Lemma A.J0.

For example, if ( = 1, we have V,5f(x) = (x —y) for all y € Ocf(x) (which, for a fived gradient V,f(x),

1
|z —y|
potentially leaves infinitely many possibilities for y).
Lemme A.44. Let ( : Ry — Ry be a positive, C* class, strictly convex function such that ((0) = 0 (and thus
strictly increasing and coercive). Let f : RY — R be an upper semicontinuous function such that f € Fe.

Suppose there exists x € RY such that O¢ f is non-empty in a neighborhood of z, and such that x € O f(z).

If¢f is Gateauz-differentiable at x, then x € Dom (V¢ f), i.e., O f(x) is reduced to a single element, and thus V¢ f(z) =
z.

Proof : Suppose x € R? satisfies the assumptions of the statement. Let 7 > 0 such that B(x,r) C Dom (0, f), i.e
Ocf(x) # 0 for all x € B(x,r).

a. Indeed, if ¢’(0) had been strictly negative, ¢ would have been locally strictly decreasing in a neighborhood of 0, and thus ¢ would
have been strictly negative in a neighborhood of 0, which contradicts its positivity. Thus, ¢’(0) > 0 and therefore ¢’(t) > 0 for all ¢ > 0 due
to the strict increase of ’. Moreover, the coercivity of ¢ is ensured by the fact that for all tg > 0, and all t > to, we have ¢’(t) > ¢’(to) > 0.

b. See Definition A.25 for the notations Dom (V¢ f) and V¢ f(z).
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— Since z € 9, f(x), for all t €]0,7/(2|h|)[, we have Sf(z) = ((|z — z|) — f(x) = —f(x), and thus
——

=0
flotth) < ((ztth—al) = f@) = () + (@),
=—¢f(2)
=0
~~
ie. o+ th) - of (@) < C(th) = <(0) for all ¢ €]0,r/(2|h|)[, and thus
) t —_ t ) )
CFl . _
(7.7(a).B) = Da(()(@) = lim < Jlo i) =0 )> < Jim UDZEO vy

Similarly, we show that

CFla— th) — Sz b —
~(9.5F@).h) = D_y(f)(x) = lim, ( fle =) =01 )> < Jim UZIDZCO gy
hence [(V,Sf(x),h)| < ¢'(0)|h|, and this holds for all h € R Thus, we have
V(@) < ¢ (A.9)

— Suppose there exists y € ¢ f(x) such that y # z. Let h € R? : by Lemma A.6, for all t €]0,r/(2|h|)[, we have

o+ th) < Glla-+ th = o)~ £(0) = Gllo = ol) = £0) ++ o~ ) 4 oft)
—<f()
ie., RACKS t}? () < CI|(xx—yZ|J|> (x —y,h) + @ for all ¢ €]0,r/(2|h])[, and thus
CFlx _Cf (g e —
(9.55(00.1) = D61 o) = i (L) < ety

Similarly, we show that

~(VoSf (@), h) = Dy (f)(@) = lim (W — Cf(m)) <Lty

t—0+ t |z — vyl

¢ _ =9, : . d CPly) —

hence (V,°f(x),h) = | | (x — y,h), and this holds for all h € R®. Therefore, we have V,%f(x) =
r—y
¢(lz—yl) PR o .
P (x — y), and thus, since ¢’ is positive and strictly increasing on R,
((lz—y
V.7 (@)| = |(s|c—y|)<x—y) = ¢'(Jz =) > ¢'(0),

which contradicts inequality (A.9). Thus, O f(z) is reduced to the single point z, i.e., z € Dom (V. f) with

Veflz) ==
(]

Proposition A.45. Let ¢ : Ry — Ry be a positive, C* class, strictly convex function such that ((0) =0 (and thus

strictly increasing and coercive). We also consider the inverse function (¢')~! : [¢'(0), (' (+00)[— Ry of the function
(¢HIE(0).¢" (Foo)]

Let f : R* — R be an upper semicontinuous and bounded function.

Then Dom (O¢ f) = Re and the function Sf is Fréchet-differentiable at L%-almost every point x € RL. At each point x
where Sf is Fréchet-differentiable, we have x € Dom (V¢ f), with :

Vef(z) =, if °f () = —f(2),

\—1 ¢ T
Vere) = IO G cry it ¢40) £ - p(a)
20

Va2 ()]

Proof : First, note that we indeed have Dom (9, f) = R? by Lemma A.27. Moreover, by Lemma A.20, the function
Cf is locally Lipschitz on R? : indeed, since the function ¢ is convex and continuous?, it is therefore locally Lipschitz
on Ry, and thus satisfies the conditions of Lemma A.20 with f. Thus, by Theorem 2.19 (Rademacher’s theorem), the

a. Useful precision only at ¢t = 0.
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function ¢f is £%Fréchet-differentiable almost everywhere on R?.

It suffices to apply, at each point z where f is Fréchet-differentiable, Lemma A.44 if x € 9, f(x), or Lemma A.42 if
x ¢ O f(x).
Moreover, note that « € 9¢ f(z) & Sf(z) = ((|lz — z]) — f(x) = — f(x).

—_———

=0

B Appendix of Section 3

This appendix presents the definitions and results used in Section 3.

B.1 Definitions and results for the proof of Proposition 3.2

Let us begin by recalling two definitions :

Définition B.1. Let (X1,7T1) and (X2,7T2) be two measurable spaces®, and let f : X1 — X2 be a function.
A function f : X1 — Xo is said to be measurable from (X1,7T1) to (X2, T2) if for every Y € Ta, we have f~1(Y) € T;.

By abuse of notation and language, we will often say that the function f : (X1,T1) — (X2, T2) is measurable (even
though the function f is indeed a function from X to Xo and not from (X1,T1) to (X2, 72)).

Définition B.2. Let (X,7T) be a measurable space. By abuse of language, we say that a function f : X — R
is "measurable” on (X, T) (without further specification) if for every open set U of R (endowed with its canonical
topology), we have f~2(U) € T.

In other words, f is said to be "measurable” if the function f : (X, T) — (R,B(R)) is measurable in the sense of
Definition B.1 (where B(R) denotes the Borel o-algebra derived from the canonical topology of R).

Remarque B.3. We wanted to recall this definition to highlight the fact that any measurable function, even if it is not
Borel (i.e., even if T is not the Borel o-algebra derived from a topology associated with X ), still retains a "Borel-like"
aspect related to its codomain.

For example, we say that a function f : R? — R is Lebesque-measurable, i.e., measurable on (Rd,TE(Rd)),
where TL(RY) denotes the Lebesque o-algebra on R (endowed with its canonical topology), if the function f :
(RY, TL(R?)) — (R, B(R)) is measurable. On the other hand, a measurable function from (R, TL(R?)) to (R, TL(R))
(where T L(R) denotes the Lebesque o-algebra on R) in the sense of Definition B.1 is not said to be measurable in the
sense of Definition B.26.

However, according to Definition B.2, if we consider two o-algebras T and T’ on a set X such that T C T', then any
function measurable on (X, T) is also measurable on (X, T') (the converse is of course not true).

In particular, every Borel function is Lebesgue-measurable.
We also recall the statement of the Riesz representation theorem (a proof of which can be found in [31]) :

Théoréme B.4 (Riesz Representation Theorem [31]). Let (X, d) be a locally compact metric space. Let L be a positive
linear form on C.(X), i.e., such that L(f) > 0 for every function f € CH(X).

Then there ezists a unique positive Radon measure p representing L in the following sense :
vf e CuX), L) = [ fan
b'e

B.1.1 Push-forward of measure, equivalence classes almost everywhere, integrability, and change of
variable

Lemme B.5. Let (X, 7(X),n) and (Y, T(Y),v) be two non-empty measurable spaces (T(X) and T(Y) being the
o-algebras respectively associated with the measures p and v), and let Z be a non-empty set. Let f : (X, T(X)) —
(Y, T(Y)) be a measurable function® such that for every set E € T(Y) satisfying v(E) = 0, we have u(f~*(E)) = 0.

Let g1,90 : Y — Z be two functions such that for v-almost every y € Y, we have g1(y) = g2(y) : this implies that
the set By, g, ={y €Y, g1(y) # g2(y)} is an element of the o-algebra T(Y) and that v (Bg,4,) = 0.

Then we have (g1 0 f)(x) = (g2 © f)(x) for p-almost every x € X.

a. Le., X1 and X9 are two sets equipped with the o-algebras 7; and 73, respectively.
b. In the sense of Definition B.1.
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Proof : We have v (By,+4,) = 0 and f~'(Bg,24,) € T(X), hence p(f~' (Bg,24,)) = 0. Now, for every z €
X\f_l (3917592)’ we have f(z) € Y\Bg, g, hence 91(f (@) = g2(f (2)).

Therefore, we indeed have (g1 o f)(x) = (g2 o f)(x) for p-almost every z € X.

(]
Définition B.6. Let (X, 7 (X),u) and (Y, T(Y),v) be two measurable spaces (T(X) and T(Y) being the o-algebras
respectively associated with the measures p and v). Let T : (X, T(X)) — (Y, T(Y)) be a measurable operator.

We say that T "pushes the measure p to the measure v", denoted TH#u = v, if and only if v(A) = u( “1(A )) for
every A € T(Y).
In many proofs of this document, we have used the equivalence between the "push-forward" relation T#p = v and

the variational relation / fy)dv(y / f(r (z) for every function f € C.(Y'). This equivalence is however

not valid on every measurable space Y. In the context of this study, we need this equivalence to hold on R? and on
(Ld’M , doo). This is why we show in the following proposition this property in the case where (Y, d) is a proper metric
space, which thus includes the case of R* and (Ld’M , doo) (according to Lemma B.13 to follow in this same appendix).

Proposition B.7. Let (X, T (X)) be a non-empty measurable set® and (Y,d) be a non-empty proper metric space®
Let T : (X, T(X)) — (Y,B4(Y)) be a measurable operator

Let p be a (positive) measure on (X, T (X)) and let v be a Radon measure® on By(Y). Then the following three
statements are equivalent :

1. THu=v.
/ fly)dv(y / f(r (z), Vf € FH(Y), where F¥(Y) represents the set of Borel functions defined on

Y with values in Ry F.

3. / fy)dv(y) = / f(T(z))du(z), Yf € £1(Y), where £1(Y) represents the set of integrable Borel functions

defined on'Y with values in R8.

4/f ) du(y /f u(w), ¥f € CHY).

/f a(y /f (2), ¥f € C(Y)"

Remarque B.8. Note that for the equivalence between the first two points of Proposition B.7, it is only necessary that
X and Y be endowed with o-algebras T(X) and T(Y), that T be measurable from (X, T (X)) to (Y, T(Y)), and that
w and v be measures on respectively (X, T (X)) and (Y, T(Y)). In this case, the equivalence is more precisely stated as
follows :

1. THu=v.

2. [y fly)dv(y) = [ f(T(x))du(x) for every measurable function on (Y, T(Y')) with values in Ry (endowed with
its canonical topology, and the associated Borel o-algebra).

The proof is immediate by the very construction of the Lebesgue integral, as summarized at the beginning of the proof
of Proposition B.7.

Before proving Proposition B.7, we will show two lemmas that we will use in the proof.

Lemme B.9. Let (X,d) be a proper metric space' and let V be an open subset of X. There exists a sequence (K, )nen
of compact subsets of X such that for everyn € N, K,, C K,4+1, and

V= UKn.

neN

a. T(X) denotes a o-algebra on X.

b. That is, in which closed bounded sets are compact. Such a space is in particular separated ¢ (as a metric space), locally compact, and
o-compact.

d. Where B4(Y') denotes the Borel o-algebra on Y defined by the topology derived from the distance d.

e. That is, inner regular and locally finite.

f. Endowed with its canonical topology.

g. Same as above.

h. Recall that C.(Y) denotes the set of continuous functions with compact support on Y with values in R, and ct (Y') the positive
functions of C(Y).

i. Every bounded subset is relatively compact (every proper metric space is in particular locally compact)
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Proof : Suppose first that the set V is bounded. Its closure V is therefore a compact subset of X. For every n € N,
1 —
we have V C U B ( ?> and thus there exists k, € N and zj, ..,x}} € V such that
n n

z€V
— 1 1
Bl - Blar. — ). B.1
ve Us(aty)e Ualoty) ®

i=0..kp, i=0..kp,

For every n € N, we set

. —1 —1
An—{ZE[[07kn]]aB<xi +1)CV} and K”_UB( +1)CV

€A,

(K, being compact since A,, is finite). Let us show that V' is the union of the K. First, it is clear that

U K, CcV.

neN
Let z € V and r > 0 be such that B(z,r) C V, and let n € N be such that 1/(n+ 1) < r/2. By (B.1), there exists =}
such that z € B (2?,1/(n + 1)). Thus for every y € B (z?,1/(n+ 1)), we have

1 1

x—y| < |z —a} xp—y < ——
o=yl < o=l + |o? 9l € — 5+ —~

Ty

hence

— 1
B( nai) B ) ‘/7
x; il C B(z,r) C

sot € A, and B (z},1/(n+1)) C K,,. It follows that « € K,,, and we can thus conclude that more generally

VC U K,.
neN

Finally, if we no longer assume that V is bounded, we can always reduce to the fact that V can be written as a
countable union of bounded open sets (for example, the union of the B(0,n) NV ). Therefore, as a countable union
of countable unions of compacts, V is the union of a countable family (K, ),en of compacts of R?.

Finally, by setting for every n € N,

K, =] K;,
we can consider that this family is increasing with respect to inclusion.
d

Lemme B.10. Let (X,d) be a proper metric space and let K be a compact subset of RY. There exists a sequence
(Vi)nen of open sets in X such that for alln € N, V.11 C V,, and

K= ﬂvn.

neN

Moreover, there exists a bounded open set V' in X (and thus with compact closure, since (X, d) is proper) such that

forallnmeN, V, CcV'.

1
Proof : For all n € N, we have K C U B <ac, ﬁ) and thus there exists k, € N and z{, .., € K such that
n n
z€EV
K C ( xy, ) B.2
; Uk n+1 (B-2)
We set, for all n € N,
1
Vi = B (a:Z )
i=0..k n+l

It is clear that

a. Every proper metric space is o-finite.
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K c (V-
neN

1
Let z € m Vi. For all n € N, there exists i,, € [0, k,] such that = € B ( — 1)
neN

The sequence (2} )nen (of elements of K) thus converges to x, and therefore x € K. Hence,

ﬂ V, C K.
neN

n
Finally, by setting for all n € N V! = ﬂ Vj, we can consider that the family (V;,)nen is decreasing with respect to

inclusion.

Moreover, note that for all n € N, V,, C V' = U B(z,1) (bounded).
zeK

Proof of Proposition B.7 : By noting that for every Borel set A CY, we have 14 0T = 1714 and thus

o) =1 (T7A) = [ Lo @) = [ 1a(T(a) dite),
it is clear that 1. = 2. by definition and construction of the Lebesgue integral, and conversely that 2. = 1. by
considering only the Borel functions 1 4 for every Borel set A C Y.
Similarly, the implications 2. = 4. and 5. = 4. are immediate since CF(Y) C FH(Y)NC.(Y).

Moreover, for every function f € £*(Y), we have f~ = —min{f,0} € F*(Y)N(Y) and f* = max{f,0} € Ne1(Y).
If point 2. is satisfied, we thus have (for every function f € /1(Y)),

/Xf‘<T< / F~(y)dv(y) < +oo and / FHT (@) du(e) = /Y FH () dvly) < +o0,

hence f~oT € f1(X)® and fT oT € /(X), and thus

it = [ - [ 1w = [ @@ e - [ @@ = [ 5ea) e,

In other words, we have 2. = 3. Conversely, suppose that 3. is satisfied, and let f € F*(Y) and a € Y : we construct the
sequence (fy,)n defined for all n € N by f,, = 1(a,n)n{f<n}- We thus have, for all n € N, / frndv <nv(B(a,n)) < +oo
Y

(v being a Radon measure, hence finite on every compact), hence f,, € £}(Y). Moreover, the sequence (f,), converges
pointwise to f in an increasing manner, and the same holds for (f,, oT), to foT. By Beppo Levi’s theorem, we have :

[ hwaw = [ feaw ma [ gee)de [ 10 )

=Jy fnly) dv(y)

ie., / / f(r (x), hence 3. = 2.. It remains to show that 4. = 1. (which will constitute the major

part of this proof

Suppose that the property of point 4. is satisfied. Consider the positive linear form f +— / fdv : this is well-defined
d

for every f € C.(Y) since the measure v is finite on every compact (as a Radon measure on a locally compact and
separated  space, such as (Y, d)). By Theorem B.4 (Riesz representation theorem), there exists a Radon measure v/
on (Y, d) that is outer regular, i.e.,

V'(A) =inf{/(V), ACV, V open in Y}. (B.3)

for every Borel set A C Y, and such that / fly)dv'(y / f(y) dv(y) for every f € C.(Y) and thus, due to the
property of point 3., we have

a. Where ¢! (X) denotes, similarly to £1(Y’), the set of integrable Borel functions on X.
b. Hausdorff space.
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/f ) /f ) du(y /f ()

for every f € CF(Y). We will begin by showing that for every open set V C Y, we have v/ (V) = v(V) = p (T1(V))
and similarly that for every compact set K C Y, we have v/(K) = v(K) = p (T~(K)), then we will generalize to
every Borel set (and we will show that v/ = v).

— First consider V a bounded open set in R%. By Lemma B.9, there exists an increasing sequence (K, )nen of
compacts such that V is the union of the K. For every n € N, Urysohn’s lemma (Lemma 2.17) gives the
existence of an f,, € CF(Y) such that 1x, < f, < 1y. The sequence of indicator functions (1x, ), converges
pointwise to 1y (and converges pointwise everywhere, not just almost everywhere, hence independently of any
measure), and the same holds for the sequence (f,)n, and thus for the sequence (f, oT), to 1y oT.

Since the measure v/ is a Borel measure (as it is locally finite, being a Radon measure, on a separated locally
compact space), hence finite on every compact, v(V) < v(V) < +oo (recall that since (Y,d) is a proper metric
space, every closed bounded set is compact, i.e., here V is a compact set). Let V’ be a bounded open set in Y’
such that V' C V' . Again by Urysohn’s lemma 2.17, there exists a function g € C.(Y’) such that 17 < g <1y
Hence,

fnoT <1y oT <10l <goT

for every n € N, and

/gdv':/g(Ta:)d,u:/ngSV(W)<+oo.
% X %

Thus, by dominated convergence, we have

/ . 5T /T _ _
V(V)—/Rd]lvdl/ _nEI-EOO Rdfndu —ngrfoo Rdfndu—/Rd]lvdu—y(V)

(B.4)
= lim fu(Tx)dp = /Rd Ly (Tx)dp = p (T7H(V)),

n——+oo Rd

Le, (V) =v(V)=pu(T"*(V)), and this holds for every bounded open set V C Y.

Finally, consider an arbitrary open set V' C Y. Then V can be written as a countable union of bounded open

=X
—_—
sets. More precisely, by fixing @ € Y, we have V = V N UB(a, n) = U [V N B(a,n)], hence T71(V) =
neN neN
T_1<U[VﬂBan> UT (V N B(a,n)), and thus
neN neN

’ o . ’ _ _
(V) = ngr}rlool/ (VN B(a,n)) = ngrfooy (VN B(a,n)) =v(V)
) ) (B.5)
= nEI-sI-loou (T~ (VN B(a,n))) =p(T7(V)),
e, V(V)=v(V)=npu (T‘l(VZ!)7 and this holds for every open set V C Y.
— Let K be a compact set in R*. We reason as in the previous point : Lemma B.10 gives the existence of a
decreasing sequence (V},),en of open sets such that K is the intersection of the V;,, as well as a bounded open
set V' such that for alln € N, V,, C V'.

Moreover, for every n € N, Urysohn’s lemma 2.17 gives the existence of an f,, € CF(Y) such that 1x < f, <
1y, < 1yv. The sequence of indicator functions (1y;, ), converges pointwise (everywhere) to 1g, and thus the
same holds for the sequence ( f,,)n, and for the sequence (f,,0T),, to 1 oT, with the domination f,oT < 1y.0T,
and by the previous point,

/ Ly (Tx)dp = / Ly dv <V (V') <V (V) < +o00
Rd R

(since v/ is also, recall, a Borel measure). We thus conclude by dominated convergence that v'(K) = v(K) =

—1
p(T7H(K)).
a. It suffices to take a finite subcover of the open cover of V' by balls of the same radius centered at each of its points, i.e., V = |J B(z,7),
zeV
for all » > 0.
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— Let A be a bounded Borel set (or at least satisfying v'(A4) < +00). The measure v’ being outer regular (i.e.,
satisfying (B.3)) and inner regular, i.e.,

V'(A) =inf{/(V), ACV, Vopen} and v'(A)=sup{/(K), K C A, K compact}.

For all compacts K and open sets V such that K C A C V, we have

V(K) = p (T7H(K)) < (T7H(A)) < (T7H(V)) =V (V),

hence
V' (A) = sup{v/(K), K C A, K compact} =sup{u (T""(K)), K C A, K compact}
< (T (4)) (B.6)
<inf{u (T~ (V)), ACV, V open bounded} = inf{t/(V)), A CV, V open bounded} = v/(A),

ie., V(A) = p(T7'(A)). Finally, if we now consider that A is an arbitrary Borel set in Y, A can be written as

=X
a countable union of bounded Borel sets : by fixing a € Y, we have A = AN U B(a,n) = U [AN B(a,n)],
neN neN
hence T 1(A) = T~* (U[AﬂBan > UT (AN B(a,n)), and thus
neN neN
! _ _ : -1 _ -1
V'(A) = ngm v (AN B(a,n)) = ngrfoo,u (T (AN B(a,n))) = n(T7(4)).

— Finally, let us show that v’ = v on the set of Borel sets of Y. We showed in the second point that we have
V'(K) = v(K) for every compact set K in Y. Since the measures v and v’ are both inner regular on the Borel
o-algebra, we thus have, for every bounded Borel set (or more generally every Borel set whose measure by v
and /' is finite),

V'(A) =sup{V/(K), K C A, K compact} =sup{v(K), K C A, K compact} = v(A).
We thus have for every Borel set A C Y :

V'(A)= lim v (AN B(a,n)) = lim v (AN B(a,n)) =v(A).

n—-+oo n—-+4oo

We have indeed shown that 3. = 1.
Finally, the implication 3. = 4. is almost immediate : since the measure v is in particular a Borel measure (i.e., finite

on every compact), every function f € C.(Y) is integrable, i.e., / |f(v)] dv(y) < sup|flv (Supp(f)) < 400, hence the
Y Y

integrals with respect to v of the positive and negative parts of f (denoted f* and f~ respectively) are also finite and

thus, by applying point 2. we bave [ 1) do(y) = [ (@) duta) and [ ) ave) = [ 11T@)dula),

hence
/f dv(y /f (a).

Lemme B.11. Let (X,T(X),p) and (Y, T(Y),v) be two non-empty measurable spaces. Let T : (X, T(X)) —
(Y, T(Y)) be a measurable operator pushing the measure p to the measure v, i.e., T#u = v.

(]

Then for every f € L*(Y,v), we have foT € L*(X, ) (and thus the equivalence class by p-almost everywhere equality
foT is well-defined) with || f o T||p1(x, ) = || fll 1 (v, and

/fwmmmwzfﬁww@
X Y

Proof : By hypothesis, for every measurable set E € T (Y') such that v(E) = 0, we have u(T~1(E)) = v(E) = 0. Thus,
by Lemma B.5, the equivalence class by p-almost everywhere equality of measurable functions f o T is well-defined #

To show that f o T € L'(X, u1), and more precisely that ||f o T 11 (x,.) = |fll21(v,), it suffices to note that for every
representative f of f, and p-almost every x € X, we have

__a. i.e, for all representatives ?1 and ?2 of the equivalence class v-almost everywhere designated by f, we indeed have (?1 oT)(z) =
(faoT)(z) for p-almost every x € X.
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[ A v) = [ (7T @) duto).

:”fHLl(Y,V) =HfOTHL1(X”u)

by Remark B.8. If we apply the same equality to the positive and negative parts of f (which we denote ?+ and
F~ respectively), we have / 7 (T(@)) du(z) = / F @) dvy) < Ifllprva < +oo and / FH (@) dua) =
X Y

7
/Y T () dv(y) < 1 l1(va) < +00, hence

[ Tt = [ Fr@)duta).

Lemme B.12. Let (X,7(X),p) and (Y, T(Y),v) be two non-empty measurable spaces. Let T : (X, T (X)) —
(Y, T(Y)) be a measurable operator pushing the measure p to the measure v, i.e., TH#Hpu = v.

O

Then, for every function f € L>(Y,T(Y),v), we have f o T € L*® (and thus the equivalence class by u-almost
everywhere equality f o T is well-defined), with || f o T e (x,) < f o (v -

If moreover v is a finite measure on Y, then for every foT € L, we have

/ F(T(2)) du(z) = / £(y) dv(y)
X Y

Proof : By hypothesis, for every measurable set E € T (Y') such that v(E) = 0, we have u(T~'(E)) = v(E) = 0. Thus,
by Lemma B.5, the equivalence class by p-almost everywhere equality of measurable functions f o T is well-defined #

To show that foT € L>(R%, 1), and more precisely that || foT'|| oo (x,u) < || fll L (v,) < +00, it suffices to demonstrate
that for every representative f of the class f, and p-almost every z € X, we have | f(T'(z)| < |||l Lo (v,»)- This is indeed
the case since, by definition of L>°(Y,v), we have

0=v (F (Ifllzeyay+o0)) = 1 (T (F (11l vays +o0))) = 0.

=u((FoT) ™ (11l o (v F00]))

Suppose now that the measure v is finite on Y. We then have, for every f € L>(Y,v) and every representative f of f,

/Y F)ldv(y) = /Y ey TN < Ui (VT (1Sl (vays +00]))

= [ fllzvuyr(Y) < +oo,

i.e. f € L'(Y,v) and thus, by Lemma B.11, we have

| Fwav) = [ 7)) dute).

B.1.2 Metric space (Ld’M,doo)

Lemme B.13. The metric space (Ld’M,doo) 18 proper : every non-empty bounded subset is relatively compact. In
particular, this implies that the space (Ld’M, doo) 1s locally compact.

Proof : First, note that the set (Ld’M, doo) is a closed subspace of (C’ ([0, 1], Rd) ,doo) of equicontinuous functions
(since all are M-Lipschitz).

Let A be a non-empty bounded subset of (Ld’M , doo), which can thus be considered as a non-empty bounded subset
of (C ([0,1],R?) ,ds) : since the target space R? is finite-dimensional, the bounded subsets A(t) = {v(t), v € A} for
all ¢t € [0, 1] are relatively compact.

We can therefore apply Ascoli’s theorem and conclude that A is relatively compact in (C’ ([07 1], Rd) 7doo) and thus in
(Ld’M, doo) (since (Ld’M, doo) is closed in (C ([O, 1], Rd) ,doo)).

__a. i.e, for all representatives f1 and f4 of the equivalence class v-almost everywhere designated by f, we indeed have (f; o T)(z) =
(fooT)(z) for p-almost every x € X.
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Lemme B.14. For all t € [0,1], the function defined by m; : (Ld’M,doo) — R? s 1-Lipschitz, and thus Borel
measurable.

Proof : Immediate by definition of d : for all ¢ € [0, 1], and for all v;,v, € L% we have

[T (v2) = me(71)| = |y2(t) = n(t)] < s%pl] 172(5) =71 (8)] = [[72 = Y1 lloo = doo (71, 72)-
s€|0,

B.2 Definitions and results for the proof of Proposition 3.1
We recall the statements of the Fubini-Tonelli-Lebesgues and Radon-Nikodym theorems :

Théoréme B.15 (Fubini-Tonelli-Lebesgues Theorem [31]). Let (X, A, u) and (Y, B,v) be two o-finite measure spaces.
Let f be a real-valued function defined on X XY, and measurable with respect to A x B.

— For every x € X, we define on'Y the function y — f.(y) = f(z,v).
— For every y € Y, we define on X the function © — f¥(x) = f(z,y).

The following assertions hold :

1. For every x € X, f, is measurable with respect to B and, for everyy € Y, fY is measurable with respect to A.
2. If 0 < f < 400, then, by setting for allz € X andy €Y,

@(x):/yfmdu, and \Il(y):/Xfydﬂ, (B.7)

the function ® is measurable with respect to A and the function W is measurable with respect to B. Moreover,

/}(@dﬂz/}(xyf(du(@dz/):/yllldz/. (B.8)

3. If f is a complex-valued function and if we have

/CD*d,u<+oo with @*(x):/|fx\d1/ for all x € X,
X Y

or

/\I/*dy<+oo with \IJ*(y):/ |fY|dp for all y €Y,
Y X

then f € LY (p®@v).

4. If f € LY (u®v), then f, € L' (v) for almost every x € X and f¥ € L' (u) for almost every y € Y. Moreover, if
we define ® and VU as in the relations (B.7) (defined here only for, respectively, almost every x € X and almost
every y € Y ), then ® and ¥ belong respectively to L'(u) and L*(v). Moreover, the relation (B.8) is always
satisfied by ® and V.

Définition B.16. Let (X, T) be a measurable space, and let v and p be two positive measures on (X, T ). We say that
the measure p is absolutely continuous with respect to the measure v (denoted p < v) if for every A € T such that
v(A) =0, we also have u(A) = 0.

Théoréme B.17 (Radon-Nikodym Theorem (restricted version) [31]). Let (X, T) be a measurable space, and let v be
a o-finite positive measure on T. Then for every positive measure u on (X, T) absolutely continuous with respect to
v, there exists a unique (up to v-almost everywhere equality) positive and measurable function h : X — R on (X, T)
such that :

VAET, u(A) = / hdv. (B.9)
A

This result can be extended to signed measures® : if u is a signed measure on (X,T), there exists a unique (up
to v-almost everywhere equality) integrable function h : X — R such that the relation (B.9) holds. By passing to
equivalence classes by quotienting the relation of v-almost everywhere equality, we can simply say that h € LY(X, T, v).

Definition : We then say that h represents the density of the measure p with respect to the measure v.

a. And even to complex or vector measures.
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B.2.1 Concentration results

Lemme B.18. Let u be a positive Borel measure, non-zero, on a separable metric space (X,d), and let U be an open
set in X. If for every x € U there exists r > 0 such that B(xz,r) C U and p(B(x,r)) =0, then u(U) = 0.

Proof : Let (2,,)nen be a countable dense family in X (separable by hypothesis) : the family of open sets (B (z, 2_k))(n K)ENXN

is then a countable neighborhood basis of X.

Let z € U : under the hypothesis of the statement, there exists r > 0 such that B(z,r) C U and p (B(z,7)) = 0. We
can thus choose k € N such that 27% < /2, and n € N such that x € B(x,,27%) by density of the sequence (z,,), in
X : hence B(z,,27%) C B(x,r), with thus also 0 = u (B(z,7)) > p (B(xn,Q_k)) > 0, hence p (B(a:n,Q_k)) =0.

We thus have U C U B(x,,27%), where
(n,k)eJ

J={(n,k) eNxN, 3(z,7) € X xR, | 7 € RadVan(z) and B(z,,27%) ¢ B(z,r)},

where we define RadVan(xz) = {r > 0, B(z,r) C U and p(B(z,r)) = 0} for every x € X. By definition, we thus have
p (B(zn,27%)) = 0 for every (n,k) € J. Thus

w(U) < U B(z,,27%) | < Z 1 (B(zn,27F)) =0

(n,k)eJ (n,k)eJ

(by o-additivity of the measure). Hence p(U) = 0.
O

Définition B.19. Let (X, 7,,(X)) be a non-empty topological space, and let p be a (positive) Borel measure on
(X, Top(X)). We define Supp(u), the support of the measure p, as the complement of the union of all open sets
whose measure by v is zero. In other words,

Supp() =X\ | |J U],

UeTs, (X)
where 7:2,()() ={U € Top(X), p(U) =0}.

Lemme B.20. Let p be a positive Borel measure, non-zero, on a separable metric space (X,d). Then there exists
x € X such that, for all v > 0, we have p (B(z,r)) > 0.

More precisely :

X\Supp(p) ={z € X, Ir >0, u(B(z,r)) =0},
i.e. for all x € Supp(p), we have p (B(z,r)) > 0 for all r > 0.
Moreover, p (X \Supp(p)) = 0.

Proof : Let (z,,),en be a countable dense family in X (separable by hypothesis) : the family of open sets (B (xn, Q’k))(n k)ENXN

is then a countable neighborhood basis of X.
Let 720,(X) be the set of open sets U of (X, d) for which we have ;(U) = 0. Let us first show that X\Supp(u) € 79,(X).
By definition of Supp(u), we have

X\swp(p)= |J U
UETS,(X)

Let z € X\Supp(p) (if X\Supp(u) # 0) : there thus exists U € 7)(X) such that # € U. There thus exists < 0 such
that B(z,r) C U (hence 0 < p(B(x,r)) < u(U) =0, i.e. X\Supp(u) C {x € X, Ir >0, p(B(x,r)) =0}).

We can thus choose k& € N such that 27% < 7/2, and n € N such that x € B(z,,27%) by density of the sequence
(zn)n in X : hence B(z,,27%) C B(z,r), with thus also 0 = wu(U) > p(B(z,r)) > p(B(x,,27%)) > 0, hence
p (B(zn,27%)) =0, and this for all z € X\Supp(u).
We thus have X\Supp(u) C U B(2,27"), where

(n,k)eJ

J={(n,k) eNxN, 3U € T(X), B(zy,27%) C U}.
Since p (B(wyn,27%)) =0 for all (n, k) € J, we thus have :
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p(X\Supp(w) <p| |J B@n27") | < DY p(B@.,27%) =0
(n,k)eJ (n,k)eJ

(by o-additivity of the measure). Hence p (X\Supp(u)) = 0 and thus X\Supp(p) € T (X).

Finally, if # € X is such that there exists a radius 7 > 0 for which p (B(x,r)) = 0, then we have B(x,r) € T9,(X) and
thus B(x,r) C X\Supp(u), hence {z € X, Ir > 0, pu(B(x,r)) =0} C X\Supp(p) ie. {z € X, Ir >0, p(B(x,r)) =
0} = X\Supp(p).

By contraposition, we thus indeed have p (B(z,7)) > 0 for all € Supp(x) and for all r > 0.

B.2.2 Polar coordinate change

Définition B.21. We define Edsfl as the spherical decomposition of the Lebesque measure on the unit sphere S4—1
equipped with its trace Borel o-algebra B (Sdil) =B (Rd) N £dsfl (where B (Rd) denotes the Borel o-algebra on R?),
that is, the Borel o-algebra on S~ equipped with the trace topology T (Sdil) =T (Rd) N Lg‘l, where T (Rd) denotes
the Euclidean topology on R®.

More precisely, for every A € B (Sd_l), we have

L5 (A) = dL! (9 (AN B, 1))

where ¢ is defined on RA\{0} by ¢(z) = =z for every x € RN\{0}. In other words : Lg_l = p# <d17£d> on

7] B(0,1)
B (Sd—l).

Remarque B.22. Note that since S~ equipped with the Euclidean metric induced from R is a proper metric space
(and even compact), hence separated and locally compact, we can consider via Theorem B.4 (Riesz theorem) that L‘é_l
is a Radon measure on (Sd’l, B (Sd’l)).

Indeed, the linear form

frod [ @dfet (asgn)] = [ £(L)

B(0,1)

is well-defined and positive on C (Sd_l). Moreover, since E‘f(l (Sd_l) =L (B(O7 1)) < 400, £$1 is a finite measure
on (S471, B (S471)).

Lemme B.23 (Polar coordinate change). Denoting t*~1L as the measure on (Ry,B(Ry)) (where B(Ry) denotes the
canonical Borel o-algebra of Ry ) resulting from the product of the function t — t%~! and the Lebesgue measure L (on

(Ry,B(Ry))), and defining the function 1 : Ry x St — R% with ¢ (t,0) = t0, we have L = # [(tdflﬁ) ® ﬁds—l} )

Remarque B.24. If we reformulate Lemma B.23, according to Proposition B.7 and the Fubini-Tonelli and Fubini-
Lebesgue theorems (theorem B.15), we have :

_ 1 d—1 _ _1 d—1
Rdf(x)dx_AXSdlf(w)d[(td £) o cl ](t,o)_/&/smtd F(t0) AL (6) dt

:/ /td‘lf(te)dtdﬁds_lw),
sd-1 JR,

whether for a positive Borel function f on R% or a continuous function with compact support on R%.

Proof of Lemma B.23 : Let us define the measure p = 1)# [(tdilﬁ) ® Eds_l] on B(RY) (Borel o-algebra of R?) and
show that p = £9.

We can consider that u is a Radon measure according to the Riesz theorem B.4 : indeed, the linear form

f— /Rd fd [1/1# [(td,1£> ®£‘é—1H = /RJrXSd_1 f(t0) d [(td—lﬁ) ®£g_1] (t,0)

is well-defined and positive on C.(R?%)), and thus can take for ;4 the Radon measure (and outer regular) given by this
theorem.
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L for every = € R?\{0}. According to the Fubini-Tonelli

||

Recall that the function ¢ is defined on R4\ {0} by p(z) =

theorem, for every f € CF(RY), we have

f@ua) = [ Feo) a(to) o ) (16)
Rd R4y xSd-1

= / / tLf(t0) dLEH(0) dt  +— (Fubini-Tonelli)
R4 Sd—-1

=d [t f(te(y)) dy
(Proposition B.7)

- / d [t f(tely)) dydt

B(0,1)

—d// tdlf )ddt
Ry JB(0,1) H

_d/ / ly|(sly))4=Lf (( sl ) dsdy <— (Fubini-Tonelli + change of variable ¢t + s|y|)
B(0,1) /Ry |yl

—d / / lyl4s®Lf (sy) dsdy
B(0,1) JR;

- d/R /Rd Loy @yl?s* f (sy) dyds  +— (Fubini-Tonelli)
.

—d/ /dsdB01 )H dlf( )dzds «— (Change of variable y  2/s)

_d/ |2|4f (2 /1 01)(Z) dﬂdsdz

For every s > 0 and every z € R?, we have 15515 VEIGNY) (z) = 11|, +oo[(5). Thus, for every z € R\ {0}, we have

L YR N S N e
o “BO1) (g) gd+1 48 = a1 5T Ty = dlzd
+ N—_———— || |z

=1(12),400((5)

We can thus conclude that :

@@ =a [ B15C) [ a0 (3) mdsds = [ e

1
~dlz|

and this for every f € CF(R?), hence y = L2,

B.2.3 Concentration results on cones
Lemme B.25. Let f be a continuous function f : [a,b] — R, with a < b satisfying, for everyt € [a,}] :

lim inf 7]‘(3) —f®)

s—t— s—t

<0.

Then f is decreasing on [a,b].

Proof : Let us reason by contradiction, and suppose that f is not decreasing : in other words, suppose there exist
t1,ta € [a,b], such that t; < t3 and f(¢t1) < f(t2). We define the continuous function g : [t1,t2] — R defined for every

a. Indeed, on a non-empty, separated, locally compact and o-compact topological space X, a signed Radon measure p is zero if and
only if we have fX fdu > 0 for every function f € ct (X). A proof of this result can be found in our course summary mentioned several
times : https://amubox.univ-amu.fr/s/MDEjJ6fBfKqf SH6
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f(t2) = f(t1)

to —t
We then have g < 0 : indeed, if we had maxg > 0 (g being continuous, its supremum would be attained on Jt1,¢3[),
there would exist to €]t1,t2[ such that g(fp) = maxg > 0. Thus, for every t €]t1,to[, we would have g(to) > g(t) and
therefore

t € la,b] by g(t) = (ta —t) — (f(t2) — f(t)). We then of course have g(t1) = g(t2) = 0.

g(t) — g(to) 1 (f(t2) - f(t) ) fltz) = f(t) | () — f(to)
< - _ _ - .
0< =, P— PR— (t —to) + (f(t) — f(to)) P —
Hence f(t) = fto) > f(t2) = f(t) for every t €]t1, to[, and therefore
t—to ty — 11
lim inf f(s) = f(to) > f(t2) — f(t) >0,
sty s—to lo— 1
. . . . . f(s) = f(to)
which would contradict the hypothesis of the lemma’s statement, which asserts that lim inf T <0
s—tg —to
Thus, we have g(t) < 0 for every t € [t1,t2], and therefore f(t2) = F(t2) < f(t2) = f(t>, for every ¢t € [t1,ts].

to —t1 - to —t
Consequently, we have

f(ta) — f(t1) < liminf f(t2) — f(s)

to —t sty to—s

0< <0

)

which is again contradictory.
O

Définition B.26. Let f be a Borel function on R%. A "Lebesque point” of f is any point xy € R? for which we have :

R e
B /| W)~ @t o

Remarque B.27. Under the hypotheses of Definition B.26, if xg is a Lebesgue point of f, then

I .
150 = 2B /B @ act)

) = lim ; T d(g
e f(x) = lim s /B i)

Théoréme B.28 (Lebesgue Differentiation Theorem [31]). Let f be a Borel and integrable function on R%. Then
L%-almost every point x € R? is a Lebesgue point of f.

r—0t

_r N ) d
= L3(B(uo, 1)) /B@O,r)'f( o) — f@)|dL(z) — 0.

In other words, there exists a Borel set E satisfying :
— LYE)=0.
— All points of RI\E are Lebesgue points of f.

Lemme B.29. Let f be a positive Borel and integrable function on R. Then, for ,CCSl_l—almost every 0 € ST! and
L-almost every t € Ry, t0 is a Lebesgue point of the function f, i.e.

. 1
0 = 020 Z B oy

Proof : We know from Theorem B.28 that there exists a Borel set E satisfying £¢(E) = 0 and such that all points of
R\ E are Lebesgue points of f.

The function (,60) + tf being continuous on S?~! x R, (for the induced topology) and the function 1z being by
definition Borel on R?, the function (t,6) + t911x(t0) is thus also Borel on S?~! x R,. Thus, according to the
Fubini-Tonelli theorem, for every § € S?~! the function t + t9~11g(tf) is Borel on Ry, and for every ¢ € R the
function 6 — fR+ 15 (t0) dt is Borel on S?~!. Moreover, the polar coordinate change lemma B.23, and more precisely
Remark B.24, give us the following relation :

/ / 11 (16) dtdcg—l(e):/ t p(t0)d [£§ © £] (9,15):/ 1p(w)de = LY(E) = 0.
sd-1 JR, Sd—1xR4 Rd
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Thus, for £& *-almost every 6 € S4!, we have / t4=115(t0) dL(t) = 0, that is, for such a 6, we have 15 (t0) = 0
Ry
for L-almost every t € Ry 4, i.e. 1g(t0) =0, i.e. t0 ¢ E.

In other words, E‘é‘l—almost every § € S! and for £-almost every t € Ry, t0 is a Lebesgue point of f.
O

Lemme B.30. Let f € L}, .(Ry, L) be a positive function such that for every t € Ry there exists 1y €]0,t[ such that
f is L-almost everywhere zero on [t — r¢,t]. Then f is L-almost everywhere zero on R.

Proof : Consider the positive continuous function F' : ¢ — fg f(s)ds. For every t € Ry, and for every s €|t —r¢[, ¢, we

F(s)— F(t F(s)— F(t

Lt() = 0 and thus liminf,_,,- Lt()
s — s —

on R;. Moreover, for every ¢t € Ry, and for every s €]0, t], we have F(s) > F(t), hence 0 = lim,_,o+ F(s) > F(t) > 0,

i.e. the function F is uniformly zero on R4, i.e. f is L-almost everywhere zero on R;..

have = 0. According to Lemma B.25, the function F' is decreasing

O

Définition B.31. For z € R%, v € RI\{0}, r > 0 and 0 < A < 1 : we define CT (v, \,x,7) the truncated open cone as
follows :

CT(v,\,z,7) = B(z,r)N{y € R, (v, y —x) > Ao| - |y — x|}

Lemme B.32 (Mass concentration at the vertex of an oriented cone?®). Let p be a non-zero, finite, positive Borel
measure on R such that p < L. Let 9 € R? and let 0 < X\ < 1. Then there exists x € R¥\{x¢} such that, for all
r > 0, we have pu (CT(xg — x, A\, x,7)) > 0.

Proof : Let us reason by contradiction and suppose that for every € R?, there exists r > 0 such that u (CT(zg — x, A\, 7,7)) =
0.

For every © € R¥\{x(}, we define the set RadTronVan(x) (non-empty by hypothesis) as follows :

RadTronVan(x) = {r € Ry 4, u(CT(xo —x, A, 2,7)) = 0}.

Note that for every r € RadTronVan(z) and for every 0 < 7/ < r, we also have ' € RadTronVan(x). We define
r(z) = min {1, (1/2) sup RadTronVan(x)}. Of course, r, € RadTronVan(zx).

Let h be an L%-representative (positive) of the density of the measure ;1 with respect to the Lebesgue measure given
by the Radon-Nikodym theorem B.17 (h is integrable since y is finite). According to Lemma B.29, for L‘gfl—almost
every § € S9! the point t6 is a Lebesgue point of h(zg + -) for £L-almost every ¢t € R, .. Consider such a § € S~ :
for every t € Ry and for L-almost every s €]t — r(xg + t0),t[, zg + sb is a Lebesgue point of h.

Note that for every r > 0, for every 6 € S~ and for every t € Ry, we have Jxg + (t — )0, o +t0[C CT(zo —x, N\, 2o +
t0,r). Thus, for almost every s €]t —r(zg+10), t[, we have xg+s0 € CT (—tb, \, o + t0, r(xo + t0)), there exists v’ > 0
such that B(zg + s0,7") C CT (—t0, \, 2 + t0, (o + t0)), hence pu (B(zo + s60,7")) = 0. Thus, for L% *-almost every
6 € S41, for every t € Ry, and for L-almost every s €|t — r(x + tf),t[, the point ¢ + s6 is a Lebesgue point of h
and therefore

: 1 . w(B(xzo +t0,1))
h(zg + sf) = limsu / h(z)dx = limsu =0
(0 40 =B ET B 4 10,1) Joaranny P £ (Blag + 10,7)
Thus, for £& '-almost every § € S9!, the function hg : t — t?~ h(xo + t6) is Borel on R, (by the Fubini-Tonelli-
Lebesgue theorem B.15) and satisfies the conditions of Lemma B.30, namely that for every ¢t € R, there exists r;, > 0
(by choosing r: = r(xo + t#)) such that f is L-almost everywhere zero on [t — 7, t]. Thus, hy is L-almost everywhere
zero on R, .

By the Fubini-Tonelli-Lebesgue theorem B.15, the positive function 6 — ho(t) dt = / t4 h(xg + t6) dt is Borel

on S (it is thus E‘éﬁl—almost everywhere zero on S?~1). Hence, still by the Fubini-Tonelli-Lebesgue theorem B.15,
Lemma B.23, and Remark B.24 on the polar coordinate change, we have

1 (RY) =/Rd h(z) dw:/Rdh(mwy)dy:/Sd_l/R 4 h(wo + t0) dt dLE1(0) = 0.

=0 Lgfl—a.e.

This contradicts the hypothesis that the measure p is non-zero. The proof by contradiction thus confirms the state-
ment’s result.

O

a. Thanks to Antonin Monteil from LAMA (UPEC) for helping me unlock the proof of this result !
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B.2.4 Other independent results

Lemme B.33. Let Q C R be a closed subset of R? such that £ (Q) > 0. We then define the set Q' = Supp (1oL%)
(Borel since closed).

Then ' C Q, Q' = Supp (1o L?) and L4 (V) = L4 ().

Proof : The support Supp (u) of a positive Borel measure p on R? corresponds to the intersection of all closed sets F
such that p (R?\F) = 0, and such that Supp () itself satisfies p (R*\Supp (1)) = 0.

Here, we of course have (1Q£d) (Rd\Q) = 0, hence ' = Supp (1Q£d) C €. Similarly, we have Supp (1Q/£d) -
O (C Q). We thus have :

(1oL (RN\Supp (1o L£4)) = £ (2\Supp (1o LY))

= £YQ\) + £ (2\Supp (1o L")
~—

(LaLY(RNY) (1 L4)(RN\Supp(les L))

= (1oL (RAD)  + (Lo L?) (RA\Supp (1:L%)) =0.
(1o L) (RH\Supp(1oL))=0 =0
Thus €' = Supp (1oL?) C Supp (1o £?), hence Q' = Supp (1o L?).
Moreover, since L2 (Q\Y) = (10£%) (RN\Q') = (10L?) (RN\Supp (1oL?)) = 0, we have

L£1(Q) = L (\Q) + LY(Q) = £4().
=0
O
Remarque B.34. The Lebesgue measure on R? is regular, and thus in particular inner reqular : for every non-empty
Borel set A C R? satisfying LY(A) < +oo, we have

LY(A) = sup{L4K), K C A, K compact}.
Thus, if LYA) > 0, there exists a compact K C A such that LY(K) > 0.

Lemme B.35. Let (X, T, u) be a measure space. The relation & introduced in Definition 3.3 is an equivalence relation

on T.

Proof : Reflexivity and symmetry are obvious. Let us show the transitivity of the relation £ suppose A, B,C € T
such that A& B and B & C, let us show that then A & C. We have

HA\C) = p(AN(X\C)) = p((A\B) N (X\C)) +u(ANBN(X\O)) < p(A\B)+u(ANBN(X\C)) = u(ANBA(X\C)),

<u(A\B) =0

and

H(B\C) = u(BA(X\C)) = p((B\A) N (X\C))+u(BAAN(X\C)) < u(B\A)+u(BNAN(X\C)) = f(ANBN(X\C)).
<u(B\A) =0

Hence pu(A\C) = u(AN BN (X\C)) = u(B\C) = 0. We can similarly show that u(C\A) = 0, and thus that A £ B.
|
Lemme B.36. Let (X, T, ) be a measure space equipped with the equivalence relation £ (Definition 3.3). The relation

i introduced by Definition 3.4 is an order relation on the space T quotiented by the equivalence classes of X (which
we denote by Ty ).
Proof : Reflexivity is obvious, as is antisymmetry in 7, :if A % Band B X A, we have by definition A X B. As

for transitivity, similarly to the previous definition : if we suppose A, B,C' € T such that A % Band B % C, ie.,
w(A\B) = 0 and u(B\C) =0, then

p(A\C) = p(AN (X\C)) = p((A\B) N (X\C)) + (AN BN (X\C)) < u(A\B) + p(B N (X\C)) = p(B\C) = 0,
—_— —

<u(A\B) <u(BA(X\0)) =0 —u(B\O)

hence p(A\C) =0, i.e. A Lo
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Lemme B.37. Let (X, T) be a measurable space, and let p and v be two positive measures on (X, T) such that v < .
Then, for all sets A, B € T such that A £ B, we have A X B.

Proof : Of course, knowing that v < p, if u(ANB) =0, then v(ANB) =0, and if (BN A) =0, then v(BNA) =0.
O

Lemme B.38. Let (X,T,u) be a measure space (u being a positive measure), and let A, B € T such that A £ B.
Then for every C € T, we have p(ANC) = u(BNC) (in particular p(A) = p(B)).

Proof : For such sets A, B and C, we have

WANC) = w(ANC\B) + u(ANC N B) = (AN C\B) — u(BNC\A) + u(BNC),

knowing that 0 < pu(ANC\B) < u(A\B) = 0and 0 < u(BNC\A) < pu(B\A) = 0, hence u(ANC\B) = pu(BNC\A) = 0,
and thus u(ANC) = u(BNC).

O

Lemme B.39. Let (X,T,un) be a measure space (u being a positive measure), and let A, B € T such that A % B.
Then for every C € T, we have p(ANC) < pw(BNC) (in particular p(A) < u(B)).

Proof : For such sets A, B and C, we have

wWANC)=pw(ANC\B)+ u(ANCNB) < pu(A\B)+u(BNC)=pu(BNC).
——
<u(A\B) <u(BNC) =0

O

Lemme B.40. Let (X, T,u) be a measure space (1 being a positive measure), and let A, B € T such that A % B.
Then p(A) = u(AN B).

Proof : For such sets A and B we have u(A) = p(A\B) + p(AN B) = p(AN B).
——

=0

C Eulerian Formulation of the Problem : Formal Proof

The purpose of this small appendix is to somewhat formally show the equivalence between the Lagrangian version of
the dissipative optimal transport treated in this report and its Eulerian version as briefly introduced in the introduction
section ((1.2) and 1.1), and a little more precisely in 5.6 in the conclusions and perspectives section (Subsubsection
5.2.1). It is therefore not intended to establish rigorous foundations for this formulation and this equivalence.

As in Subsubsection 5.2.1, we assume that :

— The function ¢ is a C*! function, strictly convex such that ¢(0) = 0.

— We have chosen a € R? and M € R such that Supp(uo) U Supp(u1) C B(a, M/2).

— We have chosen the (positive) Radon measures pio and p such that supp(pg) Nsupp(p1) = 0 and po < £4.
Let w e My (Ld’M ) Suppose there exists an integrable Borel velocity field v on [0,1] x R? such that for w-almost
every v € LM we have 7/(t) = v(t,~(t)) for all ¢ € [0, 1].

1
We denote by p the Borel measure on (0,1) x R%, defined by p,,(A4) = / (/ 1a(t,x) duz)(x)) dt for every Borel
0 \JRd

set A of [0,1] x R%. Recall that by the Fubini-Tonelli theorem (see [31]), the mapping x + 14(¢, ) is Borel for every
t e 0,1].

The pair (v, ) then satisfies, in the sense of distributions, the following dissipation constraint :

Dnpter + dive, (va) = ~C(Jo]) e

Indeed, for every test function ¢ € C}((0,1) x R%), we have (based in particular on Proposition B.7 and Fubini’s
theorem) :
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— (Ot +divy (vpae) + C(|0]) o, )

= [ et V= el

- /01 Ra [Op(t, ) +v(t, 2) - Vap(t,z) — C(Jo(t, 2)])p(t, 2)] dug, () dt

- /01 /LW [Brp(t,7()) + v(t,¥(1) - Vaiplt, 1(£) = C(Jo(t, v(£))p(t, (£))] e~ o € (D gy ) it
=/01 /Ld’M [0ip(t,7(1)) + (1) - Voo (t, (1)) — C(IY () )t v ()] e~ Jo S ©Dds gy ()

= [ [ [ et = s @t e 500 duge) a

/ / dt fo ¢y S)|)d8] dw(’y) dt
Ld.M
La
:/LM (/O dt[ (t,v(t))e = Jo ¢ s)|)ds] dt) do(y)  (Fubbini)

- / (1, y(1))e o SV D5 o) / £(0,7(0)) dio()
Ld.M Ld.M

:/ @(1,$)dui($)—/ (0, 2) dpg(x)
Rd N~ — Rd N—~—

=0.

Moreover, we have :

K(w) :/ (1—6 fo < (s)) dS w / / fo (% s)|)ds} dtdw( )
Ld.M Ld.M dt

/LdM/ (It <V (DS g ()

1
- / " / Sty (E)e Js <" ODE d duo()
1
= / / C(lwlt, y(8))e™Jo € (Dds g4y dt  (Fubbini)
0 Ld,M

- / C(o(t,2)]) dul () dt
0 Rd

~[ e du
(0,1)xR4
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