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Research report*: Optimal dynamic transport with
mass consumption

Romain Hug'

The problem of optimal transport has remained very academic for a long time at least in the formu-
lation that G. Monge made of it, and took on a more concrete aspect with the idea of L. Kantorovitch
to formulate it in terms of optimal allocation of resources. More recently, works such as those by R.
J. McCann [13], Y. Brenier and J.-D. Benamou [I] made it possible to give a dynamic formulation
of this type of problem (mainly for quadratic Euclidean transport costs). This formulation open the
way to easier numerical process since it allows to apply classical numerical methods in the domain
of variational and convex optimization under constraint. For absolutely continuous measures with
L2-densities, we can cite in particular the augmented Lagrangian method [I], splitting-proximal or
primal-dual[8] 14, [3]. Our present work will be based on the augmented Lagrangian formulation.

An important tool from the Optimal Transportation theory is the Wasserstein distance, a metric
allowing to estimate the difference between two probability measures (or more generally, of two
measures with the same "mass"). This distance represents a "global transportation cost" between
two measures, assuming the local mass displacement cost to depend on the distance and linearly
on the local mass.

One of the main limitation of Optimal Transport is that it can only be applied between measures
with the same "total mass". This is why a lot of research works have proposed various extensions
of these Wassertein distances to measure spaces with potentially different "masses" [2} 17, [16].

The use which is made of Optimal Transport for interpolation problems has also encouraged re-
search for new optimal "unbalanced" mass transport models, and in particular dynamic models.
Indeed, in addition to offering a variational framework more suited for numerical processing, those
models provide a continuous time evolution (a "geodesic interpolation" for the Wasserstein metric
in the classic case) between the source and target measures. The dynamic formulation proposed in
[1] represents the constraint of mass conservation during the time-continuous transport with a con-
servative continuity equation. Their model uses absolutely continuous measures with L?-densities:
if p(t, x) represents the time evolution of the interpolated density, and v (¢, ) represents the velocity
field derived from the transportation map, we therefore have d;p + div(pv) = 0.

Many models, which aim to generalize these interpolations for measures or densities with different
mass, use a source term in the continuity equation (which become 9;p + div(pv) = f) which has to
be taken into account in the energy fonctional (see [9, 0], or [6} 5, 5] 1T, 12] with also applications
to images processing, or [7] for a use in data assimilation) .
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The model we propose to study in the present work starts from this idea of introducing a source
term in the continuity equation and adapting the energy term. However, it does not currently aim
to create an interpolation between two different measures or densities, but rather go back directly
to an optimal allocation problem under the constraint of a displacement cost. A non standard
feature of our model in that cost directly reprensents a loss of the mass transported: the objective
of the problem is therefore to minimize this mass loss. In this model, the initial density does not
need to be entirely transported, and the question is to determine the correct allocation for a part
of this initial mass by taking into account the dissipation of it along its way.

In this report, we will limit ourselves to the proof of the equivalence between the resolution of
the strict statement of this model (but whose dynamic formulation is reduced to a non-convex
optimization problem), and the resolution of a relaxed version of it (which is a convex problem).

1 Brief statement of the problem

Consider a production area (for instance coal),
and an area to supply. The production area pro-
duces more coal than the needs of the area to be
supplied. However, transport also requires coal
consumption. The objective is to determine an
optimal allocation map that ensures supply while
minimizing the consumption of coal required for
transportation.
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We choose a dynamic model (inspired by [1]) and we denote by p the mass to be transported and by
m the momentum. In this first model, we assume that consumption is proportional to the energy
dispersed by solid friction (for example the friction of the train on the rails), and therefore that
it is proportional to the norm of the momentum |m|, with a coefficient of dispersion k. Here, we
choose to overlook the consumption of the initial impulse (even if it may be an interesting thing
to look out). It is clear that for such a model several solutions are possible. We are looking for a
dynamic model which does not take into account the mass that is not displaced (which is useless),
and which does not allow for overlapping of trajectories. That is why, in addition to the energy
term |m/|, we add a penalization term (e/2) (|m|?/(2p) + p) with fixed e.

Solving this first problem opens the way to the asymptotic analysis when € — 0 (preferably in L?
space).

We set the domain Q = (0,1) x Q, with Q a convex bounded domain (sufficiently regular) of R
Let po and p; be two (non-negative) densities of L?(Q) (with [, podz > [, p1 dz), with compact
supports in ).

We define the following kinetic energy term (1/2)7:

@ if >0,
J(@B) =49 0 i (a,8) = (0,0), (1-1)
400 else.

We also define the space of constraints C:
C= {(p7 m) € LZ(Q)d+17 P(Oa ) < P0o, p(17 ) = P1, atp+ dlvr(m) = 7k|m|7 <m7ﬁ>8ﬂ = O} (1_2)

We want to solve the following problem:

inf [6/ (T (p,m) + p) dxdt—i—/ |m|dmdt} (1-3)
(pym)ecC 2 Q Q

In order to more easily a dual formulation of this problem, we choose to expand the space of
constraints as follow:

cre = {(p7m) € LZ(Q)dJrly p(oa ) < po, p(17 ) > p1, 8tp + lex(m) < _k|m|7 <m7ﬁ>8ﬂ > O}
(1-4)
Therefore, we would stude the problem of existence and uniqueness of a couple density-momentum
(p*,m*) such that

(p*,m*) = argmin {6/ (J(p,m) + p) dedt —|—/ |m| dx dt} (1-5)
(p;m)ecre Q Q

and we will prove (in section [3)) that such a couple would satisfy ultimately (p*,m*) € C.



To model the space of constraint C"¢, we introduce the Lagrange multiplier ¢ as follow:

inf /Q (% (T (p,m)+p)+ \m|> dz dt

(p,m)ecCre

= inf sup [/Q (% (T (p,m)+p) + |m|) dx dt

(pm)EL?(Q) 0<peH(Q)
+/ © (Ogp + divy(m) + k|m|) dx dt
N (1-6)
= [ (009 - po)ot0. s - [ <p(1,->—p1>so<1,->dm]

€
= inf su / —(J(p,m)+ p) + (ko + 1)|m|) dzdt
<p,m>em<@>o<%£@)[Q(z( (p.m) + ) + (ko + 1))

# [ Voo pomydzde+ [ o9 = (0.0 ta]

By defining p = (p,m) € L*(Q)**!, G(p) = [,[¢(1,-)p1 — ¢(0,-)po] dz, and using the Legendre’s
transformation

| (5T m) +p) + e+ Djml) v = supl - = Fo () (1-7)
with
Floa =im@={ 9 54P (1-8)
and
P = {q = (a,b) € L*(Q) x L*(Q)%, a + %(max{\bLkgo +1} —kp—1)* < % a.e.} (1-9)
Then, we have
- inf /Q (5 (T(om) +p) + ) do o

= inf inf Fe(p, G yVizp—
oy, nf, 5352[ (p,0) + G(p) + (1, Viap — q) 2]

Therefore, we search for a saddle point (¢}, ¢, puf) in S = HL(Q) x L*(Q)*™! x L?(Q)*** (where
HL(Q)={¢ € H(Q), ¢ > 0}) of the Lagrangian L¢ defined by
L(p,q, 1) = Felp,9) + G(@) + (11, Viwy — a)22(Q) (1-11)

Le. such that L(¢7, 7, ) < L7, g7, p7) < Lé(p, ¢, pg) for all (p,q,p) € S.

In the following, when there is no ambiguity, we will write (¢*,q*, p*) instead of (p},¢f, pf) in
order to lighten the notation.

First of all, we would like to study the relevance of an augmented Lagrangian method (inspired by
the algorithm developed in [I]): in this new formulation, where the old primal variable u = (p, m)



is became the Lagrange multiplier, and conversely the old Lagrange multiplier ¢ is now became a
primal variable, the new (linear) constraint is now V, ;¢ = q. Hence, we introduce, for all r > 0,
the augmented Lagrangian L¢ by:

€ T
Ll a, ) = Fe(p,a) + G(9) + (1, Viwp = @)r2(@) + 5lIVeaw — ali2q)- (1-12)

Remark 1.1. In this Lagrangian formulation, we choose a partial dualisation by including the
non-linear part of the constraint in the energy term (which then depends on the Lagrange multiplier
©). This choice seemed easier to us with regard to the purely theoretical study of the properties of
the solutions of the model we propose here.

For a numerical exploitation, as an application of an Augmented Lagrangian method (as for instance
in [1]), we would rather choose a total dualisation (thus not including the non-linear part of the
constraint in the energy term), in order to obtain a Lagrangian formulation equivalent to the first,
but more exploitable numerically. We could use the following Lagrangian:

L(p, ¢, 1) = F(a) + G(p) + {1, Viop = kpe(b) = ) 2 »

where we define c¢(b)(t,z) = ( b(gz) ) if b(t,z) # 0 and c(b)(t,z) =0 if b(t,z) =0,
[6(t,z)]

and also F(q) = Indpg(q), with

1
P§ = {q = (a,b) € L*(Q) x L*(Q)?, a+ 3¢ (max{|b] - 1,0})* < % a.e.}
The corresponding augmented Lagrangian become:

€ € r
Li(,0, 1) = F5(9) + G(#) + (1, Viwp = hipe(b) = @) 12(Q) + 5[ Ve.ap = hipe(d) = all72(q).

2 Some few theoric results on the augmented Lagrangian for-
mulation

Let us characterize the saddle points of the Langrangians L, which are, as we will see, the same
as for L.

Proposition 2.1. Let € > 0 and (¢*,q*,u*) € S. Then, for all v > 0, the triplet (¢*,q¢*, u*) is a
saddle point of LS. if and only if it satisfies the followings assumptions:

1. q* =Vyiz0%,
2. ¢ = (a*,b") € P,

3. the vector p* = (p*,m*) is orthogonal to the paraboloid Pg. in q*, i.e. (u*,q—q*)r2 <0 for
all ¢ € Pg.

4. w* = (p*,m*) € C™: more precisely, we have:

Yo € HY(Q), ¢ >0, /(8tg0p*+vwgo-m*)dxdt—k‘/ |m*|pdxdt + G(p) > 0. (2-13)
Q Q



Especially for ¢ = ¢*, we have:
/ (Opp™ p* + V™ -m™) da dt — k:/ |m*|p* dx dt + G(¢*) = 0. (2-14)
Q Q

Since this is true for any r > 0, the saddle points are therefore common to all Lagrangians Lt,
especially for L€ when r = 0.

Before giving proof of this proposition, we will need to state (ond prove) an other one wich will
characterize specially the optimal couple density-momentum p* = (p*, m*).

Proposition 2.2. Let u* = (p*, m*) € L*(Q)**! and ¢* = (a*,b*) € PG, such that p* is orthog-
onal to Pg. in q*, i.e. (u*,q—q*)r2 <0, Vq € Pg.. Therefore:

1. We have p* > 0.
2. For almost all (t,z) € Q,

(£ (1= 52 ) (), i (k) = ket () + 12 1,

m*(t,x) = (2-15)

0 else.
In other words,

ke* +1
Lo

1
m* =w*p*b*, with w* = max {0, - (1 - )} (we consider 1/0 = +00). (2-16)
€

| p* 2 *|p* 2
8. We have a* = —M + € on the support of p*, i.e. p* | a* + M S -
2 2 2 2
Proof:
oy ify #0,
(I) [p* > 0]: Let f : R — R be defined as follow: f : y € R— { lg' " 0
, ify=0.

For all y € R, yf(y) = |y|, then p*f(p*) = |p*| and —1 < f(p*) < 1. We define ¢ = (a,d) with
a= f(p*) — 14 a* and b = b*. Therefore, we have

DN

1 1
a + o (max{[b], ke" + 1} — ke — 1)? = f(p*) —1+a" + 2 (max{[b™], ko™ + 1} — kg™ — 1)” <

Le. ¢ € Pg., then 0 > (W*q—q" )2 = / (|p*] = p*) da dt.
Q
As |p*| — p* > 0, we conclude that |p*| = p* almost everywhere, that is to say p* > 0.

(IT) [m* = w*p*b*|: Firstly, let us remark that for all @ € L>((0,1) x ©), and for all § > 0, and by
defining bs = b* 4 du, we have:
(Ibs| — k™ = 1)* = |bs|* — 2(ke™ + 1)|bs| + (k™ 4 1)°
= (|6** + 26(b", @) + 0°[ii]*) — 2(ko* + 1)|bs| + (k@™ + 1)° (2-17)
= (Ib"] = ko™ — 1)* +26(b%, @) + 6*|a@|* — 20" ([bs| — [b"]).
Let @ € L>=((0,1) x ©) and let A > 0.



o We define
Ay ={(t,z) € (0,1) x Q, |b*] — k™ —1 > A}

Let @y = 14,4 (we assume @y # 0). Let bs = b* + 0y,
1 * * 2 €
a5 = —- (ma{lbsl, ko + 1} — kg — 17 + 5

For all § < 72— (then such that |bs| > k¢* +1 on Ay), we have

2[[do o

/ (bs| — ko™ — 1) da dt :/ (6| — k" — 1)2 dadt
A A (2-18)

2b*, o) + 6|
) (2(6*,1?0)—2@* (b, to) + *|”0| ) d:z:dt+52/ |ido|? dx dt
Ay |bs| + [b*| Ay

(we recall that (|bs] + [b*])(¢, ) > [b*|(¢t,x) > kp*(t, ) +1 > 1 on Ay).
We have g5 = (as,bs5) € Pg.. Then
0> (1", 95 — q")L2((0,1)xQ)

:/ (a5fa*)p*d:cdt+/ (bs — b*,m") dx dt
A)\ A)\

= / {a*p* - g—(\b5| —ko* —1)2 + %p* +5(m*,ﬁ0>} dz dt
A €

1 € ldo|* (2(ke* +1)
=_ at + — b*—k*—12—> *dwdt+52/ —1) dadt
/A( g (Pl = ke =17 =5 ) v 20 ol 7]

*

o [p (< i) — W*”@*,m) +6(m*7a’0>} do dt

€ |bs| + [b*]
iol? [ 2(ke* +1 * 2(kp* +1
252/ ] ( Uhg” + 1) 1) dxdtfé/ <” (IW)b*m*,ﬁo> da dt
Ay 26\ |bs] + (b7 Ay \ € [bs| + [b¥]
(2-19)
Then
= 12 * * *
5/ o] (2(’“/’ +1) 1) dxdtf/ <” (1 W) b m*,ﬂo> dzdt < 0.
4, 2e |bs| + |b*] A, \ € |b* + dtdp| + |b*]
(2-20)
Therefore, when § — 0, we have
* ko* +1
/ <"’ (1— s >b*—m*,ﬁ0> dzdt > 0. (2-21)
Ay \ € |b*|
When A — 0, we finally have
* ko* +1
/<p <1_ Ld j )b*—m*,ﬁo> dadt > 0. (2-22)
Q \ € 0|



o We define
By ={(t,r) € (0,1) x Q, [b*] —kp" —1 < —A}.

Let Uy = 1p,u (we assume Uy # 0). Let bs = b* + o1,
1 * * 2
a5 = —-(max{lbsl, k" + 1} — kg" —1)% + £

For all § < 2”~ T We have |bs| < ko* + 1 on By, ie. as = ¢/2 (and a* < €¢/2) on By, and
then g5 = (as, bs) € P

Thus, for all § <

, we have
= 2Hv oo

(as — a™)p” dx dt —|—/ (bs — b*,m") dx dt

0> (1,05 — 4 ) 2(0,1)x) = / ;
A

B
= / (E — a*) p*dx dt + 5/ (To, m") dx dt > 5/ (o, m") d dt.
B)\ 2 BA B)\

Therefore, when A — 0, we have / (o, m*) dx dt < 0.
Q

As 1p, + 14, =1, and then ¥ + @y = @, we finally have, and this for all @ € L>°((0,1) x ),

(2-23)

/ (w*p*b* —m™*, @) dedt > 0, (2-24)
Q

w* = max 0,1 1_k<,0 1 )
€ |b*]

and we then conclude m* = w*p*b*.

with

(III) [p* (a* + e(w*[b*|)?/2 — €/2) = 0]: We define the vector ¢ = (a,b) € PS., with b = b* and
a= —i(max{|b*|,k<p* +1} —kp* —1)2 + 5, whence

1
0> (u"q—q")1> = —/ p* (a* t o (max{[b], k™ + 1} — k™ = 1)* = ;) dx dt.
Q

1
As p* (a* + 2—(max{|b*\, ko* + 1} — kp* —1)% — ;) < 0, we then have
€

*|b* 1
p* (a* + w - ;) =p* (a* + 2—€(max{|b*|, ko* +1} — ko™ —1)% — ;) =0 (2-25)

almost everywhere. O



Proof of Proposition [2.1]:

e Firstly, let us assume that the triplet (¢*,¢*, u*) satisfies the four assumptions of the state-
ment.

Let r > 0. Let ¢ € H'(Q) such that ¢ > 0, and let ¢ € P, i.e. such that F(,q) = 0. Then,
according to ([2-13]), we have

€ * * T
L, ¢, 1") = Fe(,0) + G(9) + (0", Viwp — 0)12(@) + 5| Vear — dliz(q)

(2-26)
>k [l dedt (0" q) oo
Q
We define the sets A and B by
A= {(t,.ﬁ) € (Oa 1) X Qa |b(t,$)‘ - k(p(t,l‘) -1> O}a
and
B = {(tax) € (Oa ]-) X Qa |b(t,.’t)| - k@(tvm) -1< 0}
According to (2-15)), we have m* = w*p*b*, and then
k/ Im*|¢dzdt — (1", q) 12()
Q
:f/ |m*|dxdt+/(kgﬁ+1)|m*|dzdt—/ ap*dxdtf/ b-m*dxdt
Q Q Q Q
> —/ |m™*| da dt — / (|b] — ko — 1)|m*|dxdt—/ ap® dx dt
Q Q Q
z—/ |m*|dxdt+/(k<p+1—|b|)|m*|da:dt—/ ap* du dt (2-27)
Q B B

1
—/ <a+(|b|—k‘<p—1)2> p* dacdt—f/(w*|b*\)2p*dxdt
A 2¢ 2 A

2—/ |m*|dmdt75/ p*dzdt—i/p*dxdth/(w*|b*|)2p*dxdt
Q 2 Jp 2/a 2Ja
2—/ |m*|d:cdt—f/ (14 (w*[b*])?) p* da dt.

Q 2Jq

We have b* - m* = b* - (w*p*b*) = w*p*|b*|> = |b*| - [m*|, and moreover, by definition of w*
(see (2-16))), we have (|b*| — k¢* — 1)|m*| = e(w*|b*|)?p*. Thus,

k'/Qm*go* drdt — (1", q") 12(Q)
z—/ |m*|dmdt—/ a*p*dmdt+/(k<p*+1)|m*\da¢dt—/ b* - m* dx dt
Q Q Q Q
:—/ |m*|dxdt—/a*p*dxdt—/ (|b*] = k™ = 1) Im*| dz dt
Q Q Q

:—/ |m*|dxdt—/ (a* + e(w*|b*])?) p* dx dt.
Q Q
(2-28)



According to the third point of Proposition we have,
* * * * € * * *
(a 4w 7)) o = & (L4 (572 o
and then

k:/ |m*|g0dxdt—(,u*,q>L2(Q)2—/ |m*|dxdt—5/ (14 (w*[b*])?) p* dadt
Q Q 2 Jq

(2-29)
— k/Q |m*|¢* dx dt — <,u*,q*>Lz(Q).
Consequently, according to (2-14f), (2-26) and (2-27)), and since ¢* = V; z¢*, we have:
* * r
L, 1) = Fel,0) + G(9) + (07, Ve = @)120) + 51 Vewp — dllizg)
> k/@ Im*|¢* dzdt — (1", q") r2(q)
(2-30)

= G(¢")

* * * * * * r * *
=F(¢",q") + G(¢") + (1", V9™ — ¢ ) r2(@) + §||Vt,z50 — ¢* 17200
= L(¢", q*, ).

Moreover, it is obvious, according to the first assumption (i.e. ¢* = V,,¢*) that for all
pe L2(Q)!, we have Li(¢*, %, ) = G(¢*) = Le(o*, ¢*, 1*).

e Conversely, we now assume that (¢*, ¢*, u*) is a saddle point of LS in S, that is to say that,
for all (¢, q, ) € S, we have Ly (0", ¢*, u) < Li(¢*, ¢%, 1*) < Li(p,q,p1").

For the two firsts assumptions, we can remark that all u € L2(Q)?*!, we have:

0=1L5(0,0,") > Ly(o", ¢, %) > Ly(¢", ¢", p + p™).

Then, Fe(*,q*) = 0 (ie. ¢" € Pg.), and we have (u, Vi " — ¢*)p2 < 0 for all vector
p € L2(Q)*1, and thus ¢* = V, ,¢*.

For the third one, we can remark that for all ¢ € Pg. (i.e. Fe(¢*,q) =0), we have
G(e™) + (W Viap™ —q)r2 = Li(9", ¢, 1") > Li(¢", ¢", p1*) = G(¢7).

Therefore, as ¢* = V; ,*, for all ¢ € Pg., we have (u*,q —¢*)r2 <0.

The fourth assumption is detailed in the following Lemma.

O

Lemma 2.1. Lete > 0 and r > 0, and let (¢*,q*, u*) be a saddle point of LS in S (if such a saddle
point exists). Then u* = (p*,m*) € C", more precisely,

Vhe HYQ), h >0, / (Ouh p* + Vah - m*) da dt — k:/ m*hdedt +G(h) > 0. (2-31)
Q Q
Moreover, we have in particular,

/ (Opp™ p* + Vg™ -m™) dz dt — k:/ |m*|p* dx dt + G(p*) = 0. (2-32)
Q Q

10



Before giving a proof of the above Lemma, let us prove the following other Lemma:

Lemma 2.2. Let h € H'(Q) such that h + ¢* > 0, and ||h||z~ < 1/(4k). We define qn = (0,by,),
with by, defined for almost all (t,x) € Q by:

ok Lh) (t,x) if b*(t,x) £ 0, )
balt )_{ o<|b| ) else (if b*(t,2) = 0). (2-33)

Then, for any e > 0 and for all X € (0,1], we have Ah + ¢* > 0, and
FAh+ 9" Xqn+q°) =0, ie. Agn+q" € Pipppe-
Proof: Let A € (0,1]. For almost all (¢,z) € Q, if h(t,z) > 0, we have
M+ %) () = @™ (¢, x) = 0;
else, if h(t,z) < 0, we have
(A + %)t 2) = (A= Dh(t, ) + (h+ ") (t,2) = (h+¢7)(t,x) = 0.
Firstly, for almost all (¢,z) € Q, if we assume that b*(¢,z) # 0. We then have

kAR
(t,x) = ' + 1‘ |b*|(t, ) = |[Akh + |b*| | (¢, ).

I3V
Aby + b*| (t, ) = ‘( + 1) b* o

%]

o |b*|(t,z) > 1/2. Then (Akh + |b*])(t,z) > (1/2) + Akh(t,x) > (1/2) — (1/4)A > 1/4 > 0.
1. If [b*|(t,x) < ko*(t,z) + 1, then
INeh + (6% | = (\kh + [b*]) (£, ) < Mkh(t, ) + kg™ (£, 2) + 1.
Thus, max(|Akh + [b*| |, Akh + ko* + 1)(t,z) = (Akh + kp™ + 1)(¢,2). And then,
max(|Akh + [b*] |, A\kh + ko™ 4+ 1) (¢, z) — (A\kh + ko™ + 1) (¢, x)
=0 (2-34)
= max(|b*], ke* + 1)(t,x) — (k™ + 1)(t, z).
2. It |b*|(t,2) > ko™ (t,x) + 1, then
[Akh 4 |b%| | = (Mkh + [b*])(¢, 2) > Nkh(t, x) + ko™ (t,z) + 1.
Thus, max(|Akh + [b*| |, Akh + kp* + 1)(t, x) = (Akh + |b*])(t, ). Then,

max(|\kh + [b*|, |, Akh + ko™ + 1)(¢, ) — (Akh 4+ ko™ + 1) (¢, z)
= (0% = ke™ = 1)(t, 2) (2-35)
= max([b*], ko™ + 1)(, ) — (ko™ + 1)(t, ).

11



o If |b*|(t,x) < 1/2, then

[Ah 4 [0*[ [ (@) < (AlA] + [67])(E, @) = A([h] = h)(t,2) + (Ah + [b7]) (¢, 2)
< MR, 2) (M + D)) (8 ) < 2 x (1/4) + (Akh + b)) (¢, )
< (1/2) + Meh(t, ) + (1/2)

=14+ Xkh(t,z) <1+ k(Ah+ ¢")(t, x)

(2-36)

Thus, max(|Akh + |b*| |, A\kh + k@™ + 1) (¢, ) = k(Ah 4+ ¢*)(t,2) + 1, and consequently

max(|A\kh + |b*| |, Akh + ko™ + 1) (¢, x) — k(A + ™) (t,z) — 1
=0 (2-37)
= max(|b*|, ko™ + 1)(t,x) — k™ (t,z) — 1.

By grouping, we have

max(|Akh+ [b*| |, Akh+ ko™ + 1) (t, z) — k(A4 @™ (¢, 2) — 1 = max(|b*|, ko* +1)(t, ) — k™ (t,z) — 1.
(2-38)
Finally, if we assume that b*(¢,2) = 0, then by (¢, 2) = 0, and therefore:

max(|by|, \kh + ko™ + 1)(t, ) — k(Ah + ™) (t,2) — 1
= (Mkh + k™) (t,2) + 1 — k(b + ") (¢, 2) — 1
=0
= max(|b*|, ke* + 1)(t,x) — kp™ (¢, x) — 1.

In general, we conclude:
max(|by|, \kh 4+ k@™ + 1) — E(Ah + ") — 1 = max(|b*|, kp* + 1) — kp* — 1. (2-39)
Therefore, for all € > 0 and all 1 > A > 0, we have:
FOAh+¢"Aqn +47) =0 & An +q" € Pyjipe © ¢ € Py (true).
O

Proof of Lemma[2.1} Let h € H}.(Q) = {f € H'(Q), [+ ¢* > 0}, such that [|h]|p~ < 1/(4k).
We define ¢, = (0,by,) like in the statement of Lemma according this lemma, we then have
Ah+* >0 and Agn + ¢* € P54 (i.e. Fe(Av+ @™, Aqn + ¢*) = 0), for all A > 0.

By introducing Ah + ¢* and Agp, + ¢* in LS, we obtain for all A > 0:

r * * * * * *
Vet ¢") = (Aan + a)72(g) + (Vea W +¢7) = (an +07), 17) 12(g) + GAR + ¢7)

rA2 N N
= 7||Vt,xh - %H%?(Q) + MVih = qns 1) 12(Q) + AG(h) + G(¢)

=Li(Ah+ " Mg + ¢, 1%) > L (", ¢, ") = G(¢™)
(2-40)
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Therefore, for all A > 0,
MIViah = anlZ2q) + (Viah, 05 L2Q) — (ans 1) 2(q) + G(h) > 0 (2-41)

We remark (according to Proposition that g - p* = by - (W*p*b*) = kw*p*|b*|h = k|m*|h.
When X\ — 0, we then obtain, for all h € H'(Q) such that h + ¢* > 0 and ||h|| L~ < 1/(4k),

/(athp*—kvmh-m*)dxdt—k/ m*|hde dt + G(h) > 0 (2-42)
Q Q

In particular (2-42)) is true for all h € H1(Q) = {f € H(Q), f > 0} with ||h||r~ < 1/(4k), and
therefore, by linearity of ([2-42), this is still true for any h € H(Q) N L>(Q). This is sufficiant to

conclude that p* = (p*,m*) € C"®: we only need to use non-negative test fonctions in C*°(Q).

However, we would like to be able to extend the test fonctions to the all space Hi (Q), in order to can
use, as above, the relation (2-42)) as a component of the Lagrangian L;.. We can conclude by density
of C°(Q) (set of non-negative C*-class functions on @) in H}(Q). Indeed, for all ¢ € HL(Q),

we can consider the family of regularized functions ¢, € C¢° (Q) defined as the restrictions to Q of
the fonctions Pgat1(¢p) * ., where Prat1(¢p) is a smooth non-negative extension of ¢ from H'(Q)
to H'(R4), and where 0, = (1/e%)6(-/¢) with § € C3°(R**!) non-negative such that [p,., 0 = 1.
We then obtain the relation .

We finish by proving the equation (2-32)). For all n € N*| let K, be the real R defined for all z € R
by

z, if x € [-n,n],
F,(z) = I%I (|| = 3(Jz]| = n)?), ifn<|z]<n+1,
éj(n%-%), if |z| >n+1.

The functions F), are of class C1(R), with F,,(0) =0, |F,| <n+ (1/2) and |F/,| < 1.

According to Proposition I1X.5 of [4], the functions F, o ¢* are in H*(Q), for all n € N*, with
Viw(Fpo@*) = (F) o p*)V 4¢*. Moreover, we have |F), o ¢*| < min{p*,n + (1/2)}.

By taking v, = (1/2) min {2/[4k(2n + 1)],1}, for all n € N*, we have v, || F,, 0 ¢*[|cc < 1/(4k), and
—n(Fno@”) = —(1/2)¢" (hence =y, (Fpn 0 ") + ¢* > 0).

Consequently, by taking h = —v,,(F}, o ™) in , we have for all n € N*:

—Vn (/ (F) 0 @*)(Orp* p* + V™ -m*) dx dt — k/ |m*|(Fp 0 ¢*)dxdt + G(F, o @*)) >0,
Q Q

(2-43)
The sequence of functions [1(,«)~1(j—nn)) (F}, © ©™)]n = [L(4*)~1([=n,n))ln simply converges almost
everywhere to 1.
On the contrary, for all n € N* we have }]l(w*)q(R\[_n’n])(Fy’l o @*)‘ < L(poy-1(R\[=n,n]) and the
sequence [1(,+)~1(R\[—n,n])]n Simply converges almost everywhere to 0. Then, by dominated con-
vergence, we have:

/Q(FT’L 0 ") (0sp* p* + V™ -m*)drdt — /Q(&g(p* P+ Vet - m*)dedt.

n——+oo
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In addition, the sequences F, 0 ¢* F,o[p*(0,-)] and F, o [p*(1,-)] respectively simply converge
almost everywhere to ¢*, ©*(0,-) and ¢*(1,-); and, for all n € N*; we have |F, o o*| < ¢*,
|Fy o[ (0,)]] < ¢*(0,-), and |F o[p*(1,4)]] < ¢*(1,-). Thus, by domlnated convergence, we have:

—k/ |m*|(Fp o @*)daedt+ G(F,o0¢*) — —k/ |m*|p* dx dt + G(™).
Q Q

n—4oo

Hence, by convergence in ([2-43)) (after eliminating ~,,), we obtain
/ (Orp* p* + Vo™ - m™)da dt — k;/ |m*|@* dx dt + G(¢*) < 0.
Q Q
Finally, by taking h = ¢* > 0 in (2-42)), we also have
/ (Orp™ p* + Vo™ - m™)dax dt — k;/ |m*|p* dx dt + G(p*) > 0.
Q Q

We then can conclude (2-32]). O

Finally, let us show that the saddle point is well a solution to the original problem.

Proposition 2.3. Let € > 0 and r > 0, and let (o, ¢*, u*) be a saddle point of LS in S (if such a
saddle point exists). We have u? = (p,m?) € C™ (according to Lemmal[2.1). We recall that

— { pP,m E L2 Q)d+1a ﬂ(oa ) S Po, p(la ) Z P1, atp+dlvw(m) S _k‘m‘v <m7ﬁ>aQ Z 0}7

or, in other words:

(p,m) €C™ < Vh € HY(Q), h >0, /

(5‘thp+v$h~m)dmdt—k/ hlm|dzdt + G(h) >0
Q Q

For all couple (p,m) € L*(Q)*, we define the enregy term I (p,m) by:

T.(p,m) = /Q (5 (o Tp.m)) + m]) dv

*

*Y is a minimizer of Z. on C™°, i.e. for all (p,m) € C"¢, we have

Ze(p,m) = Le(pe, mg).

Proof: Let 3 be a L9 L representative function of p*. We define a partition of () with the sets A,
and B, by:

Then, = (pf,m

Ac={(t,z) € Q, kp (t,z) +1 <[b;(t,z)|}, Be={(t,z) €Q, kip;(t,x) +1 > [b:(t, 2)[},
Let a couple (p,m) € L?(Q)%*! such that Z.(p,m) < +o0, i.e. / J(p,m)dzdt < +oo.
Q

x),m(t,z)) = (0,0), for almost all (¢,z) € Q.

Then, J(p,m)(t,x) < o0, i.e. p(t,z) > 0 or (p(t,
2(Q ,pLdH) such that m = pv: for almost all

Therefore, we can define a velocity field v € L
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(t,z) € Q, we can choose v(t,z) = (m/p)(t, z) if p(t,z) > 0, and v(t,z) = 0 if p(¢,2) = 0. We have:

T.(p.m) = /Q (£ (o Tom) +ml) dude

=/ Epdxdt—&—/ E|11|2,0d413d2€—|—/ |m| dx dt
Q2 Q2 Q

* € * 1%\ 2 € 2 (2-44)
> | alpdedt+ = [ (wi|b]))*pdxdt+ [ =|v|°pdxdt+ | |m|dxdt
Q 2Jq Q2 Q

1
Z/a:pdm‘dt—l——/ (\b:|—k<p:—1)2pdxdt+/ E|v|2pclacdt—i-/ |m| dx dt
Q 2¢ Ja, A2 Q

Indeed, according to Proposition we have g >al + %(w:|b:|)2, with w* = 0 on B, and
ko? +1

7] on A.. We also have

*
w, =1-—

1 % % € * * * *
(521~ kit~ 1)+ Sof? 2 (1]~ kgt — Dlol 2 v — (k! + Dl

Then, we have

Ie(p,m)Z/ a:pdxdt—&—/ (b:-v)pdxdt—/ (kgo:+1)|v|pda:dt+/ |m| dx dt
Q Q

€ €

:/a:pdxdt+/ b:-mdmdt—/ (kga:+1)|m|dxdt+/ |m| dz dt
Q A Ac Q

:/ a:pdxdt—&-/ b:-mdxdt—/(k(p:—l—l)|m|dxdt+/ |m| dx dt
Q Q Q Q

7/ b:~mdxdt+/ (ko + 1)|m| d dt
Be

€

2/atgpzpdxdtJr/Vm@i'mdxdt—k/g0:|m\dxdt+/ (kX +1—|b])|m|dxdt
Q Q Q

€

2/ 8tg0:pdxdt+/ Vz¢:~mdxdt—k/ eimldxdt > —G(p)),
Q Q Q
(2-45)

such that (p,m) € C™. Moreover, according to Proposition we have e(w?|b?])2pr = |m*| =0
on A., and

e(wi[bz1)*pr = (1be] = ket = Dwi|br|pe = (0] = kf = Dme| = [b7] - [mi| = (ko + 1)|m¢]
= b -mg = (kg 4 1),

on B.. Then, in all cases, we have b* - m} = e(w|b|)?p? + (ky? + 1)|m?|. Therefore, according to
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-32):
Lipm) = ~Glet) = [ agtpidvirs [ Vagr-midvdi—k [ gl deds
Q Q Q

:/a:p:dxdt—i-/b:-m:dacdt—k/goﬂm:\dxdt
Q Q Q

= [ (5 glurel?) prdode+ [ (cwrlor?e: + (gt + 1)) deds

’ ¢ (2-46)

[ i de d
Q

= [ (5 + 5cti?) ot dwars [ iz

o\2 2 o
:/ E(PiJrJ(pZ‘,m:)) dzdt+/ |my| dx dt = I.(pr, m?).

Q2 o

]

Remark 2.1. We can show that (p.,m.) converge in the Radon measure space to a limit (dp,dm)
as € — 0, with |dm| minimizing the dissipation of mass. However, our objective would be to prove
this convergence in L? space.

3 Equivalence between the original model and the relaxed
model

In this section, we would like to prove that if (¢*,¢*, p*) is a saddle point of L¢ in S, whose
component p* therefore satisfy the property of consumption p* = (p*, m*) € C"¢, then it also verify
the strict property of consumption, that is to say (p*,m*) € C.

We begin by state a short lemma and its corollary:

Lemma 3.1. Let n € N*, 1 <1 < +o00, and let w be an open set of R™ such that L™ (w) < +00.
Let f be a real Lebesgue measurable function on w such that the Lebesgue measure equivalent class,
also noted f, is an element of W1P(w). Then, we have |f| € WP (w), and

VI = (L1000 = Ty-1(-o00p) V.- (3-47)
Proof: For all € > 0, let F. be the real C'-class function on R, defined for and all y € R by
Y

F.(y) = Vy*+e2—¢, and then, F.(0) =0 and F.(y) =
Therefore, for all y € R,

[Fl(y)] < <1, and |Fo(y)| = Fe(y) < ly|-

VT E=R
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The function F. uniformly converges to | - |, when e converges to 0. Indeed, for all y € R we have
—e < Fe(y) — [yl <0.

Moreover, F. simply converges to 1jg 4oo[ — 1j—oo,0, When € converges to 0.
According to the Proposition IX.5 of [4], for all ¢ > 0, we have F. o f € W!P(Q), and moreover
Via(F.o0f) = (F.o f)Vf. We remark that

Via(Feo )l < |Flo f|- [V < V]

The function F.o f simply converges to | f| € LP(w), and V(F.of) simply converges to (1 y~1(jo 400 — L =1 (—00,0)) VS €
LP(w)™, when e converges to 0. In addition, for all 1 > ¢ > 0, we have |F. o f| <|-|+ 1. Then, for
all ¢ € C°(w)™, by dominated convergence, we have

[ diveyar = Jim [P0 paiv(e) ds

=—lim [ (Flof)(Vf-¢)da (3-48)

e—0t J,,

= —/ (Lp-1q0,400) = Lp-10—c00p) - (Vf - ¢) da.

Therefore ‘f| S Wl*p(w), with V|f| = (]lf*l(]o’JrooD — ]lf—l(},oo’o[)) Vf. O

Corollary 3.1. Letn € N*, 1 <1 < 400, and let w be an open set of R™ such that L™ (w) < +o0.
Let f be a real Lebesgue measurable function on w such that the Lebesque measure equivalent class,
also noted f, is an element of WYP(w). Then, for all a € R, we have max(a, f), min(a, f) €
WhP(w), with

1
Vmax(a, f) = 511 (ap VI + 1= gatoc) Vs
and

. 1
Vmin(a, f) = i]lf—l({a})vf 151 (-ccap V-

Proof: Indeed, for all a € R, we have max(a, f) = (1/2)(f + a+|f — a|) and min(a, f) = (1/2)(f +
a — |f — al), and then, according to Lemma we have max(a, f), min(a, f) € WP(w) with

1

V max(a, f) = 3 (Vf 1y

1
= 5l qap VI LoV,

[))Vf + 1f71(]a7+00[)vf)

f=1(—occ,a

and

. 1
V min(a, f) = 3 (Vf +1p1g D)Vf - ]lf—l(]a7+0<>[)vf)

f=l(—-oc,a

1
= 5l qap VI L1 gmceap V-
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Now, we are interested in the main statement of this section.

Lemma 3.2. Lete > 0 and r > 0, and let (¢*, ¢*, u*) be a saddle point of LS in S (if such a saddle
point exists), with u* = (p*,m*). Then dyp* + div,(m*) = —k|m*|, and p; is the weak L*-trace of

*

p* int =1. Furthermore, we have (m, Moo = 0. More precisely,
Yo € Hi((0,1] x Q), / (3tcpp*+vz<p-m*)dxdt—k/ \m*\gpdxdt—/ o(1,-) prdz =0. (3-49)
Q Q Q

Before to prove this Lemma, we state the following Lemma:

Lemma 3.3. Let n € N* and let L™ be the measure of Lebesqgue on R™. Let f € HY(w), with
w an open set of R™. Then, for all L™-representative mesurable function f of the function class
f, we have ]1?71({0})Vf =0 (i.e. all representative of Vf in equal to zero almost everywhere on

-1
o ({o})).
For all € > 0, let I, be the real R defined for all x € R by

¢ ifyel-ee]
F.(yy=4q 1L, ify=>e
-1, ify< —e.

In other word, for all y € R, we have F.(y) = max(min(y/e, 1), —1). According to Corollary
we have F. o f € H'(w) and

1 |/
V(Feo f) = (2]1min(f/£,l)—1({—1}) + ]lmin(f/e,l)—l(]—l,—l-oo[)) V min <€v 1)

1/1 1
= <2]lf_1({—6}) + ]lf_l(]—e,+oo[)> (zﬂ(f/e)l({l}) + ]l(f/sw(]oo,l[)) 2

1/1 L
T e (2111“‘({—8}) + ]lfl(]—a,+oo[)> (2111“1({6}) + 11f1<1—°°75D> v

We can observe that Lp-1(_yy-Tg-r = Tg-r oy Ipma gy Do = Ly

It ep grqep T 0 amd g o 1771 e oo = 1772 e gy 20 them
— 1
V(E.oF) = <15 ) VF. (3-50)
Therefore, for all ¢ € C°(w)™, we have:
e 1 1
/(Faof)dlv(go)dx:—f/V(Fgof)~godx:—f/ (Vf-o)dx. (3-51)
w € Ju S AN
Let ¢ € C2°(w)™. Since |F€ o f| < 1, we then have for all £ > 0:
/7 ) (Vf-p)de|=¢ /(FE o f)div(p) dx| < 5/ | div(p)| dx. (3-52)
f([==eD) w w
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Since ]l?—1([_s7€]) simply converges to ]l?_1({0}), then by dominated convergence we have

lim | (Vf-p)de = [ (Vf-¢)da. (3-53)
e 0T ST ([~ e]) 7l ({0}

Therefore, according to (3-52|), we have
/w]l?”<{0}>(vf ~p)dr = /fl({o})(vf ~p)dz =0, (3-54)

and this for any ¢ € C2°(w)™. Consequently we can conclude that 1

Faon V=0

Proof of Lemma[3.3 Since p* = (p*,m*) € L*(Q)*™*, we only need to conclude to prove (3.2)
with test functions in C2°((0,1] x Q) (since C°((0,1] x Q) is dense in H((0,1] x Q) for the norm
Il Ml #).-

Let ¢ € C°((0,1] x ©), and let $* be a L4t 1-measurable representative function of p*. We define
the sets AT, A} and B, (a partition of Q) by :

AT ={(t,x) € Q, Mp+7")(t,z) >0}, Ay ={(t,z) €Q, Ao +7")(t,x) <0},

and By ={(t,z) € Q, Ao+ ¥")(t,z) =0}.

According to Corollary ﬂ, for all A > 0, we have max(Ap +%*,0) = Lytus, (Ao + %) € HL(Q)
with

1
2

To finish, there exist 0 < tg < 1 such that ¢(t,x) = 0 for all (¢,z) € [0,tp] x ©, then the function
[Ap +*| is almost everywhere equal to |p*| = ¢* on (0,%9) x Q and then admits a L2-trace in ¢t = 0
which is the trace of ¢* noted ¢*(0,-). We have

Vi [max(Ap +37,0)] = ( sy + M) Via(Ap +7). (3-55)

[Ap + ©*| > max(Ap + ©*,0) > Ap + ¢~

and then, since the L?-trace linear operator conserve the sign, and then the inequalities between
H' functions, we have

max()‘@ +¢%, 0)(07 ) < |)\<P + <,0*|(07 ) =" (07 ')7 (3‘56>

and
max(Ap +¢*,0)(1,-) > (Ap +¢") (1,-) = Ap(L, ) + ¢ (1, ). (3-57)

Then, we have
G [max(Ap + ¢*,0)] = / max(Ap + ¢*,0)(0, ) po dz — / max(Ap + ¢*,0)(1,-) p1 dx
Q Q
< [¢0mds— [ Ot o)1) prds
Q Q

=G A [ el e
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Therefore, according to (2-31) (Lemma 7 we obtain:
/ Vi [max(Ap +3%,0)] - p* dr dt — k/ max(Ap + ¢*,0)|m*| dx dt + G(¢*) — )\/ o(1,-) p1dx
Q Q Q

> / Vi [max(Ap +%,0)] - p* dx dt — k/ max(Ap + ¢*, 0)|m*| dz dt + G [max(Ae + 7", 0)]
Q Q

> 0.
(3-58)

Then, according to (3-55|), we have

VesOho @) " dodt =) [ (L) prd+ G(o)
B Q

1
/ Via(Ap +¢7) - p" dadi + */
At 2
> k/ max(Ag + @, 0)|m*|dz dt (3-59)
Q
> k/ (Ap +@")|m*| dz dt.
Q
Indeed, by definition we have Ay +$* < 0 on A} and A} U B\ = Q\A} . Therefore,
1
A / Vigp p dedt+ - Vizp - 1 dxdt—k/ g0|m*|d3:dt—/ w(1,4) p1 dz)
Af 2 /B, Q Q
1
+ / Vg™ p" dedt— / Vg™ - p*drdt— - Vg™ - p" drdt+ G(p")
Q A5 2 /B,
A

> k/ 25 |m™| dx dt.
Q

According to (2-32) (in Lemma [2.1)), we then have

1
A / Vigp - p* dedt+ - Vg p*dedt — k/ plm*| dx dt — / o(1,) p1 dx)
Af 2 /B, Q Q
1
> / Vg™ p*dedt + f/ Vg™ - p* dadt.
_ 2 /5,
A
According to Proposition 2.2} we have
€ (3-60)

> (0" + e(w b 2)p" = S+ @ )27 = Sl + T (07 m)] 2 0.

2
Indeed, 0 < w* < 1/e. Then

1
/ Viao® - " dedt + 5/ Viap™ " dadt > 0.
N B

A A
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Therefore, for all A > 0, we have:

1
/ Vizp - w dedt + 7/ Vizp - p* dedt — k/ olm*| dedt — / w(1,:) p1dx >0,
At 2 JB, Q Q

A

that is to say, for all A > 0,

1
/Vm@-u*dﬂcdt—k‘/ Lp|m*|dxdt—/ gp(l,-)pldmz/ Vizp-p*dedt+ - Viz-p* dedt.
Q Q Q Ay 2

By

(3-61)
For all (t,x) € Q, if §*(¢t,z) > 0, then, for A small enough, we have (Ap + @*)(t,x) > 0, and then
]lA; (t,x) and 1, (¢, z) converge to 0 when A converges to 0. If * (¢, z) = 0, then, if p(¢,x) > 0, we
have 1, - (t,z) =1p,(t,z) =0 for all A > 0; if p(t,2) = 0, we have Iy (t,2) =0and 1p, (t,2) =1
for all A > 0; and if ¢(¢,2) < 0, we have Ty (t,z) =1 and 1, (t,x) = 0 for all A > 0.
Therefore, as ¢(t, z) > 0 almost everywhere, the function 1 AL (Vizp - ") simply converges almost
everywhere to 1 z+)-1(f01)ne-1(&__) (Vi,z@ - p*); and the function 1 g, (V¢ ¢ - 1*) simply converges
almost everywhere to 1 g+)-1((o})ne-1({0}) (Ve - 1)
Moreover, we have max{| (Vi 1) 1y L (Vezp - p*) ]IBA\} < |Vizepl - |u*| € LYQ), for all

A > 0. Thus, by dominated convergence, we obtain

1
/ Vigp-p'drdt+ - [ Vigp-p*dedt
A 2 /B,
(3-62)

1 *
o g <1<¢*>-1({0}>w-1<R) + Qﬂw*)-l({O}m—l({O})) Viap " dzdt.

Let v > 0 such that v|V,p| < 1 and v|0:¢p| < €/2, for instance v = min(1,¢)/ (2]|¢|loo), Whence
*’th@@ S P;*

Let A be a measurable subset of ). We define g4 (¢, z) = { %fyv;’f(f(i’)x)’ i Ei’ g E g,\A
t,x ) ) ) .

We then have g4 € P_.. Therefore, with the orthogonality L? of p* to P at point Vi 50" (see
the third point of Proposition 7 we have
/ (YWVizp) - p* drdt = / (Viz@" —qa) - p"dadt — / Vg™ - p"drdt
A Q A
> —/ Viz" - pdedt = —/ (Vige® - u*)1adxdt
A Q
Whence, by taking A = (*)"1({0}) N~} (R__) and A = (")~ 1({0}) N~ 1({0}), we obtain
1 *
/Q <]l(s0*)1({0})ﬂso1(R) + 21<w*>1<{0}>w1({0}>> (VWeap) - " de dt

1 * *
= —/Q (ﬂw*)l({omwm_) + 211@*)1({0})%1({0})) Viey™  p" dzdt

(CRU)) Q
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Indeed, we have ]l(a*)—l({o})m;—l(R,,) + (1/2)1(5*)_1({0})089_1({0}) < ]1(5*)_1({0})' According to
(13-61)) and (3-62]), we then have

/Vmgao/fdxdtfk/ g0|m*|dzdt7/ga(1,o)p1d:c
Q Q Q

> lim

A—=0t Ba

1
AN

1 * *
> _7/ Lo-1qoy) [Veae™| - "] dedt = 0.
TJQ
(3-63)
Indeed, according to Lemma [3.3] we have 15+)-1({0}) V29" = 0. Finally, we have:
/ Vizp- 1" dedt — k/ plm*|dz dt — / w(1,-) prdz > 0. (3-64)
Q Q Q

The relation (3-64) being satisfied for all ¢ € C2°((0,1] x Q) (and then it is satisfied by —¢ for all
0 € C((0,1] x Q) ), we then can conclude that for all p € H}((0,1] x Q):

/(8t<pp*+vx<p~m*)dxdt—k/ |m*|g0dxdt—/g0(1,-)p1dx
Q Q Q

=/Vt,gg(p-,u*dxdt—k‘/Lp|m*|dxdt—/Lp(l,-)pldac:O.
Q Q Q

We are now interested in the trace of p* in t = 0.

Lemma 3.4. Lete > 0 and r > 0, and let (¢*,q*, u*) be a saddle point of LS in S (if such a saddle
point exists), with p* = (p*,m*). Then, in addition to verifying with m* the consumption relation
Oip* + div,(m*) = —k|m*|, to admit p; as weak L?-trace int =1 (as it had been proven in Lemma
, p* admits moreover a non-negative weak L*-trace p, in t = 0, such that py, < po. In other
words, we have:

/(6thp*+vxh~m*)d:cdtfk/ |m*|hd:cdt+/ h(0,~)ﬁod:v7/ h(1,")p1dx =0, (3-65)
Q Q Q Q

for all h € HY(Q).

Proof: We define the real linear form A on H'(Q) respectively by
A(h) = / (Ouhp* +Vih-m™)dedt — k/ him*| dx dt — / h(1,-)p1 dx, (3-66)
Q Q Q
for all h € HY(Q).

We also define the real linear form 7" on H(Q2) by T'(f) = —A(f), with HY(Q) > f : (t,x) — f(x)
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for all f € H'(Q). To finish, let us observe that, according to (2-31)) (in Lemma [2.1)), for all
f € HY(Q) such that f > 0, we have

0</szf-m*dxdt—k/Q|m*|fdxdt—|—/ﬂf(0,')ﬂ0dx—/Qf(l,')m dx
=-T(f)+ Q?(O,')Po dx (3-67)

—T(f)+ / Foo da.

We now have to show that for all h € C*(Q), we have [, h(0,-)po dx = —A(h). For all n € N*, we
choose a function x,, € C*([0, 1]), satisfying:

e xn(t)=0if 55 <t <1, and x,(t) =1if 0 <t < 2,

o Vt€[0,1], —2"T2 </ (t) <0 (and then 0 < x,, < 1).

For all f € H'(Q), all n € N*, we then have (1 — x,)f € H'((0,1] x ), whence A ((1 - x,)f) =0
(because of (3-49) ), and thus:

T(f) = —A(f) = —A0f) = A (1= xa)f) = —Alxnf).
Then, for all n € N* and all f € H*(2), we have

T(f) = - /Q (0 (xuT) - 0" + Vi (xuF) -m*) dv dt — ya(1) / Fou da

. / X () @) p (1, 2) et — / (Vo f (@) - m (1, 2)) X (t) .
Q

Q

We observe that x,, simply converges to 0 on (0,1) when n tends to infinity, and that |x, V. f - m*|
is bounded by |V, f|-|m*| for all n € N* (and m* € L?(Q)?). Then, by dominated convergence, we
have, for all f € H'(Q):

n—-+oo

/Q (Vof(@) - m* (£, 2) xu(t) dedt —s 0,
and then

- /Q o) F()p" (tx) dudt —  T(f), (3-68)

n—-+o0o

Whence, for all f € H'(Q2) such that f > 0, we have fQ Xn () f(x)p*(t,z) dedt < 0 for all n € N*
(because X!, < 0), and then T(f) > 0.

Then, according to (3-67)), for all f € H'(Q2) such that f > 0, we have:
0<7(H < [ fmde (3-69)
Q

Let f € HY(Q), ft = max(f,0) and f~ = max(—f,0): we then have f = f* — f~. According to
Corollary [3.1] we have f*, f~ € H'(Q) with f*, f+ > 0, and then

T(f) = T(f*) ~T(f~) > ~T(f7) > - / fpoda
> 1 llze - leollze = — 1z - ool
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and
T(f)=T(")-T(f7)<T(f) < /Qf+po dr < ||f 1Lz - llpollz < Ifllz2 - llpoll L2,

that is to say |T(f)] < [lf]lz= - pollz>-

This last inequality can then be extend by density to the space L?(2), and then the application
f e L*(Q) — [, fduo is an element of the dual space of L?(): thus, there exist a (non-negative)
density p, € L?(Q) such that T : f — fQ f Po dx. Moreover, by (3-69)), we have 5, < po.

We now have to show that for all h € H'(Q), we have [, h(0,-)py dz = —A(h). We will solve this
problem for all A € C*°(Q), and we will then be able to conclude by density. Let h € C*°(Q). First
note that for all n € N*, we have (1 — x,,)h € C2((0, 1] x Q), whence A ((1 — x»)h) = 0 (according

to ), and then:
A(h) = Axnh) + A ((1 = xn)h) = Axnh) = Alxnh)

= / (0r (xnh) - p" 4+ Vg (xnh) - m*) dx dt — k/ Xnh|m*| dx dt — / Xn(1)A(1,-)p1 dz
Q Q Q

=/ (XnOth + hx},) p* dxdt—l—/
Q Q

:/hx’np*d:rdt+/ (3th~p*+vxhom*)xnd:cdtfk/th\m*\dxdt.
Q Q Q

(Vzh-m™) xn dedt — k/ Xnhlm*| dx dt
Q

As before, since x,, simply converges to 0 on (0,1) when n tends to infinity, and since
[0k - p + Vol -m| < [[Vighloo - (Ip] + |m])

(with p* = (p*,m*) € L?(Q)?*1), we obtain the dominated convergence:
/ (Oph - p* +Vih-m*)xndacdt—k/ Xnhim*|dxdt — 0,
Q Q n—4oo

whence
/ hx, p*dedt — A(h). (3-70)
Q

n—-+oo

For all n € N*| if we use h = x,, in (2-31) (in Lemma , we obtain
0< / (X, P+ VaXn -m*) drdt — k/ | | xn do dt + G(xn)
Q Q
= / X (t) p*(t, z) dx dt — k:/ |m*|(t, 2)xn (t) da dt + / Xn(0) po(z) do — / xn(1) p1(2) dz.
Q Q Q Q
Since, x»(0) =1, x»(1) =0, xn > 0 and X}, < 0, we have

/Q|Xn(t)|p (t, ) da dt = —/an(t)p (t,x)dxdtg/gpo(x)dx< too. (3-71)
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According to the convergence relation (3-70)), we have
A(R) + / h(0, )y dz = A(h) — A (h(o, -)) — A <h — 70, -))
Q

1
= im0 (e - h0) ) dedt g

n—-+oo

5 t
= lim /2 //X;L(t)ath(s,:c)p*(t,:c)dzdsdt
n—-+oo # 0 Q

Indeed, x/, is zero outside of [1/2"*1 1/2"]. Thus, according to (3-71)):

st
‘/2 / /X;L(t)(?th(s,x)p*(t,x) dx ds dt
ST Y0 JQ

. 1
S/2 /2 /|X;z(t)|'|5th(s,x)|p*(t7x) dx ds dt
2n1+1 0 Q

1
1 7 )
< sl [* [ ol o do
T /9

1
— 5 ([ o) 100t
Q

b t
A(h) + / h(0,)pydz = lim / / Xb, ()Osh(s,z)p*(t,x) dz dsdt = 0, (3-73)
Q 1 Jo Ja

We can therefore conclude that:

n—-+oo

on

and this for all h € C°(Q).

In summary, we can conclude, by density of C*(Q) in H'(Q) that for all h € H*(Q), we have
A(h) = — [ h(0, )Py dz, i.e.

/(&hp* +th~m*)dxdtfk/
Q

h|m*|d:cdt+/ h(0, )Py dx 7/ h(1,)prdx=0. (3-74)
Q Q Q

with p, € L?(Q), and 0 < 5y < po- O

4 Abstract of issues

Starting from a variational non-convex formulation of the optimal dissipative dynamic transport
problem that we proposed at the beginning, we were able to describe some properties of the so-
lutions. For this, we first studied a relaxed convex version of it (especially with the help of its
Lagrangian formulation), and then we proved the equivalence of this relaxed model with the origi-
nal one.

On a theoretical level, there is first the question of establishing conditions for the existence of a
solution to this problem (indeed, existence is not always guaranteed), ideally by determining criteria
that are testable or calculable from the only source and target densities. This study will require,
for example, to use a non-dynamic formulation of optimal allocation type, that is a formulation &
la L. Kantorovitch.
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When solutions (p*,m*) are defined (a priori the conditions of existence should not depend on €),
it would be interesting to study the convergence in L? space as € — 0, and properties of the limit
(does it have no overlapping trajectories and no useless displaced mass?).

On the numerical level, the first thing to do would be of course to exploit this relaxed convex ver-
sion to apply different classical numerical methods adapted to this category of convex optimization
problem, such as augmented Lagrangian methods or splitting-proximal (Douglas-Rachford, primal-
dual, etc ...). However, some constraints are difficult to implement and make these methods very
unstable.

We could also suggest other models of dissipation: various models of continuous dissipation along
the way, as in the present work, or models with consumption of a part of the initial mass at the
starting pulse only, that is without continuous dissipation along the path (like a ballistic flight in a
vacuum).
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