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Temporal Refinements for Guarded Recursive Types

GUILHEM JABER, Université de Nantes, LS2N CNRS, Inria, France
COLIN RIBA, Univ Lyon, EnsL, UCBL, CNRS, LIP, F-69342, LYON Cedex 07, France

We propose a logic to reason on temporal properties of higher-order programs that handle infinite objects like
streams or infinite trees, represented via coinductive types. Specifications of programs are defined using safety
and liveness properties. A given program can then be proven to satisfy its specification, in a compositional
way, our logic being based on a type system.

The logic is presented as a refinement type system over the guarded lambda-calculus, a A-calculus with
guarded recursive types. The refinements are formulae of a modal p-calculus which embeds usual temporal
modal logics such as LTL and CTL.

The semantics of our system is given within a rich structure, the topos of trees, in which we build a
realizability model of the temporal refinement type system. We use in a crucial way the connection with
set-theoretic semantics to handle liveness properties.

Additional Key Words and Phrases: coinductive types, guarded recursive types, p-calculus, refinement types,
topos of trees.

1 INTRODUCTION

Functional programming is by now well established to handle infinite data, thanks to declarative
definitions and equational reasoning on high-level abstractions, in particular when infinite objects
are represented with coinductive types. In such settings, programs in general do not terminate, but
are expected to compute a part of their output in a finite amount of time. For example, a program
expected to generate a stream should produce the next element in finite time: it is productive.

The goal of this paper is to be able to specify temporal properties of higher-order programs that
handle coinductive types. Temporal logics like LTL, CTL or the modal p-calculus are widely used
to formulate, on infinite objects, safety and liveness properties (see e.g. [Baier and Katoen 2008]).
Typically, modalities like O (“always”) or < (“eventually”) are used to write properties of streams
or infinite trees and specifications of programs over such data.

We consider temporal refinement types {A | ¢}, where A is a standard type of our program-
ming language, and ¢ is a formula of the (alternation-free) modal p-calculus. Using refinement
types [Freeman and Pfenning 1991], temporal connectives are not reflected in the programming
language, and programs are formally independent from the shape of their temporal specifications.
One can thus give different refinement types to the same program. For example, the following two
types can be given to the same map function on streams:

map : ({B|y} > {A|l¢}) — {StrB|OO[hd]ly} — {StrA|OO[hd]e} (1)
map : ({Bly}—{Al¢e})) — {StrB|<CO[hdly} — {StrA|<O[hd]e}

These types are intended to mean that given f : B — A s.t. f(b) satisfies ¢ whenever b satisfies ¢/,
the function (map f) takes a stream with infinitely many (resp. ultimately all) elements satisfying ¢
to one with infinitely many (resp. ultimately all) elements satisfying ¢.

Having a type system enables to reason compositionally on programs, by decomposing a speci-
fication to the various components of a program and picking the right temporal refinements for
each component in order to prove the global specification.
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Cons® = Ax.As.fold({x,s)) : A— »Str8A — Str8 A
hd® = As. my(unfold s) : StreA— A
tle = As.m(unfolds) : Str8A — »Stre A
map8 := Af.fix(g).As. Cons® (f(hd?® s)) (g ® (1 s))

(B— A) — Str8 B — Str8 A

Fig. 1. Constructor, Destructors and Map on Guarded Streams.

Our system is built on top of guarded recursion [Nakano 2000], a simple device to control and
reason about unfoldings of fixpoints, and which provides a syntactic compositional productivity
check [Atkey and McBride 2013]. Coinductive types can be represented as guarded recursive
types [Mogelberg 2014]. See also [Birkedal et al. 2012; Bizjak et al. 2016; Clouston et al. 2016].

Our main challenge is that guarded fixpoints tend to have unique solutions. In particular, safety
properties (e.g. O[hd]y) can be correctly represented with guarded fixpoints, but not liveness
properties (e.g. O[hd]e, CO[hd]e, O<C[hd]g). As a result, naively incorporating < in our refinement
types leads to unwanted behaviours.

Our system is based on the guarded A-calculus of [Clouston et al. 2016], a higher-order program-
ming language with guarded recursion. It is equipped with a type modality m, which allows for
typing productive but not causal functions, and that we use to import the standard set-theoretic
semantics of liveness properties into the type system. This leads to a two level system, with the
lower or internal level, which interacts with guarded recursion and at which only safety properties
are correctly represented, and the higher or external one, at which liveness properties are correctly
handled, but without direct access to guarded recursion. By restricting to the alternation-free modal
p-calculus, in which fixpoints can always be computed in w-steps, one can syntactically reason on
finite unfoldings of liveness properties, thus allowing for crossing down the safety barrier.

We provide example programs involving linear structures (colists, streams, fair streams [Bahr
et al. 2020; Cave et al. 2014]) and branching structures (resumptions d la [Krishnaswami 2013]), for
which we prove liveness properties similar to (1). Our system also handles safety properties on
breadth-first (infinite) tree traversals d la [Jones and Gibbons 1993] and [Berger et al. 2019].

Organization of the paper. We give an overview of our approach in §2. Then §3 presents the
syntax of the guarded A-calculus. Our base temporal logic (without liveness) is introduced in §4,
and is used to define our refinement type system in §5. Liveness properties are handled in §6, and §7
provides some details on examples, The semantics is given in §8. Finally, we discuss related work
in §9 and future work in §10. Table 2 (§2) gathers the main refinement types we can give to example
functions, most of them defined in Table 4 (§7). Omitted material is available in the Appendices.

2 OUTLINE

An Overview of the Guarded A-Calculus. Guarded recursion enforces productivity of programs
using a type system equipped with a type modality », in order to indicate that one has access to a
value not right now but only “later”. One can then define guarded streams Stré A over a type A via
the guarded recursive definition Str® A = A X » Str8 A. Streams that inhabit this type have their
head available now, but their tail only one step in the future. The type modality » is reflected in
the term language with the next operation. One also has a fixpoint constructor on terms fix(x).M
for guarded recursive definitions. They are typed with the rules:

I'rM:A Ix:»ArM:A
T + next(M) : »A T+ fix(x).M: A
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Typed Formulae Provability Refinement Types Subtyping  Typing

Tro:A oo {A| ¢} T<U TrM:T
(§4) (where + ¢ : A, §4) (where + ¢ : A, §5) (T, U refinement types, §5)

Table 1. Syntactic Classes and Judgments.

This allows for the constructor and basic destructors on guarded streams to be defined as in Fig. 1,
where fold(—) and unfold(—) are explicit operations for folding and unfolding guarded recursive
types. In the following, we use the infix notation a ::8 s for Cons® a s. Using the fact that the type
modality » is an applicative functor [McBride and Paterson 2008], we can distribute » over the
arrow type. This is represented in the programming language by the infix applicative operator ®.
With it, one can define the usual map function on guarded streams as in Fig. 1.

Compositional Safety Reasoning on Streams. Given a property ¢ on a type A, we would like to
consider a subtype of Str® A that selects those streams whose elements all satisfy ¢. To do so, we
introduce a temporal modality O[hd]¢, and consider the refinement type {Stré A | d[hd]p}. Suppose
for now that we can give the following refinement types to the basic stream operations:

hd® : {Str8 A|O[hd]e} — {A] ¢}
tle : {Str8 A| O[hd]p} — » {Str8 A | O[hd]p}
Cons® : {A]|¢@} — » {Str8 A| O[hd]p} — {Str8 A | O[hd]e}

By using the standard typing rule for A-abstraction and application, together with the rules to type
fix(x).M and ®, we can type the function map® with

{Bly}—={Ale}) — {StBB|O[hdly} — {StrtA|O[hd]e}

A Manysorted Temporal Logic. Our logical language, taken with minor adaptations from [Jacobs
2001b], is manysorted: for each type A we have formulae of type A (notation + ¢ : A), where ¢
selects inhabitants of A.

We use basic modalities ([7;], [fold], [next], .. .) in refinements to navigate between types. For
instance, a formula ¢ of type Ay, specifying a property over the inhabitants of Ay, can be lifted to
the formula [7y]¢ of type Ag X A;, which intuitively describes those inhabitants of Ay X A; whose
first component satisfy ¢. Given a formula ¢ of type A, one can define its “head lift” [hd]e of type
Stré A, that enforces ¢ to be satisfied on the head of the provided stream. Also, one can define a
modality O such that given a formula ¢/ : Str® A, the formula Oy : Str® A enforces ¢ to be satisfied
on the tail of the provided stream. These modalities are obtained as follows:

[hd]e := [fold][m]e O¢ = [fold][m][next]yp

We similarly have basic modalities [ing], [in;] on sum types. For instance, on the type of guarded
colists defined as CoList® A := Fix(X). 1 + A X »X, we can express the fact that a colist is empty
(resp. non-empty) with the formula [nil] := [fold][ing] T (resp. [=nil] := [fold][in;]T).

We also provide a deduction system +* ¢ on temporal modal formulae. This deduction system is
used to define a subtyping relation T < U between refinement types, with {A | ¢} < {A| ¥} when
+4 ¢ = 1. The subtyping relation thus incorporates logical reasoning in the type system.

In addition, we have greatest fixpoints formulae va¢ (so that formulae can have free typed
propositional variables), equipped with the reasoning principles of [Kozen 1983]. In particular, we
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1:4 Guilhem Jaber and Colin Riba

can form an “always” modality O as
Op = va.¢ANQa : StrtA (where ¢ : Stré A)

which intuitively holds on a stream s = (s; | i > 0) iff ¢ holds on every substream (s; | i > n) for
n > 0. If we rather start with i : A, one first need to lift it to [hd]i : Str® A. Then O[hd]y means
that all the elements of the stream satisfies ¢/, since all its suffixes satisfy [hd]y.

Table 1 summarizes the different judgments used in this paper.

Beyond Safety. In order to handle liveness properties, we also need to have least fixpoints formulae
pa.@. For example, this would give the “eventually” modality O¢ = pa. ¢ V Oa. With Kozen-style
rules, one could then give the following two types to the guarded stream constructor:

e Cons® : {A]| ¢} — »Str8 A — {Str8 A | Olhd]e};
e Cons® : A— »{Str8 A| C[hd]p} — {Str8 A| Ohd]e}.

But consider a finite base type B with two distinguished elements a, b, and suppose that we have
access to a modality [b] on B so that terms inhabiting {B | [b]} must be equal to b. Using the above
types for Cons8, we could type the stream with constant value a, defined as fix(s).a ::8 s, with the
type {Str8 B | OG[hd]b} that is supposed to enforce the existence of an occurrence of b in the stream.
Similarly, on colists we would have fix(s).a ::% s of type {CoList® B | <[nil]}, while &[nil] expresses
that a colist will eventually contains a nil, and is thus finite. Hence, liveness properties may interact
quite badly with guarded recursion. Let us look at this in a semantic model of guarded recursion.

“Internal” Semantics in the Topos of Trees. The types of the guarded A-calculus can be interpreted as
sequences of indexed sets (X(n)),~o where X(n) represents the values available “at time n”. In order
to interpret guarded recursion, one also needs to have access to functions X : X(n + 1) — X(n).
This means that the objects used to represent types are in fact presheaves over the poset (N \ {0}, <),
the functions rX being the so-called restriction morphisms. The category S of such presheaves is
called the topos of trees [Birkedal et al. 2012]. For instance, the type Str8 B of guarded streams over a
finite base type B is interpreted in S as the indexed sequence of sets (B"),,¢ with restriction maps
rp taking (bo, . ..,bu—1,0,) to (b, . .., b,_1). We write [A] for the interpretation of a type Ain S.

The Necessity of an “External” Semantics. The topos of trees cannot correctly handle liveness
properties. For instance, the formula ¢[hd][b] should describe the set of streams that contain at
least one occurrence of b. But this is not possible in S. Indeed, the interpretation of Glhd][b] in S
is a collection (Cp,),>0 with C,, C B". Now, any element of B” can be extended to a stream which
contains an occurrence of a. Hence C,, should be equal to B”, and the interpretation of $lhd][b]
is the whole [Str8 B]. More generally, guarded fixpoints have unique solutions in the topos of
trees [Birkedal et al. 2012], and C¢ = pa. ¢ V Qg gets the same interpretation as va. ¢ vV Qa.

We thus have a formal system with least and greatest fixpoints, that has a semantics inside the
topos of trees, but which does not correctly handle least fixpoints. On the other hand, it was shown
by [Megelberg 2014] that the interpretation of guarded polynomial (i.e. first-order) recursive types
in the topos of trees induces final coalgebras for the corresponding polynomial functors on Set.
This applies e.g. to streams and colists. Hence, it makes sense to think of interpreting least fixpoint
formulae over such types “externally”, in the category Set of usual sets and functions.

The Constant Type Modality. Figure 2 represents adjoint functorsI' : S — Set and A : Set — S.
To correctly handle least fixpoints pag : A, we would like to see them as subsets of T'[A] in Set
rather than subobjects of [A] in S. On the other hand, the internal semantics in S is still necessary
to handle definitions by guarded recursion. We navigate between the internal semantics in S and
the external semantics in Set via the adjunction A 4 I'. This adjunction induces a comonad AT on
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Temporal Refinements for Guarded Recursive Types 1:5

Internal External
; ma] = Ar[4]
/\ = : ? :
P T 7 sa v [[box]e] A{lelt (¢ : A [box]p : mA)
A lel = Tle] (psafe)
[¢] subobject of [A] {lol} subset of T[A]

Fig. 2. Internal and External Semantics

S, which is represented in the guarded A-calculus of [Clouston et al. 2016] by the constant type
modality m. This gives “coinductive” versions of guarded recursive types, e.g. StrA := mStr8 A
for streams and ColList A := m CoList® A for colists, which allow for productive but not causal
programs [Clouston et al. 2016, Ex. 1.10.(3)].

Each formula now gets two interpretations: [¢] in S and {|¢|} in Set. The external semantics
{le|} handles least fixpoints in the standard set-theoretic way, thus the two interpretations differ in
general. But we do have {|¢[} = T'[¢] when ¢ is “safe”, that is, when ¢ describes a safety property.
We have a modality [box]¢ which lifts ¢ : A to mA. By defining [[box]¢] := A {|¢[}, we correctly
handle the least fixpoints which are guarded by a [box] modality. When ¢ is safe, we can navigate
between {mA | [box]p} and m {A | ¢}, thus making available the comonad structure of ® on [box]¢.

Approximating Least Fixpoints. In order to prove liveness properties on functions defined by
guarded recursion, one needs to navigate between say [box]<{ ¢ and Og, while C¢ is in general
unsafe. The fixpoint C¢ = pa.¢ V O« is alternation-free (see e.g. [Bradfield and Walukiewicz 2018,
§4.1]). This implies that $¢ can be seen as the supremum of

¢, Op, OO¢, ... O'¢, O™,

Note that each O"¢ is safe when ¢ is safe. More generally, we can approximate alternation-free
pag by their finite unfoldings ¢"(L), d la Kleene. We extend the logic with finite iterations y*ag,
where k is an “iteration variable”, and where ;¥ a¢ is seen as ¢*(L). We have for instance

Okp = pka oV Oa
If ¢ is safe then so is O ¢. For safe ¢, ¢/, the guarded recursive map® can be safely typed as
map® : ({B|y} - {Al|le}) — {StrgB | Ok[hd]lﬁ} — {StrgA | Ok[hd](p}
which gives the following type for is lift to coinductive streams:

map : ({B|y} > {A|¢}) — {StrB]|[box]C[hd]ly} — {StrA| [box]C[hd]e}

Overview of Some Examples. Table 2 recaps our main examples of refinement typings. We touch on
it here, more details are given in §7. The composite modalities 0< and $O over streams are read resp.
as “infinitely often” and “eventually always”. Provided with a function {B | '} — {A | ¢}, the map
function on coinductive streams returns a stream which infinitely often (resp. eventually always)
satisfies ¢ whenever its stream argument infinitely often (resp. eventually always) satisfies 1.

We can express that append® returns a non-empty colist if one of its argument is non-empty.
With the formula <[nil] (which says that a colist is finite), we can express that the coinductive
append returns a finite colist if its arguments are both finite. In addition, if the first argument of
append has an element which satisfies ¢, then the result has an element which satisfies ¢. The
same holds true if the first argument is finite while the second one has an element which satisfies ¢.
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1:6 Guilhem Jaber and Colin Riba

Map over coinductive streams (with A either O, &, &O or OO)
map : ({B|¢y}—={A|¢}) — {StrB|[box]a[hd]y} — {StrA]|[box]a[hd]e}
Diagonal of coinductive streams of streams (with A either O or &O)
diag : {Str(StrA) | [box]a[hd][box]O[hd]¢} — {StrA|[box]a[hd]e}
A fair stream of Booleans (adapted from [Bahr et al. 2020; Cave et al. 2014])
fb : CoNat — CoNat — Str Bool
fbo1 : {StrBool|[box]OC[hd][tt] A [box]OC[hd][ff]}

Append on guarded recursive colists
append® : {ColList® A | [-nil]} — CoList8 A — {ColList8 A | [=nil]}
append® : Colist® A— {CoList® A | [-nil]} — {ColList8 A | [=nil]}
Append on coinductive colists
append : {ColistA|[box]C[hd]9} — ColistA —  {ColistA| [box]C[hd]e}
append : {ColistA | [box]O[nil]} — {ColListA|[box]<[hd]le} — {CoList A | [box]<C[hd]e}
append : {ColistA|[box]O[nil]} — {ColListA]|[box]<[nil]} — {CoList A | [box]<[nil]}

Breadth-first tree traversal
bfté : {Tree®# C|VO[Ibl]d} — {CoList® C|O[hd]d}
(ala [Jones and Gibbons 1993] or with Hofmann’s algorithm (see e.g. [Berger et al. 2019]))

A scheduler of resumptions (adapted from [Krishnaswami 2013])

sched : {ResA/|[box]<{[Ret]} —> {Res A | [box]C[Ret]} —> {Res A | [box]O[Ret]}

sched : {ResA|[box]O[now]g} — {ResA]|[box]C[now]e} — {ResA| [box]O[now]e}

sched : {ResA|[box]OO[Ret]} — {ResA|[box]OC[Ret]} — {ResA|[box]OO[Ret]}
]

sched : {ResA|[box]O<([out]lp} — {ResA|
(where < is either YO or 3, O is either VO or 30, and

—

box]OO outlp} —  {ResA| [box
out] is either [Aout] or [Vout])

OO out]e}

—_

Table 2. Some Refinement Typings (functions defined in Table 4).

Our next example is about resumptions, introduced originally in [Milner 1975] to represent
interactions in a concurrent setting. We adapt here the version of [Krishnaswami 2013]. Our
resumptions consist of a type Res® A, parametrized by an “input” type I and an “output” type 0,
and with constructors:

Ret® : A — RestA and Cont® : (I — (0Ox»Res8A)) > Res8 A

Here, Ret8(a) represents a computation which returns the value a : A, while Cont8(f, k) (with
(f,k) : T — (O X » Res® A)) represents a computation which on input i : I outputs fi : 0
and continues with the computation ki : » Res® A. Provided with resumptions p, g : Res® A, the
scheduler (sched?® p q), adapted from [Krishnaswami 2013], first evaluates p. If p returns, then the
whole computation returns, with the same value. Otherwise, p evaluates to say Cont8(f, k). Then
(sched® p g) produces a computation which on input i : I outputs fi and continues with the
computation (sched® g (ki)), thus switching arguments.

Consider now formulae ¢ : 0 and i/ : Res® A. For each fixed i : I, we have a formula [out; |¢ :
Res® A which is satisfied by Cont®(f, k) if fi satisfies ¢, and a formula O; : Res® A which is
satisfied by Cont8(f, k) if ki satisfies [next]y. This is expressed by the typings

Cont® : {I > (0x»RestA)|il|- [m]e} —> {Res® A| [out;]ep}
Cont® : {I > (0xw»RestA)|il|—> [m][next]ly} — {Res®A|QOiy}

If I is a finite base type, it is possible to quantify over its inhabitants:

[Aout]lp := Ajer[outi]lp : Res A OY = AiexQOit : RestA
[Vout]lp := Vjer[outi]lp : Res8 A QY VierQi ¥ : RestA
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= = i= e (Ax.M)N ~ M[N/x]

| e M| e E| EM _ m((Mo. My)) ~ M

| (Mo, M) | mo(M) | 1(E) casein;(M) of (x.No|x.N;) ~» N;[M/x]

[ O | m(M) | m(E) unfold(f(.)ld(M)) ~ M .

| ing(M) | caseM of | caseE of fix(x).M ~»  M[next(fix(x).M)/x]

| i (M) (x.Nolx.Ny) (x.Nplx.Ny) next(M) ® next(N) ~ next(MN)

| fold(M) | unfold(M) | unfold(E) unbox(boxs(M)) ~ Mo

| boxo(M) | unbox(M) | unbox(E) prevy(next(M)) ~ M

| next(M) | prev, (M) | prev(E) prev, (M) ~ prevy(Mo) (o #[])
| MeM | EeM Moo N
| fix(x).M | v®E T BN

Fig. 3. Syntax and Operational Semantics of the Pure Calculus.

We thus obtain the following CTL-like variants of O and < (where 1/ : Res® A):

VOy = va.y A®a : RestA Voy pa. Yy Voa : RestA
0y = va.yA@a : RestA IOy = pa.yVO@a : RestA

The formula 30¢ holds on a resumption if there is a finite sequence of inputs which leads to a
resumption satisfying ¢, while Vg holds on a resumption if ¢ holds at some point for any finite
sequence of inputs. Moreover, 30¢ expresses that there is an infinite sequence of inputs in which
the resumption never returns and along which ¢ always holds, while VO¢ expresses that for all
infinite sequence of inputs, the resumption never returns and ¢ always holds. For instance, the
composite formula 303 [Ret] says that there is an infinite sequence of inputs along which (1) the
resumption does not return and (2), at any point, there is a finite sequence of inputs which leads to
a return. Our system can express that the coinductive (sched p ¢) returns in finite time if both p
and g return in finite time, both along some or along any sequence of inputs. We moreover have
expected OO properties for all possible (consistent) combinations of 3/V and [Ret]/[Vout]/[Aout].

3 THE PURE CALCULUS
Our system lies on top of the guarded A-calculus of [Clouston et al. 2016]. We briefly discuss it here.

Terms. We consider values and terms from the grammar given in Fig. 3 (left). In both box, (M)
and prev (M), o is a delayed substitution of the form o = [x; — Mj, ..., xx — M] and such that
box,(M) and prev (M) bind x1, . . ., x; in M. We use the following conventions of [Clouston et al.
2016]: box(M) and prev(M) (without indicated substitution) stand resp. for box(j(M) and prevj;(M)
i.e. bind no variable of M. Moreover, box,(M) stands for box[x,-x,, ... xx. (M) Where xq, . .., xx
is a list of all free variables of M, and similarly for prev,(M).

We consider the weak call-by-name reduction of [Clouston et al. 2016], recalled in Fig. 3 (right).
Productivity of the operational semantics is ensured by the insertion of next in the reduction of fix.

Pure Types. Pure types (notation A, B, etc.) are the closed types over the grammar
Ax=1A+A|AXA|A—> A|»A| X |Fix(X).A|mA

where, (1) in the case Fix(X).A, each occurrence of X in A must be guarded by a », and (2) in the
case of WA, the type A is closed (i.e. has no free type variable). Guarded recursive types are built
with the fixpoint constructor Fix(X).A, which allows for X to appear in A both at positive and
negative positions, but only under a ». In this paper we shall only consider positive types. We
could have included primitive infinite base types (say a type of natural numbers as in [Clouston
et al. 2016]), but we refrain to do so in order to keep the system simpler.
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(x:A)eT I,x:BFrM:A I'tM:B—-A T+-N:B T'FMy:A T'FM;: A
T'tx:A TtAx.M:B— A T-FMN:A Tr{:1 T+ (My, M) : Ay X A,
fori € {0,1},

T'-M:A; F'rM:Ap+ A ILx:A;FN;:B T'-M: Ay XA, I,x:»A-M:A
TFin;(M):Ap+ A T + case M of (x.Ny|x.N;) : B T+ (M) : A; T+ fix(x).M: A
[+ M : A[Fix(X).A/X] [F M :Fix(X).A [rM:»(B—A) TrN:»B

T+ fold(M) : Fix(X).A T + unfold(M) : A[Fix(X).A/X] I'rM@&N:»A
TrM:A X1 AL, Xk AR FM A T+ M;:A; with A; constant for 1 <i <k
Ik next(M) : »A Tropreviyom, . oxeom (M) - A
X1 AL . Xk AR F M A T+ M;:A; with A; constantfor 1 <i <k I'+M:mA
T+ boX[x, M, .. xpo M (M) : BA T+ unbox(M) : A

Fig. 4. Typing Rules of the Pure Calculus.

Example 3.1. We can code a finite base type B = {by,...,b,} as a sum of unit types )/, 1 =

1+ (- -+ + 1), where the ith component of the sum is intended to represent the element b; of B. At

the term level, the elements of B are represented as compositions of injections inj, (inj,(. .. inj,(})).
For instance, Booleans are represented by Bool := 1 + 1, with tt := ing(()) and ff := in{({)).

Example 3.2 (Guarded Recursive Types). Besides streams (Str® A), colists (CoList® A), conatural
numbers (CoNat8) and infinite binary trees (Tree8 A), we consider a type Res® A of resumptions
(parametrized by I, 0) adapted from [Krishnaswami 2013], and an higher-order recursive type
Rou® A, used in Martin Hofmann’s breadth-first tree traversal (see e.g. [Berger et al. 2019]):

Stre A = Fix(X). Ax»X CoListt A := Fix(X).1+AXx»X
TreeB A := Fix(X). AX (»X X »X) CoNat® := Fix(X).1+»X
Resf A = Fix(X). A+ (I - (0x»X)) Rout A := Fix(X).1+((»X > »A) > A)

Definition 3.3. A pure type A is constant if each occurrence of » in A is guarded by a m modality.

The typing rules of the pure calculus are given in Fig. 4. Intuitively, m behaves as a X-preserving
comonad, and constant types allow for relaxing syntactic constraints on the shape of types which
are semantically under a ® (see e.g. [Clouston et al. 2016, Lem. 2.6]).

Example 3.4 (Operations on Guarded Recursive Types). Figure 1 defines some operations on guarded
streams. On other types of Ex. 3.2, we have e.g. the constructors of colists

Nil® = fold(ing()) : Colist®t A
Cons® := Ax.Axs.fold(in;(x,xs)) : A — » ColList8 A — ColList® A
Also, infinite binary trees Tree® A have operations
Node? : A — »Tree8 A — »TreeB A — Tree? A son% Tree2 A — » Tree® A
label® : Tree8 A — A son? TreeS A — » Tree® A

Example 3.5. Coinductive types are guarded recursive types under a m. For instance
StrA:=mStr8 A Colist A := m ColList® A CoNat := m CoNat® Res A:= mRes8 A

with A, I, O constant. Basic operations on guarded types lift to coinductive ones. For instance

Cons := Ax.As.box,(Cons8 x next(unboxs)) : A — StrA — StrA
hd := As.hd® (unbox s) : StrA— A
tl = As.box,(prev,(tl® (unbox s))) : StrA— StrA
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These definitions follow a general pattern to lift a function over a guarded recursive type into one
over its coinductive version, by performing an n-expansion with some box and unbox inserted in
the right places. For example, one can define the map function on coinductive streams as:

map := Af.As.box,(map8 f (unboxs)) : (B—A) — StrB — StrA

4 A TEMPORAL MODAL LOGIC

We present here a logic of (modal) temporal specifications. We focus on syntactic aspects. The
semantics is discussed in §8. For the moment the logic has only one form fixpoints (vag). Its
extension with least fixpoints (pa¢) is presented in §6.

Manysorted Modal Temporal Formulae. The main ingredient of this paper is the logical language
we use to annotate pure types when forming refinement types. This language, that we took with
minor adaptations from [Jacobs 2001b], is manysorted: for each pure type A we have formulae ¢ of
type A (notation - ¢ : A) as defined in Fig. 5. The idea is that a closed formula ¢ of type A expresses
a property over the inhabitants of A, so that the refinement type

{Al o}

may be thought about as a representing a subset of the inhabitants of A. For every pure type A,
formulae of type A are closed under usual propositional connectives. Moreover (and that is the key
ingredient we took from [Jacobs 2001b]), formulae of compound types (say Ay X A; or Ag + A1) may
be obtained from formulae of the component types. For instance a formula ¢ of type Ay, specifying
a property over the inhabitants of Ay, can be lifted to the formula [;]¢ of type Ag X A;, which
selects those inhabitants of Ay X A; whose first component satisfies ¢.

Example 4.1. Given a finite base type B = {b1,...,b,} asin Ex. 3.1, with element b; represented by
inj,(inj,(...inj,(})), the formula [in; ][in;,] ... [in; ](T) represents the singleton subset {by} of B.
On Bool, we have the formulae [tt] := [ing] T and [ff] := [in;] T representing resp. tt and ff.

Example 4.2. (a) On guarded streams, we have [hd]¢ := [fold][7]¢ and Oy := [fold][x;][next]y,
with [hd]g : Str8 A and QO : Str® A provided ¢ : A and ¢ : Str A.

(b) On colists, let [hd]g := [fold][in{][m]@ and Oy := [fold][in;][x;][next]y. Also, [nil] :=
[fold][ing] T (resp. [=nil] := [fold][in;]T), expresses that a colist is empty (resp. non-empty).

(c) The formula [hd][a] = O[hd][b] intuitively means that if the head of a stream is a, then its
second element (the head of its tail) should be b.

(d) On (guarded) infinite binary trees over A, we also have a modality [Ibl]p := [fold][zo]¢ : Tree® A
(provided ¢ : A). Moreover, we have modalities O, and O, defined on formulae ¢ : Tree® A
as Q¢ := [fold][m][mo][next]p and O,¢ := [fold][s;][7;][next]e. Intuitively, [Ibl]¢ should
hold on a tree t over A iff the root label of ¢ satisfies ¢, and O¢¢ (resp. O,¢) should hold on ¢
iff ¢ holds on the left (resp. right) son of t.

Formulae have fixpoints vag. The rules of Fig. 5 thus allow for the formation of formulae with
free typed propositional variables (ranged over by «, §, ... ), and involve contexts ¥ of the form
a : Ay, ..., ay : Ap. In the formation of a fixpoint, the side condition “a guarded in ¢” asks that
each occurrence of « is beneath a [next] modality. We assume a usual positivity condition of « in ¢.
It is defined as with relations a Pos ¢ and @ Neg ¢. The rules are the usual ones (see App. A). We
just note here that [ev(—)](—) is contravariant in its first argument.

Remark 4.3. Note that [box]¢ can only be formed for closed ¢.
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(x:A)eX Sre:A
Srta:A SFL:A SFET:A Y,a:Brg:A
SrFe:A SrY A Sre:A SrY A Sre:A SrY A
Srep=>Y:A SFroAY A SFreVY:A
Srhe:A; S A; Sry:B Xreg:A 2+ AlFix(X).A/X]

S+ mile s Ag X Ay Sk [inle : Ag + Ag Stlev)]p:B— A 3 + [fold]e : Fix(X).A

She:A Fo:A ( F)Z,a:Al-(p:A a Pos ¢
V_
3+ [next]p : »A + [box]p : mA Srvap:A

(a guarded in ¢)

Fig. 5. Formation Rules of Formulae (where A, B are pure types).

Example 4.4. (a) The modality O makes it possible to express a range of safety properties. For
instance, assuming ¢, : Stré A, the formula O(y = (Qg) is intended to hold on a stream
s=(s; | i>0)iff, forall n € N, if (s; | i > n) satisfies ¢, then (s; | i > n + 1) satisfies ¢.

(b) The modality O has its two CTL-like variants on Tree® A, namely YO¢ := va. ¢ A (Oca A Ora)
and 30¢ := va. ¢ A (O¢a V Ora). Assuming ¢ : A, VO[Ibl]¢ is intended to hold on a tree
t : Tree® A iff all node-labels of ¢ satisfy i/, while 30[Ibl]y holds on ¢ iff i holds on all nodes of
some infinite path from the root of ¢.

Modal Theories. Formulae are equipped with a modal deduction system which enters the type
system via a subtyping relation (§5). For each pure type A, we have an intuitionistic theory +4
(the general case) and a classical theory +2 (which is only assumed under m/[box]), summarized
in Fig. 6 and Table 3. The atomic modalities [7;], [fold], [next], [in;] and [box] have deterministic
branching (see Fig. 12, §8). In any case, ké) ¢ is only defined when I ¢ : A (and so when ¢ has no
free propositional variable).

Fixpoints va¢ are equipped with their usual axioms from [Kozen 1983]. We can get the axioms
of the intuitionistic (normal) modal logic IK [Plotkin and Stirling 1986] (see also e.g. [Marin 2018;
Simpson 1994]) for [;], [fold] and [box] but not for [in;] nor for the intuitionistic [next]. For [next],
in the intuitionistic case this is due to semantic issues with step indexing (discussed in §8) which
are absent from the classical case. As for [in;], we have a logical theory allowing for a coding of
finite base types as finite sum types, which in particular allows to derive, for a finite base type B

o Vae ([a] A Abes _‘[b])
b#a
This implies that the necessitation rule does not hold for [in;] (see Rem. 4.6).
Definition 4.5 (Modal Theories). For each pure type A, the intuitionistic and classical modal theories

+4 and +2 are defined by mutual induction as follows:

e The theory+* is deduction for intuitionistic propositional logic augmented with the checkmarked
(V') axioms and rules of Table 3 and the axioms and rules of Fig. 6 (for +*).
e The theory +2 is +* augmented with the axioms (P) and (C=,) for [next] and with the axiom

(CL) (Fig. 6).
In any case, +* ¢ and +2 ¢ are only defined when + ¢ : A.

Remark 4.6. All modalities ([7;], [fold], [next], [in;], [ev(})] and [box]) satisfy the monotonicity
rule (RM) and are thus monotone in the sense of [Chellas 1980] (from which we borrowed the
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Name Formulation [7;] [fold] [next] [in;] [ev(¥)] [box] [hd] O
Fy=¢
(RM) NINTET v v v v v v v v
©) [alenlaly = [alleny) v v v v v v v
(N) [2a]T v oV v v v v v
P) [A]lL = L v v (C) v v v (C)
(Cv) [alleVvy) = [aleVIaly v v v v v v
Co)aly =2l =2y =0 v ©) v v (C)

Table 3. Modal Axioms and Rules (types omitted in + and (C) marks axioms assumed for + but not for ).

o By=¢  re:a
lboxlp A fev(@)lp = [ev(ple

(CL)

He=9)=0=0

HE2A ([ev(yo)lo A lev(y)le) = [evo Vgle  +4rA ([ing] TV [ing]T) A =([ing] T A [ing]T)

FHy = ely/a]

FotA ([ing]T) = (Slinile © [inil=p)  Hvap = glvap/al Y = vag

Fig. 6. Modal Axioms and Rules.

terminology used in Table 3, see also [Frittella 2014; Hansen 2003]). In our context, the normal
intuitionistic modal logic IK of [Plotkin and Stirling 1986] is (RM) + (C) + (N) + (P) + (Cy) + (C=),
while the normal modal logic K is IK + (CL) (see e.g. [Blackburn et al. 2002]).

Example 4.7. Using the rules to reason on fixpoints, we can derive the following in +5t* 4:

Oy = {A00Y) and Y AOLy) = Dy

Remark 4.8. The modalities [ev(—)] (denoted ||— in §2 and §7) provide a mean to incorporate
properties of functions (see §7). They are a form of internalized logical predicates in the sense
of [Jacobs 2001a, §9.2] (see §8).

5 A TEMPORALLY REFINED TYPE SYSTEM

Temporal Refinement Types. Temporal refinement types (or simply types), notation T, U, V, etc.,
are defined by the grammar:

T == A|{A|@} |T+T|TXT|T—T|»T|uT

So types are built from (closed) pure types A and temporal refinements {A | ¢}, where + ¢ : A. They
allow all the type constructors of pure types (where T has no free type variables in mT).

Subtyping. As a refinement type {A | ¢} intuitively represents a subset of the inhabitants of A, it
is natural to equip our system with a notion of subtyping. In addition to the usual rules for product,
arrow and sum types, our subtyping relation is made of two more ingredients. The first follows the
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Ho=y o=
T <|T| A<{A|T} {Ale}r <{Aly} {mA | [box]p} < {mA | [box]y}

{»A|[next]p} = »{A] ¢} {B— Allev(Plp} ={B |y} — {Al ¢}

Fig. 7. Subtyping Rules (excerpt).

T+ M;:{A; | ¢} I Myt Ay T'FM:{Ay XAy | [7i]e}

A (Mo, My) : {Ag X Ay | [mi]g} B =y mi(M) : {A; | o}

Ix:{B|y}rM:{A]| ¢} IT'rM:{B— A|[ev(¥)]e} TrN:{B|y}

ED e B Ao O T+ MN:{A] ¢}
T+ M : {A[Fix(X).A/X] | ¢} Tk M: {Fix(X).A | [fold]g}
oD oD (Fx0 AT Tfoldl] ) T unfold(M) - {A[FCO.A/X] | 9]

I"I—M:{A0+A1|[ini]<p} F,x:{Ail(p}l—Ni:U Ix: A+ N_;: U

Iny;-E
(Iyi-E) T + case M of (x.Ny|x.N;): U
fori € {0,1},

TEM:{A|@oV 1} Ix:{A|¢@i}rN:U TrFM:{A;

(V-E) _ (1) M A Lo}
' N[M/x]:U T'+iny(M): {Ao + Ay | [ini]e}
: < T'rM:{A T'rM:{A : :
(SUB)F'_M T T<U (MP) F {Aly = ¢} F {A|y} (EXF)FFM {A|L1L} TrN:|U|

TrM:U TrM:{A|p} TrN:U

Fig. 8. Typing Rules for Refined Modal Types.

principle that our refinement type system is meant to prove properties of programs, and not to
type more programs, so that (say) a type of the form {A | ¢} — {B| ¢/} is a subtype of A — B. We
formalize this with the notion of underlying pure type |T| of a type T. The second ingredient is the
modal theory +* ¢ of §4. The subtyping rules concerning refinements are given in Fig. 7, where
T = U enforces both T < U and U < T. The full set of rules is given in Fig. 15 in §B. Notice that we
do not incorporate folding and unfolding of guarded recursive types in subtyping.

Typing with Temporal Refinement Types. Typing for refinement types is given by the rules of
Fig. 8, together with the rules of Fig. 4 extended to refinement types, where T is constant if |T| is
constant. Modalities [;], [in;], [fold] and [ev(—)] (but [next]) have introduction rules extending
those of the corresponding term formers.

Example 5.1. Since ¢ = y = (¢ A ) and using two times the rule (MP), we get the first derived
rule below, from which we can deduce the second one:

TrM:{Alg} TrM:{A|y} TrM:{Al¢} TrN:{B|y}
TEM:{AloAy} T (M,N): {AXB|[mle A [m]y}

Example 5.2. Using the implications of Ex. 4.7 in subtyping, we get the following derived rules:

TFM:{Stre A| Op} : TFM:{StrtA|p A OOgp}
an
TFM:{StrfA|¢pAODp} TrM:{Stre A| Ogp}
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Y,a:ArFg@: A Y,a:AFgp: A Y,a:AFgp: A

-F
() Shpuap:A Stkutap: A Srvtap: A

Fig. 9. Extended Formation Rules of Formulae (where & Pos ¢ and « is guarded in ¢).

Example 5.3 (“Next-Step” (O) on Guarded Streams). We have the following for Cons® and tl®:

Cons® = Ax.Asfold({(x,s)) : A — »{Str8A|¢p} — {Strt A| O¢}
tls As.mi(unfolds)  : {Str8 A| O¢} — » {Str2 A| ¢}

Example 5.4 (“Always” (O) on Guarded Streams). The following are easy to derive:

Cons® : {A|¢e} — »{Str® A|O[hd]p} — {Str8 A | O[hd]e}
hd® : {Str8 A|O[hd]e} — {A]e}
tl8 . {Str8 A|O[hd]e} — »{Str8 A|O[hd]e}
map® : ({B|y} — {Al¢}) — {Str¥B|Olhdly} — {Str¥A|O[hd]e}
merge® : {Str8 A| O[hd]po} — {Str8 A|O[hd]p;} — {Str8 A| O([hd]gp, V [hd]e1)}

where merge® takes two guarded streams and interleaves them:
merge® : Str8A — StrfA — Strf A
= fix(g).Aso.As1. (hd® sp) & next((hd® s;) =8 (g ® (tI® 50) ® (tI% 51)))

6 POLYNOMIAL TYPES, LIVENESS PROPERTIES AND THE SAFE FRAGMENT

The system presented so far has only one form of fixpoints in formulae (va¢). We now present
our full system, which also handles least fixpoints (ua¢) and thus liveness properties. A key role is
played by polynomial guarded recursive types, that we discuss first.

Strictly Positive and Polynomial Types. Strictly positive types (notation P, O™, etc.) are given by
Pt u= A|X|w»P"|P"+P"|P"xP*|Fix(X).P*|B— P*

where A, B are (closed) constant pure types. Strictly positive types are a convenient generalization
of polynomial types. A guarded recursive type Fix(X).P(X) is polynomial if P(X) is induced by

P(X) == A|»X|P(X)+P(X)]|P(X)xPX)|B— P(X)

where A, B are (closed) constant pure types. Note that if Fix(X).P(X) is polynomial, X cannot occur
on the left of an arrow (—) in P(X). We say that Fix(X).P(X) (resp. P*) is finitary polynomial (resp.
finitary strictly positive) if B is a finite base type (see Ex. 3.1) in the above grammars.

Example 6.1. For A a constant pure type, e.g. Str8 A, CoList® A and Tree® A as well as Str8(Str A),
CoList®(Str A) and Res® A (with I, O constant) are polynomial. More generally, polynomial types
include all recursive types Fix(X).P(X) where P(X) is of the form

Zn: A; x (»X)Bi ()
i=0

with A;, B; constant. On the other hand, the non-strictly positive recursive type Rou® A of Ex. 3.2,
used in Hofmann’s breadth-first traversal (see e.g. [Berger et al. 2019]), is not polynomial.

The set-theoretic counterpart of our polynomial recursive types are the exponent polynomial
functors of [Jacobs 2016], which all have final Set-coalgebras (see e.g. [Jacobs 2016, Cor. 4.6.3]).
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Hooly/al = ¢
A plpag/al = pag FA pap = ¢ FA 0 ap o ¢[0tap/al FA 1o & L
[t] < [u] [t] = [u]
A ptap = plag FA ptap = pag FAvtap = vag FAvap = viae FAvlap & T

Fig. 10. Extended Modal Axioms and Rules (where A is a pure type and 6 is either y or v).

The Full Temporal Modal Logic. We assume given a first-order signature of iteration terms (notation
t, u, etc.), with iteration variables k, €, etc., and for each iteration term t(ky, ..., k,,) with variables
as shown, a given primitive recursive function [t] : N — N. We assume a term @ for 0 € N and a
term k+1 for the successor functionn e N+—»n+1 e N.

The formulae of the full temporal modal logic extend those of Fig. 5 with least fixpoints pag
and with approximated fixpoints u*a@ and vtag where t is an iteration term (see Fig. 9). Least
fixpoints pag are equipped with their usual Kozen axioms. In addition, iteration formulae vao(a)
and ptap(ar) have axioms expressing that they are indeed iterations of ¢(a) from resp. T and L. A
fixpoint logic with iteration variables was already considered in [Sprenger and Dam 2003].

Definition 6.2 (Full Modal Theories). The full intuitionistic and classical modal theories (still denoted
+4 and +2) are defined by extending Def. 4.5 with the axioms and rules of Fig. 10.

Example 6.3. Least fixpoints allow us to define liveness properties. On streams and colists, we
have C¢ = pa. ¢ V OQa and ¢ U ¢ := pa. ¢ V (p A Qa). On trees, we have the CTL-like
ACe = pa. ¢V (Ora VvV Ora) and VO¢ := pa. ¢ V (Ora A Ora).

Remark 6.4. On finitary trees (as in (2) but with A;, B; finite base types), we have all formulae of the
modal p-calculus. For this fragment, satisfiability is decidable (see e.g. [Bradfield and Walukiewicz
2018]), as well as the classical theory F. by completeness of Kozen’s axiomatization [Walukiewicz
2000] (see [Santocanale and Venema 2010] for completeness results on fragments of the p-calculus).

The Safe and Smooth Fragments. We now discuss two related but distinct fragments of the
temporal modal logic. Both fragments directly impact the refinement type system by allowing for
more typing rules. The safe fragment plays a crucial role, because it reconciles the internal and
external semantics of our system (see §8). It gives the subtying rule for m (Fig. 11), which makes
available the comonad structure of ® on [box]¢ when ¢ is safe.

Definition 6.5 (Safe Formula). A formulaa; : A1, ..., 00 : Ay + @ 2 Ais safe if

(i) the types Ay, ..., An, A are strictly positive, and
(ii) for each occurrence in ¢ of a modality [ev(y)], the formula { is closed, and
(iii) each occurrence in ¢ of a least fixpoint (ua(—)) and of an implication (=) is guarded by a [box].

Note that the safe restriction imposes no condition on approximated fixpoints y‘a. Recalling that
the theory under a [box] is 4, the only propositional connectives accessible to F* in safe formulae
are those on which +# and +2 coincide. The formula [-nil] = [fold][in;]T is safe. Moreover:

Example 6.6. Any formula without fixpoint nor [ev(—)] is equivalent in I, to a safe one. It ¢ is safe,
then so are [hd]g, [Ibl]g, as well as A (for A € {O,V¥DO,30O}) and [box]ag (for A € {O, T, VO}).

Definition 6.7 (Smooth Formula). A formula oy : Ay,...,a, : Ay F ¢ : A is smooth if

(i) the types Ay, ..., An, A are finitary strictly positive, and
(ii) for each occurrence in ¢ of a modality [ev(Y')], the formula  is closed, and
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¢ safe (v-I) T'eM:T (VE)I‘I-M:Vk-T
{mA | [box]p} =m{A]| ¢} Vk-»T=»Vk-T T+M:Vk-T ' M:T[t/k]

T+ M: {mA| [box]y[vFay/p]}
T+ M:{mA| [box]y[vay/B]}

T+ M:{mA]| [box]y[uay/Bl} I,x: {IA| [box]y[ykat///ﬁ]} FN:U
T+ N[M/x]:U

T+M:T[o/k] T+ M:T[k+1/k]
TFM:Vk-T

(v-D)

(V-CI)

(4-E)

Fig. 11. Extended (Sub)Typing Rules for Refinement Types (with k fresh, 8y, y smooth and f Pos y).

(iii) ¢ is alternation-free: it can be formed using the rules of Fig. 5 and Fig. 9, but where X is the
empty context in (v-F) and (u-F).

In an alternation-free formula, fixpoints fa¢ are only allowed when ¢ has at most « free (so
that ¢ has no free propositional variable). Note that the smooth restriction imposes no further
conditions on approximated fixpoints 0. In the smooth fragment, greatest and least fixpoints can
be thought about respectively as

Ao and \/ e™(0)

meN meN
Iteration terms allow for formal reasoning about such unfoldings. Assuming [t] = m € N, the
formula vtag(a) (resp. ptag(a)) can be read as ¢™(T) (resp. ¢™(L)). This gives the rules (v-I) and
(u-E) (Fig. 11), which allow for reductions to the safe case (see examples in §7).

Remark 6.8. It is well-known (see e.g. [Bradfield and Walukiewicz 2018, §4.1]) that on finitary trees
(see Rem. 6.4) the alternation-free fragment is equivalent to Weak MSO (MSO with second-order
variables restricted to finite sets). In the case of streams Str B (for a finite base type B), Weak MSO is
in turn equivalent to the full modal p-calculus. In particular, the alternation-free fragment contains
all the flat fixpoints of [Santocanale and Venema 2010] and thus LTL on StrB and CTL on TreeB
and on Res B with I, O, B finite base types. A typical property on Tree B which cannot be expressed
with alternation-free formulae is “there is an infinite path with infinitely many occurrences of b”
for a fixed b : B (see e.g. [Bradfield and Walukiewicz 2018, §2.2]).

Example 6.9. Any formula without fixpoint nor [ev(—)] is smooth. It ¢ is smooth, then so are [hd]g,
[Ibl]p and A for A € {0, V0,30, O, 30, VO

The Full System. We extend the types of §5 with universal quantification over iteration variables
(Vk - T). The type system of §5 is extended with the rules of Fig. 11. The assumption that y is smooth
(applicable to the rules (v-I) and (u-E)) implies that the f cannot occur in subformula of the form
fa(-). On the other hand, 8 can occur in a subformula of the form 6%a(-).

Example 6.10. The logical rules of Fig. 10 give the following derived typing rules (where § Pos y):

T'+M: {mA|[boxly[utap/Bl} T'+M:{mA| [box]y[vae/p]}
I'+M:{mA|[box]y[nae/Bl} I'+M:{mA| [box]y[vtae/pl}

(p-1) (v-E)
7 EXAMPLES

We exemplified basic manipulations of our system over §3-5. We give further examples here, in
particular illustrating how to handle liveness properties with the full system presented in §6. The
functions used in our main examples are gathered in Table 4, with the following conventions.
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append :  ColistA — CoList A— CoListA sched : ResA— ResA— ResA
= As.At. = Ap.Agq.
box,(append® (unbox s) (unbox t)) box,(sched® (unbox p) (unbox q))
append® :  Colist® A — Colist® A — CoListt A sched® : Res® A—> Res® A— Res8 A
= fix(g).As.At.case s of = fix(g).Ap.Aq. case p of
[[]8 — ¢t | Rets a +— Ret8a
| x 8 xs > x:8(g®xs® (nextt)) | Cont® k +—

let h = Ai.let {o,t) = ki
in (0,9 ® (nextq) ®t)

in Cont® h
diag := JAs.box,(diag® (unboxs)) : Str(StrA) — StrA
diag® := diagaux®id : Str8(StrA) — Str8 A
diagaux® :  (StrA — StrA) — Str8(StrA) — Strg A
= fix(g).At.As. Cons® ((hd o t)(hd® s)) (g ® next(t o tl) ® (tI® 5))
fb :  CoNat — CoNat — StrBool fb® :  CoNat® — CoNat® —> Str8 Bool
= Ac.Am. box,(fb® (unbox c) (unbox m)) = fix(g).Ac.Am. case ¢ of

| Z&8 +— ff 82 g @ (next m) ® next(S8 (next m))
| S¢n — tt =8 g @ n @ (next m)

extract : Rou8(ColList® A) — ColList8 A unfold : Rou® A — (» Roud A — »A) — »A
= fix(g).Ac. case ¢ of = Ac. case ¢ of
| Over® — Nil® | Overs +— Ak. k (next Over$)
| Contdf > fg® | Cont8f +— Ak. next(fk)
bfté :=  At. extract (bftaux t Over®) : Tree# A— ColList® A
bftaux :  Tree8 A — Rou8(CoList® A) — Rou8(ColList® A)

= fix(g).At.Ac. Cont (Ak. (label® t) ::8 unfold ¢ (ko (g ® (son%l‘))® o(g® (son%t))@a))

Table 4. Code of the Examples.

Notation 7.1. In view of Rem. 4.8, we often write ¢/ |- ¢ for the formula [ev(}/)]p. We also use the
infix notation a ::8 s for Cons® a s and write []8 for the empty colist Nil®. Moreover, we use some
syntactic sugar for pattern matching. For instance, assuming s : CoList® A we write

case s of case (unfold s) of
[[I# — N for ly. N[()/y]
| x 3 xs > M | y. Mlmo(y)/x . mi(y)/xs]

Most of the functions of Table 4 are obtained from usual recursive definitions by inserting ® and
next at the right places. All the typings of Table 2 (for A, B, O constant, I finite and ¢, i safe and
smooth) can be derived for the functions of Table 4. We review the main cases. See §D for details.

Example 7.2 (The Append Function on Coinductive CoLists). We discuss
append : {ColistA | [box][fin]} — {ColList A | [box][fin]} — {CoList A | [box][fin]}

(where [fin] = <[nil]), which says that append takes finite colists to a finite colist. The strategy is
to reduce to the following refinement type for the guarded append®:

Vk - Ve - ({CoListgA ) <>’<[ni|]} — {Colisté A | O/[nil]} — {CoListgA‘ <>’<+"[ni|]}) (3)
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First, since $[nil] is smooth, we can apply the rule (p-E) (Fig. 11) twice and reduce to
I' + box,(append® (unbox s) (unbox t)) : {ColListA | [box]<[nil]}

where T assumes s of type {CoListA ’ [box]<>k[ni]]} and ¢ of type {CoListA | [box]<>[[nil]}. Using
the derived rule (p-I) (Ex. 6.10), we further reduce to

I' + box,(append® (unbox s) (unbox t)) : {CoListA’ [box]<>k+[[nil]}
Now, since the formulae OK[nil], O¢[nil] are safe, by subtyping (Fig. 11) we have
I + s : m{ColListA|OF[nil]} and I + t : m{ColistA| O/ nil]}
and we can reduce to showing the type (3) for append®. The method is then to assume the type (3)
under » for the recursion variable g and to apply the (¥-CI) rule (Fig. 11). Since ¢°[nil] & L, the
branch of @ trivially follows by (ExF) (Fig. 8). In the branch of k+1, we reason by cases by applying

(V-E) (Fig. 8) to OF*1y & 1 v OO . See §D.6 for details, but let us just mention that the type of
append?® can be sharpened to

Vk - VL - ({coListgA

<>’<[ni|]} — {CoListt A| O [nil]} — {CoListgA

<>’<+"[ni|]})

expressing that on finite colists, append® removes one constructor Nil® from its arguments. O

Example 7.2 is representative of the general strategy to obtain refinement typings of the form
{mQ | [box]Oy}  —  {mP | [box]Oe}

with Q, P finitary polynomial and ¢/, ¢ safe and smooth (in our cases, if ¢ is safe then so is Oto).
Properties of the form $O or O are more involved, but follow similar patterns.

Example 7.3 (The Map Function on Coinductive Streams). We have
map : ({B|y} — {A|e}) — {StrB]|[box]a[hd]y} — {StrA|[box]a[hd]e}
where ¢, ¢ are safe and smooth and where A € {0, O, OO0, 04}, In the case of OO, since OO[hd]g,
<0O[hd]y are smooth and OKO[hd]e, O*¥O[hd]y are safe, we reduce to showing
(map® f) : Vk-({Str8 B| ©*O[hd]y} — {Strt A| O¥DO[hd]p})
assuming f of type {B | ¥/} — {A| ¢}. But this is unfortunately too weak. Similarly as in Ex. 7.2, it
is natural to first assume the type (put under ») for the recursion variable g and to apply (V-CI).
In the case of k+1, we unfold O**'0[hd]y & O[hd]y v O<KO[hd]y and apply (V-E). But in the
branch of O[hd]y, giving g the type, say,
{str8 B| ©'O[hd]y} — {Str8 A| ©'O[hd]e}

is not sufficient to derive g ® (tI® s) : » {Str8 A | O[hd]¢} assuming s : {Str® B | O[hd]¢'}. The
reason is that [next] (and thus Q) does not satisfy axiom (P) of Table 3 (see §8), so that G'9 ¢ 9.
The solution is to use the [ev(—)]/||—> modality to strengthen the type of (map® f) and to show

(map® f) : Vk-{Str# B — Str8 A| (OXO[hd]y |- ©¥O[hd]p) A (O[hd]y |- O[hd]e)}
We turn to 0. Let 09 := vta. & A Qa. Using that O<C[hd]g and O<O[hd]y are both smooth, we
first unfold the O’s using the rules (v-I) (Fig. 11) and then (v-E) (Ex. 6.10), thus reducing to

box, (map® f (unboxs)) : {StrA|[box]OC[hd]e}

assuming f : {B| ¢} — {A| ¢} ands: {StrB | [box]D[O[hd]t//}. Then, since Clhd]p, C[hd]y are
smooth, we can unfold the <’s using the rules (p-E) and (p-I) with the non-trivial smooth context

y(p) = 0O
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Since the formulae O¢CK[hd]y and O OK[hd]g are safe, we can thus reduce to showing
(map® f) : ¥C-Vk- ({StrsB| DOk[hd]y} — {str8 A| OO [hd]e})

assuming f : {B| ¢/} — {A| ¢}. The result then follows using (V-CI) and unfolding O*, OK+1,
Note that the problem encountered above with &' is avoided since 0'$ & 9. See §D.3. O

Example 7.4 (The Diagonal Function). Consider a stream of streams s. We have s = (s; | i > 0)
where each s; is itself a stream s; = (s;j | j > 0). The diagonal of s is then the stream (s; ; | i > 0).
Note that s; ; = hd(tl’(hd(tl'(s))). Indeed, tI(s) is the stream of streams (s | k > i), so that hd(tl'(s))
is the stream s; and tI'(hd(tl'(s))) is the stream (si.k | k = i). Taking its the head thus gives s; ;. In
the diag function of Table 4, the auxiliary higher-order function diagaux® iterates the coinductive
tl over the head of the stream of streams s. We write o for function composition, so that assuming
s : Str&(Str A) and t : Str A — Str A, we have the following (on the coinductive type Str A):
(hd®s) : StrA (hdot) : StrA— A
(hdot)(hd®s) : A (totl) : StrA— StrA

The expected refinement types for diag (obtained similarly as in Ex. 7.3) say that if its argument is
a stream whose component streams all satisfy O¢, then diag returns a stream whose elements all
satisfy ¢. Also, if the argument of diag is a stream such that eventually all its component streams
satisfy Og, then it returns a stream which eventually always satisfies ¢. See §D.4 for details. O

Example 7.5 (A Fair Stream of Booleans). The non-regular stream (fb 0 1), adapted from [Bahr et al.
2020; Cave et al. 2014], is of the form

ff o ff t t ff & t t ff tt tt tt tt ff

It thus contains infinitely many tt’s and infinitely many ff’s. We indeed have (see §D.5 for details):
(fbo 1) : {StrBool | [box]OC[hd][tt] A [box]OC[hd][ff]}

Example 7.6 (Resumptions). The type of resumptions Res® A := Fix(X). A+ (I — (0 X »X)), is
adapted from [Krishnaswami 2013]. Its guarded constructors are

Ret®  := Aa.fold(ingpa) : A — Res®A

Cont® := Ak.fold(inik) : (I — (0Xx»Res8 A)) — Res8 A
The formulae left undefined from §2 are the following (where i/ : A, ¢ : 0, ¢ : Res®B Aand i : I):

[Ret] := [fold][ine]T [out;]¢ := [fold][in1] ([1i] |- [70]9)
[nowl]y = [fold][ino]y Oip = [fold][int] ([i] |l [m1][next]p)

The formula [Ret] (resp. [now]y’) holds on a resumption which immediately returns (resp. with a
value satisfying /) and we have Ret® : A — {Res® A | [Ret]}, Ret® : {A| ¥} — {Res® A | [now]y/}.
Assuming that I is a finite base type (so that Res® A is finitary polynomial), and that ¢ : A, 3 : 0
are safe and smooth, the expected refinement typings for sched are obtained similarly as in the
case of map (Ex. 7.3), using approximations of VO, 30, VO and 3 (see §D.7 for details). O

Example 7.7 (Breadth-First Tree Travsersal). The function bft® of Table 4 (where ¢g® stands for
Ax.g ® x) implements Martin Hofmann’s algorithm for breadth-first tree traversal. This algorithm
involves the higher-order type Rou8 A = Fix(X). 1 + ((»X — »A) — A) with constructors

Over® := fold(ing()) : Rout A
Cont® := Af.fold(inif) : ((»RoutA— »A)— A) — Rout A

We refer to [Berger et al. 2019] for explanations. Consider now a formula ¢ : A. We can lift ¢ to

[Roulp := wva.[fold][in{](([next]a || [next]p) > ¢) : RousA
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We have, for ¢ : Aand ¢ : CoList® A,

extract : {Rou8(ColList® A) | [Rou]y} — {ColList® A |y}

unfold : Rout!A— (»RoutA— »{A|¢}) — »{A]| ¢}

bftaux : {Tree® A | VO[lbl]¢} — Rous(CoList® A) — {Rou8(ColList® A) | [Rou]O[hd]¢}
bfte : {Tree® A | VO[Ibl]p} — {CoList® A | O[hd]¢}

Assume that ¢ : A is safe. Note that on the one hand it is not clear what the meaning of [Rou] is,
because it is an unsafe formula operating on a non-polynomial type. On the other hand, the above
type of bft® has its standard expected meaning (namely: if all nodes of a tree satisfy ¢ then so do
all elements of its traversal) because the types Tree8 A, CoList® A are polynomial and the formulae
vO[Ibl]e, O[hd]¢ are safe. Hence, our system can prove standard statements via detours through
non-standard ones, which illustrates its compositionality. We have the same typing for a usual
breadth-first tree traversal with forests (d la [Jones and Gibbons 1993]). See §D.8. O

8 SEMANTICS

We progressively present the main ingredients of the semantics of our type system. We take as
base the denotational semantics of guarded recursion in the topos of trees, that we briefly sketch.

Denotational Semantics in the Topos of Trees. The topos of trees [Birkedal et al. 2012] provides a
natural model of guarded recursion.

Definition 8.1 (Topos of Trees). The topos of trees S is the category of presheaves over (N \ {0}, <).

In words, the objects of S are indexed sets X = (X(n)),., equipped with restriction maps ryX :
X(n + 1) — X(n). Intuitively, X(n) represents the values available “at time n”, and rX tells how
values “at n + 1” can be restricted (actually most often truncated) to values “at n”. Excluding 0 from
the indexes is a customary notational convenience ([Birkedal et al. 2012]). The morphisms from X
to Y are families of functions f = (f; : X(n) — Y(n)), ., which commute with restriction:

rX rX
Xl X2 e Xn Xn+1
flj fZL fnL fn+1L
Yl rIY Y2 e Yn rg Yn+l

As any presheaf category, S has (pointwise) limits and colimits, and is Cartesian closed (see

e.g. [Mac Lane and Moerdijk 1992, §1.6]). We write I : S — Set for the global section functor, which

takes X to S[1, X], the set of morphisms 1 — X in S, where 1 = ({®}),,>¢ is terminal in S.
Atyped term '+ M : T is to be interpreted in S as a morphism

M) [Tl — 71
where [|T|] = [IT4|] X - - - X [|Tul] forT = x; : T3, . . ., x5 : T,,. In particular, a closed term M : T is to
be interpreted as a global section [M] € ['[|T|]. The x/+/— fragment of the calculus is interpreted

by the corresponding structure in S. The » modality is interpreted by the functor » : S — S
of [Birkedal et al. 2012]. This functor shifts indexes by 1 and inserts a singleton set 1 at index 1. The
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term constructor next is interpreted by the natural map with component nextX : X — »X as in:

X X
rl T
X X1 <— Xy <o Xn<_”Xn+1< .........
o B Y
» X 1 <— Xq <o Xpo1 <—— X, <
VX
n-1

The guarded fixpoint combinator fix is interpreted by the morphism fix* : X*X — X, natural in
X, such that given f : »X X Y — X with exponential transpose f’ : Y — X>X, the morphism
fixX o f* : Y — X is unique such that fix* o f* = f o (nextX o fix* o f7,id*) ([Birkedal et al. 2012,
Thm. 2.4]). Together with an interpretation of guarded recursive types, this gives a denotational
semantics of the whole calculus but for the m modality. See [Birkedal et al. 2012; Clouston et al.
2016] for details. We write fold : [A[Fix(X).A/X]] — [[Fix(X).A] and unfold : [Fix(X).A] —
[A[Fix(X).A/X]] for the two components of the iso [Fix(X).A] ~ [A[Fix(X).A/X]].

Internal Semantics of Formulae. Each formula ¢ over A has an interpretation in S, in the form of
a subobject [¢] of [A].

A subobject S of an object X of S, notation S < X, is a family of subsets S(n) € X(n) such that
rX(t) € S(n) whenever t € S(n+1). The set of subobjects of X, denoted Sub(X), is a complete lattice
w.r.t. pointwise inclusions (see e.g. [Mac Lane and Moerdijk 1992, Prop. 1.8.5]), and in particular a
(complete) Heyting algebra. Following e.g. [Lambek and Scott 1986; Mac Lane and Moerdijk 1992],
we say that x € T'X satisfies a property S € Sub(X) if x factors through S, as in

T 3
f thatis: Vn>0, xp(e)e S(n)

1= * .

By adequacy of the S semantics, we mean that for each closed term M : {A | ¢}, the global section
[M] € T'[A] satisfies the property [¢] € Sub([A]).

Formulae without free iteration variables are interpreted by induction as expected. The proposi-
tional connectives are interpreted by the Heyting algebra structure on subobjects. This validates
the rules of intuitionistic logic.

We now turn to the interpretation of modalities. Let [A] be a modality of the form [7;], [in;],
[next] or [fold], and assume [A]¢p : B whenever ¢ : A. Standard topos theoretic constructions give
posets morphisms

[[a]] : Sub([A]) — Sub([B])
such that:

e [[z;]] and [[fold]] are maps of Heyting algebras,

e [[in;]] preserves v, L and A,

o [[next]] preserves A, T and V.
With [[[a]¢] := [[2]]([¢]), all the axioms and rules of Table 3 are validated for these modalities. To
handle guarded recursion, it is crucial to have

[[nextle] = »([e])

with [[next]¢] true at time 1, independently from ¢. As consequence, [next] and O do not validate
axiom (P) (Table 3), and <[hd]g can “lie” about the next time step.

The modality [ev(y)] is a bit more complex. For ¥ : B and ¢ : A, the formula [ev(¥)]y is
interpreted as a logical predicate in the sense of [Jacobs 2001a, §9.2 & Prop. 9.2.4]. The idea is that for
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{I[milelt = {xeT[AxA{] | miox € {lpl}t}
{l[next]el} := {next ox € T[»A] | x € {|<p|}}
{I[fold]pl} = {x e T[Fix(X).A] | unfold o x € {|o[}}
{linilel = {xeT[A+A]|3yeT[A](x=in;oyandy € {lgl})}
{lev)lol} = {xeT[B—A]|VyeT[B]. ye{yl} = evo(x.y) < {ol}

Fi

g. 12. External Semantics (for closed and m-free formulae).

aterm M : {B — A| [ev(/)]p}, the global section ev o ([M], x) € T'[A] should satisfy ¢ whenever
x € T[B] satisfies . We refer to §C for details.

The interpretations of vta@(«) and ptap(a) (for t closed) are defined to be the interpretations
resp. of plt](T) and ¢[t1(1), where e.g. ¢°(T) := T and ¢™*(T) := p(¢™(T)).

We turn to fixpoints vag(e) and pap(a). A first possibility is to rely on Knaster-Tarski Fixpoint
Theorem and the fact that when « is positive in ¢ (i.e. @ Pos ¢), the typing a : A+ ¢ : A induces
a (monotone) poset morphism [¢] : Sub([A]) — Sub([A]). This, however, is to some extent
meaningless in our setting, because S has unique guarded fixpoints [Birkedal et al. 2012, §2.5].

Proposition 8.2. Given a : A+ ¢(a) : A with a positive and guarded by » in @, there is a unique
[vap(a)] € Sub([A]) such that [vagp(a)] = [e(vap(a))].

In particular, the typing fix(s).Cons® a s : {Str8 A | O[]} for arbitrary a : A and ¢ : Str8 A of §2
is not problematic w.r.t. the S semantics [-]!

The External Semantics. The above issue suggests to look for semantics closer to the intended
meaning of the logic. Magelberg [Mggelberg 2014] has shown that for polynomial types such as
Stré B with B a finite base type, the set of global sections T'[Str8 B] is equipped with the usual final
coalgebra structure of streams over B in Set.

We devise a proper Set interpretation {|¢[} € P(I'[A]) of formulae ¢ : A. For propositional
connectives and fixpoints, this interpretation is defined similarly as the S interpretation, but using
(complete) Boolean algebras of subsets rather than (complete) Heyting algebras of subobjects. We
give the cases of [;], [in;], [next] and [fold] in Fig. 12 (where for simplicity we assume formulae to
be closed).

The Safe Fragment. We would like to have adequacy w.r.t. the Set semantics, namely that given
M : {A| ¢}, the global section [M] € T[A] satisfies {|¢|} € P(T'[A]) in the sense that [M] € {|¢|}.
The odd typing of §2 tells us that this is impossible in general. But this is possible for safe formulae
since in this case we have:

{lol} = Tle]

Let us sketch the key ingredients for this property. First note that on m-free types, safe formulae do
not contain implications (=). For this fragment, intuitionistic and classical logic coincide, making
{lol} = T[¢] plausible. Second, for a safe formula a : A+ ¢ : A, the poset morphisms

[o] : sub(A) — Sub(JA)  and  {gl} : PCAD — PET[A]

are Scott cocontinuous, in the sense that they preserve codirected infs. As a consequence, greatest
fixpoints vap(a) can be interpreted, both in Set and S, as the infs of the interpretations of

T, o™, ee™), ... ¢"(T), "7,
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This leads to the expected coincidence of the two semantics. In particular, the Set semantics is
adequate for safe formulae. Let us step back to the cases of O[hd]p and $[hd]g on guarded streams
Str8 B. Assume that ¢ is safe. The equality {|{O[hd]¢|} = T'[O[hd]¢] implies that the usual Set
semantics of O[hd]e is in the image of T. But a subset of T'[Str8 B] which is in the image of T is
necessarily a closed set w.r.t. the usual product topology on streams in Set, i.e. a safety property (see
§C.11). Formulae of the form O[hd]¢ define safety properties on streams, but liveness properties of
the form O[hd]g are not closed (for non-trivial ¢), and thus cannot be in the image of T

The Constant Modality. In order to safely handle unsafe formulae, we rely on the constant type
modality m of [Clouston et al. 2016]. At the semantic level, m is interpreted as the composite functor
AT : § — S, where the constant object functor A : Set — S takes a set S to the constant family
(S)n>0. In words, all components [mA](n) are equal to T'[A], and the restriction maps of [WA]
are identities. In particular, a global section x € T'[WA] is a constant family (x,), describing a
unique global section x,1(e) = x,(®) € T'[A]. We refer to [Clouston et al. 2016] and §C for the
interpretation of prev, box and unbox. Just note that the unit # : Idsey — T'A is an iso.

Consider now an arbitrary formula ¢ over A. In order to accommodate its Set semantics {|¢|}
within S, we can syntactically lift ¢ to the formula [box]¢ over mA and impose

[[box]e] = A({lel})

This definition is justified by standard facts of topos theory, namely that for each set S, the functor
A induces a map of (complete) Heyting algebras

AcP(S) > AAe Sub(AS)

This means that the Set interpretation {|¢|} € P(T[A]) can be taken to the subobject A {|¢|} €
Sub(AT[A]) = Sub([mA]) in S while respecting the usual Set semantics of logical connectives. In
particular, we can allow the logical theory under a [box] to be classical, while the S semantics
imposes the ambient logical theory to be intuitionistic. For the interpretation of [box] in the external
semantics we can trivially let {|[box]¢|} := {x € I'[mA] | x1(e) € {|(p|}}.

We can now state the correctness of our semantics w.r.t. the full modal theories of Def. 6.2.

Lemma 8.3. If+2 ¢ then {|o} = {|TI}. If+* ¢ then [¢] = [T].
Safe Formulae: The General Case. The property we use on safe formulae is the following.

Definition 8.4 (Scott Cocontinuity). Let L be a complete lattice. A set S C L is codirected if it is
non-empty and for all a,b € S, there is some ¢ € S such that ¢ < a,b. A function f : L — L is Scott
cocontinuous if it is monotone and preserves infs of codirected sets (for S C L codirected, we have

FINS) = N f(S)).

In other words, a Scott cocontinuous function L — L is a Scott continuous function L°? — L°P.

Lemma 8.5. The greatest fixpoint of a Scott cocontinuous f : L — L is given by N\ e f™(T).

Lemma 8.6. Given a safe formulaa : A+ () : A, the following functions are Scott cocontinuous:
le] - Sub([A]) —  Sub([A]) {loy = PT[A]) — PT[A])

The key for Lem. 8.6 is the usual fact that codirected infs commute with infs and finite sups.

Proposition 8.7. If ¢ : A is safe then {|p[} = T'[¢].

Proposition 8.7 gives the subtyping rule {mA | [box]p} = m{A | ¢} (Fig. 11), which makes available
the comonad structure of B on [box]¢ when ¢ is safe. Recall that in safe formulae, implications can
only occur under a [box] modality and thus in closed subformulae. It is crucial for Prop. 8.7 that
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infs and sups are pointwise in the subobject lattices of S, so that conjunctions and disjunctions are
interpreted as with the usual classical Kripke semantics (see e.g. [Mac Lane and Moerdijk 1992,
§VL.7]). This of course does not hold for implications!

The Smooth Fragment. The smooth restriction allows for continuity properties which are stronger
than in the safe case. A Scott continuous function L — L is a Scott cocontinuous function L°? — L°P.

Lemma 8.8. Givena : A+ ¢(«) : A with ¢ smooth and a Pos ¢, the function {|p[} : P(T[A]) —
P(T[A]) is Scott continuous as well as cocontinuous.

The least fixpoint of a Scott continuous f : L — Lis V,ay f™(L). The following implies the
correctness of the typing rules (v-I) and (u-E) of Fig. 11.

Corollary 8.9. Given smooth vag(a) : A and pap(a) : A we have
vap@l = (Ue"MD  and  {uap@l = | lo" (L)}

neN neN
The Realizability Semantics. The correctness of the type system w.r.t. its semantics in S is proved
with a realizability relation. This relation is formulated with global sections.

Definition 8.10 (Realizability). Given a type T without free iteration variable, a global section
x € T[|T|] and n > 0, we define the realizability relation x W, T by induction on lexicographicaly
ordered pairs (n, T) as follows:

x ey {A | g} iffxa(e) € [p]A().

® x I, 1.

o x Ik, To + Ty iff there are some i € {0,1} andy € T[|T;|] s.t. x = in; oy and y W, T;.

X Wy To X Ty iff mo 0 x Wy, Ty and 71 0 x Iy, Ty

X W, U — T iff forallk < nand forally € T[|U|] such thaty I U, we haveevo{x,y) Iy T.
o x Iy »T.

X Wkpeq »T iff there isy € T[|T|] such that x = nextoy andy I, T.

X Iy, Fix(X).A iff unfold o x -, A[Fix(X).A/A].

o x I, BT iff x,(®) Iy, T for allm > 0 (where x € T[|mT|]).

® x Ik, Yk - T iff x W, T[t/k] for all closed iteration terms t.

Note that we have x I, A for x € TA. It is easy to see that if x I+, T, then x - T for all k < n. We
can now state the correctness of subtyping and of typing.

Lemma 8.11. Given types T, U without free iteration variable, if x W, U andU < T thenx I, T.
Theorem 8.12 (Adequacy). If+ M : T, T with no free iteration variable, then [M] i+, T foralln > 0.
A program + M : {B| ¢y} — {A] ¢} with ¢, ¢ safe induces by composition a Set-function I'[M] :

I'[B] — T[A], x — [M] o x such that T[M](x) satisfies {|¢|} if x satisfies {|/[}. To each polynomial
recursive type Fix(X).P(X), we associate a polynomial functor Pse in the obvious way.

Theorem 8.13 ([Mogelberg 2014] (see also [Clouston et al. 2016])). IfFix(X).P(X) is polynomial,
then T[[Fix(X).P(X)] carries a final Set-coalgebra structure for the polynomial Set functor Pget.
For arbitrary ¢, ¥, a program + M : {mB | [box]y/} — {mA | [box]¢} induces a Set-function

T[M] : T[B] — T[A], x+— [M]ox
(where the isos T[C] =~ TAT[C]] = I'[mC] are left implicit) such that if x € T'[B] satisfies ¢ in
the standard sense (i.e. x € {|¢[}), then T[M](x) € T'[A] satisfies ¢ in the standard sense (i.e.
T[M](x) € {l¢l}). In view of Thm. 8.13, T[A], I'[B] are usual Set final coalgebras when A, B are

polynomial. This applies to all the typings of Table 2 (which require A, B, O to be constant, I to be
finite and ¢, § to be safe and smooth, see §7).
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9 RELATED WORK

Type systems based on guarded recursion have been designed to enforce properties of programs
handling coinductive types, like causality [Krishnaswami and Benton 2011], productivity [Atkey
and McBride 2013; Clouston et al. 2016; Guatto 2018; Magelberg 2014]. These properties are captured
by the type system, meaning that all well-typed programs satisfy these properties.

In an initially different line of work, temporal logics have been used as type systems for functional
reactive programming (FRP), starting from LTL [Jeffrey 2012; Jeltsch 2014] to the intuitionistic
modal p-calculus [Cave et al. 2014]. These works follow the Curry-Howard “proof-as-programs”
paradigm, and reflect in the programming languages the constructions of the temporal logic.

The FRP approach has been adapted to guarded recursion, e.g. for the absence of space leaks [Kr-
ishnaswami 2013], or the absence of time leaks, with the Fitch-style system of [Bahr et al. 2019].
This more recently lead [Bahr et al. 2020] to consider liveness properties with an FRP approach
based on guarded recursion. In this system, the guarded A-calculus (presented in a Fitch-style type
system) is extended with a delay modality (written Q) together with a “until type” A Until B.
Following the Curry-Howard correspondence, A Until B is eliminated with a specific recross, based
on the usual unfolding of Until in LTL, and distinct from the guarded fixpoint operator.

In these Curry-Howard approaches, temporal operators are wired into the structure of types.
This means that there is no separation between the program and the proof that it satisfies a given
temporal property. Different type formers having different program constructs, different temporal
specifications for the same program may lead to different actual code.

We have chosen a different approach, based on refinement types, with which the structure of
formulae is not reflected in the structure of types. This allows for our examples to be mostly written
in a usual guarded recursive fashion (see Table 4). Of course, we indeed use the modality m at the
type level as a separation between safety and liveness properties. But different liveness properties
(e.g. ©, &0, OO) are uniformly handled with the same m-type, which is moreover the expected
one in the guarded A-calculus [Clouston et al. 2016].

Higher-order model checking (HOMC) [Kobayashi and Ong 2009; Ong 2006] has been introduced
to check automatically that higher-order recursion schemes, a simple form of higher-order pro-
grams with finite data-types, satisfy a py-calculus formula. Automatic verification of higher-order
programs with infinite data-types (integers) has been explored for safety [Kobayashi et al. 2011],
termination [Kuwahara et al. 2014], and more generally w-regular [Murase et al. 2016] proper-
ties. In presence of infinite datatypes, semi-automatic extensions of HOMC have recently been
proposed [Watanabe et al. 2019]. While HOMC automatically checks properties on coinductive
structures, the major difference with our approach is that we consider input-output behaviors of
functions operating on coalgebraic data.

Event-driven approaches consider effects as generating streams of events, which can be checked
for temporal properties with algorithms based on (HO)MC [Hofmann and Chen 2014; Hofmann
and Ledent 2017], or, in presence of infinite datatypes, with refinement type systems [Koskinen
and Terauchi 2014; Nanjo et al. 2018]. Our iteration terms can be seen as oracles, as required
by [Koskinen and Terauchi 2014] to handle liveness properties, but we do not know if they allow
for the non-regular specifications of [Nanjo et al. 2018]. While such approaches can handle infinite
data types with good levels of automation, they do not have coinductive types nor branching time
properties, such as the temporal specification of the scheduler sched on resumptions (Table 2).

Along similar lines, branching was approached via non-determinism in [Unno et al. 2018], which
also handles universal and existential properties on traces. This framework can handle CTL-like
properties of the form 3/V-0/< (with our notation of Table 2, §2), but not nested combinations of
these (as e.g. 30OV for sched in Table 2). It moreover does not handle coinductive types.
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10  CONCLUSION AND FUTURE WORK

We have presented a refinement type system for the guarded A-calculus, with refinements expressing
temporal properties stated as (alternation-free) p-calculus formulae. As we have seen, the system
is general enough to prove precise behavioral input/output properties of coinductively-typed
programs. Our main contribution is to handle liveness properties in presence of guarded recursive
types. As seen in §2, this comes with inherent difficulties. In general, once guarded recursive
functions are packed into coinductive ones using M, the logical reasoning is made in our system
directly on top of programs, following their shape, but requiring no further modification. We thus
believe to have achieved some separation between programs and proofs.

We provided several examples. While they demonstrate the flexibility of our system, they also
show that more abstraction would be welcomed when proving liveness properties. In addition, our
system lacks expressiveness to prove e.g. liveness properties on breadth-first tree traversals.

Extensions of the guarded A-calculus with dependent types have been explored, namely Guarded
(Cubical) Dependent Type Theory [Birkedal et al. 2019; Bizjak et al. 2016]. It may be possible to
extend our work to these systems. This would require to work in a Fitch-style presentation of
the m modality, as in [Bahr et al. 2019], as it is not known how to extend delayed substitutions to
dependent types. Also, it is appealing to investigate the generalization of our approach to sized
types [Abel and Pientka 2016], in which guarded recursive types are representable [Veltri and
van der Weide 2019].

We plan to investigate type checking. For instance, in a decidable fragment like the p-calculus
on streams, one can check that a function of type {Str® C | ¢O[hd]3} — {Stré¢ B | ¢O[hd]y} can
be postcomposed with one of type {Str® B | OC[hd]y} — {Str® A | OC[hd]e} (since CO[hd]y =
O<[hd]y). Hence, we expect that some automation is possible for fragments of our logic. In presence
of iteration terms, arithmetic extensions of the p-calculus [Kobayashi et al. 2019, 2020] may provide
interesting backends. An other direction is the interaction with HOMC. If (say) a stream over A is
representable in a suitable format, one may use HOMC to check whether it can be argument of a
function expecting e.g. a stream of type {Stré A | OC[hd]g}. This might provide automation for
fragments of the guarded A-calculus. Besides, the combination of refinement types with automatic
techniques like predicate abstraction [Rondon et al. 2008], abstract interpretation [Jhala et al. 2011],
or SMT solvers [Vazou 2016; Vazou et al. 2014] has been particularly successful. More recently, the
combination of refinement types inference with HOMC has been investigated [Sato et al. 2019].

We would like to explore temporal specification of general, effectful programs. To do so, we
wish to develop the treatment of the coinductive resumptions monad [Pir6g and Gibbons 2014],
that provides a general framework to reason on effectful computations, as shown by interaction
trees [Xia et al. 2019]. It would be interesting to study temporal specifications we could give to
effectful programs encoded in this setting. To formalize reasoning on such examples, we would like
to design an embedding of our system in a proof assistant like CoQ.

Following [Appel et al. 2007], guarded recursion has been used to abstract the reasoning over
the step-indexing technique [Appel and McAllester 2001], that has been used to design Kripke
Logical Relations [Ahmed 2006] for typed higher-order effectful programming languages. Program
logics for reasoning on such logical relations [Dreyer et al. 2011, 2010] uses this representation
of step-indexing via guarded recursion. It is also found in Iris [Jung et al. 2018], a framework for
higher-order concurrent separation logic. It would be interesting to explore the incorporation of
temporal reasoning, especially liveness properties, in such logics.

Acknowledgments. We would like to thank anonymous referees of previous versions of this paper
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A ADDITIONAL MATERIAL FOR §4

Figure 13 presents the definition of the variance predicates o Pos ¢ and @ Neg ¢ for the full logical
language (§4 and §6). The intuitionistic propositional deduction rules are given in Fig. 14.

Remark A.1 (Rem. 4.6). All modalities ([r;], [fold], [next], [in;], [ev(¥)] and [box]) satisfy the
monotonicity rule (RM) and are thus monotone in the sense of [Chellas 1980], from which we
borrowed the terminology used in Table 3 (see also [Frittella 2014; Hansen 2003]). Assuming the
rule (RM), we easily get the following:

(a) Axiom (N) implies the usual necessitation rule:

Fo
Talp ©Y

Proor. Indeed, one can derive

(N)

Fla]T Fla]T = [ale (RM)

[a]e

(b) Axiom (C) implies the usual axiom (K):
[2lle=y) = (2l = [2lY)

Proor. Indeed, one has

(e=29)re) = ¢
[2l((e=¥)Ap) = [aly
[2alle = ¥) Alale = [alY
[2lle=v) = ([ale = [aly)

(RM)

(c) We have the monotonicity axioms

[alloAY) = [ale A [aly
[aleV[aly = [alle V)

Hence, with our adaptation to unbounded linear branching, the normal intuitionistic modal logic
IK of [Plotkin and Stirling 1986] is (RM) + (C) + (N) + (P) + (Cy) + (C=), while the normal modal
logic K is IK + (CL) (see e.g. [Blackburn et al. 2002]).

B ADDITIONAL MATERIAL FOR §5
The definition of the subtyping relation < for the full system (§5 and §6) is given in Fig. 15.
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a#p
a Pos a a Pos f aPos T a Pos L

a Pos ¢ a Pos ¢ a Pos ¢ a Pos ¢ a Neg i/ a Pos ¢

aPosoVy aPoso Ay aPosyy = ¢
a Pos ¢ a Pos ¢ a Pos ¢ a Pos ¢ a Negy «aPosg
a Pos [7;]e a Pos [in;]e a Pos [fold]g a Pos [next]g a Pos [ev(y)]e
a Pos ¢ a+p a Pos ¢ a#p a Pos ¢ a+p a Pos ¢ a+p
a Pos vfg a Pos pfe a Pos vtfo a Pos ptfo
a#+fp

a Neg f aNeg T a Neg L

a Neg ¢ a Neg a Neg ¢ a Neg a Pos ¢ a Neg ¢

aNegoVy aNeg oAy aNegy = ¢
a Neg ¢ a Neg ¢ a Neg ¢ a Neg ¢ aPosyy aNego
a Neg [7;]p a Neg [in;]p a Neg [fold]e a Neg [next]p a Neg [ev(y)]p

a Neg ¢ a+p a Neg ¢ a#+f a Neg ¢ a#f a Neg ¢ a#p
a Neg vfy a Neg pfy a Neg vt fo a Neg p*fo

Fig. 13. Positive and Negative Occurrences for the Full Logical Language.

Hove=9 Ho=ere  Hoe=eVvy oAy
FA¢A¢$9 I—A(pﬂ((ﬁzé)
FHAoViy =y Ve FApAY U Ag o= (Y = 0) FApAy =0
oo o=y o=y My =0 o=y
FA Y F o = 0 FA L= FAOve=0Vvy

Fig. 14. Intuitionistic Propositional Deduction Rules.

The underlying pure type |T| of a refinement type T is inductively defined as follows:

Al = A
[{Ale}] = A
IVk-T| := |T|
IT+U| = |T|+|U|
T xU| = |T|x|U|
U —>T| = |U|—-|T|
T| = »|T|
|mT| = m|T|
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T<U u<v T<U ULT
T<T T<V »T <»U mU <mT
TLy<U T <0 To<U T <U U<Ty, T, <U;

ToxTy <UyxU; Ty+Th <Uy+ Uy Th->T1 <Uy— U

o=y
T <|T| A<{A|T} {Ale} <{AlYy}

{Bly} = {Alp}={B— Al[ev(¥)]e}

> {A]| ¢} = {»A]| [next]p} Vk-»T=w»Vk-T

¢ safe I—? =Y
m{A| ¢} ={mA| [box]e} {mA | [box]p} < {mA | [box]y}

Fig. 15. Subtyping Rules (full version).

C ADDITIONAL MATERIAL FOR §38

This Appendix presents material that we omitted in §8 for space reasons. We follow roughly he
same plan. All proofs a deferred to App. E. We often use 0 as a generic notation for y and v.

C.1 The Topos of Trees (Basic Structure)

Notation C.1. Given an object X of S and 0 < k < n, we write tTk for the restriction of t € X(n)
into X(k), obtained by composing restriction functions rX fori =k,...,n— 1.

Full definitions and proofs of the semantic require the explicit manipulation of some of the structure
of S. We refer to [Birkedal et al. 2012; Clouston et al. 2016] for details.

First, as in any presheaf category, limits and colimits are computed pointwise. In particular
binary sums and products are given by

X +Y)(n)
(X xY)(n)

X(n)+ Y(n)
X(n) x Y(n)

Moreover, exponentials are induced by the Yoneda Lemma see e.g. [Mac Lane and Moerdijk 1992,
§L6]. Explicitly, given S object X and Y, the exponent Y at n is the set of all sequences (f7),,, of
functions f¢ : X(€) — Y(€) which are compatible with restriction (i.e. r}/ o fes1=fro r;( ).

The morphism fix* : X*X — X is defined as

ﬁxif((fm)mgn) = (fn ©-+-0 fl)(.)

Since we do not require the explicit constructions, we refer to [Birkedal et al. 2012] for the
interpretation of guarded recursive types Fix(X).A(X) and for the definition of the isos

fold : [AFix(X).AKX)] — [Fix(X).AX)]
unfold :  [Fix(X).AKX)] — [A(Fix(X).AX))]

We now have all the structure we need for the denotational semantics of the m-free fragment of
the pure calculus.
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C.2 Global Sections and Constant Objects
As for any presheaf topos, the global section functor T' : S — Set is right adjoint to the constant
object functor A : Set — S (see e.g. [Mac Lane and Moerdijk 1992, §1.6]):

r

_—
S T Set
~—

A

We note the following easy well-known facts for the record.

Lemma C.2. Given a setS and given X, Y objects of S, we have in Set:
(1) the unitn of A 4 T is an iso,

(2)T(XXY)~TX xTY andT1 ~1

(3)T(X+Y)~TX +TY

(4) T(X*) = (rX)*

(5) T(»X) =~ TX (via ['(next))

where all the mentioned isos are natural in X and Y (when applicable).

Proor.

(1) The unit ng of A 4T at S takes a € S to the constant map (n — (e — a)) € S[1, AS]. Its inverse
is the function S[1, AS] — S taking a constant map x € S[1, AS] to x(0)(e).

(2) Since T is a right adjoint.

(3) Since for any x € S[1,X + Y] there is some i € {0, 1} such that x(e)(n) is of the form in;(x,)
foralln € N.

(4) Using the Cartesian closed structure of S and the adjunction A 4T we have

T(X2%) S[1,X29]
S[1 x AS, X]
S[AS, X]
Set[S, T'X]

(5) We show that x € TX +— nextox € T'(»X)is abijection. We first show surjectivity. Consider x” €
S[1,»X]. Then for each n € N, we have x/ (o) € »X(n + 1) = X(n) with x,_,(®)T = x/ , ,(e).
This defines a map x € S[1,X] as x,(e) := x, (). Moreover, (nexty o xy)(e) = ® = x;(e) and

[l

12

12

(neth+1 © xn+1)(') = xn+1(.)T = x}”H—Z(.)T = xr’1+1(.)
We now show injectivity. Let x, y € S[1, X] and assume next o x = nextoy : 1 —g »X. Then
for all n we have x,41(®)T = yp+1(®)T and thus x,(e) = y,(e). O

Following [Clouston et al. 2016], for a (closed) pure type A, we have
[mA] = AT[4]

In words, all components [mA](n) are equal to T[A], and the restriction maps of [mA] are identities.
In particular, a global section x € T'[WA] is a constant family (x,),~¢ describing a unique global
section x,.1(e) = x,(e) € T[A].

The term constructor unbox(—) is interpreted as the counit ¢ of the adjunction A 4 T': given
I'+ M : mA, we let Junbox(M)] be the composite

M
r] =5 [mA]=Ar[A] 5 4]

The term constructors box and prev rely on a strong semantic property of constant types, namely

that their interpretation lie (modulo isomorphism) in the image of the constant object functor A.
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Definition C.3 ([Clouston et al. 2016, Def. 2.2]). An object X of S is constant if X ~ AS for some
set S.

Note that the restriction maps of constant objects are bijections. Similarly as in [Clouston et al.
2016, Def. 2.2], if x € X(n) with X constant, then we write x € X(k) for the unique element of X (k)
which is equal to x modulo the bijective restriction maps of X.

Lemma C.4 ([Clouston et al. 2016, Lem. 2.6]). If A is a constant (pure) type, then [A] is a constant
object of S.

We now give the interpretations of box, (M) and prev (M) (where o stands for [x; > My, ..., x; —
My ]). Assuming in both cases [M] to be defined, for n > 0 we let

[boxs(M)](n) : [IJ(n) — AT[A](n) =T[A]

v (oo Ml (M), - M)

[prev,(M)[(n) : [II(n) — »[A](n) =[A]l(n+1)
v (Ml (M0 - M)

where the mismatches between n and m and between n and n + 1 are legal since [A;], ..., [Ax] are
constant by Lem. C 4.

C.3 External and Internal Semantics: Global Definitions

We can now give the full Set and S interpretations of the logical language. In contrast with §8, we
discuss the external semantics {|—[} in Set before the internal semantics [-] in S. In both cases, for
a:Ar @ :Ala), we let

Ty = T (L) = L

U™ = e(e™(T) ML) = e(p™(L)
(Recall that 6tag is only allowed when ¢ as at most « as free variable.)
Definition C.5 (External Semantics). Consider a formula oy : Ay, ..., : Ax v ¢ : A without free
iteration variable. Assume given a valuation v taking each propositional variable a; fori =1,...,k

to a set v(a;) € P(T[A;]). We define {|(p|}‘2 € P(T'[A]) by induction on ¢ in Fig. 16.
As for the internal S semantics [-], we give a global definition, in a form similar to Def. C.5.

Definition C.6 (Internal Semantics). Consider a formula ay : Ay, ..., o : Ax + ¢ : A without free
iteration variable. Assume given a valuation v taking each propositional variable a; fori =1,....k
to a subobject v(a;) of [A;]. The subobject ]2 of [A] is defined by induction on ¢ in Fig. 17.

The correctness of Def. C.6, namely that we indeed have [¢p]* € Sub([A]), as well as the
correspondence with the presentation of §8 are discussed in App. C.6.

Remark C.7. For closed formulae we can rephrase Def. C.6 as t € [¢]*(n) iff t 7 ¢, where the
forcing relation t - ¢ is inductively defined as follows.

tpad L

td T,

tedovyifft vl gort k2 g

trr o Ayifft w2 pandt K2y

t vty = giffforall k < n, tTk M—’]:\ ¢ whenever tTk M—’]:\ Y.

A [ iff () Wit g,
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()

{lo vyl

{ly = o)
{[milols> ™
{IlindJelyaor™
{[[fold]p[};>*)-4
{Ilev)loln—*
{I[box]e[}**
{I[next]p[}>*
{Vap(@l},
{utap(@)lf,
{vael)

{lnaplys

[1]5(n)
[o v y]5(n)

[V = olan) -

[l lel o (n)
[linile]o"* (n)
[[fold]g] 5 (m)
[lev(y)lp]5=4(n)
[[box]@]*A(n)
[[next]o]5*(1)
[inext]p]%4(n)
[vtap(a)]s

[t ap(e)]s
[vao]s

[naels

Proc. ACM Program. Lang.,

Guilhem Jaber and Colin Riba

= 0 {Tha = T[4] {lailys = o(a)
= {elsu{yls Qonylys = {olya n{yls
= (TLAD\ Q) v ol

{x € T[Ag X Ai] | 7 0 x € {lgl}2}

{x € T[4+ As] | 3y € T[A](x = in; oy and y € {Jol* )}

{x e T[Fix(X).A] | unfold o x € {|¢|}§[F‘X<X)'A/X]}
{xeT[B—A]|Vy eT[B]. y € (Y5 = evo (x.y) € {loh}
{x e T[mA] | x1(e) € {lg*}

{nextox e T[»A] | x € {lol}a}

{lo™(TI ([t] =m)

{lo™(L)Yy ([t =m)

U {s ( S e P(T[A]) and S {|§D|}3[5/aj}

N {s ( S € P(T[A]) and {lo}f}s/q < 5}

Fig. 16. External Semantics.

0 [Tl = [A] lea ] (@)
[elom) U [y15(n) [o Ayl = [e]om n[Y]5(n)
{t e [Al(m) | Vk < n, 1Tk € [y]o(k) = 11k € [p]5(k)}

ft & 4o x i) | m(0) € [o12 ()}

{t € [Ao + A1](n) | Fu € [A;](n), t =in;(u)and u € [[(pﬂ’g"(n)}

{t € [Fix(X).A](n) | unfold,(t) € [[(pﬂﬁ”“(x)-f‘/x](n)}

{t € [mA](n) = T[A] | t € {lo[}*}

= 1

= [eldn-1)  (n>1)
= [emMIs  (tl=m)
= [emWId ([t =m)

Vs ( 5 € Sub([A]) and § < [g],

NS | € Sub([A]) and [9] 4.,

S/aJ}
< s}

Fig. 17. Internal Semantics.
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ot n—‘,‘,“’J”‘\1 [in;]¢ iff there is u € [A;](n) such that ¢ = in;(u) and u Ik‘,?i ®.

t kB4 [ev(y)]p iff for all k < nand all u € [B](k), (tTk)(u) II—‘]? @ whenever u Il—f .
t n—f,ix(x)'A [fold]¢ iff unfold o ¢ II—‘,?[HX(X)'A/X] .

ot n—gA [next]e.

o t1F24 [nextloiff t 4 ¢.

t -4 [box]g iff t € {Jo|}”.

C.4 An Open Geometric Morphism

Key properties of the internal semantics of [box] rely on some further facts on the adjunction A 4 T'.
We refer to [Johnstone 2002; Mac Lane and Moerdijk 1992].

The functor A : Set — S preserves limits (in particular, A 4 T : & — Set is a geometric
morphism). It follows that A preserves monos, so that for each set S the function

A€ P(S) > AAe€ Sub(AS)
is a meet preserving (and thus monotone) map. It is easy to see that this map has a posetal left
adjoint
fi + Sub(AS) — P(S)
ProoF. A subobject A of AS is a family of subsets A = (A,), with A, C S. Hence we can let
fi(A) € P(S) be the set of all a € S such that a € A, for some n > 0. Then assuming fj(A) C B
for some set B € P(S), it follows that if a € A, then a € fi(A) C B so that a € (AB), and thus

A < AB. Conversely, if A < AB, then for every a € f,(A), since a € A,, for some n > 0, we must
have a € (AB),, = B, so that fj(A) C B. O

As a consequence, the adjoint pair A 4+ T : S — Set is an open geometric morphism (in the
sense of [Mac Lane and Moerdijk 1992, Def. IX.6.2]), from which it follows that A induces maps of
(complete) Heyting algebras (S) — Sub(AS) (see e.g. [Mac Lane and Moerdijk 1992, Thm. X.3.1 &
Lem. X.3.2]). We state this for later use.

Lemma C.8. For each set S, the functor A induces a map of (complete) Heyting algebras P(S) —
Sub(AS).

C.5 Abstract Modalities

We present here some well-known basic material which will help us proving the correctness of the
internal and external semantics.

Definition C.9. Let C be a category with pullbacks and consider a morphismk : X —¢ Y.
o The functork* : C/Y — C/X is defined by pullbacks

A ——=A

_I
k*(g)l Lg

X——Y
k
e The functor (k) : C/X — C/Y is defined by postcomposition:
(g:A—>X) > (kog:A—>Y)

The following is a basic property of toposes.
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Lemma C.10 ([Mac Lane and Moerdijk 1992, Thm. IV.7.2]). Let & be a topos and fix a map k :
X —g Y. The functor (3k) is left adjoint to k™ : §/Y — E/X. Moreover, k* has a right adjoint (Vk)
and preserves exponentials, and thus preserves subobjects.

Lemma C.11.

(1) The map (Jin;) : Set/S; — Set/(So + S1) induces a map P(S;) — P(So + S1).

(2) The map (Jin;) : S/X; = S/(Xo + X1) induces a map Sub(X;) — Sub(X, + X;).

Proor. Since in both cases the morphism in; is a mono. O

Lemma C.12. The map S/X — S/»X takingg : Y — X tow(g) : »Y — »X induces a map
Sub(X) — Sub(»X).

Proor. The functor » preserves limits since it has a left adjoint ([Birkedal et al. 2012, §2.1]). It
thus follows that » preserves monos. O

C.6 External and Internal Semantics: Local Definitions

Some key properties of the Set and S interpretations are easier to get if one goes through a local
presentation, as operations on subobject and powerset lattices, similar to that of [-] in §8. The
goal is to pave the way toward the correctness of both semantics:

Lemma C.13 (Lem. 8.3). The following holds w.r.t. the full modal theories of Def. 6.2.

(1) If ¢ @ then {lg|} = T[A].
(2) If+* ¢ then o] = [A].

The detailed proof of Lem. C.13 is deferred to App. E.1. It relies on the following material.

C.6.1 Internal Semantics. We use the material of §C.5 to devise operations on subobject lattices
corresponding to our modalities. This formally extends the presentation given in §8.

Definition C.14.

(a) Given S-objects Xy and X1, define [[7;]] : Sub(X;) — Sub(Xo X X1) as z;, where 7; : Xo x X1 —s
X; is the ith projection.

(b) Given S-objects X, and X, define [[in;]] : Sub(X;) — Sub(X, + X1) as (3in;), wherein; : X; —s
Xo + X, is the ith injection.

(c) Given a locally contractive functor T on S, define [[fold]] : Sub(T(Fix(T))) — Sub(Fix(T)) as
unfold®, where we have unfold : Fix(T) — s T(Fix(T)).

(d) Given a S-object X, define [[next]] : Sub(X) — Sub(»X) as »(-).

(e) Given a set S, define [[box]] : P(S) — Sub(AS) as A(-).

We now discuss the case of [ev(/)]p, which is actually interpreted as a logical predicate, in the
categorical generalization of the usual sense discussed in [Jacobs 2001a, §9.2 & Prop. 9.2.4]. We
follow here [Mac Lane and Moerdijk 1992, VL.5].

o First, extending the above discussion, for an object X of S, the (Heyting algebra) exponent
(=) =x (=) : Sub(X)xSub(X) —— Sub(X)
is given by
(A=x B)(n) = {teX(n)|Vk<n, tTk € A(k) = tTk € B(k)}
(see e.g. [Mac Lane and Moerdijk 1992, Prop. 1.8.5]).
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e Second, it follows from Lem. C.10 that for objects X, Y of S, taking the pullback of the
evaluation map ev : X¥ X Y — X gives a map of subobjects, as in

evi(A) ——
l |
XY xY —=X
ev
which in particular preserves limits and colimits.
e Third, in the internal logic of S, universal quantification over an object Y w.r.t. a predicate
A € Sub(X X Y) is given (again via Lem. C.10) by the right adjoint Vy := V(x) to x*, where 7
is the projection X X Y — X ([Mac Lane and Moerdijk 1992, §VL5, p. 300]). Moreover, via the

Kripke-Joyal semantics for a presheaf topos ([Mac Lane and Moerdijk 1992, §V1.7, p. 318]),
for A € Sub(X X Y), the presheaf Vy(A) at n is

{t € X(n) | Vk < n, Yu € Y(k), (tTk,u) € A}
We therefore let, for each pure types A and B,
llev()ll : Sub([B)) —> (Sub([A]) — Sub([B — A]))
take S’ € Sub([B]) to

llevH] = Sesub(AD) — Vig (2°(5) Spauisgs ev'(©))

where 7 : XY x Y — XY is a projection.
Now, note that we actually have

Lemma C.15. Consider a formula 3 + ¢ : A and v as in Def. C.6, such that [¢], € Sub([A]). We
have

1) [lmilelo = [lmll(elo)

@) [linidelo = [lin:d]([¢]o)

(3) [[fold]e]. = [[fold]]([¢]o)

(4) [[next]p]o = [[next][([¢]o)

(5) [[box]e] = [[box][([¢])

(6) [levlelo = [lev([¥])I([¢]o) for each+ ¢ : B such that [y/] € Sub([B]).

Proor.

(1) Since limits are computed pointwise in presheaves, we have
[rll(fel*)(n) = {(t,u) € [Ag x A](n) X [¢](n) | u=mt)}

which is clearly in bijection with [[7;]¢]4*41 (n).
(2) Trivial.
(3) Similar to the case of [r;].
(4) Trivial.
(5) Trivial.
(6) Immediate from the above discussion. O

We thus have done almost all the work to obtain the following basic fact.

Lemma C.16. Given a; : Ay,...,ar : Ax v ¢ : A, and v taking o; fori = 1,...,k tov(a;) €
Sub([A;]), we have [¢]4 € Sub([A]).
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Proor. The proofis by induction on formulae. The interpretation of the propositional connectives
follows the corresponding structures in presheaf toposes [Mac Lane and Moerdijk 1992, Prop. 1.8.5].
The cases of the modalities [A] follow from the induction hypothesis and Lem. C.15. The cases of
Oa¢ simply amount to the fact that for presheaf toposes, subobjects lattices are complete ([Mac Lane
and Moerdijk 1992, Prop. 1.8.5]). The cases of O*ag for t an iteration term are trivial. O

We now turn to the logical theory. We immediately get from the above:

Corollary C.17.

(1) The maps [[[7:]], [[fold]] and [[box]] are maps of Heyting algebras.

(2) The maps [[in;]] preserve v, L and A.

(3) The maps [[next]] preserve A, T and V.

(4) For each object X of S and each fixed S € Sub(X), the map [[ev(S)]] preserves A, T.

Proor.

(1) This directly follows from Lem. C.10 and Lem. C.8.

(2) Preservation of Vv, L follows from that fact that [[[in;]] is a left adjoint by Lem. C.10. For binary
conjunctions, first note that meets in partial orders are given by pullbacks. In a subobject lattice
Sub(Xj;), this can be expressed as

A

oo}

B ——
|

D <~—>
M

PR

(where arrows are inclusions maps). Since in; : X; — Xy + X; is a mono, the following is also a
pullback in Sub(X, + X;):

A B

‘_I

A

(3) Preservation of A, T follows from the fact that »(—) is a right adjoint ([Birkedal et al. 2012,
§2.1]). As for preservation of V, we check the details. Consider an object X of S and subobjects
A, B € Sub(X). We have to show »(A V B) = »(A) V »(B). But we have

A

oo}

in;

n

X - 'X0+X1

»(AVB) =1 =1U1 = (»(A)Vr(B))

and
»(AV B)pyy = (AVB), = A,UB,
= »(A)ps1 U»(B)n1
= (»(A) vV »(B)n+1
(4) This directly follows from Lem. C.10, via Lem. C.15 and the definition of [[ev(-)]]. O
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C.6.2  External Semantics. We now turn to operations on powerset lattices for the external
semantics.

Definition C.18.

(a) Given sets Sy and Sy, define {|[7;][} : P(Si) — P(So X S1) as 7}, where m; : Sy X Sy — S; is the ith
projection.

(b) Given sets Sy and Sy, define {|[in;][} : P(S;) = P(So + S1) as (Fin;), wherein; : S; — So + Sy is
the ith injection.

(c) Given a S object X, define {|[next][} : P(TX) — P(»X) as (Tnext)™!)", where (Tnext)™! :
I'(»X) — I'X is the inverse of T'(next) (Lem. C.2).

(d) Given a locally contractive functor T on S, define {|[fold][} : P(T(T(Fix(T)))) — P(TFix(T)) as
T'(unfold)*, where unfold : Fix(T) — s T(Fix(T)).

We trivially have (at appropriate types):

(lmilelt = Al (el

{IliniJolr = Allin:][y Qlel})
{Ilnext]pl} = {|[next]]} ({|ol})
{Ilfold]el} = {l[fold]l} ({lel})

Similarly as in Cor. C.17, we obtain the following.

Lemma C.19.

(1) The functions {|[z;]|}, {|[next]|}, {|[fold]|} are maps of Boolean algebras.
(2) The function {|[in;][} preserves V, L and A.

C.7 The Safe Fragment
The proofs of Lem. 8.5, Lem. 8.6 and Prop. 8.7 are deferred to App. E.2.

C.8 The Smooth Fragment
The proof of Lem. 8.8 is deferred to App. E.3.

C.9 Constant Objects, Again

For the adequacy of the typing rules of the term constructors box and prev, we need to generalize
Lem. C.4 (§C.2) to refinement types. To this end, it is convenient to extend the notation [-] to
refinement types.

Definition C.20. For T is a type without free iteration variables, we define [T] by induction as
follows:

[{ATe} = [o]
[Vk-T] = Anen[TIn/k]]
[[T() + T]]] = [[T()]] + [[Tl]]
[[T() X Tl]] = [[To]] X [[Tl]]
[U—-T] = [U]-I[T]
[»1] = »[T]
[mT] = AT[T]

We can now extend Lem. C.4. We crucially rely on the fact that A preserves limits (see e.g. [John-
stone 2002, Ex. 4.1.4]).

Lemma C.21. IfT is a constant type, then [T] is a constant object of S.
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Proor. The proof is by induction on types. The cases of the type constructors +, X, — are easy
and discussed in [Clouston et al. 2016, Lem. 2.6]. In the case of Fix(X).A, since all occurrences
of X in A should be guarded by a », and since W can only be applied to closed types, it follows
that X cannot occur in A. Then [A] is constant by induction hypothesis and we are done since
[Fix(X).A] =~ [A] in this case. The case of WT is trivial. As for Vk - T, since |T| is constant, we
have [|T|] = AS for some set S. By induction hypothesis for each n € N we have [T[n/k]] = AS,
for some set S,, with AS, € Sub([|T|]). Note that AS, can be seen as a subobject of AS. Recall
from §C.4 the posetal left adjoint

fi : Sub(AS) — P(S)

of the map
A : XeP(S) > AX € Sub(AS)

In particular A : P(S) — Sub(AS) preserves meets and we get

[Vk - T] AnlTIn/k]]
An ASn

An AfINS,
ANy fiASn)

As for refinement types, we show by induction on + ¢ : A with A constant that [¢] is a constant
object.

Casesof T, L, A, Vand =.
All these cases follow from (the induction hypothesis and) the fact that A induces maps of
Heyting algebras on subobject lattices (Lem. C.8).

Case of [box]¢.
Trivial, since [[box]¢] is in the image of A.

Case of [next].
This case cannot occur since A is constant.

Case of [fold]g.
In this case, we have A = Fix(X).B. Since X is guarded in B, it must not occur in B, and we
have [A] = [B] via unfold. Moreover [B] is constant, with say [B] ~ AS and by induction
hypothesis, [[¢]] is a constant subobject of [B], say [[¢]] =~ A®. Now, [[fold]¢] lies in the
pullback diagram

R

R

[l

unfold*([¢]) = [[[jold]qo]} ——— o] = A(®)

|

[A] ——— 7= [Bl = A®)

Since unfold is an iso, the upper arrow r is also an iso, and we are done.

Case of [7;]o.
We rely on the description of [[7;]¢] as [[7:]]([¢]) in §C.6. By induction hypothesis and
recalling that A preserves finite products, consider the pullback

7 ([e]) = [[[f_rli]q)]] — [l = A(®)

A(So) X A(S1) —— A(S)
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Then one can take the corresponding pullback in Set

/T_I (If
So X S1 ?‘Sl

and this implies that [[7;]¢] ~ A(¥) since A preserves finite limits.

Case of [in;]e.
We rely on the description of [[in;]¢] as [[in;]]([¢]) in §C.6. The result follows from the
induction hypothesis and the fact that A preserves finite limits and colimits, as in:

[l =A@ — AS) "5 ) +AS)

Case of [ev(¥)]p.
We rely on the description of [[ev(/)]¢] in §C.6, that is

llevlol = Vs (7D = payoigs ev' (o))
The result then follows from Lem. C.8 and the fact that A thus preserves universal quantifi-
cations (see e.g. [Mac Lane and Moerdijk 1992, Thm. X.3.1 & Lem. X.3.2]).
Cases of 0'ap and Hagp.
By assumption, the occurrences of « in ¢ should be guarded by a [next]. Since [box] can only
be applied to closed formulae, this imposes o not to appear in ¢. But then the result follows
by induction hypothesis. O

C.10 Realizability

We detail the steps toward the Adequacy Theorem 8.12. Full proofs are deferred to App. E.4. The
first basic result we need about our notion of realizability is that it is monotone w.r.t. step indexes.

Lemma C.22 (Monotonicity of Realizability). Let T be a type without free iteration variables. If
X Wy, T thenx Wy T forallk < n.

The correctness of subtyping requires two additional lemmas. The first one concerns the rule

T < |T|
Lemma C.23. For a pure type A and x € T[A], we have x I+, A for alln > 0.

Second, we need a result of [Clouston et al. 2016] for the correctness of the subtyping rules

{Bly} = {Al e} <{B— Allev({)]e}
I,x:{B|y}+rM:{A] ¢}
TrAx.M:{B— Al [ev(¥)]o}

An object X of S is total if all its restriction maps r:X : X,;; — X, are surjective. Hence, if X is
total, then given t € X, for some n > 0, there is a global section x : 1 — s X such that x,(e) = .

Lemma C.24 ([Clouston et al. 2016, Cor. 3.8]). For a pure type A, the object [A] is total.

We then obtain the correctness of subtyping as usual. The rules

Ho=y o=y
{Ale} <{AlY} {mA | [box]p} < {mA | [box]y}
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rely on Lem. C.13 (Lem. 8.3), while

¢ safe
m{A]| ¢} = {mA][box]e}

is given by Prop. 8.7.

Lemma C.25 (Correctness of Subtyping (Lem. 8.11)). Given types T, U without free iteration variable,
ifx i, UandU < T thenx I+, T.

We now have all we need for the Adequacy Theorem 8.12. As usual it requires a stronger inductive
invariant than the statement of Thm. 8.12. Given a typed term

x1:T, ..o, xp T WM T
and global sections u; € T[|T1|], . .., ux € T'[|Tk|], we obtain a global section
[M] o (uyy..coury = 1 — [|T]]

We introduce some notation to manipulate these global sections. Given a typing context I' = x; :
Ti,...,xk : Tx we write p |= T if p takes each x; fori = 1,. ..,k to some p(x;) € I'[|T;|]. Given a
typing judgment I' - M : T, we let

[M], = [M] o (pCxr), ... p(xi))

Given p |=T and n > 0, write p I+, T if p(x;) I, T; foralli = 1,...,k. Thm. 8.12 is proved under
the following form.

Theorem C.26 (Adequacy (Thm. 8.12)). Let I, T have free iteration variables among €, and let
meN.IfT+FM:Tandp |=T, then

Vn>0, pir, T[f/m] = M]p t-p T[¢/m]

Corollary C.27. (1) Consider a closed term+ M : {A | ¢} with ¢ safe. Then [M] : 1 — s [A] € {l¢l}-
(2) Consider a closed term+ M : {A |y} — {A| ¢}, with ¢, ¥ safe. Then [M] induces a function
T'[M] taking x € {|¢|} toT[M] = [M] o x € {|ol}.

Corollary C.27 of course extends to any arity. As a consequence of Cor. C.27 and Magel-
berg’s Theorem 8.13 [Magelberg 2014], for a closed term M : {mP | [box]¢} with P polynomial,
the unique global section [M],+1(e) = [M].(e) € T[P] satisfies ¢ in the standard sense (i.e.
[M]n+1(e) = [M]n(e) € {l¢[}). Moreover a function, say M : {mQ | [box]y'} — {mP | [box]¢} with
Q, P polynomial induces a Set-function

r[M] : T[mQ] — TI[mP]
x + [M]ox
such that, if y € T[Q] =~ TAT[Q] = I'[mQ] satisfies ¢ in the standard sense (i.e. y € {|¢|}), then the

unique global section T[M](y)n+1(e) = T[M](y)n(e) € T[P] satisfies ¢ in the standard sense (i.e.
belongs to {|¢[}).

C.11 A Galois Connection

In §8, we indicated that safe formulae over Str® A are safety (i.e. topologically closed) properties.
In view of Megelberg’s Theorem [Mogelberg 2014] (Thm. 8.13), this generalizes to polynomial
recursive types: safe formulae on polynomial recursive types define closed sets for the usual tree
(or stream) topology.
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We briefly elaborate on this. Fix an object X of S. There is a Galois connection between the
subobjects of X in § and the subsets of 'X in Set:

Pref 4 Clos : Sub(X) — P(IX)
where for S € P(T'X) and B € Sub(X),
Pref(S) : n+— {xp(e)|x €S}
Clos(B) = {xeTX|Vn>0, x,(e) € B(n)}
Of course, Clos is the restriction of T : § — Set to the subobjects of X.

Let us spell out the fact that Pref 4 Clos form a Galois connection. Fix an object X of S. First, it
is trivial that the functions

Pref : P(TX) — Sub(X)
Clos : Sub(X) — P(I'X)

are monotone w.r.t. the orders of the lattices £ (I'X) and Sub(X). Moreover, we have:

Lemma C.28. We have
(i) S C Clos(Pref(S)) for S € P(TX).
(ii) Pref(Clos(B)) C B for B € Sub(X).
Proor.

(i) Given x € S, by definition we have x,(e) € Pref(S)(n) for all n > 0, so x € Clos(Pref(S)).
(ii) Given a € Pref(Clos(B))(n), there is some x € Clos(B) such that a = x,(e). But x € Clos(B)
means x(e) € B(k) for all k > 0, so that a = x,(e) € B(n). o

As usual, we trivially get
Pref(S) < B iff S C Clos(B)

Say that S € P(I'X) is closed if S = Clos(B) for some B € Sub(X). It is easy to see that S is closed if
and only if S = Clos(Pref(S)). Note that S = Clos(Pref(S)) unfolds to

Vx €T[A], x€S iff Vn>0, JyeS, xp(e)=1yn(e)

When A is a polynomial recursive type, Thm. 8.13 thus says that S is closed if and only if S is closed
for the corresponding usual tree (or stream) topology. Since Prop. 8.7 can be formulated as

{leh = Clos([¢])
it indeed says that {|¢|} is closed for the usual topology.
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D DETAILS OF THE EXAMPLES
D.1 Guarded Streams
D.1.1  The Later Modality on Guarded Streams.

Example D.1. We have the following basic modal refinement types for Cons® and tl®:

Cons® : A — »{Str8A|¢p} — {Strt A| O¢}
tle . {Str8 A| O¢p} — »{Str8 A| ¢}

Proor. We begin with Cons8. Recall that Cons8 = Ax.As.fold(x, s) and that O(—) = [fold][;][next](-).
The result then follows from the following derivation:

x:A s:»{StreA| g} Fs:»{Str8A| ¢}

x:A s:» {StrPA| ¢} + (x,s) : {AX» Str® A | [71][next]p}
x: A s:»{Strt A| ¢} + fold(x,s) : {Str® A | [fold][7;][next]p}

As for tI8, recalling that tI® = As.z;(unfold s), the result follows from

s: {Str8 A| O} F s : {Str® A | [fold] [ ][next]e}
s: {Str® A| Og} F unfold s : {A X » Str® A | [;][next]p}
s: {Strt A| O¢} + m(unfold s) : {» Str® A | [next]p}

s : {Str® A| O} + mi(unfold s) : » {Str8 A | ¢}

D.1.2  Destructors of Guarded Streams.
Example D.2. The types of hd® and tI® can be refined as follows with the always modality O:

hd® : {Str8 A|O[hd]p} — {A]| ¢}
tl . {Str8 A| O[hd]e} — » {Str8 A| O[hd]p}

Proor. Recall that [hd]¢ = [fold][7p]p. We begin with the typing of
hd® := As.m(unfolds) : {Str® A|O[hd]e} — {A] ¢}

We use F*4 O[hd]p = [hd]e (Ex. 4.7).

FSU4 Olhd]p = [hd]e
s: {Str2 A| O[hd]p} F s : {Str® A| O[hd]e} {Stre A | O[hd]e} < {Str® A| [hd]e}
s: {Strt A| O[hd]p} + s : {Str2 A| [hd]¢}
s : {Str2 A| O[hd]p} F unfold s : {AX »Str® A | [mo]e}
s : {Str® A | O[hd]p} + mo(unfold s) : {A | ¢}
F As.mo(unfold s) : {Str® A | O[hd]e} — {A] ¢}

We continue with the typing of
tl® = As.m(unfolds) : {Str8 A|O[hd]p} — » {Str8 A| O[hd]¢}
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We use F"4 O[hd]¢ = OO[hd]g (Ex.4.7). Recall that Og = [fold][7;][next]p.

"4 O[hd]p = OO[hd]p
s: {Str2 A| O[hd]p} + s : {Str® A | O[hd]p} {Str® A | O[hd]e} < {Str® A | OO[hd]p}
s: {Str2 A| O[hd]p} F s : {Str® A| OO[hd]e}
s {Str® A| O[hd]p} F unfold s : {A X » Str® A | [mo][next]O[hd]p}
s : {Str® A | O[hd]e} F m(unfold s) : {» Str® A | [next]d[hd]¢}

s : {Str® A | O[hd]p} F m1(unfold s) : » {Str® A | O[hd]p}
F As.m(unfold s) : {Str® A | O[hd]p} — » {Str® A | O[hd]p}

D.1.3  Constructor of Guarded Streams.
Example D.3. The type of Cons® can be refined as follows with the always modality O:
Cons® : {A|¢} — » {Str® A|O[hd]p} — {Str5 A| O[hd]¢}
Proor. We show
Cons® := Ax.As.fold(x,s) : {A]|¢@} — » {Stre A|O[hd]e} — {Str8 A| O[hd]¢p}
To this end, we use the following derived rule (see Ex. 5.1):

F'rM:{A] ¢} IF'rN:{B|y}
I'H(M,N) : {AX B | [mo]o A [m]y}

Consider the typing context
I = x:{A]|¢}, s:»{Str8 A| O[hd]¢}
We know from §D.1.1 that
T + fold(x,s) : {Str® A | OO[hd]¢}
Since 54 ([hd]e A OO[hd]p) = O[hd]e (Ex. 4.7), we are done if we show
T + fold(x,s) : {Str® A | [hd]p}

But this is trivial:
F'rx:{A]| ¢}
TF{(x,s): {Ax»Str2 A| [mo]e}
T + fold(x,s) : {Str® A | [fold][m]¢p}

D.1.4 Map over Guarded Streams.
Example D.4. We have the following:

map® :  ({Al¢} = {B|y}) — {StrtA|O[hd]g} — {StréB|O[hd]y}
= Af fix(g).As.(f(hd® s)) =8 (g ® (tI® 5))
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Proor. We proceed as follows, using §D.1.2 and §D.1.3:

Tks:{Stf A| O[hdle} _ ks {Str*A|Dlhd]p}
C Trhds:{Alg}  TrtBs:e(StfA|Ofhdlp}
Tr f(hd®s): {B|¢}  Trg®(tls):» {StrtB|O[hd]y}

FASf fix(g).As.(f(hd® s)) 8 (g @ (tlEs)) : T

T = ({Al¢} = {B|y}) — {Str8A|O[hd]p} — {Stré B|O[hd]y}
I == f:{A|le} > {B|¢},g:»({Stre A|O[hd]p} — {Str® B| O[hd]¢'}), s : {Stre A | O[hd]e}

]

D.1.5 Merge over Guarded Streams.
Example D.5. We have the following:

merge® :  {StrfA| D[go]} — {Strf A| D[g1]} — {Str¥ A | O([go] V [¢1])}
= fix(g).Asp.As;.Cons® (hd® s) (next(Cons® (hd® s;) (g9 ® (tI® sp) ® (tI® s1))))

Proor. Let I be the context

g:»({Str8 A| O[]} — {Str8 A| D[]} — {Stre A| O([go] V [@1])} ) ,
so : {Strf A | Dlgol} ,
sy {Stre A | Ofg1]}
We have
T+ hd® S()I{A|(p0} T+ tl® So :>{StrgA| D[(Po]}
T'+hd®s;:{A] ¢} T Htl®sy:» {Strs A| Ofg,]}
We thus get
ge(tlEsy) @ (tles) = »{StrBA| D([go] V [@1])}

and we are done since using subtyping we have

Const : {A]|@} — »{Strt A|O([po] V [p:1])} — {Str8 A| O([o] V [@1])}
Cons® : {A]|@i} — »{Strf A|O([po] V [@1])} — {Str8 A| O([go] V [@1])}

D.2 Operations on Coinductive Streams
Example D.6 (Operations on Coinductive Streams). For a safe ¢ of the appropriate type, we have
hd : {StrA|[box]O[hd]e} — {A] ¢}
tl : {StrA|[box]O[hd]gp} — {StrA| [box]O[hd]e}
tl : {StrA|[box] O ¢} — {StrA| [box]e}
Proor.

Case of hd.
Recall that
hd StrA — A
:=  As.hd® (unbox s)

Proc. ACM Program. Lang., Vol. 1, No. POPL, Article 1. Publication date: January 2020.



Temporal Refinements for Guarded Recursive Types 1:47

We have
s : {StrA | [box]O[hd]¢} + s : {Str A | [box]O[hd]¢} O[hd]g safe

s : {StrA| [box]O[hd]e} + s : m{Str® A | O[hd]p}
s : {Str A | [box]O[hd]p} + unbox s : {Str® A | O[hd]e}

s : {Str A | [box]O[hd]e} + hd®(unbox s) : {A | ¢}
F As.hd® (unbox s) : {StrA | [box]O[hd]p} — {A] ¢}

Cases of tl.
Recall that
tlh StrA — StrA
= As.box,(prev,(tl® (unbox s)))
We have

s : {StrA| [box]d[hd]e} F s : {StrA | [box]O[hd]p}

s : {Str A | [box]O[hd]e} + tI® (unbox s) : » {Str® A | O[hd]p} Str A constant
s : {Str A | [box]O[hd]¢} + prev,(tl® (unbox s)) : {Str® A| O[hd]e}
s : {Str A | [box]O[hd]¢} F box,(prev,(t[® (unbox s))) : m{Str® A | O[hd]e} O[hd]¢ safe

s : {Str A | [box]O[hd]e} + box,(previ(tl® (unbox s))) : {StrA | [box]O[hd]¢}
F As.box,(prev,(tl® (unbox s))) : {StrA| [box]O[hd]p} — {StrA | [box]O[hd]e}

and

s:{StrA|[box] O ¢} Fs: {StrA|[box] O ¢}

s {StrA|[box] O ¢} F tI® (unbox s) : » {Str® A | ¢} Str A constant
s : {StrA| [box] O ¢} F prev,(tl® (unbox s)) : {Str2 A | ¢}
s : {StrA | [box] O ¢} F box,(previ(tl® (unbox s))) : m{Str® A| ¢} ¢ safe

s : {Str A | [box] O ¢} + box,(prev,(tI® (unbox s))) : {StrA | [box]e}
F As.box,(prev,(t18 (unbox s))) : {StrA|[box] O ¢} — {StrA]|[box]e}

D.3 Map over Coinductive Streams
We discuss here the cases of
map : ({B|y} — {A]¢}) — {StrB|[box]a[hd]y} — {StrA|[box]a[hd]p}

where i, ¢ are safe and smooth and where A € {0, <, 00,00}, The case of O is handled as in
Ex. 5.4, using that O[hd]¢ and O[hd]y are safe. The case of < is detailed in Ex. D.7 (§D.3.1). The
idea is that since ©[hd]p, O[hd]y are smooth and since ©*[hd]p, O*[hd]y are safe, we can reduce
to typing the guarded map® as

map® : ({B|y} — {A|¢}) — Vk- ({Stre B| OF[hd]y} —> {Strt A| OF[hd]e})

The case of &0, detailed in Ex. D.8 (§D.3.2), is more involved. Since GO[hd]p, $O[hd]y are smooth
and O*O[hd]p, ©*O[hd]y are safe, we similarly reduce to showing (map® f) : Vk - T(k) where

T(k) := {Str8B|OkO[hd]y} — {Str8 A| OFO[hd]e}
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and assuming f of type {B | } — {A| ¢}. But this is unfortunately too weak. Similarly as with <,
it is natural to first assume the type »Vk - T(k) for the recursion variable g and then to apply the
(V-CI) rule (Fig. 11) on Vk - T(k). In the case of T(k+1), we unfold

okt 1g[hdly e O[hdly v OOFO[hd]y
and apply the (V-E) rule (Fig. 8). But in the branch of O[hd]¢, giving g the type, say,
{str8 B| ©'O[hd]y} — {Str8 A| ©'O[hd]e}
is not sufficient to derive
s:{Str¢ B| O[hd]y} + g&(tlEs) : »{Stre A|O[hd]e}

The reason is that [next] (and thus O) does not satisfy axiom (P) of Table 3 (see §8). The solution is
to use the [ev(—)]/|[— modality (see Not. 7.1) to encode a kind of “intersection” on arrow types (see
Rem. 4.8), and to type (map® f) with

Vk - {StrgB — Stré A

(0*Dlhdly | ©*Olhdle) A (Blhdly |- Olhdle)}

We finally turn to O<. Using that OO [hd]g and OO [hd]y are both smooth, we first unfold the O’s
using the rules (v-I) (Fig. 11) and then (v-E) (Ex. 6.10), thus reducing to
box, (map® f (unboxs)) : {StrA|[box]0C[hd]e}

assuming f : {B |y} — {A| ¢} ands : {StrB | [box]DfO[hd]tﬁ}. Then, since Clhd]p, C[hd]y are
smooth, we can unfold the &’s using the rules (p-E) and (p-I) with the non-trivial smooth context

y(p) = 0B
Since the formulae O¢CK[hd]y and O OK[hd]g are safe, we can reduce to showing
As. (f(hd®s)) 8 (g@ (tlBs)) : Ve -Vk-U(L k)
U(t,k) = {streB|O‘CK[hd]ly} — {Stre A| O/OF[hd]e}

assuming f : {B| ¢} — {A| ¢} and g : »V{ - Yk - U(¢, k). We apply the (V-CI) rule on V¢ - Vk -
U(¢, k). The case of Vk - U(0, k) is trivial since 0%9 < T. We then apply the (V-CI) rule, this time
on Yk - U(¢+1,k). The case of U({+1,0) can be dealt with using the (ExF) rule. In the case of
U(¢+1, k+1), we conclude with a straightforward case analysis based on the unfoldings

OOk [hd]9 © OF[hd]9 A QOO [hd]9
Ok1hd]9 o [hd]9 v OOF[hd]d

See Ex. D.9 (§D.3.3) for details. Just note that since OT < T (Table 3) we have 0'$ & 9, so that
g:»Ve-Vk-Ulk) v g : {St8B|OK[hdly} — {Stre A| OF[hd]p}
D.3.1 The Case of Eventually (C[hd]e).

Example D.7. We have the following, for safe and smooth ¢ and i

map : ({B|y}— {A]¢e}) — {StrB|[box]O[hd]y} — {StrA| [box]<lhd]e}
= Af.As.box,(map8 f (unbox s))

Proor. Since ¢lhd]g and $[hd]y are both smooth, we can first reduce to
I, s: {StrB|[box]OX[hd]y} + box,(map® f (unboxs)) : {StrA|[box]O¥[hd]e}
where

I = f:{B|y} = {Al¢}
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Since the formulae OF[hd]y and O¥[hd]y are safe, we are done if we show

map® :  ({B|y} > {Ale}) — Vk- ({St8B|OF[hd]y} — {Str8 A| OF[hd]e})
= Af.fix(g).As.(f(hd8 s)) :8 (g @ (tI8 5))

Let
N = (f(hd®5s)) :5 (g @ (tl¥s))
M = As.N
T(k) = {StreB|OF[hd]ly} — {Str8 A| OF[hd]e}
r = Iy, g:»Vk-T(k)
We show

' + M : Vk-T(k)
We reason by cases on k with the rule
I'rM:T() F'rM:T(k+1)
T'rM:Vk-T(k)

Case of T(0).
We show

T, s:{StrsB|O°hdly} + N : {Stre A|O°[hd]e}
Since + O°[/] & L, we conclude with the (ExF) rule
T,s: {StrgB | Oo[hd]lﬁ} Fs:{Str¢B| L} T,s: {StrgB i Oo[hd]lﬁ} FN:Str8 A
T, s:{Str¢ B| O°[hd]y} + N : {Str8 A | O[hd]ep}

Case of T(k+1).
We show

T,s:{StreB| Ok [hdly} + N : {StreA| O [hd]p}

Using
P OMhdly & ([hdly v OO hdly)
we do a case analysis on the refinement type of s.
(Sub)Case of [hd]y.
Since + [hd]p = ©OF*'[hd]e, we reduce to showing

[,s:{Str¢B|[hd]y} + N : {Str8A|[hd]p}
By §D.1.2 we have
[,s:{Str!B|[hd]y} + hdés : {B|y}
But we are done since
Cons® : {A|¢} — »StrtA — {Str8 A| [hd]e}

(Sub)Case of OO [hd]y.
Since - OCK[hd]p = O**'[hd]e, we reduce to showing

L, s: {StrsB| OCk[hdly} + N : {Strs A| OOF[hd]p}
By §D.1.1 we have

I, s:{Stre B|OCF[hd]ly} + ts : »{Stre B| Ok[hd]y}
Since

I v g : Vk-»({St8B|OF[hd]y} — {Stre A| OF[hd]e})
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we have
I v g : »({StrsB| OF[hd]y} — {Strs A| OF[hd]e})
Since moreover by §D.1.1 we have
Cons® : A — >{StrgA|<>k[hd](p} — {StrgA|O<>k[hd]q0}
we deduce that

L, s:{StrsB| OCF[hdly} + N : {StrsB| OO[hd]y}

D.3.2 The Case of Eventually Always (CO[hd]g).

Example D.8. We have the following, for safe and smooth ¢ and y:

map : ({B|y}— {A|e}) — {StrB|[box]CO[hd]y} — {StrA|[box]<CO[hd]e}
= Af.As.box,(map8 f (unbox s))

Proor. Since ¢O[hd]g and ¢O[hd]y are both smooth, we can first reduce to
Ir, s: {StrB \ [box]OkD[hd]t//} F  box,(map® f (unboxs)) : {StrA| [box]OkD[hd](p}
where
I = f:{Bly} —{Al¢}
Since the formulae OXO[hd]y and OXO[hd] are safe, we are done if we show
map® :  ({B|y} > {Ale}) — Vk-({St8B|okO[hdly} — {Strt A| OkO[hd]e})
= Af.fix(g).As.(f(hd® 5)) ::8 (g @ (tI® 5))

Let
N = (f(hd85s)) =8 (g ® (tI® 5))
M = As.N
T(k) = {Str8B— Str# A| (OFO[hd]y > O*O[hd]p) A (O[hd]y |l— O[hd]e)}
r = Ty, g:»Vk-T(k)
We show

r + M : Vk-T(k)
We reason by cases on k with the rule
I'M:T() ' M:T(k+1)
IF'rM:Vk-T(k)

Case of T(0).
We have to show

I,s:{St¢B|O[hdly} + N : {Str2A|O[hd]y}
and I, s:{StrsB| 0°Ofhd]ly} + N : {StrtA|<0°O[hd]p}

We only detail the latter since the former can be dealt-with as in §D.1.5. Since
OOy e L
we conclude with the (EXF) rule
T, s:{Str¥B| ©°O[hd]y} +s: {Str8B| L} I, s:{Stre B|©°O[hd]y} r N : Str8 A
T, s:{Str8 B| <C°0O[hd]y} + N : {Str8 A | G°0[hd]e}
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Case of T(k+1).
We show

I, s: {Strt B | O[hd]y} N : {StreA|DO[hd]e}
and T, s:{StsB| Ok 'O[hdly} + N : {Stre A| OF'O[hd]e}

We only detail the latter since the former can be dealt-with as in §D.1.5. Using
FoOMOlhdly o  (Olhdly v OO*O[hd]y)

we do a case analysis on the refinement type of s.
(Sub)Case of O[hd]y.
We show

[, s:{StrtB|Olhdly} + N : {StreA|<OFOlhd]e}
Note that + O[hd]p = ©**'O[hd]e. We can therefore reduce to
[,s:{Str!B|O[hd]ly} + N : {Str8 A|O[hd]p}

and we can conclude as in §D.1.5.
(Sub)Case of OO*O[hd]y.
Since - OCKO[hd]p = ©**'0O[hd]p, we reduce to showing

T, s:{StrsB|OOkO[hd]y} + N : {streA|OOFO[hd]e}
By §D.1.1 we have
T, s:{StrsB|OO*O[hd]y} + tiBs : »{Str¢ B| OFO[hd]y}
Since
I' v+ g : Vk-»({StreB|OkO[hd]y} — {Stre A| O¥O[hd]e})
we have
I v g : »({StrsB|O*O[hd]y} — {Stre A| O*O[hd]e})
Since moreover by §D.1.1 we have
Cons® : A — »{Str8A|OkOlhd]p} — {Stre A| OO*DO[hd]e}
we deduce that

I, s:{streB|OCkOlhdly} + N : {str#B|O<OkO[hd]y}

D.3.3 The Case of Always Eventually (O<C[hd]e).
Example D.9. We have the following, for safe and smooth ¢ and

map :  ({B|y} = {A|¢}) — {StrB|[box]OC[hd]y} — {StrA| [box]O<[hd]e}
= Af.As.box,(map8 f (unbox s))

Notation D.10. We let
Oty
Dt(p

uta.p Vv Qa
vta.p A Qa
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Proor. We start in the same spirit as in §D.3.1 and §D.3.2. Using that OO [hd]p and OC[hd ]y
are both smooth, we first unfold the O using the rules (v-I) and (v-E). Then, since <[hd]g and
<[hd]y are both smooth, we can unfold the < using the rules (u-E) and (p-I) with the non-trivial
smooth context

y(p) = 0B

We are thus led to deriving

Ir, s: {StrB \ [bOX]D[Ok[hd]lﬁ} F  box,(map® f (unboxs)) : {StrA| [box]DKOk[hd](p}
where

I = f:{Bly} —{Al¢}

Since the formulae O/ O*[hd]y and OO [hd]g are safe, we are done if we show

map® :  ({Bly} > {A]|¢}) — Vk-VC- ({StrtB|O‘OK[hd]y} — {Stre A| O¢OF[hd]e})

= Af.fix(g).As.(f(hd® 5)) :8 (g @ (tl® 5))

Let
N = (f(hd®5s)) ::8 (g ® (tl% 5))
M = As.N
T(k,t) := {Str8B|O‘Ok[hdly} — {Str8 A|D/Ok[hd]p}
r = Iy, g:»Vk-VC-T(k,0)
We show

' + M : Vk-VC-T(k,¢)
We reason by cases on k and ¢. This amounts to the derived rule

TrM:T(©0,0) TrM:T®,0+1) TrM:T(k+1,0) T M:T(k+1,0+1)
TrM:Vk -V T(k,¢)

Cases of T(u, 0).
We have + 0%) T, and we are done since

I,s:{Str¢B|T} + N : {StrtA|T}

Case of T(0, {+1).
We have + ©°[0] & L, and we reduce to showing

I,s:{stB|O"1} + N : {StrtA|DH L}
But since - 0" 1 = 1, we have
I,s:{StrsB| O} + s : {Su8B|.L}
and we conclude with the (ExF) rule
I,s:{Str8B|O L} rs:{St8B| L} T, s:{Str!B|O0 L} r N:StiBA
T, s: {StrgB | D[”J_} FN: {StrgA| D”U_}

Case of T(k+1,¢+1).
Using 574 010 < (0 A OO%9), we show

T, s: {St8B| OOk hd]y} + N : {StrBA|OF[hd]e A OOOF 1 [hd]p}

We consider each conjunct separately.
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(Sub)Case of OF*'[hd]¢.
We show

I,s:{StreB| OO hd]ly} + N : {StreA| 0K '[hd]p}
Using
I,s: {StrgB | o+ <>k+1[hd]¢} Fos o {StrgB | <>k+1[hd]¢}
and - OF*'[hdly & ([hd]y v OOF[hd]y) we do a case analysis on the refinement type

of s.

(SubSub)Case of [hd]y.
Since (by §D.1.1)

[,s:{Str¢B|[hd]y} *+ hd®s : {Str¢B]|[hd]y}
we easily deduce that
I,s:{Str¢B|[hd]y} + N : {Str®A|[hd]p}

and we are done since  [hd]p = O%*'[hd]e.
(SubSub)Case of O [hd]y.
By §D.1.1 we have

I,s:{Stre B|OCFhd]ly} + tiEs : »{Str8 B| OF[hd]y}
Since
I' v g : Vk-Ve-» ({StrsB|OOF[hd]y} — {Str8 A| O/OF[hd]e})
we have
I v g : »({StreB|O'OF[hd]y} — {Stre A| O'OF[hd]e})
But+ (8 AQT) & 6, so that - 0'0 < 0, and thus
I v+ g : »({StreB|OF[hd]y} — {Str8 A| OF[hd]p})
Since moreover by §D.1.1 we have
Cons® : A — »{StrgA|<>k[hd](p} — {StrgA|Q<>k[hd]<p}
we deduce that
L, s: {StrsB| OCk[hdly} + N : {StrsB| OO[hd]y}

and we are done since - Q<CK[hd]p = O**1[hd]e.
(Sub)Case of OO OF*1[hd]e.
We show

L,s: {St8B| OO hd]y} + N @ {StBA| QOO 1[hd]e}
Since

I, s:{StreB| OO hd]ly} + s @ {StrtB| QDO [hd]y}
by §D.1.1 we have

T, s: {St8B| O Ok [hd]y} + tiBs : »{Stre B|O/OF [hd]y}
But now since

I v g : Vk-Ve-» ({StrsB| O/OF[hd]y} — {Str8 A| O/OF[hd]e})
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we have
I v g : »({StreB| OOk [hd]y} — {Strs A| OOk [hd]g})
and we conclude with §D.1.1, namely

Cons® : A — >{StrgA|D€<>k+1[hd]qa} — {StrgA‘ODEOkH[hd](p}

D.4 The Diagonal Function

Consider a stream of streams s. We have s = (s; | i > 0) where each s; is itself a stream s; = (s; j [ j >
0). The diagonal of s is then the stream (s; ; | i > 0). Note that s; ; = hd(tI’(hd(tl’(s))). Indeed, tI(s)
is the stream of streams (s | k > i), so that hd(tl'(s)) is the stream s; and tI’(hd(tl’(s))) is the stream
(si.x | k = i). Taking its the head thus gives s; ;.

We implement the diagonal function as follows:

diag := As.box,(diag® (unboxs)) : Str(StrA) — StrA
diagt := diagaux8id : Str8(StrA) — Str8 A
diagaux® :  (StrA — StrA) — Str8(StrA) — Str8 A

= fix(g).At.As. Cons® ((hd o t)(hd® s)) (g ® next(t o tl) ® (tI® s))

The auxiliary higher-order function diagaux® iterates the coinductive tl over the head of the
stream of streams s. We write o for function composition, so that assuming s : Str8(Str A) and
t: Str A — Str A, we have

(hd®s) : StrA (hdot) : StrA— A
(hdot)(hd®s) : A (totl) : StrA— StrA

This requires the coinductive type Str A. In Ex. D.11 (§D.4.1) below, for a safe ¢ we obtain
diag® : {Str&(StrA) | O[hd][box]O[hd]p} — {Str® A|O[hd]e}
This easily follows from the fact that using Ex. 5.3 and Ex. 5.4, we can type diagaux® with
({StrA | [box]O[hd]g} — {StrA | [box]O[hd]p}) —>
{Str&(Str A) | O[hd][box]O[hd]¢} — {Str® A | O[hd]e}

In Ex. D.12 (§D.4.2) we show that for a safe and smooth ¢, we have

diag : {Str(StrA) | [box]<CO[hd][box]d[hd]g} — {StrA| [box]<CO[hd]e}
Similarly as for map in §D.3.2, we reduce to

diagauxt :  Vk- (({StrA|[box]O[hd]e} — {StrA| [box]O[hd]p}) — U(k))

where U(k) := {Str8(StrA) — Str8 A| (k) A Y1}
Yo(k) = OFO[hd][box]O[hdlp [— <FO[hd]e
y1 = OlhdllboxiOfhdlp >  Ofhdlp

D.4.1 The Guarded Diagonal Function.

Example D.11 (The Guarded Diagonal Function). For a safe ¢, we have
diagq : {Str8(StrA) | O[hd][box]O[hd]p} — {Str® A|O[hd]e}
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Recall that
diag® :  Str8(StrA) — Strt A
= diagaux® id
diagaux® :  (StrA — StrA) — Str8(StrA) — Str2 A

fix(g).At.As.Cons® ((hd o t)(hd® s)) (g ® next(t o tl) ® (tI® s))

Proor. We reduce to

diagaux® : ({StrA | [box]O[hd]e} — {StrA| [box]O[hd]p}) —>
{Str8(Str A) | O[hd][box]O[hd]e} — {Str® A| O[hd]e}
Let I" be the context
g : »T,
t : {StrA]|[box]O[hd]p} — {StrA]|[box]O[hd]ep},
s+ {Str&(StrA) | d[hd][box]O[hd]e}
where T is the type

({StrA | [box]O[hd]p} — {StrA | [box]O[hd]p}) —>
{Str&(Str A) | O[hd][box]O[hd]gp} — {Str® A | O[hd]e}

The result directly follows from the following typings, which are themselves given by §D.1.2, §D.1.3
and §D.2:

hdot : {StrA|[box]d[hd]p} — {A] ¢}

hd®s : {StrA| [box]O[hd]p}

totl : {StrA|[box]O[hd]¢} — {StrA| [box]O[hd]e}

tls s : » {Str8(Str A) | O[hd][box]O[hd]e}

===
T T T T

D.4.2  The Coinductive Diagonal Function.

Example D.12 (The Coinductive Diagonal Function). For a safe and smooth ¢, we have

diag :  {Str(StrA) | [box]< O[hd][box]O[hd]p} — {StrA | [box]<CO[hd]e}
:=  As.box,(diag® (unbox s))

Proor. Using that &*¥O[hd][box]O[hd]p and O¥O[hd]g are both smooth, we can first reduce to
s: {Str(StrA) | [box]OkD[hd][box]D[hd]ga} F  box,(diag® (unbox s)) {StrA| [box]OkD[hd]qo}
Since the formulae OXO[hd][box]O[hd]¢ and ©XO[hd]g are safe, we are done if we show
diag® : Vk- ({Str&(StrA)| O*O[hd][box]O[hd]p} —> {Strt A| OKO[hd]e})
Consider the types

U(k) = {Stré(StrA) — Stre A |y A Y1}
T(k) = ({StrA|[box]O[hd]¢} — {StrA|[box]O[hd]p}) — U(k)
where
Yo = <kOlhd][box]O[hd]e |~ <FO[hd]e
o= O[hd][box]Ofhd]e |l— O[hd]e
We show

diagaux® : Vk-T(k)
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Let
N = Cons® ((hd ot)(hd®s)) (g ® next(t o tl) ® (tI® 5))
M := Ag.As.N
I = g:»Vk-T(k)

We reason by cases on k with the rule

I'+M:T() F'+M:T(k+1)
T'+M:Vk-T(k)

Let
I = T, t:{StrA|[box]O[hd]p} — {StrA| [box]O[hd]e}

We omit the proof of
I + As.N : {Str8(StrA) — Str8 A | [ev(O[hd][box]O[hd]¢)]O[hd]e}

since it follows that of §D.4.1.

Case of T(0).
Since + ©% < 1, we reduce to showing

I' + MAs.N : ({StrA|[box]O[hd]e} — {StrA| [box]O[hd]p}) — {Str8(StrA)| L}
— {stre A| ©°O[hd]e}

and we conclude using the (EXF) rule.
Case of T(k+1).
We show

I’, s: {Stré(StrA) | O¥*'O[hd][box]O[hd]e} + N : {Str# A| OF*'O[hd]e}
Using
ook — 6 v OOk

we reason by cases on the refinement of s. This leads to two subcases.
(Sub)Case of O[hd][box]O[hd]¢p.
We show

I, s : {Str8(Str A) | O[hd][box]O[hd]p} + N : {Str8A| <Ok Olhd]e}
Since - O[hd]p = <O**'0O[hd]e, we can reduce to
I, s : {Str8(Str A) | O[hd][box]O[hd]e} + N : {Str®8 A|O[hd]e}

which is proved as in §D.4.1.
(Sub)Case of O*O[hd][box]D[hd]e.
We show

I, s : {Str8(StrA) | OO O[hd][box]O[hd]e} + N : {Str8A| OOFO[hd]p}

Let
rr = I s: {Strg(StrA) | OOkD[hd][box]D[hd]qo}
Note that I + g : »T(k), so that by §D.2 we have

I” + g@next(totl) : » ({Stré(StrA) | ©OFO[hd][box]O[hd]p} — {Str8 A | ©*¥O[hd]e})
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Using §D.1.1, we derive

T ks {Strg(StrA) ( OOkD[hd][box]D[hd]qa}

I+ Cons® ((hd o t)(hd® 5)) (9 ® next(t o tl) ® (I8 5)) : {StrgA ) QOkD[hd](p}

D.5 Fair Streams

We discuss here an adaptation of the fair streams of [Bahr et al. 2020; Cave et al. 2014]. We rely on
the basic datatypes presented in §D.5.1. In §D.5.2 we discuss a function

fb : CoNat — CoNat — Str Bool

such that, writing 0 for Z and 1 for (S Z) (see Ex. D.15), the non-regular stream (fb 0 1), adapted
from [Bahr et al. 2020; Cave et al. 2014], is of the form

ff o ff t t ff t t tt ff tt tt tt tt ff

This stream thus contains infinitely many tt’s and infinitely many ff’s. This is expressed with the
formula [box]OC[hd][tt] A [box]O<C[hd][ff] where [tt], [ff] represent the value of a Boolean, as in

tt : {Bool | [tt]} and ff : {Bool | [ff]}
Examples D.20 and D.22 show that we indeed have
(fb0o 1) : {StrBool | [box]OC[hd][tt] A [box]OC[hd][ff]}
The key are the following refinement typings for the guarded fb8, discussed in Ex. D.19 and Ex. D.21:

fb® : CoNat® — {CoNat8 | [S]} — {Str& Bool | O ([hd][tt] Vv O[hd][tt])}
b : Vk-Ve- ({CoNat® | O/[Z]} — {CoNat? | ©“*1[Z]} — {Str8 Bool | OFOF+([hd][ff]})

where, as in Not. D.10 (§D.3.3), we let
O = via.pAQa
Finally, in §D.5.3 we discuss a stream scheduler
sched : StrBool — Str A — Str B —> Str(A + B)
such that sched can be typed as follows (Ex. D.25):

{StrBool | [box]O<C[hd][tt]} — Str A — Str B — {Str(A + B) | [box]O<[hd][ing] T}
{StrBool | [box]O<C[hd][ff]} — StrA — Str B — {Str(A + B) | [box]O<[hd][ing] T}

and thus

sched (fb0 1) : {Str(A+ B) | [box]O<C[hd][ing]T A [box]O<[hd][ing]T}
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D.5.1 Basic Datatypes.
Example D.13 (Booleans). Let

Bool = 1+1
with constructors
tt = ing({)) : Bool
ff = iny({)) : Bool
Example D.14 (Formulae on Booleans).
[tt] := [ing]T : Bool
[ff] = [iny]T : Bool

Example D.15 (CoNatural Numbers). Let

CoNat := mCoNat®
CoNat® := Fix(X).1+»X
with constructors
Z = box,/(Z8) :  CoNat S := An.box,(S® (unbox n)) : CoNat — CoNat
Z%8 = fold(ing{)) : CoNat8 S& = An.fold(iny n) :  » CoNat® — CoNat8

Example D.16 (Formulae on CoNatural Numbers).

[Z] := [fold][ing] : CoNat®
[S] = [fold][in;] : CoNat8
O¢ = [fold][iny][next]lp : CoNat®
G = pa. eV Qa : CoNat®
Oty = pta. oV QOa : CoNat8

where ¢ : CoNat®.

D.5.2 A Fair Stream of Booleans.

Example D.17.
fb :  CoNat — CoNat — Str Bool
:=  Ac.Am. box,(fb® (unbox c) (unbox m))
fb® :  CoNat® — CoNat® —> Str8 Bool
= fix(g).Ac.Am. case ¢ of
| Z8 — ff ::2 g ® (next m) ® next(S8 (next m))
| S8n > tt::8 g ® n @ (next m)
Example D.18.
fb : {CoNat | [box]C[Z]} — CoNat — {Str Bool | [box]<[hd][ff]}
b8 : Vk - ({CoNat®| O¥[Z]} — CoNat8 — {Str® Bool | O¥[hd][ff]})
Proor. Let
T(k) := {CoNatg | <>k[Z]} —> CoNat8 — {Strg Bool | Ok[hd][ff]}

and assume

g : »Vk-T(k)
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Let
M(g,c,m) := casecof
| Z&8 — ff :8 g ® (next m) @ next(S8 (next m))
| S8n — tt:8 g®n® (nextm)
We show

Ac.Am.M(g,c,m) : Vk-T(k)
We apply the (V-CI) rule on Yk. This leads to two cases.
Case of T(9). We get the result from the (EXF) rule since
Q7] & 1L
Case of T(k+1). We show
M(g,c,m) : {Str®Bool | O**'[hd][ff]}
assuming
¢ : {CoNats|OF[Z]}
m : CoNat®
Using
OfZ] e [Z]vOON(Z]
we reason by cases on the refinement type of c¢. This leads to two subcases.
(Sub)Case of [Z]. We apply the (INjo-E) rule on the refinement type of (unfold ¢). Since

[hd][ff] = O*'[hd][ff]
the result follows from the fact that
ff ::2 g @ (next m) ® next(S (next m)) : {Str® Bool | [hd][ff]}
(Sub)Case of O<K[Z]. We have
unfoldc¢ : {1 + » CoNat8 | [inl][next]Ok[Z]}
By applying the (Iny;-E) rule on the refinement type of (unfold c), we are left with showing
tt:2g@®n®@ (nextm) : {Strg Bool | Ok [hd][ff]}

assuming
n : »{CoNat®| Ok[z]}
Using
OOk [hd][ff] = <O**[hd][ff]
we are done since
g@®n® (nextm) : »{Str8Bool | O¥[hd][ff]}

Example D.19. Consider a function
f : NxN — N

such that
e 1< flk+1,£+1)
o flk,t+2)< f(k+1,£+1)
e (+1< flk+1,0+1)
o f(k,0+1)< f(k+1,£+1)
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for instance f(k, ) = k + £. Then we can give the following refined type to fb®:
Vk - V¢ - ({CoNat? | 0°[Z]} — {CoNat? | '[Z]} — {str® Bool | CF Ok O[nd][f]} )

Proor. Let
U(k,£) := {CoNat® — CoNat8 — Str8 Bool | ¢(k,€) A ¥(£)}
ok, &) = OZ] |l O [Z] ||> OF OO hd][ff]
YO = OUZ] > T | Ohd][ff]

and assume

g : »Vk-Ve-U®K)

Let
M(g,c,m) := casecof
| Z8 — ff :8 g ® (next m) ® next(S8 (next m))
| S8n > tt::8 g @ n @ (next m)
We show

Ac.Am.M(g,c,m) : Vk-V{-U(k)
First, proceeding similarly as in Ex. D.18,
Ac.Am.M(g,c,m) : V- {CoNatg — CoNat® — Stré Bool | NZl > T |~ O([hd][ﬁ]}
Let
T(k,t) := {CoNat8|O![Z]} — {CoNatt|O*1[Z]} — {Str8 Bool | OFOF*-Ohd][ff]}

We show
Ac.Am.M(g,c,m) : Vk-V¢-T(k)

We apply the (V-CI) rule on Vk. In the case of V¢ - T(9, £), the result is trivial since
00of@Ohd][ff] & T

In the case of V¢ - T(k+1,¢), we apply the (V-CI) rule, this time on V¢. The case of T(k+1,0) is
dealt-with using the (ExF) rule since

Q7] & 1
In the case of T(k+1,{+1), we show
M(g.c,m) = {Str&Bool | Ok Ok E D d][ff]}

assuming
c {CoNatg sl [Z]}
m : {CoNat¢ | O/*?[Z]}

We apply the typing rule for case (Fig. 4). This leads to two branches, one for (unfold ¢) = fold(ing())
(denoted Z8), and one for (unfold ¢) = fold(in; n) (denoted S&n).

Case of Z8.
We have to show

ff ::2 g ® (next m) @ next(S (next m)) : {Strg Bool | Dk+1<>‘°(k”’[+1)[hd][ff]}
We have
Ok+1 <>F(k+1,{’+1)[hd][ff] PN <>f(k+1,[’+1)[hd][ff] A ODkQF(kH,l’H)[hd][ﬁ]

and we consider each conjunct separately.

Proc. ACM Program. Lang., Vol. 1, No. POPL, Article 1. Publication date: January 2020.



Temporal Refinements for Guarded Recursive Types 1:61

(Sub)Case of Ofk+1.E+D[hd][ff].
We have

ff ::8 g ® (next m) ® next(S (next m)) : {Str® Bool | [hd][ff]}
and as f(k+1,{+ 1) > 1 we are done with
[hd][ff] = OFfk+1ED[hd][ff]

(Sub)Case of QOO k+1.L+Dhd][ff].

Since
m : {CoNatg <>[+2[Z]}
S& (nextm) : {CoNat® | O+3[z]}
we have
g @ (next m) @ next(S (next m)) : » {Strg Bool | DkOf(k’Hz)[hd][ﬁ]}
so that

ff :8 g ® (next m) ® next(S (next m)) : {Str® Bool | QO Ofk&+D[hd][ff]}

But since f(k,£+2) < f(k+1,£+ 1), we have
O LD[Rd|[ff] =  OFk+LED[hd][ff]

and we obtain

ff ::8 g ® (next m) ® next(S (next m)) : {Strg Bool i ODkOF(k”’[“)[hd][ff]}

Case of Sén.
We have to show
tt:5 g@®n® (nextm) : {StrBool | OFH1OFKkHLEDhd][ff]}

assuming
n {CoNatg | <>‘7[Z]}
We have
Ok+1 <>f(k+1,(?+1)[hd][ﬁ'] PN <>f(k+1,€+1)[hd][ﬁ:] A ODkOF(kH,[H)[hd][ﬁ:]
and we consider each conjunct separately.
(Sub)Case of Ofk+1.E+D[hd]([ff].
Using
g : »{CoNat® — CoNat® — Str8 Bool | ©¢[Z] |- T |- <¢[hd][ff]}
we get
tt:5g@n®(nextm) : {StréBool | O [hd][ff]}
and the result follows from the fact that
{+1 < fk+1,0+1)
(Sub)Case of QOFOfk+1. L+ hd][ff].
Since £ < € + 1, we have
n {CoNatg i ol [Z]}
and thus
geOn®(nextm) : » {Strg Bool | DkOf(k’[”)[hd][ﬁ]}
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so that
tt:8g@n®(nextm) : {StrBool | QOFOFkDIhd][ff]}
But since f(k,{+1) < f(k +1,£ + 1) we have
O LN Rd|[ff] =  OFk+LED[hd][ff]
and we obtain

tt:2g@®n®@ (nextm) : {Strg Bool | OD’COF("”")”)[hd][ff]}

Example D.20. We have
fbZ(SZ) : {StrBool| [box]OO[hd][ff]}

Proor. Recall that

fb :  CoNat — CoNat — Str Bool
:=  Ac.Am. box,(fb% (unbox c) (unbox m))

We show
fb : V¢ ({CoNat | [box]®¢[Z]} — {CoNat | [box]O¢*'[Z]} — {StrBool | [box]O<[hd][ff]})
We apply the (V-I) rule. Assume

c {CoNat [box]<>€[Z]}
m : {CoNat [box]O ! [Z]}
Since the formulae ¢¢[Z] and Of*[Z] are safe we have
¢ : m{CoNatt|O!zZ]}
m : {CoNa’cg O [Z]}
and thus
(unbox¢) : {CoNatg <>[[Z]}

(unbox m) : {CoNa’cg
Now, it follows from Ex. D.19 that

b8 (unbox c¢) (unbox m) : {Strg Bool | DkOF(k"f)[hd][ff]}

<>€+1 [Z]}

so that
box,(fb& (unbox ¢) (unbox m)) : m{Str8 Bool | DK &k O[hd][ff]}

Since the formula Ok Of6O[hd][ff] is safe we have
box,(fb® (unbox c) (unbox m)) : {Str Bool ‘ [box]DkOf(k"’)[hd][ff]}
The (p-I) rule then gives
box,(fb® (unbox c) (unbox m)) : {Str Bool | [box]DkO[hd][ff]}
and the (v-I) rule gives
box,(fb® (unbox ¢) (unbox m)) : {StrBool | [box]O<[hd][ff]}

The result then follows from the fact that
Z : {CoNat [box]<! [Z]}
SZ : {CoNat|[box] O ¢'[Z]}
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Example D.21. We have
fb®8 : CoNat® — {CoNat8 | [S]} — {Str8 Bool | O ([hd][tt] v O[hd][tt])}

Proor. Let
T := {CoNat® — CoNat® — Str8 Bool | ¢ A ¢}
¢ = [S]l> T |- [hd][tt]
Yy = Tl [S] > O([hd][tt] v Olhd][tt])
and assume
g : »T
Let
M(g,c,m) := casec of
| Z&8 — ff ::8 g ® (next m) @ next(S8 (next m))
| S8n > tt::8 g ® n @ (next m)
We show

Ac.Am.M(g,c,m) : T
First, by using the (Inj;-E) rule we easily get
Ac.Am.M(g,c,m) : {CoNat® — CoNat® — Stré Bool | [S] |~ T |l [hd][tt]}
It remains to show
Ac.Am.M(g,c,m) : {CoNat® — CoNat® — Stré Bool | T |- [S] | O ([hd][tt] v O[hd][tt])}

Assume
¢ : CoNat8

m : {CoNat® | [S]}
We apply the typing rule for case (Fig. 4). This leads to two branches, one for (unfold ¢) = fold(iny())
(denoted Z8), and one for (unfold ¢) = fold(iny n) (denoted S&n).

Case of Z8.
We have to show
ff ::8 g @ (next m) ® next(S (next m)) : {Str® Bool | O ([hd][tt] v O[hd][tt])}
We have
O ([hd][tt] v Olhd][tt]) < ([hd][tt] v O[hd][tt]) A OO ([hd][tt] v Olhd][tt])
and we consider each conjunct separately.
(Sub)Case of ([hd][tt] v O[hd][tt]).
Since
m : {CoNat® | [S]}
g : »({CoNat®|[S]} — CoNat® — {Stré Bool | [hd][tt]})
we get
g ® (next m) @ next(S (next m)) : » {Str® Bool | [hd][tt]}
and the result follows.
(Sub)Case of OO ([hd][tt] v O[hd][tt]).
Since
S8(next m) : {CoNat8 |[S]}
g : »(CoNat® — {CoNat® | [S]} — {Str® Bool | O ([hd][tt] vV O[hd][tt])})
we get

g ® (next m) ® next(S (next m)) : » {Str® Bool | O ([hd][tt] v O[hd][tt])}
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and the result follows.
Case of Sén.
We have to show

tt:®g@n®@ (nextm) : {Str8Bool | O([hd][tt] v O[hd][tt])}
assuming
n : CoNatt
We have
O ([hd][tt] v Olhd][tt]) < ([hd][tt] v Ofhd][tt]) A OO ([hd][tt] v Olhd][tt])

and we consider each conjunct separately.
(Sub)Case of ([hd][tt] v O[hd][tt]).
We have
tt:®g@n®@ (nextm) : {Str®Bool| [hd][tt]}

(Sub)Case of OO ([hd][tt] v O[hd][tt]).

Since

m : {CoNat® | [S]}
g : »(CoNat®8 — {CoNat8 | [S]} — {Str8 Bool | O ([hd][tt] v O[hd][tt])})

we get
g ® (next m) ® next(S (next m)) : » {Str® Bool | O ([hd][tt] v O[hd][tt])}

and the result follows. m]

Example D.22. We have
fbZ(SZ) : {StrBool | [box]OO[hd][tt]}
Proor. By Ex. D.21 we have
fb® (unbox Z) (unbox (S Z)) : {Str& Bool | O([hd][tt] v Olhd][tt])}

so that
fbZ(SZ) : m{Str8Bool | O([hd][tt] v O[hd][tt])}

Since the formula O ([hd][tt] vV O[hd][tt]) is safe we get
fbZ(SZ) : {StrBool|[box]O([hd][tt] vV O[hd][tt])}
Now, the result follows from the fact that
(hd](tt] v Ofhd][tt]) = <[hd][tt]

The following uses the rule

FB=4 ([ev(yo)le A lev(yn)le) = [ev(yo V Y1)l
Example D.23. We have
fb® : CoNat® — {CoNat® | [S]} — {Str8 Bool | [hd][tt] Vv O[hd][tt]}
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Proor. Let T be the type
{CoNat® — CoNat® — Str® Bool | [S] |I> T |l [hd][tt] A [Z] |- [S] [l Olhd][tt]}
Note that
T < CoNat® — {CoNat® | [S]} — {Str® Bool | [hd][tt] V O[hd][tt]}

Assume
g : »T
Let
M(g,c,m) := casecof
| Z&8 — ff ::8 g ® (next m) @ next(S8 (next m))
| S8n > tt::8 g ® n @ (next m)
We show

Ac.Am.M(g,c,m) : T
We consider each conjunct separately.
Case of [S] |~ T |l— [hd][tt].
Assume
¢ : {CoNat®|[S]}
Applying the (Inj;-E) rule, we are done since
tt:8g@®n®(nextm) : {Str®Bool | [hd][tt]}
assuming
n : CoNats
Case of [Z] ||~ [S] | Ol[hd][tt].
Assume
¢ : {CoNat®|[Z]}
m : {CoNat® | [S]}
Applying the (Injo-E) rule, we are left with showing
ff ::2 g ® (next m) @ next(S (next m)) : {Str® Bool | O[hd][tt]}
But the result is trivial since

g : »{CoNat® — CoNat® — Str8 Bool | [S] |l T |l— [hd]tt}

D.5.3 A Scheduler.

Example D.24.
sched :  StrBool — StrA — Str B — Str(A + B)
:=  Ab.As.At. box,(sched® (unbox b) (unbox s) (unbox t))
sched® :  Str8 Bool — Str8 A — Str8 B —> Str8(A + B)

= fix(g).Ab.As.At. case (hd® D) of
| tt — (ing (hd®s)) 8 g® (tI®b) ® (I8 s) @ (tI® 1)
| ff — (in; (hd® 1)) 8 g@ (tIB D) @ (tI® s) @ (118 1)
Example D.25. We can give the following refinement types to sched :

{StrBool | [box]O<C[hd][tt]} — Str A — Str B — {Str(A + B) | [box]O<[hd][ing] T}
{Str Bool | [box]O<C[hd][ff]} — StrA — Str B — {Str(A + B) | [box]O<[hd][ing] T}
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Proor. Direct, using the following Ex. D.26. O

Example D.26. We can give the following refinement types to sched® :

Vk - V(- ({Strg Bool DkO[[hd][tt]} — Str8 A — Str8 B — {Strg(A+ B)

Ok S [hd][ing] T})
Vk - ¥C - ({Str8 Bool | OFOL[hd][ff]} —> Stré A —> Str¢ B — {Str8(A + B)

OkS[hd](ing]T})

Proor. We only discuss the first type, since the second one is completely similar. Let T(k, £) be
the type

{Strg Bool | Dkof[hd][ﬁ]} —> Str8 A — Strf B — {Strg(A—i- B) ) DkO[[hd][inO]T}

and assume

g : wVk-Ve-T(k,0)

Let
M(g,b,s,t) := case (hd®b) of
| tt — (ing (hd®s)) 8 g® (tIe D) @ (I8 s) @ (tI® 1)
| ff — (in; (hd® 1)) 8 g@ (tI8b) @ (tI® s) @ (tI® 1)
We show

Ab.As.At.M(g, b,s,t) : Vk-V€-T(k,€)
We apply the (V-CI) rule on Vk. In the case of V¢ - T(9, £), the result is trivial since
D20 hd][ing]T & T
As for V¢ - T(k+1,{), we apply the (V-CI) rule, this time on V<. In the case of T(k+1, @), since
O 0[hd][tt] &  O°[hd][tt] A OOFOO[hd][tt]
and Ofhd][tt] & L
we get
OO0 hd][tt] & L

and we can conclude using the (EXF) rule. It remains to deal with the case of T(k+1,£+1). We have
to show

M(g,b,s,t) : {Str8(A+ B) | OF*1 O [hd][ing] T}

assuming
b : {Str¢Bool | OF* 1O [hd][tt]}
s : StrgA
t : Str!B

We have

Ok 1O hd][ing]T & O [hd][ing]T A QOO [hd][ing]T
and we consider each conjunct separately.
Case of O+ '[hd][in,]T.

Since
OO hd|[tt] o O [hd][tt] A OOFOH [hd][tt]
we have
b : {Str8Bool | O*'[hd][tt]}
Using

OHhd][tt] & [hd][tt] v OO/ [hd][tt]

we reason by cases on the refinement type of b.
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(Sub)Case of [hd][tt].
We apply the (INjp-E) rule on b and we are done since

(ing (hd8s)) =8 g@ (tEb) @ (I8 s) ® (t15 1) : {Str8(A + B) | [hd][ino] T}

(Sub)Case of O ¢[hd][tt].
We have
tEb . »{Strt Bool | O¢[hd][tt]}

We apply the case-elimination rule on b. In both branches, since (by subtyping) g has type
> ({Strg Bool | 0"/ [hd][tt]} — Strf A — Stré B — {Str8(A + B) | O' of[hd][ino]T})

and since, according to Table 3,

09 o 6
we get
gotEb)eBs)etlEt) : »{Str8(A+B)| O[hd][ing] T}
so that
(-):tg@tBbetBs)@tlBt) : {Strs(A+B)| OO![hd][ine] T}
and we are done since
OChd][ing]T = <©'[hd][ing]T

Case of QOF O [hd][in,]T.

Since
OFTOHThd)[tt] & O [hd][tt] A QOFOH [hd][t]
we have
b : {StrtBool | OTFO* [hd][tt]}
so that

teb . »{StrtBool | KO+ [hd][tt]}
We apply the case-elimination rule on b. In both branches, since (by subtyping) g has type

> ({Strg Bool Dk<>"+‘[hd][tt]} S StrfA —> StrEB — {Strg(A+ B) ) Ok e+ [hd][mo]r})

we get
gotEb)etBs)e ) : »{Str8(A+B)| Ok [hd][ing] T}
so that
(-):tgetBbetlBs)etlBt) : {Str¥(A+B)| OTFO* [hd][ine] T}

D.6 Colists

We detail here the refinement types given to the guarded and coinductive append functions on
colists in Table 2. We present some basic material in §D.6.2. The append function itself is detailed
in §D.6.3, and we give sharper refinements with iteration terms in §D.6.4. We begin in §D.6.1 with
an overview of the main examples on colists.
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D.6.1 Overview. The cases of
append® : {ColList® A|[=nil]} — CoList® A — {ColList® A | [=nil]}
append® : ColList® A— {CoList8 A | [=nil]} — {ColList® A | [=nil]}

are detailed in Ex. D.33.
We now discuss

append : {ColListA | [box][fin]} — {ColList A | [box][fin]} — {ColList A | [box][fin]}

which says that append takes finite colists to a finite colist. Recall that [fin] = <[nil]. Details are
given in Ex. D.35. The other refinement types for append are detailed in Ex. D.36 and Ex. D.37.

We refer here to the code of the append function as defined in Table 4 and Ex. D.32. First, since
<[nil] is smooth, we can apply the rule (p-E) (Fig. 11) twice and reduce to

I' + box,(append® (unbox s) (unbox t)) : {ColListA | [box]<[nil]}

where I' assumes s of type {CoListA ’ [box]<>k[nil]} and t of type {CoListA ‘ [box]OE[nil]}. Using
the derived rule (p-I) (Ex. 6.10), we further reduce to

I' + box,(append® (unbox s) (unbox t)) : {CoListA\ [box]<>k+f[nil]}
Now, since the formulae ©t[nil] are safe, by subtyping (Fig. 11) we have
I + s : m{ColistA|OF[nil]} and I + t : m{CoListA| O nil]}
and we can reduce to showing that the guarded append?® has type Vk - V¢ - T(k, £), where
T(k,) := {CoListgA| Ok[nil]} —> {CoListgA \ Of[nil]} —> {CoListgA| <>k+£[ni|]}
Let N(g, s, t) be such that append® = fix(g).As.At.N(g, s, t). We show
As.At.N(g,s,t) : Vk-V€-T(k,0)

in a typing context (leaved implicit) which assumes g of type »Vk - V¢ - T(k, £). We apply the (V-CI)
rule on Vk - V€ - T(k, £). Since ©°[nil] & L, the branch of V¢ - T(, £) can be dealt with using the
(EXF) rule. In the branch of V¢ - T(k+1,¢), we apply the (V-I) rule. We are thus left with showing

N(g,s,t) {CoListgA| Ok+ta [nil]}

assuming further s : {CoListgA | Ok [nil]} and f : {CoListgA | O[[nil]}. We unfold O+ [nil] as
Ok nill e [nil] v OOKnil]
Using the (V-E) rule, we have two cases for the refinement type of s. In the case of {CoList A | [nil]},
since [nil] = [fold][ine] T, we have (unfold s) : [ing] T. Thanks to the (INJo) rule, we are left with
showing
t: {CoListA \ Of[nil]} ot o {CoListA \ <>k”*€[nil]}
But we are done since [¢] < [k+£+1] so that
Olnil] = O nil]

Assume now that s has type {CoList A | OOk [nil]}. By unfolding &**+¢*1[nil] we reduce to showing

N(g,s,t) {CoListgA| O<>k+[[nil]}

Since, on colists, O(—) = [fold][in][7r1][next](—), we can apply the (Iny;-E) rule on (unfold s). This
amounts to showing

Cons® x (g ® xs @ (next t)) : {CoListA | O<>k+[[nil]}
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where, since
(unfold s) : {1 + A X » ColList® A \ [inl][ﬂl][next]ok[nil]}
Wwe can assume xs : » {CoListgA \ <>k[ni|]}. By subtyping and (V-E) we have g : »T(k, ¢), so that
g@®xs® (nextt) : » {CoListA | <>k+[[ni|]}

and we conclude by the analogue of Ex. 5.3 for colists. The other typings for append are dealt with
similarly. Let us finally just mention that the type of append® can be sharpened to

Vk -V - ({CoListgA‘ <>’<[nn]} — {Colistt A | &' [nil]} — {CoListgA ) <>’<+f[ni|]})

reflecting that on finite colists, append® removes one constructor Nil® from its arguments (see
Ex. D.38).

D.6.2  The Type of Colists. The type of colists is

CoListA := mColist8 A
ColListf A = Fix(X).1+Ax»X

Its usual guarded constructors are represented as

Nil® ;= fold(ing()) : ColList® A
Cons8 Ax.Axs.fold(inj{x,xs)) : A — » CoList® A — ColLists A

Their coinductive (for A a constant type) variants are

Nil :=  box,(Nil®) : ColListA
Cons := Ax.Axs.box,(Cons® x (next (unbox xs))) : A — Colist A — ColistA
Notation D.27. Extending the notation for (guarded) streams, we often write
(x:8xs) := Cons8xxs []18 := Nil® [x0, %1, ..., xn]® = x0 =8 [x1,...,x,]8
(x::xs) := Consxxs [ := Nil [x0, %1, .. .hxn] = x0u[x1,...,%n]

Notation D.28 (Syntactic Sugar for Pattern Matching). Assuming s : CoList® A, we often write
case s of
| Nils > N
| Cons® x xs —> M

for
case (unfold s) of

[y. N[)/y]
| y. Mmo(y)/x, m1(y)/xs]

Example D.29 (Formulae over CoList®). Assuming ¢/ : A and ¢ : CoList® A,

[nil]  := [fold][ing]T : Colistt A
[=nil] = [fold][in{]T : Colist® A
[hd]y := [fold][iny][mo]e : Colist® A
Qe = [fold][iny][m][next]p : CoList® A
o = pa.¢VQa : Colist® A
Sty = pta.pVQOa : Colist8 A
O = va.pANQu« : Colist? A
Ofing = va. [nil]v(eAQa) : Colistt A
[inf] = O[=nil] : Colist® A
[fin] := <fnil] : ColList® A
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Example D.30.
Cons® : A —> » Colist8 A —> {CoList® A | [nil]}
Cons®8 : A — » {ColList®s A| [inf]} — {ColLists8 A | [inf]}
Nil® : {ColList® A | [nil]}
Note that

l_CoListgA [nil] = Dﬁn(p
Example D.31. Similarly as in §D.1.2 and §D.1.3, assuming ¢ : A we have
Cons® : {A|¢p}—» {CoListgA| Dﬁ“[hd](p} — {CoListgA| Dﬁ“[hd](p}

Cons® : {A|¢@}—> »{ColList® A| [nil]} — {CoLists A | Ofn[hd]e}
Nil8 : {CoList® A| Ofi"[hd]e}

Cons® : {A]| ¢} — » {ColList® A| O hd]p} — {CoList® A | O[hd]¢}
D.6.3 The Append Function on Colists.

Example D.32 (The Append Function on Colists).

append® :  ColList® A — CoList® A — ColList® A
= fix(g).As.At.case s of
| Nil® +— ¢
| Cons® x xs +— Cons® x (g ® xs @ (next 1))

append :  ColistA — ColList A — CoListA
:=  As.At.box,(append® (unbox s) (unbox t))

Example D.33 (Properties of Append).
append® : {CoList® A | [=nil]} — ColList®8 A — {ColList® A | [=nil]}
append® : ColList® A — {CoList® A | [=nil]} — {ColList® A | [=nil]}
Example D.34. Assuming ¢ : A,
append® {CoListgA| Ofin[hd]p} — {CoListgA| Ofin[hd]p} — {CoListgA| Ofin[hd]e}
Proor. Let
T := {CoListgA| Dﬁn[hd]fp} — {CoListgAl Dﬁn[hd](p} — {CoListgA| Dﬁ“[hd](p}
and assume
g : »T
s : {Coliste A| Ofi*[hd]p}
t : {ColLists A|Ofi"[hd]p}
Note that
Ofitfhd]le e  [nil] v ([hd]p A OO [hd]p)
We reason by cases on the refinement type of s, applying the (V-E) rule (Fig. 8).
Case of [nil].
We thus have
unfold(s) : {1+ AXx» CoList8 A|[ing]T}
We apply the (Injo-E) rule and get the result by

t : {Colistt A| Dfin[hd]p}
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Case of [hd]p A OO [hd]e.
We thus have

s : {ColList® A| [hd]p A OO [hd]e}
Since the modalities [fold] and [in;] preserve A this gives
s ¢ {ColList A| [fold][ini] ([7r0]¢ A [71][next]Of[hd]p)}
so that
unfold(s) : {1+Ax» ColList® A|[in] ([m]e A [m1][next]Df"[hd]g) }
We then apply the (Iny;-E) rule. Assume
y : {Ax»Colistt A [m]e A [1][next]T[hd]e}

and let

x = my) : {Ale}
xs m(y) : »{ColLists A|Ofin[hd]e}

Then Ex. D.31 easily gives
Cons® x (g ® xs ® (next t)) : {CoListgA | Dﬁn[hd](p}

[m}
Example D.35.
append : {ColList A | [box]<[nil]} — {ColList A | [box]<[nil]} — {ColList A | [box]<[nil]}
append® : Vk-V{- ({CoLists A | OF[nil]} — {CoList8 A | O[nil]} — {CoLists A | OF+[nil]})
Proor. Let
T(k,t) = ({CoLists A|<OFnill} — {CoLists A|¢[nil]} — {ColList8 A | OF*“[nil]})
and assume
g : »Vk-VC-T(k,?)
Let
M(g,s,t) := cases of
| Nil® +— ¢
| Cons® x xs +— Cons8 x (g ® xs @ (next t))
We show

As.At.M(g,s,t) : Vk-V€-T(k,{)
We apply the (V-CI) rule on Yk. This leads to two cases.

Case of V¢ - T(0, ?).
Apply the (V-I) rule on V¢ and assume

s {CoLists A| ©°[nil]}

Since
Onil] & L

the result follows using the rule (ExF).
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Case of V(- T(k+1,0).
Apply the (V-I) rule on V¢ and assume

s : {Colistt A <>k+1[nil]}
t CoList® A | O¢[nil]}

We have to show
M(g,s,t) {CoListgA| <>k+1+f[nil]}
Using
Ok il e [nil] v OO nil]

we apply the (V-E) rule on the refinement type of s. This leads to two subcases.
(Sub)Case of [nil].
We have

unfold(s) : {1+ Ax» CoList8 A|[ing]T}

Since [¢] < [k+1 + £], the result then follows by applying the (INjo-E) rule.
(Sub)Case of O [nil].
We have

unfold(s) : {1 + AXx» Colists A | [inl][ﬂl][next]Ok[nil]}
Using the (Iny;-E) rule we are left with showing

Cons8 x (9 ® xs ® (next 1)) : {ColList® A| O*+O[nil]}

where

x = mly) : A

xs = m(y) : » {CoListgA| <>k[nil]}
assuming

y {A X » CoList® A i [ﬂl][next]Ok[niI]}
We have

g®xs@(nextt) : » {CoListgA | <>k“7[nil]}
It follows that
Cons® x (9 ® xs ® (next t)) : {CoListgA ’ Q<>k+f[nil]}
and we are done since

OOk nil] = OKk+O+ il

Example D.36. Assuming ¢ : A,
append : {ColListA | [box]<C[hd]g} — CoList A — {ColList A | [box]<[hd]e}

append® : Vk - ({CoList® A| O¥[hd]p} — ColList8 A — {CoLists A | O¥[hd]e})

where, in the case of append, ¢ : A is safe and smooth.
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Proor. Let
T(k) = {CoList® A|OF[hd]p} — ColListt A — {CoList® A | OF[hd]e}

and assume

g »Vk-T(k)

Let
M(g,s,t) := cases of
| Nil® +— ¢
| Cons® x xs — Cons® x (g @ xs @ (next t))
We show

As.At.M(g,s,t) : Vk-T(k)
We apply the (V-CI) rule on Vk. This leads to two cases.

Case of T(0).
Assume

s : {Colists A | ©°[hd]e}
Since
?lhdle & 1L
the result follows using the rule (ExF).

Case of T(k+1).
Assume
s {Colists A| Ok*'[hd]e}
t : Colistt A
Using

O*hdlp & [hdlp v OO*[hd]e

we apply the (V-E) rule on the refinement type of s. This leads to two subcases.
(Sub)Case of [hd]¢.
We have

unfold(s) : {1+ Ax» ColListd A| [in{][m]¢}
Using the (INy;-E) rule we are left with showing

Cons® x (g ® xs ® (next t)) : {CoListgA | Ok [hd](p}

where

x = m(y) : {Ale}

xs = m(y) : »ColListt A
assuming

y : {Ax»Colistt A| [m]p}
We have

Cons® x (g ® xs ® (next t)) : {ColList® A| [hd]e}

and we are done since

[hdlp = < '[hd]e
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(Sub)Case of OO[hd]e.
We have

unfold(s) : {1 + A X » ColList® A | [inl][ﬂl][next]Ok[hd](p}
Using the (INy;1-E) rule we are left with showing
Const x (9 ® xs ® (next 1)) : {ColList® A| OF*'[hd]e}

where

x = mly) : A

xs = my) : » {CoListgA| <>k[hd]q)}
assuming

y {AX > CoListgA| [ﬂl][next]Ok[hd](p}
We have

g@®xs® (nextt) : » {CoListgA | Ok[hd](p}
It follows that
Const x (g ® xs @ (next t)) : {CoListgA | O<>k[hd](p}
and we are done since

OCklhdlp = <O '[hd]e

Example D.37. Assuming ¢ : A, we have
append : {ColListA| [box]<[nil]} — {ColList A | [box]<[hd]e} — {CoList A | [box]<C[hd]e}

append® : Vk-V{- ({CoListgA| OF[nill} — {CoListgA| Ol[hd]p} — {CoListg‘A| OF+hd]p})
where, in the case of append, ¢ : A is safe and smooth.
Proor. Let
T(k,f) := ({CoLists A|<OF[nil]} — {CoLists A| O¢[hd]p} — {CoList8 A | OF*‘[hd]e})

and assume

g : wVk-Ve-T(k,0)

Let
M(g,s,t) := -cases of
| Nil® +— ¢
| Cons® x xs +— Cons x (g ® xs @ (next t))
We show

As.At.M(g,s,t) : Vk-V€-T(k,{)
We apply the (V-CI) rule on Vk. This leads to two cases.

Case of V¢ - T(0, ).
We apply the (V-I) rule on V¢ and assume

s : {CoLists A| O°nil]}

Since
<>0[nil] S L

the result follows using the rule (ExF).
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Case of V{ - T(k+1,0).
We apply the (V-I) rule on V¢ and assume
s ¢ {ColListe A| OF*'[nil]}
t : {ColListt A| Of[hd]e}
Using
O nil] e [nil] v OO nil]
we apply the (V-E) rule on the refinement type of s. This leads to two subcases.
(Sub)Case of [nil].
We have
unfold(s) : {1+ Ax» CoListd A|[ing]T}
Since [€] < [k + 1 + €], the result then follows by applying the (Injo-E) rule.
(Sub)Case of O [nil].
We have
unfold(s) : {1 + AXx» Colists A | [inl][ﬂl][next]Ok[nil]}
Using the (INy;-E) rule we are left with showing

Cons® x (g ® xs ® (next t)) : {ColList® A | OO [hd]p}

where

x = mly) : A

xs = m(y) : » {CoListgA| <>k[nil]}
assuming

y {A x » CoList® A i [ﬂl][next]Ok[niI]}
We have

g®xs @ (nextt) : » {CoListgA ’ <>k+{[hd](p}
It follows that
Cons® x (g ® xs ® (next t)) : {CoListgA | O<>k+€[hd]<p}
and we are done since

O<>k+€[hd](p N <>(k+€)+1[hd](p

D.6.4 Sharper Refinements for the Append Function on Colists.
Example D.38.
append® : Vk-V{- ({CoLists A | OF[nil]} — {CoLists A| O*'[nil]} — {CoList® A | OF*[nil]})
Proor. Let
T(k,t) = ({ColList® A|<O¥[nil]} — {CoList® A| G [nil]} — {CoList® A | O*+[nil]})

and assume

g : wVk-Ve-T(k,0)

Let
M(g,s,t) := cases of
| Nil® +— ¢
| Cons® x xs + Cons® x (g @ xs @ (next t))
We show

As.At.M(g,s,t) : Vk-V€-T(k,¢)
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We apply the (V-CI) rule on Vk. This leads to two cases.
Case of V¢ - T(0, ).
Apply the (V-I) rule on V¢ and assume
s {CoListgA | O@[nil]}
Since
O%nil] & L
the result follows using the rule (ExF).
Case of V¢ - T(k+1, 7).
Apply the (V-I) rule on V¢ and assume
s ¢ {ColListe A| OF*1[nil]}
t : {ColLists A| O [nil]}
We have to show
M(g,s,t) : {CoLists A | Ok nil]}
Using
O nil] e [nil] v OO nil]
we apply the (V-E) rule on the refinement type of s. This leads to two subcases.
(Sub)Case of [nil].
We have
unfold(s) : {1+ Ax» ColListds A|[ing]T}

Since [¢+1] < [k + 1 + £], the result then follows by applying the (Inj,-E) rule.
(Sub)Case of O [nil].
We have

unfold(s) : {1 + A X >COListgA| [inl][nl][next]ok[nil]}
Using the (Iny;-E) rule we are left with showing
Cons® x (9 ® xs ® (next t)) : {CoListgA i <>k+1+[[nil]}

where

x = mly) : A

xs = m(y) : » {CoListgA| <>k[nil]}
assuming

y {A X » ColList® A \ [ﬁl][next]ok[nil]}
We have

g@xs@(nextt) : » {CoListgA| <>k+€[nil]}
It follows that
Cons® x (9 ® xs ® (next t)) : {CoListgA ’ O<>k+[[nil]}
and we are done since

OOk nil] = Ok 1+ nil]

Example D.39. Assuming ¢ : A, we have
append® : Vk-V{- ({CoLists A | OF[nil]} — {CoList® A| O¢*'[hd]p} —> {CoList8 A | OF*[hd]e})
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Proor. Let
T(k,t) = ({ColList® A|O¥[nil]} — {CoList® A| ©¢*'[hd]p} —> {ColList® A| O+ [hd]e})

and assume

g wVk-VC-T(k0)

Let
M(g,s,t) := cases of
| Nil® +— ¢
| Cons® x xs — Cons® x (g ® xs @ (next t))
We show

As.At.M(g,s,t) : Vk-V€-T(k,¢)
We apply the (V-CI) rule on Yk. This leads to two cases.
Case of V{ - T(0, ().
We apply the (V-I) rule on V¢ and assume
s : {CoLists A| O°nil]}
Since
Onill & L
the result follows using the rule (ExF).
Case of V{ - T(k+1,0).
We apply the (V-I) rule on V¢ and assume
s {ColListd A| OF*1[nil]}
t : {ColListt A| O [hd]e}
We have to show
M(g,s,t) : {ColListt A| Ck + 1+ {[hd]p}
Using
Ok nil] e [nil] v OO nil]

we apply the (V-E) rule on the refinement type of s. This leads to two subcases.
(Sub)Case of [nil].

We have

unfold(s) : {1+ Ax» CoLists A|[ing]T}

Since [¢+1] < [k + 1 + £], the result then follows by applying the (Injo-E) rule.
(Sub)Case of O [nil].

We have

unfold(s) : {1 +AX >COListgA| [inl][ﬂl][next]Ok[nil]}
Using the (INy;-E) rule we are left with showing
Cons8 x (g ® xs ® (next 1)) : {ColList® A| OF*1*{[hd]p}

where

x = mly) : A

xs = my) : » {CoListgA| <>k[nil]}
assuming

y {A X » ColList® A i [ﬂl][next]Qk[nil]}
We have

g@®xs @ (nextt) : » {CoListgA \ <>k+'f[hd]<p}
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It follows that

Cons® x (g ® xs ® (next t))

and we are done since

D.7 Resumptions

O<>k+[[hd](p = <>k+1+f[hd](p

Guilhem Jaber and Colin Riba

{ColListe A| OO*+[hd]e}

This example is adapted from [Krishnaswami 2013]. Fix a constant type O and a finite base type I.

Let

Ret8
Cont8

Res A
Res® A

Aa. fold(ing a)
Ak. fold(in; k)

M Res® A
Fix(X).A+ (0 x »X)!

A —> Res® A

Example D.40 (A Scheduler on Resumptions).

sched

sched®

Res A — Res A — Res A

(0% » Res8 A)l — Res® A

Ap.Aq. box,(sched® (unbox p) (unbox q))

Res# A —> Res® A — Res® A
fix(g).Ap.Aq. case p of
| Ret;d a +— Ret®a
| Cont® k +—
let h = Ai.let {o,t) = ki

in (0,9 ® (next q) ® )

in Cont® h

Example D.41 (Formulae on Res® A). Assuming i/ : A, ¢ : Res’ A, § : Oand i € I,

[Ret]
[Cont]

[fold][ing] T
[fold][in ] T

[fold][ing]y
[fold][in ] ([1] |- [m0]9)
Aiet[out;]d
Vier[out;]d

[fold][iny] ([1] [ [71][next]¢p)
Nie1 Oi @
Vier Oi ¢

va. ¢ A Qa
va. ¢ A Da

pHa. @V Qo
Ha. @V Oa

Res8 A
Res® A

Res® A
Res® A
Res8 A
Res8 A

Res® A
Res® A
Res® A

Res8® A
Res® A

Res8 A
Res® A
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We moreover let
VO'Y = via.y A®a : RestA YOy = pta.yVoa : RestA
0% = v'a.yA@ax : RestA IO = pla.yvVea : ResBA

Example D.42. Let ¢ : A be a safe and smooth formula and let ¢ € {[Ret], [now]y’}. We have

sched : {ResA]|[box]3C ¢} — {Res A | [box]3F e} — {Res A | [box]T< e}
sched : {ResA]|[box]VO@p} — {Res A | [box]VO@p} — {Res A | [box]V<Op}

sched® : Vk-VC- ({Rest A|3OKp} — {Rest A|TOlp} — {Rest A| FOKHp})
sched® : Vk-V¢- ({ResB A|V¥OKp} — {Rest A|VOlp} — {Rest A | VOFHp})
Proor. Let O € {30, V<O} and
T(k,t) := {ResgA| Okpl — {ResgA| Olpt — {ResgA| Ok}

and assume

g wVk-VC-T(k0)

Let
M(g,p,q) := casep of
| Retd a +— Ret8 a
| Cont® k +—
let h = Ai.let {o,t) = ki
in (0,9 ® (next q) ® t)
in Cont® h
We show

Ap.Aq.M(g,p,q) : Vk-V€-T(k,€)
We apply the (V-CI) rule on Vk. In the case of V¢ - T(0, £), we get the result using the (EXF) rule
since
Sl o L
As for V¢ - T(k+1,¢), we apply the (V-I) rule on V¢. We have to show
M(g.p.q) : {ResBA|OF+pl
assuming
p }ResgA ‘ Ok}
q Res® A <>€(p}
Using
FOk Yy o ¢ v @30k
VO o ¢ v oVOFe
we reason by cases on the refinement type of p.
Case of [Ret].
We have
unfoldp {A + (0 x » Res® A)! | [ino]'l'}
We apply the (INjo-E) rule on p and we are done since
Rett a : {Res® A|[Ret]}

assuming
a : A
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Case of [now]y.

We have

unfoldp : {A+(0x»Res8 A)!|[ing]y}
We apply the (INjo-E) rule on p and we are done since
Ret®a : {Res® A|[now]y}
assuming
a : {Aly}

Case of 30K,

We apply the (V-E) rule on the refinement type of p. So let i € I and assume

p : {RestA|O;30Fy}
We have
unfoldp {A + (0 X » Res? A)! | [ind] ([1] [ [ﬂl][next]EIquo)}
We apply the (Inj;-E) rule on the refinement type of p. Let

N(g,k,q) := let h=2Ai.let {(o,t) = ki
in (0,g ® (next q) ®t)
in Cont® h
We show
N(g,k,q) : {ResgA| OiEI<>k+[(p}
assuming
k - {(O X » Res8 A)! | [i] [ [ﬂl][next]ElOk(p}
Assuming

i AT}
we thus have
ki {O X » ResgA| [ﬁl][next]Equo}
It follows that
(mo(ki), g @ (next q) ® (m1(ki))) {0 X » Res8 A | [nl][next]3<>k+[(p}
and thus
Al (my(ki), g ® (next q) ® (my(ki))) {(0 X » Res8 A)! | [i] [~ [ﬁl][next]3<>k+€(p}
Now we are done since

Qi 3<>k+(’(p
and Cont8

Case of V<Ko,
Using

[fold][iny] ([i] [l> [m1][next]3OK+p)
. fold(in, h)

v<>k+{,’+1(p e ¢ Vv ®V0k+{’q)
for each i € I we show
M(g,p.q) {ResgA| QiV<>k+€<p}
So let i € I. Since
p + {Rest A|p30ky}
We have
unfoldp {A+ (0 X » Res8 A)? | [ind] ([1] [ [nl][next]EIquo)}
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and we conclude similarly as in the case of @30K . O

Example D.43. Let § : 0 be a safe and smooth formula. Furthermore, let O € {vO,30}, & €
{V©,3¢} and [out] € {[Aout], [Vout]}. We have

sched : {ResA/|[box]O0O[out]d} — {Res A | [box]O<[out]d} — {Res A | [box]OO[out]d}
Proor. We show that we can give the following refinement type to sched®:
Vk-V{’yV{’y({ResgA’ Dk<>€°[out]z9} — {ResgA| okoh [out]&‘} — {ResgA| akobhth [out]z‘)})
Let T(k, £y, ¢1) be the type
{ResgA| Dk<>f°[out]|9} — {ResgA| okoh [out]&’} — {ResgA| Okobeth [out]é‘}

and assume

g : »Vk - Vfo . Vfl . T(k, 50,51)

Let
M(g,p,q) = casep of
| Ret® a +— Ret®a
| Cont® k +—
let h = Ai.let {o,t) = ki
in (0,9 ® (next q) ® t)
in Cont® h
We show

Ap/lqM(g,p, q) : Vk- Vfo . Vf] . T(k, f(), 51)
We apply the (V-CI) rule on Vk. The case of V¢, - V&1 - T(0, £y, {1) is trivial since
00oh+hout]d & T

As for Y&y - V€1 - T(k+1, £y, €1), we apply the (V-CI) rule, this time on V. In the case of V{; -
T(k+1,0,£,), since OK*1 G out] is of the form
Olout]d A ¢
while
Oout]d & L
we can conclude using the (ExF) rule. It remains to deal with the case of V¢ - T(k+1,£o+1, ;). We
apply the (V-I) rule on V¢;. We show
M(g,p,q) : {ResgA | Ok Glo+bi+ [out]&’}
assuming
J {ResgA Ok+1 b+ [out]ﬁ}
q : {ResgA k100 [out]ﬁ}
We will apply the (Iny;-E) rule on (unfold p) and show
N(g.k,q) : {Rest A|OF1 OO0+ [out]9}

where
N(g,k,q) := let h=2Ai.let {o,t) = ki
in (0,9 ® (next q) ® t)
in Cont8 h
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and under suitable assumption on the refinement type of k. We have

VOO0 [out]§ o  OhthtTout]d A aVOKOL 0+ out]d
JOkHI OO+ [out]9 &  Ohthtlout]d A @ITKOL*E+T[out]d

and we consider each conjunct separately.

Cases of OO0+ [out]d.
We have

p + {RestA| OOt [out]8}
Using
IO out]d e [out]d vV @30%[out]d
VOt [out]d e [out]d vV avVOh[out]d

we reason by cases on the refinement type of p.
(Sub)Cases of [out]J.
We show

N(g,k,q) : {Res®A|[out]d}

We handle the cases of [Vout] and [Aout] separately.
(SubSub)Case of [Vout].
We apply the (V-E) rule on the refinement type of p. So let i € I and assume

p : {Rest A|[out;]d}

This amounts to
k {(O X » Res8 A)! | [i] |- [70]d}
Hence assuming
i Al
we have
(mo(ki), g ® (next q) @ (my(ki))) : {0x»Res® A [m]d}
It follows that
2. (mo(ki). g @ (next @) @ (m(ki))) : {(0x > Rest A)L|[1] |l [x0]9}

and we are done since

Cont® = Ah.fold(iny h)

(SubSub)Case of [Aout].
For each i € I we have to show

N(g,k,q) : {Res®A]|[out;]d}
Solet i € I. Since
p : {Res®A|[out;]d}
we have
k : {(O X » Res8 A)! | [i] |- [710]3}

and we conclude similarly as in the case of [Vout].
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(Sub)Case of @30 [out]9.
We show

N(g,k,q) : {ResgA | @Ioh*h [out]S}
We apply the (V-E) rule on the refinement type of p. So let i € I and assume
J {ResgA ‘ O30 [out]ﬁ}
This amounts to
k : {(0x»Rest A)! |[i] |- [m1][next]3O% [out]d}
Assuming
i AT}
we thus have
ki {O X » Res® A | [71 ][next] 3O [out]:.‘?}
since (by subtyping) g has type
> ({ResgA\ O'30% [out]d} — {ResgA| 0’304 [out]d} — {ResgA| O'3oh+h [out]ﬁ})
and since, according to Table 3,
09 e 0
it follows that
(mo(ki), g ® (next q) @ (my(ki))) {O X » Res® A i [71][next] 3O L+h [out]&’}
We thus get
Ai. (mo(ki), g ® (next q) ® (my(ki))) {(O X » Res8 A)! | [1] I~ [m1][next]3O0+0 [out]l‘i}
Now we are done since

01300+ 1 [out]9
and Cont8

[fold][in{] ([i] I~ [71][next] 3O l+h [out]9)
Ah. fold(ing h)

(Sub)Case of V<O out]d.
We show

N(g,k,q) : {ResgA|®\7’<>[°+€‘[out]l9}

Hence, for each i € I we have to show
N(g,k,q) : {ResgA | Qi Vohth [out]ﬁ}
Soleti € I. Since
p : {ResBA|O;¥O[out]d}
we have

k {(0 x » Res® A)! | [1] Il [m1][next]v <O [out]ﬁ}

and we conclude similarly as in the case of @3 [out]d.
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Case of oYOk OO0+ [out]d.
For each i € I we have to show

N(g.k,q) : {Rest A|O;VOkOO+0+ [out]9}
Solet i e I. Since
p + {Rest A|O;VOkOO [out]d}
we have
k o {Ox»Rest A)! | [i] |- [mi][next]YOF G4+ [out] 9}
Assuming
i A{T[[i]}
we thus have
ki {O X » ResgA| [71][next]VOk Ol [out]ﬁ}
and it follows that
Al (mo(ki), g ® (next q) ® (my(ki))) {(0 X » Res® A)! | [1] > [ ][next]VOk Ottt [out]n.‘)}
Now we are done since

O VOF3Oh+a+ [out]9
and Cont8

[fold][in:] ([i] | [m:][next]VOk3O0+a+T [out]9)
Ah. fold(in; h)

Case of @30k Oh+0+ [out]d.
We have to show

N(g.k,q) : {Res® A|@3ackoh+t+out]9}
We apply the (V-E) rule on the refinement type of p. So let i € I and assume
p : {RestA|O;IOFOHH [out]d}
We have
k o {(Ox»Rest A)! | [i] | [mi][next]30F O4* [out] 9}
and we conclude similarly as in the case of @VOXO0+0+ [out]d. O
Example D.44. Let O € {VO,30} and ¢ € {V<©, 3O} We have
sched : {ResA|[box]OO[Ret]} — {Res A | [box]O<C[Ret]} — {Res A | [box]OC[Ret]}
Proor. We show that we can give the following refinement type to sched®:
Vk - Ve, - Vb - ({ResgA) Dk<>"0[Ret]} s {ResgA) Dkofl[Ret]} s {ResgA) Dk<>"o+f1[Ret]})
Let T(k, £y, ¢1) be the type
{ResgA‘ Dkofﬂ[Ret]} — {ResgA‘ Dkofl[Ret]} s {ResgA‘ Dkofﬂ”l[Ret]}
and assume

g : »Vk - Vf() . v€1 . T(k, 50,51)
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Let
M(g,p,q) := casep of
| Retd a +— Ret8 a
| Cont® k +—
let h = Ai.let {o,t) = ki
in (0,9 ® (next q) ® t)
in Cont® h
We show

).p/lqM(g,p, q) . Vk- Vfo . Vfl . T(k, f(), 51)
We apply the (V-CI) rule on Vk. The case of V¢, - V&1 - T(0, £y, {1) is trivial since
0000+t [Ret] & T

As for V&, - V€, - T(k+1, 4o, €1), we apply the (V-CI) rule, this time on V{y. In the case of V{; -
T(k+1,0, £y), since O%*1 GO Ret] is of the form

O%[Ret] A ¢
while
O%Ret] & L

we can conclude using the (EXF) rule. It remains to deal with the case of V¢; - T(k+1, {o+1, (7). We
apply the (V-I) rule on V¢;. We show

M(g,p,q) : {RESgA| Dk+1<>l’0+[1+1[Ret]}

assuming
p : {RestA|OF1 GO [Ret]}
q : {Rest A|OFTOO[Ret]}
We have
yOkH1 O l+i+1 [Ret] o Olth+ [Ret] A ®VDk<>£’0+€1+1 [Ret]
Jok+H1ol+i+ [Ret] o Ohth+ [Ret] A @EDkO(’OH’IH [Ret]
and we consider each conjunct separately.
Cases of OO+ [Ret].
We have
J2 {ResgA | Obo [out]&}
Using
JOh+[Ret] & [Ret] vV @3O[Ret]
vOht [Ret] & [Ret] vV oVOD[Ret]
we reason by cases on the refinement type of p. In the case of [Ret], apply the (INjo-E) rule on

(unfold p), and we conclude similarly as in Ex. D.42. In the other cases, we apply the (INj;-E)
rule on (unfold p) and show

N(g,k,q) : {ResgA|<>€°+[1”[Ret]}

where
N(g,k,q) := let h=2i.let {o,t) = ki
in (0,9 ® (next q) ®t)
in Cont® h
and under suitable assumption on the refinement type of k. We can then conclude similarly
as in Ex. D.43.
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Cases of QOKOOT0+1[Ret].
We apply the (InJ;-E) rule on (unfold p) and show

N(g.k,q) : {Rest A| Ok OO0+ Ret]}

where
N(g.k,q) = let h=2i.let (o,t) = ki
in (0,9 ® (next q) ® t)
in Cont8 h

and under suitable assumption on the refinement type of k. We can then conclude similarly
as in Ex. D.43. O

D.8 Breadth-First Tree Traversal

D.8.1 Infinite Binary Trees. The guarded recursive type of binary trees is

TreeB A := Fix(X).AX (»X X »X)
TreeA := ®mTreeSA

The usual guarded constructors and destructors on Tree® A are represented as

Node® := Av.ALAr.fold({v,{{,r))) : A — »TreeB A — » TreeB A — Tree® A
label® := At.my(unfold t) : TreeBA— A

son% = At.mo(m(unfold t)) : TreeB A — » Tree® A

son2 :=  At.m(m(unfold t)) : TreeB A — » Tree® A

Their coinductive (for A a constant type) variants are

Node := Av.Af.Ar. : A—> TreeA — Tree A — Tree A
box,(Node® v (next (unbox £)) (next (unbox ¢)))

label := At.label® (unbox t) : TreeA— A

son, := At.son® (unbox t) : Tree A — TreeS A

son, = At.song (unbox t) : TreeA — Tree A

Example D.45 (Tree Formulae). Assuming ¢ : Tree8 A,

VOp :  Tree? A
va. o A (Oca A Ora)

A0 :  TreeBA
pa. oV (Orea Vv Ora)

Example D.46. Assuming ¢ : A, we have
Node® : {A]| ¢} — » {Tree® A | VO[Ibl]p} — » {Treet A | VO[Ibl]gp} — {Tree? A | VO[Ibl]e}
label® : {Tree8 A|VO[Ibllp} — {A] ¢}
son% : {Tree®2 A | VO[Ibl]p} — » {Trees A | VO[Ibl]p}

son® : {Tree®2 A | VO[Ibl]p} — » {Tree A | VO[Ibl]p}
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D.8.2 Breadth-First Traversal of Guarded Trees Using Forests.

Example D.47.
bft :  TreeA — ColistA
:=  At. box,(bft® (unbox t))
bft® : Tree® A — CoList® A
= At.bftaux® [¢]8
bftaux®. :  CoList8(Tree8 A) — ColList8 A
= fix(g).As. case s of
| Nil& > Nil¢
| Cons® x xs — (label® x):8 g® (next(appendg) ®xs @ [(son% x), (son? x)]g>)
where
[1e~ = next([]®)
(Y0, Y1, - - yn]®” := next(Cons8) ® yp ® next[y,...,y,]8"
Example D.48.
bft® : Tree8 A —> {ColList® A | [=nil]}
bftaux® : {ColList8(Tree A) | [=nil]} — {CoList® A | [=nil]}
Example D.49.

bft® : Tree A—> {Colist® A | [inf]}

bftaux® : {ColList8(Tree A) | [=nil]} — {CoList® A | [inf]}
Example D.50. Assuming ¢ : A,
bfts : {Tree® A|VO[lbllp} — {CoList® A | O[hd]e}
Proor. Thanks to Ex. D.30 and Ex. D.31, we can reduce to showing
bftaux® : {CoListg(Treeg A) \ [=nil] A Dﬁn[hd]VD[Ibl](p} —> {ColList® A | d[hd]e}
Let
T := {Colisté(Trees A) | [=nil] A Of"[hd]¥O[IblJp} — {CoList® A | O[hd]e}
and assume
g : »T
s {CoListg(Treeg A) | [=nil] A Dﬁ“[hd]VD[lbI]qa}
Note that we have, at type CoList®(Tree® A),
[=nil] A Df[hd]VO[Ibllp & [=nil] A ([nil] v ([hd]¥O[Ibl]lp A OO [hd]VO[Ibl]e))
& ([=nil] A [nil]) v ([=nil] A [hd]VO[Ibl]e A OOfR[hd]VO[Ibl]e)
Since the modality [fold] preserves A and L (Table 3), we have
([=nill A [nil]) = 1

We apply the (V-E) rule on the refinement type of s. The branch of [=nil] A [nil] is dealt-with using
the rule (ExF). It remains to handle the case of

s {CoListg(Treeg A) | [=nil] A [hd]VO[Ibl]e A QDﬁ“[hd]VD[Ibl]q)}
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Since the modalities [fold] and [in;] preserve A we have
unfold(s) : {1+ Tree® Ax » ColList(Treed A) | [in;]([70]@ A [rr1][next]Of[hd]¥O[Ibl]e) }
Using the typing rule (InJ;-E) (Fig. 8) and Ex. D.46 we are left with showing
v 8 g ® (next(append®) ® xs @ [(,r]e¥) : {CoList® A | O[hd]¢}

where
xs = my . » {ColList®(Tree8 A) | O [hd]vO[Ibl]p}
v = labelt(moy) : {A|o¢}
t = son(myy) : »{Tree2 A|VO[lbl]p}
r = sony(myy) : »{Tree® A|VO[lbl]p}
assuming

y : {Treed Ax » ColList8(Tree® A) | [mo]¢ A [m1][next] O [hd]VO[Ibl]e}
It follows from Ex. D.30 and Ex. D.31 that
[¢,r]8" : » {CoLists(Tree A) | [=nil] A Of*[hd]VO[lbl]e}
Hence, by Ex. D.33 and Ex. D.34 we obtain
next(append®) ® xs @ [£,r]8” : » {CoListé(Tree A) | [~nil] A OF[hd]VO[Ibl]p}

and the result follows. ]

D.8.3 Martin Hofmann’s Algorithm. We follow the presentation of [Berger et al. 2019] with
some slight changes in terminology and notation. Consider the non-strictly positive type

RouSA := Fix(X). 1+ ((»X — »A) — A)
so that
Rou8(ColList® A) := Fix(X).1+ ((»X — » ColList® A) — ColList8 A)
The constructors of Rou® A are

Overs := fold(ing()) : Roug A
Cont8 Af fold(inif) : ((»RoutA — »A)— A) — Rout A

The following are two basic important functions on Rou®:

unfold : Rou®A— (» Rout A — »A) — »A
:=  Ac. case ¢ of
| Overs +— Ak. k (next Over8)
| Contéf — Ak. next(fk)

extract :  Rou®(ColList®8 A) — ColLists A
= fix(g).Ac. case ¢ of
| Over® — Nil®
| Contdf — fg®
where

g® = Axg®x
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We then let
bft® : Tree® A — Colistt A
:=  At. extract (bftaux t Over8)
bftaux :  Tree® A — Rou8(CoList®8 A) — Rou8(CoList8 A)

= fix(g).At.Ac.
Cont ()tk. (label® t) ¢ unfold ¢ (k o (g ® (son®t))® o (g @ (son%t))®))
Example D.51 ((Non) Emptiness).

[ov] := [fold][ing]T : Rou®A
[ct] [fold][in1]T : Rou®A

Example D.52. Assuming ¢ : A, we let

[Roulp := wva. [fold][in1](([next]a ||— [next]y) || ¢) : RousA
Then for ¢ : CoList® A we have
extract : {RouS(ColList® A) | [Rou]g} — {ColList® A | ¢}
PRrROOF. Assume

g : »({Rou8(ColList® A) | [Rou]p} — {ColList® A | ¢})
¢ : {Rou8(Colist® A) | [Rou]g}

and let
B := Colist®t A
Since
[Roulp = va. [fold][in](([next]a |- [nextle) |- @)
we have

(unfoldc¢) : {1+ (» Roud B — »B) — B [in1]|(([next][Rou]g |[> [next]ep) |- ¢)}
We can thus apply the (Iny;-E) rule, which leads us to showing

fx.g@x) : {B|e}

assuming
f+ {(»RoutB— »B) — B| ([next][Rouly [ [next]p) |- ¢}
that is
f: (»{RoutB|[Roulp} — »{B|¢}) — {B| ¢}
But this is trivial, by assumption on the type of g. O

Example D.53. Assuming ¢ : A we have
unfold : RoutA— (»RoutA— »{A|¢p}) — »{A]| ¢}

ProoOF. Assume
¢ : RoutA
: > Rout A— »{A]| ¢}
f = (»{RouB A[[Roulp} — »{A|¢}) — {A] ¢}

=

Then we have
k (next Over®) : »{A]| ¢}
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Moreover, by subtyping we have
k : »{Roud A|[Roulp} — »{A]| ¢}

so that
next(fk) : »{A] ¢}

Example D.54. Assuming ¢ : A we have
bfts : {Tree8 A|VO[lbllp} — {ColList® A | O[hd]e}
Proor. It follows from the type of extract in Ex. D.52 that we are done if we show
bftaux : {Tree® A|VO[Ibl]yy} — Rou#(CoList® A) — {Rou8(CoList® A) | [Rou]O[hd]y'}
Let
T := {Tree® A|VO[Ibl]¢y} — Rous(CoList® A) — {Rou8(ColList® A) | [Rou]d[hd]y'}

and assume
g : »T
t : {TreeS A|VO[lbl]p}
¢ : Rou®(Colist® A)
Using Ex. D.46, let

£ sonz t : »{Tree2 A| vO[Ibl]p}
r = sonyt : »{Treed A|VO[lbl]p}

Since (label® t) : {A | ¢}, it follows from Ex. D.31 that we are done if we show
unfoldc (ko(g®@€)® o(g®r)®) : »{Colist® A | O[hd]p}
assuming
k : »{Rou8 (ColList® A) | [Rou]O[hd]p} — » {CoList® A | O[hd]p}
But by Ex. D.53 we are done since

ko(gel)®o(g®r)® : »Roud (ColListA) — » {ColList® A | O[hd]p}

E PROOFS OF §38

Warning. In §E.1-E.3 we assume formulae to have no free iteration variables. Free iteration variables
in types are then always instantiated in the Adequacy Theorem E.14 (Thm. C.26, Thm. 8.12).

E.1 Correctness of the External and Internal Semantics
E.1.1  Proof of Lem. C.13.(1) (Lem. 8.3).
Lemma E.1. If+2 ¢ in full modal theory of Def. 6.2, then {|¢[} = T[A].

Lemma C.19 gives almost all the axioms and rules of Table 3 and Fig. 6, but for the [ev(—)]
modality that we treat separately. We first treat the axioms of Table 3.

Lemma E.2. If¢ : A is an axiom of Table 3, then {|p|}* = [A].

Proor. Most of the axioms follow from Lem. C.19. Following Def. 4.5, we include the axioms
marked (C) in Table 3. The cases of [box] are trivial and omitted.
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Case of (C). Since in each case, the map {|[A][} preserves A.
The case of [ev(—)] is treated directly:

HE=A ([ev(@)]y A lev(d)le) = [ev(PIW A ¢)

Let x € T[B — A] and assume that x € {|[ev(@)]¢[} N {|[ev(¢)]¢]}. Let now y € T'[B] such
that y € {|¢|}. We then have ev o (x,y) € {|¢[} N {lo]}.

Case of (N). Since {|[7;][}, {|[next]|} and {|[fold]|} are maps of Heyting algebras.
The case of [ev(—)] is treated directly:

HE2A fev(@)]T

Let x € T[B — A]. Given y € T'[B] such that y € {|¢|}, we have ev o (x,y) € T[A] = {|T|}
Case of (P). Since {|[7;][}, {|[next]|} and {|[fold][} are maps of Heyting algebras. As for [in;],
this follows from Lem. C.19.
Case of (Cy). By Lem. C.19.
Case of (C=). Since {|[7;]]}, {|[next]|} and {|[fold]|} are maps of Heyting algebras. O

In order to handle fixpoints, we have the usual monotonicity lemma w.r.t. set inclusion.

Lemma E.3. Consider, for a formula a; : Ay, ...,ax : Ak + @, the map
{loly : PT[A x---xPT[A]) — PT[AD., v+— {lol},

Fori € {1,...,k}, if a; Pos ¢ (resp. a; Neg ¢), then w.r.t. set inclusion, {|p|} is monotone (resp.
anti-monotone) in its ith argument.

We can now turn to the proof of Lemma E.1.

PrOOF OF LEMMA E.1. By induction on +4 ¢. The rules of intuitionistic propositional logic
(Fig. 14) as well as of (CL) are trivial and omitted.

Case of .
4
W Ty = 1ol
By Lem. C.19, this holds for [7;], [next] and [fold] since {|[7;][}, {|[next][} and {|[fold][} are
maps of Heyting algebras. As for [in;], this follows from the fact that {|[in;]|} preserves
implications as it preserves V.
The case of [ev(—)] is treated directly:

Ky =g
FB=A [ev(g)ly = [ev(d)le
Let x € T'[B — A]. Given y € T'[B] such that y € {|$[}, we have ev o (x,y) € {|¢|}, so that
evo (x,y) € {lpl} since {|[y|} < {lol}.

Case of
H g
+=4 [box]¢
Trivial.
Case of

By =¢ Fo:A

HB=A [ev(g)lp = [ev()]e
Let x € T[B — A] and assume that x € {|[ev(¢)]¢|}. Let furthermore y € T'[B] such that
y € {|¢|}. We have to show evo(x,y) € {|¢[}. By induction hypothesis we have y € {|y = 9|},
so that y € {|¢|}. But this implies ev o (x,y) € {|¢|} since x € {|[ev(¢)]e[}.
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Case of

FB=A ([ev(yo)lg A [ev(yn)le) = [ev(yo V Y1)l
Let x € T[B — A] and assume that x € {|([ev(¢p)]¢ A [ev(¥1)]9)]}. Let furthermore y € T[B]
such that y € {|y V ¢1|}. We have to show ev o (x,y) € {|¢[}. Butif y € {|)y|} then we are
done since x € {|[ev(¥p)]el}, and similarly if y € {|¢1|}.
Case of

FA*tAL ([ing]T v [in1]T) A =([ine] T A [in{]T)
Consider x € T[A¢+A;] = T[Ao]+T[A;] (via Lem. C.2). Hence x = in;(y) for some y € T[A;]
and we have x € {|[in;]T[}. Moreover, since the injections iny and in; have disjoint images,
we have {|[ing] T A [in{]T[} = 0 so x € {|=([ing]T A [in ] T)]}.
Case of

HotA [ing]T = (Slinie < [ini]-¢)
Let x € T[Ag + A1] = T[Ao] + I'[A1], and assume x € {|[in;]T[}, so that x = in;(y) for some
(unique) y € T'[A;]. We show

x € {=[inilp = [ini]=el} ~ and  x € {[ini]=p = =lin;]o}

For the former, assume x ¢ {|[in;]¢l[}. Since y is unique such that x = in;(y), we have y ¢ {|¢|[}.
But this implies y € {|-¢|} and we are done.

For the latter, assume x € {|[in;]—¢[}. Assume toward a contradiction that x € {|[in;]¢l}.
Since y is unique such that x = in;(y), we have both y ¢ {|¢|} and y € {|¢[}, a contradiction.

Cases of
FAvlap & T FAvttlap & o[vtag/al FA ap & L FA it ap © olptap/al
By definition of {|9taqai}.
Cases of
[t] = [u] [t] < [u]
Fvtap = wWae FA ptap = plag
These cases follows from Lem. E.3 (in 0*ap we assume that « is positive in ¢) and the
definition of {|9ta(p‘}.
Cases of
Hy = oly/a] H gy /al =y
Hovap = glvag/al Y = vag H pluag/a] = pag H pap =
By Lem. E.3 and the Knaster-Tarski Theorem.
Cases of
FA ptap(a) = pap(a) FA vap(a) = viap(a)

We show by induction on m € N that
{lf"ap@lt < A{lpap@)l} and {lvap(a)l} < {V"ap(a)l}
The base case m = 0 is trivial since
{KPap(@} = AL} and {Vap@} = {Th
For the induction step we have

{iep@) = dowrap@)l  and  {™ap@} = (oG e}
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So the induction hypothesis together with Lem. E.3 gives

{l™ap@f} < {le(uagp(a)l} and {lovap(@)l} < {le("ap(a))l}
and we are done since by the Knaster-Tarski Theorem, we have
{lo(uap(a)l} = {lpap(@)l} and {levap(a))l} = A{lvag(a)l}

E.1.2  Proof of Lem. C.13.(2) (Lem. 8.3).
Lemma E.4. If+* ¢ in full modal theory of Def. 6.2, then [¢] = [A].

Corollary C.17 gives almost everything we need for the semantic correctness of the modal theory.
We begin with the axioms of Table 3.

Lemma E.5. If¢ : A is an axiom of Table 3, then [o]* = [A].

Proor. Most of the axioms follow from Cor. C.17.

Case of (C). Since in each case, the map [[[A]] preserves A.

Case of (N). Since in each case, the map [[A]] preserves T (recall that axiom is not assumed
for [in;]).

Case of (P). The result for [r;], [fold] and [box] follows from the fact that [[[7;]], [[fold]] and
[[box]] are maps of Heyting algebras.
As for [in;], it follows from the fact that [[in;]] preserves L (Cor. C.17).

Case of (Cy). By Cor. C.17.

Case of (C,). Since [[;]], [[fold]] and [[[box]] are maps of Heyting algebras. |

In order to handle fixpoints, we have the usual monotonicity property w.r.t. subobject posets.
Lemma E.6. Consider, for a formula oy : Ay, ..., o : Ak + ¢, the map
[e] : Sub(JAi])x---xSub(JAr]) — Sub([4]), v+ [¢].

Fori € {1,...,k}, ifa; Pos ¢ (resp. a; Neg @), then w.r.t. subobjects posets, [¢] is monotone (resp.
anti-monotone) in its ith argument.

We can now turn to the proof of Lemma E.4.

PrOOF OF LEMMA E.4. By induction on 4 ¢. The rules of Fig. 14 follow from the fact that in a
topos, the subobjects of a given object form a Heyting algebra.
Case of v
FY =g
"W Ty = 1ol
The result holds for [;], [fold] and [box] since [[7;]], [[fold]] and [[box]] are maps of Heyting
algebras.
As for [in;], [next] and [ev(—)], this follows from the fact that the maps [[in;]], [[next]] and
[lev(—)]] preserve implications since they preserve A.
Case of
o
+=4 [box]e
By Cor. C.17.
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Case of
By = ¢ Fo:A
HB=A Tev(g)]p = [ev(y)le
This case can be seen as following (via Lem. C.15) from the definition of [[ev(-)]]. A direct
argument is nevertheless possible. Let ¢ € [B — A](n). Let k < n such that Tk ¢ [ev(¢)]e.
Let furthermore £ < k andu € [B](¢) such that u II—? . We have to show evo (tT¢, u) II-? ¢.By
induction hypothesis we have u Il—f Y = ¢, so thatu Il—[lﬁ8 ¢. But this implies ev o (tT¢, u) II—? 1)

since tTk i [ev(¢)]e.
Case of

FB=A ([ev(yo)le A [ev(yn)le) = [ev(yo V ¥1)le
Lett € [B — AJ(n). Let k < n such that Tk i+, ([ev(¥o)]e A [ev(¥1)]@). Let furthermore
¢ < kand u € [B](¢) such that u Il—f’,3 Yo V 1. We have to show ev o (tT¢, u) n—? . Ifu n—f Yo,
then we are done since t I [ev(ip)]p, and similarly if u II—? V1.
Case of

FA*A ([ing] T v [in1]T) A =([ine] T A [in{]T)
Write A = Ay + A; and consider ¢ € [Ag + A;](n). Hence ¢ = in;(u) for some u € [A;](n) and
we have ¢ I, [in;]T. Moreover, since the injections ing and in; have disjoint images, we have
[lino]T A [iny]T](k) = @ for all k > 0 so t I, —=([ine] T A [in{]T).
Case of

FArA [ing [T = (=[inile & [ini]-)
Write A = Ay + A;. Let t € [Ay + A;](n), and let k < n such that tTk I [in;]T, so that we
have Tk = in;(u) for some (unique) u € [A;](k). We show

Ap+Ay

Ag+A
tiky S|

=lini]le = [in;]—¢ and tF, inj]me = -lin;]e

For the former, let £ < k such that tT¢ = (¢7k)T¢ ¢ —[in;]e, that is such that tTm I, [in;]e
for all m < €. We show t1¢ Ik, [in;]—¢. Hence we are done if uTm I, ¢ for all m < £. But if
uTm Iy, @, then we would have tTm = in;(uTm) I, [in;]p, a contradiction.

For the latter, let £ < k such that tT¢€ I, [in;]—¢. We have to show tT€ ¢ —[in;]e, that is
tTm W [ini]e for all m < €. So assume tTm I [in;]e for some m < {. Hence, there is
u’ € [A;](m) such that t7rs = in;(u’) and u’ ; . But we have u’ = uTr. On the other hand,
since tT¢ I-¢ [in;]—¢, there is some u” € [A;]|(€) such that 7€ = in;(u”) and u”Tm W, ¢ for
all m < €. But we also have u”/Tm = ulm, thus contradicting uTm I ¢.

Cases of
FAvlap © T FAvttlap o o[vtag/al FA flap & L FA it ap © olptap/al
By definition of [0*a¢].
Cases of
[t] = [u] [t] < [u]
F vtap = wWae FA ptap = plag
These cases follows from Lem. E.6 (in *ap we assume that « is positive in ¢) and the
definition of [0t a¢].
Cases of
Y = oly/al H plyla] =y
FHvap = glvap/a] Y = vag H plpap/al = pag HA pap =
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By Lem. E.6 and the Knaster-Tarski Theorem, since subobject lattices of S are complete
([Mac Lane and Moerdijk 1992, Prop. 1.8.5]).
Cases of

FA ptap(a) = pagp(a) FA vap(a) = viae(a)
Similar to the same case in the proof of Lem. E.1. O

E.2 The Safe Fragment
Lemma E.7 (Lem. 8.5). The greatest fixpoint of a Scott cocontinuous function f : L — L is given by
v(f) = Apen f1(T)

Proor. That v(f) is a fixpoint of f follows from the continuity of f and the fact that the set
{f™(T) | € N} is codirected, which in turn follows from the fact that f is monotone. In order to
show that v(f) is the greatest fixpoint of f, recall that the greatest fixpoint of f is in any case given
by

b = V{aella< f(a)}
We trivially have v(f) < b as v(f) is a fixpoint of f. For the revere inequality, for all a such that

a < f(a), it follows by induction on n € N and from the monotony of f that we have a < f*(T)
for all n € N. Hence a < v(f) for all a such that a < f(a), which in turn gives b < v(f). O

Lemma E.8 (Lem. 8.6). Consider a safe formula a; : P{,...,ar : P{ + ¢ : P*. The following two
functions are Scott-cocontinuous:
[o] = Sub([PIDx--xSub([P;]) — Sub([PD. o+ [o].
{loly = PP x---xPTP]) — PTP]D. v— {ol,
Proor. In both cases, monotony w.r.t. lattice order follows by an easy induction from the

positivity of safe formulae. We now turn to preservation of codirected meets. We first consider the
case of {|¢[}. We reason by induction on ¢.

Casesof o, T, L.
Trivial.
Case of p A .
Let D; € P(T[P{]),...,Dx € P(T[P}]) be codirected. By induction hypothesis we obtain

Qo Ayl (Do [0 = (eh D1 oD 0 (Yl D, D)

and the result is trivial.

Case of ¢ V .
This is the interesting case. Let D; € P(C[P{]),...,Dr S P(I[P{]) be codirected. By
induction hypothesis we obtain

Qo Ayl () Dres[ 100 = (Vleh D1 .. D) U (1Yl D, D)
We then trivially get

(el 1,... D) U (VB (D1, .D) € ((lle V¥l (D, De)
It remains to show the converse direction
(Ve vylDwn....D) < (b Dr....D) U [yl D, D)

So let x € T[P*] such that x € {Jo V ¢} (Si,. .., Sk) for every S; € Dy, ..., Sk € Di. Assume
toward a contradiction that there are S; € Dy, ..., Sk € Dy such that x ¢ {|¢[} (S1,...,Sk)
and that there are S| € Dy, ... ,Sl’c € Di such that x ¢ {|y[} (S7,... ,S,’c). Since the D;’s are
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codirected for inclusion, there are S;’ € Dy, .. ., S,’(’ € Dy suchthatS!” € 5;nS!fori=1,...,k.
By monotonicity w.r.t. inclusion, we have x ¢ {{o[} (S{’,...,S) and x ¢ {{y[} (S, ..., S}).
But this implies x € {l¢ V ¢/} (57, .. .,S{), a contradiction.

Case of [1;]p.
Let Dy € P(T[P{]),...,Dx S P(T[P{])be codirected. Let x € T[P*] and write P* = Q7 xQy.
Then we are done since by induction hypothesis

x € {|[[zilel} (N D1,...,N D) it mioxe{lol(ND1,.... M Dk)
iff i ox € N{lel (D1,...,Dk)
iff VS;€Dy,...,S €Dy, miox € {ol}(Dy,...,Dx)
iff \/51 € Dy,.. .,Sk S Dk, X € {l[ﬂ'l](pl} (D],. . .,Dk)
iff x € N{l[milel} (D1, .., Dk)

Case of [in;]e.
Let Dy € P(T[P{]), ..., Dx S P(T[P{])be codirected. Let x € T[P*] and write P* = Q7 +Qy .
By Lem. C.2, we have x = in; o y for some unique j € {0,1} and y € T[Q;]. Then we are
done since by induction hypothesis we have x € {|[in;]¢[} (N D1,...,( )\ Dk)

iff j=iand ye{el(ND1,....N D)

iffj=iand ye N{lel}(D1,...,Dk)

iffj=iand VS, €Dy,...,S €Dy, y<{ol}D,...,D)

iff VS, € D1,...,S € Dg, x € {|[in;]l} (D1, . ..,Dy)
iff x € NA{llinilel} (D1, ..., D)

Case of [next]o.
Let D; € P(C[P{]),...,Dx € P(T[P{]) be codirected. Let x € T[P*] and write P* = »Q*.
By Lem. C.2, we have x = next o y for some unique y € I'[Q*]. Then we are done since by
induction hypothesis we have

x € {|[[next]ol} (N D1,....NDx) iff ye{e}(ND1,....NDx)
iff ye N {leh(D,....Dk)
iff VsleDl,...,SkGDk,y€{|<0|}(D1,...,Dk)
iff VS; €Dy,...,Sk € Dy, x € {|[next]o[} (D1, ...,Dk)
iff x € N {[nextlol} (D1,...,Dg)

Case of [fold]e.
This case is dealt-with similarly as that of [;].

Case of [box]¢.
Trivial since ¢ is required to be closed.

Case of [ev(¥)]p.
Note that ¢/ is assumed to be closed since [ev(/)]¢ is safe. Let D; € P(T[P{]),...,Dr <
P(T[P;]) be codirected. Let x € T[P*] and write P* = R — Q*. Then we are done since by
induction hypothesis we have

x € {llev(®)lol} (N D1,....NDx) if Yy e{yl}, evo(x,y) € {lol} (N Di,....MN Dk)
iff Vye{lyl}, evo(x,y) € N{lelt (D1,...,Dx)
iff VS;€Dy,...,S €Dg, Yy e {{¥]}, evo(x,y) € {lo|} (S1,-...5k)
iff VS, €Dy,...,5 € Dg, x € {|[ev(¥)]ol} (S1,...,Sk)
iff  x € N {llevlel} (D1, ..., Dx)
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Cases of 0tag.
By induction hypothesis, the function

o « PAIPD x - x PP x P[P — PEIPD, 0.8 — folbogsa
is Scott-cocontinuous. Hence by Lem. E.7, for S; € P(T[P[]), ..., Sk € P(T[P;]) we have
W aelt (St .80 = [l (Si.- .-, S)™(T)

where

{ol S s SD™HT) = ol (St Sk {lel} (Sis - SK)™(T))

and where ({|@[} (S1,...,S)°(T) := T and ({¢[} (S, ...,S%)°(L) := L. An easy induction
on m € N then shows that each function

ol (=....,-N™(T) = PE[PID x---xPE[PL]) — PET[PT])

is Scott-cocontinuous.
Cases of fag.
Trivial since ¢ is required to have at most « as free variable.

We now turn to the case of [¢]. Most of cases are similar to those for {|¢[}. Also, note that
[o] = Sub([Py])x -~ x Sub([P;]) — Sub([P*])

being Scott-continuous means that for D; C Sub([P{]),...,Dx S Sub([P/]) codirected w.r.t.
subobject lattice orders, we have

[el(\Dios ADO = AlolDs,.... D)

But since meets in subobject lattices of S are pointwise, the above is equivalent to have, for all
n > 0 that

[e)(/\ i s ADOM) = (le)Dss.... D))

Casesof o, T, L.
Trivial.
Caseof p A Y.
Let D; C Sub([P{]),...,Di S Sub([P/]) be codirected. By induction hypothesis we obtain

[o AYIA Do s ADO = AlolDs.....D) A \[YIDs,....Dy)

and the result is trivial.
Caseof ¢ V .
Let Dy C Sub([P{]),...,Dix S Sub([P{]) be codirected. By induction hypothesis we obtain

[o AYIA\ Do ADO = AlolDs..... D) v \[Y)Ds,....Dy)

By monotonicity w.r.t. subobject lattice orders, we trivially get

A1, ....00) v AIWIDs,....D0) < Alo v yIDs,....Di)

It remains to show the converse direction

NlevylDn....00) ¢ AlolDs,....D0) v AIVIDs, ..., De)

Since meets and joins are computed pointwise in subobject lattices, we are done if for each
n > 0 we show

(e vyIDs.....DOmW < ([elDs.....DOm) U (YIDs.. .. D))
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We can then conclude as in the case of {|—|}. Fix n > 0 and let t € [P*] such that ¢ €
[oVY](AL,...,Ax)(n) for every Ay € Dy,..., A € Di. Assume toward a contradiction that
there are A; € Dy,...,Ar € Dy such that t ¢ [¢[(Ay,...,Ax)(n) and that there are A] €
Dy,... ,A;C € Dy such that t ¢ [y](A},... ,A;C)(n) Since the D;’s are codirected for inclusion,
there are A" € Dy,..., A} € Dy such that A7 < A; A A| fori = 1,...,k. By monotonicity
w.r.t. subobject lattice orders, we have t ¢ [¢](A7,...,A))(n)and t ¢ [Y](A7,...,A})(n).
But this implies t € [¢ V ¥](A7, ..., A{)(n), a contradiction.
Case of [1;]p.
Let Dy € Sub([P{]),...,Dx S Sub([P}]) be codirected. We show that for all n > 0 we have

[tzile)(/\ Drs-... A DOm = (llzlelDi,.... Di)n)

and this goes similarly as for {|—|}.
Case of [in;]e.
Let D; C Sub([P{]), ..., Di € Sub([P/]) be codirected. We show that for all n > 0 we have

[linidel(/\ Di..... A D) = (Ilindgl(Ds..... Di)(n)
and this goes similarly as for {|—[} since the pointwise maps (in;), : [[Q;rﬂ(n) - [0¢](n) +
[Q7 1(n) are injective.
Case of [next]o.
Let Dy C Sub([P{]),...,Dix S Sub([P{]) be codirected. Write P* = »Q*. We show that for
all n > 0 we have

[nextlg](/\ D1,..., A D)m) = [ lInextlp](Ds,. .., De)(n)

The result is trivial if n = 1. For n > 1, it reduces to

[l A\D1.. . ADOn-1 = ([e]Ds.....DR)n-1)
which follows from the induction hypothesis.
Case of [fold]e.
This case is handled similarly as that of [;].
Case of [box]¢.
Trivial since ¢ is required to be closed.
Case of [ev(¥)]p.
Note that i/ is assumed to be closed since [ev(}))]¢ is safe. Let D; C Sub([P{]),...,Dx <
Sub([P;]) be codirected. Write P* = R* — Q*. We show that for all n > 0 we have

[lev)lel(/\ Dis-. \ DO = [ lev)lp)(Dss ..., D))

Letn > 0 and ¢ € [P*](n). Then we are done since by induction hypothesis we have:

t € [lev)]e](A D1, ..., A\ Di)(n)
iff V¢ <n, Yue[y]), evo {t1¢,u) € [¢](AD1,..., A\ Dr)(€)
iff V¢ <n, Yuce [y]), evo (t1¢,u) € N[@](D1, ..., D))
iff VS; €Dy,...,Sk € Dg, Y€ < n, Yu € [¢](£), evo (i, u) € [¢](S1,- .., Sk)(E)
iff VS;€Dy,...,Sk € Dy, t € [lev¥®)]e](Sis- .., Sk)(n)
iff ¢ € N[lev(y)]e](Ds,...,Dr)(n)
Cases of 0ta¢p and 0.
These cases are handled exactly as for {|—|}.

Cases of fag.
Trivial since ¢ is required to have at most « as free variable. O
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Proposition E.9 (Prop. 8.7). Letay : P{,...,ar : P} + @ : P* be a safe formula. Given S; €
Sub([P{])s ..., Sk € Sub([P{]), we have

{lol @Sy, ... T(Sk) = T([@](S1.- ... Sk))

ProoF. We reason by induction on the derivation of a; : P}
but vag, the parameters are irrelevant and we omit them.

Casesof o, T and L.
Trivial.
Caseof p A 1.
Let x € T'[P*]. Then we are done since by induction hypothesis we have

xe{lpAaylt iff xe{o} andx € {|ly]}
iff (Vn> 0, x,(e) € [¢](n)) and (Vn > 0, x,(e) € [¢](n))
iff Vn >0, x,(e) € [¢](n) and x,(e) € [¢](n)
iff Vn>0, x,(e) € o Ay]n)

e, Ok :PI: F ¢ : P*.In all cases

Caseof ¢ V .
Let x € T[P*]. Assume first that x € {|¢ V ¢|}. If (say) x € {|¢[}, then by induction hypothesis
we get x,,(e) € [¢](n) for all n > 0, which implies x,(e) € ¢ V ¥](n) for all n > 0.
Conversely, assume that x,(e) € [¢ V ¢/](n) for all n > 0. Assume toward a contradiction
that there are k, £ > 0 with (say) k < ¢ such that xi(e) ¢ [¢](n) and x.(e) ¢ [/](n). Since
k < ¢, by Lem. C.16 we have xi(e) ¢ [/](n), but this contradicts xi(e) € [¢ V ¢](n). Hence,
we have either x,(e) € [¢](n) for all n > 0 or x,(e) € [¢](n) for all n > 0, and the result
follows by induction hypothesis.

Case of ¥ = ¢.
This case cannot occur since i = ¢ is not safe.

Case of [1;]p.
Let x € T[P*] and write P* = Qf X Q. Then we are done since (7; © x),(®) = 7;(xn(®)) so
that by induction hypothesis we have

x € {|[mi]olt iff miox e {lo}
iff Vn>0, (1;0x),(e) € [@](n)
iff Vn>0, x,(e) € [[7:]o](n)

Case of [in;]e.
Let x € T[P*] and write P* = Q; + Q). By Lem. C.2, we have x = in; o y for some unique
je{0,1}andy € I‘[[Q;.']]. Then we are done since x,(®) = (inj o y),(®) = in;(y.(e)) so that
by induction hypothesis we have

x € {|[inilpl} iffj=iand y e {ol}
iff j=iand Vn >0, y,(e) € [p](n)
iff Vn > 0, xp(e) € [[in;]e](n)

Case of [next]o.

Let x € T[P*] and write P* = »Q™". By Lem. C.2, we have x = next o y for some unique
y € T[Q*]. Assume first x € {|[next]g|}. Hence we have y € {|¢|}, which by induction
hypothesis implies y, (o) € [¢](n) for all n > 0. Now, we trivially have x;(e) € [[next]¢](1).
Moreover, for n > 1, we have x,(e) = y,_1(e), so that x,(e) € [[next]p](n) = [¢](n - 1).
Assume conversely that x,(e) € [[next]¢](n) for all n > 0. This implies x, (o) € [¢](n— 1) for
all n > 1, which in turn implies y,,—1(e) € [¢](n—1) for all n > 1. But by induction hypothesis
this implies y € {|¢|} so that x € {|[next]¢]}.
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Case of [fold].
This case is handled similarly as that of [;].
Case of [box]¢p.
Recall that ¢ is required to be closed. Also, by definition we have
[ibox]g]®(m) == {1 < [A](n) =T[A] | < {lo]}"}
{I[box]el}* = {x eT[mA] | xi(e) € {lol}"}
It follows that given x € T'[mA], we have
x € {|[box]pl™* iff xi(e) € {ol*
iff  Vn >0, xn(e) € {lo*
iff Vn >0, x,(e) € [[box]e]"A(n)

Case of [ev(¥)]p.

This case cannot occur since P* is assumed to be strictly positive.
Cases of 0tap(a).

Assume « : P* + ¢(a) : P*. We show by induction on m € N that

{lo™ (M = Tle™(T™)]  and {lo™(LI} = Tle™(W)]
The base case m = 0 is trivial. As for the inductive case we have

e ™ = del@™(m)h  and  [p" ()]
o'W = dlel@™L)h  and  [p" ()]

By induction hypothesis on m we have
{lo™(MI = Tle™(M]  and  {e™ (L)} = Tle™ (L]

and we conclude by induction hypothesis on ¢.
Case of vao.
Assume « : P* + ¢ : P*. Reasoning as above, for all m € N we have

{le™(M = Tle™(T)]
It then directly follows that for all x € T[P*], we have

xe (V™M iff  Vn>0 xa(e) e [ [e™(D](n)

meN meN

[o(e™(T))]
[p(e™(L)]

and we conclude by Lem. E.8 and Lem. E.7. O

E.3 The Smooth Fragment

Lemma E.10 (Lem. 8.8). Letay : Pf,...,ax : Py, : Q* + ¢ : P* be a smooth formula and let v be
a valuation taking each propositional variable a; fori = 1,...,k to a set v(a;) € P(T[A;]). Consider

the function
{lelt :+ P@[B)) — PTLA]D, S {loltys/al
o Ifa is positive in ¢ (i.e. « Pos @), then {|¢|} is Scott-continuous as well as Scott-cocontinuous.

o Ifa is negative in ¢ (i.e. « Neg @), then {|¢|} is (antimonotone and) takes joins of directed sets
to meets of codirected sets and takes meets of codirected sets to joins of directed sets.

Proor. The proof is by induction on formation of formulae @ : B + ¢ : A. Monotonicity and
antimonotonicity follow from Lem. E.3. Note that since formulae of the form fa¢ and [box]¢p are
necessarily closed, nothing has to be proved for these. Some cases are already handled by Lem. 8.6
(Lem. E.8), and we do not repeat them.
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Casesof o, T, L.
Trivial.

Case of ¢ A { (monotone).
Preservation of codirected meets is trivial (see Lem. 8.6 (Lem. E.8)). As for the preservation of
directed joins, assume a : B+ ¢ A ¢/ : A, and let D C P(T[B])) be directed. Then by induction
hypothesis we have

foryr (o) = [Jteb@ n [ty 2 [ Jleavlo

For the converse inclusion, consider some x both in | {|¢[} (D) and | {|¢’|} (D). Hence there
are 5,5’ € D such that x € {J¢[}(S) and x € {|¢[} (S"). Now since D is directed and by
monotonicity, there is some S” € D such that x € {|o[} (S”) N {|¥[} (S”).
Case of ¢ A ¥ (antimonotone).

Assume « : B+ @ A : A. That {|¢ A ¥/|} turns directed joins into codirected meets is trivial (as
codirected meets commute over binary meets) and omitted. Let us show that {|¢ A |} turns
codirected meets into directed joins. So let D C P(T[B]) be codirected. Then by induction
hypothesis we have

lory(1D) = Jteh @ n [ Jyr@ 2 [Jlorvh®

We then conclude as for preservation of directed joins in the monotone case. Given x both in
U A{lel} (D) and U {|¢'[} (D), there are S, S’ € D such that x € {|¢[} (S) and x € {|¢/[} (S"). Now
since D is codirected there is some S”’ € D such that S C SN S’, and by antimonotonicity
we have x € {|o[} (S”) N {[y[} (S”).

Case of ¢ V / (monotone).
Preservation of codirected meets is handled in Lem. 8.6 (Lem. E.8) while preservation of
directed join is trivial.

Case of ¢ V ¢/ (antimonotone).
Assume a : B+ ¢ A : A. That {|¢ V |} turns codirected meets into directed joins is trivial
(as directed joins commute over binary joins) and omitted. Let us show that {|¢ V |} turns
directed joins into codirected meets. So let D C P(T'[B])) be directed. By induction hypothesis
we have

flovyl (D) = [Yeb® v (yh® < [evyld

We can then conclude similarly as in Lem. 8.6 (Lem. E.8). Let x € () {|¢ V ¢'|} (D) and assume
toward a contradiction that there are S, S’ € D such that x ¢ {|¢[} (S) and x ¢ {|¢/[} (S’). Then
since D is directed, there is some S” € D such that SU S’ € S”, and by antimonotonicity we
getx ¢ {lo V ¢} (S”), a contradiction.
Case of ¥ = ¢.

With the classical semantics, the interpretation of = can be decomposed into V and —, where
{|=¢l} is the complement of {|¢|} (at the appropriate type). Let & be positive in ¢ and negative
iny,witha : B+ ¢, : A and let furthermore by D and D’ (of the appropriate type) be resp.
directed and codirected. We then trivially have

{l=el(UD) = PTLAD\ {lol} (UD) {l=el}(ND") = PTIAD \{lelt (N D)
= PIAD\ U{lel} (D) = PTAD\ N{lel (D)
= N(PETAD \{lol} (D)) = U (PT[AD \ {lel} (D))

{I-y(UD) = PT[AD\{lyl}(UD) {I=y} ("D = PTAD\{¥ (N D)
= PTAD\ NIy} (D) = PTAD\ ULyl (D)
= U(PT[AD\ Iy} (D) = N(EPTAD\ Ayl (D))
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Cases of [7;]o, [in;]p, [next]p and [fold]e.
These modalities are handled similarly as in Lem. 8.6 (Lem. E.8).

Cases of [ev(y))]e.
Since [ev(})]e is smooth, the formula i/ is closed and we have Q* = B — R* with B a finite
base type. Since B is constant, by Lem. C.4 there is a finite set A such that [B] ~ AA, so that
I'[B] = Aby Lem. C.2. Now, given x € I'[P*] and S C T'[Q*] we have

x € {llev@lely (5) iff Vye Ay e {yl} = evolx,y) € {ol}(S)

Since A is finite, we can then reason similarly as in the cases of conjunction (A) above.
Cases of 0% B¢.

We have a; : P}, ... ax : PL,B: P*,a: Q" + ¢ : P* with  Pos ¢. Since for S C T[Q*] and

m € N we have

{lomBoly (S) = {lol"Be/Bll} (S)

it follows from Lem. 8.6 (Lem. E.8), that the function {|9t B (p|} is monotone (resp. antimonotone)
if & Pos ¢ (resp. @ Neg ¢). We can then reason as in Lem. 8.6 (Lem. E.8). O

E.4 Realizability

Lemma E.11 (Monotonicity of Realizability (Lem. C.22)). Let T be a type without free iteration
variables. If x W, T thenx Wi T forallk < n.

ProoF. By induction on the definition of I

Case of a refinement type {A | ¢}.
The result follows from monotony of forcing (i.e. that [[¢] is a subobject of [A]) .
Case of 1.
The result is trivial as x i, 1 for all n > 0.
Case of T + T;.
Assume x I, Ty + T; and let k < n. Then we have x = in; o y for some i = 0,1 and some
y € T'[|T;|] such that y i+, T;. By induction hypothesis we get y I, T;, so that x kg Tp + T.
Case of Ty X T;.
Assume x I+, Ty X Ty and let k < n. Then for each i = 0,1 we have 7; o x I+, T;, so that
7; 0 x Ik T; by induction hypothesis, and it follows that x kg To X Ty.
Caseof U — T.
Assume x I, U — T and let k < n. But given ¢ < k and y € T[|U|] such that y -, U we
have ev o {x,y) I-¢ T since £ < n.
Case of »T.
Assume x I, »T and let k < n. If k = 1 then we are done since always x I-; »T. Otherwise,
k =€+ 1, sothat n = m + 1 with € < m. Moreover, there is y € I'[T]] such that x = nextoy
and y I, T. We get y I, T by induction hypothesis, so that x I »T.
Case of Fix(X).A .
Assume x I+, Fix(X).A and let k < n. We have unfold o x I+, A[Fix(X).A/X], so that
unfold o x I A[Fix(X).A/X] by induction hypothesis and thus x IF; Fix(X).A.
Case of mT.
Trivial. O

Lemma E.12 (Lem. C.23). For a pure type A and x € T'[A], we have x I+, A for alln > 0.

Proor. The proof is by induction on pairs (n, A), using implicitly Lem. C.2 whenever required.

Case of 1.
Trivial.
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Case of Ay + A;.
Given x € T'[A¢ + A1] = T[Ao] + T'[A1], we have x = in; o y for some y € I'[A;]. Then we
are done since y I, A; by induction hypothesis.

Case of Ay X A;.
Given x € T[Ay X A;]] = T[Ao] X T[A;], we have 7y o x I, A and 71 0 x I, A; by induction
hypothesis, and the result follows.

Case of B — A.
Fix x € I'[B — A]. Given y € T'[B] and k < n, we have y I, B by induction hypothesis, so
that ev o (x,y) IFx A. Hence x I+, B — A.

Case of »A.
The result is trivial if n = 1, so assume n > 1. Given x € I'[»A], we have x = next o y for
some y € T'[A]. But then y I+,_; A by induction hypothesis, so that x I, »A.

Case of Fix(X).A.
Let x € T'[Fix(X).A]. It follows by induction on A from the induction hypothesis on n and
the guardedness of X in A that unfold o x IF, A[Fix(X).A/X], and we are done.

Case of mT.
Let x € T'[mT]. Given n > 0, we have x,(e) € T'[T], so that x,(e) Ik, T for all m > 0 by
induction hypothesis. But this implies x i, mT. O

Lemma E.13 (Correctness of Subtyping (Lem. C.25)). Given typesT, U without free iteration variable,
ifx i, UandU < T thenx I+, T.

Proor. By inductionon U < T.

Cases of
T<U U<v
T<T T<V
Trivial.
Cases of
To < Uy T <U; Ty < Uy T, <U; Uy < Ty T, <U;
Tox Ty < Uy x U Ty+Th <Uy+ U Ty—-T1 <Uy— U
T<U
»T <»U
Trivial
Case of
U<T
mU < mT

Let x : 1 > g AT[U] such that x I+, mU, so that x,(e) I, U for all m > 0. By induction
hypothesis we get x,(®) I, T for all m > 0 and we are done.

Case of
T < |T|
By Lem. C.23.
Case of
A<{A|T}
Trivial
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Case of

o=y
{Alo} <{Aly}
By Lem. E.4 (Lem. C.13.(2)).

Case of

{B—=Allev()le} < {Bly} = {A] ¢}

Letx € T[B — A]andn > 0. Assume x I, {B — A | [ev(})]¢}, thatis x,(e) € [[ev(})]¢](n).
Let further y € T'[B] and k < n such that y i, {B| ¢}, that is yx(e) € [¢](k). Then by
monotonicity of [-] (Lem. C.16) we have xi (o) € [[ev(/)]¢](k), from which it follows that
(xx(®)(yx(e)) € [@] (k). But this means ev o {x,y) Ik {A| ¢} and we are done.

Case of

{Bly} = {Ale} < {B— Al[ev(y)]p}

Letx € T[B] —» Aand n > 0. Assume x I+, {B | ¢} — {A] ¢}. Let furthermore k < n and
u € [¢](k). By Lem. C.24 ([Clouston et al. 2016, Cor. 3.8]) there is some y € ['[B] such that
yx(®) = u. We thus have y -, {B | ¢}, and it follows that ev o (x,y) IFr {A]| ¢}, that is
xk(®)(yr (o)) € [¢](k), and we are done.

Case of

> {A| ¢} = {»A] [next]p}

Let x € T[»A]. First, we always have x I »A, as well as x; € [[next]p]>*. Let now n > 1.
By Lem. C.2 we have x = next o y for some y € T'[A]. Since x,(e) = y,_1(e), we have

x> {Al @} iff yir,q {A] ¢}
iff  yn-1(e) € [p]*(n—1)
iff  xn(®) = yn_1(e) € [[next]p]>*(n)
iff x, {»A| [next]p}.

Case of

Vk -»T=w»Vk-T

Let x € T[»|T]].

Assume first that x I, Vk - »T. We have to show x I, »Vk - T. The result is trivial if n = 1.
So assume n > 1. By Lem. C.2, there some unique y € T'[|T|] such that x = next o y. We have
to show y I+,_; T[m/k] for all m € N. But by assumption we have x I+, »T[m/k], so that by
uniqueness of y we get y I-,—; T[m/k].

Conversely, assume that x I+, »Vk - T. We have to show x -, Yk - »T. Let m € N. If
n = 1, then we trivially have x I+, »T[m/k]. Otherwise, by Lem. C.2 let y € T'[|T|] such that
x = next o y. But since x I-, »Vk - T, we get y I-,_1 T[m/k], so that x -, »T[m/k] and we
are done.

Case of

¢ safe
m{A]¢} = {mA]|[box]p}
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Let x : 1 —g AT[A]. Since ¢ is safe we have {|¢[}* = Clos([¢]*) by Prop. E.9 (Prop. 8.7).
Then we are done since:
xik, m{A| e} iff x,(e)ir, {A]| ¢} forallm >0
iff  (x,(9))m(®) € [@]*(m) for all m > 0
iff  xa(e) € {lol*
iff  xn(e) € [[box]e]"*(n)
iff x, {mA|[box]p}

Case of
o=y
{mA | [box]e} < {mA| [box]y}
By Lem. E.1 (Lem. C.13.(1)). O

Theorem E.14 (Adequacy (Thm. C.26)). Let I', T have free iteration variables among ¢, and let
meN.IfT+M:Tandp |=T, then

Vn>0, pik, T[E/m] = [M], W, T[(/m]

Proor. The proof is by induction on typing derivations. We implicitly use Lem. C.2 whenever
required. We omit iteration variables when possible.
Case of
TL,x:»T+M:T
I+ fix(x).M: T
Let p |= T and write y := [fix(x).M], € T'[T]. Note that

y = [Mlnext(fix(x).M)/x]], = [M]pnextoy/x]

We show by induction on n > 0 that p I+, I' implies y I, T. In the base case n = 1, since
next o y Ik; »T, we have p[next o y/x] IF; T,x : »T, so that the induction hypothesis on
typing derivations gives y = [M] p[nextoy/x] IF1 T-
As for induction step, assume p II-,1; T'. By Monotonicity of Realizability (Lem. E.11), we have
p Ik, T, and the induction hypothesis on n gives y I, T. It follows that next o y -1 »T, so
that p[next o y/x] k41 T, x : »T and the induction hypothesis on typing derivations gives
y= [[M]]p[nextoy/x] IFpiq T

Case of

T'eM:T
I'F next(M) : »T

Let p |= T and write x := [next(M)], € T[»T]. Let n > 0 such that p i, T.If n = 1 then we
trivially have x -y »T. Assume n > 1. Write y := [M],, so that x = next oy. By Monotonicity
of Realizability (Lem. E.11), we have p I-,_; T, so that the induction hypothesis on typing
derivations gives y I-,—; T and we are done.

Case of
x1:T, .., x T ¢ M T ' M : Ty . ' Mg

T+ box[xlb—»Ml,...,kaMk](M) - mT

T,
k (T4, ..., T constant)
Let p |= T and write x := [boxs(M)], where o = [x; = Mj, ..., x; — Mg]. Let n > 0 such

that p -, T'. We show x I, mT, ie. that x,,(e) I-,, T for all m > 0. Fix m > 0. We have by
definition

xn(®) = € Ml (M n(pn(®). - [Mdn(pm(e))
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Fori =1,...,k, since the type T; is constant, we have by Lem. C.21 that [M;]m(pm(e)) =
[M;]¢(pe()) for all £ > 0, so that

xm(®) = = [MIe([MleCpeo)). - . [Mclelpe(#)))

Now, by induction hypothesis, since p I, I' by assumption, for each i = 1,...,k we have
[M;i], W T; and since T; is constant, by Lem. C.21 this implies [M;], -, T; for all £ > 0. By
induction hypothesis again, this in turn gives [M] o ([M1],. ..., [Mk],) ¢ T for each £ > 0.
But then we are done since

t— [[M]]Z(HMI]]Z(PZ(°))a ces [[Mk]]f(,of('))))
[M] o ([Mi]ps - - [Mi]p)

Xm(e)

Case of
I'r-M:mT

I+ unbox(M) : T
Let p |= T and write x := Junbox(M)] ,. Let n > 0 such that p I, T. By induction hypothesis
we get [M],, I, mT, that is ([M] ,)m(e) tkp, T forall m > 0, so in particular ([M] ,)n(®) i, T.
But now we are done since x,,(®) = ([M],)n(®)m(e) for each m > 0.
Case of
x1:T1, ..., x : T M :»T T'eM Ty ... T+M:
M) :T

T
k (Ty, ..., Ty constant)
'k prev

X1 My, .. x> My

Let p |= T and write x := [boxs(M)], where o = [x; = My, ..., x; — Mi]. Let n > 0 such
that p -, T. We show x I, »T.If n = 1 then the result trivially holds. Assume n > 1. For
each m > 0, we have by definition

xn®) = Mt (IMi (o) -, [MiTm(pm(e))

Fori =1,...,k, since the type T; is constant, we have by Lem. C.21 that [M;]m(pm(e)) =
[Mi]m+1(pm+1(®)), so that

5@ = Ml (M 9+ MK (o (#))))
and it follows that
x = nexto[M]o([M],,...,[Mc],)

Now, by induction hypothesis, since p I, I' by assumption, for each i = 1, ...,k we have
[M;], Wn T; and since T; is constant, by Lem. C.21 this implies [M;], I-,—; T;. By induction
hypothesis again, this in turn gives [M] o ([Mi],, ..., [Mk],) n-1 T and we are done.
Case of
'eM:T T<U

T'eM:U

By Lem. C.25 (Lem. E.13).
Case of

e M:{A|Y = ¢} e M:{A]|y}
F'rM:{A] ¢}
Let p |= T and write x := [M], € T[A]. Let n > 0 such that p I, T. By induction hypothesis,
the right premise gives x,(e) € [/]*(n) and the left premise implies x,(e) € [¢]*(n).
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Case of
fori € {0,1},
TrM:{A| @V o1} Ix:{A|@;} - N:U
TrN[M/x]:U

Let p | T and write y := [M], € T[A] and z := [N] 5[y/x] € T[|U|]. Let n > 0 and assume
p Ik, T. By induction hypothesis we have y € [¢;] for some i € {0, 1}. It follows that
ply/x] , T,x : {A| ¢;}, from which we get z I, B by induction hypothesis.

Case of

FreM:{A]| L} I'+N:|U|
F'eEN:U

Let p |= T and write x := [M], € T[A]. Let n > 0 such that p I, T. By induction hypothesis,
the left premise gives x,(e) € [L](n) = 0, a contradiction. Hence p W, T, and the result
follows.

Case of

L'+ M :{A; | ¢} M- Ay
I+ (Mo, My) : {Ao X Ay | [mi]o}
Letp |= I'. Write Yo = [[M()]]p (S r[[Ao]], Yy = [[Mlﬂp S F[[Al]], and x := [[(MO’M1>I|p =
(Yo, y1). Let n > 0 such that p I, T. By induction hypothesis on typing derivations we have

(yi)n(®) € [¢]. But since m;(x,(®)) = (y;)n(e), this gives x, (o) € [[7;]¢].
Case of

' M:{A) X Ay | [mi]e}
Ik m(M) : {A; | ¢}
Let p |= T. Write y := [M], € T[Ay X A;] and x := [7;(M)], = m; oy. Let n > 0 such that
p Ik, T. By induction hypothesis on typing derivations we have y,(e) € [[;]¢], so that
7i(yn(®)) € [@]. But then we are done since x,(®) = 7;(y,(®)).
Case of

TrM:{A;| ¢}

I +ini(M) : {Ag + Aq | [ini]e}
Let p |z I'. Write y := [M], € T'[A;], and x := [in;(M)], = in; oy. Let n > 0 such that
p Ik, T. Hence by induction hypothesis on typing derivations we have y,(e) € [¢]. But since
xn(®) = in;(y,(e)), this implies x,(e) € [[in;]¢].

Case of
THM:{A+A |[inilg} T.x:{A;i|@}+N;:U T.x:A_;+rN_;:U

I+ case M of (x.No|x.Ny): U
Let p |= T. Write y := [M], € T[Aq + A;] = T'[Ao] + T'[A;]. Hence y = in; o z for some
(unique) j € {0,1} and z € T'[A;]. Let n > 0 such that p I+, I'. By induction hypothesis, the
left premise gives y,(e) € [[[in;]¢](n), so that y,(e) = in;(u) for some u € [¢](n). But this
implies j = i and u = z,(e), so that z -, {A; | ¢}. It follows that p[z/x] W+, T, x : {A; | ¢},
and the induction hypothesis on typing derivations gives [N;]y[z/x] IF» U. But then we are
done since

[case M of (x.No|x.N1)], = [Nillp[z/x]
Case of
Ix:{B|y}rM:{A] ¢}
T'FAx.M:{B— A|[ev¥)]p}
Let p |= T. Write y := [Ax.M], € T[B — A]. Let n > 0 such that p I, I'. We show
yn(®) € [[ev(¥)]@](n). So let k < n and u € T[B](k) such that u € [[{/](k). By [Clouston et al.
2016, Cor. 3.8] there is some z € T'[B] such that z;(e) = ¢. By Monotonicity of Realizability
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(Lem. E.11), we have p I T, so that p[z/x] k¢ T, x : {B | }. The induction hypothesis on
typing derivations thus gives ([M]y[z/x])k(®) € [¢], and we are done since (y(®))(zx(®)) =

([[Mﬂp[z/x])k(°)-
Case of
It M:{B— A|l[ev(y)]e} I'tN:{B|y}

T+ MN:{A]o}
Let p = T. Write y := [M], € T'[B — A], z := [N], € I'[B] and x := [MN], = evo (y,z).
Let n > 0 such that p I+, I'. By induction on typing derivations, the right premise gives
zn(®) € [Y](n), so that the left premise gives (y,(®))(z,(®)) € [¢](n). But then we are done
since xp(®) = (yn(®))(zn(e)).

Case of

T+ M: {A[Fix(X).A/X] | ¢}
I' + fold(M) : {Fix(X).A | [fold]e}
Let p |z T. Write y := [M], € T[A[Fix(X).A/X]] and x := [fold(M)], = fold o y. Let n > 0
such that p I+, T. By induction hypothesis on typing derivations we have y,(e) € [¢]. But
then we are done since unfold,(x,(e)) = y,(e).
Case of

'+ M : {Fix(X).A| [fold]e}
T + unfold(M) : {A[Fix(X).A/X] | ¢}
Let p [= T. Write y := [M], € T'[Fix(X).A] and x := [unfold(M)], = unfold o y. Letn > 0
such that p I, T. By induction hypothesis on typing derivations we have y, (o) € [[fold]¢].
Hence unfold,(yn(e)) € [¢] and we are done since x,(e) = unfold,(y,(e)).
Cases of
I'rM:T[o/(] F'rM:T[€+1/€] . reM:T
(€ not free in T) _
TFM:VC-T TFM:VC-T
Let p [= T and write x := [M], € T'[|T|]. Let n > 0 and assume p I, T. Let m € N. We have
to show M I, T[m/£]. Since ¢ does not occur free in ', we have p i+, T[m’/{] for all m’ € N.
For both rules we can conclude from the induction hypothesis.
Case of

(¢ not free in T)

FreM:Ve-T
T'vM:T[t/(]
Let p |= T and write x := [M], € T[|T|]. Let n > 0 and assume p I, I'. By induction
hypothesis we have x I, T[m/€] for m = [t] and the result follows.
Cases of

I'rM: {IA | [box]y[v'faw/ﬁ]} B Posy
T'+M:{mA| [box]y[vae/B]}

I'+M:{mA| [box]y[uap/F]} I,x: {IA \ [box]y[y[aq)/ﬁ]} FN:U B Posy
I'-N[M/x]:U
where ¢ is not free in I', U, y, and y, ¢ are smooth. First, since ¢ is smooth by Cor. 8.9 we have

{lvap(@l} = Npen fle™ (M}
and {lpap(a)l} Umen {le™ (T}

Moreover, since f is positive in y and y is smooth, it follows from Lem. E.10 (Lem. 8.8) that
{lyl} is continuous and cocontinuous in . We thus get

{lylvae(@)/BI} = Nmen {lyle™(T)/F11}
and {Iylpap(@)/Bl} = Upmenlyle™(T)/B11}
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and the result follows. O
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