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ON A HAMILTONIAN REGULARIZATION OF SCALAR
CONSERVATION LAWS

BILLEL GUELMAME

ABSTRACT. In this paper, we study a regularization of a scalar conservation law (SCL),
which is obtained by modifying its Lagrangian. This regularization is parameterized by ¢
and conserves formally an H'-like energy. Proof of the existence of local smooth solutions are
given in this paper. In addition, we prove the existence of global weak solutions satisfying a
uniform (on ¢) one-sided Oleinik inequality for this regularization, and also for a generalized
Hunter—Saxton equation. Moreover, when ¢ — 0 (resp. £ — oo), we prove that the solutions
of the regularized equation converge up to a subsequence to u’ (resp. u*) a solution of
the SCL (resp. a generalized Hunter—-Saxton equation), at least before the appearance of
singularities.
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1. INTRODUCTION

Hyperbolic conservation laws (the inviscid Burgers equation and the shallow-water system
for example) are known to develop discontinuous shocks in finite time, even if the initial
datum is a C* function. Those shocks are problematic for numerical simulations and also for
theory. To avoid those shocks, usually small dissipation or dispersion terms can be added to
the equation [1, 3, 2, 17, 18, 19, 12, 24]. In [9], Clamond and Dutykh have proposed a non-
dispersive regularization of the shallow-water equation that conserves an H!'-like energy for
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2 GUELMAME

smooth solutions. This regularization has been studied after in [20, 22]. Recently, a similar
regularization of the inviscid Burgers equation
up + g = 0 [Upe + 2UpUpy + Ulgps], (1)
was proposed in [11], where ¢ is a positive parameter. This equation appeared before in the
literature as a particular case of a generalized Camassa—Holm equation [8], an existence of
local (in time) smooth solutions was given in [27, 26]. A proof of existence of global weak
solutions and a study of the limiting cases £ — 0, +oo was done in [ 1]. The so-called dissipative
solutions of (1) satisfies (uniformly on ¢) the one-sided Oleinik inequality
ug(t,z) < 2/t, Vi > 0. (2)

Due to the H!-like energy equation, the solutions of (1) remains continuous for all time
(¢ > 0), which is not the case for the inviscid Burgers equation (¢ = 0). A natural question is:
Can we approximate the shocks of other interesting hyperbolic partial differential equations
conserving the same properties 7 For example, the general scalar conservation law

Ug + f(u)ft = 07 (3)

some triangular systems, the isentropic Euler equations ?
The equation (3) can be used for traffic flow models and other physical phenomena [25].
The aim of this paper is to derive, introduce and study the equation

u + f(W)e = O [tggr + F (W) Ugge + 2" (W) Up gy + 51" (w) ull, (4)

which regularizes the scalar conservation law (3). Note that for f(u) = u?/2, we obtain the
regularization of the inviscid Burgers equation (1). The equation (4) conserves an energy for
smooth solutions, it also has Hamiltonian and Lagrangian structures. Using Kato’s Theorem
for quasi-linear hyperbolic equations [14], we prove in this paper for general fluxes that if
the initial datum wug belongs to some space H® with s > 3/2, then there exists a local (in
time) unique smooth solution. On the contrary of the Burgers case, the velocity f’(u) being
nonlinear adds some difficulties to prove the estimates in Kato’s Theorem (see Lemma 3). An
existence of blowing-up solutions in finite time is also proven, where we give some estimates
of the blow-up time. In order to prove the existence of global solutions, a change of variables
is used inspired by Bressan and Constantin [6] yielding to an equivalent semi-linear nonlocal
system. The latest system is used to obtain global weak solutions that conserves an H'-like
energy for general (not necessarily convex) smooth fluxes, but do not satisfy the Oleinik
inequality. Inspired by [7], another type of global weak solutions for uniformly convex fluxes
(f"(u) > C > 0) is obtained, those solutions dissipate the energy on the singularities and
satisfy a one-sided Oleinik inequality (see (46) below). Using the Oleinik inequality, we
prove also that when ¢ — 0, (respectively ¢ — oo) the dissipative solution converges up to a
subsequence to a function u® (respectively u*®). We also prove that before the appearance
of the singularities, u? is the classical solution of (3) and u® is a solution of the generalized
Hunter—Saxton equation

[ue + fu)e], = § ul f"(u). (5)
A proof of the existence of dissipative solutions of the classical Hunter—Saxton equation
(f(u) = u?/2) can be found in [5]. For non-quadratic fluxes, the right-hand side of (5)

depends on u, thence the proof given in [5] must be modified. In this paper, a Hamiltonian
structure and a proof of global existence of both conservative and dissipative solutions of the
equation (5) are given.
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The paper is organized as follows. In Section 2, an energy equation and Hamiltonian,
Lagrangian structures of the equation (4) are provided. Section 3 is devoted to prove the
local existence of smooth solutions. Some estimates on the blow-up time of the smooth
solutions are studies in Section 4. In Section 5 and Section 6, existence of two types of global
weak solutions of (4) and (5) respectively are proven. The limiting cases £ - 0 and ¢ - oo
are studied in Section 7.

2. MODELING AND PROPERTIES

Inspired by [!1], the scalar conservation law (3) can be suitable regularized as

w + f(u)y = 02 [Uzor + [/(u) Ugaw + 2" (W) Up sy + %f’"(u) ud ], (6)
where £ > 0. The equation (6) can be written in the conservative form
[ = Cuge], + [f(u) = CF (W uze ~ 50 f" (W], = 0. (7)

Multiplying (7) by u we obtain the energy equation for smooth solutions

[%uQ + %EQUIQL + [K(u) - 0 K'(u) ugy + %52 (uf"(u) - f'(w)) uz - fQUUzt]x =0, (8)
where K'(u) = uf’(u).

Introducing the momentum m el - €2um, the equation (7) can be rewritten as

me + f'(u)ymg + 2(m-u)uy f(u) = 3 Ef"(u) uy = 0, (9)
or as
(1-2202){ue + fw)e} + $C[f"(w) uf] = 0. (10)
Applying the operator ( 1-0%20? )_1 to (10), the equation becomes
w + flu)e + S2(1-202) [ f(u) u?], = 0. (11)

This form is more tractable for numerical computations and also for proving the well-posedness
of the equation (see Section 3 and Section 5 below).

The classical conservation law (3) can be obtained as the Euler-Lagrange of the functional
Jo = [t? [ Lo(¢) dxdt with the Lagrangian density

Lo € Yoo + F(oy), (12)

where ¢ is a velocity potential, i.e., u = ¢, and F'(u) = f(u). The Euler-Lagrange equation
for this functional yields to (3) at once.
The equation (6) can be obtained as the Euler-Lagrange equation of the Lagrangian density

Lo Longr + F(oo)— 102 60 (b + [(d2)al,, (13)
this Lagrangian density is equivalent to
Lo = Foudn + F(bo)+ 30 [(62) 62 = buaatht]. (14)

A Hamiltonian structure also exists for the equation (6), that can be obtained with the
Hamiltonian operator and functional

2 (1 -2 o, (15)
5 [[F(u) + 10 f'(u) u2] da, (16)
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so the equation of motion is given by
Uy = —@ 6uf_), (17)

which is the equation (7), where the operator 2 is a Hamiltonian operator [21].

3. EXISTENCE OF LOCAL SMOOTH SOLUTIONS OF THE REGULARIZED CONSERVATION LAWS

This section is devoted to study the local (in time) well-posedness of the Cauchy problem

up + [ f(u) + 56 f(w)ul] =0, & = (20)7 exp(-|z/0), (18)
with u(0,z) = up(z). Let be
P = &« f"(u)uj, (19)
notice that P — 2Py, = f"(u)u2/2. Differentiating (18) w.r.t 2 one obtains
gt + f(u) ugy + %f”(u) ul + P =0, (20)

multiplying (18) by u and (20) by £%u,, an energy equations for smooth solutions is obtained

[%uz + %EQUQ?L + [K(u) + %EQf'(u)ui + EQUP]x = 0. (21)

Another conservative equation that corresponds to the Hamiltonian (16) can be obtained
[F(u) + 20 f(w)], + [H(u) + Cfu)P + 30 f (w)’u) + $00P* - LOP2] =0,

where H'(u) = f(u) f'(u).
Let s € R and let be

H(R) {u e SR, [ (1+€) a(©Pde < +oo}. (22)
The norm of the space H?® is given by

ulfre [ (1+€2)" ©PdE = cAul?,

where A = (1 - 05)8/2 and ¢ > 0 is a constant depending only on the definition of the Fourier

transform. Let [A, B] " AB - BA be the commutator of A and B. In order to prove the

well-posedeness of the equation (18), the following classical lemmas are needed:

Lemma 1. ([1/, 16]) If r > 0, then there exists a constant ¢ > 0, such that

I glz—r < 1 flze lgle-r, (23)
1 falar < e (Ifleelglar + 1flarlgle=), (24)
IIA", flgle < e (Ifelz= lgla— + 1flalglze)- (25)
Let f,g be smooth functions and h € H", then
(9. Wgr il = | [ Fonda| < 11 gl L, (26)

which implies (23). A rigorous proof of (23) can be found in [11]. Inequalities (24) and (25)
can be found in [16].
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Lemma 2. ([10]) Let F € C™2, if 1/2 < s < m, then there exist a continuous function F,
such that

|F(uw) = FO)las < F(Julze) Julse. (27)
If 3/2 < s < m, then there exist a continuous function F such that
|F(u) = F)|u: < F(lulns, [vlns) Ju = vl (28)

Proof. The proof of (27) can be found in [L0]. The inequality (28) is also proven in [10], a
shorter proof is given here.

Let G'(u) €' F'(u) - F'(0), using (24) and (27) we obtain that for all s > 1/2
|[F(u) = F)lns s |F(wW)ue = F'(v) ve] o
HF'(u)ux - F'(u)vy + G'(u)vy - G'(’U)U‘%HHS_1
|F" (u)e> [uz = vellmsr + |G (W] gs1 us = valre
+ vallre [F'(w) = F'(0)|gsr + [velgs- [F'(u) = F'(v)] e
Slu = vl + |F'(w) = F'(0)|ms, (29)

where < means < ¢ with ¢ = ¢(F, |u| gs, |v]|gs) is a positive constant.
In order to prove (28), we suppose at first that s = n € IN and the proof will be done by
induction. It is clear that

[F(u) = F(0)|zz < [F”|ze=u = v]ge.

The equation (29) shows that if (28) is true for an integer 0 < k < n—1, then it remains true
for k + 1, which ends the proof of (28) for an integer s.
If s is not an integer, using (29) and using (28) for |s| one obtains

|F(u) = F)las s lu = vfgs + [F'(u) = F'(v)] g
lu = vlms + [F'(u) = F'(v)] g

S
Slu = vlms + Ju — vl g1s)
S |

A

lu — v|mgs. O
Now, the conditions given in [14] to obtain the local well-posedness of
u + A(u)u = F(u), (Q)
are recalled:

(X) X and Y are reflexive Banach spaces. Y is dense and continuously embedded in X.
There exists an isomorphism S from Y to X.
(A1) Let W = By (yo, Ro) be an open ball in Y, there exist 5 € R, such that for all £ > 0
and ye W
||e—tA(y) Ix < €.

(A2) If y e W, then B(y) €' SA(y)S~* - A(y) is bounded on X.
(A3) For y,z € W, we have A(y) is bounded from Y to X and

[ACy) - A(2)
(A4) For all y e W, we have A(y)yo €Y.
(A5) For all y,z € W, we have

|1B(y) - B(2)lx s |y - =y

lvx S |y - zlx.
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(F1) F is a bounded function from W to Y and
I1F(y) - F(@)lx s ly - zlx  Vy,zeW.

(F2)
[F(y) = F(@)ly s |y - x|y VyzeW

Now, the local well-posedness of (18) can be stated:

Theorem 1. [Local ezistence of smooth solutions] Let f ¢ C"™3(R), m > 2 and let ug €
H*(R) with 3/2 < s <m, then there exist a mazimal time T > 0 that does not depend on s and
a unique solution u of (18) that depends continuously on ug, such that uw e C([0,T), H*(R))n
CL([0,T), H*"Y(R)). Moreover, if T < +oo, then limsup |u(t,)|gs = +oo.

t->T

The proof is based on Kato’s existence theorem of quasi-linear equations [14]. The following
definitions are used in order to prove Theorem 1

X = I*(R), Y = H%(R), W = By(0,Ry) c Y.
Al) = '@  Fly) = =220, (1 - 23 (FWaws), weY
S = A = (1-02)%

B(y) = [A% A(y)]A™ = [A%, f'(y) - [/(0)] 8. A"
Then, the equation (18) can be written as (Q). We start by proving the following lemma:

Lemma 3. Under the assumptions of Theorem 1, the conditions (X), (Al) to (Ab), (F'1)
and (F2) are satisfied.

Proof. (Al) can be proved easily by following the proof of Lemma 2 in [23]. (X) and (A4)
are trivial. Let w € X = L*(R), ve Y = H*(R) and y,z € W.
Proof of (A2). Using (25) and (27) one obtains

1B wlrz s 1£7W) yalze lwalgr + 1 @) = £ O) s [Awa o,
S 1 Wleo [yl as lwlzz + ylas |wlie,
S Jwlge-
Proof of (A3). It is clear that
[A@) vl = [1F' @) valre s £ W)z lvlms s [olas, (30)

then A(y) € B(H®, L?). The Lipschitz-continuity of A(y) can be done as the following
| (A(y) = A=) vlze = [(F'(W) = f(2) valre

17Dl ly = 2l [val o

ly = zle2 vl

Proof of (A5). Using (25) and (28) one obtains

[(B(y) = B(2)) w2 = [[A% f'(y) - [(2)] 0: A,

[F' W) = F )y lwslgr + [F) = f(2)]

ly = zlas [wl e

AN NI

o 1A we Lo

N N
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Proof of (F1). Using the definition of F' and the inequality (23) we get
IE@) = F()lee s lye (F () = F1(2), + F'(2)a (v = 2), |
lyall= £ W) = (D)2 + 1f7(2) zallL |y = 2[r2
ly = =]
Proof of (F2). Using (24), (27) and (28) one obtains
1E@) = F()lms sy (f'(W) = F1(2), + F(2)a (y = 2), s
S Myl 1f'@) = £ e+ lwlas 1@ ye - f7(2) 22l

+ 1@ zeli=ly = 2lus + 1F' () as lye = 2zl
Sly - 2las O

AN

AN AN

Proof of Theorem 1. Theorem 6, Theorem 7 in [l4] and Lemma 3 assure the exis-
tence of a unique solution u that depends continuously on the initial datum, such that u €
C([0,T), H*(R)) n C'([0,T), L?(R)). Using (18) one obtains that u € C'([0,T), H*"}(R)).
The proof that 7' may be chosen independent on s, can be done by following [15]. O

For uniformly convex fluxes, the solution given in Theorem 1 satisfies the Oleinik inequality:

Proposition 1. [Oleinik inequality] Let f € C™3(R), m > 2 and let ug € H*(R) with
2<s<m. If f"(u) 2 C >0, then for all t € [0,T[ the solution given in Theorem 1 satisfies
the Oleinik inequality

uz(t,z) < < M, (31)

1
Cij2 + 176 S
def /
where M = supgeru(z).

Proof. Let xp € R and let y defined as the unique solution of the Cauchy problem

we(t,zo) = f(u(t y(t z0))), y(0,20) = wo. (32)
Let H(t,x0) “ ug(t,y(t,z0)). Using that P > 0, the equation (20) implies that
Hy + $CH? < Hy + 3 f"(W)H? = -P <0, (33)
implying that
H(t,z0) < ooz ll/H(O,aco)' (34)
The Oleinik inequality (31) follows directly from (34). O

4. BLOW-UP OF SMOOTH SOLUTIONS

This section is devoted to prove that the solutions given in Theorem 1 blows-up in finite
time for uniformly convex fluxes. Estimates on the blow-up time 7T of those solutions is also
given. We start by the following proposition:

Proposition 2. [An upper bound of the blow- up time] Let f € C™3(R), such that
["(w)>C >0 and m >2. Let also ugp € H*(R) with 2<s<m. If u{(zo) <0 for some zp € R,
then

-2
TS ————-
—
I
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Proof. The inequality (34) implies that

li H(t, = —oo,
t—>—2/(61’%(0,x0)) ( $0) *
implying
lim lw]gs 2 lim [ug|pee = +oo. O
t—>-2/(C H(0,20)) t—>-2/(C H(0,20))

It is clear that if |u, |z~ blows-up then ||u|zms blows-up also. The converse is not true in
general. The following Lemma shows that if u is a solution of (18), then the converse is true:

Lemma 4. Let f € C"3(R), m > 2 and let ug € H*(R) with 3/2 < s < m. If |ug|r= is
bounded for t € [0,T[, then |u|gs remains bounded for t € [0,T].

The proof of Lemma 4 can be done by following Theorem 3.1 in [26]. The following theorem
is devoted to improve the blow-up criteria in Theorem 1.

Theorem 2. [The blow-up criteria] Let f ¢ C™"3(R), such that f"(u) > C >0, m > 2. Let
also ug € H*(R) with 2 < s <m, then

T < +o0o == liminf inf u,(t,z) = —oo.
t—-T zeR

The proof of the latest Theorem follows directly from Proposition 1, Lemma 4 and the

blow-up criteria given in Theorem 1. O
Note that if ug € H*(R) with s > 2, the equation (21) implies that the energy
E(t) = fR (2 + 2u2) da, (35)

is invariant. Then, the solutions remains bounded

lullpe < Julm < ar/E@) = a/E(0). (36)
Let
C= sup f'(u), (37)
[ul < ag\/E(0)

a lower bound of the blow-up time can also given by

Theorem 3. [A lower bound of the blow-up time] Let f € C"3(R) such that f"(u) >
C >0, let also be ug € H*(R) with 2 < s<m. If ug is not the zero function, then

1/(C suplup|) < T. (38)
Proof. Let be

m(t) € ig}gf{ux(t,x) <0< M)« sulgux(t,x), t < T.
Te

The equation (33) implies that the functions m(-) and M(-) are decreasing in time. We
consider the three cases:

e M(t)>-m(t) for all £ >0. This implies that
0 < -m(0) < -m((t) = |m(t) < M(t) = |[M(t)] < M(0).

which implies with Lemma 4 that T' = +o0.
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e There exists ¢t > 0, such that —m(t9) = M (fp). Using the same argument as in [11]
one can show that

m+ Cm? >0, Vt>tg, (39)

m(t+5) — m(t)
)

. def .. . . . ..
where m = lim infss0, 50 is the generalized derivative of m. One can

easily shows that

m(t) > m(tg) ,
1 + m(tg) C(t - to)
then
1 1 1
T >ty - ——— =ty + — > — .
C'm(to) CM(to)  C suplug(x)]
zeR
e M(0) <—m(0). This case can be done as the previous one. O

Remark 1. Note that C depends on ¢, then the estimate given in Theorem 3 depends also
on L. In Section 7 below, uniform (on £) estimates are needed, then the fluz f is assumed to
satisfy f"(u) < C, where C is a fized constant and not the constant defined in (37).

5. EXISTENCE OF GLOBAL WEAK SOLUTIONS OF THE REGULARIZED CONSERVATION LAWS

As shown in Proposition 2 above, the solutions given in Theorem 1 do not hold for all time
due to the blow-up of |ul|gs for s > 2. In order to obtain global solutions of (18), one needs
to look for weaker solutions in a bigger space. Thanks to the energy equation (21), the space
H' is a natural candidate to obtain global solutions.

Inspired by [6, 7| (see also [11]), let £ € R and let yo(&) defined by

nyO(O(1 s’ )dr = € (40)

Let also y be the characteristic starting from yo with velocity f’'(u). The quantities v, q, P
and P, are defined as the following

v € 2 arctan(uy), g < (1+ ui)yg. (41)

P.e) = 4y froo( -3 [ ateoreo( TG ool Jaceersn( MG 1 ucee) ae

(_/ / )exp( ‘/ q(ts)cOS( (ts))ds) (tg)sm( v(t, 5))fu( (t.€)) de’

402
Then, the equation (18) can be transformed to the equivalent system

P.(t,¢)

ye = f'(w), ¥(0,8) = yo(§),  (42a)
w = —0*P,, u(0,£) = uo(yo(§)),  (42b)
v = =P (1 + cos(v)) — f"(u)sin®(v/2), ©(0,€) = 2arctan(u0 (y0(&)) ), (42¢)
a@ = (55 - P)sin(v), a(0,8) = 1, (42d)

which can be used to prove the following theorem
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Theorem 4. [Global ezistence of conservative solutions] Let ug € H'(R) and f €
C3(R), then there exists a global weak solution u of the equation (18), such that YT > 0,
ue Lip ([0,T],L*(R)) and

A(u%t} + €2ux(t)2) dz = [R(ug + 52u62) dz, for a.e. t € R. (43)

This solution w is called a conservative solution. Moreover, if |ugn — uo|g1 = 0. Then, uy,
converges uniformly to w, for all t,x in any bounded set.

Note that v € [-m, 7], but for ¢ > 0 the value of v is allowed not to be in [-7,7]. When v
crossed the value +7, the value of u, jumps from +oco to Foo, which implies that the Oleinik
inequality

flw)s st
can not be satisfied if the sign of f”'(u) is constant. In order to obtain a solutions satisfying
the Oleinik inequality, we suppose that f/(u) > C >0 and the system (42) is modified as

g = f(w), (44a)
u = ~0* Py, (44b)
_ _ g .2 3
v = { P(1 + cosv) = f"(u) sin®(v/2), v > -, (44¢)
0, v < -,
"W _ pYg _
0 = {q ( 5 ) sin(v), v > -7 (44d)
0, v < -7,
P and P, are also modified as
_ i _1 6,— 2’0(75,8) — / : QU(tagl) " / !
P9 = 4 o] 3| [ a0t G b ateey s X e e

+oo § ¢ ¢ o(t, &
Pt = ([ o) el gL ate o G aff ey st TGS gt

where g(t,€) = g(t,€) if v(t,€) > = and §(t,€) = 0 if v(£,€) < —m. Following [7, 11] one can
proves the following result

Theorem 5. [Global existence of dissipative solutions] Let ug € H'(R) and f € C3(R)
such that f"(u) > C > 0, then there exists a global weak solution u of the equation (18),
satisfying u € Lip ([0, T], L*(R)) for all T >0 and

[]R(UQ(t) + fzux(t)z) dzr < /]R(ug + £2u62) dz, VteR. (45)

This solution is called a dissipative solution. Moreover, for M = supgerup(x) € RY U {+oco}

we have
1

QL —
ua(t2) <

(46)
The Oleinik inequality (46) is a cornerstone of scalar conservation laws. In this paper, this
inequality plays an important role to study the limiting cases in Section 7. Thence, we are
more interested by the dissipative solutions in this paper, so the proof of Theorem 4 is omit-
ted, which can be done following [6, 11] and also the following proof:
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Proof of Theorem 5: Step 1: Local existence for the equivalent system. In order
to prove Theorem 5, we will prove the well-posedness of the system (44), and then we prove
that the solution of (44) yields to a dissipative solution of (18). Since the right hand sides
of (44b), (44c) and (44d) do not depend of y, it suffices to show that the system of three
equations (44b), (44c), (44d) is well posed. Due to the discontinuity of the write hand of
(44c), we consider the following system

Ut = —EQP;E, (478;)
—P(1 + cosv) — f"(u)sin®(v/2), v > -,
u [ )~ (u) sin(v2) )
_f (U), v < -,
W p) _
0 - {q ( 5 ) sin(v), v > -, (47¢)
07 v < —T.

It is clear that if (u,v,q) is a solution of (47), we can obtain a solution of (44) by replacing
v with max{v, —7}. The system (47) can be written as

Ut(tvg) = F(U(tag)) + G(é»U(tW))’ U = (uaUaQ)v (48)
such that
(0, =f"(uw) sin? %, § f"(u)gsinv) v>-m,
F(U) ) {(07 _f”(u)v 0) o U< -,
| (-?P,, -P(1 + cosv), —~Pgsinv) v>-m,
G) ‘{(—@21335,0,0) v -
2w

Our aim now is to prove local existence of solutions of (48). Let ¢ €]0, 5] and let A defined
by

AL {E (@) €]-m o-m]} (49)
Note that (47b) implies that if v €] -7, 6 — 7] c] -7, -F], then v; < -C/2. TLet X e
C([0,T], L= (R,R3)), ¢ >0 and let ® c X satisfying U(0,¢) = Up(¢) and

1/e < q(t,§) < ¢ V(t,€) € [0,T] xR, (50a)
{¢& sin® (v(t,€)/2) > 3} < c vt e [0,T], (50b)
|U() = U(s) |, < clt - s Vt,s€[0,T], (50c)
v(t,€) - v(s,§) < —ct52 VOSs<t<T, €. (50d)
The equation (50b) implies that if &; < &2, then
-1
‘[5152 a(€) cos” ig) e > 456[51752]7 sin? v(t2,§) < %} % de> [&%& - g:l C_l’ (51)

’

£ v(t,s)
q(t 2 —22d
fg q(t, s) cos 5 ds

exponentially when [ — &'| - +oo. Defining T'(¢) = min{l, exp(i—%C‘l)}, then Young

implying that the term exp {—é } in the definition of P and P, decays

inequality implies that
IPlze, [ Pelze s ITpo [ f7(w)] Lo (52)
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Taking (u,v,q) € ® and using (52) one can show that

| P() - PO)] -

Po(U) = Po(U)],. 5 |U = U], + & (0(&) + m)(B(E) + m) < 0},
and

|F(U) - F(U)],w s U - U], (53)

|GW) = GO, s U - O),n + [{& @& + M@EE) + 1) <0} (59)

Now, we need to estimate the term [{&, (v(&) + 7)(9(€) + ) < 0}|. For that purpose, let
the crossing time defined as

7(€) ¥ sup {t € [0,T], v(t,€) > ~m}. (55)
The equation (50c¢) implies |v(t,£) —vo(€)| < Ct, then if £ ¢ A, i.e. vo(§) > — 7 we get
min {7(¢), 7(£)} > 0/C.
Let be T' < §/C, the equation (50d) implies
T ~ ~
[ lfe 0o + mE@o + ™ < offar < [1r©) - 7Ol a
2[Al|U - U, /e

The Picard operator

PONEO = o + [ TFW) + GO dr, (56)

then satisfies

|P(U) - PO)|,. <K@+ |A)|U-TU],., (57)

where K depends only on C' and £. The function sin? % belongs to L', then ¢ > 0 can be
chosen such that |A] is arbitrary small. Choosing also T small enough one obtains the local

existence of a solution of the system (47). Replacing v by max{v, -7} we obtain a solution
of (44).

Step 2: Global existence. The aim of this step is to show that the solution given in the
previous step holds globally in time. For that purpose, we need to show that the quantity

. 2
lallce + [1/qlze + [sin®v/2[pr + [v]pe + [u]re, (58)
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does not blow-up in finite time. Following [7, 11] we can easily show the equalities
(g cos? v/2)t = 1q¢f"(u) sinv, (59a)
(¢ sin? v/2)t = —q P sinv, (59b)
P - {q P, cos?v/2, v > -, (59¢)
0, v,
2P - {q (P cos?v/2 - 3 f"(u) sin®v/2), v>-m, (594)
0, v <,
2 1 .2
(Lgsinv), = ~q (P cos?v/2 = 5 f"(u) sin®v/2), v>-m, (59¢)
2 t 0, v,
ue = %q sinw, (591)
Ye = qcos’v/2. (59g)
Defining H (u) ef Jo' w?f"(w)dw, we can deduce the energy equation
[qu2 cos’v/2 + (¢ sin® U/Q]t + [H(uw) - 2£2uP]x = 0. (60)
Integrating over & one obtains the conservation of the energy
d
o /R (u2 cos>v/2 + (2 sin? v/2) qd¢ = 0. (61)

Then we have
|ul2e < 2/R|uu§|d£ = [R|uq sinv| d§ = 2/1R|u\/§cosv/2\/§sinv/2| d¢
< /;R(u2 cos®v/2 + sin®v/2) qd¢,

implying that |u|z~ is bounded for all time ¢ > 0. The equation (52) implies that | P~ +
|Py|| L is bounded for all ¢ > 0. The equation (47c) implies that |g|/q < C/2 + | Pz, which
implies with Gronwall lemma that |¢|r~ + ||1/¢|r>~ remains bounded in all interval [0,T].
Using that q is far from zero and using the conservation of energy

E@t) % fR (u2 cos?v2 + (2 sin>v/2) gd¢ = E(0), (62)

one obtains that |sin?v/2||,1 does not blow-up in finite time, which finishs the proof of the
global existence.

Following |7, 11] and using the change of variables x = y(t,), one can show that the solution
of (18) can be obtained as

which belongs to C([0,7],L2(R)) and its derivative can be obtained if v(t,£) # -7 as

ot,8) _ _sin(v(t,€))
2 ) 1 + cos(v(t,€))’ (64)

ug(t,z) = tan(
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Step 3: Dissipation of the energy and Oleinik inequality. Let & € R, if v(¢p,£) <0
then v(t,€) € [-m,0] for all ¢ > ty. If v(0,€) > 0 then the equation (44c) implies that

v C 2 v
arctan — < -5 arctan® —.
2/ 2

0(5)

Since arctan < M, we have

v(t,€) 1
> S T2+ M (65)

To prove the dissipation of the energy (45), we use the change of variables x = y(t,£), using
also (35) and (62) one can show that

E(t =/u2+€2ui dx:[ u? cos?v/2 + £*sin®v/2) qd
) = | ( ) Entterrm / /2) qd¢

< []R(u2 cos?v/2 + (* sin?v/2) gd¢ = E(0) = E(0). O

U, = arctan

Due to the Oleinik inequality, we will be only interested by the dissipative solutions given
in Theorem 5. As mentioned in the introduction above, taking formally ¢ - co we obtain
the generalized Hunter—Saxton equation (5). The next section is devoted to study the global
well-posedness of the equation (5).

6. ON A GENERALIZED HUNTER—SAXTON EQUATION

Note that taking £ — oo in (18), we have /2®, — —sgn(z)/2. Then, we formally obtain the
generalized Hunter—Saxton (gHS) equation

u + f(u)y = (f [ )u 1 (u) da. (66)

Differentiating w.r.t  we obtain
[ue + f(u)al, = 5 ug f(u). (67)
a second differentiation gives
Ugzt + f (W) Upgr + 2" (0) Up Uy + %f’"(u) ui =0. (68)
Since P — 0 when ¢ — oo, note that the equation (67) (resp. (68)) can also be obtained by
taking formally ¢ — oo in (20) (resp. (4)). Multiplying (67) by u, we obtain the conservation
of the H! energy
[ + [f'()ule =0, (69)
for smooth solutions.
The generalized Hunter—Saxton equation has the Hamiltonian structure

t = —Z10u91, (70)
where

1 def %ff’(u)uidx, Dru= 8;1u def %([_xoo —_[;oc) udz.

The gHS equation can also obtained by the Hamiltonian £o def % / u2 dx and the operator

g, 8_2[(]“(10%+ 1wy - ') ) b s o (f() 1= £ )] o2

r 2u? 2 u2
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If f(u) = u?/2, we obtain the bi-Hamiltonian Hunter-Saxton equation [13] and
Do = 0% [Upe Op + Optigy] 0,2 = up 0,2 — 0 2 uy.

For general fluxes, the operator %5 is not a Poisson operator [21], so the integrability of the
generalized Hunter—Saxton equation remains an open question.

The goal of this section is to prove the existence of global weak solutions of the generalized
Hunter-Saxton equation (66). The classical Hunter-Saxton equation can be obtained by
taking f(u) = u?/2, a proof of global dissipative solutions of the classical Hunter-Saxton
equation can be found in [5]. If the flux f is quadratic, the right hand side of (66) depends
only on u,; and not on u which makes the proof easier. The main result of this section is the
following theorem:

Theorem 6. Let uge H' n L™ and f € C3(R) such that f®) is bounded, then

e There exists a global weak solution w (called conservative) of (66), satisfying u €

Lip ([0,T], L% (R)) for all T >0 and
/}R up(t)?de = fR ude  for almost all ¢ ¢ R. (71)

o If the flux is uniformly convex f"'(u) > C > 0, then there also exists a global weak
solution u (called dissipative) of the equation (66), satisfying u € Lip ([0,T], L} (R))
for all' T >0 and

fRum(t)2 dz < /]Ru62 dz for almost all ¢ € R. (72)

Moreover, for M = supgerug(x) € RT U {+c0} the dissipative solution satisfies the
Oleinik inequality
1

< —
ua(t,2) <

(73)

Remark 2. The condition "f®) is bounded" is important to show that the solution is globally
well-defined. Otherwise, local (in time) weak solutions exist even if 3 is not bounded.

The proof of the existence of the conservative solutions in Theorem 6 can be done following

[6, 11]. To prove the existence of dissipative solutions, one follows the proof of Theorem 5
with small modifications to obtain the equivalent system
Y = f,(u)7 (743’)
ut = _Qa (74b)
o = {— f"(u) sin®(v/2), v > -, (74¢)
0, v < -7,
1 .
0 = {5 qf"(u) sin(v), v>-7 (74d)
0, v < -,

where @ is defined as
+00 I3 !
o) = 1([7- [1) atey s Lo (i) ae (75)

where q(t,€) = q(t,€) if v(t,€) > -7 and q(¢,£) =0 if v(¢,&) < -7
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Remark 3. If the fluz f is quadratic, the condition ug € L* can be removed (see [5]). Indeed,
in this case the right-hand sides of (74b), (74c) and (74d) do not depend on u, so to prove
that the system (74) is well-posed it suffices to prove the well-posedness of (74c) and (74d).

On the contrary of the definition of P and P, in the previous section, the exponential term
does not appear in the definition of @ in (75), which means that the inequality (52) can not
be used. To avoid this problem, the existence for the equivalent system (74b), (74c) and

(74d) is done in the space X < C ([0,T],L* x (L® n L?) x L*) and the inequality (52) can
be replaced then by

1Qllz~  lgsin®v/2 g [f"(w)lre S lalze | (w)]z= [v] 2. (76)
Since f(3) is bounded, then
1" @)= < 1 fP ) fulz= + [ (0)].

The rest of the proofs of local existence, dissipation of the energy and the Oleinik inequality
are the same as the previous section, so it is omitted. In order to prove that the solution
holds for all time, one can show that the quantity

lglze + /gl + lvlzz + Jvfz= + Julze~, (77)

does not blow-up in finite time. O

In next section, we study the convergence of the dissipative solutions given in Theorem 5
(when ¢ - 0 and when ¢ - oo) using a BV estimate that is based on the Oleinik inequality
(46).

7. THE LIMITING CASES ¢ - (0 AND ¢ — oo

In this section we study the convergence of the dissipative solutions of (18) when ¢ — 0
and when ¢ — co. For that purpose we denote u’ the dissipative solution given in Theorem 5
and we start by the uniform (on ¢) BV estimate of the solution

Lemma 5. [BV estimate] Let f € C? such that C > f"(u) > C >0, let also ug € H'(R) such
that ufy € L*(R) and ufy(z) < M < +oo, then

TVA'(t) = [ub(®)|p < Juplp (C M2 + 1)2¢/°, (78)

Proof. Let be s def sgn(ug) = sgn(v"). Differentiating (44b) w.r.t £, multiplying by s, integrat-
ing over &, using the Oleinik inequality (46) and (59) one obtains

d Cae _ 2
= [ = - [ (Poesde,
:—e2f P,)ed le P,)e de,
{320}( )§ f " {s<0}( )E €

= —2/0? [ P.).d 2 / P).d
{320}( )5 &+ ]R( )5 3

— e 0N - 2 f 3 2 4

- /{5207 UZ>_W}Q (f (u”) sin®v"/2 = 2P cos“v /2) de,

[{8>0 o) %qf"(ug) sin v’ tanv£/2 d¢,

IN

IN

c ¢
Ct/2 + 1M falufldg’
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Using Gronwall lemma we deduce that TVeu®(t) = ||u§ Iz < llugllpr (CME/2 + 1)%°/  where
TV, is the total variation with respect to . Since the characteristics y(¢,-) are monotonic,
then (78) follows. O

Following |1 1], one can easily prove the following theorem:

Theorem 7. Let f € C3 such that C > f"(u) > C > 0, let also ug € H'(R) such that uly € L'(R)
and ul(z) < M < +oo. Then, there exist
o u’ e L=([0,T], L(7)) n L*([0,T], BV (R)),
u® eC([0,T], LY(T)) n L=([0,T], BV (R)),
w,v e L=([0,T], M') non-negative Radon measures,
e a sub-sequence of (u'), noted also (u)

for all' T >0, TeR, such that
o u' and u®™ satisfy the Oleinik inequalities
1 - 1
ciz s B0 S G

e we have the convergences

ul(t,x) < in D'(R), (79)

uf Z% 00 i L2([0,T), INT)),  ut E5 w™ in C([0,T], LY(T)),

o u' and p satisfy the equation

ud + f(W)e = —pa, (80)
e u™ and v satisfy the equation
[ui” + f(u™)e], = v (81)

Remark 4.

o If =0, then u® is the entropy solution of the scalar conservation law (3).
o Ifv = %(u;")Qf”(u‘x’), then u™ is a dissipative solution of the generalized Hunter—
Sazton equation (67).

Proof. We first study the case ¢ - 0, so we suppose that ¢ < 1. Following [l1] we de-
def

fine the Banach space W(Z) < {f € D'(Z), 3F e L'(Z) such that F’ = f}, with the norm

Iflway & infeer |F+clpiz) = mineer |F + ¢z z). Then

Whi(I) - LY(T) > W(D), (82)
where the first embedding is compact and the second is continuous. Using the dissipation of
the energy (45) and (78) we obtain that (u’)?,u’ and ¢2P are bounded in L*([0,T], L'(T)).
Then, the inequality

() = fO] < Cu® + |£'(0)]|ul,
with (18) imply that u! is bounded in L*®([0,T], W (Z)). Aubin theorem implies the com-
pactness of the sequence (u’). Since (2P is bounded in L*°([0,7],L'), then there exists a
non negative Radon measure ; such that /2P converges weakly to u. Taking £ — 0 in the

weak formulation of (18) we obtain (80).
The proof of the case £ - oo can be done following the proof of Theorem 6 in [11]. O
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Since we suppose that f"(u) < C, the lower bound of the interaction time and of the
quantity |uz |z~ given in Theorem 3 is uniform on ¢, which implies that £2P — 0 when £ — 0.
Thence, one can easily prove the following proposition:

Proposition 3. Under the conditions of Theorem 3, if f"(u) < C' and TVug < +oo, then

-1
Vit < (C’sup|u'0(x)|) we have
zeR

pt) = 0, w(t) = 3u)? f(u®). (83)

This proposition shows that before the appearance of the singularities, the limit u° (respec-
tively ©®) is the entropy solution of the scalar conservation law (3) (respectively a dissipative
solution of the generalized Hunter-Saxton equation (67)).

8. CONCLUSION

In this paper, the classical scalar conservation law (SCL) (3) is regularized by the equation
(18) that is parameterized by ¢. This regularization is derived modifying the Lagrangian of
(3). In this paper, we prove the local (in time) existence of smooth solutions, blow-up and
global existence of weak solutions of the regularized equation. A new generalized Hunter—
Saxton (gHS) equation has been introduced, studied and a proof of existence of global weak
solutions is presented. In the last section, we have proved that the dissipative solutions
converge up to a sub-sequence to a solution of SCL when ¢ - 0 and a solution of gHS when
{ — oo before the appearance of the singularities. Several questions are still open, and deserve
to be studied:

e We have shown in this paper that the regularization (18) and the gHS (5) are Hamil-
tonian equations. Do bi-Hamiltonian structures exist for those equations?

e Can the uniqueness of the global weak solutions be obtained? following |4| for example.

e Do the solutions of the regularized equation converge to the expected solution — the
equation (83) holds — even after the appearance of the singularities?

o Is it possible to regularize other interesting hyperbolic systems conserving the same
properties given in this paper and in [9, 20, 22, 11]?
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