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ON A HAMILTONIAN REGULARIZATION OF SCALAR
CONSERVATION LAWS

BILLEL GUELMAME

ABSTRACT. In this paper, we propose a Hamiltonian regularization of scalar conservation
laws, which is parametrized by £ > 0 and conserves an H' energy. We prove the existence
of global weak solutions for this regularization. Furthermore, we demonstrate that as ¢
approaches zero, the unique entropy solution of the original scalar conservation law is
recovered, providing justification for the regularization.

This regularization belongs to a family of non-diffusive, non-dispersive regularizations
that were initially developed for the shallow-water system and extended later to the Euler
system This paper represents a validation of this family of regularizations in the scalar
case.

AMS Classification : 35L65; 35B65; 35L67; 35Q35.
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dissipative solutions; Oleinik inequality.
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1. INTRODUCTION

Hyperbolic conservation laws, such as the inviscid Burgers equation and the barotropic
Euler system, are known to develop discontinuous shocks even when the initial data is a
smooth C* function. This poses a challenge both in numerical simulations and in theo-
retical studies. In order to avoid these discontinuous shocks, diffusion and/or dispersion

terms can be added into the equations. In [3], Clamond and Dutykh derived a non-diffusive,
1
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non-dispersive regularized Saint-Venant (rSV) system, which is Galilean invariant and con-
serves an H'-like energy for smooth solutions. The weakly singular shock profiles of the
rSV system have been studied in [36], while the local well-posedness and the blow-up sce-
narios for the rSV system have been studied in [31]. The rSV system has been extended
in two directions. In [7, 22|, an rSV system for the case of varying bottom was proposed
and studied. Additionally, a regularized barotropic Euler (rE) system was proposed and
studied in [21]. Both the rSV and rE systems are locally well-posed in H® with s > 2,
however, their solutions may develop singularities in finite time [34, 19]. The study of
these systems remains challenging, with both the existence of global weak solutions and
the understanding of the limiting case being outstanding problems. However, due to the
similarities between the rSV, rE, and the Serre-Green—Naghdi (SGN) systems, it may be
possible to obtain global weak solutions for small-data of the rSV and rE systems following
a recent proof for the SGN with surface tension [20].
Inspired by the rSV system, the regularized Burgers (rB) equation

wp + Uty = 0 (e + 2Up Upy + UUggs) (1.1)
have been proposed in [23], where ¢ is a positive parameter. Being a scalar equation, the
rB equation is more tractable than the rSV system. In [23], a study of weakly singular

shocks and cusped traveling-wave weak solutions of (1.1) is established. Also, inspired by
[2, 3], a proof the existence of two types of global weak solutions of (1.1), conserving or
dissipating the energy is presented. The dissipative solution of (1.1) satisfies the one-sided
Oleinik inequality

ug(t,x) < 2/t V(t,z) € (0,00) x R. (1.2)

The limiting cases of £ — 0 and ¢ — oo have also been studied in [23]. However, the
equations satisfied by the limits were not well established. The rB equation (1.1) must be
compared to the well-known dispersionless Camassa—Holm (CH) equation [7]

uy + 3uty = 02 [Ume + 2Up Uy + Ulagy) - (1.3)

Both (1.1) and (1.3) conserve an H' energy (not uniformly on £) for smooth solutions. A
key difference between the two equations is that (1.1) is Galilean invariant while (1.3) is
not. This Galilean invariance is significant not only from a physical point of view, but
also mathematically. Due to the Galilean invariance of the rB equation, the constant on
the right-hand side of the Oleinik inequality (1.2) is independent of . On the other hand,
the dissipative solutions of the CH equation satisfy a similar inequality as (1.2), but with
a constant that depends on ¢. As a result, the compactness arguments presented in [23]
cannot be used for the CH equation. However, the limiting case of the viscous CH equation
have been studied in [9, 11, 30] under the condition “¢ is small enough compared to the
viscosity parameter”. The authors proved that as the viscosity parameter goes to zero, the
unique entropy solution of the scalar conservation law u; + (3u/2), = 0 is recovered.

This paper is a continuation of the previous one [23]. Our goal is to generalize the rB
equation (1.1) to regularize scalar conservation laws, to prove the existence of global weak
solution of the regularized equation, and to study the limiting cases ¢ — 0 and ¢ — oo.
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We consider the equation
u + f(u), = 02 (gt + (W) Ugze + 2 " () g gy + 3 f" () ui}, (1.4)

where f is a uniformly convex (f”(u) > ¢ > 0) flux, the rB equation (1.1) is recovered
taking f(u) = u?/2. The equation (1.4) has several interesting properties, such as con-
servation of an H' energy for smooth solutions, and both Hamiltonian and Lagrangian
structures. Holden and Raynaud [26] conducted a study on a generalized version of both
the Camassa—Holm equation and the hyperelastic-rod wave equation. This study includes
the equation (1.4), which we derived here from a distinct motivation to regularize scalar
conservation laws. The existence of global weak solutions of the Camassa-Holm equation
and its generalizations in the space H' has been widely studied before. There are two
types of solutions, conserving and dissipating the energy. The proof of the existence of
conservative solutions uses equivalent systems of ODEs written in the Lagrangian coor-
dinates [2, 25, 26]. Conservative solutions fail to satisfy the one-sided Oleinik inequality
[23], which is a crucial property of entropy solutions of scalar conservation laws. Hence, to
regularize scalar conservation laws, we need to consider dissipative solutions of (1.4). Dis-
sipative solutions can be obtained through various methods, such as equivalent systems in
the Lagrangian coordinates [3, 24], vanishing viscosity [0, 10, 12, 38], and the convergence
of finite difference schemes [13, 14]. In this paper, we demonstrate the existence of global
weak solutions of (1.4) with a different method. Our approach involves an approximated
equation through a cut-off in the Riccati equation, similar to the methods employed in
[39, 10]. Our approximated equation is globally well-posed, we obtain then some uniform
estimates that allow us to use classical compactness arguments with Young measures [13].
Taking the limit in the approximated equation leads to the global dissipative solution of
(1.4).
The formal limit ¢ — 0 and ¢ — oo in (1.4) lead to the equations

uw + f(u), =0 as ¢ — 0, (1.5a)

[we + flu),], = 2u f"(u) as { — 00. (1.5b)

Equation (1.5a) is known as the scalar conservation law, while (1.5b) is a generalized
Hunter—Saxton equation [27, 28]. The classical Hunter—Saxton (HS) equation is recovered
taking f(u) = u?/2. The HS equation and its generalization (1.5b) admit conservative and
dissipative global weak solutions [1, 4, 29, 32]. In a previous study [23], the limiting cases

¢ — 0 and ¢ — oo of (1.1) were investigated. However, the two limits satisfy equations that
involve Radon measures which were not identified. This present work proves that, when
¢ — 0, the dissipative solution of (1.4) converges to the unique entropy solution of (1.5a).
Furthermore, as ¢ — oo, the dissipative solution of (1.4) converges to a dissipative solution
of the generalized Hunter—Saxton equation (1.5b). In the case where £ — 0, we present
improved estimates compared to those found in [23]. These improved estimates enable us
to identify the Radon measure that was left unidentified in [23]. In order to identify the
Radon measure in the case of £ — oo, we employ some Young measures techniques. This
enables us to take the limit of a quadratic term while only having a weak limit.
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This paper is organized as follows. In Section 2, we present the variational formulations
and other properties of the equation (1.4). We state the main results of the paper in
Section 3. Section 4 presents the approximated equation of (1.4) and provides some uniform
estimates. Section 5 establishes the existence of a global dissipative solution. The limiting
case £ — 0 is studied in Section 6. Finally, Section 7 focuses on the case £ — oo.

2. VARIATIONAL FORMULATIONS

This section is devoted to present some properties of the regularized equation (1.4),
including its Hamiltonian and Lagrangian structures.
Applying the operator (1 — (202) " to (1.4), we obtain

w + fu)e + 22(1 - 202) 7 [ f(w) u?], = 0. (2.1)

The equation (1.4) can be obtained as the Euler-Lagrange equation of the Lagrangian
density

def 1

'CZ = 3 $¢t + F(¢x)+ %EQ [f,(¢m) qbiz _¢:cxx¢t}7 gbx = u,

where F'(u) = f(u). A Hamiltonian structure also exists for the equation (2.1), that can
be obtained with the Hamiltonian operator and functional

2 ¥ 1 -0, H / [Flu) + 12 f/(u) u?] dz,  (2.2)
so the equation of motion is given by
U = — 20,9,
where the operator & is a Hamiltonian operator [35]. Defining
PE (-2 ) = e {f(w)ul), (2.3)

where
& < (207" exp(-]-1/0).
Smooth solutions of (2.1) satisfy the energy conservation
[su> + 30Cul], + [K(u) + 30 f(wul + CuP] =0, (2.4)

where K'(u) = uf’(u). Another conservation equation that corresponds to the Hamiltonian
(2.2) can be obtained

[Fu) + 5 S/ (w) &3]+ [5 () + Cf) P+ 5 ' (wul + 500P* = S0P = 0.

2

In next section, we present the main results of this paper.
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3. MAIN RESULTS

We consider the Cauchy problem
1 2
ul + [f(uﬁ) +1rex« {f (u’) (ul) }L = 0, (3.1)

with u‘(0,2) = ug(x). Using that P — (?P,, = f"(u") (u§)2/2 and differentiating (3.1)
w.r.t x one obtains

wby + [f)dl], = — P+ L) (uh)” (3.2)

T

We start this section by defining dissipative weak solutions of (3.1).

Definition 3.1. We say that u* € L*(R*, H')NLip(R*, L?) is a weak dissipative solution
of (3.1) if it satisfies the initial condition u*(0,-) = ug with (3.1) in the L* sense and
dissipates the energy

S + 5]+ K@) + AW () + Eu'P] <0 (33)

14

Moreover, u® is right continuous in H*. More precisely, for all ty > 0 we have

tlgg |u(t, ) — ug(to,-)HH1 = 0. (3.4)

t>to
Theorem 3.2. Let f be a smooth uniformly conver flur (f"(u) = ¢ > 0), up € H'(R)
and € > 0, then there exists a global weak dissipative solution u® € L*°([0,00), H*(R)) N
C([0,00) x R) of (3.1) in the sense of Definition 3.1 satisfying the following
e For any T > 0, any bounded set [a,b] C R and a € [0,1) there exists C =
C(a, T,a,b,l) >0 such that

T b
/ / [t + "] dwar < (3.5)
0 a
e The solution satisfies the one-sided Oleinik inequality
1
¢
tr) < ——— e. (t, , , :
u,(t,x) PRSI a.e. (t,x) € (0,00) x R (3.6)

where M = sup, ugy(z) € (0, 00].
Moreover, if f"(u) < C, uy € L"(R) and uy(z) < M < oo then

0], < |Jut]], < bl (cMt/2 + 1)°97°, VL€ (0,00). (3.7)

Remark 3.3. The constant C' > 0 in (3.5) depends also on ¢. In Lemma 7.1 below, we
prove that if ¢ is far from 0, one can chose a constant C' independent on ¢ > 1.

The aim of this paper is to prove that the equation (3.1) is indeed a regularisation of
scalar conservation laws. i.e., as £ — 0 the dissipative solution of (3.1) giving by Theorem
3.2 converges to the unique entropy solution of the scalar conservation law (1.5a).
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Theorem 3.4. Let f be a smooth uniformly convez flux such that C > f"(u) > ¢ > 0. Let
ug € H*(R) such that uy € L*(R) and u)(z) < M < oo, and let also u® be the dissipative
solution of (3.1) given by Theorem 3.2, then there exists a limit u® € L2 ([0, 0), L}, .(R))
such that

o ul 2% 0 in L® ([0,00), LY (R)) for all p € [1,00).

loc loc
o u° is the unique entropy solution of the scalar conservation law (1.5a).

As mentioned above, taking £ — oo formally in (3.1) we obtain the generalized Hunter—
Saxton equation (1.5b). We prove here that, up to a subsequence, the dissipative solutions
of (3.1) converge to dissipative solutions of (1.5b) as ¢ — oo.

Definition 3.5. We say that u € L®(R*, H'(R)) is a weak dissipative solution of (1.5b)
if it satisfies the initial condition u*(0,-) = ug with (1.5b) in the sense of distributions and
dissipates the energy

()], + [f'(w®) ()], < 0. (3.8)
Moreover, u is right continuous in H'. More precisely, for all ty > 0 we have

Jim lu(t, ) — ulto, Mn = 0 (3.9
t>to

Theorem 3.6. Let f be a smooth uniformly convexr flux (f"(u) > ¢ > 0), ug € H'(R)

and let u® be the dissipative solution of (3.1) given by Theorem 3.2, then there exists

a subsequence of (ué)g that we denote also (ué)z and a limit v € L2.([0,00) x R) N
L>(]0,00), H'(R)) such that

o uf %% 4> in L2 ([0,00) x R) N HL (]0,00) x R).
e u™ is a dissipative solution of the generalized Hunter—Sazton equation (1.5b).
o uX(t,xr) < m a.e. (t,x) € (0,00) x R, where M = sup, uj(x) € (0, o0].

u®, u® € L*([0,00) x R), Ya € [0,1).

loc

Moreover, if f"(u) < C, uy € L'(R) and uj(z) < M < oo then

lug?lle < Nl (e M t/2 + 1) (3.10)
Remark 3.7.
o If f(u) = u?/2, the equation (1.5b) is the classical Hunter-Saxton equation, and
u™ is the unique [15] dissipative solution of (1.5b).

e The proof presented in this paper of the limiting case £ — 0 (Theorem 3.4) cannot
be used for the Camassa—Holm equation (1.3).

e The proof of Theorem 3.6 (except (3.10)) works for the Camassa—Holm equation. In
other words, the dissipative solutions of the Camassa—Holm equation (1.3) converge
to the dissipative solutions of the Hunter-Saxton equation (Eq. 1.5b with f(u) =
u?/2) as £ — oo.
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4. THE APPROXIMATED EQUATION

In order to prove the existence of global dissipative solutions of (3.1), we use a cut-off
to obtain an approximated equation that admits global smooth solutions. As in [39, 10],
we define for any € > 0

Xe(g) = (q + é) L -yla) = {(q ti) as-le (4.1)

0, q>—1/e.

Let up € H' and j. be a Friedrichs mollifier, we define u§ dof ug * j. and we consider the
approximated Cauchy problem

ufT o+ [+ FEO (@ ) + W], = 0w 0) = up (42)

Defining

e def c e def c e c
¢c = ufg , pPc = %6 * {f”(ue’ ){(ui )2+ Xs(ufc’ )}} (4.3)
Differentiating (4.2) with respect to x we obtain
qfs + f/(ue,a) qﬁ,s + %f”(ué’s) (qf,a)2 + pPc — %f//(ue,s) Xa(qé,e) = 0. (4'4)

Multiplying (4.2) by u%¢ and (4.4) by £?¢*¢ we obtain the energy equation
g 2 € 2 € € £ 2 £ 154
(3" + 36 ()] + [K () + lézf/(uf’) (¢)* + cut<p
= J (W) " xe(¢™) < (4.5)

Our goal is to prove that the approximated equation (4.2) admits global smooth solutions,
and, taking ¢ — 0 we obtain global weak solutions of (3.1). We present now the existence
of global solutions of (4.2).

x

Theorem 4.1. Let f € C4, {,e > 0 and uy € H', there exists a global smooth solution
uts € C(RY, H3(R)) N CYHR*Y, H2(R)) of (4.2) satisfying (4.5).

The proof of Theorem 4.1 is classical and is omitted here. The local well-posedness
of (4.2) can be obtained using Kato’s theorem for quasi-linear hyperbolic equations [31].
When ¢“¢ < —1/¢, the quadratic term in the Riccati equation (4.4) becomes linear, this pre-
vents the singularities from appearing in finite time and leads to the global well-posedness
of (4.2). O

Integrating (4.5), we obtain

/ [(u€’€)2 + /2 (ui’s)ﬂ dz — 02 /f”(u“)u Ye(ub®) da dt
R

~ [ L2 + & @il as < [ [ + @ w] a (16)

S
=
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The energy equation (4.6) implies that
w2 < (% + 1) ||uol m, (4.7a)
lubs|| e < (7% + 1) |Jugl| - (4.7b)
Then, the embedding H! < L* implies that
[u Nl < Celluollan- (4.8)

Using that y.(¢q) < ¢* and Young inequality we obtain for all p € [1, 00| that

1P e < C 8]0 |Jul]]7.

1Pl < CllS | o5, < C

1—2p

(P +1). (4.9b)

< CUF (02 +1), (4.9a)
¢

Lemma 4.2. Let ug € H', f"(u) > ¢ > 0 and u" be the solution of (4.2) given by
Theorem 4.1, then

1
ué,s

St x) < 2+ 1M a.e. (t,z) € (0,00) x R, (4.10)

where M = sup, ug, € [0, 00].

Proof. For a fixed x € R, let X (-, z) be the solution of the ODE X,(t,z) = u**(t, X (¢, 7))

with X (0,2) = z. Let h(t) & ube(t, X (t, 7)), the equation (4.4) implies that

W) < —eh(t? + b et X (o) xe(h(t)) (11)
Initially, ~(0) = O,uf(x) < sup, uy(z) = M. Let us assume that there exits t; > 0 such

that h(t1) = 1/(ct1/24+1/M) and to > t; such that h(t) > 1/(ct/24+1/M) for all t € [t;,ts].
Then, for all t € [t1,t3], we have x.(h(t)) = 0 and

1 1
() <-1ic , h(t) < —————.
) 27 (ct/2 + 1/M)? (®) ct/2 + 1/M
The invertibility of the map x — X (¢, z) ends the proof of (4.10). O

Lemma 4.3. Let [ be a smooth flux such that 0 < ¢ < f"(u) < C. Let also ug € H' with
up € L' and M i sup,cg Uo(z) < 0o. Then

e < s < il (M2 + 179, Ve @) (412
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Proof. Multiplying (4.4) by sign(¢"¢), we obtain

¢“], + [f'(u") |¢"]], = —sign(¢™) PL,
= —ClpesoPs, + ClyegoPs,
= 201 pesobPs, + C P,

£ £ 2 £ 13 13) 13
= 214059 [% F'W) ()" + L") xe(¢"°) — P°| + PP,

< ]].ql,s>0 f//(uf,e) (q[,e)Q + 62 P:;:x
C ’
< ———m——— |¢F 2 pe .
ct/2 + 1/M ‘q |+ re

Integrating with respect to x we obtain

i le C l,e
G Ll < oty [ an

The last inequality with Gronwall lemma imply (4.12). O

Lemma 4.4. Let { > 0, a € (0,1), T > 0 and [a,b] C R, then there exists a constant
C=C(a,T,a,b,l) >0, such that for all e > 0 we have

T b
/ / [|uf’€|2+°‘ + ]uﬁﬂ“a] dedt < C. (4.13)
0 a
Proof. Without losing generality, we consider that o = 2k/(2k + 1) where k € IN*. Multi-
plying (4.4) by (qe’s)a, we obtain

qé,e atl f/(ul,e) qé,e atl o o o
|i( a—i)-l 1t+ |: a(-i-l ) 4 2(a+11) //(ué,e) (qf,s) +2 + (q€,£> Pe

= 3 ["(u™) (") xe(d™) > 0. (4.14)

Let @ =10,T] x [a,b], 2=1[0,T4+1) x (a—1,b+ 1) and let ¢ € C*(2) be a non negative
function such that ¢(t,z) = 1 on Q. Multiplying (4.14) by ¢(¢,x) and using integration
by parts with the energy conservation (4.6) we obtain

/ ()2 dzdt < / ot 7) (¢°5) ™2 dar it
Q Q

<2 [ ottty ) (0w

b+1
<208 [ oty @ Pravdt — oy [ p0,0)da

L a+1
-2 [ O it + paltin) £089) v

<Ol a2, + 1+ W5 (1760 Dy + 1))

coOT 2—a
t Lz
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Using (4.9), (4.8) and the energy conservation (4.6), we obtain

/(qﬁ’a)a” dedt < C.
Q
Then (4.13) follows directly from (4.2) and (4.9). O

5. PRECOMPACTNESS OF THE APPROXIMATED EQUATION

The aim of this section is to prove Theorem 3.2. For that purpose, we fix £ > 0 and we
study the limiting case ¢ — 0.

Lemma 5.1. There exist u* € L>=([0,00), HY(R)) and a subsequence of (u**). noted also
(u*€). such that, as € — 0, we have

ubt =t in LS ([0,00) x R),

u*  — ' in HY[0,7] x R), VT > 0.

Proof. Using the energy equation (4.6), we obtain that u*¢ is uniformly (on £) bounded in
L>([0,00), H'(R)). Then (4.2), (4.8) with (4.9) imply

]u < Cro. (5.1)

Then, the weak convergence in H'([0,T] x R) follows directly. Using the inequality

le
t

L2([0,T]xR)

t 2
4, ¢, 2 _ le le
||u “(t,) — ub (s, '>HL2(R) = /]R (/S uy (7, x) dT) de < |t —s| ||y L2(0TIXR)

with (5.1) we obtain that for any ¢ > 0 we have

: le N o be . —

%I_I}; HU (ta ) U (87 )HL2(R) 0
uniformly on . Then, using Theorem 5 in [37] we can prove that up to a subsequence, u*
converges uniformly to u‘ on any compact set of [0,00) x R as € — 0. O

In order to obtain the compactness of P¢, from (4.3), we write P° = Pf 4+ P§ such that
PP Lo (1) ()}, B e {1 (") xo(uf)}

xT

Lemma 5.2. There exist P € L>®([0,00), H(R)) and a subsequence of (PF). noted also
(P5)e such that, as e — 0, we have

P — P inIP ([0,00) x R), Vp € (1,00). (5.2)
Moreover, there exists a constant Cy, > 0, such that for all € > 0 we have
Hf//(uf,s) Xs(qas) ||L1([0,oo)><IR) + HPSHLl([O,oo),WQﬂl(R)) < el (53)

Proof. Using the energy equation (4.6) we obtain

/ / f//(ué,s) Xs(q6,5> dz dt < —8/ f//(ue,e) qf,s Xs(qé,s) dr dt g ECZ-
R*JR {ah=<-1/e}
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This with the definition of P5 imply (5.3). From (4.2) and (4.4) we obtain
1) ()] + ) £t (6]
= =GP (") = 2 (W) PR 4 xe(g) )P (54
Then from the definition of P¢, the energy equation (4.6), (4 8) and (4.9) we obtain that the
quantity [f”(u“) (q&a)Q]t is bounded in L'([0, 00), W;.*(R)) for any fixed £ > 0. Then,

loc

9, P is bounded in L'([0,00), W' (R)). As in (4.9), one can prove that P¢ is bounded

loc

in ([0, 00), W“(R)). Using to the compact embedding W™ (R) € L, (R), the con-
tinuous embedding L (R) < L},.(R) and Aubin lemma, one obtains the convergence
(52). O

Lemma 5.3. There exist a subsequence of {q“}E denoted also {qz’s}a and a family of
probability Young measures Mf@ on R, such that for all functions g € C(R) with g(§) =
O(|¢*) at infinity, and for all ¢ € C((0,00) x R) we have

t [ gt gl dedt = [ gt [ 9@l dedr (59
R+t xR Rt xR R

Moreover, the map

ta) > [ @) (5:0)
R
belongs to L>=(R*, L*(R)).

Proof. It g(£) = o(|¢]?), then the result is a direct consequences of the energy equation
(4.6) and Lemma A.1. If g(£) = O([£]?), let ¢ be a smooth cut-off function with (&) =
for [€] <1 and ¥(§) =0 for |£] > 2, then

i [ staalwd = [ oo [ a©dlOdwn 60

0 JR+xR

where g, (&) o g (%) with k > 0. Using Holder inequality, Lemma 4.4 with =

supp(y) we obtain

/ et.x) (9(¢™) — 9:(¢")) dxdt‘ < / lp(t, )] |g(q">)| dadt
R+ xR supp(p)N{|g-=|=K}

C ( / l9(¢") " do dt) / d dt) ’
supp(go SuPP(‘P m{‘ql €[>k}
< [H (t,x) € supp(p 2/@}” < CK*P.

where 2 < p < 3. The last inequality with (5.7) imply that we can interchange the limits
k — oo and € — 0. Using that |g.| < |g| and the dominated convergence theorem we
obtain (5.5). O
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Now we define
—7~ def
O GEIRE 53
R
which is from (5.5) the weak limit of g(¢%).

Lemma 5.4. Ast — 0 we have
||u€ — uOHHl(]R) — 0 and /R <? — 62) dz — 0. (5.9)
Proof. From Lemma 5.1 and Lemma 5.3 we have for all t > 0
(ué"s(t, -),Kuf;’a(t, )) — (uz(t, -),Euﬁ(t, )) ase — 0 in LQ(R),
ubt(t,)? — ¢(t,-) when ¢ — 0 in D'(R).

This, with Jensen’s inequality and the energy equation (4.6) imply that

H(ug(t),éui(t))Hiz(R) < ( 6[ )LQ(R

2
< im0 0,08 gy = 1t € - (5.10)

< liminf H( (¢ )7€U£’E<t))Hiz(1R)

e—0

The energy inequality (4.6) implies that the sequences (u®€). and (¢“¢). are bounded in
the space L>([0,00), L*(R)). Using (4.2), we can prove that for all 7" > 0 and for all
¢ € H'(R), the map

t o / (u"e,0¢") dz (5.11)
is uniformly (on t € [0,7] and € > 0) continuous. Then, Lemma A.4 implies that
(u'(t,), 04" (t, ")) — (uo, Cup) when t — 0 in L*(R), (5.12)

which implies that
. 2
o €3 < i [|(u0), £ (0) I
On another hand, (5.10) implies

limsupH(uz(t),ﬁuﬁ(t))Hig(m < ||(U0a£“:))||i2(1a)a
t—0

then ) ,
i [ (540, £200) [y = Nt £05) (5.13)
which implies with (5.12) that
(u'(t,), 04"t ")) — (uo,Lup) whent — 0  in L*(R). (5.14)

The inequality (5.10) with (5.13) imply
lim

(<o Fo),,,

Then (5.9) follows directly from (5.14) and (5.15).

= T || (' (), Cul(t) |12y = (o Cup)ll7amy - (5.15)

t—0
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For any s > 0, we define
—k(§ + 3K), £< -k,

Su(€) = 38 = 5 (E+ R Lecn — 5 (€ =K Leow = {58 €l <k, (5.16)
/{(5 - %/{)7 g Z K.

—KR, g < —K,
def
T.(&) = Si€) =& — E+ Rl — (- R)lew = (& €<k, (517)
K, &> K.
Lemma 5.5. For all T > 0, we have
I ‘TH —TN“ — lim ||T, ——} — 0 5.18
lim |\ T.(q) @], o) AT (@) — 4|, A (5.18)

Moreover, for all k > 0 we have
- 2
LT - T@) < Sia) — S.(@). (5.19)

Proof. From (5.17) we have
T (€) =&l < €+ hlLeen + |6 = 6l Lo < 28] Lugg < 26%

Then, we have

T.(@) ~Te(@)| <

Lo —a| + 1@ —a <2 (7@ +7). (5.20)

Jenson’s inequality imply that > < ¢2. Lemma 5.3 implies that ¢2 € L®(R*, L'(R)).
Then (5.18) follows directly.

Cauchy—Schwarz inequality implies that T,{(q)2 < T.(q)?, then, using the definition (5.17)
we obtain

(7@ - 7.@) <T@P + T.@° - 2T (@ Ta)
TP + 1@ - 2T@ 7 + 2T(@ (@ + %) Ly s
+ 2T,() (¢ — K) Lgzn
= Tu(@P + 2T, (@) [(a + %) Lye s = (@+ ) Tge ]
~T.@° + 20, @ [ = ) Lpw — (@ — %) I
@7 — 25 |(@ + /) Lgen — @+ K) Tges]
|

“Te@ + 26 (@ = R) Lo = (@ = #) g, (521)

N
-3



14 GUELMAME

where the last inequality follows from Jensen’s inequality with the concavity of & —
(€ + k) Le<_y, the convexity of £ = (£ — k) Lesy and —k < T,(€) < k. Since

Se(€) = $Tu(€)? + k(€ — K) Lz — £ (€4 k) Lecs

we have

Se(@) = 3T(@)* + kg — k) Loz — #(q + 5) Toeor,
Se(@) = 3Tx(@* + 5@ = K) Tgzx — £ (T + K) Tgcn.
The last two identities with (5.21) imply (5.19). O

Lemma 5.6. The measure pt_ given in Lemma 5.5 is a Dirac measure, and

W€ = Bugiem©). (522)
Proof. Step 1. Multiplying (4.4) by T,.(¢%¢) we obtain
[Sk (a")], + [f' (™) S (¢7)], = — P* T (")
=3 [(@)? = xe(@™)] f(u) T (¢) + " f"(u") Si (¢7°) - (5.23)

Using Lemma 5.2 and taking ¢ — 0 we obtain

5@, + PS5 @) = ~T@P + §7/6) 2050 - PT.(@)]. (5:29)

T

Step 2. Taking ¢ — 0 in (4.4) we obtain
0+ [Fa), = =P+ L) (5.25)
Let j. be a Friedrichs mollifier and @° dﬁf@ * J. then using Lemma A.3 we obtain
G+ [f()T], = = Pxj.+ 5[ ()¢ + 6.,
where . — 0 in L] ([0,00) x R) as e — 0. Multiplying by T}, (¢°) we obtain
1S @), + [/ Sk @), = = {P+j-} (@) + 6.T,(@)
+ /"W 7S (@) + 3 /W) PT (@) — W) TT T (T) -
Taking € — 0 we obtain
Sk @), + [/'(«) 5. @], = ~PT.(@)
+ W78 @ — ST T @) + ) (¢ - ) Te@). (5.26)
Step 3. From (5.24) and (5.26) we obtain
5@ - 5. @] + |[Fe) (5@ - $.@)] = -P(T@ - @)

+ 11 [205:@) - PTela) - 238:@ + PTe(@ + (¢ - @) @] (5:27)
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From (5.16) and (5.17) we have

ET() — 26854(€) —€2T(£) - 268:(6) +& -¢
= [Tu(€) = & + £(€ + v Lecy + E(§—K)* Lezs
=K [Tu(&) = & — (€ = K) (€ + B Tec e + (€= K) Lz
+ EE+ R lec o + E(E—K) TLen
=R Tu(€) =& + v (€ + K) lec s — K(E—K) Teop. (5.28)

Then from (5.16) we have

208:(0) ~ PT. (@) — 205(@ + FT.@ + (¢ - @) T (@
= (T.@) + 5) @+ £)* Lgen + (T (@) — K) (T — K)* Tgon
— (T, (6) + k) (¢ + K)? lycr — (T (6) — k) (¢ — "4')2 Tosx

- (L) - T.@) - 2T (@) (@) - 5. @) (5.29)
From the definition (5.17) we have
(T (@) + k) @+ £) Tgen = (L(@) = £) (@ = K) Dg=e = 0. (5.30)

Since T, (§) = —k, then

— (T (@ + k) (¢ + K)?Lger < 0. (5.31)

Let to > 0 and k > 2/(cty), then from Lemma 4.2, we have for all t > t, that ¢%° < x and
G < k. Then, using the convexity of T, on (—o0, k) and the Jensen’s inequality we obtain

K2 <T,§(q) _ T, (a)) <0, Vit w=2/(ct). (5.32)
We take again tg > 0 and k > 2/(cty), then for all ¢ € C°((tp,00) x R) we have

e—0

/(q — k)2 1psppdadt = lim [ (¢ — K)? Lyees, pdzdt = 0. (5.33)

Defining A, & S, (¢) — S, (q) and summing up (5.27), (5.29), (5.30), (5.31), (5.32) and
(5.33) we obtain that Yty > 0, Vt >ty and V& > 2/(cty), we have

[An]t + [f/(l/) An}x < _ﬁ(m - Tn (G)) - f”(ue)Tn <q> An-

Step 4. Defining A€ A % J. and using Lemma A.3 we obtain

a3+ @A, < -P(T@) - Te@) - /") T @A; + 0,
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where 6. — 0 as e — 0 in L2 _((0,00) x R). Let 8 > 0, multiplying by (AS + 3)"% /2 we
obtain

c / c " q — Tm (q) € 2qu//(ue) + 0
VEETE], + [P VAR, < gt E R - S

N |

Taking ¢ — 0 we obtain

VEFE], + [Fa VB < by D s, 4 )
_%§7¥$%%;%@) (5.34)
Using that |T,(€)] < |€] and |S,(€)] < €2/2 we obtain
L) D A < VL < PO @+ A < IO (7 4 57

Using (5.19) we obtain

2 VA TP
Since the L' convergence implies the pointwise convergence (up to a subsequence) then,

using the dominated convergence theorem with (4.8), (5.6) and the fact that P € L}
obtain

lﬁTH<Q)_TN(Q> < T2ﬁ

locy W

lf//(ue) q — Tn (6) ﬁm B Tn (6)

1 “rAE 1
VAL + B 2 VAL + B

for any compact set 2 C (0,00) x R. Taking x — oo in (5.34) we obtain
1(. L < ﬁq f” "
VAFE + [fwh)VEFE| < —ﬁ < VBlal (),

where A %42 — 72, Taking now 8 — 0 we obtain
VA

Step 5. As in [10], let ¢ € C>®(R) satisfying ¢(x) = 1 for |z| < 1 and ¢(z) = 0
for |z| > 2. Since VA € L=((0,00), L*(R)), then, for all n > 1, we have v/ Ap(z/n) €
L>((0,00), L*(R)). Then almost all ¢ > 0 are Lebesgue points of t — [, VA(t,z)¢p(z/n)dz,
Vn > 1. Let £ > 0 be a Lebesgue point of ¢ — [ VA(t, z)p(z/n)dz and § € (0,2/2). Let

JAS + lim

K—00

lim
K—00

L@) L@

+ [FW)VA] <0 in(ty,00) xR (5-35)

t x
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also ¢ € C2°((0, 00)) satisfying
¥(t) = 0 on (0,0/2)U(t+4,00), P(t) = 1 on (§,t—0),
0 < ¢'(t) < C/o, on (§/2,0), —'(t) = C/6, on (t—0,t+9).

Multiplying (5.35) by @(z/n)1(t), integrating on (0, c0) X R and using integration by parts
one obtains

/Hé/\/_tff p(z/n)drdt < /Hé/\/_t:c (z/n) ' (t) dz dt
¢ [ [Vatastemara + 215wl [ [ VAGa) 1o ar

From (5.9), we have

11_{% R\/Z(t,x)gp(x/n)dx =0 = limz //2/ VAt z) p(z/n)dedt = 0.

5%0

Since ¢ > 0 is a Lebesgue point of t — [ VA(t, z)p(x/n)dz, then taking first 6 — 0 and
then n — oo we obtain

VA, z) = 0 ae. (f,z) € (0,00) x R.
Hence ¢2 = §2 almost everywhere, which implies that ufyx(f ) = 6g0t2)(§) = dut ey (§). O
Proof of Theorem 3.2. All the limits in this proof are up to a subsequence. Let u% be

the solution given in Theorem 4.1. Then, from Lemma 5.3, Lemma 5.6 and Lemma 4.4 we
have that, as ¢ — 0

= b in L ((0,00) x R), (5.36)
Vo = 67
H(uz ) LY(Q) () L)’
for any p € [2,3) and compact set 2 C (0,00) x R. This implies that
ub* — ul in L7 _((0,00) x R). (5.37)

Using Lemma 4.4 and Lemma 5.1 we obtain that for all p € [2,3), we have

be ¢ ((0,00) X R). (5.38)

p
ut — Uy in Lloc

From Lemma 5.6 and Lemma 5.2 we obtain
~ 2
P = Lo {fw) ()} (5.39)

Now, using Lemma 5.2 and taking the weak limit ¢ — 0 in (4.2) and (4.5) we obtain (3.1)
and (3.3). Doing the proof of (5.9) for any to, we obtain that (3.4). The Oleinik inequality
(3.6) follows from Lemma 4.2. The inequality (3.5) follows from Lemma 4.4, (5.36) and
(5.38). Finally, (3.7) follows from Lemma 4.3 and (5.37). O
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Remark 5.7. From (5.26), Lemma 5.6 and (5.39) we have
[Sx (u2)], + [F/() Sk (w2)], = =P T ()
+ () ul S (ul) — & f7 () (ub)” T (ul). (5.40)

This will be used in Section 7 below.

6. THE LIMITING CASE ¢ — 0

Let u® be the dissipative solutions of (3.1) given by Theorem 3.2. The aim of this section
is to study the limit of u’ when ¢ — 0.

6.1. Uniform estimates for small /. Considering ¢ < 1, then, from the energy equation
(3.3) we have

/1}1((1/)2 + 02 (uy)?) da < ol (6.1a)

/ﬁ?de _ /%ﬁf”(#) (W) de < LC Jluol - (6.1b)
R R
Now, we claim that

Lemma 6.1. For all compact set Q C (0,00) x R and o € (0,1) there exists Cqo > 0 such
that for all £ < 1 we have

/ CPdrdt < (7% Cog. (6.2)
Q

Proof. Without losing of generality, we take ) = [t1, 5] X [a, b] such that t; > 0. We take
also a = 2k/(2k + 1) such that £k € IN. Let ¢ € C°(]0, 0co[xR) such that ¢ > 0, ¢ =1 on
Q and supp(v)) C [t1/2,t2 + 1] X [a — 1,0+ 1].

Step 1. Multiplying (4.4) by ¢2|¢“¢| we obtain

[% 52 qé,s |q€,th + [% 62 f/(ue,s> qé,s ‘qﬁ,sux + 62 |q€,s’ pPe — %€2 f//(ue,s) ‘qé,s‘ Xs(qé,s) - 0.

Multiplying by ¢ and integrating we obtain

/€2|q£’5|P5dxdt < / ?1¢"| PE e dadt
Q (0,00)xR

=30 / [0 g™ g + o f/(u™) ¢ |¢"°|] ddt
(0,00)xR
+ 30 / ¥ 17 (1) 6" x(q"%) dar dt,
(0,00)xR
Then, from (4.6) and (4.12) we have

/ﬁzlq“!Psdzdt < Caa, Ve>0,V0€ (0,1). (6.3)
Q
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Step 2. Using (6.3) and (6.1) we have

/€2|qe’€|aP€dxdt = / g1 Pedadt + / ?|q"¥|* P* dx dt
Q 2n{lgte|>1}

an{lghel<1}

/ %)% | P dzdt + / 2 P dxdt
an{lg®e|>1} an{lg®=|<1}

< Caa, Ve>0,V0e€(0,1). (6.4)
Step 3. Multiplying (4.4) by ¢?(¢“¢)® we obtain
L—a 5o 0 L,eN24 2 (QZ’E)HQ 2 f/(um) (q2,5)1+a 2 0
£ € a _ £\ pe
2(a+1)€f(u )(@) ¢ 1+« t+£ 1+a x+£(q )
— 3 (1) (¢")* xe(d")
(g

<P ( 1+) )t e (f/( 1)+(“)1+a)x T+ (g P

Multiplying by v, doing as in step 1 and using (6.4) we obtain

/ G ") drdt < Coa, Ve>0,¥0€(0,1).
Q
Using now Holder’s inequality, we obtain
/zQ (¢")?dedt < (35 Cg,, Ve>0,¥0€ (0,1). (6.5)
Q

Step 4. The equation (4.4) can be rewritten as

0 [P, + P L) (@ - L) ) = 0. (66)
g

Multiplying (6.6) by ¢?1) and doing as in step 1 and using (4.12) we obtain

/52 Pedzdt < Cqg {62 + /52 (q“)dedt] < (7s Co,, Ve >0,V0 € (0,1].
Q Q

Then (6.2) follows by taking ¢ — 0 with Lemma 5.2 and (5.39). O
6.2. Precompactness. Let J C R be a compact interval and let

W) € {g e D'(9), 3G € L'(J) such that &' = g}, (6.7)
where the norm of the space W(J) is given by

def

lgllw@ = ciélFRHG'f‘CHLl(j) = géi]gHGvLCHLl(ﬂ)- (6.8)

Lemma 6.2. The space W (J) is a Banach space and the embedding
LY(J) — W(J), (6.9)

18 continuous.



20 GUELMAME

Proof. Let (gn)nen be a Cauchy sequence in W (J) and let G, be a primitive of g,. From

the definition of the norm (6.8), there exists a constant ¢, such that (~Gn — Cp)nen (Where
G, = G, + ¢,) is a Cauchy sequence in L*(J). Let G be the limit of G, in L*(J). Then

lgn — é/HW(J) < Hén — GHLl(J)a (6.10)

implying that W (J) is a Banach space.
If g € L*(J), then G(z) — G(a) = [ g(y) dy for almost all z,a € J. Therefore,

lgllw < /j\G(fU) — Glo)| dz < Ul/j\g(y)l dy, (6.11)

which ends the proof of the continuous embedding. O

The previous lemma and Helly’s selection theorem imply that
wWhtha) e LYJ) — W(J), (6.12)

where the first embedding is compact and the second one is continuous.

The estimates (6.1) imply that u® is uniformly bounded on L*(R*, L?(R)). Subse-
quently, it is also uniformly bounded on L*°(R*, L!(J)). Then (3.7) implies that u’ is
bounded on L>([0, T], Wh1(J)).

Since 0 < ¢ < f"(u) < C, then cu?/2 < f(u) — f'(0)u — f(0) < Cu?/2. Integrating
(3.1), we obtain that [u‘dz = [wugdz. This implies with (6.1) that f(u®) — f(0) + (2P is
uniformly bounded on L*([0, 7], L'(J)). Since uf = — (f(u’) — f(0) + ¢*P)_, (6.8) implies
that u! is bounded on L*([0,T],W(J)). Then, using (6.12) with Aubin-Lions-Simon
lemma [37], we obtain that, up to a subsequence, u‘ converges to some u° in C([0,T7], L* (7))
as { — 0. Using an interpolation with (3.7), we obtain the convergence in L*([0, 7], L?(7))
for any p € [1,00).

The proof of Theorem 3.4 follows directly by taking ¢ — 0 in the weak formulation of
(3.1) and using Lemma 6.1 with the Oleinik inequality (3.6). Due to the uniqueness of
the entropy solution of the scalar conservation laws, we deduce that all the sequence u’

converges to u'.

7. THE LIMITING CASE ¢ — 00

We consider u‘ the dissipative solutions of (3.1) given by Theorem 3.2. The aim of this
section is to study the limit of u* when ¢ — co. The proof of the limiting case £ — oo in
this section is similar to the proof of the limiting case ¢ — 0 in Section 5 above. We use
here the same notations as in Section 5 for the sake of simplicity. We start by obtaining
some uniform estimates of u when ¢ is far from 0.

Considering ¢ > 1, then the energy equation (3.3) implies

/R W) de < Jugl (7.1)

This implies that

’|U£”L;’§C([O,<>0)le) + ||UEHLE§C([O,OO),H1 (R) < C (7-2)

loc
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Using (2.3) and Young inequality we obtain for all p € [1, oo| that

2 2
IPlee < SOl [Juglles  IPlle < G 18allze [Jugll,, - (7.3)

Using that £ > 1 and (7.1) we obtain
CIPllze + [[Pllr + [[Pelle < C. (7.4)

Lemma 7.1. Let a € (0,1), T > 0 and [a,b] C R, then there exists a constant C' =
C(a,T,a,b) >0, such that for all { > 1 we have

T b
/ / P + ] dzdt < C. (7.5)

0 a
Proof. When ¢ > 1, one can use (7.1), (7.2) with (7.3) and do the same proof of (4.13) to
obtain a constant C' > 0 that does not depend on ¢. We conclude by taking ¢ — 0. U

Lemma 7.2. Let [a,b] C R be a compact interval. Then, there existu™ € L*®([0,00), H([a,b]))
and a subsequence of (u®), such that, as { — oo, we have

ut = w™®  in L([0,T] x [a,b]), VT > 0,
ut = w®  in HY[0,T] x [a,b]), YT > 0.
Proof. Using (7.2), (3.1) and (7.4) we obtain that
< Cr. (7.6)

Huwa([o,T]x[a,b]) =

The weak convergence in H([0,7T] x [a, b]) follows directly. Using the inequality

b t 2
[t ) = (s, ) gy = / (/ “f(ﬂx)d7> do <1t = sl [l g2 o iy

with (7.6) we obtain that

. ¢ ¢ _
HEHU (t,-) — u (S")HLQ([a,b]) =0
uniformly on ¢. Then, using Theorem 5 in [37] we can prove that that up to a subsequence,

u’ converges uniformly to u> on any compact set of the form [0, 7] x [a,b] as £ — co. O

Lemma 7.3. There exist a subsequence of {qf}e denoted also {qe}e and a family of prob-
ability Young measures v, on R, such that for all functions g € C(R) with g(£) = O(|¢[*)
at infinity, and for all ¢ € C°((0,00) x R) we have

lim ot 2) 9(q) dadt = /R el /R 9(€) dvpp(€)dadt.  (7.7)

{—00 R+ xR

Moreover, the map

(L) > /R € dun(6) (7.8)
belongs to L= (R*, L*(R)).
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Proof. If g(&) = o(]€]?), then the result is a direct consequences of (7.1) and Lemma A.1.
If g(£) = O(J€]?), let ¥ be a smooth cut-off function with ¢(£) = 1 for |{| < 1 and (&) =
for €] > 2, then

i [ ptaa@)ded = [ g [ a@waEOda (79)

l—00 R+ xR

where g,.(§) o gy (%) with £ > 0. Using Holder inequality, Lemma 7.1 and € = supp(y)
we obtain

/ p(t,x) (9(q") — gx(q") dxdt‘ / p(t, )| [9(q")| dedt
R+ xR supp(p ﬂ{\q‘f\%}

C / l9(g")[""* da dt> ( / dz dt) ’
supp(e SUPP(‘P ﬂ{\q[|>n}
< [H (t,z) € supp(p), l¢°| > /i}’:| < CrK*P.

where 2 < p < 3. The last inequality with (7.9) imply that we can interchange the limits
Kk — oo and ¢ — oo. Using that |g.| < |g| and the dominated convergence theorem we

obtain (7.7). O
For the sake of simplicity, if no confusion with (5.8) is caused, we define in this section
—~ def
i@ [ 9O dna(© (7.10)
R

which is from (7.7) the weak limit of g(¢) as ¢ — oo.
Lemma 7.4. Ast — 0 we have
Ju= — ol — 0 and /R (@ —2)ar -0 (1)
Proof. From Lemma 7.2 and Lemma 7.3 we have for all ¢ > 0
¢'(t,") — q(t,-) = u(t,-) as { — oo in L*(R),
¢‘(t, )2 — ¢(t,-) when ¢/ — oo in D'(R).
This, with Jensen’s inequality and the energy equation (3.3) imply that

() oy H\/

< lim || (¢ uo,uo)\\;(m = Jupl 7o, (7.12)

L—o0

< liminf ||u

minf v, (8)| |2 s,

The inequality (7.1) implies that the sequence (¢%), is bounded in the space L>([0, ), L?(R)).
Using (3.2), we can prove that for all T > 0 and for all ¢ € H'(R), the map

t — / z) ¢* dx (7.13)
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is uniformly (on t € [0,7] and ¢ > 1) continuous. Then, Lemma A.4 implies that
ul(t,) — uy  whent — 0  in L*(R), (7.14)

which implies that
2 o NN
lugll> < Timinf {|uz® ()7
On another hand, (7.12) implies

. 2
limsup [lu®(t)[|72 < gl
t—0

then
. 0o 2
i o (O3 = [luplLs. (7.15)
which implies with (7.14) that
ul(t,) — uy  whent — 0  in L*(R), (7.16)

The inequality (7.12) with (7.15) imply

2
. - T 00 2 o /112
iy VPO, = Ol = Ik (717)
Then (7.11) follows directly from (7.16) and (7.17). O

Lemma 7.5. The measure v, gwen in Lemma 7.3 is a Dirac measure, and
Vt,x(f) = 5ug°(t,x) (5) (718)

Proof. Step 0. Let S, and T, defined as in (5.16) and (5.17) respectively. As in Lemma
5.5, one can prove that for all T > 0, we have

,}1_{20)% — I @)’Ll([o,T}xR) - I€11—>1’§O o) - 6’ L(OTIXR) 0 (7.19)
Step 1. Taking ¢ — oo in (5.40) and using (7.4), we obtain
5c@] + [F@)5@] = 17w [205.@ - PT@]. (720
Taking ¢ — oo in (3.2), we obtain
0+ [['w)d, = 3" ()¢ (7.21)

Let j. be a Friedrichs mollifier and g° d:efq * j. then using Lemma A.3 we obtain
g + [f'(w)T], = 5 ') ¢ + 0.
where 6. — 0 in L}, ([0,00) x R) as € — 0. Multiplying by 7}.(g°), we obtain
[Se(@)]; + [f' (W) Su(@)], = — ["(w™)qq Tu(T) + ["(u™)q%(T)
+ |3 () + 0| Tu(T)
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Taking & — 0, we obtain

[Se@], + [ () Se@)], = — f"(w®) 7
= 1 f"w™) T

. (7.22), (5.28) and
[Sﬂ q) — Sk(7 )} f

)| (Te (@) + ) @+ 1)1
(1@ + %) (g + P Lper — (T (@) — #) W

Tu(@) + f/(w™) 8@ + 3 (™) P Tu(@)
@ (7 - ) + 205.@ - P Tu(@)|. (722)
Step 2. From (7.20

6) we obtain

(5.1
(u)

- (1)) - T(@) - 27 @ (5:@) - 5. @) . (7.23)
From the definition (5.17) we have
(T: (@) + &) @+ 6) Tgen = (T(@) — £) (@ — £)*TIgze = 0. (7.24)

Since T, (§) > —k, then

—(Tx (@) + k) (¢ + k)21 < 0. (7.25)

Let to > 0 and x > 2/(cty), then from (3.6), we have for all ¢t > #, that ¢° < x and § <
Then, using the convexity of T}, on (—o0, k) and the Jensen’s inequality we obtaln

k2 <Tﬁ(q) _ T, (q)) <0, Vit w=2/(ct). (7.26)
We take again ¢ty > 0 and k > 2/(cty), then for all ¢ € C°((tg,00) x R) we have

/(q — K)?2 1l ededt = li_r}%/(qg — k) Ly, pdadt = 0. (7.27)

Defining A, & S, (q) — Sk (q) and summing up (7.23), (7.24), (7.25), (7.26) and (7.27) we
obtain

[ANL + [F@)A] < - 1w @A

Step 3. Defining A€ A % J. we obtain
]+ [re™ay] < - e @b + b

where . — 0 as e — 0 in L}

loc

/N
>
)
=
N——
|
~
N}
£
@)

((0,00) x R). Let 8 > 0, multiplying by

obtain
{\/TW] + [f’(um) Ai+ﬁ} < %f’/(uw)wAi N 2B§f”(~u<>°) s
t T As + 3 21/As + 3
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Taking ¢ — 0 we obtain
Vaers| + |renBors] < e T2
e AL+ 8
Using that |7, (€)| < |€| and |S.(€)| < £2/2 we obtain

lf”(uoo) q — TH (q)
2
Ay + 8

7.28)

)
VAt B

t

A < P YA < L) (7 + A,

< Sl (2 + 5 8)

Since the L' convergence implies the pointwise convergence (up to a subsequence), then,
using the dominated convergence theorem with Jensen inequality, (7.2) and (7.8), we obtain

K— 00 X
VA S @)

for any compact set Q C (0,00) x R. Taking x — oo in (7.28) we obtain

Vass] + [remyaes) < % < VBlal '),

where A %42 — 72, Taking now 8 — 0 we obtain

VA + [Fes)VA] <0 in(t,00) xR (7.29)
t T

Step 4. Finaly, following Step 5 in the proof of Lemma 5.6 and using (7.11), we obtain
that A =0 a.e. [l

Proof of Theorem 3.6. All the limits in this proof are up to a subsequence. Let u‘ be the
solution given in Theorem 3.2. Then, from Lemma 7.3, Lemma 7.5, Lemma 7.1 we have
that, as £ — oo

V4 0o . D
U, — u, in L,

([0,00) x R), (7.30)
)’

for any p € [2,3) and compact set 2 C [0,00) x R. This implies that

LY(Q) - H(uzo)zHLl(Q)’

ul — uy’ in L7 ([0,00) x R). (7.31)
Using Lemma 7.1 and Lemma 7.2 we obtain that for all p € [2,3), we have
ul — uy® in L7 ([0,00) x R). (7.32)

Now, taking the weak limit £ — oo in (3.2) we deduce that u> satisfies (1.5b). We multiply
(3.3) by £7% and we take the limit ¢ — oo using (7.2) with (7.4) we obtain (3.8). Doing
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the proof of (7.11) for any ty, we obtain that (3.9). The Oleinik inequality (3.6) implies
uX(t,r) < m a.e. (t,z) € (0,00) x R. Using (7.5), (7.30) and (7.32) we obtain that
u®, u € L*([0,00) x R), Va € [0,1). Finally, (3.10) follows from (3.7) and (7.31). O

loc

APPENDIX A. SOME CLASSICAL LEMMAS

Here, we recall simple versions of some classical lemmas that are needed in this paper.
We start this section by the following lemma on the Young measures.

Lemma A.1. ([15]) Let O be a subset of R™ with a zero-measure boundary. For any
bounded family {v¢}. C LP(O,RN) with p > 1 there exists a subsequence denoted also {v<}.
and a family of probability measures on RY, {uy, y € O} such that for all f € CO(RY) with
f(&) = o(|]P) at infinity and for all ¢ € C°° we have

i [ o) £5 () /¢/#<w (A1)

P . . elP
[ [1eran©rdy < timint el (A2)
Also, some other results on strong and weak precompactness are needed, then we recall.

Lemma A.2. ([17]) Let 2 be an open set of R", assuming that f, — f in LP(Q2) with
p € (1,00), gn is bounded in L? with ¢ € (1,00) and g, — g in LI(Q), then for any
p € L"(QQ) such that 1/p+1/q+1/r =1, we have

lim fn gnpdr = / fgedr. (A.3)

n—o0

Lemma A.3. (Lemma II.1 in [ /) Let c € L} (RY, H.,
Let also j. be a Friedrichs mollifier, then

with

(R) and f € Lis,(R¥, Li,(R)).

loc

e—0

(cO.f) *jo — c(Ouf *jc) — 0, in  L,.(R*xR). (A.4)
Lemma A.4. (Lemma C.1in [33]) Let (fn)n be a bounded sequence in L>=([0,T], L*(R)).
If f,, belongs to C([0,T], H '(R)) and for any ¢ € H*(R), the map

t|—>/ x) fu(t,x)dx

is uniformly continuous for t € [0,T] and n > 1, then (f,), is relatively compact in the
space C([0,T], L2(R)), where L? is the L* space equipped with its weak topology.
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