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Temporal Refinements for Guarded Recursive Types

Guilhem Jaber*

guilhem.jaber@univ-nantes.fr

Abstract

We propose a framework to reason on temporal properties
of higher-order programs with coinductive types. It extends
guarded recursive types with temporal refinements, which
are formulae of the modal p-calculus. Its semantics is given
inside the topos of trees, and corresponds to the standard
semantics for safety properties (defined as greatest fixpoints).
For more general properties involving least fixpoints, we
accommodate an external semantics, whose interaction with
the internal one is regulated when restricting to the flat y-
calculus, in which fixpoints can be computed by iteration
over N, and thus can be unfolded syntactically.

Keywords guarded recursive types, pi-calculus, refinement
types

1 Introduction

Programming on infinite objects like streams is crucial to
represent reactive systems. In such settings, programs in
general do not terminate, but always compute a part of their
output in a finite amount of time. For example, if a program
is expected to generate a stream, it should always be able to
produce the next element in finite time: it is productive.

Functional programming offers high-level abstractions to
handle infinite data, with declarative definitions and equa-
tional reasoning. This is exemplified by functional reactive
programming [16], in which datatypes formed of infinite
objects are represented as coinductive types.

The goal of this paper is to be able to specify temporal
properties of higher-order programs that handle coinductive
types. Temporal logics like LTL, CTL or the modal p-calculus
are widely used to formulate, on infinite objects, specifica-
tions like safety, liveness or fairness properties (see e.g. [6]).
Typically, modalities like O (“always”) or < (“eventually”)
are used to write properties of streams or infinite trees and
specifications of programs over such data.

We introduce temporal refinement types {A | ¢}, where
A is a standard type of our programming language, (e.g.
the type of streams Str), and ¢ is a formula of the (flat) p-
calculus. Using refinements [17], temporal connectives are
not reflected in the programming language, and programs
are formally independent from the shape of their temporal
specifications. One can thus give different refinement types
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to the same program. For example, the map function on
streams can have the following two types:

({B[y} = {Al¢}) — {StrB|D[y]} — {StrA | O[e]}
({By} = {Al¢}) — {StrB| Oy ]} — {StrA | Ofel}

These types are intended to mean that given f : B — As.t.
f(b) satisfies ¢ whenever b satisfies ¢/, the function map f
takes a stream whose elements all (resp. at least one) satisfy
¥ to one whose elements all (resp. at least one) satisfy ¢.

Having a type system enables to reason compositionally
on programs, by decomposing a specification to the various
components of a program and pick the right temporal re-
finements for each component in order to prove the global
specification.

Our system is built on top of Nakano’s guarded recursive
types [42]. Guarded recursive types use a type modality »T,
called “later”, to indicate that a value of type T is not available
now but only after one “time-step”, that could correspond
to performing some computations like unfolding a recursive
definition. Using this modality, one can then have fixpoint
combinators for both terms and types, while ensuring pro-
ductivity of programs by enforcing that recursive definitions
are guarded with » in the type system.

The programming language we consider is the guarded
A-calculus [13], a higher-order programming language over
both guarded and coinductive types, that uses a modality ll
to transform guarded recursive types into coinductive types.
The adequacy of our modal refinements is proved w.r.t. a
denotational semantics of this language in the topos of trees.

Our main challenge is that the topos of trees has unique
guarded fixpoints [8], and that only safety properties (e.g.
O[¢]) can be correctly represented. In order to correctly
handle liveness properties (e.g. <[g¢]), that are defined as
least fixpoints, one needs to escape the topos of trees and go
to the standard world of sets.

This leads to a two level type system: the lower or “in-
ternal” level, which interacts with guarded recursion and
at which only safety properties are correctly represented,
and the higher or “external” one, at which modal fixpoints
are correctly handled, but without direct access to guarded
recursion. By restricting to flat modal fixpoints [47] (e.g. O,
<), which can always be computed in w-steps, one can syn-
tactically reason on finite unfoldings of least fixpoints, thus
allowing for crossing the safety barrier.

Organization of the paper. We first give an overview of
our approach in §2, and describe related work in §3. Then §4
presents the syntax of the guarded A-calculus. Our temporal
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cons® := Ax.As.fd((x,s)) A — » Str8 A — Stré A
hd® = As.mo(ufd s) Stre A — A
tle = As.my(ufds) Str8 A — » Str8 A
map® = Af.fix(g).As.cons® (f(hd®s)) (g ® (tI® s))

(B— A) > Str® B — Str8 A

Figure 1. Constructor, Destructors and Map on Guarded
Streams.

logic is introduced in §5, and it is used to define our tempo-
rally refined type system (§6). Its semantics, inside the topos
of trees, is defined in §7. Finally, we discuss future possible
work in §8. Full proofs are available in the Appendices.

2 Outline

An Overview of the Guarded A-Calculus. Guarded recur-
sion enforces productivity of programs using a type system
that has access to a type modality », in order to indicate
that one has access to a value not right now but only “later”.
One can then define guarded streams Str® A over a type A
via the guarded recursive definition Str® A = A x » Str® A.
Streams that inhabit this type have their head available now,
but their tail only one step in the future. The » modality is
reflected in the term language via the next constructor. One
also has a fixpoint constructor on terms fix(x).M for guarded
recursive definitions. They are typed with the rules:

T'rM:A I,x:»ArM:A
T + next(M) : »A T+ fix(x).M: A

With this syntax, the basic destructors and the constructor
on guarded streams are given in Figure 1. where fd(-) and
ufd(—) are explicit term constructor for folding and unfolding
guarded recursive types. In the following, we use the infix
notation a :: s for cons® a s. Using the fact that the type
modality » is an applicative functor [38], we can distribute »
over the arrow type. This is represented in the programming
language by the applicative construction ®. With it, one can
define the usual map function on guarded streams.

The Semantics of Guarded Recursive Types in the Topos
of Trees. The types of this language can be interpreted as
sequences of indexed sets (X(n)),>o where X(n) represents
the values available “at time n”. To navigate through time
via the type modality » and the term construction next, one
also needs to have access to functions X : X(n +1) — X(n).
This means that the objects used to represent types are in
fact presheaves over the poset (N \ {0}, <), the functions r;X
being the so-called restriction morphisms.

The category S of such presheaves is called the topos of
trees [8]. The type modality » is interpreted by the endo-
functor on S that maps X(n+ 1) to X(n) (for n > 1) and X(1)
to the singleton set 1.

Considering a guarded recursive type Fix(X).A where X is
the only free type variable of A, and whose occurrences are
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guarded by a » modality, the open type A is interpreted as
an endofunctor F4 over S. This functor has a unique fixpoint
in S, which interprets Fix(X).A.

The guarded streams Str® B over a finite base type B are
then interpreted as the indexed sequences of sets (B"),en,
with the restriction morphism r,, mapping (ay, . . ., an, an+1)
to(a,...,an).

Compositional Safety Reasoning on Streams. Given a
property ¢ on a type A, we would like to consider a sub-
type of Str® A that selects those streams whose elements
all satisfy ¢. To do so, we introduce a temporal modality
“always ¢”, written O[¢], and consider the refinement type
{Str8 A | O[¢]}. Suppose for now that we can give the fol-
lowing refinement types to the basic stream operations:
hd® : {Str8A | O[g]} — {A]| ¢}
te : {SufA| O]} — » {Stré A | Of]}

const : {A] @} — > {StrtA | Ofp]} — {Strf A | Ofe]}
By using the standard typing rule for A-abstraction and ap-
plication, together with the rules to type fix(x).M and ®, we
can type the function map® with

({Ble} = {Aly}) — {Strf B| Ofg]} — {Strt A | D[y}

A Coalgebraic Temporal Logic. Our temporal modal logic
is many-sorted, so that in a refinement type {A | ¢} the for-
mula ¢ talks about elements of type A. To do so, following
intuitions of 23], we use basic modalities [7;], [fd] and [next]
to navigate between guarded recursive types.

For instance, a formula ¢ of type Ay, specifying a property
over the inhabitants of Ay, can be lifted to the formula [ ]¢
of type Ag X Ay, which intuitively describes those inhabitants
of ApxA; whose first component satisfy ¢. So given a formula
F ¢ : A, one can define its “current lift” [hd]¢ of type Str® A,
that enforces ¢ to be satisfied on the head of the provided
stream. Also, one can define the “next-step” modality O such
that given a formula + ¢/ : Str® A, the formula Oy : Str® A
enforces i to be satisfied on the tail of the provided stream.
These modalities are obtained as

[hd]e := [fd][m0]e O ¢ := [fd][m][next]e

We also provide a deduction system +* ¢ on temporal modal
formulae. This deduction system is used to define a subtyping
relation T < U between refinement types, so that {A | ¢} <
{A| ¢} when +* ¢ = 1. The subtyping relation is thus
crucial in order to incorporate logical reasoning in our type
system.

In addition, we have greatest fixpoints predicates va.g,
with Kozen-style ([31]) reasoning principles. Using them, we
can form the “always” modality O, as, for ¢ : Str® A,

Op = va.pAQa Stre A

which intuitively holds on a stream s iff ¢ holds on every
substream s[n...) for n € N. If we rather start with ¢ : A,
one then need to lift it to Str® A. This is what we have written
[¢/] in the previous paragraph. It can simply be defined as
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[hd]¢. One can then check that O[hd]y indeed means that
all the elements of the stream satisfies ¢/, since all its suffixes
satisfies [hd]y.

Beyond Safety Reasoning: The Failure of the Internal
Semantics. One would also want to define least fixpoints
predicates pa.¢@. For example, one could consider the modal-
ity O¢ defined as the least fixpoint pa.¢ V QOa. One could
then give the following two types to the guarded stream
constructor cons®:

e cons® : {A| ¢} > »StrE A— {Str2 A| Olol}s

o const : A— » {Str8 A| O} — {Strt A | Ole]}-
But consider a finite base type A with two distinguished
elements a, b, and suppose that we have access to a modality
[a] on A so that terms inhabiting {A | [a]} must be equal to
a. Using the second least fixpoint rule, we could type the
stream with constant value b, defined as fix(s).b :: s, with the
type {Str8 A | O[a]} that is supposed to enforce the existence
of an occurrence of a in the stream. It is clearly problematic!

This comes from the fact that inside the topos of trees the
recursive definitions that one can compute satisfy a unique
fixpoint theorem [8].

To avoid this problem, one needs to compute least fix-
points externally, directly on the sets of global elements. But
in general one cannot transform back such sets of global ele-
ments into subobjects of the topos of trees. This is apparent
with this property <a. It is interpreted externally as the set
of streams that contain at least an occurrence of a. There
is no subobject of Str® A that correspond correctly to this
set of streams, since the only possible one would be Str® A.
Indeed, such a subobject would be a collection (C,),en, of
subsets of A”. But since for any n € N,, any element of A"
can be extended into a stream that contains an occurrence
of a, necessarily C,, would be equal to A™.

For safety properties, it is still possible to transform their
external semantics, defined as sets of global elements, into
subobjects of the topos of trees, simply because safety prop-
erties represent topologically closed sets.

The Necessity of an External Semantics. As shown above,
we have a formal system with least and greatest fixpoints
that has a semantics inside the topos of trees. However, this
system does not correspond to the standard way to reason
on least fixpoints. It is thus important to relate the seman-
tics of our system to a standard Set-based semantics of the
coalgebraic p-calculus. To do so, we need to restrict our-
selves to polynomial types, for which it is possible to rep-
resent guarded recursive types as Set-based final coalgebra.
In this setting, Megelberg [40], has been able to prove a cor-
respondence between the final coalgebras computed inside
the topos of trees and the Set-based ones.

The Constant Modality. To define correctly least fixpoints
of temporal predicates over a type A we have seen that we
need to access the global elements of A. However, the internal
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semantics is still necessary to handle definitions by guarded
recursion. We thus need to have available in our logic a way
to navigate between the internal and the external semantics.
To do so, we use the constant modality B introduced in [13].
It was used in this paper to transform guarded recursive
types into coinductive types, in order to define programs
that are productive but not causal.

To be able to build predicates over BT, we also use a
modality [bx]g. We permit to navigate between B{A | ¢}
and {lA | [bx]¢} via the subtyping relation, but only when
¢ is safe. Indeed, for safety properties, one can transform
their external semantics into a subobject, which is equal to
their internal semantics inside S.

Approximating Least Fixpoints. In order to reason on un-
safe properties such as Cg, one introduces finite approxima-
tion of these properties, that is finite unfolding. Approximat-
ing fixpoints with finite unfolding, a la Kleene, is possible
because we restrict to flat fixpoints [47]. We consider fi-
nite iterations pa* ¢ of least fixpoints, with k an “iteration
variable”. We can then define approximations of $¢ as

Okp = pak.pvQa

The approximations ¥ ¢ are safe for ¢ safe. We can type
map® with

({Bl o} = {Aly}) — {SuzB| OF[p]} — {StBA| OF[y]}

From it, one can prove that the map function, lifted to coin-
ductive streams Str defined as B Str8, has type

{Bly}—={Ale}) —
{StrB | [bx]O[hd]y} —> {StrA | [bx]O[hd]e}

One can even go further, by replacing < with &0 or OO.

3 Related Work

Using guarded recursive types, type systems have been de-
signed to enforce good properties of programs handling coin-
ductive types, like causality [33], productivity [4, 40, 13, 19]
or the absence of space leaks [32] and time leaks [5].

Guarded Dependent Type Theory [9, 7], combine depen-
dent types with guarded recursive types. One can thus use
dependent type to give precise specifications. It should thus
be possible to prove safety properties in these theories. How-
ever, it does not seem possible to do the same for liveness
properties, as they do not have access to least fixpoints.

In a different line of work, temporal logics have been used
as type systems for functional reactive programs, starting
from LTL[25, 26] to the intuitionistic modal p-calculus [11].
These works follow the “proof-as-programs” motto, and re-
flect in the programming languages the constructions of the
temporal logic. In particular, temporal operators are wired
into the structure of types, so that different temporal specifi-
cations for the same program may lead to differences in the
actual code, contrary to our work.
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v ou= M,N == v|x E == o

| Ax.M | MN | EM

| (Mo, My) | m(M) | m(E)

[ O | m(M) | m(E)

| ing(M) | case M of | caseE of

| lnl(M) (X.N0|X.N1) (X.N0|X.N1)

| fd(M) | ufd(M) | ufd(E)

| bxs(M) | ubx(M) | ubx(E)

| next(M) | prev (M) | prevpy(E)
| M®N | E&@M
| fix(x).M | v®E

Figure 2. Values, Terms and Evaluation Contexts.

More generally, verification of higher-order programs has
a vast literature. Higher-order model checking [43, 29] has
been introduced to check automatically that higher-order
recursion schemes, a simple form of higher-order programs
with finite data-types, satisfy a p-calculus formulas. Auto-
matic verification of higher-order programs with infinite
data-types (integers) has been explored for safety [30, 27],
termination [34], and more generally w-regular [41] proper-
ties. In this setting, the combination of refinement types with
automatic techniques like predicate abstraction [46] or SMT
solvers [50, 49] has been particularly successful. However,
none of these works has considered coinductive types.

4 The Pure Calculus

This Section presents the guarded A-calculus of [13], with
an emphasis on the examples relevant to our framework.

Terms. We consider values and terms from the grammar
given in Fig. 2. In both bx,(M) and prev (M), o is a delayed
substitution of the form o = [x; — My, ...,xx — M;] and
such that bx,(M) and prev_ (M) bind xy, ..., xx in M. We
use the convention of [13] that bx(M) and prev(M) (without
indicated substitution) stand resp. for bx(j(M) and prevj;(M)
i.e. bind no variable of M.

We consider a weak call-by-name reduction, defined in
Fig. 3. The productivity of the operational semantics is en-
sured by the insertion of next in the reduction rule of fix.

Pure Types (notation A, B, etc.) are the closed types over
A= 1|A+A|AXA|A—> A|p»A| X |Fix(X).A|EA

where, (1) in the case Fix(X).A, X does occur in A and each
occurrence of X in A must be guarded by a », and (2) in the
case of MA, the type A is closed.

We could actually have included primitive infinite base
types (say a type of natural numbers as in [13]), but we
refrain to do so in order to keep the system not too complex.

Example 4.1. Thanks to sum types, we can code a finite
base type B = {by,...,b,} as a sum of unit types >/ ;| 1 =
1+ (- --+1), where the ith component of the sum is intended
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(Ax.M)N ~» M[N/x]
mi((Mo, M1)) ~ M;
casein;(M) of (x.Ny|x.N;) ~ N;[M/x]
ufd(fd(M)) ~ M
fix(x).M ~  M[next(fix(x).M)/x]
next(M) ® next(N) ~» next(MN)
ubx(bX[x, M, .. xpoM, ] (M)~ M[My/xy, ..., My/x,]
prev(next(M)) ~ M
prev[leMhm’x”HMn](M) ~  prev(M[M;/xi,..., My /xn])
(n>1)
M ~ N
E[M] ~ E[N]

Figure 3. Operational Semantics.

to represent the element b; of B. At the term level, the el-
ements of B are represented as compositions of injections

inj, (inj, . .. in;, ))),

Example 4.2. Guarded recursive definitions are formalized us-
ing the fixpoint constructor Fix(X).A on types, which allows
for X to appear in A both at positive and negative positions,
but only under a ». Then one can define the type Str® A of
guarded streams of A as Fix(X).A X »X and the type Tree® A
of infinite binary trees over A as Fix(X).A X (»X X »X).

Definition 4.3. A pure type A is constant if each occurrence
of » in A is guarded by a B modality.

The typing rules of the pure calculus are given in Fig. 4.

Positive and Polynomial Pure Types. A (pure) type is pos-
itive (notation P*, O, etc.) if each arrow (—) is guarded by
a [l modality. So positive types are defined by the grammar

P* == 1| P*+P* | P* x P* | »P* | X | Fix(X).P* | MA

Positive types are a convenient generalization of polynomial
types. In the context of this paper, we say that a guarded
recursive type Fix(X).P(X) is polynomial if P(X) is induced
by the grammar

P(X) == 1|»X|P(X)+PX)|PX)xPX)|BA

For Q% a constant positive type, Str® Q" and Tree® Q" are
polynomial types. More generally, polynomial types include
all recursive types Fix(X).P(X) for P(X) of the form

n

Zaiin

i=0

where X' is the product of i copies of X and a; X’ (for a; € N)
is the sum of a; copies of X*.

Examples. We have seen in Fig. 1 how to define constructor,
destructors and the map function over guarded streams. One
can also define a merge function that takes two guarded
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(x:A)eT ILx:BrM:A 'tM:B—>A T+N:B
Trx:A T+ Ax.M:B— A TrMN:A
T'rM,: A '+ M :A T'FM:Ayg XA
Fr():1 T+ (My, M) : Ay X A4 T+ (M) : A;
forie {0,1},
TrFM:A; TFM:A)+ A ILx:A;FN;:B

TFin;(M): Ay + A T + case M of (x.Ny|x.N;) : B

T+ M : A[Fix(X).A/X]
T + fd(M) : Fix(X).A

T+ M :Fix(X).A
T F ufd(M) : A[Fix(X).A/X]

for1 <ic<k,
X1 : AL ..., Xp tAg FM: A T'+ M; : A; with A; const.

I bX[XlHMl,...,XkHMk](M) : A

'+M:EA
T+ ubx(M): A

TrM:A
T + next(M) : »A

for1 <i<k,
X1 1A, .. Xk A F M BA I'+ M; : A; with A; const.

T+ prev[xl,_,Mhm,Xk,_)Mk](M) A

I'rM:»(B—A) T+N:»B
TFM@®N:pA

I,x:»A-M:A
T+ fix(x).M: A

Figure 4. Typing Rules of the Pure Calculus.

streams and interleaves them:

Str8 A — Str8 A — Strf A
= Aix(f).As.Asy. (hd® sp) =:8
next((hd® s;) =8 (f ® (tI% s) ® (tI8 51)))

merge8

Coinductive streams are guarded streams under a l:
StrA = HEStrtA

The basic operations on guarded streams lift to coinductive
ones (for A a constant type):

cons = Ax.As.bx(x 8 (ubxs)) A— StrA — StrA
hd := As.hd® (ubxs) StrA— A
tl := As.bx(prev (tI® (ubx s))) StrA — Str A

These definitions follow a general pattern to lift a function
over guarded streams into one over coinductive streams, by
performing an n-expansion with some bx and ubx inserted
in the right places. For example, one can define the map
function on coinductive streams as:

map : (B—A) — StrB — StrA
= Af.As.bx(map® f (ubx s))

Example 4.4 (The Diagonal Stream Function). Coalgebraic
streams allow for more functions than guarded streams, as
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for instance the following diagonal stream function

diag :  Str(StrA) — StrA
= As.bx(diag® (ubx s))

diagé :  Str8(StrA) — Str8 A
:=  diagaux® id
diagaux® (Str A — Str A) — Str8(Str A) — Str8 A

= fix(f).Ag.As. (hd o g)(hd® s) ::8
f ® next(g o tl) ® (tI5 s)

The auxiliary higher-order function diagaux® iterates coin-
ductive tl functions over the head of the stream of streams s.

5 A Temporal Modal Logic

This Section presents our logic of (modal) temporal speci-
fications. We focus on syntactic aspects. The semantics is
discussed in §7.

Iteration terms. We assume given a first-order signature of
iteration terms t, u, etc., with iteration variables k, €, etc., and
for each iteration term t(ky, . . ., k;;, ) with variables as shown,
a given primitive recursive function [t] : N™ — N. We
assume a term @ for 0 € N and a term k+1 for the successor
function N — N.

Manysorted Modal Temporal Formulae. Our logical lan-
guage, that we took with minor adaptations from [23], is
manysorted: for each pure type A we have formulae of type
A (notation + ¢ : A) as defined in Fig. 5. For every pure type
A, formulae of type A are closed under usual propositional
connectives. Moreover (and that is the key ingredient we
took from [23]), formulae of compound types (say Ay X A; or
Ao + A;) may be obtained from formulae of the component
types. For instance a formula ¢ of type Ay, specifying a prop-
erty over the inhabitants of Ay, can be lifted to the formula
[7m0]e of type Ay X Ay, which selects those inhabitants of
Ap X A; whose first component satisfies ¢.

Example 5.1. Given a finite base type B = {by,...,b,} asin
Ex. 4.1, with element b; represented by inj, (inj,(. .. inj,(})),
the formula [in; ][in;,] ... [in;,](T). represents the singleton
subset {by} of B.

Example 5.2. (a) On guarded streams, have the modalities
[hd] and O mentioned in §2, with [hd]y : Str® A and
QO : Str® A provided ¢ : A and ¢ : Stré A:

[hd]p (= [¢]) := [fdl[m]e Oy := [fd][m][next]y

(b) On (guarded) infinite binary trees over A, we also have
a modality [rt]e := [fd][m]¢ : Tree® A (provided ¢ : A).
Moreover, we have modalities Oy and (O; defined on
formulae ¢ : Tree® A as O;¢ := [fd][m][x;][next]e.
Intuitively, [rt]¢ should hold on a tree ¢ over A iff the
root label of ¢ satisfies ¢, and O;¢ should hold on ¢ iff ¢
holds on the ith son of ¢.
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(x:A)eX Fp:A
Sra:A F1:A FT:A a:Bre:A

Srtp:A ZryY:A Srp:A ZryY:A Srep:A ZrY:A

Srep=>9¢:A SFeAY:A SreVY:A
She:A; Sre:A; Fy:B Fo:A
Sk [mile: Ag X Ay S+ [inile : Ag + Ay Flev(¥)]gp:B— A
3+ @ AlFix(X).A/X] Srhe:A Fo:A
3+ [fd]e : Fix(X).A S [next]p : A F [bx]p : BA
tAF@:A P
¢ F(Pvatwp : Z s (a guarded in g, t,, iteration term or w)
AR A P
¢ L4 T arose (a guarded in ¢, t,, iteration term or w)
Fpatep : A

Figure 5. Formation Rules of Flat Formulae.

Our logic has greatest and least flat fixpoints, notation
va®p and pa®¢@. The rules of Fig. 5 thus allow for the for-
mation of formulae with free typed propositional variables
(ranged over by a, f, . . .), and thus involve contexts . of the
form o : Ay, ...,y : Ay In the formation of a fixpoint, the
side condition “a guarded in ¢” asks that each occurrence of
a is beneath a [next] modality. We assume a usual positivity
condition of & in ¢, represented as usual by an inductive
predicate a Pos ¢.

Remark 5.3. Note that formulae [bx]¢ and [ev(y/)]¢ can only
be formed for closed formulae ¢, .

Example 5.4. The modality O makes it possible to express
a range of safety properties. For instance, assuming ¢, { :
Str® A, the formula O(y = Og) is intended to hold on a
stream s iff, for all n € N, if the substream s(n).s(n + 1). - - -
satisfies i/, then s(n + 1).s(n + 2). - - - satisfies ¢.

Example 5.5. The modality O extends to infinite binary trees
over A, with O¢ := va.p A (O A O1a) : Treed A. For
e.g. ¥ : A O[rt]y is intended to hold on a tree ¢ over A iff all
node-labels of t satisfy .

The restriction to flat fixpoints [47] means that greatest
(resp. least) fixpoints va®¢(a) (resp. pa® ¢(«)) have no free
propositional variable (i.e. ¢(a) has at most « free). This
implies that greatest (resp. least) fixpoints can be thought

about as
N\ e resp. \/ ™)

meN meN
Iteration terms allow for formal reasoning about such iter-
ations. Assuming [[t] = m € N, the formula vat¢(a) (resp.
pate(a)) can be read as ¢™(T) (resp. ¢™(L)).

Modal Theories. Formulae are equipped with a modal de-
duction system which enters the type system via a subtyping
relation (§6). For each pure type A, we have an intuitionistic
theory 4 (the general case) and a classical theory +Z' (which
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is only assumed under B/[bx]), summarized in Fig. 6 and
Table 1. The atomic modalities [r;], [fd], [next], [in;] and
[bx] have unbouded deterministic branching (see Fig. 9, §7).
In any case, I-é) ¢ is only defined when + ¢ : A (and so when
¢ has no free propositional variable).

We can get the axioms of the intuitionistic (normal) modal
logic IK [45] (see also e.g. [48, 37]) for [n;], [fd] and [bx]
but not for [in;] nor for the intuitionistic [next]. For [next],
in the intuitionistic case this is due to semantic issues with
step indexing (discussed in §7) which are absent from the
classical case. As for [in;], we have a logical theory allowing
for a coding of finite base types as finite sum types, which
in particular allows to derive, for a finite base type B

" Vaes (2] A Apso-Ib])

This implies that the necessitation rule (see Rem. 5.7) does
not hold for [in;].

Fixpoints va®¢ and pa® ¢ are equipped with their usual
Kozen axioms [31]. In addition, iteration formulae va‘o(a)
and pate(a) have axioms expressing that they are indeed
iterations of ¢(a) from resp. T and L.

Definition 5.6 (Modal Theories). For each pure type A, the
intuitionistic and classical modal theories +* and +-2* are de-
fined by mutual induction as follows:

e The theory+4 is deduction for intuitionistic propositional
logic augmented with the checkmarked (V') axioms and
rules of Table 1 and the rules of Fig. 6 (for +2).

e The theory +2 is+* augmented with the axioms (P) and
(Cs) for [next] and with the axiom (CL) (Fig. 6).

In any case, - ¢ and +2 ¢ are only defined when + ¢ : A.

Remark 5.7. All modalities ([7;], [fd], [next], [in;], [ev(¥)]
and [bx]) satisfy the monotonicity rule (RM) and are thus
monotone in the sense of [12], from which we borrowed
the terminology used in Table 1 (see also [20, 18]). With
our adaptation to unbounded deterministic branching, the
normal intuitionistic modal logic IK of [45] is (RM) + (C) +
(N) + (P) + (Cy) + (Cs), while the normal modal logic K is
IK + (CL) (see e.g. [10]).

Example 5.8. Using the rules to reason on greatest fixpoints,
one can prove the following implications:

| Str¢ A Oy = ¢ A OOy L Stre A Y AO0Oy) = Oy

The Safe Fragment. The safe fragment plays a crucial role,
because it reconciliates the internal and external semantics of
our system (see §7). The safe fragment impacts the subytping
relation (Fig. 7, §6).

Definition 5.9 (Safe Formula). A formula o, : Ay,...,a, :
A, F ¢ Aissafe if Ay, ..., Ap, A are positive types and if
moreover all occurrences in ¢ of least fixpoints (ua®(-)) and
implications (=) are guarded by [bx].
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Name Formulation [7;] [fd] [next] [in;] [ev(y)] [bx] [hd] O
Fy=¢
(RM) NINTET v v v v v v v
(©) [Ale A[aly = [Allp AY) v v v v v v v
(N)  [a]T v v v v v
(P) [2]lL = L v v (C) v v v (0)
(Cv)  [alleVvy) = [aleVIaly v v v v v v Y
(Cs) ([aly = [2]lp) = [2]Y = o) v v (O v v (©)

Table 1. Modal Axioms and Rules (with types omitted in  and where (C) marks axioms assumed for I, but not for +).

CL
F?((¢:>¢):>(P):>‘P( :
FA @ iy =9 oA
FBA [bx]p FHB=A [ev(d)]e = [ev(¥)]e

FA+AL ([ing]T V [ing]T) A =([ino] T A [in{]T)

Fo*Ar ([in;]T) = (Slinile © [ini]—¢)

FAvalp © T FAvattly © ¢lvate/a]

FA pap & L

[t] = [u]

F vatp = vale

H patle o glpate/al

[t] < [u]

FA pate = pale

oy = gly/a]

FA Y = va©e

FAva®ep = ¢lva®p/al

Holy/al =y

FA pap =

F olpa®o/al = pa®e

Figure 6. Modal Axioms and Rules.

Recalling that the theory under a [bx] is -2, the only proposi-
tional connectives accessible to - in safe formulae are those
on which +4 and +Zcoincide.

Example 5.10. Any formula without fixpoint is equivalent
in F. to a safe formulae. Given safe formulae ¢y : A and
¢ : Str® A, the formulae O[hd]y and Og are both safe.

6 A Temporally Refined Type System

Temporal Refinement Types. Temporal refinement types
(or simply types), ranged over by T, U, V, etc., are defined by
the grammar:

Tu=A|{A|lg} |Vk-T|T+T|TXT|T—>T|»T|WAT

So types are built from (closed) pure types A and temporal re-
finements {A | ¢}, where F ¢ : A. They allow all the type con-
structors of pure types (where T has no free type variables in
7). Types furthermore allow for universal quantifications
over iteration variables with Vk - T.

Subtyping. Asarefined type {A | ¢} intuitively represents a
subset of the inhabitants of A, it is natural to equip our system
with a notion of subtyping. In addition to the usual rules
for product, arrow and sum types, our subtyping relation is
made of two more ingredients. The first follows the principle
that our refined type system is meant to prove properties
of programs, and not to type more programs, so that (say) a
type of the form {A | ¢} — {B| ¥/} is a subtype of A — B.
We formalize this with the notion of underlying pure type |T|
of a type T. The second ingredient is an intuitionistic modal
theory (notation +* ¢ for provability of a formula ¢ of type
A), discussed in §5.

The subtyping rules for concerning refinements are given
in Fig. 7, where T = U enforces bothT < Uand U < T.
The full set of rules is given in Figure 12 in the Appendix B.
Notice that we do not incorporate folding and unfolding of
guarded recursive types in subtyping.

Typing with Temporal Refinement Types. Typing for re-
fined types is given by the rules of Fig. 8, together with the
rules of Fig. 4 extended to refinement types, where T is con-
stant if |T| is constant. Modalities [7;], [in;], [fd] and [ev(-)]
(but [next]) have introduction rules extending those of the
corresponding term formers.
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o=y
{Alo} <{Aly}

T<|T| A<{A|T}

{Bly} —{Al ¢} ={B— Al[ev(¥)]lo}

» {A]| ¢} = {»A| [next]p} Vk-»T=wVk-T

¢ safe "? =Y
W {A| ¢} ={MA]|[bx]e} {MA| [bx]o} < {MA | [bx]y}

Figure 7. Subtyping Rules (excerpt).

Example 6.1. Using the fact that ¢ = ¢ = (¢ A ) and two
times the rule (MP), one gets the derived rule:
TrM:{A] ¢} TrM:{A|y}
TrM:{Alo Ay}
from which one can deduce the rule:
TrM:{A|¢p} TrN:{B|y}
T+ (M,N):{AXB]|[mle A[m]y}

Example 6.2 (Operations on Guarded Streams). The follow-
ing typings, mentioned in §2, are easy to derive:

cons® : {A|¢} — »{Str8 A| O[hd]p} — {Str® A | O[hd]p}
hds : {Str8A|O[hdlp} — {A]¢}
tle . {Str# A| O[hd]p} — » {Str® A | O[hd]¢}

For e.g. cons®, direct applications of the rules give

T+ fd(x,s) : {Str¢ A | OO[hd]e}
T+ fd(x,s) : {Str8 A | [hd]e}

where ' = x: {A| ¢},s: » {Str® A| O[hd]p}. We conclude
with Ex. 6.1 and Ex. 5.8. The cases of hd® and tI® are similar
and simpler. One can then type map® with

({B 1y} —{Al¢}) - {Str#B | O[hd]y} — {Str® A | O[hd]e}
Indeed, the above types for cons®, hd® and tI® give
I'" + cons® (f(hd® s)) (g ® (tI8 s)) : {Str® B| O[hd]y'}

withT’:= f:{A]| g} — (B}, g: »({Sts A| Olg]} —
{StB B[ O[y1}), s : {Str8 A| O[]}
Similarly, one can type the function merge® with

{Str# A | O[hd]ge} — {Str¥ A | O[hd]p:} —>
{Str# A | O([hd]epo v [hd]e1)}

Example 6.3. For a safe ¢ : A, we can type map with
{Bly} = A{Al¢}) —
{StrB | [bx]a[hd]y} — {StrA | [bx]a[hd]e}

with A € {O, 00,05}, In the case of <, one starts, using
the rules (p¢-E) and (p-E), to reduce to a typing of the form

Iy, s: {StrB | [bx]<>k[!//]} F

bx(map® f (ubx s)) : {StrA| [bx]<>k[(p]}

Guilhem Jaber and Colin Riba

Since O*[p] and OK[/] are safe, one can apply the subtyping
rule for O to get the type B {Strg A ’ ok [(p]} Then we apply
the typing rule for bx presentend in Figure 4 (and extended
to refinement types), so that one can conclude by typing
guarded map?® as

{Bly}—={Al¢}) —
Vk - ({Str* B | O[hd]y} — {Str8 A | O[hd]e})

Using the rules (V-CI) and (EXF), we are left with
T + cons® (f(hd®s)) (g ® (tl®s)) : {Str® B | O[hd]y}

whereTis f : {A]| ¢} > {B| ¢}, s: {StrgA| <>k+1[(p]}, g:
>V ({StrgA | O[[(p]} — {StrgB | Of[lﬁ]}). Using subtyp-
ing, one can instantiate ¢ with k. Unfolding ©F*'[¢] and
then reasoning by cases with (V-E) gives the result.

The case of <O is similar, but the type of map?® has to be
strengthened. Since [next] (and thus O) do not satisfy axiom
(P) of Table 1 (see §7), giving g the type, say,

{strtA| ©'O[p]} — {sutB| o'Oly]}

in the branch of s : {Str® A | O[¢]} is not sufficient. The
solution is provided by the [ev(—)] modality, used to encode
a kind of “intersection” on arrow types, to type map8 with

{Bly} = {Al¢}) —
Vk - {Str8 B — Str8 A | 6(k) A [ev(D[¥])]O[e]}

where 0(k) is [ev(O*O[/])]OXO[g]. The case of < is more
intricate. See App. D.2 for details.

Remark 6.4. The [ev(—)](—) modalities provide a mean to
incorporate properties of functions. This is instrumental in
giving good refined typings with a & modality. As we shall
see in §7, the [ev(—)](—) modalities can be seen as a form of
internalized logical predicates in the sense of [22, §9.2].

Example 6.5 (The Diagonal Stream Function). Fora safe ¢ : A,
we have the following (see App. D.3):

diag®é : {Str8(StrA) | O[hd][bx]O[hd]p} —
{Str& A | O[hd]e}

diag : {Str(StrA) | [bx]d[hd][bx]O[hd]p} —
{Str A | [bx]O[hd]¢}

diag : {Str(StrA) | [bx]<O[hd][bx]O[hd]p} —
{Str A | [bx]<O[hd]p}

7 Semantics

The Section progressively presents the main ingredients of
the semantics of our type system. We take as base the deno-
tational semantics of guarded recursion in the topos of trees,
that we briefly sketch.
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T'eM:T T<U 'rM:{A = 't M:{A
som SU -y DEM ALY =) A1y}
T'e+M:U T'rM:{A]| ¢}
fori € {0,1},
I'erM:{A \Y Ix:{A|@;} - N:U T-M:{A]| L T'-N:|U
(V-E) {AleoV o1} {Al @i} (ExF) {A] L} 14
T'rN[M/x]:U T'eN:U
't M;: {A; ' Mi_;: A ' M:{Ay XA i I'r-M:{A;
- (Ao} Tediiid, oo TeMe(AoxAllnde) o (41 ¢}

T+ (Mo, My) : {Ag X Ay | [mi]e}

T'+M:{Ay+A;|[in;]e}

Ik (M) : {A; | ¢}

F,x:{Ai|q)}|-N,-:U

T Fin;(M): {Ag + A | [in;]p}

Ix:A_; - Ni_;: U

(Iny;-E) T+ case M of (x.No|x.Ny) : U
D s AT T T ) T
(Fp-I) rr: fﬁ&ﬁ{?ﬁ%ﬁﬂfﬁ;} (FD-E) — zftj(l\]f/l) :{izgié(l).gﬂg}l ¢}
(v-cp) — T[O/rkg M- 51:-]\74* SR D 7 f ]'\-/IMVkT T 8) %

T+ M: {WA|[bx]y[vako/pl}

L'+ M: {BA]| [bx]y[va©e/pl}

T+ M: {MA| [bx]y[uate/pl}

(v-) (v-E)

T+ M: {BA| [bx]y[va©e/B]}

I'FM: {BA]|[bx]y[pa®e/1}

T+M: {BA|[bx]y[vate/B]}

WD F AT (A [oxly[aa® o B}

T,x: {IA| [bx]y[uakw/ﬂ]} FN:U

(4-E)

T+ N[M/x]:U

Figure 8. Typing Rules for Refined Modal Types, (where k is fresh and f is positive in y).

Denotational Semantics in the Topos of Trees. The topos
of trees [8] provides a natural model of guarded recursion.

Definition 7.1 (The Topos of Trees). The topos of trees S
is the category of presheaves over (N \ {0}, <).

In words, the objects of S are indexed sets X = (X(n)),,-
equipped with restriction maps rX : X(n + 1) — X(n). In-
tuitively, X(n) represents the values available “at time n”,
and rX tells how values “at n + 1” can be restricted (ac-
tually most often truncated) to values “at n”. Excluding 0
from the indexes is a customary notational convenience [8].
The morphisms from X to Y are families of functions f =
(fn : X(n) = Y(n)),,», which commute with restriction:

X X

rl rn
X1 X Xn Xn+1
P
Yl V1Y Y2 e Yn r: Yn+l

As any presheaf category, S has (pointwise) limits and col-
imits, and is Cartesian closed (see e.g. [36, §1.6]). We write
I' : 8§ — Set for the global section functor, which takes X

to S[1,X], the set of S morphisms 1 — X, where 1 =
({®})n>0 is the terminal object of S.
AtypedtermI' - M : T is to be interpreted as a morphism

[M] : [ITN] —s [IT1]

where [|[T|] = [|T1|]] X - X [|Tul] for T = x; : Th, ..., % = Ty
In particular, a closed term M : T is to be interpreted as a
global section [M] € T[|T|]. The x/+/— fragment of the
calculus is interpreted by the corresponding structure in S.
The » modality is interpreted by the functor »: S — S
of [8]. This functor shifts indexes by 1 and inserts a singleton
set 1 at index 1. The term constructor next is interpreted by
the natural map with component nextX : X — »X as in:

rX X
X Xy < Xy <o X, < Xpypq =
nextxl IL lej rnX_lj r,}fl
»X 1<—— X; < Xpog < Xy <o
rn—l

The guarded fixpoint combinator fix is interpreted by the
morphism fixX : X®X — X, natural in X, such that given
f : »XXY — X with exponential transpose f:Y — X»X,
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the morphism fixX o f* : Y — X is unique s.t.:

fix ft

% (next fix f*, id) Y X

X XY L> X =
Together with an interpretation of guarded recursive types
(see [8]) this gives an denotational semantics of the whole
calculus but for the B modality. See [8, 13] for details.

We write fd : [A[Fix(X).A/X]] — [Fix(X).A] and ufd :
[Fix(X).A] — [A[Fix(X).A/X]] for the two isomorphisms
of [Fix(X).A] = [A[Fix(X).A/X]].

Internal Semantics of Formulae. Fach formula ¢ over A
has a S interpretation, in the form of a subobject [¢] of [A].

A subobject S of a S object X, notation S < X, is a family
of subsets S(n) € X(n) such that rX(t) € S(n) whenever
t € S(n + 1). The set of subobjects of a S object X, denoted
Sub(X), is a complete lattice w.r.t. pointwise inclusions (see
e.g. [36, Prop. 1.8.5]), and in particular a (complete) Heyting
algebra. Following e.g. [36, 35], we say that x € T'X satisfies
a property S € Sub(X) if x factors through S, as in

S

[P e
Note that this means

Yn >0, x,(e)€S(n)

By adequacy of the S semantics, we mean that for each closed
term M : {A| ¢}, the global section [M] € I'[A] satisfies the
property [¢] € Sub([A]).

Formulae without free iteration variables are interpreted
by induction as expected. The propositional connectives are
interpreted by the Heyting algebra structure on subobjects.
This validates the rules of intuitionistic logic.

We now turn to the interpretation of modalities. Let [A]
be a modality of the form [r;], [in;], [next] or [fd], and as-
sume [A]p : B whenever ¢ : A. Standard topos theoretic
constructions give posets morphisms

[l : Sub(JA) —> Sub([B])

such that:
e [[r;]] and [[fd]] are maps of Heyting algebras,
o [[in;]] preserves v, L and A,
e [[next]] preserves A, T and V.

With [[ale] = [[2]]([¢]), all the axioms and rules of Ta-
ble 1 are validated for these modalities. To handle guarded
recursion, it is crucial to have

[[nextle] := »([e])

with [[next]¢] true at time 1, independently from ¢. As con-
sequence, [next] and O do not validate axiom (P) (Table 1),
and ©[hd]g can “lie” about the next time step.

The modality [ev(y)] is a bit more complex. For ¢ : B
and ¢ : A, the formula [ev(})]¢ is interpreted as a logical
predicate in the sense of [22, §9.2 & Prop. 9.2.4]. The idea is
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Umile$ = {xeT[Ayx A{] | mioxe oS}
l[nextlp§ = {nextox e T[»A]|x € ¢S}
{[fd]eS$ = {x e T[Fix(X).A] | ufd o x € {95}
Uinile§ ==

{x € T[Ao + A] | Iy € T[A;](x = in; oy and y € {¢5)}
Uevle§ =
{x eT[B— 4] | Vy eT[B], ye (¥ = evo(x,y) € Z(pS}

Figure 9. External Semantics (l-free formulae).

that for a term M : {B — A | [ev(})]¢p}, the global section
ev o ([M],x) € I'[A] should satisfy ¢ whenever x € I'[B]
satisfies /. We refer to App. C for details.

The interpretations of vat¢(a) and pate(a) (for t closed)
are defined to be the interpretations resp. of ¢[tJ(T) and
plt(1), where e.g. ¢°(T) := T and ¢"*1(T) := @(¢"(T)).

We turn to fixpoints va® ¢(a) and pa®¢(a). A naive pos-
sibility would be to rely on Kaster-Tarski Fixpoint Theorem
and the fact that when « is positive in ¢ (i.e. @ Pos ¢), the
typing @ : A+ ¢ : A induces a poset morphism

[e] : Sub(JA]) —  Sub([A])

This, however, is to some extent meaningless in our setting,
because S has unique guarded fixpoints [8, §2.5].

Proposition 7.2. Givena : A+ ¢(a) : A with a positive and
guarded by » in ¢, there is a unique [va®¢(a)] € Sub([A])
such that [va®p(a)] = [e(va®p(a))].

In particular, the typing fix(s).cons® a s : {Str® A | O[o]}
for arbitrary a : A and ¢ : Str® A of §2 is not problematic
w.r.t. the S semantics [-]!

The External Semantics. The above issue suggests to look
for semantics closer to the intended meaning of the logic.
Maogelberg [40] has shown that for polynomial types such
as Str® B with B a finite base type, the set of global sections
T'[Str8 B] is equipped with the usual final coalgebra structure
of streams over B in Set.

This suggests, for a formula ¢ : A, to devise a proper Set
interpretation { ¢ § € P(T'[A]). For propositional connectives
and fixpoints, this interpretation is defined similarly as the
S interpretation, but using the Boolean algebra structure of
powersets rather than the Heyting algebra structure of sub-
objects. We give the cases of the modalities [7;], [in;], [next]
and [fd] in Fig. 9 (where for simplicity we assume formulae
to be closed). It can be checked that, when restricting to
polynomial functors, one recovers the expected coalgebraic
semantics of [23] (with sums treated as in [24]) extended
with fixpoints.

The Safe Fragment. We would like to have adequacy w.r.t.
the Set semantics, namely that given M : {A | ¢}, the global
section [M] € T[A] satisfies {¢§ € P(T[A]) in the sense
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that [M] € {¢§. The odd typing of §2 tells us that this is
impossible in general. But this is possible for safe formulae
since in this case we have:

leS = Tle]

Let us sketch the key ingredients for this property. First note
that on B-free types, safe formulae do not contain implica-
tions (=). For this fragment, intuitionistic and classical logic
coincide, making { ¢§ = I'[¢] plausible.

Second, for a safe formula @ : A+ ¢ : A, the poset mor-
phisms

[o] = Sub([A])
loS = PTLAD

are Scott cocontinuous, in the sense that they preserve codi-
rected meets. As a consequence, greatest fixpoints va® ¢(a)
can be interpreted, both in Set and S, as the meets of the
interpretations of

(M),  op(T)), eM(T), @™N(T),

This leads to the expected coincidence of the two semantics.
In particular, the Set semantics is adequate for safe formulae.

Let us step back to the cases of O[¢] and <[¢] on guarded
streams Str® B. Assume that ¢ is safe. The equality

(Olels = T[Ofel]

implies that the usual Set semantics of O[¢] is in the image
of T. But a subset of I'[Str8 B] which is in the image of T is
necessarily a closed set w.r.t. the usual product topology on
streams in Set, i.e. a safety property. Formulae of the form
O[] do define safety properties on streams. On the other
hand, liveness properties of the form <[¢] are not closed
(for non-trivial ¢), and as such cannot be in the image of T.

—  Sub([A])
—  P(T[A])

T,

The Constant Modality. In order to safely handle unsafe
formulae, we rely on the constant type modality B of [13]. At
the semantic level, B is interpreted as the composite functor
AT : S — S, where the constant object functor A : Set —» S
takes a set S to the constant family (S),¢. In words, all
components [MA](n) are equal to T'[A], and the restriction
maps of [MA] are identities. In particular, a global section
x € T'[MA] is a constant family (x,), describing a unique
global section x,11(®) = x,(e) € T[A]. We refer to [13] and
App. C for the interpretation of the term constructors prev,
bx and ubx.

Consider now an arbitrary formula ¢ over A. In order
to accommodate its Set semantics {¢§ within S, we can
syntactically lift ¢ to the formula [bx]¢ over BA and impose

[lbx]e] = A(lef)

This definition is justified by simple and standard facts of
topos theory,! namely that for each set S, the functor A

!Namely, A is left adjoint to T and the pair A 4 T : S — Set is an open
geometric morphism (see e.g. [36, 28]).
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induces a map of (complete) Heyting algebras
A€ P(S) > AA e Sub(AS)

This means that the Set interpretation {¢§ € P(T[A]) can
be taken to the subobject A{¢§ € Sub(AT[A]) = Sub([MA])
in S while respecting the usual Set semantics of logical con-
nectives. In particular, we can allow the logical theory under
a [bx] to be classical, while the S semantics imposes the
ambient logical theory to be intuitionistic.

On the other hand, for the interpretation of [bx] in the
external semantics we can trivially let

UbxleS = {x e T[MA]|xi(s) € {05}

We can now state the correctness of our semantics w.r.t.
the modal theories of Def. 5.6.

Lemma 7.3. (1) If+2 ¢ then {¢§ = T[A].
2) 1+ ¢ then [o] = [A].

Safe Formulae: The General Case. The property we use
on safe formulae, seen as lattice operators, is the following.

Definition 7.4 (Scott Cocontinuity). Let L be a complete lat-
tice. A set S C L is codirected if it is non-empty and for all
a,b € S, there is some ¢ € S such that ¢ < a,b. A function

f : L — L is Scott cocontinuous if it is monotone and pre-
serves meets of codirected sets (for S C L codirected, we have

FONS) = AN F(S)).

In other words, a Scott cocontinuous function L — L is a
Scott continuous function L°? — L°P. Dually as with Scott
continuity, we have the following.

Lemma 7.5. The greatest fixpoint of a Scott cocontinuous
function f : L — L is given by

v(f) Amew f™(T)
Safe formulae indeed induce Scott cocontinuous operators.

Lemma 7.6. Given a safe formulaa : A + ¢(a) : A, the
functions

le]l - Sub([A])
leS : PT[A]D

are Scott cocontinuous.

—  Sub([A])
—  P(I[A])

The key for Lem. 7.6 is the usual fact that codirected meets
commute with finite joins and meets.

Proposition 7.7. If ¢ : A is safe then { ¢§ = T'[¢].

Recall that in safe formulae, implications can only occur
under a [bx] modality and thus in closed subformulae. It is
crucial for Prop. 7.7 that meets and joins are pointwise in the
subobject lattices of S, so that conjunctions and disjunctions
are interpreted as with the usual classical Kripke seman-
tics (see e.g. [36, §VI.7]). This of course does not hold for
implications!
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The key case of Prop. 7.7 is that of va® ¢(a) : A. We have
La®e@5 = [(le™(MS  [va®e@] = /\ [e™(T)]

meN meN

Given a global section x € T'[va®¢(a)]), we have
Vn>0, VmeN, x,(e) € [o™(T)](n)

We then easily conclude x € {va®¢(a)§ from {¢™(T)§ =
['[¢™(T)]. Note that this relies on the commutation of the
universal quantifications over n and m.

Flat Fixpoints. The situation due to flat fixpoints general-
izes the safe case. Recall that a Scott continuous function
L — L is a Scott cocontinuous function L°? — L°P,

Lemma 7.8. Given a : A + ¢(a) : A with a positive in
@, the function {¢}§ PI[A]) — PT[A]) is Scott
continuous as well as cocontinuous.

Dually as in the cocontinuous case, the least fixpoint of a
Scott continuous function f : L — L can be computed as

p(f) Vmen (L)
Corollary 7.9. Givenva®¢(a) : A and pa®@(a) : A we have

La®p(@)§ = [lo"(M5  a“e@)§ = | Jlo"(W)S

neN neN
Corollary 7.9 implies the correctness of the typing rules (v-I)
and (u-E) of Fig. 8.

The Realizability Semantics. The correctness of the type
system w.r.t. its semantics in S is proved with a realizability
relation. This relation is formulated with global sections.

Definition 7.10 (Realizability). Given a type T without free
iteration variable, a global section x € T[|T|] and n > 0,
we define the realizability relation x I, T by induction on
lexicographicaly ordered pairs (n, T) as follows:

x lIkn {A ] @} iff xn() € [@]4(n).

x Ik, 1.

x Ik, To+Ty iff there are somei € {0,1} andy € T[|T;|]
st.x=in;oyandyllF, T;.

x Ik, To X Ty iff o © x Ik, Ty and 71 0 x I, Ty.

x Ik U — T iff for allk < n and for ally € T[|U]]
such that y - U, we have ev o (x,y) Il T.

X H'_l »T.

x lIFps1 »T iff there isy € T[|T|] such thatx = nextoy
andyll-, T.

x Ik, Fix(X).A iff ufd o x lI-,, A[Fix(X).A/A].

x -, BT iff x,,() -y, T for all m > 0 (where x €
r{imr]).

o x Ik, Yk - T iff x Ik, T[t/k] forall t.

Note that we have x II-,, Afor x € T'A. It is easy to see that if
x Iy, T, then x |l T for all k < n. Moreover, the subtyping
relation is correct in the following sense.

Lemma 7.11. GiventypesT, U without free iteration variable,
ifxlF, U andU < T thenx I, T.
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The correctness of typing is the following.

Theorem 7.12 (Adequacy). If+ M : T where T has no free
iteration variable, then [M] I, T for alln > 0.

A closed term M : {A| ¢} for ¢ safe thus induces a global
section [M] € I'[A] which satisfies { ¢§. Moreover a func-
tion, say M : {B | ¥} — {A] ¢} with ¢, ¢ safe, induces by
composition a Set-function

L[M]) :T[B] = T[A], x+ [M]ox
such that T[M](x) satisfies { ¢ § whenever x satisfies {/§.

Polynomial Types. We give the statement of Magelberg’s
Theorem [40] for our context. To each polynomial recursive
type Fix(X).P(X), we associate a polynomial functor Pse; in
the obvious way: 1get is {®}, (—)set commutes over X and
+, (»X)set is the identity and (MA)s; is the constant func-
tor with value I'[A]. It is well-known that each polynomial
functor F has a final coalgebra (see e.g. [24]).

Theorem 7.13 ([40] (see also [13])). Given a polynomial
type Fix(X).P(X), the pair (T[Fix(X).P(X)], T[ufd]) is a final
Set-coalgebra for the polynomial functor Pset.

Let ¢, ¢ be safe. Then map : (B — A) — StrB — StrA
induces a standard stream function which, when provided
with some f : B — A taking b € B satisfying / to f(y) € A
satisfying ¢, gives a stream with all (resp. some, almost all,
infinitely many) elements satisfying ¢ whenever its stream
argument has all (resp. some, almost all, infinitely many)
elements satisfying . Similarly, diag : Str(StrB) — StrB
induces a function which gives a stream with all (resp. almost
all) elements satisfying ¢ whenever its argument has all (resp.
almost all) elements whose elements all satisfy ¢.

8 Conclusion

Guarded recursion has been used as an abstraction of the
step-indexing techniques [2], used to define realizability and
logical relations for programming languages [3, 1]. In this
setting, logics have been defined to reason over of such step-
indexed Kripke logical relations (LSLR [14], LADR [15]). We
would like to explore extention of our framework to define
such logics, particularly modalities used in LADR to reason
about the evolution of worlds (defined as transition systems
of heap invariants).

We also want to explore application of our refinement
types to reasoning over coinductively defined resumption
monads [44], which formalizes the notion of resumption [39]
used to reason on interaction agents in concurrency the-
ory. We would be particularly interested by applying our
framework to reason over recently introduced interaction
trees [51], that generalize resumption monads. General the-
ory of weak bisimulation for them is defined using paramet-
ric coinduction (Paco) [21, 52], it would be a good opportu-
nity to compare it to guarded recursion.
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A Additional Material for Section 5

The full definition of the variance predicates @ Pos ¢ and
a Neg ¢ is given in Fig. 10. The intuitionistic propositional
deduction rules are given in Fig. 11.

Remark A.1 (Rem. 5.7). All modalities ([r;], [fd], [next], [in;],
[ev()] and [bx]) satisfy the monotonicity rule (RM) and are
thus monotone in the sense of [12], from which we borrowed
the terminology used in Table 1 (see also [20, 18]). Assuming
the rule (RM), we easily get the following:

(1) Axiom (N) implies the usual necessitation rule:

Fo
Flale (RN)

Proof. Indeed, one can derive

(N) —

[a]T F[A]T = [ale

[ale

(2) Axiom (C) implies the usual axiom (K):
[alle = ¥) = ([ale = [2ly)

Proof. Indeed, one has

(=) rp) = ¥
[l =) Ap) = [aly

(RM)

[alle = Y) Ala]lp = [aly
[2lle = ¢) = ([ale = [2]y)

(3) We have the monotonicity axioms

[alle AY) = [ale A2y
[aleV[aly = [alleVY)

Hence, with our adaptation to unbounded linear branching,
the normal intuitionistic modal logic IK of [45] is (RM) +
(C)+(N)+(P) +(Cy) + (C=), while the normal modal logic
Kis IK + (CL) (see e.g. [10]).

B Additional Material for Section 6

The full definition of the subtyping relation < is given in
Fig. 12.
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The underlying pure type |T| of a refinement type T is
inductively defined as follows:

Al = A
[{Ale}| = A
Vk-T| = |T|
IT+U| := |T|+|U|
ITxU| := |T|x|U|
|U—>T| = |U|—-|T|
»T| = »[T|
|AT| = MW|T|

C Additional Material for Section 7

This Appendix presents material that we omitted in §7 for
space reasons. We follow roughly he same plan. All proofs a
deferred to App. E. We often use 6 as a generic notation for
pand v.

C.1 The Topos of Trees (Basic Structure)

Notation C.1. Given an object X of S and 0 < k < n, we
write tTk for the restriction of t € X(n) into X(k), obtained
by composing restriction functions rl.X fori=k,...,n—1.

Full definitions and proofs of the semantic require the explicit
manipulation of some of the structure of S. We refer to [8, 13]
for details.

First, as in any presheaf category, limits and colimits are
computed pointwise. In particular binary sums and products
are given by

X+Y)(n) =
(XX Y)(n)

X(n)+ Y(n)
X(n) x Y(n)

Moreover, exponentials are induced by the Yoneda Lemma
see e.g. [36, §L.6]. Explicitly, given S object X and Y, the ex-
ponent YX at nis the set of all sequences (f¢),,, of functions
fr : X(€) — Y(£) which are compatible with restriction (i.e.
r} o fes1 = feor)).

The morphism fix*X : X»X — X is defined as

fixey ((fon)m<n) (fao -0 fi)e)

Since we do not require the explicit constructions, we
refer to [8] for the interpretation of guarded recursive types
Fix(X).A(X) and for the definition of the isos

fd : [AFix(X).AX)] —
ufd [Fix(X).A(X)]

[Fix(X).AX)]
[A(Fix(X).A(X))]

—

We now have all the structure we need for the denotational
semantics of the l-free fragment of the pure calculus.

C.2 Global Sections and Constant Objects

As for any presheaf topos, the global section functorT' : § —
Set is right adjoint to the constant object functor A : Set —
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o Pos o

o Pos T o Pos L

a Pos ¢ a Pos ¢ a Pos ¢ a Pos ¢ a Neg a Pos ¢

aPosoVy

a Pos ¢ a Pos ¢

aPosop Ay aPosy = ¢

a Pos ¢ a Pos ¢

a Pos [7;]e a Pos [in;]e a Pos [fd]e a Pos [next]p

a Neg T a Neg L

a Neg ¢ a Neg a Neg ¢ a Neg a Pos ¢ a Neg ¢

aNegoVy

a Neg ¢ a Neg ¢

aNeg oAy aNegy = ¢

a Neg ¢ a Neg ¢

a Neg [7;]p a Neg [in;]e a Neg [fd]e a Neg [next]p

Figure 10. Positive and Negative Occurrences in a Formula.

FHoVe=0 Ho=pNe Ho=oVy oAy =9

oAy =0 o= (=0
FAoVy =y Ve FAoAY =Y Ag o= (Y= 0) FAoAny =0
) o=y o=y Hy =0 o=y
I-Alﬁ |_A(p=>9 |-AL:>(p I—AQV(p=>9VI//
Figure 11. Intuitionistic Propositional Deduction Rules.
T<U U<V T<U U<T Lemma C.2. For X, Y objects of S, we have (X +Y) =~
T<T T<V »T < U BU <HT FX+TY, T(XXY)~TXXTY andT(»X) =~ ['X (viaT(next)).
L=ty L<b L<to Li<U th<h h<U Following [13], for a (closed) pure type A, we have
ToxTy < Uy x Uy To+Ti <Uy+ U Th->T1 <Uy— U
Ay [WA] = ATI[A]
T<|T| A<{A|T} {Al¢}<{Aly} In words, all components [MA](n) are equal to I'[A], and the
restriction maps of [MA] are identities. In particular, a global
{Bly} = {Al g} ={B— Al[ev(y)]o} section x € T'[MA] is a constant family (x,),>o describing a

unique global section x,+1(e) = x,(e) € T[A].

> {A] ¢} = {»A] [next]p}

¢ safe

Vk-»T=w»Vk-T The term constructor ubx(—) is interpreted as the counit ¢

W ) of the adjunction A 4 T: given T + M : WA, we let [ubx(M)]

W{A[¢}={MA|[bxlg}  {MA|[bxlp} < {MA][bx]y} be the composite

Figure 12. Subtyping Rules (full version).

S (see e.g. [36, 81.6]):

£

™M ma) = arja) = 4]

[

The term constructors bx and prev rely on a strong seman-

tic property of constant types, namely that their interpreta-
tion lie in the image of the constant object functor A.

r
S — . = Set Definition C.3. An object X of S is constant if X = AS for
S~} some set S.
A
We state the following for the record. Lemma C.4 ([13, Lem. 2.6]). If A is a constant (pure) type,

then [A] is a constant object of S.
16
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We now give the interpretations of bx,(M) and prev (M)
(where o stands for [x; — My,...,xx — Mg]). Assuming
in both cases [M] to be defined, for n > 0 we let

b)) : [TIm) —  AT[A](n) = P[A]
v (oo (M), - M)
[prev, D)) =[] —  »[Alm) = [A](n+ D

y = (Ml (IM100). - IMDa00))

where the mismatches between n and m and between n and

n+ 1 are legal since [A], . .., [Ax] are constant by Lem. C.4.

C.3 External and Internal Semantics: Global
Definitions

We can now give the full Set and S interpretations of the
logical language. In contrast with §7, we discuss the external

semantics { —§ in Set before the internal semantics [-] in S.

In both cases, for @ : A+ ¢ : A(a), we let

PO =T (L) = L
PmHT) = e(e™(T)) @™ (L) = e(p™(L))

(Recall that fatg is only allowed when ¢ as at most a as free
variable.)

Definition C.5 (External Semantics). Consider a formula
ar At ..,ak  Ag F @ @ A without free iteration variable.
Assume given a valuation v taking each propositional variable
a; fori=1,...,ktoasetv(e;) € P(T[A;]). Wedefinep§2 €
P(T[A]) by induction on ¢ in Fig. 13.

As for the internal S semantics [-], we give a global
definition, in a form similar to Def. C.5.

Definition C.6 (Internal Semantics). Consider a formula
a At ..,ak  Ag F @ @ A without free iteration variable.
Assume given a valuation v taking each propositional variable
a; fori=1,...,k toa subobject v(a;) of [A;]. The subobject
[0]2 of [A] is defined by induction on ¢ in Fig. 14.

The correctness of Def. C.6, namely that we indeed have
[o]* € Sub([A]), as well as the correspondence with the
presentation of §7 are discussed in App. C.6.

Remark C.7. For closed formulae we can rephrase Def. C.6

ast € []*(n) iff t IF2 @, where the forcing relation t I+ ¢

is inductively defined as follows.

LI L

[

tIFA vy ifft IF2 g or t IFA 4.

tIFA o Ay ifft IF2 g and ¢ IF2 4.

t Iy ¢ = giff forall k < n, t7k |+ ¢ whenever

Tk IF2 g,

t - [l iff i) 15 .

o ¢ Ao+ [in;]g iff there is u € [A;](n) such that t =
in;(u) and u -4 ®.

17
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o t [FB=4 [ev(y)]g iff for all k < n and all u € [B](k),
(tTk)(u) Il—f ¢ whenever u H—f ¥

o t IFEXCO-A [fd]g iff ufd o ¢ IFAFXO-AXT

o tIFX4 [next]e.

t1F>A [next]o iff t -2 ¢.

n+1

t IF®A Tbx]p iff t € {p§A.

C.4 An Open Geometric Morphism

Key properties of the internal semantics of [bx] rely on some
further facts on the adjunction A - T. We refer to [36, 28].
The functor A : Set — S preserves limits (in particular,
A AT : S — Set is a geometric morphism). It follows that A
preserves monos, so that for each set S the function

A€ P(S) > AA € Sub(AS)

is a meet preserving (and thus monotone) map. It is easy to
see that this map has a posetal left adjoint

fi : Sub(AS) — P(S)

Proof. A subobject A of AS is a family of subsets A = (Ap),
with A, C S. Hence we can let fj(A) € P(S) be the set of
all a € S such that a € A, for some n > 0. Then assuming
fi(A) € B for some set B € P(S), it follows that if a € A,
then a € fi(A) C B so that a € (AB),, and thus A < AB.
Conversely, if A < AB, then for every a € fi(A), sincea € A,
for some n > 0, we must have a € (AB), = B, so that
fi(A) € B. O

As a consequence, the adjoint pair A 4T : S — Set is an
open geometric morphism (in the sense of [36, Def. IX.6.2]),
from which it follows that A induces maps of (complete)
Heyting algebras P(S) — Sub(AS) (see e.g. [36, Thm. X.3.1
& Lem. X.3.2]). We state this for later use.

Lemma C.8. For each set S, the functor A induces a map of
(complete) Heyting algebras P(S) — Sub(AS).
C.5 Abstract Modalities

We present here some well-known basic material which will
help us proving the correctness of the internal and external
semantics.

Definition C.9. Let C be a category with pullbacks and con-
sider a morphismk : X —¢c Y.

o The functork* : C/Y — C/X is defined by pullbacks

A——A

4
k*(g)j j!}
X——Y
k
e The functor (3k) : C/X — C/Y is defined by postcom-
position:
(g:A—>X) — (kog:A—>Y)

The following is a basic property of toposes.
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(155
lovyss
=05
Z[ﬂi]fPSﬁoXAl
Uing 5ot
Ufd]p5 ™
Uev()lp§E=4
{[bx]p 5™
U[next]p§%4
vt p(a)§*
Lpatp(a)§
lva® et

Lo p§?

[L]4()

[o v y]a(n)

[¥ = ¢l

[l ]l o™ (n)
[linilelo"" (n)
[[fd]e] 5 (n)
[lev(¥)]]=4(n)
[[bx]e]™A(n)
[[next]p]%4(1)
[[next]g]4(n)
[vato(a)]?
[natp(a)]*
[va©e]A

[ @4

Lemma C.10 ([36, Thm. IV.7.2]). Let & be a topos and fix
amapk : X —g Y. The functor (3k) is left adjoint to
k* : &Y — &/X. Moreover, k* has a right adjoint (Vk)
and preserves exponentials, and thus preserves subobjects.

Lemma C.11.

Guilhem Jaber and Colin Riba

0 (T5a = T[A] lai§h = ov(a;)
loSaulyss lonySs = loSanlyss
(TIAT\ (v 54) U LeSa

{x € T[Ao X Aq]

T 0X € Z(p%‘i}

3y e TA](x = injoyandy e zq);;‘f)}

{x e T[Fix(X).A] | ufd o x € z¢3;‘lFiX(X)-A/XJ}
{xer[B—A]|Vyel[B], y e ¥5¥ = evo(x.y) € 95"}
{x € T[MA] | x1(e) € {54}

{next o x € T[A] | x € {52}

o™t ([t]=m)

Lom(L5* ([t =m)

U {s ‘ S e P(T[A]) and S C z<psg/a]}

N{s ‘ s € P(T[A]) and {95}y, < S}

{x e T[Ay + Aq]

Figure 13. External Semantics.

0 [Tl5 = [Al [l = ()

[el5(m) U [¥15(n) [ Ayl = [e]om) n[Y]5(n)

{t € [A](n) | VK < n, 1Tk € [y]Ak) = 11k € [p]A(K)}

{t € [Ao X Ai](n) | mi(t) € [[‘P]]Iz?i(”)}

{t € [Ao + A1](n) | Fu € [A;](n), t =in;(u)and u € [[qoﬂf}"(n)}

[t € [FixC0).AJm) | wfda(0) € [l

{t € [B— A](n) | Vk < n, Yu € [B](k), u € [y]B(k) = (tTk)(u) € [[(p]]A(k)}
{t € [MA](n) =T[A] | t € o5}

1

[elo(n-1)  (n>1)
[e™(M]*  ([tl=m)
[e™(W]*  ([t] =m)

vV {s ( S € Sub([A]) and S < [[zp]]g/a]}
A {s ( 5 € Sub([A]) and [g], < s}

Figure 14. Internal Semantics.

(1) The map (Jin;) : Set/S; — Set/(So + S1) induces a map
7)(51) e P(S() + 51)

(2) The map (Jin;) : S/X; — S/(Xo + X1) induces a map
Sub(Xl) i Sub(XO + X])

Proof. Since in both cases the morphism in; is a mono. O

18
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Lemma C.12. The map S/X — S/»X takingg: Y — X
tow(g) : »Y — »X induces a map Sub(X) — Sub(»X).

Proof. The functor » preserves limits since it has a left ad-
joint ([8, §2.1]). It thus follows that » preserves monos. 0O

C.6 External and Internal Semantics: Local
Definitions

Some key properties of the Set and S interpretations are
easier to get if one goes through a local presentation, as
operations on subobject and powerset lattices, similar to
that of [-] in §7. The goal is to pave the way toward the
correctness of both semantics:

Lemma C.13 (Lem. 7.3).

(1) Ifv2  then {95 = T[A].
(2) I+ g then [¢] = [A].

The detailed proof of Lem. C.13 is deferred to App. E.1. It
relies on the following material.

C.6.1 Internal Semantics

We use the material of §C.5 to devise operations on subob-
ject lattices corresponding to our modalities. This formally
extends the presentation given in §7.

Definition C.14.

(1) Given S-objects X, and X, define [[7;]] : Sub(X;) —
Sub(Xy X X1) as 7}, where m; : Xo X X1 — g X; is the ith
projection.

(2) Given S-objects Xy and X, define [[in;]] : Sub(X;) —
Sub(Xy + X1) as (Fin;), wherein; : X; —> s Xo + X is the
ith injection.

(3) Given a locally contractive functor T on S, define [[fd]] :
Sub(T(Fix(T))) — Sub(Fix(T)) as ufd*, where we have
ufd : Fix(T) — g T(Fix(T)).

(4) Given a S-object X, define [[next]] : Sub(X) — Sub(»X)
as »(-).

(5) Given a set S, define [[bx]] : P(S) — Sub(AS) as A(-).

We now discuss the case of [ev(/)], which is actually
interpreted as a logical predicate, in the categorical general-
ization of the usual sense discussed in [22, §9.2 & Prop. 9.2.4].
We follow here [36, VL.5].

e First, extending the above discussion, for an object X
of S, the (Heyting algebra) exponent

(=) =x (=) : Sub(X) x Sub(X) —— Sub(X)
is given by

(A=x B)(n) =
{t € X(n) | VK < n, Tk € A(k) = 1k € B(k)}

(see e.g. [36, Prop. 1.8.5]).
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e Second, it follows from Lem. C.10 that for objects X,
Y of S, taking the pullback of the evaluation map ev :
XY XY — X gives a map of subobjects, as in

ev'(A) —
l/ .|
XY xy—=X
ev

which in particular preserves limits and colimits.

e Third, in the internal logic of S, universal quantifica-
tion over an object Y w.r.t. a predicate A € Sub(X X Y)
is given (again via Lem. C.10) by the right adjoint
Vy := V¥(r) to 7%, where 7 is the projection X XY — X
([36, §VL5, p. 300]). Moreover, via the Kripke-Joyal se-
mantics for a presheaf topos ([36, §VL.7, p. 318]), for
A € Sub(X x Y), the presheaf Vy(A) at n is

{t € X(n) | Yk < n, Yu € Y(k), (tTk,u) € A}
We therefore let, for each pure types A and B,
[[ev(—)]] : Sub([B]) — (Sub([A]) — Sub([B — A]))
take S € Sub([B])) to

llevs)]] = S <Sub(JA])

Y51 (JT*(S') = [A]BIx[B] eV*(S))

—

where 7 : XY x Y — XY is a projection.
Now, note that we actually have

Lemma C.15. Consider a formula ¥ + ¢ : A and v as in
Def. C.6, such that [¢]., € Sub([A]). We have

@) [[milelo = [[m1([e]o)

(b) [[[ini]ﬁa]]v = [[[ini]]]([[‘/’]]v)
(¢) [Ifdlelo = [[fdI]([¢]o)

(@) [[next]lg], = [[next][([¢])
(e) [[bxle] = [[bx][([¢])

() llevnlel = [lev([¥1)1l(l¢]o) for each v : B such
that [[{/] € Sub([B]).

Proof-

(a) Since limits are computed pointwise in presheaves, we
have

[z l)([e]*)(n) =
{(t,u) € [Ao x Ai](n) X [@](n) | u = m(1)}
which is clearly in bijection with [[[7;]¢] 40> (n).
(b) Trivial.
(c) Similar to the case of [;].
(d) Trivial.
(e) Trivial.
(f) Immediate from the above discussion. O

We thus have done almost all the work to obtain the fol-
lowing basic fact.
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Lemma C.16. Given oy : Ay,...,ar : Ax + ¢ : A, and
v taking a; fori = 1,...,k to v(e;) € Sub([A;]), we have
[o]2 € Sub([A]).

Proof. The proof is by induction on formulae. The interpreta-
tion of the propositional connectives follows the correspond-
ing structures in presheaf toposes [36, Prop. 1.8.5]. The cases
of the modalities [A] follow from the induction hypothesis
and Lem. C.15. The cases of 8a® ¢ simply amount to the fact
that for presheaf toposes, subobjects lattices are complete
([36, Prop. 1.8.5]). The cases of fat¢ for t an iteration term
are trivial. O

We now turn to the logical theory. We immediately get
from the above:

Corollary C.17.

(a) The maps [[[7;]], [[fd]] and [[bx]] are maps of Heyting
algebras.

(b) The maps [[in;]] preserve Vv, L and A.

(c) The maps [[next]] preserve A, T and V.

(d) For each object X of S and each fixed S € Sub(X), the map
[lev(S)]] preserves A, T.

Proof.

(a) This directly follows from Lem. C.10 and Lem. C.8.

(b) Preservation of Vv, L follows from that fact that [[in;]] is
a left adjoint by Lem. C.10. For binary conjunctions, first
note that meets in partial orders are given by pullbacks.
In a subobject lattice Sub(X;), this can be expressed as

ANB——B
|

|

A——X;

(where arrows are inclusions maps). Since in; : X; —
Xo + X; is a mono, the following is also a pullback in
Sub(XO + X])Z

ANB B
—l j
X;
jini
A X

i——Xo+ X1

In

(c) Preservation of A, T follows from the fact that »(—) is a
right adjoint ([8, §2.1]). As for preservation of V, we check
the details. Consider an object X of § and subobjects
A, B € Sub(X). We have to show »(AV B) = »(A)V »(B).
But we have

»(AVB)y =1 =1U1 = (»(A) VI»(B))
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and

»(AV B)pi1 = (AVB), Ap U By
»(A)YH-I U >(B)n+1
= (»(A) V »(B))n+

(d) This directly follows from Lem. C.10, via Lem. C.15 and
the definition of [[ev(-)]]. O

C.6.2 External Semantics

We now turn to operations on powerset lattices for the ex-
ternal semantics.

Definition C.18.

(1) Given sets Sy and Sy, define {[m;]§ : P(S;) — P(So X S1)
as ;, where m; : So X S1 — S; is the ith projection.

(2) Given sets Sy and Sy, define {[in;]§ : P(Si) — P(So + S1)
as (Jin;), wherein; : S; — Sy + Sy is the ith injection.

(3) Given a S object X, define {[next]§ : P(I'X) — P(T'»X)
as ((Tnext)™)", where (Tnext)™ : T(»X) — TX is the
inverse of T'(next) (Lem. C.2).

(4) Given a locally contractive functor T on S, define {[fd]§ :
P((T(Fix(T)))) — P(TFix(T)) as ['(ufd)*, where ufd :
Fix(T) — s T(Fix(T)).

We trivially have (at appropriate types):

Umile§ AEAN))

Uinide§ = lin:]5({e$)
{[next]p§ = {[next]5({¢S5)
Ufdle§ = {[fd]5(e5)

Similarly as in Cor. C.17, we obtain the following.

Lemma C.19.

(a) The functions {[;], {[next]S, {[fd]§ are maps of Boolean
algebras.
(b) The function {[in;]§ preserves v, L and A.

C.7 The Safe Fragment

The proofs of Lem. 7.5, Lem. 7.6 and Prop. 7.7 are deferred
to App. E.2.

C.8 Flat Fixpoints
The proof of Lem. 7.8 is deferred to App. E.3.

C.9 Constant Objects, Again

For the adequacy of the typing rules of the term construc-
tors bx and prev, we need to generalize Lem. C.4 (§C.2) to
refinement types. To this end, it is convenient to extend the
notation [-] to refined types.
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Definition C.20. ForT is a type without free iteration vari-
ables, we define [T] by induction as follows:

HAT@} = [el
[Vk-T] = NnewlTIn/k]]
[To+T] = [To]+[Ti]
[ToxT] = [T]x[T]
[U—-T] = [U]-I][T]
[»T] = »[T]
[WT] := AT[T]

We can now extend Lem. C.4. We crucially rely on the fact
that A preserves limits (see e.g. [28, Ex. 4.1.4]).

Lemma C.21. IfT is a constant type, then [T] is a constant
object of S.

Proof. The proof is by induction on types. The cases of the
type constructors +, X, — are easy and discussed in [13, Lem.
2.6]. The case of MT is trivial. As for Vk - T, assuming by
induction that for each n € N we have [T[n/k]] = AS,, for
some Sy, since A preserves limits we get
AN, Sn) = ApAS, = [[Vk ’ Tﬂ
As for refined types, we show by induction on + ¢ : A with
A constant that [¢] is a constant object.
Casesof T, 1, A, V and =.
All these cases follow from (the induction hypothesis
and) the fact that A induces maps of Heyting algebras
on subobject lattices (Lem. C.8).
Case of [bx].
Trivial, since [[bx]¢] is in the image of A.
Case of [next]e.
This case cannot occur since A is constant.
Case of [fd]e.
In this case, we must have A = Fix(X).B(X). Since X
is guarded in B(X), it must not occur in B(X) (recall
that BT is only allowed for a closed type T). But this
is forbidden.
Case of [1;]p.
We rely on the description of [[;]¢] as [[z:1]([¢])
in §C.6. By induction hypothesis and recalling that A
preserves finite products, consider the pullback

7 ([o]) = [[[73-]@]} — [o] =, A(S)

A(So) X A(S1) —— A(S)

Then one can take the corresponding pullback in Set
S —
l |
S() X Sl f“ Si

and this implies that [[;]¢] ~ A(S’) since A preserves
finite limits.
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Case of [in;]e.
We rely on the description of [[in;]¢] as [[in;]]([¢])
in §C.6. The result follows from the induction hypoth-
esis and the fact that A preserves finite limits and
colimits, as in:
A(in,—):in,—
[o] =~ AS) = AS:) —
Case of [ev(y)]gp.
We rely on the description of [[ev(y)]¢] in §C.6, that
is

llevlol = Visy (7" (WD) = pagonngsy e ([oD)

The result then follows from Lem. C.8 and the fact that
A thus preserves universal quantifications (see e.g. [36,
Thm. X.3.1 & Lem. X.3.2]).
Cases of fa'p and 6a® .

By assumption, the occurrences of « in ¢ should be
guarded by a [next]. Since [bx] can only be applied to
closed formulae, this imposes a not to appear in ¢. But
then the result follows by induction hypothesis. O

A(So) + A(Sy)

C.10 Realizability

We detail the steps toward the Adequacy Theorem 7.12. Full
proofs are deferred to App. E.4. The first basic result we need
about our notion of realizability is that it is monotone w.r.t.
step indexes.

Lemma C.22 (Monotonicity of Realizability). Ifx I, T
then x Ik, T forallk < n.

The correctness of subtyping requires two additional lem-
mas. The first one concerns the rule

T <|T|

Lemma C.23. For a pure type A and x € T[A], we have
x I, A foralln > 0.

Second, we need a result of [13] for the correctness of the
subtyping rules

{Bly} = {Alp} <{B— Al[ev(¥)]p}

Tx:{B|y}rM:{A]| ¢}
TrAx.M:{B— Al[ev(y)]p}
X .

An object X of S is total if all its restriction maps r;,
Xn+1 — X, are surjective. Hence, if X is total, then given
t € X, for some n > 0, there is a global sectionx : 1 -5 X
such that x,(e) = t.

Lemma C.24 ([13, Cor. 3.8]). For a pure type A, the object
[A] is total.

We then obtain the correctness of subtyping as usual. The
rules
Ho=y

{Alo} <{AlY}

Fl o=y
{MA | [bx]e} < {MA | [bx]y}
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rely on Lem. C.13 (Lem. 7.3), while
@ safe
W {A|¢p} = {MA] [bx]e}
is given by Prop. 7.7.

Lemma C.25 (Correctness of Subtyping (Lem. 7.11)). Given
types T,U without free iteration variable, if x -, U and
U<Tthenx Ik, T.

We now have all we need for the Adequacy Theorem 7.12.
As usual it requires a stronger inductive invariant than the
statement of Thm. 7.12. Given a typed term

X1 :Tl,...,xk:Tkl-M:T
and global sections uy € T[|T1[], ..., ux € T[|Tk|], we obtain
a global section
Mo ur,...ouey = 1 — [ITI]

We introduce some notation to manipulate these global sec-
tions. Given a typing contextI' = x; : Ty,...,xx : T we
write p |= T if p takes each x; for i = 1,...,k to some
p(x;) € T[|T;|]. Given a typing judgment T + M : T, we let

M], = [M] o{p(x1),...,p(xk))

Given p |= T and n > 0, write p I, T if p(x;) lIF, T; for all
i=1,...,k. Thm. 7.12 is proved under the following form.

Theorem C.26 (Adequacy (Thm. 7.12)). LetT, T have free
iteration variables among €, and letm e N. IfT + M : T and
p |=T, then

Vn>0, pli, C[¢/m] = [M], IF, T[¢/m]

Corollary C.27. (a) Consider a closed term + M : {A| ¢}
with ¢ safe. Then [M] : 1 —s [A] € {¢§.

(b) Consider a closed term+ M : {A| ¥} — {A| ¢}, with ¢,
¥ safe. Then [M] induces a function T[M] taking x € {/§
toT[M] = [M] o x € {¢§.

Corollary C.27 of course extends to any arity. As a con-
sequence of Cor. C.27, a closed term M : {P| ¢} for P
polynomial recursive and ¢ safe induces a global section
[M] : 1 —g [P] which satisfies ¢ is the standard sense.
Moreover a function, say M : {Q | ¢} — {P | ¢} with Q, P
polynomial recursive and ¥, ¢ safe, induces by composition
a Set-function

I'[M] :T[Q] = T[P], x+ [M]ox

such that, in the standard sense, ['[M](x) satisfies ¢ when-
ever x satisfies 1.

C.11 A Galois Connection

In §7, we indicated that safe formulae over Str® A are safety
(i.e. topologically closed) properties. In view of Megelberg’s
Theorem [40] (Thm. 7.13), this generalizes to polynomial
recursive types: safe formulae on polynomial recursive types
define closed sets for the usual tree (or stream) topology.
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We briefly elaborate on this. Fix an object X of S. There
is a Galois connection between the subobjects of X in S and
the subsets of I'X in Set:

Pref 4 [-] : Sub(X) — P(TX)
where for S € P(T'X) and B € Sub(X),
Pref(S) n+ {xp(e) | x € S}
[B] := {xeTX|VneN,, x,(e) € B(n)}
Of course, [—] is the restriction of T : S — Set to the subob-
jects of X.

Let us spell out the fact that Pref 4 [—] form a Galois
connection. Fix an object X of S. First, it is trivial that the
functions

Pref P(X) — Sub(X)

[-] Sub(X) — P([X)
are monotone w.r.t. the orders of the lattices P(I'X) and
Sub(X). Moreover, we have:

Lemma C.28. We have
(i) S C [Pref(S)] for S € P(I'X).
(ii) Pref([B]) € B for B € Sub(X).

Proof.
(i) Given x € S, by definition we have x,(e) € Pref(S)(n)
for all n > 0, so x € [Pref(S)].
(ii) Given a € Pref([B])(n), there is some x € [B] such that
a = x,(e). But x € [B] means xi(e) € B(k) for all k > 0,
so that a = x,(e) € B(n). )

As usual, we trivially get
Pref(S) < B iff S ¢ [B]

Say that S € P(T'X) is closed if S = [B] for some B € Sub(X).
It is easy to see that S is closed if and only if S = [Pref(S)].
Note that S = [Pref(S)] unfolds to

Vx € T[A], iff VYn>0,Jyes, xy(e) =yy(e)

When A is a polynomial recursive type, Thm. 7.13 thus says
that S is closed if and only if S is closed for the correspond-
ing usual tree (or stream) topology. Since Prop. 7.7 can be
formulated as

le = llel]

it indeed says that { ¢§ is closed for the usual topology.

xeS



Temporal Refinements for Guarded Recursive Types Conference’17, July 2017, Washington, DC, USA

D Details of the Examples
D.1 Guarded Streams
D.1.1 The Later Modality on Guarded Streams
Example D.1. We have the following basic modal refinement types for cons® and tI8:
cons® : A — »{Str8A| ¢} — {Strt A| O¢p}
tl o {StrBA| Op} — »{Str8A| ¢}

Proof. We begin with cons®. Recall that cons® = Ax.As.fd(x, s) and that O(—) = [fd][m1][next](—). The result then follows from
the following derivation:

x:A s:»{Str’A| o} Fs:» {StrB A | ¢}

x:A s:»{Str®BA| o} (x,s) : {AX »Str® A | [m;][next]e}
x:A s:»{Str® A| @} + fd{x,s) : {Str® A | [fd][r][next]p}
As for tI8, recalling that tI® = As.z;(ufd s), the result follows from

s: {Str® A| Og¢} + s : {Str® A | [fd][;][next]p}
s {Str® A | Og} F ufd s : {A X »Str® A | [7;][next]p}
s : {Str® A | Og} + m(ufd s) : {» Str® A | [next]p}

s: {Str® A| O} + m(ufd s) : » {Str® A | ¢}

]
D.1.2 Destructors of Guarded Streams
Example D.2. The types of hd® and tI® can be refined as follows with the always modality O:
hd® : {StrtA|Dfe]} — {A|e}
tle : {StrfA|Ofp]} — »{Str® A| O[]}

Proof. Recall that [¢] = [hd]¢ = [fd][7]p. We begin with the typing of

hd® = As.m(ufds) : {Strt A| O]} — {A]| ¢}
We use F™4 O[¢] = [¢] (Ex. 5.8).

F™A Olp] = [g]
s:{Str® A| O[]} +s: {Str® A | O[e]} {Str® A | Op]} < {Str2 A | [¢]}
s:{Str® A| O[]} Fs: {Str® A | [¢]}
s:{Str® A| O[]} + ufds: {Ax »Str® A | [mo]e}
s {Str® A | O[g]} + m(ufd s) : {A] ¢}
F As.mo(ufd s) : {Str® A | O[p]} — {A] ¢}
We continue with the typing of
tle = As.m(ufds) : {Str® A|O[p]} — » {Strt A | O[]}
We use F"™4 O[p] = OO[¢] (Ex.5.8). Recall that Og = [fd][7][next]p.
H 4 Dlp] = ODly]
s:{Str* A| O[]} +s: {Str2 A | O[e]} {Str8 A | O[p]} < {Str® A | OO[p]}
s: {Str® A | O[]} +s: {StrE A| OO[p]}
s: {Str® A | O[]} + ufd s : {AXx > Str® A | [mo][next]O[p]}
s {Str® A | O[]} + 1 (ufd s) : {» Str® A | [next]O[¢]}
© s {StrBA| Ofg]} - m(ufds): > {Strt A | O[g]}
F As.my(ufd s) : {Str® A | O[g]} — » {Str® A | O[¢]}
]

23



Conference’17, July 2017, Washington, DC, USA Guilhem Jaber and Colin Riba

D.1.3 Constructor of Guarded Streams
Example D.3. The type of cons® can be refined as follows with the always modality O:
cons® : {A]|¢@} — »{Strf A|D[p]} — {Str®8 A|O[e]}
Proof. We show
cons® = Ax.As.fd{x,s) : {A|¢} — »{Str®fA|O[p]} — {Strt A| O[p]}
To this end, we use the following derived rule (see Ex. 6.1):

I'vM:{Alg¢} TrN:{B|y}
I'H(M,N) : {AXB | [mo]p A [m]y}

Consider the typing context
I = x:{A]|¢}, s:»{Str® A| O[]}

We know from §D.1.1 that

T+ fd{x,s): {Str® A| OO[¢]}
Since FS" 4 ([¢] A OO[¢]) = O[¢] (Ex. 5.8), we are done if we show

T+ fd(x,s) : {Str® A | [p]}
But this is trivial:
IF'rx:{A| ¢}
Tk {(x,s): {AX»Str® A| [m]e}
T fd{x,s) : {Str® A | [fd][m]e}

D.1.4 Map over Guarded Streams
Example D.4. We have the following:
map® :  ({Ale} = {B|y}) — {SuBA[D[p]} — {SutB|O[y]}
= Af.fix(g).As.(f(hd® s)) =8 (g & (tI® s))
Proof. We proceed as follows, using §D.1.2 and §D.1.3:

T'rs:{Strt A|O[p]} Trs:{Str® A | O[p]}

"k Af fix(g).As.(f(hd® s)) B (g @ (tIEs): T
where
({Al¢} = {Bly}) — {SutA[DO[p]} — {SutB|O[y]}
f{Alet > (B¢}, g:»({Stre A| Olp]} — {Strt B| O[y]}), s : {Str® A | Ofp]}

— N

D.1.5 Merge over Guarded Streams
Example D.5. We have the following:

merge® :  {Strf A | Ofgpo]} — {Str8 A | Ofg]} — {Str® A | O([po] V [@1])}
= fix(f).Aso.As1.cons8 (hd8 s9) (next(cons® (hd® s;) (f @ (tI® s9) ® (tI8 51))))

Proof. Let I be the context

v ({Strt A Olpol} — {Str8 A| Olg1]} — {Str# A | O([go] V [91])} ) ,
so : {Strf A | Ogol}
s1: {Str® A | D[¢g]}
We have
Trhd®sy: {A| @} T rtlesy:» {Str8 A| O[]}
T'rhd®s;: {A| @1} Trtles;:» {Str8 A| O[]}
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We thus get
f®Es)® (tlEs) = »{SutA|O([go] V[p1])}

and we are done since using subtyping we have

const : {A|go} — »{StrtA|O([po] V [@1])} — {Str8 A O([go] V [¢1])}
cons¢ : {Algi} — »{StrfA| O([po] V [@1])} — {StrBA[D([go] V [@1])}

D.2 Map over Coinductive Streams
D.2.1 The Case of Eventually ($[¢])
Example D.6. We have the following, for safe ¢ and ¢:

map :  ({B|y}— {A|e}) — {StrB|[bx]O[y]} — {StrA|[bx]O[e]}
= Af.As.bx(map® f (ubx s))

Proof. We first reduce to
Ir, s: {StrB|[bx]Ok[y]} + bx(map® f (ubxs)) : {StrA|[bx]OF[e]}
where
Ir = f:ABly} = {Ale}

Since the formulae O[] and O*[¢] are safe, we are done if we show

mapé :  ({B|y} — {A|g}) — Vk-({SutB|Ok[y]} — {SutA|OF[p]})
= Af.fix(g).As.(f(hd® s)) =8 (g ® (tI® s5))

Let
N = (f(hd®5s)) =8 (g ® (tl® s))
M = As.N
T(k) = {SusB|ok[yl} — {StuBA|OK[p]}
r = Iy, g:»Vk- T(k)
We show

r + M : Vk-T(k)
We reason by cases on k with the rule
IF'+M:T(0) 't M:T(k+1)
I'tM:Vk-T(k)

Case of T(2). We show
I,s:{stu8B| Oy} + N : {StrtA| %]}
Since F O°[/] © L, we conclude with the Ex Falso rule
T, s:{Stu8B| O°y]} +s: {StetB| L} T, s:{St8B| O°[y]} r N:Str A
[, s:{StrtB|CO[Y]} N : {Str8 A | O]}

Case of T(k+1). We show
I, s:{SusB| O [y} + N : {StrtA| Ok [g]}

Using - O '[y] & ([¢] v OCK[¢]), we do a case analysis on the refinement type of s.
Subcase of [i/]. Since + [p] = OF*'[¢], we reduce to showing

[,s:{SttB|[y]} + N : {StrtA|[p]}
By §D.1.2 we have
[,s:{SttB|[¢]} + hd®s : {B]|y}
But we are done since

cons® : {A]|¢} — »StrtA — {Strt A|[¢]}
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Subcase of OO[/]. Since F QO [p] = O[], we reduce to showing
T, s:{SttB| OOF[y]} + N : {StBA| OO[pl}
By §D.1.1 we have
T, s: {Su8B| OO Y]} + tiEs - »{StBB|OK[y]}

Since

I v+ g : Yk-»({susB|OF[y]} — {StreA| OF[g]})

we have

I v g : »({susB|ok[yl} — {Stt A| OF[g]})
Since moreover by §D.1.1 we have
const : A — p» {StrgA| <>k[<p]} — {StrgA| QOk[(p]}

we deduce that

L, s: {SttB| OOF[y]} + N : {Su#B|O0K[y]}

O
D.2.2 The Case of Eventually Always (CO[¢])
Example D.7. We have the following, for safe ¢ and ¢:
map : ({Bly}— {A|e}) — {StrB|[bx]OD[y]} — {StrA|[bx]CO[e]}
= Af.As.bx(map® f (ubx s))
Proof. We first reduce to
Iy, s: {StrB|[bx]OO[y]} + bx(map® f (ubxs)) : {StrA|[bx]OFDO[e]}
where
I = f:ABly} = {Al ¢}
Since the formulae G*¥0[y/] and OXO[¢] are safe, we are done if we show
map® :  ({B|y} > {Ale}) — Vk-({SusB|O*O[y]} — {susA|OFO[p]})

= Af.fix(g).As.(f(hd® s)) =8 (g ® (tI® s))
Let

N = (f(hdEs)) i (g (tE 5))

M = As.N

T(k) = {Str8B— StBA|[ev(OFO[YN]O*T[g] A [ev(D[y])]O[e]}

r = Ty, g:»Vk-T(k)
We show

r + M : Vk-T(k)
We reason by cases on k with the rule
TrM:T(@) TrM:T(k+1)
T'+M:Vk-T(k)
Case of T(0). We have to show
T, s:{Strt B| O[]} F N : {Str8A|DO[¢]}
and I, s:{SttB|O°0[y]} + N : {SuBA|<OO[p]}
We only detail the latter since the former can be dealt-with as in §D.1.5. Since + ¢°0[¢/] & 1, we conclude with the Ex

Falso rule

I, s:{Str¢B| O°O[y]} +s: {StetB| L} I, s:{Str¢ B| O°O[y]} + N : Stre A
T, s: {Str8 B | C0O[y]} - N : {Str8 A | O0[g]}

Case of T(k+1). We show
T, s:{St8 B | O[y]} F N ¢ {StBA | O[p]}
and I,s:{SttB|OF1O[yY]} v N : {SttA|OFO[p]}
We only detail the latter since the former can be dealt-with as in §D.1.5. Using + OF*'0[y] & (O[y] v OOk O[y]), we

do a case analysis on the refinement type of s.
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Subcase of O[y/]. We show
I,s:{StBB|O[y]} + N : {SttA|OFO[p]}
Note that - O[¢] = <**10[p]. We can therefore reduce to
[,s:{SttB|0O[y]} + N : {Str®A| O[]}
and we can conclude as in §D.1.5.
Subcase of OOXO[y]. Since - OCFO[g] = ©**10O[¢], we reduce to showing
L, s:{SutB| OOFO[y]} + N : {StrtA| OOk O[g]}
By §D.1.1 we have
I,s:{su8B|OOkOy]} + ti€s : »{StutB|OFO[y]}
Since
I v+ g : Vk-»({Ste#B|OFO[y]} — {Strt A| OkO[g]})
we have
I + g : »({susB|okOly]} — {Stt A| OFO[p]})
Since moreover by §D.1.1 we have
const : A — »{SuBA|OkDO[p]} — {StrtA| OOFD[g]}

we deduce that
L,s: {StsB| OOFOY]} + N : {SutB|OOFO[y]}

D.2.3 The Case of Always Eventually (O[g])
Example D.8. We have the following, for safe ¢ and ¢:
map :  ({B|y}—={Ale}) — {StrB|[bx]OO[y]} — {StrA|[bx]OC[e]}
= Af.As.bx(map® f (ubx s))

Notation D.9. We let
Oty = pat.pVOa
Ot = vat.pAQa

Proof. We start in the same spirit as in §D.2.1 and §D.2.2 but we now use the rules

T+ M: {MA|[bx]y[ua®e/Bl} [,x:{MA|[bx]y[pa*/Bl} FN:U  BPosy
T'+N[M/x]:U

(k not free in T, U)

I+ M: {BA|[bx]y[uate/pl} B Pos
I'+M: {BA|[bx]y[pa®e/pl}

with the non-trivial context
y(p) = 0Op
We then similarly unfold the O. We are thus led to deriving
Iy, s: {StrB | [bx]O‘OX[y]} +  bx(map® f (ubxs)) : {StrA| [bx]TO¢ Ok [p]}
where
Ir = f:{Bly}—>{Al¢}
Since the formulae O¢OK[y] and O OF[¢] are safe, we are done if we show
mapé :  ({B|y} > {Alg}) — Vk-V¢- ({StetB| OOy} — {StB A| O/OK[g]})
= Af.fix(g).As.(f(hd®s)) =8 (g ® (tl® s))

Let
N = (f(hd®s)) =8 (g @ (t15 5))
M = As.N
T(k,6) = {su8B|DIOK[y]} — {StreA| DOk [g]}

r = Ir, g:»Vk-VE-T(k, )
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We show
r + M : Vk-V¢-T(k,?)
We reason by cases on k and ¢. This amounts to the derived rule
I'+M:T(0,0) I'+M:T(0,(+1) I'+M:T(k+1,0) 't M:T(k+1,6+1)
T'rM:Vk-VC-T(k,{)
Cases of T(u, 9). We have  0%) < T, and we are done since

[,s:{St’B|T} + N : {StBA|T}

Case of T(0,£+1). We have + O°[0] & L, and we reduce to showing
T,s: {StrgB \ D“U.} F N {StrgA| Df”J_}
But since + O/ 1 = 1, we have
T,s: {StrgB i D“U.} F s : {Str®B| L}
and we conclude with the Ex Falso rule
T, s: {StrgB | EJ[“J_} Fs:{Str®B| L} I, s: {StrgB | D“]J_} FN:Strg A
[,s:{Stu8B| 011} + N: {StreA| O+ L}

Case of T(k+1,(+1). Using 5" 4 019 < (6 A OO%H), we show
T, s:{SusB| DOy v N« {StuBA| O [p] A QT OF T[]}

We consider each conjunct separately.
(Sub)Case of OF*1[p]. We show

T,s: {StrgB | Db+ Gk [I//]} r N {StrgA| Ok [w]}
Using
T,s: {StrgB | Db+ Gk+ [I//]} [ {Strg B | Ok [l//]}

and - O '[y] o ([¥] v OOK[¢]) we do a case analysis on the refinement type of s.
(SubSub)Case of [/]. Since (by §D.1.1)

T,s:{St8B|[y]} r hdés : {St®B|y}

we easily deduce that
[,s:{StetB|[y]} v+ N : {StrtA|[¢]}

and we are done since  [¢p] = OF[g].
(SubSub)Case of O [¢/]. By §D.1.1 we have

I,s:{SttB| OO [y]} + tiEs : »{susB|Ok[y]}
Since
T v g : Vk-Ve-» ({SttB|O‘OF[y]} — {SuB A|OOK[p]})
we have
T + g : »({sutB|O'OF[y]} — {SusA|O'OF[g]})
But+ (0 AQT) & 6, so that - 0'0 < 0, and thus
I + g : »({SusB|Ok[y]} — {StreA| O [g]})
Since moreover by §D.1.1 we have
const 1 A — »{StrtA| OK[p]} — {StrBA| OO [p]}
we deduce that
I, s: {SttB| OOF[y]} + N : {su#B|OOK[y]}
and we are done since - QCK[p] = O 1[g].
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(Sub)Case of OO/ OF*1[¢]. We show

I,s:{SusB|OTOR Y]} + N 2 {suBA|OD‘ 0K o]}
Since

T, s:{SusB| OOy} + s ¢ {Su8 B| ODIOFT[y]}
by §D.1.1 we have

s {SusB| DO bt w {susB| 0fok )
But now since

T v g : VYk-Ve-» ({Stu8B| OO y]} — {sus A|O/OF[p]})
we have

I + g : »({sutB|OOM[y]} — {SusA|D/OF[g]})
and we conclude with §D.1.1, namely

cons® 1 A — »{StrtA| OO ]} — {suBA| QT‘OF T[]}

D.3 The Diagonal Function
D.3.1 Operations on Coinductive Streams
Example D.10 (Operations on Coinductive Streams). For a safe ¢ of the appropriate type, we have
hd s (S| [bxI0l]) — (Alg)
tl = {StrA|[bx]O[e]} — {StrA|[bx]O[e]}
th : {StrA|[bx] O ¢} — {StrA]|[bx]e}
Proof.

Case of hd. Recall that
hd : StrA — A
:=  As.hd® (ubx s)

We have

s: {StrA | [bx]O[@]} F s: {StrA| [bx]O[e]} O[] safe

s:{StrA|[bx]O[e]} +s: B{Str® A | O[p]}
s:{Str A | [bx]O[e]} F ubxs: {Str® A| O[¢]}

s {Str A | [bx]O[@]} + hd®(ubx s) : {A | ¢}
F As.hd® (ubx s) : {StrA| [bx]O[¢]} — {A]| ¢}

Cases of tl. Recall that
tl : StrA — StrA
= As.bx(prev(tl® (ubx s)))

We have

s: {StrA|[bx]O[e]} +s: {StrA | [bx]O[e]}

s {Str A | [bx]O[e]} F tI® (ubx s) : » {Str® A | O[¢]} Str A constant
s {Str A | [bx]O[¢p]} + prev(tl® (ubx s)) : {Str® A| O[p]}
s {Str A | [bx]O[e]} F bx(prev(tl® (ubx s))) : B{Str® A | O[e]} O[] safe

s : {Str A | [bx]O[e]} F bx(prev(tl® (ubx s))) : {StrA| [bx]O[¢]}

F As.bx(prev(tl® (ubx s))) : {StrA| [bx]O[p]} — {StrA|[bx]O[¢]}
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and

s:{StrA| [bx] O ¢} Fs: {StrA| [bx] O ¢}

s:{StrA| [bx] O ¢} r tI& (ubxs) : » {Str® A | ¢} Str A constant
s : {Str A | [bx] O ¢} F prev(tl® (ubx s)) : {Str® A| ¢}
s:{StrA| [bx] O ¢} + bx(prev(tl® (ubx s))) : B{Str® A| ¢} ¢ safe

s : {Str A | [bx] O ¢} + bx(prev(tl® (ubx s))) : {StrA| [bx]e}
F As.bx(prev(tl® (ubx s))) : {StrA|[bx] O ¢} — {StrA|[bx]e}

m}
D.3.2 The Guarded Diagonal Function
Example D.11 (The Guarded Diagonal Function). For a safe ¢, we have
diag® : {Str8(StrA) | O[hd][bx]O[p]} — {Str®A|O[p]}
Recall that
diagqh :  Str8(StrA) — Str® A
= diagaux®id
diagaux® : (StrA — StrA) — Str8(StrA) — Str8 A
= fix(f).Ag.As.(hd o g)(hd?® s) ::8 (f ® next(g o t]) ® (tI® s))
Proof. We reduce to
diagaux® : ({StrA|[bx]O[¢]} — {StrA|[bx]O[¢]}) — {Str8(StrA) | O[hd][bx]O[¢]} — {Str8 A | O[e]}
Let I be the context
f - »T,
g = {StrA[[bx]O[e]} — {StrA[[bx]D[e]},
s = {Str8(Str A) | O[hd][bx]O[e]}
where T is the type
({StrA| [bx]O[¢]} — {StrA | [bx]O[¢]}) — {Str’(StrA) | O[hd][bx]O[p]} — {Str® A | O[e]}
The result directly follows from the following typings, which are themselves given by §D.1.2, §D.1.3 and §D.3.1:
I' + hdog : {StrA|[bx]O[p]} — {A] ¢}
I' + hdés : {StrA|[bx]O[¢]}
I' + gotl: {StrA|[bx]O[p]} — {StrA|[bx]O[e]}
I + tl&s : » {Str8(Str A) | O[hd][bx]O[¢]}
m}

D.3.3 The Coinductive Diagonal Function
Example D.12 (The Coinductive Diagonal Function). For a safe ¢, we have

diag :  {Str(Str A) | [bx]OO[hd][bx]O[¢@]} — {StrA | [bx]OO[@]}
:=  As.bx(diag® (ubx s))

Proof. We first reduce to
s : {Str(Str A) | [bx]O¥O[hd][bx]O[g]} + bx(diag® (ubxs)) : {StrA|[bx]O¥D[e]}
Since the formulae OXO[hd][bx]O[¢] and ¥ O[g] are safe, we are done if we show
diagé : {Str8(StrA) | O*O[hd][bx]O[p]} — {Str8 A | OFO[g]}
Consider the types

Uk) = {Str8(StrA) — StrgA| [ev(O*O[hd][bx]O[])]O*O[e] A [ev(O[hd][bx]T[@])]0[e]}
T(k) ({StrA | [bx]O[¢]} — {StrA | [bx]O[¢]}) — U(k)
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We show
diagaux® : Vk-T(k)
Let
N := (hdog)(hd®s):8 (f ® next(g o tl) ® (tI® s))
M = Ag.As.N
r = f:»Vk-T(k)

We reason by cases on k with the rule
I'+M:T(0) T'rM:T(k+1)
I'M:Vk-T(k)

Let
I" = T, g:{StrA[ [bx]O[¢]} — {StrA]|[bx]D[e]}
We omit the proof of
I + As.N : {Str8(StrA) — Str® A | [ev(O[hd][bx]O[e])]O[e]}
since it follows that of §D.3.2.
Case of T(0). Since  ©%) & L, we reduce to showing
I v AgAs.N : ({StrA|[bx]O[p]} — {StrA|[bx]O[¢]}) — {Str8(StrA)| L} — {Strt A| O°O[g]}

and we conclude using the Ex Falso rule.
Case of T(k+1). We show

I, s: {Str8(Str A) | OF*'O[hd][bx]O[p]} + N : {StBA| Ok O[g]}
Using
oM —= 9 v OOk

we reason by cases on the refinement of s. This leads to two subcases.
Subcase of O[hd][bx]0[¢]. We show

I’, s : {Str8(Str A) | O[hd][bx]O[¢]} + N : {SuBA|ok'O[y]}
Since  O[p] = O**'0[¢], we can reduce to
I/, s: {Str8(Str A) | O[hd][bx]O[¢]} + N : {Str8A|d[e]}

which is proved as in §D.3.2.
Subcase of O<CKO[hd][bx]0[¢]. We show

I, s {Steg(Str A) | OOk Olhd][bx]DO[e]} + N : {Strt A| OOKD[g]}
Let
I = TV, s: {Str’(StrA) | OC*O[hd][bx]O[e]}
Note that T + f : »T(k), so that by §D.3.1 we have
I” v f@®next(got) : » ({Str¥(StrA) | OFO[hd][bx]O[p]} — {Str8 A | OkO[p]})
Using §D.1.1, we derive

I ts: {Strg(StrA) ) onm[hd][bx]m[(p]}

I+ (hd o g)(hd® s) =8 (f ® next(g o tl) ® (tI® s)) : {StrgA‘ OOkD[(p]}
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E Proofs of Section 7

E.1 Correctness of the External and Internal Semantics
E.1.1 Proof of Lem. C.13.(1) (Lem. 7.3.(1))

Lemma E.1. If+Z ¢ then {¢§ = T[A].

Lemma C.19 gives almost all the axioms and rules of Table 1 and Fig. 6, but for the [ev(—)] modality that we treat separately.
We first treat the axioms of Table 1.

Lemma E.2. If¢ : A is an axiom of Table 1, then | p§* = [A].

Proof. Most of the axioms follow from Lem. C.19. Following Def. 5.6, we include the axioms marked (C) in Table 1. The cases
of [bx] are trivial and omitted.

Case of (C). Since in each case, the map {[A]§ preserves A.
The case of [ev(—)] is treated directly:

HB=A ([ev(P)]Y A lev(d)lp) = [ev(P)IW A )

Let x € T[B — A] and assume that x € {[ev(¢)]y§ N {[ev(¢)]pS. Let now y € T[B] such that y € {#§. We then have

evo(x,y) € [Y§N g5
Case of (N). Since {[7;]§, {[next]§ and {[fd]§ are maps of Heyting algebras.
The case of [ev(—)] is treated directly:

HE2A lev(@)]T

Let x € T[B — A]. Given y € T'[B] such thaty € {¢§, we have ev o (x,y) € T[A] = {T§.
Case of (P). Since {[;]§, {[next]§ and {[fd]§ are maps of Heyting algebras. As for [in;], this follows from Lem. C.19.
Case of (Cy). By Lem. C.19.
Case of (C,). Since {[7;]§, {[next]§ and {[fd]§ are maps of Heyting algebras. O

In order to handle fixpoints, we have the usual monotonicity lemma w.r.t. set inclusion.
Lemma E.3. Consider, for a formula oy : Ay, ..., ar : Ax + @, the map
lo§ + PT[AD x--xPT[A]) — PT[AD. v+— {90
Fori € {1,...,k}, ifa; Pos ¢ (resp. a; Neg ¢), then w.r.t. set inclusion, { ¢§ is monotone (resp. anti-monotone) in its ith argument.

We can now turn to the proof of Lemma E.1.

Proof of Lemma E.1. By induction on +* ¢. The rules of intuitionistic propositional logic (Fig. 11) as well as of (CL) are trivial
and omitted.
Case of
Yy =9
(RM) ——"———
Flaly = [ale
By Lem. C.19, this holds for [7;], [next] and [fd] since {[7;]§, {[next]§ and {[fd]§ are maps of Heyting algebras. As for
[in;], this follows from the fact that {[in;]§ preserves implications as it preserves V.
The case of [ev(—)] is treated directly:

Hy = ¢
HE=A Tev(g)ly = [ev(d)le

Letx € T[B — A]. Giveny € I'[B] such thaty € {¢§, we have evo (x,y) € {i/§, so thatevo (x,y) € {¢§ since {¢§ C {¢§.
Case of

H e
B4 [bx]p
Trivial.
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Case of
Hy=¢ Fo: A
FB=A [ev(d)]p = [ev(Y)]e

Let x € T[B — A] and assume that x € {[ev(¢)]¢§. Let furthermore y € T'[B] such that y € [ §. We have to show
evo (x,y) € {¢§. By induction hypothesis we have y € {{y = ¢, so that y € {¢§. But this implies ev o (x, y) € {¢§ since
x € {[ev(P)]eS.

Case of

FAo+A; ([inO]T \% [inl]T) A —|([in0]T A [inl]T)

Consider x € T[Ag +A;] =~ T[Ao] + T[A;] (via Lem. C.2). Hence x = in;(y) for some y € I'[A;] and we have x € {[in;]T§.
Moreover, since the injections ing and in; have disjoint images, we have {[ing] T A[in;]T§ = 0 so x € {=([ing] T Alin{]T)S.
Case of

HAorA (i ] T = (=[inile < [ini]-e)
Let x € T[Ap + A;1] = T[Ao] + T[A1], and assume x € {[in;]T§, so that x = in;(y) for some (unique) y € T[A;]. We show

x € {(=[in;]lp = [in;]=¢§ and x € {[in;]~¢ = —[in;]e§

For the former, assume x ¢ {[in;]¢$. Since y is unique such that x = in;(y), we have y ¢ { ¢§. But this implies y € {—¢§
and we are done.
For the latter, assume x € [[in;]=¢§. Assume toward a contradiction that x € {[in;]¢§. Since y is unique such that
x = in;(y), we have both y ¢ {¢§ and y € { ¢}, a contradiction.

Cases of

Fdvalep & T FAvattlp o g[vate/al FA palp & L FA pattlo & plpate/al

By definition of {8at¢S§.
Cases of
[t] > [u] [t] < [u]

FA vatp = vale FA pate = palep

These cases follows from Lem. E.3 (in fa'¢ we assume that « is positive in ¢) and the definition of {a*¢§.
Cases of

H Y = gly/al H o gly/al =y
Hva®e = glva®e/al H oy = va“e H plpa©o/al = pa©e H pap =
By Lem. E.3 and Knaster-Tarski Theorem. O

E.1.2 Proof of Lem. C.13.(2) (Lem. 7.3.(2))
Lemma E.4. If+* ¢ then [¢] = [A].

Corollary C.17 gives almost everything we need for the semantic correctness of the modal theory. We begin with the axioms
of Table 1.

Lemma E.5. If¢ : A is an axiom of Table 1, then [¢]* = [A].

Proof. Most of the axioms follow from Cor. C.17.

Case of (C). Since in each case, the map [[[A]] preserves A.

Case of (N). Since in each case, the map [[A]] preserves T (recall that axiom is not assumed for [in;]).

Case of (P). The result for [n;], [fd] and [bx] follows from the fact that [[7;]], [[fd]] and [[bx]] are maps of Heyting
algebras.
As for [in;], it follows from the fact that [[in;]] preserves L (Cor. C.17).

Case of (Cy). By Cor. C.17.

Case of (C-,). Since [[;]], [[fd]] and [[bx]] are maps of Heyting algebras. O

In order to handle fixpoints, we have the usual monotonicity property w.r.t. subobject posets.
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Lemma E.6. Consider, for a formula oy : Ay, ..., ar : Ax + @, the map

[)] : Sub(A])x- - xSub([A]) —> Sub([A]). ©+—> [gle
Fori € {1,...,k}, ifa; Pos ¢ (resp. a; Neg ¢), then w.r.t. subobjects posets, [¢] is monotone (resp. anti-monotone) in its ith
argument.

We can now turn to the proof of Lemma E.4.

Proof of Lemma E.4. By induction on +* ¢. The rules of Fig. 11 follow from the fact that in a topos, the subobjects of a given
object form a Heyting algebra.
Case of y

Y=o

RM) —————+

FHlaly = [ale

The result holds for [7;], [fd] and [bx] since [[[;]], [[fd]] and [[bx]] are maps of Heyting algebras.
As for [in;], [next] and [ev(—)], this follows from the fact that the maps [[in;]], [[next]] and [[ev(-)]] preserve implications
since they preserve A.

Case of
H o
+®4 [bx]e
By Cor. C.17.
Case of

By =4¢ Fo:A
H=A [ev(@)le = [ev(y)le
This case can be seen as following (via Lem. C.15) from the definition of [[ev(—)]]. A direct argument is nevertheless
possible. Let t € [B — A](n). Let k < n such that tTk |- [ev(¢)]e. Let furthermore ¢ < k and u € [B](¢) such that
u H—? . We have to show ev o (tT¢, u) II-‘(ﬁ1 ¢. By induction hypothesis we have u II—{{3 ¥ = ¢, so thatu H—lg ¢. But this
implies ev o (1€, u) H—‘z} ¢ since tTk IF¢ [ev(¢)]e.
Case of

FA+AL ([ing]T V [ing]T) A =([ino]T A [in{]T)
Write A = Ay + A; and consider t € [Ay + A;](n). Hence ¢ = in;(u) for some u € [A;](n) and we have ¢ I, [in;]T.
Moreover, since the injections iny and in; have disjoint images, we have [[ing]T A [in;]T](k) = 0 for all k > 0 so
t Ik, =([ing]T A [ing]T).
Case of

FAoA [in ] T = (=[inile & [ini]-e)
Write A = Ag + A;. Let ¢ € [A¢ + A1](n), and let k < n such that tTk Ik [in;] T, so that we have tTk = in;(u) for some
(unique) u € [A;] (k). We show

Ag+A; Ao+Ay
t Ikk t Ikk

=linile = [in;]-e and [in;]=¢ = —[in;]e

For the former, let £ < k such that t7¢ = (#Tk)T¢ I, —[in;]e, that is such that tTm |f-,, [in;]e for all m < €. We
show tT¢ IF¢ [in;]-¢. Hence we are done if uTm If-,, ¢ for all m < €. But if uTm Ik, ¢, then we would have
tTm = in;(uTm) I, [in;]e, a contradiction.

For the latter, let £ < k such that tT¢ I¢ [in;]—¢. We have to show tT¢ IFp =[in;]e, thatis tTm If-,, [in;]e forallm < €. So
assume tT Ik [in;]g for some m < €. Hence, there is u” € [A;](7) such that tTm = in;(u’) and u’ IFj; ¢. But we have
v’ = ulr. On the other hand, since t1¢ IF¢ [in;]—¢, there is some u” € [A;](€) such that ¢1€ = in;(u”) and u”Tm If-p, ¢
for all m < €. But we also have u”’Tm = um, thus contradicting uTm IFy ¢.

Cases of

Fdvalep & T FAvattly o g[vate/al FA palp & L FA pattlo © plpate/al

By definition of [0a*¢].
Cases of
[t] > [u] [t] < [u]

FA vatp = vale FA pate = pabe

These cases follows from Lem. E.6 (in 0a*¢ we assume that «a is positive in ¢) and the definition of [0a‘¢].
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Cases of
Y = gly /el Hoply/al = ¢
FHvaee = glva©e/al Y = vae H plua®p/a] = pae H pav e =y
By Lem. E.6 and Knaster-Tarski Theorem, since subobject lattices of S are complete ([36, Prop. 1.8.5]). O

E.2 The Safe Fragment
Lemma E.7 (Lem. 7.5). The greatest fixpoint of a Scott cocontinuous function f : L — L is given by

v(f) = Anan f1(T)

Proof. That v(f) is a fixpoint of f follows from the continuity of f and the fact that the set { f*(T) | € N} is codirected, which
in turn follows from the fact that f is monotone. In order to show that v(f) is the greatest fixpoint of f, recall that the greatest
fixpoint of f is in any case given by

b = V{aella< f(a)}
We trivially have v(f) < b as v(f) is a fixpoint of f. For the revere inequality, for all a such that a < f(a), it follows by
induction on n € N and from the monotony of f that we have a < f"(T) for all n € N. Hence a < v(f) for all a such that
a < f(a), which in turn gives b < v(f). o

Lemma E.8 (Lem. 7.6). Consider a safe formulac; : P}, ..., ax : P} v ¢ : P*. The following two functions are Scott-cocontinuous:

el = Sub([P{])x---xSub([P,]) — Sub([P*]), v+ [e]o
oy = PEPIDx---xPEPLD)  — PEIPT], vr— {95

Proof. In both cases, monotony w.r.t. lattice order follows by an easy induction from the positivity of safe formulae. We now
turn to preservation of codirected meets. We first consider the case of { ¢ §. We reason by induction on ¢.
Casesof o, T, L.
Trivial.
Case of p A .
Let D; € P(T[P{]),...,Dx S P(T[P}]) be codirected. By induction hypothesis we obtain

Z¢A¢S(ﬂD1a'--aﬂDk) = ﬂZGDS(Dhu-,Dk)ﬂ ﬂWS(D1,~--,Dk)

and the result is trivial.
Caseof ¢ V .
This is the interesting case. Let D; € P(T[P{]), ..., Dx € P(T[P{]) be codirected. By induction hypothesis we obtain

AyS( Do 1D = [ |105(Dr.-..D0) U (WWS(Ds,....Dy)

We then trivially get
(NeoS(Dr... D) U (WWSDr..... DO € oV Y5O D)

It remains to show the converse direction

(Yo vySDs....D0) € [ \oS(Dr.....D0) U (WIDs.... De)

So let x € T[P*] such that x € {¢ V ¢ §(Si,...,Sk) for every S; € Dy,...,Sk € Di. Assume toward a contradiction
that there are S; € Dy, ...,St € Dy such that x ¢ {¢§(Sy,...,Sk) and that there are S| € Dy, ... ,S;. € Dy such that
xey§(s,..., S,’C) Since the D;’s are codirected for inclusion, there are 5" € Dy, .. ., Sl’c' € Dy such that S/ € §; N S}
fori=1,...,k By monoticity w.rt. inclusion, we have x ¢ {¢§(S{’,...,S) and x & {¥/5(S{’, ..., S;). But this implies
x&leVySESy,..., S/), a contradiction.
Case of [1;]o.

Let D; € P(T[P{]),....Dx € P(T[P]) be codirected. Let x € T[P*] and write P* = Qf x Q. Then we are done since
by induction hypothesis

x € {[mleS(N\ Dy,....,NDg) iff moxe{pS(N\Di,...,\Dg)
iff moxeN{eSDy,...,Dr)
iff VS;€Dy,...,S €Dy, mioxelpSDy,...,Dr)
iff VS;€Dy,...,S € Dy, x € {[mi]o5(D1,...,Dxk)
ifft xe N{[mleS(Dy,...,Dy)
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Case of [in;]o.
Let D; € P(T[P{]),...,Dx S P(T[P{]) be codirected. Let x € T[P*] and write P* = Qf + Qf. By Lem. C.2, we
have x = in; o y for some unique j € {0,1} and y € I‘[[Q;.']]. Then we are done since by induction hypothesis we have

x € {[inileS(N Dy, ..., D)

iff j=iand ye ¢ Di,...,Dg)
iffj=iand ye N{eS(Ds,...,Dx)
iffj=iand VS; €Dy,...,S € Dy, y € {¢5(D1,...,Dg)
iff V¥S; € Dy,...,Sk € Di, x € {[in;]]o§(Dy, . ..,Dx)
iff x € NUlingleS(Ds. ... De)
Case of [next].
Let D; € P(T[P{]),....Dx S P(T[P{]) be codirected. Let x € T[P*] and write P* = »Q*. By Lem. C.2, we have
x = next o y for some unique y € I'[Q*]. Then we are done since by induction hypothesis we have

x € {[next]eS(N D1,...,NDx) iff ye{oS(NDi,...,NDx)
iff yeNleS(Di,...,Dx)
iff V51€D1,...,Sk€Dk,yEZ(pS(Dl,...,Dk)
iff VS;€Dy,...,S € Dg, x € {[next]p§(Dy,...,Dg)
iff x e ({[next]p§(Dy,...,Dy)

Case of [fd]e.
This case is dealt-with similarly as that of [;].
Case of [bx].
Trivial since ¢ is required to be closed.
Case of [ev(¥)]¢p.
Trivial since ¢ and ¢ are required to be closed.
Cases of 0t and Oa® ¢.
Trivial since ¢ is required to have at most « as free variable.

We now turn to the case of [¢]. Most of cases are similar to those for { ¢§. Also, note that
[o] + Sub([Py]) x - x Sub([P{]) —> Sub([P7])

being Scott-continuous means that for D; € Sub([P;]), ..., Dx C Sub([P/]) codirected w.r.t. subobject lattice orders, we have

[} A\ D1 s ADO = Alol®Ds,.... DY)

But since meets in subobject lattices of S are pointwise, the above is equivalent to have, for all n > 0 that

[el(/\Dsos A DO = (le)Ds.... D))

Casesof o, T, L.
Trivial.
Caseof p A Y.
Let Dy C Sub([P{]),...,Dix S Sub([P{]) be codirected. By induction hypothesis we obtain

[o AYIA Do ADO = AlolDs.....D) A YD1, Dy)

and the result is trivial.
Caseof ¢ V .
Let D; C Sub([P{]), ..., Dk € Sub([P/]) be codirected. By induction hypothesis we obtain

[o AVIA Dy ADO = Alol®Ds,....D0 v A\IVIDs,.... D)

By monotonicity w.r.t. subobject lattice orders, we trivially get

AlelDs,....00) v AWIDs,....D) < AlovylDs,....De)

It remains to show the converse direction

NlevylD....00) < Alpl®@i.....D0) v AIID:..... DY)
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Since meets and joins are computed pointwise in subobject lattices, we are done if for each n > 0 we show

(e vylDs....D0m < (\lelDs,.... DM U ([¥]Ds..... D))

We can then conclude as in the case of {—§. Fixn > 0 and let ¢ € [P*] such thatt € [V ¢](A;, ..., Ar)(n) for every A; €

Dy, ..., Ak € Dg. Assume toward a contradiction that there are A; € Dy, ..., A € Di such that t ¢ [¢](Ay,. .., Ar)(n)

and that there are A| € Dy, ..., A} € Dy such thatt ¢ [¥(AL, ... , A} )(n). Since the D;’s are codirected for inclusion,

there are A}’ € Dy, ... ,A;C’ € Dy such that AY < A; AA] fori=1,...,k By monoticity w.r.t. subobject lattice orders, we

have t ¢ [p](AY,...,A)(n) and t ¢ [](A7, ..., A)(n). But this implies ¢t ¢ [o V ¢/](A7,. .., A})(n), a contradiction.
Case of [1;]p.

Let D; C Sub([P{]),...,Di S Sub([P/]) be codirected. We show that for all n > 0 we have

[txile)(\ Dis-... A\ DM = [ |llmilelDs, ... Di)(n)

and this goes similarly as for {-§.
Case of [in;]e.
Let Dy C Sub([P{]),...,Dx S Sub([P/]) be codirected. We show that for all n > 0 we have

[lindel(A\ Di... ADOm) = ([linile](Ds, ..., De)(n)

and this goes similarly as for { - since the pointwise maps (in;), : [Q7](n) — [Q7](n) + [Q[](n) are injective.
Case of [next].
Let Dy C Sub([P{]),...,Dx S Sub([P{]) be codirected. Write P* = »Q*. We show that for all n > 0 we have

[inextlg](/\ D1, \ D)) = [ )lInextlp](Ds, .., De)(n)

The result is trivial if n = 1. For n > 1, it reduces to

[e)(/\ D1, A\ De)n—1)
which follows from the induction hypothesis.
Case of [fd]e.
This case is handled similarly as that of [;].
Case of [bx].
Trivial since ¢ is required to be closed.
Case of [ev(¥/)]p.
Trivial since ¢ and ¢ are required to be closed.
Cases of Oatp and 0a® .
Trivial since ¢ is required to have at most « as free variable. O

(MIelDr..... D) - 1)

Proposition E.9 (Prop. 7.7). Leta; : P{,...,ax : P{ + ¢ : P* be a safe formula. Given S € Sub([P{]), ..., Sk € Sub([P;]), we
have

LoS(T(S1),....T(Se) = T([e](St,--..5)

Proof. We reason by induction on the derivation of ; : P}, ..., ax : P{ + ¢ : P*.In all cases but va®¢, the parameters are
irrelevant and we omit them.
Casesof o, T and L.
Trivial.
Case of p A .
Let x € T[P*]. Then we are done since by induction hypothesis we have

xelpAyYy iff xelpfandx e [Y§

iff (Vn >0, x,(e) € [¢](n)) and (¥n > 0, x,(e) € [¢](n))

iff Vn>0, x,(e) € [¢](n) and x,(e) € [¥](n)

iff Vn>0, x,(e) € [ A¢](n)

Caseof ¢ V .
Let x € T[P*]. Assume first that x € {@ V ¢/ . If (say) x € {¢§, then by induction hypothesis we get x,(®) € [¢](n) for all
n > 0, which implies x,(®) € [¢ V ¢](n) for all n > 0.
Conversely, assume that x,(e) € [ V ¢/](n) for all n > 0. Assume toward a contradiction that there are k, ¢ > 0 with
(say) k < € such that x(e) ¢ [¢](n) and x¢(e) ¢ [¥](n). Since k < ¢, by Lem. C.16 we have xi(e) ¢ [/](n), but this
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contradicts xi(e) € [¢ V ¢](n). Hence, we have either x,(e) € [¢](n) for all n > 0 or x,(e) € [¢](n) for all n > 0, and
the result follows by induction hypothesis.
Case of ¥ = ¢.
This case cannot occur since i = ¢ is not safe.
Case of [1;]p.
Let x € T[P*] and write P* = Qf x Qf. Then we are done since (77; o x),(®) = 7;(x,(®)) so that by induction hypothesis
we have
x € {[mi]e§ iff mox e {gf
iff Vn>0, (1; 0x)n(e) € [@](n)
Vi > 0, xu(e) € [[7i]0](n)
Case of [in;]e.
Let x € T[P*] and write P* = Qf + Qf. By Lem. C.2, we have x = in; o y for some unique j € {0,1} and y € T[Q]].
Then we are done since x,(®) = (in; o y),(e) = in;(y,(®)) so that by induction hypothesis we have

xellinlgS iffj=iand yelp)
iff j=iand Vn >0, y,(e) € [¢](n)
iff Vn > 0, x,(e) € [[in;]o](n)

Case of [next]e.
Let x € T'[P*] and write P* = »Q*. By Lem. C.2, we have x = next o y for some unique y € T[Q*]. Assume first x €
{[next]¢§. Hence we have y € { ¢§, which by induction hypothesis implies y,(e) € [¢](n) for all n > 0. Now, we trivially
have x;(e) € [[next]@](1). Moreover, for n > 1, we have x,(®) = y,_1(®), so that x,(e) € [[next]p](n) = [¢](n - 1).
Assume conversely that x,(e) € [[next]¢](n) for all n > 0. This implies x, (o) € [¢](n — 1) for all n > 1, which in turn
implies y,-1(e) € [p](n — 1) for all n > 1. But by induction hypothesis this implies y € {¢§ so that x € {[next]¢$.
Case of [fd]e.
This case is handled similarly as that of [;].
Case of [bx]¢.
Recall that ¢ is required to be closed. Also, by definition we have

[[bx]¢]®™A(n) {t € [MA)(n) = T[A] | € {95}
UbxlpS™A == {x e T[MA] | xi(o) € {05}

It follows that given x € I'[MA], we have
x € {[bx]pS®A iff  xi(e) € (@54

iff Vn >0, x,(e) € {p§*
iff  Vn >0, x,(e) € [[bx]o]™4(n)

Case of [ev(y)]¢p.

This case cannot occur since P* is assumed to be positive.
Cases of fato(a).

Assume a : P* + ¢(«) : P*. We show by induction on m € N that

le™(T)§ = Tp™(™] and  {™(1)§ = Te™(L)]
The base case m = 0 is trivial. As for the inductive case we have

Le™ (TS = lele™(™)§ and  [o™'(M] = [ele™(M)]
o™ () = lele™(1)S and  [o™' (D] = [ele™W)]

By induction hypothesis on m we have

le™(M)S = Tle™(M] and  {™(L)§ = Tle™(L)]

and we conclude by induction hypothesis on ¢.
Case of va® .
Assume « : P* + ¢ : P*. Reasoning as above, for all m € N we have

le™(M)§ = Te™(M)]
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It then directly follows that for all x € T[P*], we have

xe (Vl"M5 i vn>0, xu(e) e (| [p"(M]m)

meN meN

and we conclude by Lem. E.8 and Lem. E.7. O

E.3 Flat Fixpoints
Lemma E.10 (Lem. 7.8). Consider, for a flat formula a : B+ ¢ : A, the function

loS = PTB)) — PTIAD. S+— (5is/al

e Ifa is positive in ¢ (i.e. « Pos @), then { ¢§ is Scott-continuous as well as Scott-cocontinuous.
o Ifa is negative in ¢ (i.e. « Neg @), then [ ¢§ is (antimonotone and) takes joins of directed sets to meets of codirected sets and
takes meets of codirected sets to joins of directed sets.

Proof. The proof is by induction on formation of formulae « : B + ¢ : A. Monotonicity and antimonotonicity follow from
Lem. E.3. Note that formulae of the form at¢p, 0a® ¢ as well as [bx]¢p and [ev(i})]¢ are necessarily closed, nothing has to be
proved for these. Some cases are already handled by Lem. 7.6 (Lem. E.8), and we do not repeat them.

Casesof o, T, L.
Trivial.

Case of ¢ A ¥ (monotone).
Preservation of codirected meets is trivial (see Lem. 7.6 (Lem. E.8)). As for the preservation of directed joins, assume
a:Br @AY :A andlet D C P(T[B]) be directed. Then by induction hypothesis we have

rysUp = (Jwso) n Juwsoy 2 (Jieavso

For the converse inclusion, consider some x both in |J{ ¢ §(D) and |U{ ¢/ §(D). Hence there are S, S’ € D such that x € {¢§(S)

and x € (¢ {(S"). Now since D is directed and by monotonicity, there is some S” € D such that x € {¢§(S”) N {¥§(S”).
Case of ¢ A ¥ (antimonotone).

Assume @ : B+ ¢ Ay : A. That { ¢ A §/§ turns directed joins into codirected meets is trivial (as codirected meets commute

over binary meets) and omitted. Let us show that { ¢ A ¢ § turns codirected meets into directed joins. So let D € P(T'[B])

be codirected. Then by induction hypothesis we have

rys(\p) = (Jwso) n [ Juwso 2 | Jieayso

We then conclude as for preservation of directed joins in the monotone case. Given x both in J{¢§(D) and U{y §(D),
there are S,S” € D such that x € {¢§(S) and x € {/§(S’). Now since D is codirected there is some S” € D such that
§” € $NS’, and by antimonotonicity we have x € {¢§(S”") N {¥§(S”).

Case of ¢ V / (monotone).
Preservation of codirected meets is handled in Lem. 7.6 (Lem. E.8) while preservation of directed join is trivial.

Case of ¢ V ¢ (antimonotone).
Assume @ : BF ¢ A Y : A. That { ¢ V ¢/ § turns codirected meets into directed joins is trivial (as directed joins commute
over binary joins) and omitted. Let us show that { ¢ V ¢ § turns directed joins into codirected meets. So let D C P(T'[B])
be directed. By induction hypothesis we have

evys o) = (eso v (5o < (evyso

We can then conclude similarly as in Lem. 7.6 (Lem. E.8). Let x € ({¢ V ¢ §{(D) and assume toward a contradiction
that there are 5,5’ € D such that x ¢ {¢5(S) and x & {/ §(S’). Then since D is directed, there is some S”” € D such that
SUS’ € §”, and by antimonotonicty we get x & {¢ V ¥/ §(S”’), a contradiction.
Case of ¥ = ¢.
With the classical semantics, the interpretation of = can be decomposed into V and —, where { =¢§ is the complement
of {¢§ (at the appropriate type). Let a be positive in ¢ and negative in ¢, with « : B+ ¢, ¥ : A, and let furthermore by D
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and D’ (of the appropriate type) be resp. directed and codirected. We then trivially have

(~eS(UD) = PTIAD\ (95U D) (~eS(ND") = PT[A]\ {9S(N D)
= PI[A)\ Ule5(D) = PI[AD\ NLpSD")
= N(PT[AD\ {5(D)) = U(PT[AD\ {5(D"))
(~¥5(UD) = PT[AD\ ¥ 5(U D) -vS(ND) = PEIAD\ Y5 D)
= PE[AD\ N SD) = PT[A)\ Uy §(D)
= U(PT[AD\ y5D) = N(PEAD\ 5D))

Cases of [7;]o, [in;]p, [next]p and [fd]e.
These modalities are handled similarly as in Lem. 7.6 (Lem. E.8).

E.4 Realizability
Lemma E.11 (Monotonicity of Realizability (Lem. C.22)). Ifx I, T thenx - T forallk < n.

Proof. By induction on the definition of II-.

Case of a refined type {A | ¢}.
The result follows from monotony of forcing (i.e. that [¢] is a subobject of [A]) .

Case of 1.
The result is trivial as x ll,, 1 for all n > 0.

Case of Ty + T;.
Assume x ll-, Ty + Ty and let k < n. Then we have x = in; o y for some i = 0,1 and some y € T'[|T;|] such that y IIF, T;.
By induction hypothesis we get y Il T;, so that x lIFg To + Ty.

Case of Ty X T;.
Assume x lI-, Ty X Ty and let k < n. Then for each i = 0,1 we have x; o x llF, T;, so that 7; o x lIF; T; by induction
hypothesis, and it follows that x lIFx T X Ty.

Caseof U —> T.
Assume x ll-, U — T and let k < n. But given ¢ < k and y € I'[|U|] such that y lI-; U we have ev o (x,y) lI-; T since
{<n

Case of »T.
Assume x I, »T and let k < n.If k = 1 then we are done since always x llF; »T. Otherwise, k = £+ 1,so thatn = m+1
with £ < m. Moreover, there is y € TI'[T] such that x = next oy and y ll,, T. We get y I, T by induction hypothesis, so
that x Ik »T.

Case of Fix(X).A .
Assume x lIF, Fix(X).A and let k < n. We have ufd o x lIF, A[Fix(X).A/X], so that ufd o x Il A[Fix(X).A/X] by
induction hypothesis and thus x lIF; Fix(X).A.

Case of HT.
Trivial. o

Lemma E.12 (Lem. C.23). For a pure type A and x € T[[A], we have x lI-,, A for alln > 0.

Proof. The proof is by induction on pairs (n, A), using implicitly Lem. C.2 whenever required.

Case of 1.
Trivial.
Case of Ap + A;.
Given x € T[Ag + A;1] = T[A¢] + T[A;], we have x = in; o y for some y € T'[A;]. Then we are done since y I, A; by
induction hypothesis.
Case of Ay X A;.
Given x € T[Ay X A1] ~ I'[Ao] X T'[A1], we have 7 o x ll-, Ag and 7; o x I, A; by induction hypothesis, and the result
follows.
Case of B — A.
Fix x € T[B — A]. Given y € T'[B] and k < n, we have y Il B by induction hypothesis, so that ev o {x, y) llFx A. Hence
xllF, B— A
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Case of »-A.
The result is trivial if n = 1, so assume n > 1. Given x € I'[»A], we have x = next o y for some y € I'[A]. But then
y llF,—1 A by induction hypothesis, so that x lI-, »A.

Case of Fix(X).A.
Let x € T[Fix(X).A]. It follows by induction on A from the induction hypothesis on n and the guardedness of X in A
that ufd o x I, A[Fix(X).A/X], and we are done.

Case of HT.
Let x € T[MT]. Given n > 0, we have x,(e) € I'[T], so that x,(e) ll-,, T for all m > 0 by induction hypothesis. But this
implies x lI-, WT. O

Lemma E.13 (Correctness of Subtyping (Lem. C.25)). Given types T,U without free iteration variable, ifx -, U andU < T
then x I, T.

Proof. By inductionon U < T.

Cases of
T<U Uu<v
T<T T<V
Trivial.
Cases of
Ty < U T, <U; T, < U T, < U, U < Ty T, <,
Tox Ty < Uy XU To+T <Uy+ U Ty -T1 <Uy— Uy
T<U
»T <pU
Trivial
Case of
U<T
BU <WT

Letx : 1 > AT[U] such that x I, BU, so that x,(e) lI-,, U for all m > 0. By induction hypothesis we get x,,(®) IIF,, T
for all m > 0 and we are done.

Case of
T < |T|
By Lem. C.23.
Case of
A<{A| T}
Trivial
Case of
Ho=y
{Alo} <{Aly}

By Lem. E.4 (Lem. C.13.(2)).
Case of

{B— Allev¥)]p} <{Bly} — {Al| ¢}
Let x € T[B — A] and n > 0. Assume x |-, {B — A| [ev(¥)]e}, that is x,(e) € [[ev(})]¢](n). Let further y € T[B]
and k < n such that y - {B| ¢/}, that is yi(e) € [{/](k). Then by monotonictiy of [-] (Lem. C.16) we have xi(e) €
[lev(¥)]@](k), from which it follows that (xx(e))(yx(®)) € [¢](k). But this means ev o (x,y) lIFx {A | ¢} and we are done.
Case of

{Bly} - {Al g} <{B— Allev(y)l¢}
Letx € T[B] — Aandn > 0. Assume x I, {B| ¢/} — {A| ¢}. Let furthermore k < nand u € [¢](k). By Lem. C.24 ([13,
Cor. 3.8]) there is some y € T'[B] such that yi(e) = u. We thus have y I {B | #/}, and it follows that evo{x, y) lIFx {A | ¢},
that is xx(®)(yx(®)) € [¢](k), and we are done.
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Case of

> {A| ¢} = {»A] [next]p}
Let x € T[»A]. First, we always have x lI-; »A, as well as x; € [[next]p]®4. Let now n > 1. By Lem. C.2 we have
x = next o y for some y € T'[A]. Since x,(®) = y,_1(®), we have
xlFp»{A] @} iff ylF,—; {A] @}
iff  yn-1(e) € [9]*(n - 1)
iff  xn(9) = yn-1(e) € [[next]p]™*(n)
ifft x|, {»A] [next]ey}.

Case of

Vk-»T=wVk-T
Let x € T[»|T]].
Assume first that x lI-, Vk - »T. We have to show x II, »Vk - T. The result is trivial if n = 1. So assume n > 1. By
Lem. C.2, there some unique y € T'[|T|] such that x = next o y. We have to show y lI-,_; T[m/k] for all m € N. But by
assumption we have x lI-, »T[m/k], so that by uniqueness of y we get y llF,_; T[m/k].
Conversely, assume that x IIF, »Vk - T. We have to show x lI-, Vk - »T.Let m € N.If n = 1, then we trivially
have x lIF, »T[m/k]. Otherwise, by Lem. C.2 let y € T'[|T|] such that x = next o y. But since x I, »Vk - T, we get
y llF,—1 T[m/k], so that x II-,, »T[m/k] and we are done.
Case of
@ safe
B{A]| ¢} = {MA| [bx]p}

Let x : 1 —g AT[A]. Since ¢ is safe we have {¢§* = [[¢]*] by Prop. E.9 (Prop. 7.7). Then we are done since:

xllF, B{A| @} iff xp(®)lFn, {A] ¢} forallm>0
iff  (x,(9))m(®) € [@]*(m) for all m > 0
iff x,(e) € Z(pSA
iff  xp(e) € [[bx]o]™4(n)
iff x I, {MA| [bx]o}

Case of
o=y
{MA | [bx]p} < {MA| [bx]y'}
By Lem. E.1 (Lem. C.13.(1)). o

Theorem E.14 (Adequacy (Thm. C.26)). LetT,T have free iteration variables among €, and letm € N.IfT v M : T and p |= T,
then

Vn>0, pli, C[¢/m] = [M], IF, T[(/m]

Proof. The proof is by induction on typing derivations. We implicitely use Lem. C.2 whenever required. We omit iteration
variables when possible.
Case of
Fx:»T+M:T
T+ fix(x).M: T
Let p |= T and write y := [fix(x).M], € T[T]. Note that

y = [M[next(fix(x).M)/x]], = [M]p[nextoy/x]

We show by induction on n > 0 that p -, T implies y lI-,, T. In the base case n = 1, since next o y ll-; »T, we have
plnext o y/x] -y T, x : »T, so that the induction hypothesis on typing derivations gives y = [M] p[nextoy/x] IF1 T-
As for induction step, assume p lll-,,.1 T'. By Monotonicity of Realizability (Lem. E.11), we have p lIF, T, and the induction
hypothesis on n gives y ll-, T. It follows that next o y llF,+; »T, so that p[next o y/x] lIF,+1 T, x : »T and the induction
hypothesis on typing derivations gives y = [M] pnextoy/x] IFn+1 T-
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Case of
'eM:T

I + next(M) : »T
Let p |= T and write x := [next(M)], € T[»T]. Let n > 0 such that p lIF, T.If n = 1 then we trivially have x [IF; »T.
Assume n > 1. Write y := [M] ,, so that x = next o y. By Monotonicity of Realizability (Lem. E.11), we have p ll-,_; T,
so that the induction hypothesis on typing derivations gives y ll-,_; T and we are done.

Case of
xi:Ty,...,xk T ¢ M: T F'eM:T;y ... TFrM:

rr bx[leMI,...,xkv—)Mk](M) : AT
Let p |= T and write x := [bxs(M)], where ¢ = [x; = My, ...,xx = Mi]. Let n > 0 such that p lI-, T. We show
x I, WT, ie. that x,,(e) -, T for all m > 0. Fix m > 0. We have by definition

xn@) o € MI([Midn(om() - IMDn(on(#)))

Fori=1,...,k, since the type T; is constant, we have by Lem C.21 that [M;]»(pm(e)) = [M;]¢(pe(e)) for all £ > 0, so
that

T,
k (Ty, ..., Ty constant)

xm®) = O [M (Mo (@) -, [Mile(pe(#)))

Now, by induction hypothesis, since p ll-, T’ by assumption, for each i = 1,...,k we have [M;], -, T; and since
T; is constant, by Lem C.21 this implies [M;], -, T; for all £ > 0. By induction hypothesis again, this in turn gives
[M] o ([Mi]p,....[Mk]p) IF¢ T for each £ > 0. But then we are done since

£ [MIe([Milepet)) . IMcelpe(o)))
[MI o (M. M)

Xm(®)

Case of
TrM:AT

['+ubx(M): T
Let p |= T and write x := [ubx(M)],. Let n > 0 such that p lI-, T. By induction hypothesis we get [M], lI-, BT, that is
([M] p)m(®) -y, T for all m > 0, so in particular ([M],)x(e) I, T. But now we are done since xp,(®) = ([M],)n(®)m(e®)
for each m > 0.

Case of
x1:Ty, ..., xp : T v M: T F'eM;:Ty ... TFM:

Ik prev[leMl,...,xk»—»Mk](M) : T

Let p |= T and write x := [bxs(M)], where ¢ = [x; = My, ...,xx = Mi]. Let n > 0 such that p lI-, T. We show
x Ik, »T.If n = 1 then the result trivially holds. Assume n > 1. For each m > 0, we have by definition

$n(®) = Ml (Mo () -, MEIm(pm(#)))
Fori=1,...,k, since the type T; is constant, we have by Lem C.21 that [M;]m(pm(®)) = [M;]m+1(pm+1(e)), so that

5n(®) = Ml ([Miss (s (®)), -+ M s (omss (#))) )

T,
k (T4, ..., T constant)

and it follows that

x = nexto[M]o([M]p,...,[Mc],)
Now, by induction hypothesis, since p lI-, T by assumption, for each i = 1,...,k we have [M;], I, T; and since
T; is constant, by Lem C.21 this implies [M;], lIF,-; T;. By induction hypothesis again, this in turn gives [M] o
([Mi]p ..., [Mk]p) IFn—y T and we are done.

Case of
TPM:T T<U

'eM:U

By Lem. C.25 (Lem. E.13).

Case of
TrM:{A|Yy = ¢} TrM:{A|y}

T'rM:{A] ¢}
Let p |= T and write x := [M], € T[A]. Let n > 0 such that p lI-, I'. By induction hypothesis, the right premise gives
xn(®) € [Y]A(n) and the left premise implies x,(e) € [¢]*(n).
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Case of
fori € {0,1},
TrM:{AlpoV @1} Ix:{A]lp;}FN:U
Tr N[M/x]:U

Let p |= T and write y := [M], € T[A] and z := [N],[y/x] € T[|U[]. Let n > 0 and assume p lI-, T. By induction
hypothesis we have y € [¢;] for some i € {0,1}. It follows that p[y/x] Ik, T,x : {A| ¢;}, from which we get z lI-, B by
induction hypothesis.
Case of
TrM:{A|1} TrN:|U|
T'eEN:U
Let p |= T and write x := [M], € T[A]. Let n > 0 such that p Il T. By induction hypothesis, the left premise gives
xn(®) € [L](n) = 0, a contradiction. Hence p IJ, T, and the result follows.
Case of

FFMi:{Ai|(p} ' Mi_; : A
Ik (Mo, My) = {Ao X A1 | [mi]o}
Let p |= T. Write yo := [Mo], € T[Ao], y1 := [Mi], € T[A{], and x := [{Mo, M1)], = (yo,y1). Let n > 0 such that
p lIF, T. By induction hypothesis on typing derivations we have (y;),(e) € [¢]. But since ;(x,(e)) = (y;)n(®), this gives

xn(e) € [[mi]e].
Case of

TEM:{Ayx Ay | [mi]e}
I'Fmi(M): {Ai | o}
Let p | I. Writey := [M], € T[A¢xA;] andx := [7;(M)], = mioy. Letn > 0 such that p lI-, T. By induction hypothesis
on typing derivations we have y,(e) € [[7;]¢], so that 7;(y,(e)) € [¢]. But then we are done since x,(e) = 7;(y,(e)).
Case of

TrM:{A; | ¢}
I'king(M) : {Ao + Aq | [ini]e}
Let p |z T. Write y := [M], € T'[A;], and x := [in;(M)], = in; o y. Let n > 0 such that p I, T. Hence by induction
hypothesis on typing derivations we have y,(e) € [¢]. But since x,(®) = in;(y,(e)), this implies x,(e) € [[in;]¢].
Case of

I‘FM:{A0+A1|[in,~](p} I‘,x:{Ailqo}l—Ni:U I,x: A+ Ni_;: U
T+ case M of (x.No|x.Ny) : U
Let p |= T. Write y := [M], € T[Ag + A;] = T'[Ao] + T'[A;]. Hence y = inj o z for some (unique) j € {0, 1} and z € T'[4;].
Let n > 0 such that p I, T. By induction hypothesis, the left premise gives y,(e) € [[in;]¢](n), so that y,(e) = in;(u)
for some u € [¢](n). But this implies j = i and u = z,(e), so that z lIF, {A; | ¢}. It follows that p[z/x] IIF, T,x : {A; | ¢},
and the induction hypothesis on typing derivations gives [N;] ,[;/x] lIF» U. But then we are done since

[case M of (x.Nolx.N1)], = [Ni]p[z/x]

Case of
I,x:{B|y}+-M:{A]| ¢}

T'rAx.M:{B— A|[ev¥)]p}
Let p |= T. Write y := [Ax.M], € T[B — A]. Let n > 0 such that p lI-, T. We show y,(e) € [[ev(}/)]¢](n). Solet k < n
and u € T[B](k) such that u € [{](k). By [13, Cor. 3.8] there is some z € T'[B] such that z;(e) = ¢. By Monotonicity
of Realizability (Lem. E.11), we have p ll-g T, so that p[z/x] lIFx T,x : {B | ¥}. The induction hypothesis on typing
derivations thus gives ([M],[z/x])x(®) € [¢], and we are done since (yx(®))(zx(®)) = ([M] p[z/x])k(®)
Case of

T'rM:{B— A|[ev(})]p} 't N:{B|y}
TrMN:{A| ¢}
Let p |= T. Write y := [M], € T[B — A], z := [N], € T[B] and x := [MN], = evo (y,z). Let n > 0 such that
p lIF, T. By induction on typing derivations, the right premise gives z,(e) € [¢/](n), so that the left premise gives

(yn(®))(zn(e)) € [¢](n). But then we are done since x,(e) = (yn(®))(zn()).
Case of

'+ M: {A[Fix(X).A/X] | ¢}
T+ fd(M) : {Fix(X).A | [fd]e}
Let p |= T. Write y := [M], € T[A[Fix(X).A/X]] and x := [fd(M)], = fd o y. Let n > 0 such that p lI-, T. By induction
hypothesis on typing derivations we have y,(e) € [¢]. But then we are done since ufd, (x,(e)) = y,(e).
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Case of
T+ M : {Fix(X).A| [fd]e}

T+ ufd(M) : {A[Fix(X).A/X] | ¢}
Let p |= T. Write y := [M], € T'[Fix(X).A] and x := [ufd(M)], = ufd o y. Let n > 0 such that p I, T. By
induction hypothesis on typing derivations we have y, (o) € [[fd]¢]. Hence ufd,(y,(e)) € [¢] and we are done since
xn(®) = ufd,(yn(e)).

Cases of

T'+M:T[0/{] T'M:T[C+1/€] . F+M:T
(¢ not free in T) _
FTrM:VC-T TEM:VC-T
Let p |= T and write x := [M], € T[|T|]. Let n > 0 and assume p ll-, I'. Let m € N. We have to show M II-, T[m/{].
Since ¢ does not occur free in I', we have p ll-, T'[m’/£] for all m” € N. For both rules we can conclude from the induction
hypothesis.
Case of

(¢ not free in T)

TEM:VE-T
Tr M:T[t/(]
Let p |= T and write x := [M], € T[|T|]. Let n > 0 and assume p ll-, I'. By induction hypothesis we have x lI-, T[m/]
for m = [t] and the result follows.
Cases of

'rM: {IA| [bx]y[vag(p/ﬂ]} B Posy . I'rM:{BA| [bx]y[va®e/p]} B Posy
(¢ not free in T, y)

't M: {BA|[bx]y[va®e/B]} 't M: {BA| [bx]y[vate/B]}
First, by Cor. 7.9 we have

va®e(@)§ = Nmenle™(T)S
Moreover, since f is positive in y, it follows from Lem. E.10 (Lem. 7.8) that {y § is cocontinuous. We thus get
lva®e@)/pl5 = Nmenlyle™(M/P15

For both rules, the result then follows from the induction hypothesis.
Cases of

T'+M: {MA|[bx]y[uate/Bl} B Pos y
'+ M: {BA| [bx]y[pa®e/BI}

'+ M:{BA| [bx]y[pa®e/B]} Ix: {lAl [bx]y[,uafqz/ﬁ]} FN:U B Posy
I'N[M/x]:U

Similar. o

(¢ not free in T, U, y)
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