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New sharp inequalities related to classical
trigonometric inequalities

Abd Raouf Chouikha *

Abstract

In this paper, we establish sharp inequalities for trigonometric func-
tions. We prove for 0 <x < §

: 22\ sin(z) sin(z)\* 23 sin(x)
cos(z) + z* (1 - 63> TR (a:) < cos(x) + —

sin(x)

- and generalizes

This improves some bounds framing the function
some inequalities chains.
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1 A wellknown inequalities

For 0 < o < 7/2 the following inequalities are wellknown in the literature
that )
()2 < sin(x) _ 2 + cos(z) 1)
T 3

The left-hand side is known as Adamovic-Mitrinovic inequality (see |1-
2]), while the right-hand side is known as Cusa inequality. The latter one
which was proved by Huygens was used to estimate the number 7, [3]. The
inequalities (1) have been attracted by many people and have inspired a lot
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of interesting papers, see for example [4] and the references therein.

By using inequalities involving several means, Neuman [4]| presented the fol-
lowing inequality chain generalizing the Adamovic-Mitrinovic inequality. For
z € (0,%) we have

(cos(x))"? < <c08(a:)sm($)>1/4 < ( Sin(x)(x))>l/2 (2)

x arctan(sin
1 sin(x) 12 1+ 2cos(x) 12 1 + cos(x) 2/ sin(x)
< | 3 (cos(z) + = )] A= <|—= | <
Thus the left inequality of (1.1) is improved.
Yang [6] proved that for 0 < z < 7,
i 2 1\2 2
smm(:z:) < (3 Cos(g) + 3) < (cos(%))‘3 < —1—(3??5(:6) (3)

which improves the right inequality of (1).

Motivated by (1) and the different sharp bounds, in Sections 2 and 3
we establish finest inequalities than those known before for trigonometric
functions

ot 2? tan(z) 1 sin(x) ’ 23 tan ()
1+ = <142 (1-— < <14+ —F.
HECI ( 63) 15 cos(z) \ =z T

By using certain estimates, we complete inequality chains (2) and (3), im-
proving therefore inequality (1). In Section 4 we examine the incidence of
these results on the Wilker type inequalities.

More precisely we establish the following inequality chain for 0 < x < /2

1<sin(:p)>2+tan(x) g, Ttan(@) 1 (sin(w))g

2 x 2z 15 cos(x) x
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2 The Adamovic-Mitrinovic inequality

The first inequality in (1.1) is equivalent to

x sin(z)\ T
<< );O<a:<2

tan(x) x

as well as equivalent to

6081(96) <sina§x))3 -

The following result gives a lower estimate of Adamovic-Mitrinovic inequality
better than those known. This allows in particular to slightly improve the
chain (2)

Theorem 2-1 For 0 < z < /2 the following inequalities hold

cos(r) < (COS(x)Sin;x)f/ < coS(x)erllClO;(x)
N

Moreover, there exists 0 < xo < /2 such that for 0 < © < xy < w/2 the
following inequalities hold

< COS(J})—FTC;);(LE) < Cos(x)+x3 (1 - gg) Sil;éx) - (sinx(g:))

(5)

2

1 + cos(z)
=

Proof Indeed, Let us consider the following trigonometric functions with
power series. We will use the Taylor expansions of sin(z), and cos(z)

T A L2k cos Oz
T AT A SN A 25 2%+2
cos(z) o a e e T g T
AR R x2kl sin fx
] = -z S Y. e e R B Y e =
sin(z) = x T + ST + .o+ (=1) 2k —1) + (—1) o 1)!36



where 0 < 6 < 1.
It is easy to remark that

1 x2+m4 x6< <1-— x2+x4 x6+x8
—— 4+ — — — < coszx — 4+ —
21 4| 6! 21 4\ 6! 8!

1 x2+x4 x6<sinx<1 x2+x4 x6+x8
3! 5! 7! T 3! 51 7! 9l

for 0 <z < 7.
Moreover we may assert the following

- N 13, 41 6 _ (sinx)?’ 1 1 2, 13 , 41 6y 671
——’+—a2'———x —=x T — x x
27 1207 3024 T 27 1200 30247 604800

On the other hand, thanks to Maple a calculation gives

22 gh g6 A A L2 gt g6 8 A
1——+— 1 < 1 1— —_——— 1
=g+ g+ gg) < cosle )(+15) e TP TRTR-TA S

1 x? N 13z* 5z N 11328 1 x2 N 13z% 4126 _ (sin:c>3
2 120 144 40320 2 120 3024 x
since

579[:6 N 11328 N 41 B — 426 N 11328 B 26
144 40320 3024 189 40320 120960

for 0 <z < m/2.
Then, we have proved the right inequality of (4).
For the middle inequality it suffices to write the difference

cos(x)+? (1 _ 9”2) SIE) o) 0@ 2 <(1 _ Ty cos(x))

(—2560 + 339 x2> <0

63 15 15 15 63 T

Then we remark that

x? sin(z) x? x? z? ot
- - S(1-)1-S)-a-Z 42
(1= D) o) > - Dya -5y 0=+ D)
20 , 59 , 1 ,
=t = a? (480 — .
BB - Br” (805907 >0
Thus we prove for 0 < z < 7/2
2\ o 4
31 % sin(x) - x* cos(x)
cos(x) +x ( &) e cos(m)+715
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For the left inequality, notice that we have seen above that

1 13 5 xt
1— g2+ — gt — —of 14+ —).
57 + 120:6 T < cos(z)(1+ 15)
On the other hand a calculation yields

: /4
cos(z) sin(z) )’ 1, 7 4
O PR 1— 2%+ gt
( v > ST Tt

Now

1 13 5 1 7 1 5
1_72 Y 4 Y 6 1_72 74:7 4 Y 6 0
37 tag® T m® et gt ) =t gt

for 0 <z < m/2. So, (4) is proved.

To prove (5) it suffices to notice that from the frame of cos(z) we deduce

1 5 17 1+ cos(z) ]’ 1 5
1— -+ gt o =g« |[ZEE o g2y 2 g
SRR VYT 2 SRR
Now we have
1 5 1 13 5 z* cos(r)
1— -2+ —at<1— 2?4+ —a' - —af < -,
57 + 157 5% + 750% ~ Tar® cos(x) + 15
as soon as r < zg = 0.346410 < 7.
This means for 0 < x < xy one has
2
1 4
l+ c2os(x) < cos(x) + RS Cfg(x)

Remark 2-2 We may assert that the following inequality chain holds
at least for 0 <z < o = 0.346410 < 3

(cos(x)) < <C05($)Sin(x)>3/4 < (%)3/2 <

T arctan(sin

< cos(z) +

[1 + 2cos(x)r/2 [1 + cos(z) ?
D T2

Thus, we enrich slightly the chain (2).

J:A‘(:lo;(x) . <sin(x)>3_




3 The Cusa-Huygens inequality

The following result gives another estimate of this inequality better than
those known. This allows us in particular to extend and complete the chain

(2).

Theorem 3-1 For 0 <z < /2 the following inequality holds

(sin(m)

T

3 3 3 .
t
< cos(z) + (305(31:)7917 (tan(z)) = cos(z) + o sin(z) (6)
15 15
Moreover there exists 0 < xy < w/2 such that for 0 < x < x; < 7/2 the
following inequalities hold

Proof  Indeed, take again the Taylor expansions of sin(z) and cos(z)

4:1:2 zt  af il cos 0z
=1- — =+ ... 1R P27 2k+2
cos(x) o + TR + ...+ (-1) 7] + (—1) 2t 2)!33
3 5 7 2%—1 0
Sin(e) = — o 4 T =t (=) g SMYT ok

2k—1) " (=1) (2k +1)!

where 0 < § < 1. We easily remark that

x2 1;4 Iﬁ .ZUS l,lO le
1 — o Lo —
cosx < 2 + 1 6 -+ 3] 10 + 191
1 1 1 1 1 1
_1_= i S R S 0, L
5% Y23 ~ 70 Y 030° " 3628800° T 79001600
x2+x4 x6+x8+x10 _, x2+ r? 26 N x8 210 _ sin z
3 B 7 ol T11l 6 120 5040 ' 362880 39916300 =

f0r0<x<g.



By a calculation we deduce the following

sinx)3 1 z? N 13z*  412% 67128 73210 597871212

( x 2 120 3024 * 604800 1140480 * 217945728000

On the other hand, thanks to Maple a calculation yields

(sin ()"

1
cos (x) + 5 23 sin (1) — 3
x? LU4 1'6 IS .7310 I12 :L,14
S I . - 1 _
2 T 24 720 " 40320 3628800 ' 479001600 87178291200
1 3 ]‘ 3 1 5 ]‘ 7 1 9 1 11)
BT (“: 67 T 1207 5020”7 T 362880"  39916800"
(4 xj N 13z* B 4125 N 67128 B 73210 N 597871212
2 T 120 3024 ' 604800 1140480 ' 217945728000
1, 1 ¢ 1 2003 733 o

0157 18007 T 198007 T 11351320007 435891456000 ©
Moreover, we verify by Maple that the polynomial

1 1

1, 2003 733 .
— — T
945 1890

2 JR— —_—
108007 T 1135134000 0 435891456000 ©

is non negative because it has no zeros in the interval 0 < z < 7/2
Then, for 0 < z < 7/2 we have

: Gin (@)’

sin (z) — 3
T

1
cos (z) + T
So we proved Inequality (6).

Turn now to inequality (7). Notice that by the same way of calculation
and thanks to Maple we obtain the following

(2 )+ 1)6 ol M1y 553 o 11833 o 98831
— COS( — - — =T — T — X xr — X
323 27 967 34560 ' 7741440° 928972800

Moreover, a calculation yields

1 1 1 1
Cos(x)+1—5x3sin(x) < 1l—z2*+—z'- 2%+

1 ZE8 1 10
27 "247 7207 7 40320

— x
3628800
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—1—791;124—23 (x—1x3+1x5—1x7+ ! 379)
479001600 15 6 120 5040 362880
1 13 1 13 7 89
I S A S S SRR SN 0, S
5" "0 “s0” T22200% 5184007 T 479001600 ©
Therefore
1 2 1\ 1 13 1 13
cos (:)3)+1—5 2> sin (x)— <3 cos(g) + 3> < 1—5 3324—@ 1’4—% $6+722400 28
T 1 89 19 r? 11zt 553z% 118332 98851z
— x4+ e —(1-—=+ - + - )
518400 479001600 2 96 34560 7741440 928972800
1, 121 5243 928769 89

= 71607 T 315607 5520600 7 300657600 0 T 479001600
We verify by Maple that the polynomial

o1 1, 53, 9T o 89
160 ' 34560 5520600 309657600 479001600

is non negative because it has no zeros in the interval 0 < x < 7/2 .
This means for 0 <z < 7 one has

x3 sin(z) (2 r, 1 ) 6

— < .

1 —cos(=)+ =

cos(z) + 3 5) 13

So inequality (7) is then proved.
Remark 3-2 (i) We were forced to consider a polynomial at least of
order 12 in order to estimate trigonometric functions. Indeed, for a lower

order estimate we would have an increasing polynomial which changes sign
since it admits a root in the interval [0, 7/2].

(i) We may assert that the following inequality chain holds at least for
O<x <3
2

(sinyﬁx))i)’ < cos(z) + cos(x)(tari(5)$))4 < (g coS(g) + ;)6

< (entg) < (25)

Thus, we expand the chain (3).




4 A wilker type inequalities

The Wilker inequality asserts that for 0 < z < 7/2

(sin(z)>2 | tan(r)

- . (8)
This inequality has been proved by [7].
The Wilker-type inequalities have been attracted by many people and have
motivated a large number of research papers involving various generalizations
and improvements, see [8] for example.

A related inequality no less interesting is Huygens inequality asserts that
for 0 <| z |< 7/2

5 sin(x) N tan(x)

" " >3 9)

Chen and Sandor [4] proved the following inequality chain
for 0 <|z |< /2

; (sinafx)f . ta;;x) N CO;(:C) (Shix)f
(et et )

>1<,3U >+ ° >2<,3j )+ L > (10)
2 \sin(z) 2tan(x) = 3 \sin(x) 3tan(x)

We propose the following

Theorem 4-1 There exists 0 < xo < /2 such that for 0 < x < xo the
following inequalities holds

1 (m(@)z | tan(x)

L (s o pltan@) 1 <sm(x)>3 1)

2z 15 cos(x) x
Proof Consider the left inequality and we write difference after mul-
tiplying by cos(z) one gets

1 cos () (sin () + Lsin(@) cos (z) — = z’
2 2 2 T 15

sin ()

9



Notice that by simple calculations

1 1
o2 Aya_ L6
2):6 +(24):c (720):1: < cos(z)
1 3 1 5 1 7 .
T (6)33 —1—(120):1: (—5040)9& < sin(z)
cos(x)(sin(x))*> 1 5 , 91 , 41 7381

9222 2 127 T720" T 2016" T 3628800

e

8

Therefore

cos (z) (sin (2))*> 1 sin (z) I 1 522 91zt 412°
— J— _ > —_— —_
72 Ty Tes@ g Esin(®) > S-St o 016

N | —

B B L (R L)
3628800 2 12 240 10080 = 725760 2 24 720

x x3 N x® x’
[ — x _— — — — —
15 6 120 5040

44 225 123128 x3< 3 2 7 )
_ —

e
=45 105 604800 15 % T120 " 5040
4 6

oz x 17928 10

45 126 * 120960 * 75600
We verify by Maple that the polynomial

xt 20 17928 210

20 N " (13440 — 4800 2% + 895 2* + 81°)
45 126 120960 75600

604800

is non negative because it has no zeros in the interval 0 < x < /2 .
This means for 0 < x < 7 one has

1 (sin(m)>2+tan(a:) o peltan@)

2 T 2 15

So the left inequality (11) is then proved.

The right inequality has been already proved by Theorem 3-1.
Concerning the Huygens inequality we propose to prove the following

10



Theorem 4-2 For 0 < z < w/2 the following inequalities holds

Cosl(@ (sinx(x)>3 L (1_ g) tarlléx) N §<sin9§x)>+ta§ix)' 12)

Proof Consider the right inequality we multiply the difference by cos(x).
Then we have

3 2?2\ sin(z) 2 (sin(z) cos(x) sin(x)
cos(x) + x <1_63> Ic >3< " >+ T

Note as we saw above the framing of trigonometric functions, then we get

1 1 1 .
cos(z) > 1— §$2 + ﬂ:ﬁl - %x()
1 1 1
sin(z) >z — ~2® + —2° — 7

6" T 1200 5040"
Therefore after simplification

2 .

5 x*\ sin(x) 1, 13 , 41

R 1— 2o+ gt -
cos(z) +x ( 63) Ie > 290 + 120x 3024x

A simple calculation yields
2 sin (z) cos (x)  sin(x) 1, 11 43 &
_ < ]_ _ _ -
3 x T 2" T 120" T 5040”

Finally for 0 < x < 7/2 one has

cos(x) + 2° (1 B 1’2> sin(x) 2 <Sin(x) cos(x)> N sin(z)  a* 1928

63/ 15 3 z 32~ 60 3780

- %x‘* (63 - 19952) >0

The left inequality has been already proved by Theorem 3-2.

Remark (4-3)  We may deduce from Theorems 4-1 and 4-2 the fol-
lowing inequality chain for 0 < x < /2

1 <sin($)>2+tan(:€) g eltan(@) 1 (sin(w))S

2 x 2z 15 cos(x) x

11



o144 (1 B g) tan(z) - § (sin x)) N tan(z)

Thus, we have completed the inequality chain (10).
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