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the Maxwell equations. The axiom of the electromagnetic elds still need to use Maxwell equations. The author has introduced the mutual energy theorem in early 1987, recently the author found that the mutual energy theorem is similar to the Welch's reciprocity theorem (1960), Rumsey's reciprocity theorem (1963) and de Hoop's reciprocity theorem (end 1987).

In the time the mutual energy theorem was introduced, the author didn't know the reciprocity theorem of Welch and Rumsey. The only important dierence the mutual energy theorem with other 3 reciprocity theorem is this formula is a reciprocity theorem or an energy theorem. As a reciprocity theorem the two elds in the theorem can be one real/physic and one virtual/mathematical. If the formula is an energy theorem both eld must real/physic. The problem is that the two eld for these theorems one is retarded eld which is sent out from a transmitting antenna, another is advanced wave which is sent from the receiving antenna. Advanced wave can be accept easily for the reciprocity theorem because it is only a virtual or mathematical eld. If the same theorem is an energy theorem, the advanced wave must be accept. The author believe that the 1 mutual energy theorem is true a reciprocity theorem but it is clear also an energy theorem. Since one of the elds in the mutual energy theorem is advanced wave, the advanced wave must be real. The author noticed the absorber theory of Wheeler and Feynman (1945) and also the transactional interpretation of quantum mechanics of John Cramer(1980). The author agree with the most idea of absorber theory, i.e., the advanced wave is real/physic. Recently the author has proved that the mutual energy theorem can be a sub-theorem of Poynting theorem hence it is also an energy theorem. Further more the author extended the mutual energy theorem as mutual energy ow theorem. The shape of the mutual energy ow looks very like the photon. We know that photon is point to point transfer the energy, the energy is not decrease with distance. The mutual energy ow is thin in the two ends and thick in the middle between the two ends and hence similar to the photon. Mutual energy ow can explain the wave particle duality because when it is emitter and absorber it looks like a particle, but in the middle between emitting and absorbing it looks like wave. The author begin use the mutual energy ow to explain photon and further for other particle for example electron. Finally the author found the mutual energy theorem is not just an energy theorem, it is also the energy conservation law for two charges (an emitter and an absorber). The mutual energy theorem can be extended to N charges. From the N -charge mutual energy formula it can be easily seen as an energy conservation law.

The author try to derive the energy conservation law for Maxwell equations and superposition principle, but it is not possible. Started from Maxwell equations, we can only prove the formula of the mutual energy theorem is an energy theorem but not an energy conservation law. From the author's understanding, this is a bug of Maxwell equations, Maxwell equations must be corrected. After the correction, it should be derive the concept of absorber theory that means the sun cannot shine if it is put in a empty space. The author introduced the new axioms which is called the mutual energy principle and self-energy principle. Started from the mutual energy principle and self-energy principle the Maxwell equations still can be established. However the Maxwell equations must established as at least a pair. In the pair one is for the retarded wave and the another is for the advanced wave. Further more the two wave the retarded wave sent from the emitter and the advance wave sent from the absorber must synchronized. The synchronized retarded wave and advanced wave become the mutual energy ow. Since, the axiom of the electromagnetic eld has changed from the Maxwell equations to the mutual energy principle and self-energy principle the derived theory are dierent with the result of Maxwell equations but agree with the absorber theory. The sun really cannot shine without the help of the absorber surrounding it. In the new theory a new kind of electromagnetic eld is introduced which is the time-reversal elds corresponding the retarded wave and the advanced wave. Hence in this new theory the electromagnetic eld has 4 kinds, the retarded wave, the advanced wave and two time-reversal waves. Each wave has a corresponding self-energy ows. The retarded wave and the advanced wave can also create a mutual energy ow. It is possible also has a time-reversal mutual energy ow which can be the anti-photon. The anti-photon can be half photon or partial photon. The author believe the anti-photon eliminate the half photon and partial photon. But normally the anti-photon doesn't not eliminate the complete photon. Started from the mutual energy principle and self-energy principle is assume the absorber are uniformly distributed on the big sphere, Maxwell equations can be proved with big amount of photons. That means that the mutual energy principle and the self-energy principle is the in microscopic law, and the Maxwell equations still can be applied as macroscopic law which can be derived from the microscopic law. This book with 3 volume will show the whole story about the concept of the mutual energy, the mutual energy theorem, the mutual energy ow theorem, the mutual energy principle, the self-energy principle. The volume I is the electromagnetic eld theory with advanced eld, shows the work has been done by the author surrounding the target of mutual energy principle. The volume II is derivation of the mutual energy principle and the self-energy principle and the application to the electromagnetic eld theory. The volume III is that the concept of mutual energy applied to the quantum mechanics.

The interpretation based on the mutual energy ow is introduced, the theory with 4-waves and 2 mutual energy ows is extended to an arbitrary particles. Path integral will be replaced as mutual energy ow stream integral. Keywords: Poynting; Maxwell; Self-energy; Mutual energy; Mutual energy ow; Time reversal; Photon; Electromagnetic; Action-at-a-distance; Advanced wave; Advanced potential; Advanced eld. Absorber theory; macroscopic, microscopic Contents 1 Introduction 16 I Review of the electromagnetic eld theory in which advanced wave is involved 22 

Introduction

Through which the electromagnetic eld energy is transferred in the space? The possible answer perhaps (1) photons? (2) retarded wave? [START_REF] Altman | Reciprocity, Spatial Mapping and Time Reversal in Electromagnetics[END_REF] advanced wave?

This is a fundamental question for electromagnetic eld theory and also whole physics include quantum mechanics.

The author has introduced the mutual energy theorem [START_REF] Shuang Ren Zhao | The application of mutual energy theorem in expansion of radiation elds in spherical waves[END_REF][START_REF] Zhao | The simplication of formulas of electromagnetic elds by using mutual energy formula[END_REF][START_REF] Zhao | The application of mutual energy formula in expansion of plane waves[END_REF] in early 1987 which is similar to the Welch's reciprocity theorem (1960) [START_REF] Welch | Reciprocity theorems for electromagnetic elds whose time dependence is arbitrary[END_REF], Rumsey's reciprocity theorem (1963) [START_REF] Rumsey | A short way of solving advanced problems in electromagnetic elds and other linear systems[END_REF] and the de Hoop's reciprocity theorem (end of 1987) [START_REF] Adrianus | Time-domain reciprocity theorems for electromagnetic elds in dispersive media[END_REF]. The mutual energy theorem and Rumsey's reciprocity theorem are in Fourier frequency domain. The Welch's reciprocity theorem and de Hoop's reciprocity theorem is in time-domain. Hence the above mentioned 4 theorems can be seen as one theorem in dierent domains.

The only dierence of the mutual energy theorem comparing to the other reciprocity theorems is that it is explicitly mentioned as an energy theorem instead of some kind of reciprocity theorem. For a reciprocity theorem the two elds in the formula, one for the transmitting antenna another is for the receiving antenna can be one real and one virtual. For example we can speak that the eld of transmitting antenna is real and the eld of the receiving antenna is virtual.

Why we need to mention the elds of the receiving antenna is virtual? It is because that in the above mentioned 4 theorems the eld sends from receiving antenna is the advanced eld. Most scientists and engineers do not accept the advanced wave, because it violates our traditional causality. The retarded wave is a wave sent from current time to a future time, which is easy to be understood.

The advanced wave is a wave sent from current time to the past time, which is dicult to be understood. If we speak these theorems are an energy theorem, we must accept the fact that advanced wave sent from the receiving antenna is a real eld instead of a virtual eld.

The author published the mutual energy theorem, however there are very strong objection from the professors of the university where the author studied. The mutual energy theorem can be derived from the Lorentz reciprocity theorem [START_REF] Carson | Reciprocal theorems in radio communication[END_REF][START_REF] Carson | The reciprocal energy theorem[END_REF] by applying the conjugate transform [START_REF] Kong | Electromagnetic eld. the people publishing rm[END_REF] easily. There are strong reason for the professors object the mutual energy theorem, because the mutual energy theorem just a one step transforms from the Lorentz reciprocity theorem, it is seams the author just did a little but claim too much. They all thought the mutual energy theorem should just another reciprocity theorem and they said electromagnetic eld theory is very mature, their is no chance that there is still some important energy theorem has not been found. Hence, the author know there is still some problems for the mutual energy theorem.

After around 30 years working on others thing, most for medical image processing, the author came back to the concept of the mutual energy again.

The rst question for the author to answer is that the mutual energy theorem is really an energy theorem? The author knew there is the reason the professes object the mutual energy theorem, the author has not prove the mutual energy theorem is an energy theorem. In the 3 publications of the author in 1987-1989 [START_REF] Shuang Ren Zhao | The application of mutual energy theorem in expansion of radiation elds in spherical waves[END_REF][START_REF] Zhao | The simplication of formulas of electromagnetic elds by using mutual energy formula[END_REF][START_REF] Zhao | The application of mutual energy formula in expansion of plane waves[END_REF] just called the theorem as an energy theorem but did not oer When the author second time enter this eld, quickly realized the problem and chosen the corrected Poynting theorem and proved the mutual energy theorem.

In the work to prove the mutual energy theorem is an energy theorem, the author noticed that the reciprocity theorem of de Hoop. From the citation of the publication of de Hoop, the author noticed the reciprocity theorem of Welch.

Welch's reciprocity theorem mentioned the advanced wave, hence, the receiving antenna sends the advanced wave according to Welch's reciprocity theorem.

As a reciprocity theorem, the receiving antenna sends advanced wave which doesn't meter, because in the reciprocity theorem we can just thought the eld sent by receiving antenna is a virtual eld. However the author has claimed this same formula is an energy theorem. For an energy theorem the two elds inside the mutual energy theorem must be all real. That means the advanced eld must be real. This force the author to think whether or not the advanced wave is real.

The theory about advanced wave became most interesting work for the author. The author noticed the absorber theory of Wheeler and Feynman [1,2]. In the absorber theory, any current will send half retarded wave and half advanced wave. For a source we only notice the source sends the retarded wave, we did not notice it also sends the advanced wave. Some one will argue that if in the same time the source sends the retarded wave, it also sends the advanced wave, the source loss the energy from the retarded wave and acquire the energy from the advanced wave, and hence, it doesn't send any energy out. However we all know that the source can send the energy out. This means the absorber theory also has some thing which is not self-consistence. This is also the reason that the absorber theory has not been widely accept. But any way the absorber theory accept the advanced wave as a real wave instead of some virtual wave.

The author is inspired by this a lot. The transactional interpretation of John

Cramer has introduced the advance wave to the whole quantum mechanics, that is also inspired the author. The author begin to accept the advanced wave is a real wave instead of a virtual wave. This all tell the author perhaps the mutual energy theorem is a real energy theorem.

After the author recognized that the advance wave is a real wave and prove the mutual energy is energy theorem, the author get the concept of mutual energy ow. In the beginning the author call it as the mutual energy ow.

Considered that the current is used often to express the electric current, later the author change to call it as mutual energy ow. After the author get the concept of the mutual energy ow, the author suggested the mutual energy ow theorem and proved it. The mutual energy ow theorem is very closely related to the mutual energy theorem. The mutual energy theorem tell us the energy received from the receiving antenna is equal to the sucked energy by the eld of the receiving antenna and sent from the transmitting antenna. The mutual energy ow theorem tell us that there is an energy ow which bring the energy from transmitting antenna to the receiving antenna. From the mutual energy theorem to the mutual energy ow theorem there is only a very small step, however it took 30 years to go through this small step.

The author noticed that the shape of the mutual energy ow is thin in the two ends and thick in the middle. The author knew that the emitter is a small transmitting antenna and the absorber is the small receiving antenna.

The energy transfer from emitter to the absorber is by the photon. Photon cannot be consist of the retarded wave. None knows exactly what the shape of a photon is, however the photon has all wave and particle properties. Some time the photon looks like a particle especially when it emitted or it is received. Some time the photon looks like wave especially at the middle between the two place where it is emitted and it is received. It is seems the mutual energy ow satisfy all the request for a photon. Hence the author begin to explain the photon with the mutual energy ow.

After the author has the mutual energy ow theory, the nature question to the author is that the energy in the space is transferred by the mutual energy ow or by the Poynting energy ow. The author called the energy ow corresponding to the Poynting vector as self-energy ow. There are only 3 possibility, the self-energy transfers the energy alone, the mutual energy ow transfers the energy alone, the energy is transferred together by the mutual energy ow and the self energy ow. The author hope the energy is transferred by the mutual energy alone in that case the concept of the mutual energy will become a great concept. However the author still need to consider all the possibilities.

Assume the energy is transferred by the self-energy ow which corresponding the energy ow of the Poynting vector. In this situation to explain a photon, the retarded wave sent from the emitter needs to be collapsed to the absorber.

The collapse process is physic process, however none oers a formula to describe the process of the collapse. Hence the author dislike this theory.

Another possibility is the mutual energy ow and the self-energy ow both transfer the energy. The mutual energy ow transfer part of energy from the emitter to the absorber, that is no problem. The self-energy ow transfer energy still need the concept of the wave collapse. However there are more diculties, that is the self-energy ow can transfer the energy to another absorber which is dierent to the absorber the mutual energy has transferred the energy to it. In this case there should be two kind of photons, one corresponding to the mutual energy ow one corresponding the self-energy ow. This is also very strange and cannot be accept. We also did not see the second of photon. Hence, the self-energy should transfer the energy to the same target as the mutual energy ow does. The diculty is that how the self-energy ow know the target of the mutual energy ow and transferred its energy to that specic target? Hence this ideal cannot be accept also.

The last possibility is the mutual energy ow transfers the energy alone.

If the mutual energy ow transferred energy alone, then the diculty is what about the self-energy ow. We have know the self-energy ow has send the energy from source to whole empty space, where this energy goes? A nature concept is the self-energy is returned. Hence the author guess that the selfenergy ow returns to its source. That means for the retarded wave, it return to the emitter and for the advanced wave, it return to the absorber. This return is not normal return, it should be a return with time-reversal waves. The time reversal wave can cancel the original wave thoroughly and make it even without any spoor. The author like this idea, however this is only a guess and it is not a proof. The author nish this guess around end of 2016.

In April 2017, the author consider a system with of N charges. Assume each charge can send the energy and also receive energy, the author assumed that there is only this N charges in the empty space, hence each charge can obtained the energy from other (N -1) charges. The total energy of all N charge should not changed, because if it sends some energy out, other charges eventually will obtained these energy. Hence, the total energy should not be changed. This can be referred as the energy conservation for N charges. If the Maxwell theory is correct we should be possible to prove the energy conservation law from Maxwell equations.

However the author found it is only possible to prove the energy conservation law as an energy theorem but not an energy conservation law. Prove a formula is an energy theorem need only to prove the formula is correct, that means the left side of the equation is equal to the right side of the equation. That is all.

But to prove it is energy conservation law we need to prove the system did not loss any energy. The author found that all the charges which are emitters loss some energy through the self-energy ow of the retarded wave and all charges which are absorber acquire some energy through the self-energy ow of the advanced wave. The author call there is a bug of Poynting theorem for N charges [START_REF] Shuang Ren Zhao | Photon models are derived by solving a bug in poynting and maxwell theory[END_REF]. Consider that the author has guessed that the self-energy ow has returned by the time-reversal wave. If we assume the time-reversal wave is also real, all self-energy ow will be canceled and hence the energy conservation law can be satised. The conict between the Maxwell equations and the energy conservation law can be eliminated.

The author begin assume there exist time-reversal waves which cancel all selfenergy ows. The corresponding time-reversal wave of the retarded wave cancels the retarded wave. The corresponding time-reversal wave of the advanced wave cancel the advanced wave. It is important that the time-reversal wave can cancel all retarded wave and the advanced wave, but it does not cancel the mutual energy ow. Hence, in the space only the mutual energy ow left. This is also what the author like to see. The wave does not transfer the energy, the energy is transferred only by the mutual energy ow. Since the shape of the mutual ow looks like a photon. The author begin believe that the mutual energy ow is the just the photon. Now in the author's electromagnetic eld theory is quite dierent from the traditional electromagnetic eld theory. In the traditional electromagnetic eld theory a moving charge with acceleration can send energy out. In the author's electromagnetic eld theory, a emitter sends the energy out needs at least an absorber. The energy can be send out need the emitter send the retarded wave and the absorber send advanced wave and the two waves need to be synchronized. Only in this situation the mutual energy ow can be produced and hence, the energy can be sent out from the source.

In order to describe the new electromagnetic eld theory. The author introduce two principle to replace the theory of Maxwell equations. The author also introduced the electromagnetic eld theory basted on the mutual energy principle and self-energy principle. The two principle are applied as the axioms of the electromagnetic eld theory. The mutual energy principle tell us that the total electromagnetic eld is the superposition of the retarded wave and the advanced wave and only when the retarded wave and the advanced wave are synchronized, the radiation can be emitted out. In this case the retarded wave and the advanced wave will produce the mutual energy ow. Photon can be seen as the mutual energy ow. The self-energy principle tell us there are also another kind of electromagnetic elds which is not included inside the Maxwell theory, this electromagnetic elds are time-reversal electromagnetic eld which does not satisfy the Maxwell equations, but they satisfy the time-reversal Maxwell equations. The time-reversal Maxwell equations look like Maxwell equations, but they are not the Maxwell equations. The time-reversal wave can eliminate the electromagnetic eld include retarded wave and advanced wave which are not be used to produce the mutual energy ow. Hence there are 4 kinds of electromagnetic waves, the rst is the retarded wave, the second is the advanced wave and the corresponding time-reversal elds for the retarded wave and the advanced wave. There are 4 self-energy ow corresponding each kind of wave.

The retarded wave and the advanced wave can produce the mutual energy ow.

The author assume that two time-reversal wave can also produced another kind of mutual energy ow: time-reversal mutual energy ow. The author found that the time-reversal mutual energy ow can eliminate half photon that is the reason why we never seen a half photon or a part photon.

We have mentioned before that in the absorber theory that a current can produce the half retarded wave and the half advanced wave, after we have the mutual energy principle and the self-energy principle, the original not selfconsistency can be eliminated. The current can send retarded wave out that is because this retarded wave found many advance wave to match it. It did not send advanced wave out is because the advanced wave did not found any retarded wave to match, so it is still send out but it is canceled by the corresponding time-reversal wave. Actually the emitter can also receive energy if there other source send retarded wave to it, the advanced wave of the emitter is responsible to receive other retarded wave. Since we have the self-energy principle all unwanted eld in the space will be eliminated. The radiation is purely done by the mutual energy ow.

The concept a photon is consist of 4 waves can be extended to any kind of particles, hence we can say all particle are consist of 4 waves and hence there are 4 kinds of self-energy ow. There are also two kind of mutual energy ows, the normal mutual energy ow and the time-reversal mutual energy ow.

The above theory of the mutual energy principle and the self-energy principle are dicult to be accepted. Since today we have no any successful experiment about advanced wave, it is more dicult to let people to accept the time-reversal waves. If the advanced wave and time-reversal wave cannot be fully accept, the theory of mutual energy, mutual energy ow theorem all cannot be fully accepted. In order to show the reader the theory of mutual energy principle and self-energy principle are correct, the author has to show the whole process how this concept came out. The author plan to show the reader the whole story about the mutual energy principle and the self-energy principle.This way hopes the reader nally begin to believe this new theory.

The book has 3 volumes, the volume I oers the work has been down before the mutual energy principle and the self-energy principle has been introduced.

In that time, the author has not found the correct target, all the work is related the mutual energy principle but it doesn't touch the correct target, showing this, hope the reader knows how the concept the mutual energy is developed.

In the volume II, the mutual energy principle and the self-energy principle are introduced and proved. The author did not prove it inside the theory of Maxwell. Since it cannot be put inside the frame of the Maxwell theory.

Instead, the author prove that without the mutual energy principle and the selfenergy principle there are conicts between the Maxwell theory and the energy conservation law. After adding the two new principle the conict is resolved, hence, we obtained a new electromagnetic eld theory with its self-consistency.

In the volume III the mutual energy principle has been applied to quantum mechanics. The author will consider the 4-wave theory for all particles include the photon, electron and proton and neutron and so on. The path integral will be updated to the stream integral. The denition of stream integral is much simpler compare to the path integral, since the denition of the path integral has innite more 3D integral, but the stream integral is only a 2D surface integral.

The mutual energy ow interpretation of quantum mechanics is also introduced.

It should be notice that there are some content in this book are repeated a full times. However, since the purpose of each article is dierent, hence, there are always some dierences in each article. Usually the part repeated more time is the most dicult part in which the author still not very clear. For example the author has discussed many time about the energy transfer from a transmitter to a receiver or from an emitter to an absorber in free empty space or inside a wave guide, only when later the author introduced the self-energy and the mutual energy principle, the conict between Poynting theorem and energy conservation is solved. By the wave, the author plan also compress this 3 volume books to one book which can be applied as a text book to teach the students.

Part I

Review of the electromagnetic eld theory in which advanced wave is involved 2 Maxwell equations

Maxwell equations can be written as following,

∇ • D = ρ (1) 
∇ • B = 0

(2)

∇ × E = - ∂B ∂t (3) 
∇ × H = J + ∂D ∂t

The solution of Maxwell equations have retarded solution which is,

E = -∇ϕ - ∂A ∂t (5) 
H = µ 0 ∇ × A (6) 
where vector potential and scale potential A, ϕ are given as following, ϕ(r, t) =

1 4π 0 V ρ(r , t r ) ||r -r || d 3 r (7) 
A(r, t) = 1 4π 0 V J (r , t r )

||r -r || d 3 r (8) 
where r, t are eld point and time. r is the source point. t r is the retarded time,

t r = t - ||r -r || c (9) 
This is normal solution of Maxwell equations. However Maxwell equations have also advanced equation which are the following,

ϕ(r, t) = 1 4π 0 V ρ(r , t a ) ||r -r || d 3 r (10) A(r, t) = 1 4π 0 V J (r , t a ) ||r -r || d 3 r (11) 
where r, t are eld point and time. r is the source point. t a is the advanced time,

t a = t + ||r -r || c (12) 
The retarded wave is like the water wave, travel to the future. This is easy to understand. However the advanced wave travel to the past, it is conict to our tradition causality, hence most scientists and engineers thought it was not real.

However there are the famous scientists thought the advanced wave are physic wave, includes, Einstein, Wheeler, Feynman, John Crammer. The author support this view of point. The author will build a systematical theory to prove the advanced wave is a true physical thing. [START_REF] Altman | Reciprocity, Spatial Mapping and Time Reversal in Electromagnetics[END_REF] Poynting theorem

-∇ • (E × H) = E • ∂D ∂t + H • ∂B ∂t + J • E (13) 
where

S = E × H (14) 
is the Poynting vector.

u = 1 2 (E • D + H • B) (15) 
is the energy of electric eld.

P = J • E (16) 
is consumed power [START_REF] Barybin | Modal expansions and orthogonal complements in the theory of complex media waveguide excitation by external sources for isotropic, anisotropic, and bianisotropic media[END_REF] Action at a distance

The theory of action-at-a-distance are introduced by K. Schwarzschild in 1903 [64] and H. Tetrode in 1922 [72]and A.D. Fokker in 1929 [23]. According to this theory, an electric current will produce two electromagnetic potentials or two electromagnetic waves: one is the retarded wave, another is advanced wave.

The emitter can send the retarded wave, but in the same time it also sends an advanced wave. The absorber can send the advanced wave, but in the same time it also sends a retarded wave. According to this theory, the sun cannot send the radiation wave out, if it stayed alone in the empty space. Innite absorbers are the reason that the sun can radiate its light. The action can be written as following,

S = - i m i c ˆ( dx iµ dτ i dx µ i dτ i ) 1 2 dτ i - i j<i
e i e j c ˆˆδ(s 2 ij )

dx iµ dτ i dx µ j dτ j dτ i dτ j = extremum (17) 
where

s 2 ij = (x iµ -x jµ )(x µ i -x µ j ) (18) 
ds = c 2 dt 2 -dx 2 1 -dx 2 2 -dx 2 3 (19) 
5 WheelerFeynman absorber theory

The absorber theory is introduced by Wheeler and Feynman Interaction with the Absorber in 1945 [1,2] The absorber theory is build on the top of the above theory of the action-at-a-distance [64][72] [23]. A cording to this theory, electromagnetic eld has no its own freedom. The electromagnetic eld is adjective eld. It is only a bookkeeper for the action or reaction between at least two charges. That means without a test charge or absorber, only the emitter alone can not produce the radiation. Absorber theory try to oer a better explanation to the recoil force of a accelerated or decelerated charge in empty space. The recoil force has been introduced by Dirac [START_REF] Dirac | [END_REF] But Wheeler and Feynman do not satisfy that Dirac did not oer a reasonable reason of that formula. Wheeler and Feynman try to use the absorbers stayed on the innite big sphere to explain the formula given by Dirac. The absorber theory also emphases the importance of the absorber in the radiation process.

Conjugate transform

It is not clear who rst introduced the concept of the conjugate transform, but the details theory of the conjugate transform can be found in [START_REF] Au | Theory of electromagnetic waves[END_REF] The conjugate transform can be seen in following,

C(E(t), H(t), J (t), K(t), (t), µ(t)) = (E(-t), -H(-t), -J (-t), K(-t), (-t), µ(-t)) [START_REF] Dirac | [END_REF] or in frequency domain,

C(E(ω), H(ω), J (ω), K(ω), (ω), µ(ω)) = (E * (ω), -H * (ω), -J * (ω), K * (ω), * (ω), µ * (ω)) [START_REF] Walborn | Double-slit quantum eraser[END_REF] where C is the conjugate transform. E is electric eld. H Magnetic eld. J current intensity. K magnetic current intensity. is permittivity, µ is permeability, t is time, ω is frequency.

It is important that if a eld satises the Maxwell equations, after the conjugate transform, it still satises the Maxwell equations. If the original eld is retarded wave, after the transform it becomes advanced wave. Vice Versa, if the original eld is advanced wave, after the transform it becomes the retarded wave. [START_REF] Bojarskbi | Generalized reaction principles and reciprocity theorems for the wave equations, and the relationship between the timeadvanced and time-retarded elds[END_REF] Lorentz reciprocity theorem

V1 (E 2 (ω) • J 1 (ω))dV = V2 (E 1 (ω) • J 2 (ω))dV (22) 
In the Lorentz reciprocity theorem the eld with subscript 1 and subscript 2 are all retarded waves. The people normally applied to this reciprocity theorem to a pair of antenna, one is a transmitter another is a receiver. If the directivity diagram is calculate only absolute value is considered that means we have,

V1 |E 2 (ω)| • |J 1 (ω)|dV = V2 |E 1 (ω)| • |J 2 (ω)|dV (23) 

Comment on the Lorentz reciprocity theorem

We know that the transmitter will send the retarded wave, if the two antenna all sends the retarded wave the two antenna are all transmitters. There is no receiver! This means the Lorentz reciprocity theorem is actually a reciprocity theorem for two transmitting antennas.

However the most people do not believe the advanced wave, hence they thought perhaps the receiver is also sent the retarded wave, this is a mistake.

However even their has mistake in concept, Lorentz reciprocity theorem still can oer a corrected antenna directivity diagram. That is because the following correct reciprocity theorem can do the job. But for the directivity diagram, the Lorentz reciprocity theorem has the same result with Rumsey's reciprocity theorem or Welch's reciprocity theorem. [START_REF] Bromberg | Ghost imaging with a single detector[END_REF] Welch's reciprocity theorem

Welch has introduce his reciprocity theorem in 1960 [START_REF] Welch | Reciprocity theorems for electromagnetic elds whose time dependence is arbitrary[END_REF]:

- ˆ∞ t=-∞ ˆV 2 E 2 (t) • J 1 (t)dV dt = ˆ∞ t=-∞ ˆV 1 E 1 (t) • J 2 (t)dV dt (24) 
Welch's reciprocity is applied in time domain. Welch's reciprocity theorem can be applied also to the system with two antennas, one is a transmitter and another is a receiver. In the Welch's reciprocity theorem the subscript 1 is a transmitter and subscript 2 is for the receiver. In the Welch's the transmitter sends the retarded wave and the receiver sends the advanced wave. [START_REF] Carozzi | Complex poynting theorem as a conservation law[END_REF] Rumsey's reciprocity theorem V. H. Rumsey has introduced his summarize the Lorentz reciprocity theorem as "action and reaction". He has apply the complex conjugate transform to the his "action and reaction" theorem and obtained a new reciprocity theorem [START_REF] Rumsey | A short way of solving advanced problems in electromagnetic elds and other linear systems[END_REF] -

V1 E * 2 (ω) • J 1 (ω)dV dt = V2 E 1 (ω) • J * 2 (ω)dV (25) 
Rumsey's reciprocity theorem is in frequency domain. This theorem can be applied to calculate the directivity diagram of receiving antenna, since for the directivity diagram only the absolute value are interested, take absolute value of Eq. [START_REF] Goubau | A reciprocity theorem for non-periodic elds[END_REF] we have,

V1 |E 2 (ω)| • |J 1 (ω)|dV dt| = V2 |E 1 (ω)| • |J 2 (ω)|dV (26) 
We can see that for the calculation of the directivity diagram of the receiving antenna, the above formula is same as the formula to apply the Lorentz reciprocity theorem Eq. (23). However the author should be make clear here, for this two reciprocity theorems there is only one is correct. Experiment to prove which is correct can be done to measure the current of in the receiving antenna.

10 Inner product space for the electromagnetic elds on a closed Surface This author has dened the inner product for any two electromagnetic elds which are [START_REF] Shuang Ren Zhao | The application of mutual energy theorem in expansion of radiation elds in spherical waves[END_REF] (ξ 1 , ξ 2 )

Γ = ˛Γ(E 1 (ω) × H * 2 (ω) + E * 2 (ω) × H 1 (ω)) • ndΓ (27) 
where ξ = [E, H], τ = [J , K], Shuang-ren Zhao has proved that the above inner products, satisfy the Inner product space 3 denitions. If τ 2 is taken as a unit vector of ether current J 2 or K 2 , the eld ξ 1 can be calculated ether on the original source J 1 or on the surface Γ. Γ is any surface outside the two volumes V 1 and V 2 .

n is a unit surface normal vector. Shuang-ren Zhao has proved that this kind of inner product satisfy inner product space 3 conditions, Complex conjugate

(ξ 1 , ξ 2 ) = (ξ 2 , ξ 1 ) * (28) 
In the rst argument

(aξ 1 , ξ 2 ) = a(ξ 1 , ξ 2 )(ξ 1 + ξ 2 , ξ 3 ) = (ξ 1 , ξ 3 ) + (ξ 2 , ξ 3 ) (29) 
Denite bi-linear form Positive-deniteness

(ξ, ξ) ≥ 0(ξ, ξ) = 0 ⇔ x = 0 (30) 
According to this theory that the inner product of a retarded wave ξ 1 and an advanced wave ξ 2 vanish, if the sources of the two wave are inside the surface Γ, i.e., (ξ 1 , ξ 2 ) Γ = 0 [START_REF] Au | Theorems of bianisotropic media[END_REF] where τ 1 ,τ 2 ∈ V are the source of ξ 1 , ξ 2 . Γ is the boundary surface of the volume V .

The inner product can also be dened in a completed surface or innite surface Γ which is between the volume V 1 and V 2 . In this case the inner product of a retarded wave send from τ 1 and the advanced wave ξ 2 send from τ 2 are not zero.

(ξ 1 , ξ 2 ) Γ1 = (ξ 1 , ξ 2 ) Γ = (ξ 1 , ξ 2 ) Γ2 = 0 [START_REF] Au | Theory of electromagnetic waves[END_REF] where Γ 1 and Γ 2 are similar surface like Γ 2 .

11 The mutual energy theorem

The mutual energy theorem is derived by this author in early of 1987 [START_REF] Shuang Ren Zhao | The application of mutual energy theorem in expansion of radiation elds in spherical waves[END_REF][START_REF] Zhao | The simplication of formulas of electromagnetic elds by using mutual energy formula[END_REF][START_REF] Zhao | The application of mutual energy formula in expansion of plane waves[END_REF].

-(τ 1 , ξ 2 ) V1 = (ξ 1 , τ 2 ) V2 (33) 
(τ 1 , ξ 2 ) V1 = V1 (J 1 (ω) • E * 2 (ω) + K 1 (ω) • H * 2 (ω))dV (34) (ξ 1 , τ 2 ) V2 = V2 (E 1 (ω) • J * 2 (ω) + H 1 (ω) • K * 2 (ω))dV (35) 
It is similar to Rumasy's reciprocity theorem, but this author thought it is an energy theorem instead some kind of reciprocity theorem. Since this theorem can be applied to a system with a transmitting antenna and receiving antenna.

this author believed this theorem tell us that the energy received by the receiving antenna is equal to the part of energy sends from the transmitting antenna to the receiving antenna.

12 HuygensFresnel principle Shuang-ren Zhao emphases that the mutual energy theorem is an energy theorem instead of some kind of reciprocity theorem. The theorem described an energy in the space. This theorem can be seen as [START_REF] Zhao | The simplication of formulas of electromagnetic elds by using mutual energy formula[END_REF], which can be written as,

-(τ 1 , ξ 2 ) V1 = (ξ 1 , ξ 2 ) Γ = (ξ 1 , τ 2 ) V2 (36) 
where

(ξ 1 , ξ 2 ) Γ = " Γ (E 1 (ω) × H * 2 (ω) + E * 2 (ω) × H 1 (ω)) • ndΓ (37) 
Γ is any close surface or innite big surface separating V 1 and V 2 . We take the direction of n is from V 1 to V 2 . Assume

J 2 = δ(x -x ) m (38) 
E 1 • m = (ξ 1 , ξ 2 ) Γ (39) 
Assume

K 2 = δ(x -x ) m (40) 
H 1 • m = (ξ 1 , ξ 2 ) Γ (41) 
13 The time-domain cross-correlation reciprocity theorem Adrianus T. de Hoop published the time-domain cross-correlation reciprocity theorem in the end of 1987 which can be seen as following,

- ˆ∞ t=-∞ ˆV 2 E 2 (t + τ ) • J 1 (t)dV dt = ˆ∞ t=-∞ ˆV 1 E 1 (t) • J 2 (t + τ )dV dt (42)
14 Transactional interpretation for quantum mechanics

The transactional interpretation of quantum mechanics introduced by John G.

Cramer in 1986 [START_REF] Cramer | The transactional interpretation of quantum mechanics[END_REF][START_REF] Cramer | An overview of the transactional interpretation[END_REF], The transactional interpretation is build on the top of WheelerFeynman absorber theory. In this theory, the emitter can send a oer wave to the absorber, when the absorber receive the oering wave, it can send a conrmation wave to the emitter. These two waves can have a handshake.

This handshake process is the transactional process. In this process the photon or other particle is produced. The conrmation wave is advanced wave. [START_REF] Cramer | The transactional interpretation of quantum mechanics[END_REF] Summary about the reciprocity theorem [START_REF] Cramer | The transactional interpretation of quantum mechanics[END_REF].

Directivity diagram

The directivity diagram can be calculated by Rumsey' reciprocity theorem (or the mutual energy theorem)

The author found that the time-domain cross-correlation reciprocity theorem is the inverse Fourier transform of the reciprocity of Rumsey, the mutual energy theorem is same as the Rumsey's reciprocity theorem. Hence time-domain crosscorrelation reciprocity theorem is also the inverse Fourier transform of the mutual energy theorem. The Welch's reciprocity theorem is special situation where τ = 0. Hence Welch's reciprocity theorem, Rumsey's reciprocity theorem, the mutual energy theorem and the time-domain cross-correlation reciprocity theorem of de Hoop are one theorem in dierent domain: Fourier frequency domain or time domain.

It is clear these theorems are reciprocity theorem, however this author noticed that it is not only a reciprocity theorem it is also an energy theorem.

Another thing is Welch has mentioned that for this theorem among the two eld the corresponding subscripts are 1 and 2, one is retarded wave, another is advanced wave. If this theorem is applied to as a reciprocity theorem, even it there is advanced wave, that is allowed easily this is because the reciprocity theorem is dened as mathematical theorem. In the reciprocity theorem among the two eld for subscripts 1 and 2 there is only one is real physic eld, the other can be a virtual eld. If a virtual eld is advanced eld, it is no thing strange. However when this author said this theorem is an energy theorem, that means the two elds for subscripts 1 and 2 there is one an advanced eld. That means an energy theorem must combine the retarded eld and the advanced eld together. That also means the advanced eld must be real! It is the authors duty to prove the mutual energy theorem is an energy theorem and prove that the advanced eld is real.

The author has read the absorber theory [1,2] and the transaction interpretation of quantum mechanics. The author believe that the advanced wave is a real thing. However in the world most scientists and engineers do not believe the advanced wave is a physic thing. It is important for the author to convince the world engineer that the mutual energy theorem is a true energy theorem. It is not only a reciprocity theorem.

Part II Outline mutual energy principle and self-energy principle [START_REF] Cramer | An overview of the transactional interpretation[END_REF] Mutual energy ow theorem [START_REF] Cramer | An overview of the transactional interpretation[END_REF].

In Fourier frequency domain

Assume there is two volume V 1 and V 2 . There are two sources τ 1 and τ 2 . τ 1 is inside of volume V 1 . τ 2 is inside of the volume V 2 . And we have,τ

1 = [J 1 , K 1 ], τ 2 = [J 2 , K 2 ].
Here J is electric current, K is magnetic current. We have often K = 0.

Assume the eld of the source τ 1 is ξ 1 and the eld of τ 2 is ξ 2 . And we have

ξ 1 = [E 1 , H 1 ], ξ 2 = [E 2 , H 2 ].
Dene the mutual energy ow is

(ξ 1 , ξ 2 ) = " Γ (E 1 (ω) × H * 2 (ω) + E * 2 (ω) × H 1 (ω)) • ndΓ ( 43 
)
where ω is angle frequency of the eld. The mutual energy ow is a inner product of the two eld ξ 1 and ξ 2 .

Dene the inner product on the volume,

(τ 1 , ξ 2 ) V1 = V1 (J 1 (ω) • E * 2 (ω) + K 1 (ω) • H * 2 (ω))dV (44) 
(ξ 1 , τ 2 ) V2 = V2 (E 1 (ω) • J * 2 (ω) + H 1 (ω) • K * 2 (ω))dV (45) 
Assume τ 1 is emitter, hence, ξ 1 is the retarded eld. Assume τ 2 is absorber, hence, ξ 2 is advanced wave. Then we have owing mutual energy ow theorem:

-(τ 1 , ξ 2 ) V1 = (ξ 1 , ξ 2 ) = (ξ 1 , τ 2 ) V2 (46) 
where (ξ 1 , ξ 2 ) = (ξ 1 , ξ 2 ) Γ and Γ can be any surface between the two volume V 1 and V 2 . There is only improved a little from the mutual energy theorem to the mutual energy ow theorem. However the mutual energy ow theorem derived 30 years later compare to the mutual energy theorem. It is good the author nally achieved the mutual energy ow theorem. The mutual energy ow theorem further tell us the mutual energy theorem is a energy theorem instead of a reciprocity theorem.

In time-domain

Assume there is two volume V 1 and V 2 . There are two sources τ 1 and τ

2 . τ 1 is inside of volume V 1 . τ 2 is inside of the volume V 2 . And we have,τ 1 = [J 1 , K 1 ], τ 2 = [J 2 , K 2 ].
Here J is electric current, K is magnetic current. We have often K = 0.

Assume the eld of the source τ 1 is ξ 1 and the eld of τ 2 is ξ 2 . And we have

ξ 1 = [E 1 , H 1 ], ξ 2 = [E 2 , H 2 ].
Dene the mutual energy ow is

(ξ 1 , ξ 2 ) = ∞ t=-∞ " Γ (E 1 (t) × H 2 (t) + E 2 (t) × H 1 (t)) • ndΓdt ( 47 
)
where t is the time. The mutual energy ow is a inner product of the two eld ξ 1 and ξ 2 . Dene the inner product on the volume,

(τ 1 , ξ 2 ) V1 = ∞ t=-∞ V1 (J 1 (t) • E 2 (t) + K 1 (t) • H 2 (t))dV dt (48) (ξ 1 , τ 2 ) V1 = ∞ t=-∞ V1 (E 1 (t) • J 2 (t) + H 1 (t) • K 2 (t))dV dt (49) 
Assume τ 1 is emitter, hence, ξ 1 is the retarded eld. Assume τ 2 is absorber, hence, ξ 2 is advanced wave. Then we have owing mutual energy ow theorem:

-(τ 1 , ξ 2 ) V1 = (ξ 1 , ξ 2 ) = (ξ 1 , τ 2 ) V2 (50) 
We know that the mutual energy theorem is

-(τ 1 , ξ 2 ) V1 = (ξ 1 , τ 2 ) V2 (51) 
The mutual energy theorem tell us that the energy sends out by the source τ 1 is -(τ 1 , ξ 2 ) V1 . The received energy by sink τ 2 is (ξ 1 , τ 2 ) V2 , this two energy are equal to each other. The mutual energy ow theorem tell us this energy is transferred by the mutual energy ow (ξ 1 , ξ 2 ). Hence the mutual energy ow theorem details the mutual energy theorem further. 17 Mutual energy principle

Mutual energy formula

We rst introduce the mutual energy formula, it can be derived from the Maxwell equations and superposition principle. We know that Poynting theorem can be derived from Maxwell equations, hence we started our derivation started from the Poynting theorem which can be written as,

- " Γ (E(t) × H(t)) • ndΓ = V (J (t) • E(t) + K(t) • H(t))dV + V (E(t) • ∂ ∂t D(t) + H(t) • ∂ ∂t B(t))dV (52) 
Assume there are only N charges in a empty space, the superposition principle tell us,

E = N i=1 E i (53) 
H = N i=1 H i (54) 
D = N i=1 D i (55) 
B = N i=1 B i (56) 
where E i is the electric eld of i-th charges, E is the total electric eld of N charges. Substitute the superposition principle to the Poynting theorem we obtain,

- N i=1 N j=1 " Γ (E i (t) × H j (t)) • ndΓ = N i=1 N j=1 V (J i (t) • E j (t) + K i (t) • H j (t))dV + N i=1 N j=1 V (E i (t) • ∂ ∂t D j (t) + H(t) i • ∂ ∂t B j (t))dV (57) 
This can be called as the Poynting theorem of N charges. We also know that for each charge we also can have Poynting theorem which is,

- " Γ (E i (t) × H i (t)) • ndΓ = V (J i (t) • E i (t) + K(t) i • H i (t))dV + V (E i (t) • ∂ ∂t D i (t) + H i (t) • ∂ ∂t B i (t))dV (58) 
For simplication, we only discuss the mutual energy ow theorem in timedomain. Assume there is N charges. The mutual energy formula is following,

- N i=1 N j=1,j =i ∞ t=-∞ " Γ E i (t) × H j (t) • ndΓdt = N i=1 N j=1,j =i ∞ t=-∞ V (J i (t) • E j (t) + K i (t) • H j (t))dV dt + N i=1 N j=1,j =i ∞ t=-∞ V (E i (t) • ∂ ∂t D j (t) + H i (t) • ∂ ∂t B j (t))dV dt (59) 
When the above mutual energy formula is derived from Maxwell equations or from Poynting theorem it is nothing new or special. However this author assume that the above formula is more fundamental than Maxwell equations or Poynting theorem, it should be applied as axiom instead of a formula or theorem.

When it is referred as axiom, it will be called as mutual energy principle.

Mutual energy principle

Assume in empty space there is only N charges, the charge can have a movement or accelerate. The eld of these charges satisfy the mutual energy principle which is Eq.(59).

Maxwell equations vs the mutual energy principle as the axiom

If we started from Maxwell equations, we obtained, Eq.( 57). Eq(57) is dierent with Eq.( 59). The dierence is at the two summation are dierent:

N i=1 N j=1 (60) 
vs

N i=1 N j=1,j =i (61) 
The author found that for a system with N charges Eq.( 61) is correct. Eq.( 60) is wrong. This wrong is because the Poynting theorem for single charge Eq.( 58) is wrong. Eq.( 58) tell us single charge (emitter) can send radiation out without the help of another charge (absorber). According the absorber theory [1,2], the sun cannot send the radiation out if it is put in a empty space. Maxwell equations,

Poynting theorem should be seen as macroscopic law and not a microscopic law. Mutual energy formula is the real microscopic law for the N charges in a empty space. Mutual energy formula obey the absorber theory of Wheeler and

Feynman. The author believe the absorber theory is correct, hence Maxwell equations and Poynting theorem are problematic and must be corrected.

Dierent results of the two dierent axioms

If we apply the mutual energy principle Eq.( 59) we can derived the Maxwell equations, however, there should appear at least two group Maxwell equations together. One Maxwell equations for the emitter which sends the retarded wave, another is for the absorber which sends the advanced wave. Hence if we started from mutual energy principle, the advanced wave cannot be avoid. This is big dierence compared to the situation if we apply Maxwell equations as the axioms. In this case without advanced wave, only with the retarded wave, it is still ne for most situations.

Use the mutual energy principle as axiom, it is easy to obtained the mutual energy ow theorem and mutual energy theorem. The importance is it will prove that the mutual energy theorem is also the energy conservation law.

On the other hand we can prove the mutual energy theorem from Maxwell equations, however we only prove it is an energy theorem, we still not prove it is an energy conservation law. This is because on the system there are still some other energy ow which is the self-energy ow, which has also some contribution to the energy ow. The details of the discussion can be found on the volume II of this book.

18 Self-energy principle

The author believe that the absorber theory is correct, that is the sun cannot send radiation if put it in a empty space. That means also if a single charge in a empty space it cannot send the radiation out. Send a radiation out from the emitter is a action. A action need at least two objects one is the emitter and another is the absorber. Only one emitter cannot send out the radiation.

However we know if Maxwell equations is satised for the moving charge, even we started from the mutual energy principle, we still can obtain a group Maxwell equations which is for the retarded wave and the advanced wave. That means the charge if it is a emitter, it sends the retarded wave out, if it is a absorber it sends the advanced wave out. If the single charge send the wave out this is conict to the absorber theory.

There is no solution can be found under the frame of Maxwell equations, the only solution is that the Maxwell equations is not fully correct. There is some other eld cannot put inside of the frame of Maxwell theory. This is also the reason Einstein said there are implicit variables we did not nd. The author guess that there are another kind of electromagnetic eld exist which is not satisfy the Maxwell equations but the time-reversal Maxwell equations. This eld can completely cancel the normal electromagnetic eld. Here the normal electromagnetic eld means the retarded wave and the advanced wave.

That means a retarded wave if it send out and does not match with any advanced wave, it will be sent back with the with a time-reversal wave. The time-reversal wave can cancel the original retarded wave completely even without any spoor. That means the wave is same as it never sends out.

It is same to the advance wave, if it is not matched with any retarded wave, it will be canceled with a corresponding time-reversal wave.

If the retarded wave matched with the advanced wave, the mutual energy ow will be produced, which is responsible to carry the energy form the emitter to the absorber. The mutual energy ow the increased energy when the retarded wave meets the advanced wave. After the mutual energy ow is carry the energy from the emitter to the absorber, there are still electromagnetic eld stay in the space, this kind of the energy is returned to their source. That means the retarded wave returns to the emitter. The advanced wave returns to the absorber. It should make clear that this kind of return is not a normal return, it is a time-reversal return which means there is a new kind of electromagnetic eld satisfy the time-reversal Maxwell equations,

∇ • d = ρ (62) ∇ • b = 0 (63) 
∇ × e = + ∂b ∂t

∇ × h = -j -∂d ∂t [START_REF] Ru Shao Cheo | A reciprocity theorem for electromagnetic elds with general time dependence[END_REF] where e is time-reversal electric eld density. h is time-reversal magnetic eld density. d is time-reversal electric displacement density. b is the time-reversal magnetic B-eld density. The time-reversal Maxwell equations can be obtained by the time-reversal transform from the normal Maxwell equations. The time-

reversal transform is, ∂ ∂t -→ - ∂ ∂t (66) since J = vρ = d dt x(t)ρ, we have, J -→ -j (67) 
The corresponding Poynting theorem for the time-reversal electromagnetic eld is,

- " Γ (e i (t) × h i (t)) • ndΓ = -V (j i (t) • e i (t) + k(t) i • h i (t))dV -V (e i (t) • ∂ ∂t d i (t) + h i (t) • ∂ ∂t B i (t))dV (68) 
The self-energy principle is following, there exist the time-reversal electromagnetic elds which satisfy Eq.( 68) and also following,

" Γ (E i (t) × H i (t)) • ndΓ + " Γ (e i (t) × h i (t)) • ndΓ = 0 (69) V (J i (t) • E i (t) + K(t) i • H i (t)) -V (j i (t) • e i (t) + k(t) i • h i (t))dV = 0 (70) V (E i (t)• ∂ ∂t D i (t)+H i (t)• ∂ ∂t B i (t))dV -V (e i (t)• ∂ ∂t d i (t)+h i (t)• ∂ ∂t B i (t))dV = 0 (71) 
The above formula means the time-reversal electromagnetic eld can just cancel all the normal electromagnetic elds, ether it is retarded eld or advanced eld.

The above self-energy principle will guarantees that even for the Poynting theory of single charge,

- " Γ (E i (t) × H i (t)) • ndΓ = V (J i (t) • E i (t) + K(t) i • H i (t))dV + V (E i (t) • ∂ ∂t D i (t) + H i (t) • ∂ ∂t B i (t))dV (72) 
Each items of the above formula are not 0, but when considering the timereversal eld, each item together with its corresponding time-reversal item will cancel and hence is 0.

-

" Γ (E i (t) × H i (t)) • ndΓ - " Γ (e i (t) × h i (t)) • ndΓ = V (J i (t) • E i (t) + K(t) i • H i (t))dV -V (J i (t) • e i (t) + k(t) i • h i (t))dV + V (E i (t)• ∂ ∂t D i (t)+H i (t)• ∂ ∂t B i (t))dV -V (e i (t)• ∂ ∂t d i (t)+h i (t)• ∂ ∂t B i (t))dV (73) 
This will guarantees that all self-energy items have no contribution to energy transfer or energy increase! Hence the self-energy principle will guarantees that the energy is transferred by the mutual energy ow. Since self-energy items has no contribution, the only contribution is the mutual energy items, this will further guarantees that the mutual energy theorem is energy conservation law.

We have said in the absorber theory [1,2], the electron current can sends half retarded wave and half advanced wave. However our usual experience is the emitter will send the retarded wave and the absorber will send the advanced wave. The absorber theory conict with normal experience. When we have selfenergy principle this problem is solved. For an emitter even it send the advance wave, but the advanced wave can return its energy (which is negative) by the the time-reverse wave. For the absorber, even it also sends the retarded wave, but the energy of retarded wave is returned through the corresponding time-reversal wave. Hence, the emitter can send the retarded wave alone and the absorber can send the advanced wave alone.

If you have accepted the suggestion of the mutual energy principle and the self-energy principle of the authors you do not need to see the whole book.

However if you still half-believe half-doubt these theory of the author, you need to read this book. This book will tell you what is the reason the author must introduce the self-energy principle and the mutual energy principle.

Part III

Review of the inner products and the mutual energy theorem 19 Comment This article published in the reference [START_REF] Shuang Ren Zhao | The application of mutual energy theorem in expansion of radiation elds in spherical waves[END_REF] in early of 1987. The most important result is introduced the mutual energy theorem. However the similar results of the mutual energy theorem has been published earlier by Welech [START_REF] Welch | Reciprocity theorems for electromagnetic elds whose time dependence is arbitrary[END_REF] in 1960

and Rumsey [START_REF] Rumsey | A short way of solving advanced problems in electromagnetic elds and other linear systems[END_REF] in 1963. It also has been re-discovered by de Hoop in the end of 1987 and Petrusenko in 2009 [START_REF] Petrusenko | The lost second lorentz theorem in the phasor domain[END_REF]. The most dierence of this article compare with others are the formula of the mutual energy theorem is named as an energy theorem. The others name it as some kind of the reciprocity theorem.

We know that for a reciprocity theorem the two elds in the formula, one can be real physic eld, another can be virtual and not a physic eld. Hence, in a reciprocity theorem, a eld is advanced, none thing is strange, and can be accept easily. For an energy theorem both elds in the theorem must be real and physic. In case in the two elds one is advanced wave, we must accept the advanced wave before doing other things.

Another thing is the author oer the inner product to two electromagnetic elds, this inner product can be applied to one eld as retarded eld and another is advanced eld. This inner product is dened on a curved surface. The author recently has applied this inner product to updated the path integral of quantum mechanics. The updated path integral is referred as energy stream line integral.

These can be seen in volume III of this book.

There are also two extended articles [START_REF] Zhao | The simplication of formulas of electromagnetic elds by using mutual energy formula[END_REF][START_REF] Zhao | The application of mutual energy formula in expansion of plane waves[END_REF] in which the plane wave expansion is developed and Huygens principle is also introduced. This Huygens principle have been applied recently in streamline integral (a updated path integral). 

Introduction

In recent years the spherical wave expansion method has been widely applied to the theory and calculation of electromagnetic elds. But the inner product exist in reference [START_REF] Rudge | The Handbook of Antenna Design[END_REF] is dened on the Banach space [START_REF] Zheng | the analysis outline of the real function and functional. the people publishing rm[END_REF]. Through redening the inner product this article limits the wave expansion method to Hibert space [START_REF] Donald | Intermediate Mathmatics of electromagnetics[END_REF].

For this reason the mutual energy theorem is introduced.

The denition of the inner product and wave expansions

The electromagnetic elds in the space can be seen as an element which can be expressed as,

ζ = {E, H} (74) 
All the electromagnetic elds in the space compose a set which can be written as Q. In practices that Q is the solution set of the Maxwell's equations:

{ζ|∇ × E = -jωµH -K, ∇ × H = jω E + J } ( 75 
)
where K is the intensity of the magnetic current, J is the intensity of current, ω is the frequency, ,µ are real number (also can be complex number, noticed by the translator), which are permittivity and permeability. Q is a linear space in practical.

Assume there is a volume V in the space, which has the boundary Γ . Assume the eld ζ is produced by J and K, then all this kind of elements compose a subspace G (Assume ζ belong to the retarded potential, there is no advanced potential, noticed by the translator). The inner product can be dened on G,

(ζ 1 , ζ 2 ) = " Γ (E 1 × H * 2 + E * 2 × H 1 ) n ds (76) 
where,

ζ i = {E i , H i }, i = 1, 2
, n is the normal vector direct to the outside of the surface Γ , The symbol * expresses the complex conjugate. This inner product satises the inner product laws:

(I) (ζ, ζ) ≥ 0, ζ = 0 if f (ζ, ζ) = 0 (II) (ζ 1 , ζ 2 ) = (ζ 2 , ζ 1 ) * (III) (αζ 1 + βζ 2 , ζ 3 ) = α(ζ 1 , ζ 3 ) + β(ζ 2 , ζ 3 ) Where if f means if and only if ; α,β are any constants, ζ 1 , ζ 2 , ζ 3 ∈ G.
If the above denition of inner product is widened from G to Q, the law (I) does not satisfy. Hence, on the linear space Q, the inner product can only been seen as a generalized denition of the inner product.

From this denition of the inner product, the denition of the norm is,

||ζ|| = (ζ, ζ) = (2 Re " Γ E × H * • nds) 1 2 (77) 
In the above formula, Re means taking real part.

Assume that {ζ λ } is a complete set on G. Here λ ∈ Λ, Λ is a index set, which satises the normalized orthogonal condition,

(ζ µ, ζ ν ) = δ µν (µ, ν ∈ Λ) (78) 
where, δ µν is Kronecker operator. For any ζ ∈ G there is

ζ = λ∈Λ c λ ζ λ (79) 
where the expansion coecient can be found as c λ = (ζ, ζ λ ).

For spherical expansion, {ζ λ } is chosen as spherical wave function, in this case λ means nm, ζ λ have two forms ξ nm , η nm , where

ξ nm = {M nm , j η N nm } (80) 
η nm = {N nm , j η M nm } (81)
where the constant factor j η make the above formula so that if the rst item inside the brace {} is electric eld, the second will correspond to the magnetic eld. 

M nm = ∇ × [g n rh n (kr)Y m n (θ, ϕ), N nm = 1 K ∇ × M nm . h n is n level class II spherical Hankel function. k = ω √ µ, η = (µ/ )
Y m n (θ, ϕ) = [(2n + 1) (n -m)! (n + m)! ] 1 2 P m n (cos θ)e jmϕ (82) 
where, P m n is associated Legendre function, n = 0, 1

• • • • • • , m = ±0, ±1 • • • • • •± n.
If the normalized orthogonal are established for the spherical wave, Eq.( 79) can be rewritten as, 

ζ = nm (a nm ξ nm + b nm η nm a nm = (ζ, ξ nm ), b nm = (ζ, η nm ) (83)
||ζ λ || 2 = ||ξ nm || 2 = ||η nm || 2 = 8π ηk 2 n(n + 1)g n (84) 
Considering the normalization condition ||ζ λ || = 1, the normalization constant can be obtained

g n = k η 8π(n + 1) (85)
For convenience, the spherical wave is divided to

ξ nm = ξ (1) nm + ξ (2) nm η nm = η (1) nm + η (2) nm (86) ξ (i) nm = {M (i) nm , j η N (i) nm } η (i) nm = {N (i) nm , j η M (i) nm } (i = 1, 2) (87) 
(Notice: I have corrected the print error in the above formula, in the original publication, ξ

nm is written as ξ

(i) 1 and η (i)
nm is written as η (i) , noticed by the translator.)

     M (1) nm = ∇ × [g n - → r j n (kr)Y m n (θ, ϕ) M (2) nm = ∇ × [-jg n - → r n n (kr)Y m n (θ, ϕ) N (i) nm = 1 k ∇ × M (i) nm (i = 1, 2) (88) 
Actually the above is that the second class spherical Hankel function h n (kr) = j n (kr) -jn n (kr) in the wave function is divided to two items. j n ,n n are rst class and second class spherical Bessel functions.

According to Eq.( 12) and reference [START_REF] Rudge | The Handbook of Antenna Design[END_REF] it can be proven that the spherical wave are orthogonal,

(ξ nm , ξ ts ) = δ nt δ ms (89) (ξ nm , ξ (i) ts ) = (ξ nm , ξ (i) ts ) = 1 2 δ nt δ ms (i = 1, 2) (90) (ξ (i) nm , η (j) 
ts ) = 0 (91)

In the above 3 formula n, m, t, s are integer. in Eq.( 91) i,j are 1, 2 or no superscript.

The mutual energy theorem and the modied mutual energy theorem

A theorem is introduced, which is referred as the mutual energy theorem

" Γ (E 1 × H * 2 + E * 2 × H 1 ) ndS = -V (J 1 • E * 2 + K 1 • H * 2 + J * 2 • E 1 + K * 2 • H 1 ) dV (92) 
In the above formula Γ is the boundary of volume V . n, normal vector directed to the outside of surface Γ . J 1 , K 1 and J 2 , K 2 are the sources of eld E 1 , H 

← → = ( ← → ) † ← → µ = ( ← → µ ) † (93) 
In the above formula, the superscript † is matrix transpose and complex conjugate. This theorem is proven in the following.

Recent year in the four wave frequency mixing theory [START_REF] Ye | [END_REF], the concept of conjugate wave has been applied. This concept can be summarized as conjugate transform.

If E, H satisfy the Maxwell's equations

∇ × E = -jω ← → µ H -K ∇ × H = +jω ← → E + J (94) Then take the transform E = E b * , H = -H b * , K = K b * , J = -J b * , ← → = ( ← → ) b * , ← → µ = ( ← → µ ) b * , E b , H b still satisfy the Maxwell's Equations Eq.(94).
Hence this transform is referred as conjugate transform.

To the variable with subscript 2 in the reversible theorem in reference [START_REF] Kong | Electromagnetic eld. the people publishing rm[END_REF] make the conjugate transform the modied mutual energy theorem can be obtained.

"

Γ (E 1 × H d * 2 + E d * 2 × H 1 ) ndS = -V (J 1 • E d * 2 + K 1 • H d * 2 + J d * 2 • E 1 + K d * 2 • H 1 ) dV (95) 
In the above formula E d 2 , H d 2 satisfy Maxwell's equation with the associate

media ( ← → ) d , ( ← → ) d . Here ( ← → ) d = ( ← → ) † ( ← → µ ) d = ( ← → µ ) †
If the media is lossless, i.e. Eq(93) is established, then the associated media is same to the original media, (( ← →

) d = ← → , ( ← → µ ) d = ← → µ ).
In this time the modied mutual energy theorem become the mutual energy theorem Eq.(92).

In the following assume the media are isotropic. Hence the tensors permittivity ← → and permeability ← → µ become constant permittivity and permeability µ.

20.6

The formula for the coecient of the spherical wave expansion 20.6.1 Obtaining the coecients of the spherical expansion knowing the current distribution Assume the source of radiation is the current distribution J , J is inside the spherical surface Γ . Apply the mutual energy theorem on Γ , we can obtain,

c λ = (ζ, ζ λ ) = " Γ (E × H * λ + E * λ × H) nds -V E * λ • J dv - " Γ δ (E • J * λ + H • K * λ ) ds (96) 
In the above formula ζ λ = {E λ , H λ }, and E λ = M nm or N nm , J λ and K λ are eective current and magnetic current sources of the led ζ λ . They are distributed on the spherical surface Γ δ which has radio δ → 0 and its center at the origin O. (Notice, according to the mutual energy theorem formula Eq.(92) the integral

' ' ! Γ δ (E • J * λ + H • K * λ )
ds is an integral on a volume V δ , the boundary surface of the volume V δ is Γ δ ; in the limit situation, the volume integral changed to surface integral. Noticed by the translator.)

For the special situation that the eld ζ = {E, H} is just zero at the epsilon neighborhood to origin, the last item of the formula Eq.( 96) vanishes. This situation same as the origin is chosen inside the antenna, the antenna can be seen as ideal electric conductor. In this situation there are

     c λ = -´V E * λ J dv a nm = -´V M * nm J dv b nm = -´V N * nm J dv (97)
Figure 1: Eective Source J λ ,K λ , radiation source J , and the surface Γ ,Γ δ ,Γ λ .

In case in the epsilon neighborhood the eld is not zero, in the Eq.( 96) can have integral divergence. In order to overcome this diculty, assume that the eective source J λ , K λ produce the led outside of the surface Γ λ is ζ λ , and inside the Γ λ is ζ

(1)

λ . ζ (1) 
λ = ξ (1)
nm or η

(1) nm which is given through Eq.(87).

According to eective principle that the eective source can be written as

J λ = nλ × (H λ -H (1) λ ) = nλ × H (2) K λ = -n λ × (E λ -E (1) λ ) = -n λ × E (2) λ (98)
In the above formula, nλ is outside direction normal vector of the spherical surface Γ λ . ζ

(2) λ = (E (2) λ , H (2) 
λ ) can be calculated through Eq.(87). The source distribution can be seen in Figure 1.

This way the eective source J λ , K λ can create transmission wave at outside the spherical surface and produce standing wave inside the spherical surface.

Apply mutual energy theorem on the spherical surface Γ can obtain,

c λ = (ζ, ζ λ ) = " Γ (E × H * λ + E * λ × H) • nds = -V E (1) λ • Jdv - " Γ λ (E • J * λ + H • K * λ ) ds (99) (Notice, E (1) 
λ , H

λ are transmission waves, E

λ , H

(2) λ are stand waves, Noticed by the translator)

Considering Eq.( 98), the last item in the above formula is,

-

" Γ λ (E * • J λ + H * • K λ ) ds = (ζ, ζ (2) 
λ )

And from orthogonal condition Eq.( 90) we can obtain,

(ζ, ζ (2) 
λ ) = ( λ∈Λ c λ ζ λ , ζ (2) 
λ ) = 1 2 c λ (101) 
Substituting Eq(100), Eq.(101) to Eq(99) and after arrangement we obtain,

     c λ = -2 ´V E (1) * λ • J dv a nm = -2 ´V M (1) * nm • J dv b nm = -2 ´V N (1) * nm • J dv (102)
This result is same as reference [START_REF] Papas | Theory of electromagnetic wave Propagation[END_REF].

the coecients of the spherical expansion knowing the tangential component of the electromagnetic elds

Assume there is radiation source current intensity J inside the sphere Γ . This source produce the eld ζ = {E, H}. We have measured the tangent led on the spherical surface Γ . The wave can be expanded as spherical wave, the spherical wave coecients are,

a nm = ! Γ λ [-j η (E θ N * nmϕ -E ϕ N * nmθ ) -H θ M * nmϕ + H ϕ M * nmθ ]ds b nm = ! Γ λ [-j η (E θ M * nmϕ -E ϕ M * nmθ ) -H θ N * nmϕ + H ϕ N * nmθ ]ds (103) 
In the above formula, X θ X ϕ are tangential component of X in θ and ϕ direction. 20.6.3 The method to nd the coecients of the spherical wave expansion for the radiation sources when there exist the interference sources

Assume there radiation source J and the interference source J g . The corresponding eld is ζ g = {E g , H g }. Chosen the sphere Γ so that J is inside Γ , J g is outside the Γ . Let the sum of J and J g is J , the corresponding eld is ζ = {E , H }. In the boundary Γ measured that the tangential eld of E and H . Γ λ is the source of spherical wave ζ λ . Γ λ is chosen at the outside of the spherical surface Γ but let the interference source be at the outside of Γ λ . In this situation the eective source still can be given by Eq.(98). This way J λ , K λ will produce the eld ζ

(1) λ inside the spherical surface Γ λ and produce the eld ζ λ outside the spherical surface Γ λ . All sources and elds and surfaces can be seen in Figure 2. 

λ ) = ( λ∈Λ c λ ζ λ, ζ (1) 
λ ) = 1 2 c λ (1) 
Because the radiation eld ζ = ζ -ζ g , there is,

(ζ, ζ (1) 
λ ) = (ζ , ζ (1) 
λ ) -(ζ g , ζ (1) 
λ )

Considering inside the spherical surface Γ , J g which is the source of eld ζ g and eective source J λ and K λ are all vanishes, according to the mutual energy theorem Eq.(92) the last item of Eq.(105) vanishes:

(ζ g , ζ (1) 
λ ) = " Γ (E g × H (1) * λ + E (1) * λ × H g ) • nds = 0 (106)
Hence, there is

c λ = 2(ζ , ζ (1) λ ) (107) a nm = 2 ' ! Γ [-j η (-E θ N (1) * nmϕ -E ϕ N (1) * nmθ ) -H θ M (1) * nmϕ + H ϕ M (1) * nmθ ]ds b nm = 2 ' ! Γ [-j η (-E θ M (1) * nmϕ -E ϕ M (1) * nmθ ) -H θ N (1) * nmϕ + H ϕ N (1) * nmθ ]ds (108) 
Comparing with Eq.( 103), the advantage of Eq.( 108) is that there is no inuence of the obtained coecient of the spherical wave expansion with the interference sources.

For the problem of measurement of scattering eld, this result can be applied.

The incident eld and the scattering eld can be seen as interference eld and the radiation eld. This way the calculation of the expansion coecient of the spherical wave for the scattering eld can directly use the formula Eq.( 108)

. Hence if the superposed eld of the incident eld and the scattering eld have been measured, the scattering eld can be calculate at the outside of the spherical surface Γ.

Conclusion

When making spherical expansion, handiness apply mutual energy theorem can simplify the derivation process and make the physical meaning clearer. All the more so in the case the inuence of the interference source must be considered.

Thanks the help of the teacher: Liu Pencheng, Deming Fu, Changhong

Liang, Deshuan Yang. [START_REF] Walborn | Double-slit quantum eraser[END_REF] The Simplication of Formulas of Electromagnetic Fields by using Mutual Energy Formula

Abstract

The expression of a few important formulas of electromagnetic elds are simplied by using the inner product and mutual energy formula.

Introduction

Symbol is the tools of the scientic communication of the scientist. Taking correct and simple symbol often can make the derivations and calculations much easier. Currently the fundamental formula of electromagnetic elds are expressed too complicated. This article try to simplify these formula.

The basic concepts

The electromagnetic eld and sources distribution can be written as

ζ = {E, H}, τ = {J , K} (109) 
In the formula, E, H,J and K are electric eld, magnetic eld, current intensity and magnetic current intensity respectively.

Conjugate led, conjugate source and conjugate media

Assume there is eld ζ and source τ in the space, which satises the Maxwell equations.

L • ζ = τ (110)
In the above formula, the operator L is dened as

L = -jω I 3 D -D -jωµI 3 (111) 
In the above formula, D is dened from D • A = ∇ × A. Here A is any vector, ω is frequency of simple harmonic oscillation. and µ are permittivity and permeability. Dene the conjugate eld, ζ † , conjugate source τ † and conjugate media, † , µ † , conjugate operator L † , which are respectively,

ζ † = {E * , -H * }; τ † = {-J * , K * } (112) † = * µ † = µ * (113) L † = -jω † I 3 D -D -jωµ † I 3 (114) 
In the above formula, * is complex conjugate. † are conjugate symbol for elds and sources. It is can be proven that the conjugate eld, source, and media satisfy Maxwell equations, i.e.,

L † • ζ † = τ † (115)

Conjugate transform

In the formula of electromagnetic eld, replacement the original variable ζ, , µ with ζ † , † , µ † is referred as conjugate transform. After the conjugate transform, the formula of electromagnetic eld is still established.

Generalized inner product on the curved surface

The inner product can be dened on the closed curved surface:

[ζ 1 , ζ 2 ] = " Γ (E 1 × H * 2 + E * 2 × H 1 ) • n dS (116) 
In the above formula,

ζ i = {E i , H i } ,i = 1, 2
, n is outside directing normal vector of the surface Γ . This inner product satises the inner product law [START_REF] Zheng | the analysis outline of the real function and functional. the people publishing rm[END_REF](The positive property is excluded, hence it is referred as generalized inner product).

Inner product produced by point multiplication

Assume η 1 , η 2 are two 6 dimension vector, (Note: It can be eld and also can be source.) dene, It can be proven that a similar mathematical formula like vector Green formula,

(η 1 , η 2 ) = V 6 i=1 η 1i η * 2i dv ( 
-[ζ 1 , ζ 2 ] Γ = ( Lζ 1 , ζ 2 ) v + (ζ 1 , Lζ 2 ) v (118) Proof: Let Lef t ≡ -[ζ 1 , ζ 2 ] Γ and Right ≡ ( Lζ 1 , ζ 2 ) v + (ζ 1 , Lζ 2 ) v Considering ∇ × H = J + ∂D ∇ × E = -∂B Considering ∂ -→ jω, B = µH, D = E, we have, ∇ × H = J + jω E ∇ × E = -jωµH or -jω E + ∇ × H = J -∇ × E -jωµH = 0 Dene L = -jω I 3 -D -D -jωµI 3 we have L[E, H] = [J, 0] Lζ 1 = -jω E 1 + ∇ × H 1 -∇ × E 1 -jωµH 1 ( Lζ 1 , ζ 2 ) = v (-jω E 1 • E * 2 + ∇ × H 1 • E * 2 -∇ × E 1 • H * 2 -jωµH 1 • H * 2 )dv Lζ 2 = -jω E 2 + ∇ × H 2 -∇ × E 2 -jωµH 2 ( Lζ 2 ) * = jω E * 2 + ∇ × H * 2 -∇ × E * 2 + jωµH * 2 (ζ 1 , Lζ 2 ) = v (jω E 1 • E * 2 + E 1 • ∇ × H * 2 -H 1 • ∇ × E * 2 + jωµH 1 • H * 2 )dv Right = ( Lζ 1 , ζ 2 ) v + (ζ 1 , Lζ 2 ) v = v (-jω E 1 • E * 2 + ∇ × H 1 • E * 2 -∇ × E 1 • H * 2 -jωµH 1 • H * 2 )dv + v (jω E 1 • E * 2 + E 1 • ∇ × H * 2 -H 1 • ∇ × E * 2 + jωµH 1 • H * 2 )dv = v (∇ × H 1 • E * 2 -∇ × E 1 • H * 2 + E 1 • ∇ × H * 2 -H 1 • ∇ × E * 2 )dv Considering, ∇ • (E 1 × H * 2 ) = ∇ × E 1 • H * 2 -E 1 • ∇ × H * 2 ∇ • (E * 2 × H 1 ) = ∇ × E * 2 • H 1 -E * 2 • ∇ × H 1 Hence, Lef t = -[ζ 1 , ζ 2 ] Γ = -v ∇ • (E 1 × H * 2 + E * 2 × H * 1 )dv = -v (∇ × E 1 • H * 2 -E 1 • ∇ × H * 2 + ∇ × E * 2 • H 1 -E * 2 • ∇ × H 1 )dv = v (-∇ × E 1 • H * 2 + E 1 • ∇ × H * 2 -∇ × E * 2 • H 1 + E * 2 • ∇ × H 1 )dv = v (∇ × H 1 • E * 2 -∇ × E 1 • H * 2 + E 1 • ∇ × H * 2 -H 1 • ∇ × E * 2 )dv = Right
Hence, we have Eq.(118).

L is dened at Eq.( 111), inside L, and µ is taken the real number. Utilizing

Eq.( 110), the following is obtained,

-[ζ 1 , ζ 2 ] Γ = (τ 1 , ζ 2 ) v + (ζ 1 , τ 2 ) v (119) 
The above formula is referred as the mutual energy formula by this author. It can written to details as, 21.4.2 The relationship between the mutual energy formula and the reciprocity theorem

- " Γ (E 1 × H * 2 + E * 2 × H 1 ) • ndS = v (J 1 • E * 2 + K 1 • H * 2 + E 1 • J * 2 + H 1 • K * 2 ) dv (120)
Making conjugate transform to all the variable with subscript 2, the following can be obtained

-[ζ 1 , ζ † 2 ] = (τ 1 , ζ † 2 ) v + (ζ 1 , τ † 2 ) (121) 
Written as details,

" Γ (E 1 × H 2 -E 2 × H 1 ) • ndS = v (J 1 • E 2 -K 1 • H 2 -E 1 • J 2 + H 1 • K 2 )dv (122) 
This is the Lorentz reciprocity theorem. In other hand, in the lossless media, making conjugate transform to all variable with subscript 2, the mutual energy formula can be obtained.

The modied mutual energy theorem

In the case of the anisotropic medium or double the anisotropic medium, it uses the constitutive relation in reference [START_REF] Kong | Electromagnetic eld. the people publishing rm[END_REF] CEH to describe 

Cc EH = ¯ c ᾱc βc μc = ¯ t -ᾱ t -βt μt ( 124 
)
C+ EH = ¯ + ᾱ+ β+ μ+ = ¯ * -ᾱ * -β * μ * (125) Cd EH = ¯ d ᾱd βd μd = ¯ t * ᾱt * βt * μt * ( 126 
)
where t is the matrix transpose. The corresponding Maxwell's operators are written as L, Lc , L+ , Ld , i.e., 118), in the double anisotropic media, the following formula is established

Lf

-[ζ 1 , ζ 2 ] Γ = ( Lζ 1 , ζ 2 ) v + (ζ 1 , Ld ζ 2 ) v (129) Using ζ d
2 to replace ζ 2 , and utilizing the Eq(128) we can obtain,

-[ζ 1 , ζ d 2 ] Γ = (τ 1 , ζ d 2 ) v + (ζ 1 , τ 2 ) v (130) 
The above formula is referred as modied mutual energy theorem by this author.

It can be written as details as following,

-

" Γ (E 1 × H d 2 -E d 2 × H 1 ) • ndS = v (J 1 • E d 2 -K 1 • H d 2 -E 1 • J 2 + H 1 • K 2 ) dv (131) 
Make a conjugate transform to the above variable with subscripts 2, and considering that ( Cd EH ) + = Cc EH , i.e., the conjugate transform of the complementary conjugated media are complementary media, we can obtain,

" Γ (E 1 × H c 2 -E c 2 × H 1 ) • ndS = v (J 1 • E c 2 -K 1 • H c 2 -E 1 • J 2 + H 1 • K 2 )dv (132) 
This is the modied reciprocity theorem [START_REF] Kong | Electromagnetic eld. the people publishing rm[END_REF].

The symmetrical media and lossless media

If the medium CEH is same with their complementary medium, i.e., CEH = Cc EH , this medium is referred as symmetrical medium. If the medium CEH is same with their complementary conjugated medium, i.e., CEH = Cd EH , this medium is referred as lossless medium. The reciprocity theorem Eq(122) is 

τ s1 = {n (-) × H 1 , -n (-) × E 1 } (133) 
The mutual energy theorem Eq.( 119) can be written as following,

-(τ s1 , ζ 2 ) Γ = (τ 1 , ζ 2 ) V + (ζ 1 , τ 2 ) V (134) 
Where we assume τ 1 = {J 1 , K 1 }, τ 2 = {qδ(x -x p ), 0}, and the produced elds,

ζ 1 = {E 1 , H 2 } and ζ 2 = {E 2 , H 2 }, see gure 3.
Since τ 2 = {qδ(x -x p ), 0}, x p is at inside V , q is a arbitrary unit vector. δ is Dirac function, substituting τ 2 to Eq.(134) there is,

q • E 1 = -(τ s1 , ζ 2 ) Γ -(τ 1 , ζ 2 ) V (135)
This is the Huygens' principle, written as details, it become,

q • E 1 = - " Γ (n (-) × H 1 • E * 2 -n(-) × E 1 • H * 2 ) dS -V (J 1 • E * 2 + K 1 • H * 2 ) dv (136)

Dyadic vector Green function

Assume ḡ is a 6 × 6 Second order tensor and satisfy,

L • ḡ = I 6 δ(x -x p ) (137) 
L is dened in Eq.( 111). ḡ is 6 dimension dyadic Green function, write τ = I 6 δ(x -x p ), similar to before there is

-[ζ 1 , ḡ] Γ = (τ 1 , ḡ) V + (ζ 1 , τ ) V (138)
in the formula n directed to the outside of the volume V , and

[ζ 1 , ḡ] Γ = " Γ n • (E 1 × H * + H 1 × Ē * ) dS (139) 
In the above Ē , H are the sub-matrix of ḡ, there is ḡ = [ Ē H ], and

(τ 1 , ḡ) V = V (J 1 • E * + K 1 • H * ) dv (140) 
There is similar denition for (ζ 1 , τ ) V . Utilizing the denition of τ , the Eq.( 138) can be written as

ζ 1 (x p ) = -[ζ 1 , ḡ] -(τ 1 , g) V (141) 
Making conjugate transform to the above formula, there is,

ζ 1 (x p ) = -[ζ 1 , ḡ+ ] Γ -(τ 1 , ḡ+ ) V (142) 
In the above formula ḡ+ = Ē * -H * . The above formula is referred as 6 dimension dyadic vector Green theorem. Eq.( 141) can be used to calculate the led inside Γ . If the source of ζ 1 and ḡ are all inside the volume V , it can be proven that the rst item of the last formula vanishes, i.e., [ζ 1 , ḡ+ ] Γ = 0. Hence there is,

ζ 1 (x p ) = -(τ 1 , ḡ+ ) V (143) ḡ = -jωµ Ḡ ∇ × Ḡ ∇ × Ḡ -jω Ḡ (144) where Ḡ = (I 3 + 1 k 2 ∇∇) G 0 , G 0 = e -jkr /(4πr), k = ω √ µ, r = ||x -x p ||.

Conclusion

Utilizing the mutual energy formula, some important electromagnetic eld formula can be expressed as very compact form, this way is very helpful to the understanding, memorizing and programming. [START_REF] Everett | Relative state formulation of quantum mechanics[END_REF] The application of the mutual energy formula of the electromagnetic elds in the expansions of the plane waves

Abstract

Mutual energy formula is applied to the theory of expansion of radiation eld in plane waves. The dierences of the transmissive wave and evanescent wave in orthogonality are discussed. The formula for expansion of plane waves with a known current distribution has been given. A problem to determine the inner eld of an area in which the tangential elds of partial border have been known has been solved.

Introduction

The plane wave expansion with Fourier transform has been widely applied to the near eld measurement, the calculation of the scattered elds. The current theory of the expansion of the plane wave does not discuss the method how to nd the expansion coecient for a known current distribution and also does not oer a deep understanding to the evanescent waves. This article plane to solve these problems.

To the region there are no sources, the eld can be found by knowing the eld on the boundary of that region. But in some special situation the eld can also be calculated without know all of the boundary. The research results about orthogonality of the transmissive waves and evanescent waves oers a good solution to this problem. This article is the sequel of the reference [START_REF] Shuang Ren Zhao | The application of mutual energy theorem in expansion of radiation elds in spherical waves[END_REF], all the reference to [START_REF] Shuang Ren Zhao | The application of mutual energy theorem in expansion of radiation elds in spherical waves[END_REF] will not show again.

22.3

The form of the plane wave and their orthogonality 22.3.1 The plane wave form are following

ζ (i) λ = {E (i) λ , H (i) λ } ( 145 
)
where i take the value +,-, λ can be all subscripts: i, k x , k y and,

E (i) λ = E (i) lkxky = M (i) kxky ( r), i = 1 N (i) kxky ( r), i = 2 (146) H (i) λ = H (i) lkxky = 1 η N (i) kxky ( r), i = 1 1 η M (i) kxky ( r), i = 2 (147) M (i) kxky (r) = ∇ × (ẑψ (i) kxky ( r)) (148) N (i) kxky (r) = 1 k ∇ × ∇ × (ẑψ (i) kxky ( r)) (149) ψ (i) kxky ( r) = exp(-j k (i) • r) (150) k (±) = k x x + k y ŷ ± γ ẑ (151) γ =    k 2 -k 2 x -k 2 y , k 2 x + k 2 y ≤ k 2 -j k 2 x + k 2 y -k 2 k 2 x + k 2 y > k 2 (152) 
In the above formula, η = (µ/ , r is the position vector of the point (x, y, z) in Cartesian coordinates. x, ŷ, ẑ are base vector of the Cartensian coordinates. k x k y are x and y component of the wave vector k

(i) , k = || k (i)
|| are wave number of the space. In the case k 2

x + k 2 y < k 2 it is transmissive wave, in case k 2
x +k 2 y > k 2 it is evanescent wave. If i takes positive value, the wave are positive transmissive or evanescent wave along z; in other side if i take negative value, it is wave in the negative direction.

The plane wave satises orthogonality

In the case k 2

x + k 2 y ≤ k 2 , there is,

[ζ (±) λ , ζ (±) λ ] Γ0 = ±Rδ λλ (153) [ζ (±) λ , ζ (∓) λ ] Γ0 = 0 (154) I the case k 2 x + k 2 y > k 2 , there is, [ζ (±) λ , ζ (±) λ ] Γ0 = 0 (155) [ζ (±) λ , ζ (∓) λ ] Γ0 = ±Rδ λλ (156) where R = 8π(k 2 x +k 2 y )r ηk , δ λλ = δ ii δ(k x -k x )δ(k y -k y ), i = 1, 2. The inner product dened at the plane of z = 0: Γ 0 , [ζ 1 , ζ 2 ] = ∞ -∞ dxdy (E 1 × H * 2 + E * 2 × H 1 ) • ẑ (157) 
Eq.(153,154,155,156) can be simplied as 

[ζ (±) λ , ζ (∓) † λ ] Γ0 = ±Rδ λλ (158) [ζ (±) λ , ζ (±) † λ ] Γ0 = 0 (159) Where the subscript λ = i(-k x )(-k y ),
ζ = λ A λ ζ (+) λ = 2 j=1 ∞ -∞ ∞ -∞ dk x dk y A jkxky ζ (+) jkxky (160) 
where

λ = 2 j=1 ∞ -∞ ∞ -∞ dk x dk y (161)
Apply the relationship of the orthogonality, the expansion coecients can be obtain,

A λ = 1 R [ζ, ζ (-) † λ ] Γ0 = - 1 R ∞ -∞ ∞ -∞ dxdy(E × H (-) λ -E (-) λ × H) • dz (162)

The current distribution is known

Assume the current distribution is J in the region of z < 0, nd the eld ζ at the region of z > 0 and its plane wave expansion coecients. Taken the plane z = z 1 as Γ 1 , choosing z 1 so that the current distribution are at the region z 1 < z < 0. Taking the origin O as the center of sphere Γ R which has the radio R.

Hence Γ 1 , Γ R Γ 0 produce a complete surface Γ = Γ 0 + Γ R + Γ 1 .
Consider that the region inside the surface Γ as V . In the surface the unit normal vector are n1 ,n 0 ,n R . The source J and the surface Γ can be seen in Figure 4.

Since the inner product [ζ, ζ (-) † λ
] at the above of Γ R when R → ∞, approach to zero. It takes zero on the surface Γ 1 (because of the relation of the orthogonality, see Eq.( 159)), hence there is, Figure 4: Surface Γ 1 ,Γ R ,Γ 0 and the source J .

A 1 = 1 R [ζ, ζ (-) † λ ] Γ0 = 1 R [ζ, ζ (-) † λ ] Γ = - 1 R V JE (-) λ dV (163) 
In the above formula the last step utilized the mutual energy theorem or reciprocity theorem. the above formula can be written as

A 1kxky = - 1 R ẑ <0 J • M (-) (-kx)(-ky) dV (164) 
A 2kxky = - 1 R ẑ <0 J • N (-) (-kx)(-ky) dV (165) 
22.5 Find the eld inside the region by knowing the le in the boundary Assume the source τ distributed at z < 0, and τ is the source of the eld ζ.

Assume we have measured the eld at the big half sphere Γ R . Here the radio of the sphere R has been taken as enough big, hence on the surface Γ 0 where x 2 + y 2 > R, there is ẑ 22.6 Find the eld inside the region by knowing the eld in the boundary Assume the eld ζ and the source τ distributed at inside of the region of z < 0.

Assume we have measured the eld at z > 0 and at the big half sphere Γ R . Here the radio of the sphere R has been taken as enough big, hence on the surface Γ 0 where x 2 + y 2 > R, there the eld ζ is almost as zero. The volume between the sphere surface Γ 0 and the half space z > 0 is written as V 1 . Now let us to nd the eld at a point x p . The distribution of the source τ , the surface Γ 0 , Γ R and the point x p can be seen in Figure 5.

In the point x p there is the source τ 2 = {J 2 , 0}, J 2 = qδ(x -x p ), where q is arbitrary unit vector. In the mutual energy formula,

[ζ, ζ 2 ] Γ = (ζ, τ 2 ) V1 = E(x p ) • q (166)
Γ is the close surface built by the plane Γ 0 and the half surface Γ R (with z > 0). That means, Γ = Γ 0 + Γ R -Γ 0 . Here Γ 0 is the region in the xy plane Γ 0 where x 2 +y 2 > R 2 . In the above formula the unit vector n0 ,n R is point to the inside of Γ. Considering that the eld ζ is almost zero at Γ 0 , hence in the above formula we have Γ = Γ 0 + Γ R . The eld at the surface Γ 0 produce by the current distribution τ = {J , 0} and τ 2 can be expanded as, 

ζ = ζ + ζ" = k 2 x +k 2 y <k 2 A (+) λ ζ (+) λ + k 2 x +k 2 y >k 2 A (+) λ ζ (+) λ (167) 
ζ 2 = ζ 2 + ζ" 2 = k 2 x +k 2 y <k 2 B (+) λ ζ (+) λ + k 2 x +k 2 y >k 2 B (+) λ ζ (+) λ ( 
[ζ, ζ 2 ] Γ0 = [ζ , ζ 2 ] Γ0 + [ζ", ζ" 2 ] Γ0 (169) 
From Eq.(154) we know,

[ζ , ζ 2 ] = 0 (170)
If we choose the point x p = (x p , y p , z p ), let z p λ, and λ is the wave length.

in the surface Γ 0 have ζ" 2 ∝ z p • e - √ k 2 x +k 2 y -k 2 -→ 0. In this time we have, [ζ", ζ 2 "] Γ0 0 (171) 
Apply Eq.(170,171), the surface Γ 0 in the formula Eq.( 166) is changed to Γ R , we have, According this, we can measure the eld at point x p which is on the surface Γ R with z > 0, the above formula is established if R and z p are enough big. If the two condition is not satised, the calculation will increased.

q • E(x p ) = [ζ, ζ 2 ] Γ R = " x 2 +y 2 =R 2 ,z≥0 (E × H * 2 + E * 2 × H)(-r)dS (172) 
If the 6 dimension Green function is applied, using the same proof, the eld can be expressed as,

ζ(x p ) = [ζ, g] Γ R (173)
Applied Huygens principle, the eld can be written as,

ζ(x p ) = -(τ s , g) Γ R (174)
where τ s = {n R × H, -n R × E}, and nR = -r, i.e. nR directing to the center of the sphere.

conclusion

For the plane wave, it is often need to treat the transmissive wave and evanescent wave. In this case the orthogonal relation Eq.(153...156) and mutual energy formula is more convenient. Apply the reference [START_REF] Shuang Ren Zhao | The application of mutual energy theorem in expansion of radiation elds in spherical waves[END_REF] 

Abstract

The goal of this series articles is to derive the mutual energy theorems, the reciprocity theorems from Poynting theorems, instead of from Maxwell equations.

In this way the mutual energy theorems and the reciprocity theorems becomes real energy theorems. In order to realize this purpose rst we need to review all transforms for electromagnetic elds. There are magnetic mirror transform, time and media reverse transform, time oset transform, space oset transform, electric and magnetic swapping transform, conjugate transform. We also proved that advanced potential and retarded potential will exchange after some of the above transforms. All these transforms will be applied to our following theory about the concept of mutual energy which is the foundation to derive mutual energy theorem from Poynting theorem.

Introduction

In electromagnetic eld theory, there are two most important theorem which is the Poynting theorem [START_REF] Poynting | On the transfer of energy in the electromagnetic eld[END_REF],

-

" S (E × H) • n dS = V (J • E + K • H + E • ∂B + H • ∂B) dV (175)
which is energy conservation theorem and the Lorentz reciprocity theorem [START_REF] Lorentz | The theorem of poynting concerning the energy in the electromagnetic eld and two general propositions concerning the propagation of light[END_REF][START_REF] Carson | Reciprocal theorems in radio communication[END_REF][START_REF] Carson | The reciprocal energy theorem[END_REF][START_REF]Reciprocity in electromagnetic, mechanical, acoustical, and interconnected systems[END_REF],

" S (E 1 × H 2 -E 2 × H 1 ) • ndS = V (J 1 • E 2 -J 2 • E 1 -K 1 • H 2 + K 2 • H 1 ) dV (176)
which solve the problem of the receiving antenna and transmitting antenna.

We known that the reciprocity theorem is close related to Poynting theorem. The two theorems look similar, J.R. Carson has called the reciprocity theorem as Reciprocal energy theorem in the reference [START_REF] Carson | The reciprocal energy theorem[END_REF]. But until now the two theorems are still two dierent theorems derived from Maxwell equations respectively. We try to nd the bridge between them.

Many eorts try to reveal the relationship between the reciprocity theorem and Poynting theorem have been done. V. H. Rumsey proposed the concept of the reaction [START_REF] Rumsey | Reaction concept in electromagnetic theory[END_REF] in 1954 which is related to Lorentz reciprocity theorem. But what is the concept of the reaction behind scene? He did not tell us more deeply. W.J. Welch has derived a reciprocity theorem [START_REF] Welch | Reciprocity theorems for electromagnetic elds whose time dependence is arbitrary[END_REF] in 1960. Welch has derived another reciprocity theorem in 1961 [START_REF] Welch | Comment on reciprocity theorems for electromagnetic elds whose time dependence is arbitrary[END_REF]. Rumsey has derived a another reciprocity theorem in 1963 [START_REF] Rumsey | A short way of solving advanced problems in electromagnetic elds and other linear systems[END_REF]. S. N. Samaddar suggest a reciprocity theorem and applied it to solve wave expansion problems in 1964 [START_REF] Samaddar | Orthogonality properties of modes in a compressible partially ionized plasma[END_REF] in plasma media. The corresponding time-domain theory of the reciprocity theorem [START_REF] Lorentz | The theorem of poynting concerning the energy in the electromagnetic eld and two general propositions concerning the propagation of light[END_REF][START_REF] Carson | Reciprocal theorems in radio communication[END_REF][START_REF] Carson | The reciprocal energy theorem[END_REF][START_REF]Reciprocity in electromagnetic, mechanical, acoustical, and interconnected systems[END_REF][START_REF] Rumsey | Reaction concept in electromagnetic theory[END_REF] is the time-convolution reciprocity theorem [START_REF] Goubau | A reciprocity theorem for non-periodic elds[END_REF][START_REF] Ru Shao Cheo | A reciprocity theorem for electromagnetic elds with general time dependence[END_REF] derived by G. Goubau in 1960 and B. Ru-shao Cheo in 1965. The further development of the time-convolution reciprocity theorem can be found [START_REF] Adrianus | Reciprocity, Causality, and Huygens' Principle in electromagnetic wave theory[END_REF][START_REF] Karlsson | Constitutive relations, dissipation and reciprocity for the Maxwell equations in the time domain[END_REF]. J. A. Kong oers the details of conjugate transform and the concept of the modied reciprocity theorem [START_REF] Au | Theorems of bianisotropic media[END_REF][START_REF] Au | Theory of electromagnetic waves[END_REF] in 1972. In the modied reciprocity theorem the (permittivity) and µ (permeability) of two electromagnetic elds appeared in the reciprocity theorem are allowed to be dierent. Norbert N. Bojarski has further developed the Welch's reciprocity theorem in 1983 [START_REF] Bojarskbi | Generalized reaction principles and reciprocity theorems for the wave equations, and the relationship between the timeadvanced and time-retarded elds[END_REF]. Shuang-Ren Zhao proposed the mutual energy theorem and modied mutual energy theorem in May of 1987 [START_REF] Shuang Ren Zhao | The application of mutual energy theorem in expansion of radiation elds in spherical waves[END_REF]. The derivation of the mutual energy theorem is based on modied Lorenz reciprocity theorem [START_REF] Lorentz | The theorem of poynting concerning the energy in the electromagnetic eld and two general propositions concerning the propagation of light[END_REF][START_REF] Carson | Reciprocal theorems in radio communication[END_REF][START_REF] Carson | The reciprocal energy theorem[END_REF][START_REF]Reciprocity in electromagnetic, mechanical, acoustical, and interconnected systems[END_REF][START_REF] Rumsey | Reaction concept in electromagnetic theory[END_REF][32] and the conjugate transform [START_REF] Au | Theory of electromagnetic waves[END_REF]. The mutual energy theorem is dened in Fourier domain or complex domain and is further developed in the reference [START_REF] Zhao | The simplication of formulas of electromagnetic elds by using mutual energy formula[END_REF][START_REF] Zhao | The application of mutual energy formula in expansion of plane waves[END_REF]. Compare to the Rumsey's formula, in the mutual energy theorem there is an item of the surface integral which dose not vanish. The surface integral has been applied to dene an inner product of electromagnetic elds on the surface and hence to solve the wave expansion problems. Welch's reciprocity theorem [START_REF] Welch | Reciprocity theorems for electromagnetic elds whose time dependence is arbitrary[END_REF][START_REF] Bojarskbi | Generalized reaction principles and reciprocity theorems for the wave equations, and the relationship between the timeadvanced and time-retarded elds[END_REF] is further developed by A. T. de Hoop in December 1987 to become the so called time-correlation reciprocity theorem [START_REF] Adrianus | Time-domain reciprocity theorems for electromagnetic elds in dispersive media[END_REF] . de Hoop's time-correlation reciprocity theorem can be seen as the mutual energy theorem [START_REF] Shuang Ren Zhao | The application of mutual energy theorem in expansion of radiation elds in spherical waves[END_REF] in time-domain instead of in the Fourier domain.

Welch's reciprocity theorem is a special situation of the time-correlation reciprocity theorem where the time variable τ = 0. By the way in the theorem of de Hoop [START_REF] Adrianus | Time-domain reciprocity theorems for electromagnetic elds in dispersive media[END_REF] the surface integral appeared but has been thought that it will vanish on the innite sphere. Baun has a book [START_REF] Baum | Electromagnetic Symmetry. Taylor and Francis[END_REF] in 1995 which systematically introduced reciprocity theorems. The reference [START_REF] Marcuse | Coupled-mode theory for anisotropic optical waveguides[END_REF][START_REF] Barybin | Modal expansions and orthogonal complements in the theory of complex media waveguide excitation by external sources for isotropic, anisotropic, and bianisotropic media[END_REF] solved the wave expansion problem directly from Maxwell equations which is close related to the problem the mutual energy theorem can solve.

Later the mutual energy theorem has been rediscovered and has been referred as the second reciprocity theorem [START_REF] Petrusenko | The lost second lorentz theorem in the phasor domain[END_REF] in 2009. In this second reciprocity theorem the surface integral was also thought to be vanish on the innite big sphere.

Application of reciprocity theorem and mutual energy theorem can also be found in the examples [START_REF] Johnson | Adiabatic theorem and continuous coupled-mode theory for ecient taper transitions in photonic crystals[END_REF][START_REF] Barybin | Excitation theory for space-dispersive active media waveguides[END_REF][START_REF] Carozzi | Complex poynting theorem as a conservation law[END_REF][START_REF] Chen | Reciprocity in electromagnetics[END_REF]. There are a few reference discussed the relationship between Poynting theorem and reciprocity theorem [START_REF] Chuang | A coupled-mode theory for multiwaveguide systems satisfying the reciprocity theorem and power conservation[END_REF][START_REF] Polat | On poynting's theorem and reciprocity relations for discontinuous elds[END_REF][START_REF] Cho | A new look at reciprocity and energy conservation theorems in electromagnetics[END_REF]. However they only discussed them together and did not oer the direct relationship between the two theorems. The reference [START_REF] Au | Theorems of bianisotropic media[END_REF] discussed the reciprocity theorem in bi-anisotropic media.

There is a concept mixed Poynting vector [START_REF] Fragstein | The history of the mixed poynting vector[END_REF][START_REF] Macleod | The mixed poynting vector[END_REF] which is close related to the concept mutual energy and Poynting vector. Chen-To Tai has derived the complementary reciprocity theorem [START_REF] Tai | Complementary reciprocity theorems in electromagnetic theory[END_REF].

The contribution of this article

In this article we will review the transforms of electromagnetic eld, which are: the magnetic mirror transforms, the magnetic mirror conjugate transform; We have modied the time reversed transform. The new transform is referred as the time-media reversed transform. Originally time reversed transform does not satisfy Maxwell equations. After the modication it does. We also discuss the time-media reverse conjugate transform; We also introduced the electromagnetic swapping transform which can exchange magnetic eld to electric eld and vice versa. We also proved that advanced potential and retarded potential will exchange after some of the above transforms.

The electromagnetic eld after above mentioned transform should also satisfy the Poynting theorem. We will extend Poyntingting theorem so that it can include all the above transformed elds. All dierent transformed eld can be added together to form a superposed eld. In the superposed eld the eld from dierent space, dierent time, retarded potential and advanced potential all can be added. Even electric eld can added with magnetic eld. 25.4 The transform of electromagnetic led

Media reverse transform

Assume n is negative media transform. ζ = [E(t), H(t), J (t), K(t), (t), µ(t)] is electromagnetic system and satises Maxwell equations.

ζ n = [E n , H n , J n , K n , n , µ n ]
is the transformed electromagnetic system. ζ n = nζ. The negative media trans-form is deed as following.

ζ n ≡ nζ n = [E(t), H(t), J (t), K(t), -(t), -µ(t)] (177)
After the above transform the eld does not satisfy Maxwell equations but it satises a due of Maxwell equations. They can be referred as time-reversed Maxwell equations,

∇ × H(t) = J (t) -∂( (t) * E(t)) (178) ∇ × E(t) = -K(t) + ∂(µ(t) * E(t)) (179)
where the symbol * means convolution.

Time reverse transform

Assume q is time reversed transform [START_REF] Altman | Reciprocity, Spatial Mapping and Time Reversal in Electromagnetics[END_REF], ζ = [E(t), H(t), J (t), K(t), (t), µ(t)] is electromagnetic system and satises Maxwell equations. ζ q = [E q , H q , J q , K q , q , µ q ] is the transformed electromagnetic system. ζ q = qζ, or

ζ q ≡ qζ = [E(-t), H(-t), J (-t), K(-t), (-t), µ(-t)] (180) 
It can be proved that if the electromagnetic eld ζ satised Maxwell equations, the time-reversed electromagnetic eld ζ r is also satises the time reversed Maxwell equations Eq.(178,178).

The above formula are time-reversed Maxwell equations. It is worth to notice that they are not Maxwell equations (see the minus sign). They are equations look very close to Maxwell equations.

Time-media reversed transform

The above time reversed transform has been applied to produce a few reciprocity theorems [START_REF] Samaddar | Orthogonality properties of modes in a compressible partially ionized plasma[END_REF] [START_REF] Bojarskbi | Generalized reaction principles and reciprocity theorems for the wave equations, and the relationship between the timeadvanced and time-retarded elds[END_REF]. It is worth to say, even the time-reverse transformed eld does not satisfy the Maxwell equations (it satises reversed Maxwell equations which is not Maxwell equations) , but if we put the minus sign insider the media, i.e., dene

n (t) = -(t), µ n (t) = -µ(t) (181) 
or dene a new transform which combines the time reverse transform with media reverse transform

r = q n (182)
r is referred as time-media reverse transform which is

ζ r ≡ rζ = [E(-t), H(-t), J (-t), K(-t), -(-t), -µ(-t)] (183) 
We can prove that ζ r = [E r (t), H r (t), J r (t), K r (t), r (t), µ r (t)] satises the Maxwell equations as following

∇ × H r (t) = J r (t) + ∂( r (t) * E r (t)) (184) ∇ × E r (t) = -K r (t) -∂(µ r (t) * H r (t)) (185) 
Hence even the eld after both media reverse transform n and time reverse transform q both do not satisfy Maxwell equations but the eld after a transform which is the multiplication of these two transform do satisfy Maxwell equations.

Magnetic mirror transform

Assume h is magnetic mirror transform [START_REF] Altman | Reciprocity, Spatial Mapping and Time Reversal in Electromagnetics[END_REF] 

ζ h ≡ hζ = [E(-t), -H(-t), -J (-t), K(-t), (-t), µ(-t)] (186) 
ζ h = hζ, it can bde easily proven that ζ = hζ h , i.e., ζ = [E h (-t), -H h (-t), -J h (-t), K h (-t), h (-t), µ h (-t)] (187) 
It can be proved that if the electromagnetic eld ζ satised Maxwell equations, the magnetic mirror transformed eld ζ h also satises the Maxwell equations.

Hence an electromagnetic elds after the magnetic mirror transform, it is stall electromagnetic eld satisfying Maxwell equations. 

g(t) = F -1 {G(ω)} ≡ 1 2π ∞ -∞ G(ω) exp(jωt) dt (189) Hence g(-t) = 1 2π ∞ -∞ G(ω) exp(-jωt) dt = ( 1 2π ∞ -∞ G * (ω) exp(jωt) dt) * (190) Considering g(-t) is a real function g(-t) = g * (-t) = 1 2π ∞ -∞ G * (ω) exp(jωt) dt = F -1 {G * (ω)} (191) 
Hence, F {g(-t)} = G * (ω), g(-t) → G * (ω), Here → means Fourier transform. The the time-reversed transform in Fourier domain is referred as the time-reverse conjugate transform.

Assume r is time-media reverse conjugate transform [START_REF] Altman | Reciprocity, Spatial Mapping and Time Reversal in Electromagnetics[END_REF], ζ = [E(ω), H(ω), J (ω), K(ω), (ω), µ(ω)] is electromagnetic system and satises Maxwell Equation.

[E r , H r , J r , K r , r , µ r ] is the transformed electromagnetic system. ζ r = rζ, or ζ r (ω) ≡ rζ(ω) = [E * (ω), H * (ω), J * (ω), K * (ω), - * (ω), -µ * (ω)] (192) There is ζ(ω) = rζ r (ω) = [E * r (ω), H * r (ω), J * r (ω), K * r (ω), - * r (ω), -µ * r (ω)] (193) 
It should be mention here that we have dene the above transform with negative media: - * (ω), -µ * (ω), which is key to make the result after the transform still a electromagnetic eld. That can be proved in the following.

Assume ζ = [E(ω), H(ω), J (ω), K(ω), D(ω), B(ω)] satises following Maxwell Equation Eq. (194,195).

∇ × H = J + jω E (194) ∇ × E = -K -jωµH (195) ∇ × H * r = J * + (jω)(- * r )E * r (196) ∇ × E * r = -K * r -(jω)(-µ * r )H * r (197) or ∇ × H r = J r + jω r E r (198) ∇ × E r = -K r -jωµ r H r (199) 
Hence [E r , H r ] is the solution of Maxwell equations with the current [J r , K r ] and media [ r , µ r ]

The magnetic mirror conjugate transform

Considering F {f (-t)} = f * (ω) which F {•} is Fourier transform, tn Fourier domain (or complex space), the magnetic mirrored transform become conjugate transform [START_REF] Au | Theory of electromagnetic waves[END_REF][START_REF] Au | Theorems of bianisotropic media[END_REF].

Assume h is magnetic mirrored transform [START_REF] Altman | Reciprocity, Spatial Mapping and Time Reversal in Electromagnetics[END_REF], ζ = [E(t), H(t), J (t), K(t), (t), µ(t)] is electromagnetic system and satises Maxwell Equation. ζ h (t) = [E h (t), H h (t), J h (t), K h (t), h (t), µ h (t)] is the mirror transformed electromagnetic eld, The corresponding conjugate transform is dened 

as following ζ h (ω) = hζ(ω), or ζ h (ω) ≡ ζ(ω) = [E * (ω), -H * (ω), -J * (ω), K * (ω), * (ω), µ * (ω)] (200) Since ζ h = hζ, it can be easily proven that there is ζ = hζ h , or ζ(ω) ≡ ζ h (ω) = [E * h (ω), -H * h (ω), -J * h (ω), K * h (ω), * h (ω), µ * h (ω)] (201) 
∇ × H s = J s + jω s E s (207) ∇ × E s = -K s -jωµ s H s (208) 
After the substituting ζ = sζ s we have

∇ × (bE s ) = cK s + jωeµ s aH s (209) 
∇ × (aH s ) = -dJ s -jωf bE s

or

∇ × E s = c b K s + ea b jωµ s H s (211) ∇ × H s = - d a J s - f b a jω s E s (212) 
Compare with the Maxwell equations Eq.(207,208), we found that the constant should following

c b = -1, - d a = 1, ea b = -1, - f b a = 1, (213) 
or we have 

c = -b, d = -a, e = - b a , f = - a b ( 

E, ZH

where

Z = µ 0 0 (221) 
Hence we can just take

a = Z (222) 
From the above discussion we can nd that if we take

b = 1 a = 1 Z (223) further we have c = - 1 Z , d = -Z, e = - 1 Z 2 , f = -Z 2 (224) 
That means that

ζ s = sζ = [ZH, 1 Z E, - 1 Z K, -ZJ , - 1 Z 2 µ, -Z 2 ] (225) 
Now we verify that if ζ satises Maxwell equations, after the above swapping transform, ζ s also satises the Maxwell equations. Poof:

ζ = sζ s = [ZH s , 1 Z E s , - 1 Z K s , -ZJ s , - 1 Z 2 µ s , -Z 2 s ] (226) 
ζ satises Maxwell equations in Fourier domain,

∇ × H = J + jω E (227) ∇ × E = -K -jωµH (228) 
substitute Eq.( 226) we have

∇ × ( 1 Z E s ) = (- 1 Z K s ) + jω(- 1 Z 2 µ s )(ZH s ) (229) ∇ × (ZH s ) = -(-ZJ s ) -jω(-Z 2 s )( 1 Z E s ) (230) 
or

∇ × E s = -K s -jωµ s H s (231) ∇ × H s = J s + jω s E s (232) 
That means ζ s also satises the Maxwell equations.

25.5 Advanced potential and retarded potential 

H or B. [A h (t), φ h (t), J h (t), K h (t), h (t)] ≡ h[A(t), φ(t), J (t), K(t), (t)] = [-A(-t), φ(-t), -J (-t), K(-t), (-t)] (236) 
It can be proven that the calculated E h (t) = -∇φ h -∂A h , H h (t) = ∇ × A h satises the magnetic mirrored transform Eq.( 186). Here h is magnetic mirror transform. We need to prove that 1)

E h (t) = E(-t) (237) 2) H h (t) = -H(-t) (238) 3) ∇ • J h + ∂ h = 0 (239)
Hence, guarantees the magnetic transformed eld [E h (t), H h (t)] satises the Maxwell equations Eq. (194,195). It also guarantees the current continue function still satises.

Proof: After the magnetic mirror transform, the time t is changed to -t and the ∂ t change to -∂ -t = -∂ τ , here τ = -t that is For example 1)

E h (t) = -∇φ h -∂ t A h = -∇φ(-t) -∂ t (-A(-t)) = -∇φ(-t) -∂ -t (A(-t)) = (-∇φ(τ ) -∂ τ A(τ ))| τ =-t = E(τ )| τ =-t = E(-t) (240) 2) B h = ∇ × A h = ∇ × ((-1)A(-t)) = -∇ × A(-t) = -B(-t) (241) Hence B h = -B(-t) = -(µ(τ ) * H(τ ))| τ =-t = -µ(-t) * H(-t)) = µ h * (-H(-t)) (242) * is convolution. Considering, B h = µ h * H h , Hence we have H h = -H(-t) (243) 3) ∇ • J h + ∂ h = ∇ • (-J (-t)) + ∂ t (-t)) = ∇ • (-J (-t)) -∂ -t (-t)) = -(∇ • J (-t) + ∂ -t (-t)) = -(∇ • J (τ ) + ∂ τ (τ )) = 0 (244)
In the above proof τ = -t has been used. Proof nish. Hence h transform Eq.( 236) is correct.

Advanced potential and retarded potential

In empty space the retarded potential is widely accept which are following,

E r = -∇φ r -∂A r (245) B r = ∇ × A r (246) φ r (x, t) = 1 4π 0 V (x , t r ) |x -x | dV (247) A r (x, t) = µ 0 4π V J (x , t r ) |x -x | dV (248) t r = t - |x -x | c ( 249 
)
Where c is the speed of light wave in empty space. Here K = 0 is also assumed.

There is corresponding advanced potential, where

E a = -∇φ a -∂A a (250) 
B a = ∇ × A a (251) φ a (x, t) = 1 4π 0 V (x , t a ) |x -x | dV (252) A a (x, t) = µ 0 4π V J (x , t a ) |x -x | dV (253) t a = t + |x -x | c (254) 
The above electromagnetic eld ζ r = [E r , H r , J r , K r , r , µ r ] is the corresponding eld of the retarded potential. ζ a = [E a , H a , J a , K a , a , µ a ] is the corresponding eld of the advanced potential. In the above we can assume that J r = J a = J , r = a = , µ r = µ a = µ. That means for the electric current J and media , µ, the superscript r and a can be dropped.

If the electric current or magnetic current ρ = [J , K] sending electromagnetic wave out, ρ r = [J r , K r ] is the source. If the electric current or magnetic current ρ a = [J a , K a ] receiving electromagnetic wave, ρ a = [J a , K a ] is the sink. The retarded potential is the electromagnetic eld ξ r = [E r , H r ] transmitting from the source ρ r = [J r , K r ]. The advanced potential is the electromagnetic eld ξ = [E a , H a ] receiving by the sink ρ a = [J a , K a ]. Advanced potential and retarded potential are all normal electromagnetic eld which satises the Maxwell equations. In next subsection we will shown that the eld of advanced potential is magnetic mirror transformed transformed eld.

Here the mirror transformed eld and time reversed eld are dierent. Mirror transformed elds still satisfy the Maxwell equations and hence is a normal electromagnetic eld. But the original time reversed eld does not satisfy the Maxwell equations, it satises the time-reversed Maxwell equations Eq.(184, 185) which is very close to Maxwell equations. It is noticed if the minus sign is put to the media, the eld after the time-reversed transform is still satises the Maxwell equations. Time reversed transform can be apply to derive some reciprocity theorems [START_REF] Samaddar | Orthogonality properties of modes in a compressible partially ionized plasma[END_REF] [START_REF] Bojarskbi | Generalized reaction principles and reciprocity theorems for the wave equations, and the relationship between the timeadvanced and time-retarded elds[END_REF].

Obtain advanced potential from mirrored transform

The retarded potential is widely accept. Advanced potential is not widely accept. However magnetic mirror transformed eld is accept widely, since mirror transformed eld satises the Maxwell equations and is also easy to explained as the reect eld on a magnetic super conductor mirror. In this subsection we will derive the advanced potential from magnetic mirror transform and retarded potential. Assume

ζ 1 (t) = [E 1 (t), H 1 (t), J 1 (t), K 1 (t), 1 (t), µ 1 (t)] (255) ζ 2 (t) = [E 2 (t), H 2 (t), J 2 (t), K 2 (t), 2 (t), µ 2 (t)] (256) 
are both retarded potentials. Assume there is only electron current hence

K 1 = 0 and K 2 = 0. Assume [E 2 (t), H 2 (t), J 2 (t), K 2 (t), 2 (t), µ 2 (t), 2 (t)] = [E 1 (-t), -H 1 (-t), -J 1 (-t), K 1 (-t), 1 (-t), µ 1 (-t), 1 (-t)] (257)
corresponding to the source ρ 2 is the retarded potential, and there is

φ 2 (x, t) = 1 4π 0 V 2 (x , t -|x-x | c ) |x -x | dV (258) A 2 (x, t) = 1 4π 0 V J 2 (x , t -|x-x | c ) |x -x | dV (259)
and the corresponding elds are

E 2 = -∇φ 2 -∂A 2 (260) B 2 = ∇ × A 2 (261) 
Assume

ζ 3 = hζ 2 (262) ζ 3 is magnetic mirrored eld of the retarded potential ζ 2 . Considering A 3 (x, t) = hA 2 (x, t) = -A 2 (x, -t) (263) φ 3 (x, t) = hφ 2 (x, t) = φ 2 (x, -t) (264) 
Considering Eq.(258,259), there is

A 3 (x, t) = (-) 1 4π 0 V J 2 (x , -t -|x-x | c ) |x -x | dV (265) φ 3 (x, t) = 1 4π 0 V 2 (x , -t -|x-x | c ) |x -x | dV (266) 
Considering Eq.( 257), there is

A 3 (x, t) = 1 4π 0 V J 1 (x , t + |x-x | c ) |x -x | dV (267) φ 3 (x, t) = 1 4π 0 V 1 (x , t + |x-x | c ) |x -x | dV (268) 
The eld can be obtained

E 3 = -∇φ 3 -∂A 3 (269) B 3 = ∇ × A 3 (270) 
This way it is proven that the magnetic mirror transformed eld

ζ 3 (t) = [E 3 (t), H 3 (t), J 3 (t), K 3 (t), 3 (t), µ 3 (t)] (271) 
from a eld of the retarded potential

ζ 2 (t) = [E 2 (t), H 2 (t), J 2 (t), K 2 (t), 2 (t), µ 2 (t)] (272) 
is just the eld of the advanced potential of the sink

ρ 1 = [J 1 (t), 0].
The eld of the advanced potential is obtained by using a magnetic mirror transform. Hence the advanced potential should be acceptable same as the eld obtained form a magnetic mirror transform.

In the following the transmitting eld and retarded potential are eld that send out from the source ρ = [J , K]. Receiving eld and advanced potential are eld receiving by the sink ρ = [J , K]. Electric and magnetic current can receive and transmit the eld or do both in the same time, i.e. ρ = [J , K] can be sink or source.

Conclusion

The electromagnetic elds after a the following transforms are still electromagnetic elds. The transforms are magnetic/electric mirror transform, magnetic/electric mirror conjugate transform, time-media reverse transform, timemedia reverse conjugate transform, electric-magnetic swapping transform, timeoset transform, space-oset transform. The retarded potential after magnetic mirror transform or time-media reverse transform become advanced potential. [START_REF] Griths | Consistent histories and the interpretation of quantum mechanics[END_REF] The Maxwell Equation and Poynting theorem for elds of superposition (mutual energy 2)

Abstract

The goal of these articles are to derive the mutual energy theorems, from Poynting theorems, instead of from the reciprocity theorem or from Maxwell equations; deriving the reciprocity theorems from the mutual energy theorems. In this way the reciprocity theorems and reciprocity theorem all become real energy theorems. In order to realize this purpose the followings have been done.

The Poynting theorem is extend to the modied Poynting theorem and generalized Poynting theorem. In the modied Poynting theorem the media epsilon (permittivity) and mu (permeability) can also be dierent for the superposition of the dierent elds. In the generalized Poynting theorem the electromagnetic eld is superposition of dierent electromagnetic elds including the eld of retarded potential and advanced potential, electric/magnetic mirror transformed eld, time-reversed transformed eld, time-oset transformed eld, space-oset transformed eld electric-magnetic swapping transformed led. The concept of mutual energy is dened which is the dierence between the total energy and self-energy. First we try to derive the mutual energy theorem from complex

Poynting theorem, it is failed. As a side eect we obtained the mixed mutual energy theorem. We applied the average process to derive the mutual energy theorem from Poynting theorem. This is derivation is not strictly.

Introduction

In electromagnetic eld theory, the Poynting theorem [START_REF] Poynting | On the transfer of energy in the electromagnetic eld[END_REF] is energy conservation theorem. The Lorentz reciprocity theorem [START_REF] Lorentz | The theorem of poynting concerning the energy in the electromagnetic eld and two general propositions concerning the propagation of light[END_REF][START_REF] Carson | Reciprocal theorems in radio communication[END_REF][START_REF] Carson | The reciprocal energy theorem[END_REF][START_REF]Reciprocity in electromagnetic, mechanical, acoustical, and interconnected systems[END_REF],

Ŝ (E 1 (ω) × H 2 (ω) -E 2 (ω) × H 1 (ω)) ndS = V (J 1 (ω)•E 2 (ω)-J 2 (ω)•E 1 (ω)-K 1 (ω)•H 2 (ω)+K 2 (ω)•H 1 (ω) dV (273)
which is close related to Poynting theorem. The two theorems look similar, J.R.

Carson has called the reciprocity theorem as Reciprocal energy theorem in the reference [START_REF] Carson | The reciprocal energy theorem[END_REF]. But until now the two theorems are two dierent theorems derived from Maxwell equations respectively.

Many eorts try to reveal the relationship between the reciprocity theorem and Poynting theorem have been done. V. H. Rumsey proposed the concept of the reaction [START_REF] Rumsey | Reaction concept in electromagnetic theory[END_REF] in 1954 which is related to Lorentz reciprocity theorem. But what is the concept of the reaction behind scene? He did not tell us more deeply.

W.J. Welch has derived a reciprocity theorem [START_REF] Welch | Reciprocity theorems for electromagnetic elds whose time dependence is arbitrary[END_REF] in 1960, which is in the following

- Ŝ ∞ t=-∞ (E 1 (t) × H 2 (t) + E 2 (t) × H 1 (t)) dt ndS = V ∞ t=-∞ (J 1 (t) • E 2 (t) + K 1 (t) • H 2 (t) + J 2 (t) • E 1 (t) + K 2 (t) • H 1 (t)) dt dV ( 274 
)
Where S is the boundary surface of sphere volume V , n is the unit vector of the surface S direct to the outside of surface. of In the formula, Welch thought that all variables with subscript 1 is belong to retarded potential and all variables with subscript 2 belong to advanced potential and the surface integral vanished in a innite sphere. Welch did not mention what will be if the two elds are same, for example, both are retarded potential.

Welch has derived another reciprocity theorem in 1961,

Ŝ ∞ t=-∞ (E 1 (t) × H 2 (t) -E 2 (t) × H 1 (t)) dt ndS = V ∞ t=-∞ (J 1 (t) • E 2 (t) -K 1 (t) • H 2 (t) -J 2 (t) • E 1 (t) + K 2 (t) • H 1 (t)) dt dV (275) 
Rumsey has derived a another reciprocity theorem in 1963 [START_REF] Rumsey | A short way of solving advanced problems in electromagnetic elds and other linear systems[END_REF] from his reaction concept, which is the following,

V (J 1 (ω) • E * 2 (ω) + J * 2 (ω) • E 1 (ω) + K 1 (ω) • H * 2 (ω) + K * 2 (ω) • H 1 (ω)) dV = 0 (276) 
S. N. Samaddar suggest a reciprocity theorem and applied it to solve wave expansion problems in 1964 [START_REF] Samaddar | Orthogonality properties of modes in a compressible partially ionized plasma[END_REF] in plasma media,

∇•(E l × Ĥl + Êl ×H l )+v el •p el +v el pel +v il •p il +v il pil ++v nl •p nl +v in]m pil = 0 (277) 
The corresponding time-domain theory of the reciprocity theorem [START_REF] Lorentz | The theorem of poynting concerning the energy in the electromagnetic eld and two general propositions concerning the propagation of light[END_REF][START_REF] Carson | Reciprocal theorems in radio communication[END_REF][START_REF] Carson | The reciprocal energy theorem[END_REF][START_REF]Reciprocity in electromagnetic, mechanical, acoustical, and interconnected systems[END_REF][START_REF] Rumsey | Reaction concept in electromagnetic theory[END_REF] is the time-convolution reciprocity theorem [START_REF] Goubau | A reciprocity theorem for non-periodic elds[END_REF][START_REF] Ru Shao Cheo | A reciprocity theorem for electromagnetic elds with general time dependence[END_REF] 

V ∞ -∞ (J 1 (τ -t)•E 2 (t)-J 2 (t)•E 1 (τ -t)-K 1 (τ -t)•H 2 (t)+K 2 (t)•H 1 (τ -t) dt dV = 0 (278)
The further development of the time-convolution reciprocity theorem can be found [START_REF] Adrianus | Reciprocity, Causality, and Huygens' Principle in electromagnetic wave theory[END_REF][START_REF] Karlsson | Constitutive relations, dissipation and reciprocity for the Maxwell equations in the time domain[END_REF]. J. A. Kong oers the details of conjugate transform and the concept of the modied reciprocity theorem [START_REF] Au | Theorems of bianisotropic media[END_REF][START_REF] Au | Theory of electromagnetic waves[END_REF] in 1972. In the modied reciprocity theorem the (permittivity) and µ (permeability) of two electromagnetic elds appeared in the reciprocity theorem are allowed to be dierent.

Norbert N. Bojarski has further developed the Welch's reciprocity theorem in 1983 [START_REF] Bojarskbi | Generalized reaction principles and reciprocity theorems for the wave equations, and the relationship between the timeadvanced and time-retarded elds[END_REF]. Shuang-Ren Zhao proposed the mutual energy theorem and modied mutual energy theorem in May of 1987 [START_REF] Shuang Ren Zhao | The application of mutual energy theorem in expansion of radiation elds in spherical waves[END_REF], which is

-Ŝ (E 1 (ω) × H * 2 (ω) + E * 2 (ω) × H 1 (ω)) • ndS = V (J 1 (ω)•E * 2 (ω)+J * 2 (ω)•E 1 (ω)+K 1 (ω)•H * 2 (ω)+K * 2 (ω)•H 1 (ω)) dV (279)
Where S is the boundary surface of sphere volume V , n is the unit vector of the surface S direct to the outside of surface. The derivation of the mutual energy theorem is based on modied Lorenz reciprocity theorem [33, 10, 11, 70, 61][32] and the conjugate transform [START_REF] Au | Theory of electromagnetic waves[END_REF]. The mutual energy theorem is dened in Fourier domain or complex domain and is further developed in the reference [START_REF] Zhao | The simplication of formulas of electromagnetic elds by using mutual energy formula[END_REF][START_REF] Zhao | The application of mutual energy formula in expansion of plane waves[END_REF]. Compare to the Rumsey's formula, in the mutual energy theorem there is an item of the surface integral which dose not vanish. The surface integral has been applied to dene an inner product of electromagnetic elds on the surface and hence to solve the wave expansion problems. Welch's reciprocity theorem [START_REF] Welch | Reciprocity theorems for electromagnetic elds whose time dependence is arbitrary[END_REF][START_REF] Bojarskbi | Generalized reaction principles and reciprocity theorems for the wave equations, and the relationship between the timeadvanced and time-retarded elds[END_REF] is further developed by A. T. de Hoop in December 1987 to become the so called time-correlation reciprocity theorem [START_REF] Adrianus | Time-domain reciprocity theorems for electromagnetic elds in dispersive media[END_REF] which is

- Ŝ ∞ t=-∞ (E 1 (t + τ ) × H 2 (t) + E 2 (t) × H 1 (t + τ )) dt ndS = V ∞ t=-∞ (J 1 (t+τ )•E 2 (t)+K 1 (t+τ )•H 2 (t)+J 2 (t)•E 1 (t+τ )+K 2 (t)•H 1 (t+τ )) dt dV (280) 
de Hoop's time-correlation reciprocity theorem can be seen as the mutual energy theorem [START_REF] Shuang Ren Zhao | The application of mutual energy theorem in expansion of radiation elds in spherical waves[END_REF] in time-domain instead of in the Fourier domain. Welch's reciprocity theorem is a special situation of the time-correlation reciprocity theorem where the time variable τ = 0. By the way in the theorem of de Hoop [START_REF] Adrianus | Time-domain reciprocity theorems for electromagnetic elds in dispersive media[END_REF] the surface integral appeared but has been thought that it will vanish on the innite sphere. Baun has a book [START_REF] Baum | Electromagnetic Symmetry. Taylor and Francis[END_REF] in 1995 which systematically introduced reciprocity theorems. The reference [START_REF] Marcuse | Coupled-mode theory for anisotropic optical waveguides[END_REF][START_REF] Barybin | Modal expansions and orthogonal complements in the theory of complex media waveguide excitation by external sources for isotropic, anisotropic, and bianisotropic media[END_REF] solved the wave expansion problem directly from Maxwell equations which is close related to the problem the mutual energy theorem can solve.

Later the mutual energy theorem has been rediscovered and has been referred

as the second reciprocity theorem [START_REF] Petrusenko | The lost second lorentz theorem in the phasor domain[END_REF] in 2009. In this second reciprocity theorem the surface integral was also thought to be vanish on the innite big sphere.

Application of reciprocity theorem and mutual energy theorem can also be found in the examples [START_REF] Johnson | Adiabatic theorem and continuous coupled-mode theory for ecient taper transitions in photonic crystals[END_REF][START_REF] Barybin | Excitation theory for space-dispersive active media waveguides[END_REF][START_REF] Carozzi | Complex poynting theorem as a conservation law[END_REF][START_REF] Chen | Reciprocity in electromagnetics[END_REF]. There are a few reference discussed the relationship between Poynting theorem and reciprocity theorem [START_REF] Chuang | A coupled-mode theory for multiwaveguide systems satisfying the reciprocity theorem and power conservation[END_REF][START_REF] Polat | On poynting's theorem and reciprocity relations for discontinuous elds[END_REF][START_REF] Cho | A new look at reciprocity and energy conservation theorems in electromagnetics[END_REF]. However they only discussed them together and did not oer the direct relationship between the two theorems. The reference [START_REF] Au | Theorems of bianisotropic media[END_REF] discussed the reciprocity theorem in bi-anisotropic media.

There is a concept mixed Poynting vector [START_REF] Fragstein | The history of the mixed poynting vector[END_REF][START_REF] Macleod | The mixed poynting vector[END_REF] which is close related to the concept mutual energy and Poynting vector. Chen-To Tai has derived the complementary reciprocity theorem [START_REF] Tai | Complementary reciprocity theorems in electromagnetic theory[END_REF].

It is worth to notice that in the reference [START_REF] Shuang Ren Zhao | The application of mutual energy theorem in expansion of radiation elds in spherical waves[END_REF][START_REF] Zhao | The simplication of formulas of electromagnetic elds by using mutual energy formula[END_REF][START_REF] Zhao | The application of mutual energy formula in expansion of plane waves[END_REF], the concept of mutual energy was not well dened and the related concept total energy and self energy were also not dened. The so called mutual energy theorem is only derived from the modied reciprocity theorem instead of Poynting theorem, hence such name: mutual energy theorem is still not widely acceptable.

Goal of this article

The goal of this article is to convince the reader that the mutual energy theorem is a real energy theorem. The reciprocity theorem is special situation of the mutual energy theorem where two electromagnetic elds one is retarded potential, the other is advanced potential. To achieve this goal the mutual energy theorem have to be derived from Poynting theorem instead of from the re Maxwell equations directly. In this article a few new concept is dened or generalized.

Among them there is modied, time-reversed transform, mutual energy, self energy, total energy. The concept of reaction is re-explained. The mutual energy theorem is re-derived from Poynting theorem. The derivation include dierent versions and the history is introduced. A few new theorems are obtained from the derivation, the following gives the details.

The contribution of this article 26.4.1 The modied Maxwell equations

The concept of modied is borrowed from the modied reciprocity theorem, where two electromagnetic elds are put in dierent media with dierent and µ and can be superposed. We found for this situation the Maxwell equations are still established. In this kind of media, the Maxwell equations are referred as modied Maxwell equations.

The modied and generalized Poynting theorems

The Poynting theorem is extended to the modied Poynting theorem. The concept of modied is borrowed from the modied reciprocity theorem [START_REF] Au | Theory of electromagnetic waves[END_REF] as the above of the modied Maxwell equations. This idea has also been used in the mutual energy theorem which is modied mutual energy [START_REF] Shuang Ren Zhao | The application of mutual energy theorem in expansion of radiation elds in spherical waves[END_REF][START_REF] Zhao | The simplication of formulas of electromagnetic elds by using mutual energy formula[END_REF][START_REF] Zhao | The application of mutual energy formula in expansion of plane waves[END_REF].

The Poynting theorem is further extended to generalized Poynting theorem in which transformed electromagnetic eld can be superposed. The transform can be time-reversed transform, magnetic/electric mirrored transform, electricmagnetic swapping transform.

The dierence the substitution and the replace of a transform is noticed

There are many transforms: magnetic mirror transform, electric mirror transform, time-reversed transform. Time-oset transform. There are two process for the above transform, one is substitution of the transform, the other is replace of a transform. Replace and substitution are two dierent process, in the history many mistakes were made because the confusion of this two processes. In this article we try to clarify the dierence of the replacement and substitution of a transform.

Introduced the instantaneous mutual energy theorem

In this article the concept of mutual energy is dened as the dierence between the total energy and the self energy. The instantaneous mutual energy theorem is derived from Poynting theorem with the concept of mutual energy. The instantaneous mutual energy theorem is following,

-∇ • (E 1 × H 2 + E 2 × H 1 ) = J 1 •E 2 +J 2 •E 1 +K 1 •H 2 +K 2 •H 1 +E 1 •∂D 2 +E 2 •∂D 1 +H 1 •∂B 2 +H 2 •∂B 1 (281)
26.4.5 Re-derived time-correlation mutual energy theorem from Poynting theorem

In the above we have derived the mutual energy theorem in Fourier domain.

The derivation is that rst derive the time-reversed mutual energy theorem and then through a time-reverse transform we obtained the mutual energy theorem. We did not very satisfy with this process of derivation. Since it is not 

Introduced the mixed mutual energy theorem

We have try to derive the mutual energy theorem from complex Poynting theorem. But we failed to do so. Instead to obtained the mutual energy theorem we obtained the following mixed mutual energy theorem.

-

Ŝ (E 1 × H * 2 + E 2 × H * 1 ) • ndS = V (E 1 • J * 2 + E 2 • J * 1 + H * 1 • K 2 + H * 2 • K 1 )dV + jω V (H * 1 • µ 2 H 2 + H * 2 • µ 1 H 1 -E 1 • * 2 E * 2 -E 2 • * 1 E * 1 )dV (282) 
or corresponding mixed time-correlation mutual energy theorem,

- Ŝ ∞ t=-∞ (E 1 (t + τ ) × H * 2 (t) + E 2 (t + τ ) × H * 1 (τ ))dt • ndS = V ∞ t=-∞ (E 1 (t+τ )•J * 2 (t)+E 2 (t+τ )•J * 1 (t)+H * 1 (t)•K 2 (t+τ )+H * 2 (t)•K 1 (t+τ )) dt dV (283) +∂ τ V ∞ t=-∞ (H * 1 (t) • (µ 2 * H 2 )(t + τ ) + H * 2 (t) • (µ 1 * H 1 )(t + τ ) -E 1 (t + τ ) • ( * 2 * E * 2 )(t) -E 2 (t + τ ) • ( * 1 * E * 1 )(t)) dt dV (284) 
The mixed mutual energy theorem is related with the concept of mixed Poynting vector [START_REF] Fragstein | The history of the mixed poynting vector[END_REF][START_REF] Macleod | The mixed poynting vector[END_REF]. We do not clear perhaps the mixed mutual energy has some usage in the future.

Derive Mutual energy theorem from reciprocity theorem

In electromagnetic eld theory, the Poynting theorem [START_REF] Poynting | On the transfer of energy in the electromagnetic eld[END_REF] is energy conservation theorem. The Lorentz reciprocity theorem [START_REF] Lorentz | The theorem of poynting concerning the energy in the electromagnetic eld and two general propositions concerning the propagation of light[END_REF][START_REF] Carson | Reciprocal theorems in radio communication[END_REF][START_REF] Carson | The reciprocal energy theorem[END_REF][START_REF]Reciprocity in electromagnetic, mechanical, acoustical, and interconnected systems[END_REF],

Ŝ (E 1 (ω) × H 2 (ω) -E 2 (ω) × H 1 (ω)) dt ndS = V (J 1 (ω) • E 2 (ω) -J 2 (ω) • E 1 (ω) -K 1 (ω) • H 2 (ω) + K 2 (ω) • H 1 (ω) dV = 0 (285) 
Many eorts try to reveal the relationship between the reciprocity theorem and 

- Ŝ ∞ t=-∞ (E 1 (t) × H 2 (t) + E 2 (t) × H 1 (t)) dt ndS = V ∞ t=-∞ (J 1 (t) • E 2 (t) + K 1 (t) • H 2 (t) + J 2 (t) • E 1 (t) + K 2 (t) • H 1 (t)) dt dV (286) 
In the formula, Welch thought that all variables with subscript 1 is belong to retarded potential and all variables with subscript 2 belong to advanced potential and the surface integral vanished in a innite sphere. Welch did not mention what will be if the two elds are same, for example, both are retarded potential. Rumsey has derived the another reciprocity theorem in 1963 [START_REF] Rumsey | A short way of solving advanced problems in electromagnetic elds and other linear systems[END_REF] through magnetic mirror transform

h[E 2 , H 2 , J 2 , K 2 , , µ] = [E * 2 , -H * 2 , -J 2 , K * 2 , * , µ * ] (287) 
to all the variables with subscript 2, which is the following,

V (J 1 (ω) • E * 2 (ω) + J * 2 (ω) • E 1 (ω) + K 1 (ω) • H * 2 (ω) + K * 2 (ω) • H 1 (ω)) dV = 0 (288) 
In the above formula, the surface integral does not appear. We thought he has considered that the surface integral of reciprocity theorem vanishes and hence the above derived another reciprocity theorem should also has no surface integral.

Shuang-Ren Zhao proposed the mutual energy theorem and modied mutual energy theorem in May of 1987 [START_REF] Shuang Ren Zhao | The application of mutual energy theorem in expansion of radiation elds in spherical waves[END_REF], which is 

-Ŝ (E 1 (ω) × H * 2 (ω) + E * 2 (ω) × H 1 (ω)) • ndS = V (J 1 (ω) • E * 2 (ω) + J * 2 (ω) • E 1 (ω) + K 1 (ω) • H * 2 (ω) + K * 2 (ω) • H 1 (ω)) dV ( 
-Ŝ (E 1 (ω)×H * 1 (ω)+E * 1 (ω)×H 1 (ω))• ndS = {-2 Ŝ (E 1 (ω)×H * 1 (ω))• ndS} (290) 
which is integral of Poynting vector E 1 (ω) × H * 1 (ω) along the surface. We know that surface integral of Poynting vector are the energy ow outow out of the surface, which does not vanish in general. Shuang-ren Zhao use same derivation method as Rumsey that is magnetic mirror transform and reciprocity theorem.

Welch's reciprocity theorem [START_REF] Welch | Reciprocity theorems for electromagnetic elds whose time dependence is arbitrary[END_REF][START_REF] Bojarskbi | Generalized reaction principles and reciprocity theorems for the wave equations, and the relationship between the timeadvanced and time-retarded elds[END_REF] is further developed by A. T. de Hoop in December 1987 to become the so called time-correlation reciprocity theorem [START_REF] Adrianus | Time-domain reciprocity theorems for electromagnetic elds in dispersive media[END_REF] which is

- Ŝ ∞ t=-∞ (E 1 (t + τ ) × H 2 (t) + E 2 (t) × H 1 (t + τ )) dt ndS = V ∞ t=-∞ (J 1 (t + τ ) • E 2 (t) + K 1 (t + τ ) • H 2 (t) + J 2 (t) • E 1 (t + τ ) + K 2 (t) • H 1 (t + τ )) dt dV (291) 
de Hoop's time-correlation reciprocity theorem can be seen as the mutual energy theorem [START_REF] Shuang Ren Zhao | The application of mutual energy theorem in expansion of radiation elds in spherical waves[END_REF] in time-domain instead of in the Fourier domain. Welch's reciprocity theorem is a special situation of the time-correlation reciprocity theorem where the time variable τ = 0. By the way in the theorem of de Hoop [START_REF] Adrianus | Time-domain reciprocity theorems for electromagnetic elds in dispersive media[END_REF] the surface integral appeared but has been thought that it will vanish on the innite sphere.

Whether or not this surface integral vanish? W.J. Welch has derived a time dependent reciprocity theorem [START_REF] Welch | Reciprocity theorems for electromagnetic elds whose time dependence is arbitrary[END_REF] in 1960 in which the surface integral vanishes. de Hoop developed the time-correlation reciprocity theorem in the end of 1987 [START_REF] Adrianus | Time-domain reciprocity theorems for electromagnetic elds in dispersive media[END_REF] the surface integral appeared but has been thought that will vanish on the innite sphere. Petrusenko has derived the second reciprocity theorem [START_REF] Petrusenko | The lost second lorentz theorem in the phasor domain[END_REF] in 2009, the surface integral is appeared but vanishes on innite sphere. The theorem of Rumsey has no surface integral. This surface integral does not vanish in the mutual energy theorem of reference [START_REF] Shuang Ren Zhao | The application of mutual energy theorem in expansion of radiation elds in spherical waves[END_REF]. 

ζ 1 = [E 1 , H 1 , J 1 , K 1 , 1 , µ 1 ], ζ 2 = [E 2 , H 2 , J 2 , K 2 , 2 , µ 2 ]
are retarded potentials then the surface integral of Eq.( 289) does not vanish.

It looks even with the same method magnetic mirror transform and reciprocity theorem to derive the mutual energy theorem, there has a correct way or a wrong way. The following we give the correct way of derivation with the magnetic mirror transform.

First the Lorentz reciprocity theorem should be extended to ζ 1 is retarded potential ζ 2 is advanced potential (or ζ 2 is retarded potential ζ 1 is advanced potential). In this case the surface integral of the reciprocity theorem can be proven that does not vanish in general.

Second assume ζ 2h = hζ 2 , and here h is magnetic mirror transform in Fourier domain. We have know if ζ 2 is advanced potential, then ζ 2h is retarded potential from our the concept of the mutual energy 1 [START_REF] Shuang Ren Zhao | Transforms in electromagnetic elds (the concept of mutual energy 1)[END_REF]. Substitute

ζ 2 = hζ 2h or [E 2 , H 2 , J 2 , K 2 , 2 , µ 2 ] = [E * 2h , -H * 2h , -J * 2h , K * 2h , * 2h , µ * 2h ]
to the reciprocity theorem Eq.( 285) we can obtain Even the modied mutual energy theorem can be derived from the modied reciprocity theorem, but the mutual energy theorem (please notice here is no the word modied) is independent to the reciprocity theorem [42][79, 78]. This author calls formula Eq.(289) as the mutual energy theorem in reference [START_REF] Shuang Ren Zhao | The application of mutual energy theorem in expansion of radiation elds in spherical waves[END_REF],

-Ŝ (E 1 (ω) × H * 2h (ω) + E * 2h (ω) × H 1 (ω)) • ndS = V (J 1 (ω) • E * 2h (ω) + J * 2h (ω) • E 1 (ω) + K 1 (ω) • H * 2h (ω) + K * 2h (ω) • H 1 (ω)) dV (292) 
since it has mixed Poynting vector in it, which is

S 12 = E 1 (ω) × H * 2 (ω) and S 21 = E * 2h (ω) × H 1 (ω).
In reference [START_REF] Shuang Ren Zhao | The application of mutual energy theorem in expansion of radiation elds in spherical waves[END_REF] this author did not oer a derivation of the mutual energy theorem form the concept of mutual energy which is the dierence of the total energy and self energy. The total energy and self energy both related to the Poynting theorem. In order to do so we found that we have to extended the Poynting theorem. 

∇ × H = J + ∂B (293) ∇ × E = -K -∂B (294) where ∂ = ∂ t = ∂ ∂t , t is time.
∇ is gradient operator to the space variable x = [x 1 , x 2 , x 3 ] is the rectangle coordinates, × is vector cross product operator. ∇× is curl operator. ∇• is divergence operator Here B is electric displacement eld intensity; B is magnetic induction eld intensity. And

B(t) = ∞ τ=-∞ (t -τ )E(τ ) dτ (295) B(t) = ∞ τ=-∞ µ(t -τ )H(τ )dτ ( 296 
)
If there is only one media , µ, the electromagnetic eld can also be written as ζ = [E, H, J , K, B, B]. In general we assume and µ are tensors

= [ ij ], µ = [µ ij ] i = j = 1, 2, 3 (297) 
If there are N electromagnetic elds 

ζ i = [E i , H i , J i , K i D i , B i ], i = 1,
ζ = ζ 1 + ζ 2 • • • ζ N (298)
There is the relationship, 

B(t) = ∞ τ=-∞ (t -τ )(E 1 (τ ) + E 2 (τ ) + • • • + E N (τ ))dτ (299) 
B(t) = ∞ τ=-∞ µ(t -τ )(H 1 (τ ) + H 2 (τ ) + • • • + H N (τ ))dτ ( 
ζ 1 + ζ 2 • • • ζ N has same media, i.e. i=1,•••N = , µ i=1,•••N = µ (301) 
The above relationship can be loosen by dening that the relation from B to E and B to H are linear, which is.

B(t) = D 1 (t) + D 2 (t) + • • • + D N (t) (302) 
B(t) = B 1 (t) + B 2 (t) + • • • + B N (t) (303) 
where

D i (t) = ∞ τ=-∞ i (t -τ )E i (τ )dτ i = 1, • • • , N (304) 
B i (t) = ∞ τ=-∞ µ i (t -τ )E i (τ )dτ i = 1, • • • , N (305) 
The above formula can be seen as denition B and B for the eld of superposition. Here the eld for example ζ 1 and ζ 2 are possible in dierent space, dierent time, dierent media and µ, even and the electric eld can be replaced by magnetic eld H. Hence there is

B(t) = 1 (t) * E 1 (t) + 2 (t) * E 2 (t) + • • • + N (t) * E N (t) (306) 
B(t) = µ 1 (t) * H 1 (t) + µ 2 (t) * H 2 (τ ) + • • • + µ N (t) * H N (t) (307) 
Where * is convolution, f (t) * g(t) = ´∞ τ =-∞ f (t -τ )g(τ )dτ . This modication can also be found in reference [START_REF] Karlsson | Constitutive relations, dissipation and reciprocity for the Maxwell equations in the time domain[END_REF]. This can be seen as a denition of the superposition of the electric displacement eld intensity and the magnetic induction eld intensity. This superposed eld is only established in mathematical meaning instead of a physical meaning.

It can be proven according the denition of the above B(t) and B(t In the following we will combine the media equation to Maxwell equations. In case the eld ζ satises the Maxwell equations with the media Eq.(299,300), it is will be referred satisfying the Maxwell equations. In case the eld satises the Maxwell equations with the media condition Eq.(306,307) it is referred as the modied Maxwell equations. The concept of modied is borrowed from the modied reciprocity theorem [START_REF] Au | Theorems of bianisotropic media[END_REF][START_REF] Au | Theory of electromagnetic waves[END_REF]. [START_REF] Griths | Consistent histories and the interpretation of quantum mechanics[END_REF] 

), that if ζ 1 , ζ 2 • • • ζ N
-∇ • (E × H) = J • E + K • H + E • ∂B + H • ∂B ( 308 
)
Where • is vector point product. We can say the Poynting theorem is established for the superposed eld

ζ = ζ 1 + ζ 2 • • • ζ N (309) 
if the media satises

B(t) = (t) * (E 1 (t) + E 2 (t) + • • • + E N (t)) (310) 
B(t) = µ(t) * (H 1 (t) + H 2 (t) + • • • + H N (t)) (311) 
The integral form of Poynting theorem is

-Ŝ (E × H) • n dS = V (J • E + K • H + E • ∂B + H • ∂B)dV ( 312 
)
Where S is the boundary surface of sphere volume V , n is the unit vector of the surface S direct to the outside of surface.

The modied Poynting theorem

The Eq.( 308) is also the modied Poynting theorem if we consider the media Eq.(306,307) which is re-written as following,

B(t) = 1 (t) * E 1 (t) + 2 (t) * E 2 (t) + • • • + N (t) * E N (t) (313) 
B(t) = µ 1 (t) * H 1 (t) + µ 2 (t) * H 2 (t) + • • • + µ N (t) * H N (t) (314) 
The derivation of the modied Poynting theorem can be done with Maxwell equations and the modied media the above. The derivation of the modied from the modied reciprocity theorem [START_REF] Au | Theory of electromagnetic waves[END_REF]. We extended this idea to the Maxwell equations and also Poynting theorem.

The generalized Poynting theorem for the superposed elds

The superposing electromagnetic eld is considered which contains the following electromagnetic eld compounds,

(1) retarded potential which send from the source.

(2) advanced potential which is received by the sink.

(3) time reversed eld of the retarded potential and advanced potential.

(4) mirror transformed eld of the retarded potential and advanced potential.

(5) time-oset eld of the above elds.

(6) space-oset eld of the above elds.

(7) the eld after the electric-magnetic swapping transform.

Example A, assume the superposed eld is the following

ζ = ζ 1 + T ζ 2 (315) 
where T is time oset transform, the Poynting theorem can generalized to include the following situation,

-∇ • ((E 1 + T E 2 ) × (H 1 + T H 2 ) = (J 1 + T J 2 ) • (E 1 + T E 2 ) + (K 1 + T K 2 ) • (H 1 + T H 2 ) +(E 1 + T E 2 ) • ∂( 1 * E 1 + T 2 * E 2 ) + (H 1 + T H 2 ) • ∂(µ 1 * H 1 + T µ 2 * H 2 ) ( 316 
)
here * is convolution or

-∇ • ((E 1 (t) + E 2 (t + τ )) × (H 1 (t) + H 2 (t + τ )) = (J 1 (t) + J 2 (t + τ )) • (E 1 (t) + E 2 (t + τ )) +(K 1 (t) + K 2 (t + τ )) • (H 1 (t) + H 2 (t + τ )) +(E 1 (t) + E 2 (t + τ )) • ∂( 1 * E 1 + ( 2 * E 2 )(t + τ )) + (H 1 + H 2 (t + τ )) • ∂(µ 1 * H 1 + (µ 2 * H 2 )(t + τ )) (317) 
Example B, assume the superposed eld is following,

ζ = ζ 1 + sζ 2 (318) 
The generalized Poynting theorem becomes,

-∇ • ((E 1 + sE 2 ) × (H 1 + sH 2 ) = (J 1 + sJ 2 ) • (E 1 + sE 2 ) + (K 1 + sK 2 ) • (H 1 + sH 2 ) +(E 1 + sE 2 ) • ∂( 1 * E 1 + s 2 * E 2 ) + (H 1 + sH 2 ) • ∂(µ 1 * H 1 + sµ 2 * H 2 ) (319)
Considering the swapping transform is dened as

s[E, H, J , K, , µ] = = [ZH, 1 Z E, - 1 Z K, -ZJ , - 1 Z 2 µ, -Z 2 ] (320) 
we have the generalized Poynting theorem for this example,

-∇ • ((E 1 + ZH 2 ) × (H 1 + 1 Z H 2 ) = (J 1 - 1 Z K 2 ) • (E 1 + ZH 2 ) + (K 1 -ZJ 2 ) • (H 1 + 1 Z E 2 ) +(E 1 + ZH 2 ) • ∂( 1 * E 1 - 1 Z µ 2 * H 2 ) + (H 1 + 1 Z E 2 ) • ∂(µ 1 * H 1 -Z 2 * E 2 ) (321) 
where * means convolution with the variable of time t.

In general, in this article we will consider the superposed eld Eq.( 322),

ζ = ζ 1 + ζ 2 + ζ 3 + ζ 4 + ζ 5 + ζ 6 + ζ 7 (322) 
Where

ζ 1 • • • • • • ζ 7 satises the Maxwell equations Eq.(293, 294). Assume ζ 1 • • • • • • ζ 7 are all the elds of the retarded potential, ζ is superposition of eld.
Consider thatζ su is superposition of transformed eld as following

ζ su = ζ 1 + hζ 2 + eζ 3 + T ζ 4 + P ζ 5 + rζ 6 + sζ 7 (323) or ζ su = ζ 1 + heT P rsζ 2 (324)
Where h and e are magnetic and electric mirror transforms. hζ 2 and eζ 3 eld of advanced potential. T is time oset transform, P is space oset transform. T ζ 4 is time-oset eld, P ζ 5 is spatial oset eld. r is time reversed transform. s is electric-magnetic swapping transform and sζ 7 is the eld after the electric-magnetic swapping transform. This kind of superposed eld satises the Maxwell equations, hence the Poynting theorem is also established for ζ su .

The Poynting theorem for this kind of superposed eld is referred as generalized Poynting theorem.

The Poynting theorem in Fourier domain

Considering

f (t) = F -1 {f (ω)} = 1 2π +∞ ω=-∞ f (ω) exp(jωt) dω ∂f (t) = 1 2π +∞ ω=-∞ f (ω)∂ exp(jωt) dω = 1 2π +∞ ω=-∞ f (ω)(jω) exp(jωt) dω (325) 
Hence there is

F {∂f (t)} = (jω)f (ω) ( 326 
)
or there is the transform

∂ → (jω) (327) 
from time-domain to Frequency domain. And the Maxwell equations in Fourier space becomes,

∇ × H = J + jωB (328) ∇ × E = -K -jωB (329) 
In frequency domain the Poynting theorem Eq.( 308) can be written as

-∇ • (E × H) = J • E + K • H + E • jωB + H • jωB (330) 
There is corresponding modied complex Poynting theorem with the concept of modied and generalized same as last two subsection. The integral form of Poynting theorem is in the following.

-

Ŝ (E × H) • n dS = V (J • E + K • H + E • jωB + H • jωB)dV ( 331 
)
Where S is the boundary surface of sphere volume V , n is the unit vector of the surface S direct to the outside of surface.

The complex Poynting theorem

Considering ∂ t → jω in the Maxwell equations Eq.(293,294), there is the Maxwell equations in the Fourier domain,

∇ × H = J + (jω) E (332) -∇ × E = K + jωµH (333) 
take complex conjugate to Eq.( 332), there is

∇ × H * = J * + (jω) * * E * (334) 
point product a variable H * and E to Eq.(333,334), there are

-H * • ∇ × E = H * • K + jωH * • µH (335) E • ∇ × H * = E • J * + (jω) * E • * E * (336) Add them together -H * • ∇ × E + E • ∇ × H * = H * • K + jωH * • µH + E • J * + (jω) * E • * E * (337) 
Poynting theorem in Fourier domain can be written as

-∇ • (E × H * ) = E • J * + H * • K + jω(H * • µH -E • * E * ) (338)
26.8 Fail to derive the mutual energy theorem from complex Poynting theorem

Our rst attempt is to obtain the mutual energy theorem [START_REF] Shuang Ren Zhao | The application of mutual energy theorem in expansion of radiation elds in spherical waves[END_REF][START_REF] Zhao | The simplication of formulas of electromagnetic elds by using mutual energy formula[END_REF][START_REF] Zhao | The application of mutual energy formula in expansion of plane waves[END_REF] from complex Poynting theorem. This attempt failed. As side-eect, instead of obtained the mutual energy theorem we obtained the mixed mutual energy theorem.

Assume ζ = ζ 1 + ζ 2 , the above complex Poynting theorem can be rewritten as

-∇ • ((E 1 + E 2 ) × (H * 1 + H * 2 )) = (E 1 + E 2 ) • (J * 1 + J * 2 ) + (H * 1 + H * 2 ) • (K 1 + K 2 ) + jω((H * 1 + H * 2 ) • (µ 1 H 1 + µ 2 H 2 ) -(E 1 + E 2 ) • ( * 1 E * 1 + * 2 E * 2 )) (339) 
take out all self energy compounds, it becomes

-∇ • (E 1 × H * 2 + E 2 × H * 1 ) = E 1 • J * 2 + E 2 • J * 1 + H * 1 • K 2 + H * 2 • K 1 + jω(H * 1 • µ 2 H 2 + H * 2 • µ 1 H 1 -E 1 • * 2 E * 2 -E 2 • * 1 E * 1 ) (340) 
or in integral form,

-Ŝ (E 1 × H * 2 + E 2 × H * 1 ) • ndS = V (E 1 • J * 2 + E 2 • J * 1 + H * 1 • K 2 + H * 2 • K 1 )dV + jω V (H * 1 • µ 2 H 2 + H * 2 • µ 1 H 1 -E 1 • * 2 E * 2 -E 2 • * 1 E * 1 )dV (341) 
This is referred as mixed mutual energy theorem. It is related to the concept of mixed Poynting vector. It is corresponding to Poynting theorem in the complex form. The inverse Fourier transform of above formula is

- Ŝ ∞ t=-∞ (E 1 (t + τ ) × H * 2 (t) + E 2 (t + τ ) × H * 1 (τ ))dt • ndS = V ∞ t=-∞ (E 1 (t + τ ) • J * 2 (t) + E 2 (t + τ ) • J * 1 (t) +H * 1 (t) • K 2 (t + τ ) + H * 2 (t) • K 1 (t + τ )) dt dV +∂ τ V ∞ t=-∞ (H * 1 (t) • (µ 2 * H 2 )(t + τ ) + H * 2 (t) • (µ 1 * H 1 )(t + τ ) -E 1 (t + τ ) • ( * 2 * E * 2 )(t) -E 2 (t + τ ) • ( * 1 * E * 1 )(t)) dt dV (342) 
In the above formula (f * g)(t) means convolution of the function f (t) and g(t).

Considering E(t), H(t), (t), µ(t) are all real variables, the above formula can be rewritten as following,

-Ŝ (E 1 (t + τ ) × H 2 (t) + E 2 (t + τ ) × H 1 (τ )) • ndS = V (E 1 (t + τ ) • J 2 (t) + E 2 (t + τ ) • J 1 (t) +H 1 (t) • K 2 (t + τ ) + H 2 (t) • K 1 (t + τ ))dV +∂ τ V (H 1 (t) • (µ 2 * H 2 )(t + τ ) + H 2 (t) • (µ 1 * H 1 )(t + τ ) -E 1 (t + τ ) • ( 2 * E 2 )(t) -E 2 (t + τ ) • ( 1 * E 1 )(t))dV (343) 
This can be referred as mixed mutual energy theorem in time domain, it also can be referred as mixed time-correlation reciprocity theorem. It can be proven that the real part of mixed mutual energy theorem Eq.( 341) is same as the real part of the mutual energy theorem Eq.(289). Mixed mutual energy theorem is related to the concept of mixed Poynting vector [START_REF] Fragstein | The history of the mixed poynting vector[END_REF][START_REF] Macleod | The mixed poynting vector[END_REF].

Conclusion

The modied Poynting theorem are introduced, in which the superposition of electromagnetic eld with dierent media 1 , µ 1 and 2 , µ 2 are allowed.

The generalized Poynting theorem are introduced, so it functions for the su- can also be dierent for the superposition of the dierent elds. In this article we applied the average process to derive the mutual energy theorem from the modied Poynting theorem. The average process is often applied to show that the Poynting vector is the intensity of Power current.

Introduction

In electromagnetic eld theory, the Poynting theorem [START_REF] Poynting | On the transfer of energy in the electromagnetic eld[END_REF] is the law of conservation of energy. The Lorentz reciprocity theorem [START_REF] Lorentz | The theorem of poynting concerning the energy in the electromagnetic eld and two general propositions concerning the propagation of light[END_REF][START_REF] Carson | Reciprocal theorems in radio communication[END_REF][START_REF] Carson | The reciprocal energy theorem[END_REF][START_REF]Reciprocity in electromagnetic, mechanical, acoustical, and interconnected systems[END_REF], is close related to Poynting theorem. In fact, J.R. Carson has called the reciprocity theorem as

Reciprocal energy theorem in the reference [START_REF] Carson | The reciprocal energy theorem[END_REF]. Until now the two theorems are two dierent theorems derived from the Maxwell equations.

Many eorts tried to reveal the relationship between the reciprocity theorem and Poynting theorem. V. H. Rumsey proposed the concept of the reaction [START_REF] Rumsey | Reaction concept in electromagnetic theory[END_REF] in 1954 which is related to the Lorentz reciprocity theorem. However what is the concept of the reaction behind scene? W.J. Welch has derived a reciprocity theorem [START_REF] Welch | Reciprocity theorems for electromagnetic elds whose time dependence is arbitrary[END_REF] in 1960, which is in the following -

" S ∞ t=-∞ (E 1 (t) × H 2 (t) + E 2 (t) × H 1 (t)) dt ndS = V ∞ t=-∞ (J 1 (t) • E 2 (t) + K 1 (t) • H 2 (t) + J 2 (t) • E 1 (t) + K 2 (t) • H 1 (t)) dt dV (344) 
In the formula, Welch thought that all variables with subscript 1 belongs to retarded potential and all variables with subscript 2 belongs to advanced potential and the surface integral vanished in a innite sphere. 

V (J 1 (ω) • E * 2 (ω) + J * 2 (ω) • E 1 (ω) + K 1 (ω) • H * 2 (ω) + K * 2 (ω) • H 1 (ω)) dV = 0 (345) 
S. N. Samaddar suggested a reciprocity theorem and applied it to solve wave expansion problems in 1964 [START_REF] Samaddar | Orthogonality properties of modes in a compressible partially ionized plasma[END_REF] with plasma media. The corresponding timedomain theory of the reciprocity theorem [START_REF] Lorentz | The theorem of poynting concerning the energy in the electromagnetic eld and two general propositions concerning the propagation of light[END_REF][START_REF] Carson | Reciprocal theorems in radio communication[END_REF][START_REF] Carson | The reciprocal energy theorem[END_REF][START_REF]Reciprocity in electromagnetic, mechanical, acoustical, and interconnected systems[END_REF][START_REF] Rumsey | Reaction concept in electromagnetic theory[END_REF] is the time-convolution reciprocity theorem [START_REF] Goubau | A reciprocity theorem for non-periodic elds[END_REF][START_REF] Ru Shao Cheo | A reciprocity theorem for electromagnetic elds with general time dependence[END_REF] derived by G. Goubau in 1960 and B. Ru-shao Cheo in 1965. The further development of the time-convolution reciprocity theorem can be found in ref. [START_REF] Adrianus | Reciprocity, Causality, and Huygens' Principle in electromagnetic wave theory[END_REF][START_REF] Karlsson | Constitutive relations, dissipation and reciprocity for the Maxwell equations in the time domain[END_REF]. J. A. Kong oers the details of conjugate transform and the concept of the modied reciprocity theorem [START_REF] Au | Theorems of bianisotropic media[END_REF][START_REF] Au | Theory of electromagnetic waves[END_REF] in 1972. In the modied reciprocity theorem the (permittivity) and µ (permeability) of two electromagnetic elds appeared in the reciprocity theorem are allowed to be dierent. Norbert N. Bojarski further developed the Welch's reciprocity theorem in 1983 [START_REF] Bojarskbi | Generalized reaction principles and reciprocity theorems for the wave equations, and the relationship between the timeadvanced and time-retarded elds[END_REF]. Shuang-Ren Zhao proposed the mutual energy theorem and modied mutual energy theorem in May of 1987 [START_REF] Shuang Ren Zhao | The application of mutual energy theorem in expansion of radiation elds in spherical waves[END_REF], which is

- " S (E 1 (ω) × H * 2 (ω) + E * 2 (ω) × H 1 (ω)) • ndS = V (J 1 (ω) • E * 2 (ω) + J * 2 (ω) • E 1 (ω) + K 1 (ω) • H * 2 (ω) + K * 2 (ω) • H 1 (ω)) dV (346)
The derivation of the mutual energy theorem is based on modied Lorenz reciprocity theorem [START_REF] Lorentz | The theorem of poynting concerning the energy in the electromagnetic eld and two general propositions concerning the propagation of light[END_REF][START_REF] Carson | Reciprocal theorems in radio communication[END_REF][START_REF] Carson | The reciprocal energy theorem[END_REF][START_REF]Reciprocity in electromagnetic, mechanical, acoustical, and interconnected systems[END_REF][START_REF] Rumsey | Reaction concept in electromagnetic theory[END_REF][32] and the conjugate transform [START_REF] Au | Theory of electromagnetic waves[END_REF]. The mutual energy theorem is dened in Fourier domain or complex domain and is further developed in the references [START_REF] Zhao | The simplication of formulas of electromagnetic elds by using mutual energy formula[END_REF][START_REF] Zhao | The application of mutual energy formula in expansion of plane waves[END_REF]. Compared to the Rumsey's formula Eq.( 345), there is an item of the surface integral which dose not vanish in the mutual energy theorem. The surface integral has been applied to dene an inner product of electromagnetic elds on the surface and which allows it to solve the wave expansion problems. Welch's reciprocity theorem [START_REF] Welch | Reciprocity theorems for electromagnetic elds whose time dependence is arbitrary[END_REF][START_REF] Bojarskbi | Generalized reaction principles and reciprocity theorems for the wave equations, and the relationship between the timeadvanced and time-retarded elds[END_REF] is further developed by A. T. de Hoop in December 1987 to become the so called time-correlation reciprocity theorem [START_REF] Adrianus | Time-domain reciprocity theorems for electromagnetic elds in dispersive media[END_REF]. Hoop's time-correlation reciprocity theorem can be seen as the mutual energy theorem [START_REF] Shuang Ren Zhao | The application of mutual energy theorem in expansion of radiation elds in spherical waves[END_REF] in time-domain instead of in Fourier domain. Welch's reciprocity theorem is a special situation of the time-correlation reciprocity theorem where the time variable τ = 0. In Hoop's theorem [START_REF] Adrianus | Time-domain reciprocity theorems for electromagnetic elds in dispersive media[END_REF] the surface integral appeared but has been thought that it will vanish on the innite sphere. Baun has a book [START_REF] Baum | Electromagnetic Symmetry. Taylor and Francis[END_REF] in 1995 which systematically introduced reciprocity theorems. The references [START_REF] Marcuse | Coupled-mode theory for anisotropic optical waveguides[END_REF][START_REF] Barybin | Modal expansions and orthogonal complements in the theory of complex media waveguide excitation by external sources for isotropic, anisotropic, and bianisotropic media[END_REF] solved the wave expansion problem directly from the Maxwell equations which is closely related to the problem the mutual energy theorem can solve.

Later, the mutual energy theorem has been rediscovered and has been referred to as the second reciprocity theorem [START_REF] Petrusenko | The lost second lorentz theorem in the phasor domain[END_REF] in 2009. In this second reciprocity theorem the surface integral was also thought to vanish on the innite big sphere.

Application of reciprocity theorem and mutual energy theorem can also be found in the examples [START_REF] Johnson | Adiabatic theorem and continuous coupled-mode theory for ecient taper transitions in photonic crystals[END_REF][START_REF] Barybin | Excitation theory for space-dispersive active media waveguides[END_REF][START_REF] Carozzi | Complex poynting theorem as a conservation law[END_REF][START_REF] Chen | Reciprocity in electromagnetics[END_REF]. There are a few references discussing the relationship between Poynting theorem and reciprocity theorem [START_REF] Chuang | A coupled-mode theory for multiwaveguide systems satisfying the reciprocity theorem and power conservation[END_REF][START_REF] Polat | On poynting's theorem and reciprocity relations for discontinuous elds[END_REF][START_REF] Cho | A new look at reciprocity and energy conservation theorems in electromagnetics[END_REF]. However they only discussed them together and did not oer the direct relationship between the two theorems. The reference [START_REF] Au | Theorems of bianisotropic media[END_REF] discussed the reciprocity theorem in bi-anisotropic media.

There is a concept mixed Poynting vector [START_REF] Fragstein | The history of the mixed poynting vector[END_REF][START_REF] Macleod | The mixed poynting vector[END_REF] which is closely related to the concept mutual energy and Poynting vector. Chen-To Tai has derived the complementary reciprocity theorem [START_REF] Tai | Complementary reciprocity theorems in electromagnetic theory[END_REF].

It is worth to metion, that in the references [START_REF] Shuang Ren Zhao | The application of mutual energy theorem in expansion of radiation elds in spherical waves[END_REF][START_REF] Zhao | The simplication of formulas of electromagnetic elds by using mutual energy formula[END_REF][START_REF] Zhao | The application of mutual energy formula in expansion of plane waves[END_REF], the concept of mutual energy was not well dened and the related concept total energy and self energy were also not dened. The so called mutual energy theorem is only derived from the modied reciprocity theorem instead of Poynting theorem, hence, the name of mutual energy theorem still hasn't been widely accepted.

We would like to re-derive the mutual energy theorem from the concept of mutual energy. The mutual energy is dierence of total energy and self energy.

The total energy and self energy relate to Poynting theorem. Since the total energy is the energy of the superposed eld, we have introduced the modied

Poynting theorem [START_REF] Shuang Ren Zhao | Modied maxwell equation and modied poynting theorem for superimposed elds (the concept of mutual energy 2)[END_REF]. A preprint site arXiv of the series of these articles can be found in [START_REF] Shuang Ren Zhao | The modied poynting theorem and the concept of mutual energy[END_REF].

Our contributions

The contribution of this article is that the instantaneous mutual energy theorem is derived from Poynting theorem and the concept of mutual energy. The modied mutual energy theorem is derived from instantaneous mutual energy theorem through an average process which is used to show that the Poynting vector is the intensity of power current.

Fail to derive the mutual energy theorem from complex Poynting theorem

Our rst attempt was to obtain the mutual energy theorem [START_REF] Shuang Ren Zhao | The application of mutual energy theorem in expansion of radiation elds in spherical waves[END_REF][START_REF] Zhao | The simplication of formulas of electromagnetic elds by using mutual energy formula[END_REF][START_REF] Zhao | The application of mutual energy formula in expansion of plane waves[END_REF] from complex Poynting theorem. This attempt failed. However, we were able to obtain the mixed mutual energy theorem instead of the mutual energy theorem.

Assume ζ = ζ 1 + ζ 2 , the above complex Poynting theorem can be rewritten as

-∇ • ((E 1 + E 2 ) × (H * 1 + H * 2 )) = (E 1 + E 2 ) • (J * 1 + J * 2 ) + (H * 1 + H * 2 ) • (K 1 + K 2 ) + jω(H * 1 + H * 2 ) • (µ 1 H 1 + µ 2 H 2 ) -(E 1 + E 2 ) • ( * 1 E * 1 + * 2 E * 2 ) (347) 
By taking out all the self energy compounds, it becomes

-∇ • (E 1 × H * 2 + E 2 × H * 1 ) = E 1 • J * 2 + E 2 • J * 1 + H * 1 • K 2 + H * 2 • K 1 + jω(H * 1 • µ 2 H 2 + H * 2 • µ 1 H 1 -E 1 • * 2 E * 2 -E 2 • * 1 E * 1 ) (348) 
or in integral form,

-

" S (E 1 × H * 2 + E 2 × H * 1 ) • ndS = V (E 1 • J * 2 + E 2 • J * 1 + H * 1 • K 2 + H * 2 • K 1 )dV + jω V (H * 1 • µ 2 H 2 + H * 2 • µ 1 H 1 -E 1 • * 2 E * 2 -E 2 • * 1 E * 1 )dV (349) 
This is referred to as mixed mutual energy theorem. It is related to the concept of mixed Poynting vector [START_REF] Fragstein | The history of the mixed poynting vector[END_REF][START_REF] Macleod | The mixed poynting vector[END_REF]. It is corresponds to Poynting theorem in the complex form. The inverse Fourier transform of above formula is

- " S ∞ t=-∞ (E 1 (t + τ ) × H * 2 (t) + E 2 (t + τ ) × H * 1 (τ ))dt • ndS = V ∞ t=-∞ (E 1 (t + τ ) • J * 2 (t) + E 2 (t + τ ) • J * 1 (t) +H * 1 (t) • K 2 (t + τ ) + H * 2 (t) • K 1 (t + τ )) dt dV +∂ τ V ∞ t=-∞ (H * 1 (t) • (µ 2 * H 2 )(t + τ ) + H * 2 (t) • (µ 1 * H 1 )(t + τ ) -E 1 (t + τ ) • ( * 2 * E * 2 )(t) -E 2 (t + τ ) • ( * 1 * E * 1 )(t)) dt dV (350) 
In the above formula (f * g)(t) means convolution of the function f (t) and g(t).

Considering E(t), H(t), (t), µ(t) are all real variables, the above formula can be rewritten as following,

-

" S (E 1 (t + τ ) × H 2 (t) + E 2 (t + τ ) × H 1 (τ )) • ndS = V (E 1 (t + τ ) • J 2 (t) + E 2 (t + τ ) • J 1 (t) +H 1 (t) • K 2 (t + τ ) + H 2 (t) • K 1 (t + τ ))dV +∂ τ V (H 1 (t) • (µ 2 * H 2 )(t + τ ) + H 2 (t) • (µ 1 * H 1 )(t + τ ) -E 1 (t + τ ) • ( 2 * E 2 )(t) -E 2 (t + τ ) • ( 1 * E 1 )(t))dV (351) 
This can be referred to as mixed mutual energy theorem in time domain, or mixed time-correlation reciprocity theorem. It can be proven that the real part of mixed mutual energy theorem Eq.( 349) is the same as the real part of the mutual energy theorem Eq.(346). Mixed mutual energy theorem is related to the concept of mixed Poynting vector [START_REF] Fragstein | The history of the mixed poynting vector[END_REF][START_REF] Macleod | The mixed poynting vector[END_REF].

Derivation of mutual energy theorem by average process

We dene the mutual energy of an electromagnetic eld system as the dierence between the total energy and the self energy. We derived mutual energy from the idea that the self energy is subtracted from the total energy with the rest being the mutual energy. The law of conservation of energy, expressed as Poynting theorem, guarantees the total energy and self energy are conserved. Hence the mutual energy should also be conserved. The conservation of mutual energy is referred to as mutual energy theorem. The following gives the detail of the derivation of the mutual energy theorem. In last section, we tried this idea, but we did not arrive at the mutual energy theorem [START_REF] Shuang Ren Zhao | The application of mutual energy theorem in expansion of radiation elds in spherical waves[END_REF][START_REF] Zhao | The simplication of formulas of electromagnetic elds by using mutual energy formula[END_REF][START_REF] Zhao | The application of mutual energy formula in expansion of plane waves[END_REF], instead we arrived at the mixed mutual energy theorem.

Spatial-temporal mutual energy theorem

Assume electromagnetic eld

ζ 1 = [E 1 , J 1 , H 1 , K 1 , D 1 , B 1 ], ζ 2 = [E 2 , J 2 , H 2 , K 2 , D 2 , B 2 ]
,

where E i is electric eld, H i is magnetic H-eld, J i is electric current intensity, K i is magnetic current intensity, D i is electric displacement eld and B i is magnetic B-eld, where i = 1, 2. Assume that ζ = [E, J , H, K, D, B], hence ζ = ζ 1 + ζ 2 (352) 
D i = i * E i B i = µ i * H i (353) where i = 1, i = 2. E i , H i , i , µ i , ζ i and ζ are all the function of time t, * is convolution with variable t. Assume (E 1 , H 1 ) is produced from source (J 1 , K 1 ) and assume (E 2 , H 2 ) is produced from source (J 2 , K 2 ).
It is clear we have the modied Poynting theorem [START_REF] Shuang Ren Zhao | Modied maxwell equation and modied poynting theorem for superimposed elds (the concept of mutual energy 2)[END_REF] for the superposed eld of ζ as the following,

-∇ • (E × H) = J • E + K • H + E • ∂D + H • ∂B (354) 
where ∂ = ∂ ∂t . There is also the normal Poynting theorem for the self elds:

-∇ • (E 1 × H 1 ) = J 1 • E 1 + K 1 • H 1 + E 1 • ∂D 1 + H 1 • ∂B 1 (355) -∇ • (E 2 × H 2 ) = J 2 • E 2 + K 2 • H 2 + E 2 • ∂D 2 + H 2 • ∂B 2 (356) 
Substituting Eq.(352) to Eq.( 354) and subtracting Eq.( 355) and Eq.(356) from

Eq.( 354), we obtain,

-∇ • (E 1 × H 2 + E 2 × H 1 ) = J 1 • E 2 + J 2 • E 1 + K 1 • H 2 + K 2 • H 1 + E 1 • ∂D 2 + E 2 • ∂D 1 + H 1 • ∂B 2 + H 2 • ∂B 1 (357) 
We can call Eq.(354) the total part of Poynting theorem and Eq.(355,356) as the self part of Poynting theorem. Eq.( 357) is the mutual part of Poynting theorem.

The corresponding integral form of the above formula is

- " S (E 1 × H 2 + E 2 × H 1 ) • ndS = V (J 1 • E 2 + J 2 • E 1 + K 1 • H 2 + K 2 • H 1 + E 1 • ∂D 2 + E 2 • ∂D 1 + H 1 • ∂B 2 + H 2 • ∂B 1 ) dV (358)
n is norm vector of the surface S. S is a surface of the volume V . The above Eq.(357,358) are referred to as spatial-temporal mutual energy theorem in this article.

Mutual energy theorem in complex space

Assume

ζ = Re{ ζ}, ζ = ζ ω exp(jωt) (359) 
where j =

√ -1, ζ and ζ ω are complex variable, ζ = [E, H, J , K, D, B], ζ = [ Ẽ, H, J , K, D, B]. Same to ζ 1 and ζ 2 . Assume f == Re{ f } f = f ω exp(jωt) (360) g == Re{g} g = g ω exp(jωt) (361) 
We have

f g = Re{f ω exp(jωt)}Re{g ω exp(jωt)} = 1 2 (f ω exp(jωt) + f * ω exp(jωt) * ) 1 2 (g ω exp(jωt) + g * ω exp(jωt) * = 1 4 (f ω g ω exp(j2ωt) + f * ω g * ω exp(j2ωt) * + f ω g * ω + f * ω g ω ) = 1 2 (Re{f ω g ω exp(j2ωt)} + Re{f ω g * ω }) (362) Considering < Re(f ω g ω exp(j2ωt)) >= 0 (363) 
where< • >means average of some variable with time t. Hence we have

< f g >= 1 2 Re{f ω g * ω } = 1 2 Re{f ω exp(jωt) g * ω exp(jωt) * } = 1 2 Re{ f g * )} (364) 
Hence, we have the following transform after the average. If we do not consider the constant 1 2 and Re{}, we have

f g =⇒ f g * (365)
=⇒means take an average and do not consider the constant 1 2 and Re{•}, or in the same way we have

f g =⇒ f * g (366) 
According to this, we have

E 1 × H 2 =⇒ Ẽ1 × H * 2 (367) 
and

E 2 × H 1 =⇒ Ẽ * 2 × H1 (368) 
and

J 1 • E 2 =⇒ J 1 • Ẽ * 2 (369) 
and

J 2 • E 1 =⇒ J * 2 • Ẽ1 (370) 
In the above substitution we always put the complex conjugate symbol * to the all variable with subscript 2. Considering,

f ∂g = Re{f ω exp(jωt)}∂Re{g ω exp(jωt)} = 1 2 (f ω exp(jωt) + f * ω exp(jωt) * )∂ 1 2 (g ω exp(jωt) + g * ω exp(jωt) * ) = 1 4 (f ω exp(jωt) + f * ω exp(jωt) * ) (jωg ω exp(jωt) + (jω) * g * ω exp(jωt) * ) = 1 4 (jωf ω g ω exp(j2ωt) + (jω) * f * ω g * ω exp(j2ωt) * +f ω exp(jωt)(jω) * g * ω exp(jωt) * +f * ω exp(jωt) * (jω)g ω exp(jωt)) = 1 2 Re{jωf ω g ω exp(j2ωt)} + 1 2 Re{f ω (jωg ω ) * } (371) Hence, < f ∂g >= 1 2 Re{f ω (jωg ω ) * } = 1 2 Re{ f (jωg) * } (372) Therefore, f ∂g =⇒ f (jωg) * or f ∂g =⇒ f * (jωg) (373) 
Considering a Fourier expansion of the variable (t),

(t) = 1 2π ∞ η=-∞ ˜ η exp(jηt)dη (374) 
we have

D(t) = (t) * E(t) = ∞ -∞ (τ )E(t -τ ) dτ = ∞ τ=-∞ 1 2π ∞ η=-∞ ˜ η exp(jητ )dηE ω exp(jω(t -τ )) dτ = ∞ η=-∞ ˜ η 1 2π ∞ τ=-∞ exp(jτ (η -ω) dτ E ω exp(jωt)dη = ∞ η=-∞ ˜ η δ(η -ω)E ω exp(jωt)dη = ˜ ω E ω exp(jωt) = ˜ ω Ẽ (375) 
Considering Eq(373,375), we obtain,

E 1 • ∂D 2 =⇒ Ẽ1 • (jω˜ 2ω Ẽ2 ) * = -jω Ẽ1 • ˜ * 2ω Ẽ * 2 (376) or E 2 • ∂D 1 =⇒ Ẽ * 2 • (jω˜ 1ω Ẽ1 ) = jω Ẽ * 2 • ˜ 1ω Ẽ1 (377) 
similarly we have

H 1 • ∂B 2 =⇒ -jω H1 • μ * 2ω H * 2 (378) 
H 2 • ∂B 1 =⇒ jω H * 2 • μ1ω B1 (379) 
Substitute the above formula Eq.(367,368,369,370) and Eq.( 376,377,378,379)

to Eq.(357). Considering the average process =⇒ ", we have

-∇ • (E 1 × H * 2 + E * 2 × H 1 ) = J 1 • E * 2 + J * 2 • E 1 + K 1 • H * 2 + K * 2 • H 1 -jω E 1 • * 2ω E * 2 + jωE * 2 • 1ω E 1 -jω H 1 • µ * 2ω H * 2 + jωH * 2 • µ 1ω B 1 (380) 
In the above formula, for simplicity we have not written the cap symbol ~. In the following we also do not write the symbol ~. Considering,

a • Cb = a i C ij b j = C ij a i b j = C T ji a i • b j = b • C T a ( 381 
)
Here T is matrix transpose, we have

E 1 • * 2ω E * 2 = E * 2 • ( * 2ω ) T E 1 = E * 2 • † 2ω E 1 (382) 
where A † = (A * ) T . † means matrix conjugate. Hence, we have

E 1 * 2ω E * 2 -E * 2 1ω E 1 99 = E * 2 † 2ω E 1 -E * 2 1ω E 1 = E * 2 ( † 2ω -1ω )E 1 (383) 
and

H 1 µ * 2ω H * 2 -H * 2 µ 1ω H 1 = H * 2 (µ † 2ω -µ 1ω )H 1 (384) 
Hence Eq.( 380) can be rewritten as the following,

-∇ • (E 1 × H * 2 + E * 2 × H 1 ) = J 1 • E * 2 + J * 2 • E 1 + K 1 • H * 2 + K * 2 • H 1 -jωE * 2 • ( † 2ω -1ω )E 1 -jωH * 2 • (µ † 2ω -µ 1ω )H 1 (385) If we choose † 2ω = 1ω , µ † 2ω = µ 1ω (386) 
We have the modied mutual energy theorem,

-∇ • (E 1 × H * 2 + E * 2 × H 1 ) = J 1 • E * 2 + J * 2 • E 1 + K 1 • H * 2 + K * 2 • H 1 (387) 
Or in integral form,

-Ŝ (E 1 × H * 2 + E * 2 × H 1 ) • ndS = V (J 1 • E * 2 + J * 2 • E 1 + K * 2 H 1 + H * 2 K 1 ) dV (388)

Mutual energy theorem in complex space with lossless medium

If the medium is lossless, there are the following condition, †

ω = ω , µ † ω = µ ω (389) 
In this situation, we can choose

1ω = 2ω = , µ 1ω = µ 2ω = µ. Thus, jωE * 2 • ( † ω -ω )E 1 + jωH * 2 • (µ † ω -µ ω )H 1 = 0 (390)
Hence, the modied mutual energy theorem becomes the mutual energy theorem [START_REF] Shuang Ren Zhao | The application of mutual energy theorem in expansion of radiation elds in spherical waves[END_REF][START_REF] Zhao | The simplication of formulas of electromagnetic elds by using mutual energy formula[END_REF][START_REF] Zhao | The application of mutual energy formula in expansion of plane waves[END_REF]. It has been also referred as the second reciprocity theorem and adjoint reciprocity theorem [START_REF] Petrusenko | The lost second lorentz theorem in the phasor domain[END_REF]. The mutual energy theorem is a physical theorem, it is only established in the lossless media Eq.(389). In more general situation, for example in the loss media, the modied mutual energy theorem is still established, which is mathematical theorem. We say it is a mathematical theorem since among the two media, 1 , µ 1 and 2 , µ 2 can only one has physical meaning, while the other can be chosen to simplify the calculation. A special situation of the loss media can be seen in next subsection.

Modied mutual energy theorem in complex space with loss media

If the lossless condition does not satisfy. The mutual energy formula can not be written as the above simplied form Eq.(387) with Eq.( 389). However we still can choose Eq.( 388) with Eq.(386).

So even for loss media, that the Eq.(387,388) are still true in the meaning of modied mutual energy theorem. Here usually one of media is in the real physical space for example 1ω , µ 1ω , the other 2ω , µ 2ω are in virtual space and only have the mathematical meaning. In this situation we are free to choose their values. The modied mutual energy theorem can be found in reference [START_REF] Shuang Ren Zhao | The application of mutual energy theorem in expansion of radiation elds in spherical waves[END_REF][START_REF] Zhao | The simplication of formulas of electromagnetic elds by using mutual energy formula[END_REF][START_REF] Zhao | The application of mutual energy formula in expansion of plane waves[END_REF].

Hence, we have derived the (modied) mutual energy theorem [START_REF] Shuang Ren Zhao | The application of mutual energy theorem in expansion of radiation elds in spherical waves[END_REF][START_REF] Zhao | The simplication of formulas of electromagnetic elds by using mutual energy formula[END_REF][START_REF] Zhao | The application of mutual energy formula in expansion of plane waves[END_REF] from the modied Poynting theorem [START_REF] Shuang Ren Zhao | Modied maxwell equation and modied poynting theorem for superimposed elds (the concept of mutual energy 2)[END_REF] using an average process.

The surface integral in the mutual energy theorem

Assume

ξ 1 = [E 1 , H 1 ] and ξ 2 = [E 2 , H 2 ] and (ξ 1 , ξ 2 ) ω = Ŝ (E 1 (ω) × H 2 (ω) * + E 1 (ω) × H * 2 (ω)) ndS (391) 
If both ζ 1 and ζ 2 are the retarded potential, in general

(ξ 1 , ξ 2 ) ω = 0 (392) 
Since that means (ξ 1 , ξ 2 ) ω is mutual energy ow, they go through the surface.

For example if

ζ 1 = ζ 2 = ζ then (ξ, ξ) ω = Ŝ (E(ω) × H * (ω) + E * (ω) × H(ω)) ndS = 2 Ŝ Re{E(ω) × H * (ω)} ndS (393) E(ω)×H * (ω) is the Fourier domain Poynting vector, ´S Re{E(ω)×H * (ω)} ndS
is the power ow out the surface which does not vanish in general. It only vanishes if the surface S is a super conductor or a magnetic super conductor wall. Hence, there is

(ξ, ξ) ω = 0 (394) 
It has been proven that (ξ 1 , ξ 2 ) is a inner product, if ξ 1 and ξ 2 are retarded potentials [START_REF] Shuang Ren Zhao | The application of mutual energy theorem in expansion of radiation elds in spherical waves[END_REF].

In other hand, if one of (ζ 1 ζ 2 ), is the retarded potential and the other is the advanced potential. For example,

ρ 1 = [J 1 , K 1 ] is a source and ρ 2 = [J 2 , K 2 ]
is a sink. ρ 1 and ρ 2 are all inside the surface S. In this case, ξ 1 is retarded potential and ξ 2 is advanced potential, thus,

(ξ 1 , ξ 2 ) ω = 0 (395)
The proof can been seen in Appendix 1. In the proof the Sommerfeld's radiation condition [START_REF] Sommerfeld | Partial Dierential Equations in Physics[END_REF] has been applied.

The above two situations are very easy to make mistakes. In section 1 we have mentioned that the close related formula to the mutual energy theorem Eq.( 388) are the work of Welch [START_REF] Welch | Reciprocity theorems for electromagnetic elds whose time dependence is arbitrary[END_REF], Rumsey [START_REF] Rumsey | A short way of solving advanced problems in electromagnetic elds and other linear systems[END_REF], Shuang-ren Zhao [START_REF] Shuang Ren Zhao | The application of mutual energy theorem in expansion of radiation elds in spherical waves[END_REF][START_REF] Zhao | The simplication of formulas of electromagnetic elds by using mutual energy formula[END_REF][START_REF] Zhao | The application of mutual energy formula in expansion of plane waves[END_REF],

Hoop [START_REF] Adrianus | Time-domain reciprocity theorems for electromagnetic elds in dispersive media[END_REF] and Petrusenko [START_REF] Petrusenko | The lost second lorentz theorem in the phasor domain[END_REF]. In Welch's reciprocity theorem [START_REF] Welch | Reciprocity theorems for electromagnetic elds whose time dependence is arbitrary[END_REF] there is a surface integral which has value 0, Welch has mentioned the result 0 is obtained for the two elds one is retarded potential, one is advanced potential. But he didn't consider the situation where two elds are both retarded potentials or both are advanced potentials. In Rumsey's formula Eq.( 345), there is no surface integral, perhaps he though the surface integral should be always 0. Shuang-ren Zhao considered that there is an the surface integral which dose not vanish in the mutual energy theorem [START_REF] Shuang Ren Zhao | The application of mutual energy theorem in expansion of radiation elds in spherical waves[END_REF], which is suitable to both elds are retarded potential. In Hoop's theorem [START_REF] Adrianus | Time-domain reciprocity theorems for electromagnetic elds in dispersive media[END_REF] the surface integral appeared but has been thought that it will vanish on the innite sphere without mention about retarded potential and advanced potential. Later, in the second reciprocity theorem [START_REF] Petrusenko | The lost second lorentz theorem in the phasor domain[END_REF], the surface integral was also thought to vanish on the innite big sphere, without mention the two elds are retarded potential or advanced potential.

We will show that if the two potential ζ 1 and ζ 2 are dierent, one is retarded potential and another is advanced potential, (ξ 1 , ξ 2 ) ω = 0, in this situation the mutual energy theorem Eq.(388) solve the same problem of Lorentz reciprocity theorem. In the Lorentz reciprocity theorem both elds are retarded potentials.

Only if both elds are retarded potentials or both are advanced potentials, the mutual energy theorem can solve another kind problem, wave expansion problem, which is dierent compared to the problem solved through Lorentz reciprocity theorem.

Conclusion

The modied mutual energy theorem is derived from the modied Poynting theorem instead of the Maxwell equations. An average process which is often used to show that the Poynting vector is the intensity of the energy (power) current is applied to the derivation.

Appendix 1

We will prove that if ξ 1 is retarded potential and ξ 2 is advanced potential and then the integral satises that,

(ξ 1 , ξ 2 ) ω = 0 (396)
Assume S is a sphere with radio r. Assume r → ∞. Considering the Silver-Muller radiation condition or Sommerfeld's radiation condition [START_REF] Sommerfeld | Partial Dierential Equations in Physics[END_REF], there is

lim r→∞ r(ηH × n+ -E) = 0 (397) for retarted potential. Where η = µ . If r → ∞, n+ can be calculated n+ = E(ω) × H(ω) ||E(ω) × H(ω)|| (398)
n+ directs to outside of the big sphere S. We know that the normal vector of the surface S is n. Hence, there is n+ = n. For advanced potential, there is

lim r→∞ r(ηH × n--E) = 0 (399)
where

n-= -n + = -n (400)
ndirects to the inside of the big sphere S. Since we have assume ζ 1 is retarded potential, at r → ∞ there is

E 1 (ω) = η H 1 (ω) × n+ (401)
and we have assume ζ 2 is advanced potential, there is

E 2 (ω) = η H 2 (ω) × n- (402) hence, (ξ 1 , ξ 2 ) ω = Ŝ (E 1 (ω) × H * 2 (ω) + E * 2 (ω) × H 1 (ω)) ndS = η Ŝ ((H 1 (ω) × n+ ) × H * 2 (ω) + (H * 2 (ω) × n-) × H 1 (ω)) • ndS = η Ŝ (H 1 (ω) × n × H * 2 (ω) -H * 2 (ω) × n × H 1 (ω)) • ndS = η Ŝ (H * 2 (ω) × n × H 1 (ω) -H * 2 (ω) × n × H 1 (ω)) • ndS = 0 (403)
28 Derivation of the mutual energy theorems and reciprocity theorems from Poynting theorem in Fourier domain (mutual energy 4)

Abstract

We have re-derived the mutual energy theorems and reciprocity theorems from modied Poynting theorem using the concept of mutual energy. Our derivation is in Fourier domain. Two other theorems are introduced which are timereversed mutual energy theorem and time-reversed reciprocity theorem in the similar way. The relationship of these 4 theorems are oered from this rederivation. The reason in these 4 theorems two are referred to as the mutual energy theorems and the other two are referred to as reciprocity theorems was found, as indicated by the involvement of the magnetic mirror transformation.

Introduction

n of energy and the Lorentz reciprocity theorem [START_REF] Lorentz | The theorem of poynting concerning the energy in the electromagnetic eld and two general propositions concerning the propagation of light[END_REF][START_REF] Carson | Reciprocal theorems in radio communication[END_REF][START_REF] Carson | The reciprocal energy theorem[END_REF][START_REF]Reciprocity in electromagnetic, mechanical, acoustical, and interconnected systems[END_REF] is widely used for eld calculations. V. H. Rumsey proposed the concept of the reaction [START_REF] Rumsey | Reaction concept in electromagnetic theory[END_REF] in 1954 which is related to the Lorentz reciprocity theorem. W.J. Welch has derived a reciprocity theorem [START_REF] Welch | Reciprocity theorems for electromagnetic elds whose time dependence is arbitrary[END_REF] in 1960. W. J. Welch has derived another reciprocity theorem in 1961 [START_REF] Welch | Comment on reciprocity theorems for electromagnetic elds whose time dependence is arbitrary[END_REF],

Ŝ ∞ t=-∞ (E 1 (t) × H 2 (t) -E 2 (t) × H 1 (t)) dt ndS = V ∞ t=-∞ (J 1 (t) • E 2 (t) -K 1 (t) • H 2 (t) -J 2 (t) • E 1 (t) + K 2 (t) • H 1 (t)) dt dV (404) 
Rumsey has derived another reciprocity theorem in 1963 [START_REF] Rumsey | A short way of solving advanced problems in electromagnetic elds and other linear systems[END_REF]. S. N. Samaddar suggest a reciprocity theorem and applied it to solve wave expansion problems in 1964 [START_REF] Samaddar | Orthogonality properties of modes in a compressible partially ionized plasma[END_REF] in plasma media,

∇ • (E l × Ĥl + Êl × H l ) + vel • p el + v el pel + vil • p il + v il pil + +v nl • p nl + v in]m pil = 0 (405) 
The corresponding time-domain theory of the reciprocity theorem [START_REF] Lorentz | The theorem of poynting concerning the energy in the electromagnetic eld and two general propositions concerning the propagation of light[END_REF][START_REF] Carson | Reciprocal theorems in radio communication[END_REF][START_REF] Carson | The reciprocal energy theorem[END_REF][START_REF]Reciprocity in electromagnetic, mechanical, acoustical, and interconnected systems[END_REF][START_REF] Rumsey | Reaction concept in electromagnetic theory[END_REF] is the time-convolution reciprocity theorem [START_REF] Ru Shao Cheo | A reciprocity theorem for electromagnetic elds with general time dependence[END_REF][START_REF] Goubau | A reciprocity theorem for non-periodic elds[END_REF] derived by G.

Goubau in 1960 and B. Ru-shao Cheo in 1965. The further development of the time-convolution reciprocity theorem can be found in [START_REF] Adrianus | Reciprocity, Causality, and Huygens' Principle in electromagnetic wave theory[END_REF][START_REF] Karlsson | Constitutive relations, dissipation and reciprocity for the Maxwell equations in the time domain[END_REF]. J. A. Kong oers the details of conjugate transform and the concept of the modied reciprocity theorem [START_REF] Au | Theory of electromagnetic waves[END_REF][START_REF] Au | Theorems of bianisotropic media[END_REF] in 1972, in which (permittivity) and µ (permeability) of two electromagnetic elds appeared in the reciprocity theorem are allowed to be dierent. Norbert N. Bojarski has further developed the Welch's reciprocity theorem in 1983 [START_REF] Bojarskbi | Generalized reaction principles and reciprocity theorems for the wave equations, and the relationship between the timeadvanced and time-retarded elds[END_REF]. Shuang-Ren Zhao proposed the mutual energy theorem and modied mutual energy theorem in May of 1987 [START_REF] Shuang Ren Zhao | The application of mutual energy theorem in expansion of radiation elds in spherical waves[END_REF]. Compared to the Rumsey's formula [START_REF] Rumsey | A short way of solving advanced problems in electromagnetic elds and other linear systems[END_REF], there is an item of the surface integral in the mutual energy theorem, which does not vanish. The surface integral has been applied to dene an inner product of electromagnetic elds on the surface and allowing it to solve the wave expansion problems [42][79, 78]. Welch's reciprocity theorem [START_REF] Welch | Reciprocity theorems for electromagnetic elds whose time dependence is arbitrary[END_REF][START_REF] Bojarskbi | Generalized reaction principles and reciprocity theorems for the wave equations, and the relationship between the timeadvanced and time-retarded elds[END_REF] is further developed by A. T. de Hoop in December 1987 to become the time-correlation reciprocity theorem [START_REF] Adrianus | Time-domain reciprocity theorems for electromagnetic elds in dispersive media[END_REF]. Hoop's time-correlation reciprocity theorem can be seen as the mutual energy theorem [START_REF] Shuang Ren Zhao | The application of mutual energy theorem in expansion of radiation elds in spherical waves[END_REF] in time-domain instead of in the Fourier domain. Welch's reciprocity theorem [START_REF] Welch | Reciprocity theorems for electromagnetic elds whose time dependence is arbitrary[END_REF] is a special situation of the time-correlation reciprocity theorem where the time variable τ = 0. In the Hoop's theorem [START_REF] Adrianus | Time-domain reciprocity theorems for electromagnetic elds in dispersive media[END_REF] the surface integral appeared but has been thought that it will vanish on the innite sphere. Baun has a book [START_REF] Baum | Electromagnetic Symmetry. Taylor and Francis[END_REF] in 1995 which systematically introduced reciprocity theorems. The reference [START_REF] Barybin | Modal expansions and orthogonal complements in the theory of complex media waveguide excitation by external sources for isotropic, anisotropic, and bianisotropic media[END_REF][START_REF] Marcuse | Coupled-mode theory for anisotropic optical waveguides[END_REF] solved the wave expansion problem directly from the Maxwell's equations which is closely related to the problem that can be solved through the mutual energy theorem.

Later the mutual energy theorem has been rediscovered and has been referred to as the second reciprocity theorem [START_REF] Petrusenko | The lost second lorentz theorem in the phasor domain[END_REF] in 2009. In this second reciprocity theorem the surface integral was also thought to vanish on the innite big sphere.

Application of reciprocity theorem and mutual energy theorem can also be found in the examples [START_REF] Johnson | Adiabatic theorem and continuous coupled-mode theory for ecient taper transitions in photonic crystals[END_REF][START_REF] Barybin | Excitation theory for space-dispersive active media waveguides[END_REF][START_REF] Carozzi | Complex poynting theorem as a conservation law[END_REF][START_REF] Chen | Reciprocity in electromagnetics[END_REF]. There are a few references that discussed the relationship between Poynting theorem and reciprocity theorem [START_REF] Chuang | A coupled-mode theory for multiwaveguide systems satisfying the reciprocity theorem and power conservation[END_REF][START_REF] Cho | A new look at reciprocity and energy conservation theorems in electromagnetics[END_REF][START_REF] Polat | On poynting's theorem and reciprocity relations for discontinuous elds[END_REF].

However they only discussed them together and did not oer the direct relationship between the two theorems. Reference [START_REF] Au | Theorems of bianisotropic media[END_REF] discussed the reciprocity theorem in bi-anisotropic media. There is a concept mixed Poynting vector [START_REF] Fragstein | The history of the mixed poynting vector[END_REF][START_REF] Macleod | The mixed poynting vector[END_REF] which is closely related to the concept mutual energy and Poynting vector.

Chen-To Tai has derived the complementary reciprocity theorem [START_REF] Tai | Complementary reciprocity theorems in electromagnetic theory[END_REF].

Noticeable, in the referenced [START_REF] Shuang Ren Zhao | The application of mutual energy theorem in expansion of radiation elds in spherical waves[END_REF][START_REF] Zhao | The simplication of formulas of electromagnetic elds by using mutual energy formula[END_REF][START_REF] Zhao | The application of mutual energy formula in expansion of plane waves[END_REF], the concept of mutual energy was not well dened and the related concept total energy and self energy were also not well dened. The mutual energy theorem is only derived from the modied reciprocity theorem instead of Poynting theorem, hence the name mutual energy theorem is still not widely acceptable in this situation. In order to derive the modied mutual energy theorem from Poynting theorem, we have introduced the modied Poynting theorem [START_REF] Shuang Ren Zhao | Modied maxwell equation and modied poynting theorem for superimposed elds (the concept of mutual energy 2)[END_REF] for superposed elds which can be in dierent space, dierent time, dierent media , µ, dierent elds such as retarded potential and advanced potential, magnetic mirror transformed eld, time-media reversed eld, even the electric-magnetic swapped eld.

There are 4 similar theorems, among them the most appeared is Lorenz reciprocity theorem [START_REF] Welch | Reciprocity theorems for electromagnetic elds whose time dependence is arbitrary[END_REF], the other ones is the mutual energy theorem [START_REF] Shuang Ren Zhao | The application of mutual energy theorem in expansion of radiation elds in spherical waves[END_REF][START_REF] Zhao | The simplication of formulas of electromagnetic elds by using mutual energy formula[END_REF][START_REF] Zhao | The application of mutual energy formula in expansion of plane waves[END_REF][39],

time-reversed mutual energy theorem and time-reversed reciprocity theorem.

The latter two will be introduced in this article. The 4 theorems can all be derived from Maxwell's equations. We have derived the mutual energy theorem using an average process [START_REF] Shuang Ren Zhao | Derive the mutual energy theorem from poynting theorem through an average process (the concept of mutual energy 2)[END_REF] from modied Poynting theorem [START_REF] Shuang Ren Zhao | Modied maxwell equation and modied poynting theorem for superimposed elds (the concept of mutual energy 2)[END_REF]. The derivation is not straitly, since we have only proved that in average with time the mutual energy theorem is established. In this article we would like to derive or re-derive these 4 theorems from modied Poynting theorems [START_REF] Shuang Ren Zhao | Modied maxwell equation and modied poynting theorem for superimposed elds (the concept of mutual energy 2)[END_REF] using the concept of mutual energy. The derivation is in Fourier domain. The mutual energy is dened as the dierence of total energy and self energy. The total energy and self energy both satisfy the modied Poynting theorem.

Our contributions

Our contributions of this article are deriving 4 theorems (2 mutual energy theorems and 2 reciprocity theorems) from modied Poynting theorems with the concept of mutual energy. Among these 4 theorems the time reversed mutual energy theorem and time reversed reciprocity theorem are new theorems. These derivation oers a deep understanding of these theorems.

Derive the theorems in Fourier domain

In The concept of mutual energy 2 [START_REF] Shuang Ren Zhao | Derive the mutual energy theorem from poynting theorem through an average process (the concept of mutual energy 2)[END_REF] we have derived the mutual energy theorem from Poynting theorem using an average process. However that derivation with average process is not rigorous. We have only proven the real part of the theorem. The mutual energy theorem still has imaginary part. Since we did not prove the imaginary part of the mutual energy theorem. In this section we will oer another more rigorous derivation. Usually in Fourier domain, we should use the symbol ˜ to distinguish that in time domain, for example Ẽ, H. For simplity we omit the symbol ˜ in the following discussion.

The modied time-reversed mutual energy theorem

Assume

ζ 1 = [E 1 , H 1 , J 1 , K 1 , D 1 , B 1 ], ζ 2 = [E 2 , H 2 , J 2 , K 2 , D 2 , B 2 ], ζ = ζ 1 + ζ 2 , here ζ 1 , ζ 2 and
ζ are all variable of frequency ω. There is the total energy formula, see Eq.( 46) in the concept of mutual energy 1 [START_REF] Shuang Ren Zhao | Modied maxwell equation and modied poynting theorem for superimposed elds (the concept of mutual energy 2)[END_REF],

-∇ • ((E 1 + E 2 ) × (H 1 + H 2 )) = (J 1 + J 2 ) • (E 1 + E 2 ) + (K 1 + K 2 ) • (H 1 + H 2 ) + (E 1 + E 2 ) • jω(D 1 + D 2 ) + (H 1 + H 2 ) • jω(B 1 + B 2 ) (406) 
In the above we omit the variable ω, for example we have written E = E(ω), H = H(ω) to shorten the formula. The self energy formula are,

-∇ • (E 1 × H 1 ) = J 1 • E 1 + K 1 • H 1 + E 1 • jωD 1 + H 1 • jωB 1 (407) -∇ • (E 2 × H 2 ) = J 2 • E 2 + K 2 • H 2 + E 2 • jωD 2 + H 2 • jωB 2 (408) 
Subtracting the above two self energy formulas form the total energy formula, we obtain

-∇ • (E 1 × H 2 + E 2 × H 1 ) = J 1 • E 2 + J 2 • E 1 + K 1 • H 2 + K 2 • H 1 + jω(E 1 • D 2 + E 2 • D 1 + H 1 • B 2 + H 2 • B 1 ) (409) 
Among the above formula we notice that

E 1 • D 2 + E 2 • D 1 = E 1 • 2 E 2 + E 2 • 1 E 1 = E 1 • 2 E 2 + •E 1 T 1 E 2 = E 1 • ( 2 + T 1 )E 2 (410) 
where 1 = 2 (ω), 1 = 2 (ω) , T is matrix transpose and

H 1 • B 2 + H 2 • B 1 = H 1 • (µ 2 + µ T 1 )H 2 (411) 
where

µ 1 = µ 1 (ω), µ 2 = µ 2 (ω). Hence if we choose 2 (ω), µ 2 (ω) satisfy 2 (ω) + T 1 (ω) = 0, µ 2 (ω) + µ T 1 (ω) = 0 (412) 
There is

-∇ • (E 1 × H 2 + E 2 × H 1 ) = J 1 • E 2 + E 1 • J 2 + K 1 • H 2 + H 1 • K 2 (413) 
The integral form can be written as

-Ŝ (E 1 × H 2 + E 2 × H 1 ) ndS = V (J 1 • E 2 + E 1 • J 2 + K 1 • H 2 + H 1 • K 2 ) dV (414) 
Here n is a unit normal vector of the surface S. S is the boundary surface of volume V . The sources J 1 , J 2 , K 1 , K 2 are in the volume V . The above two formula can be referred to as the modied time-reversed mutual theorem.

Dene

(ξ 1 , ξ 2 ) rω = Ŝ (E 1 × H 2 + E 2 × H 1 ) ndS (415) (ρ 1 , ξ 2 ) rω = V (J 1 • E 2 + K 1 • H 2 )dV (416) (ξ 1 , ρ 2 ) rω = V (E 1 • J 2 + H 1 • K 2 )dV (417) 
where

ξ 1 = [E 1 , H 1 ], ξ 2 = [E 2 , H 2 ], ρ 1 = [J 1 , K 1 ], ρ 2 = [J 2 , K 2 ], subscript r
is used to express that this inner product does not use any complex conjugate symbols. Subscript ω is used to express that this inner product is done in the Fourier domain. Hence we have the time-reversed mutual energy theorem as following,

(ξ 1 , ξ 2 ) rω + (ρ 1 , ξ 2 ) rω + (ξ 1 , ρ 2 ) rω = 0 (418)
with the media condition,

2 (ω) + T 1 (ω) = 0, µ 2 (ω) + µ T 1 (ω) = 0 (419) 
The closed work related Eq.( 414) can be found in reference [START_REF] Samaddar | Orthogonality properties of modes in a compressible partially ionized plasma[END_REF]. In the case

1 = 2 = , µ 1 = µ 2 =
µ, the word modied can be dropped. It becomes the time-reversed mutual energy theorem. The media condition is changed to

(ω) = -T (ω), µ(ω) = -µ T (ω) (420) 
That means the media must be anti-symmetric. We do not clear whether or not this exist in nature. If this anti-symmetric media exists, the above time-reversed mutual energy theorem is established. Here we call it time-reversed because it can be obtained from the mutual energy theorem through a time-media reversed transform. The mutual energy theorem will be discussed in next sub-section.

The media condition Eq.( 420) is dicult to be realized in nature, perhaps we will think the value of this theorem is not very high. However we can see the corresponding complementary reciprocity theorem of this theorem can be realized in the nature which will be discussed in following article of this series.

If there are N electromagnetic elds, the modied mutual energy theorem is

i<j, j N i=1,j=1 ((ξ i , ξ j ) rω + (ρ i , ξ j ) rω + (ξ i , ρ j ) rω ) = 0 (421)

The modied mutual energy theorem

Assume

ζ 1 = [E 1 , H 1 , J 1 , K 1 , D 1 , B 1 ], ζ 2 = [E 2 , H 2 , J 2 , K 2 , D 2 , B 2 ], ζ = ζ 1 + rζ 2 , ζ 1 , ζ 2 
and ζ are function of frequency variable ω. Here r is time-media reversed transform [START_REF] Shuang Ren Zhao | Modied maxwell equation and modied poynting theorem for superimposed elds (the concept of mutual energy 2)[END_REF] 

which is ζ r = rζ, or ζ = r ζ r , i.e., [E, H, J , K, , µ] ≡ r[E r , H r , J r , K r , r , µ r ] = [E * r , H * r , J * r , K * r , - * r , -µ * r ] (422) 
We know that ζ satises the modied Maxwell equations [START_REF] Shuang Ren Zhao | Modied maxwell equation and modied poynting theorem for superimposed elds (the concept of mutual energy 2)[END_REF], and hence the modied Poynting theorem [START_REF] Shuang Ren Zhao | Modied maxwell equation and modied poynting theorem for superimposed elds (the concept of mutual energy 2)[END_REF] is established. This is the following,

-∇ • ((E 1 + rE 2 ) × (H 1 + rH 2 )) = (J 1 + rJ 2 ) • (E 1 + rE 2 ) + (K 1 + rK 2 ) • (H 1 + rH 2 ) +(E 1 + rE 2 ) • jω(D 1 + rD 2 ) + (H 1 + rH 2 ) • jω(B 1 + rB 2 ) (423) or -∇ • ((E 1 + E * 2 ) × (H 1 + H * 2 )) = (J 1 + J * 2 ) • (E 1 + E * 2 ) + (K 1 + K * 2 ) • (H 1 + H * 2 ) +(E 1 + E * 2 ) • jω( 1 E 1 - * 2 E * 2 ) + (H 1 + H * 2 ) • jω(µ 1 H 1 -µ * 2 H * 2 ) (424) 
By subtracting all self-energy parts of Poynting theorem for ζ 1 and rζ 2 , we obtain,

-∇ • (E 1 × H 1 ) = J 1 • E 1 + K 1 • H 1 + jωE 1 1 E 1 + jωH 1 µ 1 H 1 (425) -∇ • (E * 2 × H * 2 ) = J * 2 • E * 2 + K * 2 • H * 2 -jωE * 2 • * 2 E * 2 -jωH * 2 • µ * 2 H * 2 (426) 
The Eq.( 424) becomes

-∇ • (E 1 × H * 2 + E * 2 × H 1 ) = (J 1 • E * 2 + J * 2 • E 1 ) + (K 1 • H * 2 + K * 2 • H 1 ) + jωE * 2 • (- † 2 + 1 )E 1 + jωH * 2 • (-µ † 2 + µ 1 )H 1 (427) † is complex conjugate operator, † = ( T ) * . Chosen 2 , µ 2 so that † 2 (ω) = 1 (ω), µ † 2 (ω) = µ 1 (ω) (428) 
there is

-∇ • (E 1 × H * 2 + E * 2 × H 1 ) = J 1 • E * 2 + J * 2 • E 1 + K 1 • H * 2 + K * 2 • H 1 (429)
The above is the modied mutual energy theorem which have been found in references [START_REF] Zhao | The simplication of formulas of electromagnetic elds by using mutual energy formula[END_REF][START_REF] Zhao | The application of mutual energy formula in expansion of plane waves[END_REF][START_REF] Shuang Ren Zhao | The application of mutual energy theorem in expansion of radiation elds in spherical waves[END_REF] and re-derived by average process [START_REF] Shuang Ren Zhao | Derive the mutual energy theorem from poynting theorem through an average process (the concept of mutual energy 2)[END_REF]. We have shown that we can derive it directly from modied Poynting theorem [START_REF] Shuang Ren Zhao | Modied maxwell equation and modied poynting theorem for superimposed elds (the concept of mutual energy 2)[END_REF]. We can also obtained the modied mutual energy theorem simply from time-reversed mutual energy theorem through a time-media reversed transform, however deriving it directly from modied Poynting theorem oers it deeper understanding. The integral formula of modied mutual energy theorem is,

-Ŝ (E 1 × H * 2 + E * 2 × H 1 ) ndS = V (J 1 • E * 2 + E 1 • J * 2 + K 1 • H * 2 + H 1 • K * 2 ) dV (430) 
The above can be referred to as the modied mutual theorem. It can be written as

(ξ 1 , ξ 2 ) ω + (ρ 1 , ξ 2 ) ω + (ξ 1 , ρ 2 ) ω = 0 (431) 
where

(ξ 1 , ξ 2 ) ω ≡ Ŝ (E 1 (ω) × H * 2 (ω) + E * 2 (ω) × H 1 (ω)) ndS (432) (ρ 1 , ξ 2 ) ω ≡ V (J 1 (ω) • E * 2 (ω) + K 1 (ω) • H * 2 (ω))dV (433) (ξ 1 , ρ 2 ) ω ≡ V (E 1 (ω) • J * 2 (ω) + H 1 (ω) • K * 2 (ω))dV (434) 
If 1 = 2 and µ 1 = µ 2 , the word modied can be dropped, the above theorem becomes mutual energy theorem. For the mutual energy theorem the media satisfy

(ω) = † (ω), µ(ω) = µ † (ω) (435) 
which is lossless media. Hence mutual energy theorem is established in lossless media. If there are N electromagnetic elds, the modied mutual energy theorem is i<j, j N i=1,j=1

((ξ i , ξ j ) ω + (ρ i , ξ j ) ω + (ξ i , ρ j ) ω ) = 0 (436)

The modied Lorenz reciprocity theorem

Assume formula for this situation. From the experience of last section, we have known doing above the resualt should be that for all the variable with 2 should add a magnetic mirror transform h [START_REF] Shuang Ren Zhao | Modied maxwell equation and modied poynting theorem for superimposed elds (the concept of mutual energy 2)[END_REF] to the formaul Eq.( 430). Since

ζ 1 = [E 1 , H 1 , J 1 , K 1 , D 1 , B 1 ], ζ 2 = [E 2 , H 2 , J 2 , K 2 , D 2 , B 2 ].
ζ 2h = hζ 2 , there is ζ 2 = hζ 2h or h[E 2 , H 2 , J 2 , K 2 , 2 , µ 2 ] = [E * 2h , -H * 2h , -J * 2h , K * 2h , * 2h , µ * 2h ] (437) 
Substitute this to Eq.(430,435), we obtain, 

-∇ • (E 1 × (-1)H 2h + E 2h × H 1 ) = J 1 • E 2h + E 1 • (-1)J 2h + K 1 • (-1)H 2h + H 1 • K 2h (438) -2h (ω) + T 1 (ω) = 0, -µ 2h (ω) + µ T 1 (ω) = 0 ( 
∇ • (E 1 × H 2 -E 2 × H 1 ) = J 1 • E 2 -E 1 • J 2 -K 1 • H 2 + H 1 • K 2 (440) 2 (ω) = T 1 (ω), µ 2 (ω) = µ T 1 (ω) (441) 
This is modied Lorentz reciprocity theorems [START_REF] Au | Theory of electromagnetic waves[END_REF]. Corresponding integral formaul of Lorentz formamula is

Ŝ (E 1 × H 2 -E 2 × H 1 ) dS = V (J 1 • E 2 -E 1 • J 2 -K 1 • H 2 + H 1 • K 2 dV (442)
We advanced potentials, the surface integral of Eq.(442) also vanishes.

In case

2 (ω) = 1 (ω) = µ 2 (ω) = µ 1 (ω) = µ, hence, we have T (ω) = (ω), µ T (ω) = µ(ω) (443) 
Dropped the word modied, it becomes Lorenz reciprocity theorem [START_REF] Lorentz | The theorem of poynting concerning the energy in the electromagnetic eld and two general propositions concerning the propagation of light[END_REF][START_REF] Carson | Reciprocal theorems in radio communication[END_REF][START_REF] Carson | The reciprocal energy theorem[END_REF][START_REF]Reciprocity in electromagnetic, mechanical, acoustical, and interconnected systems[END_REF][START_REF] Rumsey | Reaction concept in electromagnetic theory[END_REF]. Lorenz reciprocity theorem is established in the symmetric media. This media is exist in nature, for example the empty space.

The modied time-reversed reciprocity theorem

We know the time-media reversed transform from reference [START_REF] Shuang Ren Zhao | Modied maxwell equation and modied poynting theorem for superimposed elds (the concept of mutual energy 2)[END_REF] r

[E, H, J , K, , µ] = r[E * , H * , J * , K * , - * , -µ * ] (444) 
After a time-media reversed transform for subscript 2, the above Lorenz theorem can be written as *

2 (ω) + T 1 (ω) = 0, µ * 2 (ω) + µ T 1 (ω) = 0 (445) and ∇ • (E 1 × H * 2 -E * 2 × H 1 ) = J 1 • E * 2 -J * 2 • E 1 -K 1 • H * 2 + K * 2 • H 1 (446) 111
The corresponding integral form is

Ŝ (E 1 × H * 2 -E * 2 × H 1 ) ndS = V (J 1 • E * 2 -J * 2 • E 1 -K 1 • H * 2 + K * 2 • H 1 ) dV (447) 
This theorem can be derived similarly as mutual energy theorem. Assume This formula can be referred to as the time-reversed reciprocity theorem.

In case 2 (ω) = 1 (ω) = , µ 2 (ω) = µ 1 (ω) = µ, the word modied can be dropped, making it become time reversed reciprocity theorem. The media condition becomes

(ω) = - † (ω), µ(ω) = -µ † (ω) (448) 
This kind of media can be referred to as anti-lossless media. We do not clear whether or not the anti-losseless media exist in nature. If anti-lossless media exist, the reversed reciprocity theorem is established. The time-reversed reciprocity theorem is a new theorem. The closed related work to this theorem is ref. [START_REF] Welch | Comment on reciprocity theorems for electromagnetic elds whose time dependence is arbitrary[END_REF] of Welch, see. Eq(404). Welch's reciprocity theorem can be extented to a correlation reciprocity theorem, after Fourier transform, it become the above time-reversed reciprocity theorem. This will be discussed in the following article of this series.

The media condition Eq.( 448) is dicult to be realized in nature, perhaps we will think the value of this theorem is not very high. However we can see that the corresponding complementary reciprocity theorem of this theorem can be realized in the nature, which will be discussed in the following article of this series.

Summary of deriving mutual energy theorem in Fourier domain

In this section we have derived the 4 theorems from Poynting theorems. The 4 theorems are 1) modied time-reversed mutual energy theorem.

2) modied mutual energy theorem.

3) modied Lorenz reciprocity theorem.

4) modied time-reversed reciprocity theorem.

Among these theorems 2) and 3) are more practical, since if modied is dropped, the media condition for 2) and 3) can be realized in nature. One is

lossless media † (ω) = (ω), µ † (ω) = µ(ω) (449) 
and the other is symmetric media,

T (ω) = (ω), µ T (ω) = µ(ω) (450) 
These two kind media clear exist, for example in empty space.

For situation 1) and 4) the media becomes anti-symmetric media,

T (ω) = -(ω), µ T (ω) = -µ(ω) (451) 
and anti-losseless media,

† (ω) = -(ω), µ † (ω) = -µ(ω) (452) 
Both are not very practical. We do not clear whether or not these conditions exist in nature. Since 1) and 4) can be obtained by time-media reversed transform from 2) and 3) we call them time-reversed mutual energy theorem and time-reversed reciprocity theorem. The above 4 theorems are 4 dierent theorems because they are suitable only in dierent media. The 4 theorems with modied are also independent, since they can be derived from each other with time-media reverse transform and magnetic mirror transform but these transforms are not pure mathematical formulae, they are formulae derived from Maxwell equations. That means deriving one modied theorem from another modied theorem involves the Maxwell equations. In these 4 theorems one can not replace the another.

Deriving the two modied mutual energy theorems from the modied Poynting theorem using the concept of mutual energy has very clear physical meaning.

When we obtained mutual energy theorem, we can introduce the reciprocity theorems by magnetic mirror transform. This tell us that Lorentz reciprocity theorem and time-reversed reciprocity theorem are referred to as reciprocity theorems instead of kinds of mutual energy theorems is because of the magnetic mirror transform.

Conclusion

The modied time reversed mutual energy theorem, the modied mutual energy theorem, the modied Lorenz reciprocity theorem and the modied time reversed reciprocity theorem are derived from the modied Poynting theorem using the concept of mutual energy. The derivation is in the Fourier domain.

In the 4 theorems two are referred to as mutual energy theorems since they are more closely related to the Poynting theorem. We call them as modied mutual energy theorems and modied time reversed mutual energy theorem.

The other two can also be derived from the modied Poynting theorem, as long as there is a magnetic mirror transform involved, we call them Lorentz reciprocity theorem and time reversed reciprocity theorem. We have shown all 4 theorems with modied can be derived from the modied Poynting theorem.

From the modied theorems, the word modied can be dropped, we obtain 4 theorems without modied.

We can derive time-reversed mutual energy theorem (without modied) from Poynting theorem (without modied). We can also derive mutual energy theorem (without modied) from Poynting theorem (without modied) in time-domain, instead of Fourier domain that will be shown in next article of these series.

We can not derive the Lorentz reciprocity theorem and time-reversed reciprocity theorem (without modied) from Poynting theorem (without modied). This shows that the modied Poynting theorem is crucial to unite the mutual energy theorems, reciprocity theorems and the complementary reciprocity theorems (will be introduced in following article of these series) in one frame.

We have shown that the 4 theorem without modied are 4 totally dierent theorems because they are established in 4 dierent media, which are lossless media, symmetric media, anti-symmetric media and anti-lossless media.

Deriving and Re-deriving the 4 theorems from Poynting theorem with the concept mutual energy oers deeper understanding for these theorems.

29 Derivation of the mutual energy theorems from

Poynting theorem in time-domain (mutual energy 5)

Introduction

The time-correlation reciprocity theorem is re-derived through time-domain

Poynting theorem. This proved that this theorem is an energy theorem. In In electromagnetic eld theory, the Poynting theorem [START_REF] Poynting | On the transfer of energy in the electromagnetic eld[END_REF] is energy conservation theorem and the Lorentz reciprocity theorem [START_REF] Lorentz | The theorem of poynting concerning the energy in the electromagnetic eld and two general propositions concerning the propagation of light[END_REF][START_REF] Carson | Reciprocal theorems in radio communication[END_REF][START_REF] Carson | The reciprocal energy theorem[END_REF][START_REF]Reciprocity in electromagnetic, mechanical, acoustical, and interconnected systems[END_REF] Welch's reciprocity theorem [START_REF] Bojarskbi | Generalized reaction principles and reciprocity theorems for the wave equations, and the relationship between the timeadvanced and time-retarded elds[END_REF][START_REF] Welch | Reciprocity theorems for electromagnetic elds whose time dependence is arbitrary[END_REF] was further developed by A. T. de Hoop in December 1987 to become the so called time-correlation reciprocity theorem [START_REF] Adrianus | Time-domain reciprocity theorems for electromagnetic elds in dispersive media[END_REF],

which is

- Ŝ ∞ t=-∞ (E 1 (t + τ ) × H 2 (t) + E 2 (t) × H 1 (t + τ )) dt ndS = V ∞ t=-∞ (J 1 (t + τ ) • E 2 (t) + K 1 (t + τ ) • H 2 (t) + J 2 (t) • E 1 (t + τ ) + K 2 (t) • H 1 (t + τ )) dt dV (453) 
Baun wrote a book [START_REF] Baum | Electromagnetic Symmetry. Taylor and Francis[END_REF] in 1995 which systematically introduced reciprocity theorems. The reference [START_REF] Barybin | Modal expansions and orthogonal complements in the theory of complex media waveguide excitation by external sources for isotropic, anisotropic, and bianisotropic media[END_REF][START_REF] Marcuse | Coupled-mode theory for anisotropic optical waveguides[END_REF] solved the wave expansion problem directly from Maxwell equations which is closely related to the problem that can be solved through the mutual energy theorem. Later the mutual energy theorem has been rediscovered and has been referred as the second reciprocity theorem [START_REF] Petrusenko | The lost second lorentz theorem in the phasor domain[END_REF] in 2009.

Application of the reciprocity theorem and mutual energy theorem can be found in the examples [START_REF] Johnson | Adiabatic theorem and continuous coupled-mode theory for ecient taper transitions in photonic crystals[END_REF][START_REF] Barybin | Excitation theory for space-dispersive active media waveguides[END_REF][START_REF] Carozzi | Complex poynting theorem as a conservation law[END_REF][START_REF] Chen | Reciprocity in electromagnetics[END_REF]. There are a few references that discussed the relationship between Poynting theorem and reciprocity theorem [START_REF] Chuang | A coupled-mode theory for multiwaveguide systems satisfying the reciprocity theorem and power conservation[END_REF][START_REF] Polat | On poynting's theorem and reciprocity relations for discontinuous elds[END_REF][START_REF] Cho | A new look at reciprocity and energy conservation theorems in electromagnetics[END_REF].

However, they only discussed them together and did not oer the direct relationship between the two theorems. There is a concept mixed Poynting vector [START_REF] Fragstein | The history of the mixed poynting vector[END_REF][START_REF] Macleod | The mixed poynting vector[END_REF] which is closely related to the concept mutual energy and Poynting vector. Chen-To Tai has derived the complementary reciprocity theorem [START_REF] Tai | Complementary reciprocity theorems in electromagnetic theory[END_REF].

The authors will submit a manuscript the concept of mutual energy theorem 1, all transforms for electromagnetic elds will reviewed, which are magnetic mirror transform, time-media reverse transform, time and space oset transform and electric eld and magnetic eld swapping transform. Will will submit manuscript the concept of mutual energy 2, in which the modied Poynting theorem for superposition of elds with the above transform will be introduced.

The authors will submit manuscripts the concept of mutual energy 3 and 4, in which the 4 theorems include 2 mutual energy theorems and 2 reciprocity theorems will be derived using an average process and will be derived in Fourier domain. The prototypes of the above manuscripts will be submitted can be found inside the pre-print web-site [START_REF] Shuang Ren Zhao | The modied poynting theorem and the concept of mutual energy[END_REF] By the way up to now the mutual energy theorem [START_REF] Shuang Ren Zhao | The application of mutual energy theorem in expansion of radiation elds in spherical waves[END_REF][START_REF] Zhao | The simplication of formulas of electromagnetic elds by using mutual energy formula[END_REF][START_REF] Zhao | The application of mutual energy formula in expansion of plane waves[END_REF] and the timedomain correlation reciprocity theorem [START_REF] Adrianus | Time-domain reciprocity theorems for electromagnetic elds in dispersive media[END_REF] are two dierent theorems. The authors will show they are actually same theorem in dierent domains: Fourier domain and time domain. Our derivation will based on Poynting theorem, instead of the Maxwell equations, this way will convince the reader that the mutual energy theorem is not only a correct theorem but also an energy theorem.

Hence we can refer it as as an energy theorem instead some kind of reciprocity theorem. In the Fourier domain when we derived the mutual energy theorem from Poynting theorem, a time-media reversed transform is required. In Fourier domain when we derived the time-reversed mutual energy theorem do not need any time reversed transform. This seems to be not consistent with the naming process of the theorems. You will see that this diculty can be overcome when the mutual energy theorems are all derived in the time-domain. The most concept of this article can be found inside the pre-print web-site [START_REF] Shuang Ren Zhao | The modied poynting theorem and the concept of mutual energy[END_REF].

A very important reason the authors discuss the mutual energy theorem and Lorentz theorem in time domain is that the authors believe that, even the two theories are equivalent in mathematics, they can be derived from each other, but in physics, they are not equivalent. The mutual energy theorem is a theorem in physics, it need the concepts total energy, self-energy, mutual-energy, mutual energy ow. The Lorentz theorem is only a mathematical transform of the mutual energy theorem. To realize this purpose the authors will prove that mutual energy theorem (without the word modied) can be derived from Poynting theorem (without the word modied). It will be shown that the Lorentz theorem can not be derived from Poynting theorem (without the word modied).

This will tell us the mutual energy theorem is a real energy theorem. All this can only be done easily in time-domain instead of Fourier domain. In time domain from Poynting theorem to mutual energy theorem is straightforward, but in Fourier domain their is an additional transform time-reversed transform that will make things more complicate. In the future will will show even reciprocity theorem and mutual energy theorem is all established in the empty space, but only the mutual energy theorem can be correctly extended to the lossy media and reect the energy loss in the media, see pre-print [START_REF] Shuang Ren Zhao | Antenna calculation in lossy media with mutual energy theorem[END_REF].

Anther reason we study the mutual energy theorem in time domain is that the real electronic equipment is often worked in time domain, for example short impulse radar system, which include a transmitting antenna and receiving antenna. Emission of photon can also be seen as mutual energy ow with a emitter and absorber. The emitter can be seen as small transmitting antenna and a absorber can be seen as some receiving antenna. There is an energy ow bring energy from emitter to absorber which is actually the photon. we plan to discuss the photon model in the future, but a pre-print can be found in web-site [START_REF] Shuang Ren Zhao | The photon model and equations are derived through time-domain mutual energy current[END_REF].

This article will oers a theory basis for continuing discussion electromagnetic eld theory and quantum photon theory.

Mutual energy theorems in time domain

In reference [START_REF] Shuang Ren Zhao | The modied poynting theorem and the concept of mutual energy[END_REF] we have derived the time-reversed modied mutual energy theorem from modied Poynting theorem. The authors have also derived the modied mutual energy theorem from modied Poynting theorem with the timemedia reversed transform. In this section we will re-derive the mutual energy theorems, time-reverse mutual energy theorem in time-domain.

The instantaneous-time mutual energy theorem

In this section the mutual energy of a electromagnetic eld system is dened as the dierence between the total energy (power) and the self energy (power).

The mutual energy is obtained by subtracting the self energy from the total energy. The law of conservation of energy which is also expressed as the Poynting theorem. The Poynting theorem guarantees that the total energy and self energy are conservative. Hence, the mutual energy should be also conserved.

The conservation of mutual energy is referred as mutual energy theorem. The following oers the detail of the derivation of the mutual energy theorem in time-domain instead of Fourier domain.

Assume 

ζ 1 = [E 1 , H 1 , J 1 , K 1 , D 1 , B 1 ] and ζ 2 = [E 2 , H 2 , J 2 , K 2 ,
-∇ • (E i × H i ) = J i • E i + K i • H i + E i • ∂D i + H i • ∂B i (454) 
where i = 1, 2, ∂ = ∂ ∂t . Then the superposing electromagnetic eld also satises the modied Poynting theorem [START_REF] Shuang Ren Zhao | The modied poynting theorem and the concept of mutual energy[END_REF] -∇ • ((

E 1 + E 2 ) × (H 1 + H 2 )) = (J 1 + J 2 ) • (E 1 + E 2 ) + (K 1 + K 2 ) • (H 1 + H 2 ) + (E 1 + E 2 ) • ∂(D 1 + D 2 ) + (H 1 + H 2 ) • ∂(B 1 + B 2 ) (455) 
Eq.(455) tell us the total energy should be conserved. Eq.(454) tell us the self energy is conserved. Subtracting the self energy from the total energy will give the mutual energy. The mutual energy should be also conserved. Subtracting

Eq.( 454) for i = 1,2 from Eq.(455), there is,

-∇ • (E 1 × H 2 + E 2 × H 1 ) = J 1 • E 2 + J 2 • E 1 + K 1 • H 2 + K 2 • H 1 + E 1 • ∂D 2 + E 2 • ∂D 1 + H 1 • ∂B 2 + H 2 • ∂B 1 (456)
The corresponding integral form of the above formula is

-Ŝ (E 1 × H 2 + E 2 × H 1 ) • ndS = V (J 1 • E 2 + J 2 • E 1 + K 1 • H 2 + K 2 • H 1 + E 1 • ∂D 2 + E 2 • ∂D 1 + H 1 • ∂B 2 + H 2 • ∂B 1 ) dV (457) 
V is volume, S is the boundary surface of V , i.e. S = ∂V is the surface of volume V. Where n is norm vector of the surface S. J 1 and J 2 , K 1 and K 2 are inside of volume V . The above Eq.(456,457) are referred as the instantaneous-time mutual energy theorem. In general the media can be expressed as

= (x, t), µ = µ(x, t) (458) 
where and µ are tensors. x is the position. For simplicity, we assume the media is not depended with position, we assume the media is only a related to the frequency ω.

= (ω), µ = µ(ω) (459) 
That meas we assume the media is only variable with frequency ω. The above and µare in Fourier domain they should be written as ˜ and μ, however for the simplicity we have omitted the symbol . In the following, if there is a variable ω is is in Fourier domain, if there is a variable t, it is in time domain. Hence there is

B(ω) = (ω)E(ω), B(ω) = (ω)H(ω) (460) 
that means

B(t) = ∞ τ=-∞ (t -τ )E(τ ) dτ, B(t) = ∞ τ=-∞ µ(t -τ )H(τ ) dτ (461) 
If there are two electromagnetic elds, the eld should be possible to be superposed, i.e.,

B(t) = ∞ τ=-∞ (t -τ )(E 1 (τ ) + E 2 (τ ))dτ (462) B(t) = ∞ τ=-∞ µ(t -τ )(H 1 (τ ) + H 2 (τ ))dτ (463) 
The above formula Eq(457) is referred as the instantaneous-time mutual energy theorem. If the media equations in the following

B(t) = ∞ τ=-∞ ( 1 (t -τ )E 1 (τ ) + 2 (t -τ )E 2 (τ ))dτ (464) B(t) = ∞ τ=-∞ (µ 1 (t -τ )H 1 (τ ) + µ 2 (t -τ )H 2 (τ ))dτ (465) 
are satised, Eq(457) is referred as modied instantaneous-time mutual energy theorem. Eq(457) is too long, an inner product will be dened to shorten the formula.

Inner product of two electromagnetic systems in spatial-temporal domain

Assume

ξ i = [E i (t), H i (t)], η i = [D i (t), B i (t)], ρ i = [J i (t), K i (t)], i = 1, 2.
An inner product on the surface can be dened as following

(ξ 1 (t), ξ 2 (t)) = Ŝ (E 1 × H 2 + E 2 × H 1 ) ndS (466) 
In the same way we can also dene

(ρ 1 (t), ξ 2 (t)) = V (J 1 • E 2 + K 1 • H 2 ) dV (467) (ξ 1 (t), ∂η 2 (t)) = V (E 1 • ∂D 2 + H 1 • ∂B 2 ) dV (468) (∂η 1 (t), ξ 2 (t)) = V (E 2 • ∂D 1 + H 2 • ∂B 1 ) dV (469) 
The mutual energy theorem can be rewritten as following,

(ξ 1 , ξ 2 ) + (ρ 1 , ξ 2 ) + (ξ 1 , ρ 2 ) + (ξ 1 , ∂η 2 ) + (∂η 1 , ξ 2 ) = 0 (470) 
The above formula tell us the summation of the mutual energy ow ow out the surface S. (ξ 1 , ξ 2 ), the mutual energy loss contributed from the source ρ 1 , ρ 2 .

(ρ 1 , ξ 2 ) + (ξ 1 , ρ 2 ) is the mutual energy loss in space. The above formula is the instantaneous mutual energy theorem.

In case the superposition electromagnetic eld contains N electromagnetic elds, the above instantaneous mutual energy theorem can be written as i<j,j N i=1,j=1 

((ξ i , ξ j ) + (ρ i , ξ j ) + (ξ i , ρ j ) + (ξ i , ∂η j ) + (∂η i , ξ j )) = 0 (471)
(ξ 1 (t + τ ), ξ 2 (t)) + (ρ 1 (t + τ ), ξ 2 (t)) + (ξ 1 (t + τ ), ρ 2 (t)) + (ξ 1 (t + τ ), ∂ t η 2 (t)) + (∂ t+τ η 1 (t + τ ), ξ 2 (t)) = 0 (472)
Taking the integral to the above formula to the variable t, there is

∞ t=-∞ ((ξ 1 (t + τ ), ξ 2 (t)) + (ρ 1 (t + τ ), ξ 2 (t)) + (ξ 1 (t + τ ), ρ 2 (t)) + (ξ 1 (t + τ ), ∂ t η 2 (t)) + (∂ t+τ η 1 (t + τ ), ξ 2 (t))) dt = 0 (473) 
In Appendix 1 it is proved that if the media satises

T 1 (-t) = 2 (t), µ T 1 (-t) = µ 2 (t) (474) 
Where T is matrix transpose. The last 2 items of Eq.(473

) disappear i.e., ∞ t=-∞ (ξ 1 (t + τ ), ∂ t η 2 (t)) + (∂ t+τ η 1 (t + τ ), ξ 2 (t)) dt = 0 (475)
Hence there is

∞ -∞ (ξ 1 (t + τ ), ξ 2 (t)) + (ρ 1 (t + τ ), ξ 2 (t)) + (ξ 1 (t + τ ), ρ 2 (t)) dt = 0 (476)
This is referred as the modied time-correlation mutual energy theorem. In case

2 (t) = 1 (t) = (t), µ 2 (t) = µ 1 (t) = µ(t), there is T (-t) = (t) µ T (-t) = µ(t) (477) 
This means the media must be in symmetry with time t. Dene a few new inner products in time-domain,

(ξ 1 , ξ 2 ) τ = ∞ t=-∞ ((ξ 1 (t + τ ), ξ * 2 (t))dt (478) (ρ 1 , ξ 2 ) τ = ∞ t=-∞ (ρ 1 (t + τ ), ξ * 2 (t))dt (479) (ξ 1 , ρ 2 ) τ = ∞ t=-∞ (ξ 1 (t + τ ), ρ * 2 (t))dt (480) 
The modied time-correlation mutual energy theorem can be written as,

(ξ 1 , ξ 2 ) τ + (ρ 1 , ξ 2 ) τ + (ξ 1 , ρ 2 ) τ = 0 (481) 
It can be argued that the eld variables ζ 1 (t) ζ 2 (t) are real variables, why the above dene the inner product here with complex conjugate symbol * inside?

The reason is in following subsection we need to make a Fourier transform of the above formula that also needs this conjugate symbol.

In case the media satises Eq.(462,463), the modied time-correlation mutual energy theorem becomes the time-correlation mutual energy theorem. The word modied can be dropped, and it becomes the time-correlation mutual energy theorem, which is rst derived by Adrianus T. de Hoop in reference [START_REF] Adrianus | Time-domain reciprocity theorems for electromagnetic elds in dispersive media[END_REF].

It was also referred as time-correlation reciprocity theorem in reference [START_REF] Adrianus | Time-domain reciprocity theorems for electromagnetic elds in dispersive media[END_REF], it can be seen in Eq.( 453). Adrianus T. de Hoop did not realize his theorem can be transferred to Fourier domain and it is just the mutual energy theorem [START_REF] Shuang Ren Zhao | The application of mutual energy theorem in expansion of radiation elds in spherical waves[END_REF].

Here we do not call this theorem as time-correlation reciprocity theorem, since we think this name is more suitable to another theorem which will be derived in next article of this series. The above modied time-correlation mutual energy theorem can be written as following,

Ŝ ∞ t=-∞ (E 1 (t + τ ) × H * 2 (t) + E * 2 (t) × H 1 (t + τ )) dt ndS + V ∞ t=-∞ (J 1 (t + τ ) • E * 2 (t) + K 1 (t + τ ) • H * 2 (t) + E 1 (t + τ ) • J * 2 (t) + H 1 (t + τ ) • K * 2 (t)) dt dV = 0 (482)
If there are N electromagnetic elds, the modied time-correlation mutual en-

ergy theorem is i<j, j N i=1,j=1 ((ξ i , ξ j ) τ + (ρ i , ξ j ) τ + (ξ i , ρ j ) τ ) = 0 (483)

Time-correlation mutual energy theorems in Fourier domain

In last section we obtained the time-correlation mutual energy theorem through

Poynting theorem plus the time-oset transform. In this section we will prove that through an inverse Fourier transform the mutual energy theorem can be obtained. The advantage of this way of derivation of the modied mutual energy theorem from modied Poynting theorem is that it can avoid the use of timemedia reversed transform.

Considering F {•} = ´∞ t=-∞ exp(-jωt) dt is Fourier transform, we have (ξ 1 , ξ 2 ) ω ≡ F {(ξ 1 , ξ 2 ) τ } = Ŝ (E 1 (ω) × H * 2 (ω) + E * 2 (ω) × H 1 (ω)) • ndS (484)
See the Appendix 1 for denition of F {•} and the details of calculation. In the Fourier domain, the variable should use ˜ to distinguish it from time domain, for example Ẽ, H. In the following we omit the symbol ˜ for the simplicity.

Dene,

(ρ 1 , ξ 2 ) ω ≡ F {(ρ 1 , ξ 2 ) τ } = V (J 1 (ω) • E * 2 (ω) + K 1 (ω) • H * 2 (ω)) dV (485) 
and

(ξ 1 , ρ 2 ) ω ≡ F {(ξ 1 , ρ 2 , ) τ } = V (E 1 (ω) • J * 2 (ω) + H 1 (ω) • K * 2 (ω)) dV (486) 
Hence, the corresponding theorem in frequency domain to Eq.( 481) is

(ξ 1 , ξ 2 ) ω + (ρ 1 , ξ 2 ) ω + (ξ 1 , ρ 2 ) ω = 0 (487)
Where the media have to meet the condition, †

1 (ω) = 2 (ω), µ † 1 (ω) = µ 2 (ω) (488) 
The above formula is obtained by applying a Fourier transform to Eq.(477).

This formula Eq.(487,488) has been referred the modied mutual energy theorem [START_REF] Shuang Ren Zhao | The application of mutual energy theorem in expansion of radiation elds in spherical waves[END_REF][START_REF] Zhao | The simplication of formulas of electromagnetic elds by using mutual energy formula[END_REF][START_REF] Zhao | The application of mutual energy formula in expansion of plane waves[END_REF]. It has been known that in the derivation of mutual energy theorem in Fourier domain, the superposition of led ζ = ζ 1 + rζ 2 must be considered [START_REF] Shuang Ren Zhao | The modied poynting theorem and the concept of mutual energy[END_REF]. That means there is time-media reversed transform r is involved. If the transform r is involved, the superposition is unnormal [START_REF] Shuang Ren Zhao | The modied poynting theorem and the concept of mutual energy[END_REF], even if In next article of this series we will show that Lorentz reciprocity theorem is not a sub-theorem of Poynting theorem. This is also the reason that the mutual energy theorem has its name instead of some kind of reciprocity theorem. This also shows that the derivation of the mutual energy theorem from time-domain has some advantage comparing to the derivation in Fourier domain [START_REF] Shuang Ren Zhao | The modied poynting theorem and the concept of mutual energy[END_REF].

Time convolution mutual energy theorem

Applying the time-media reversed transform r to the electromagnetic eld ζ 2 ,

ζ 2r = rζ 2 or ζ 2 = rζ 2r or r[E 2 (t), H 2 (t), J 2 (t), K 2 (t), 2 (t), µ(t)] = [E 2r (-t), H 2r (-t), J 2r (-t), K 2r (-t), -2r (-t), -µ 2r (-t)] (489) 
to the time-correlation mutual energy theorem in the Eq.(476,), we obtain, 

∞ -∞ (ξ 1 (t + τ ), ξ 2r (-t)) + (ρ 1 (t + τ ), ξ 2r (-t)) + (ξ 1 (t + τ ), ρ 2r (-t)) dt = 0 ( 
-∞ (ξ 1 (t + τ ), ξ 2 (-t)) + (ρ 1 (t + τ ), ξ 2 (-t)) + (ξ 1 (t + τ ), ρ 2 (-t)) dt = 0 (491) 
Considering -t = t and use t replace t , there is

- ∞ -∞ Ŝ (E 1 (τ -t) × H 2 (t) + E 2 (t) × H 1 (τ -t)) • ndSdt = ∞ -∞ V (E 1 (τ -t) • J 2 (t) + E 2 (t) • J 1 (τ -t) 123 + H 1 (τ -t) • K 2 (t) + H 2 (t) • K 1 (τ -t))dV dt (492)
After the time-media reversed transform, the media condition Eq.(474) becomes,

( 1 (t)) T = -2 (t) (µ 1 (t)) T = -µ 2 (t) (493) 
Eq.(492, 493) is modied time convolution mutual energy theorem. If the media is anti-symmetry, we can choose that 2 (t) and µ 2 (t) same as 1 (t) and µ 1 (t), and hence same as (t) and µ(t). In this situation we have the following media condition,

( (t)) T = -(t) (µ(t)) T = -µ(t) (494) 
In this anti-symmetry media, the time convolution mutual energy theorem is established.

Time-convolution mutual energy theorem in Fourier domain

After Fourier transform the time-convolution mutual energy theorem becomes

(ξ 1 , ξ 2 ) rω + (ρ 1 , ξ 2 ) rω + (ξ 1 , ρ 2 ) rω = 0 (495) or Ŝ (E 1 (ω) × H 2 (ω) + E 2 (ω) × H 1 (ω)) • ndS + V (J 1 (ω) • E 2 (ω) + E 1 (ω) • J 2 (ω) + K 1 (ω) • H 2 (ω) + H 1 (ω)K 2 (ω)) dV = 0 (496) 
The media condition becomes,

( 1 (ω)) T = -2 (ω) (µ 1 (ω)) T = -µ 2 (ω) (497) 
which is the time-reversed mutual energy theorem [START_REF] Shuang Ren Zhao | The modied poynting theorem and the concept of mutual energy[END_REF].

It should be mentioned that in this article the derivation of the modied time-reversed mutual energy theorem from modied Poynting theorem required a time-media reversed transform. However if we derive this theorem in Fourier domain rst [START_REF] Shuang Ren Zhao | The modied poynting theorem and the concept of mutual energy[END_REF], we do not require the time-media reversed transform.

Both mutual energy theorems (time-correlation mutual energy theorem) and time-reversed mutual energy theorem (time-convolution mutual energy theorem)

without the word modied can be derived from Poynting theorem without the word modied, either in time-domain or in Fourier domain.

The authors did not found important application for the modied timereversed mutual energy theorem, however the corresponding compensated reciprocity theorem has more applications which will be submitted in a future discussion.

Application example

Assume there is a transmitting antenna, which has current ρ 1 = [J 1 , 0], assume there is a receiving antenna, which has the current ρ 2 = [J 2 , 0]. The eld of the transmitter can be written as 

ξ 1 = [E 1 , H 1 ].
(ξ 1 , ξ 2 ) τ + (ρ 1 , ξ 2 ) τ + (ξ 1 , ρ 2 ) τ = 0 (498)
It is assumed that the transmitting antenna sends the retarded potential and the receiving antenna sends advanced potential. About whether or not exists the advanced advanced potential, there are a lot of debates. W.J. Welch introduced the concept of advanced wave to electromagnetic theory [START_REF] Welch | Reciprocity theorems for electromagnetic elds whose time dependence is arbitrary[END_REF]. The authors support that the receiving antenna sends the advanced potential. It can be proved that, if the two current ρ 1 and ρ 2 send dierent waves, for example one is retarded wave and another is advanced wave, there is

(ξ 1 , ξ 2 ) τ = 0 (499) 
The direct proof of the above formula can be found in [START_REF] Welch | Reciprocity theorems for electromagnetic elds whose time dependence is arbitrary[END_REF]. The proof in Frequency domain of this formula can be also found in [START_REF] Shuang Ren Zhao | The modied poynting theorem and the concept of mutual energy[END_REF]. Hence we have,

(ρ 1 , ξ 2 ) τ + (ξ 1 , ρ 2 ) τ = 0 (500) 
That means

(ξ 1 , ρ 2 ) τ = -(ρ 1 , ξ 2 ) τ (501) or ∞ t=-∞ V (E 1 (t + τ ) • J * 2 (t)dV dt = - ∞ t=-∞ V (J 1 (t + τ ) • E * 2 (t)dV dt (502) 
Assume t = 0, Considering the electric eld and current all real values we have

∞ t=-∞ V (E 1 (t) • J 2 (t)dV dt = - ∞ t=-∞ V (J 1 (t) • E 2 (t)dV dt (503) 
or

W 2 = W 1 (504) 
In the above two formulas, the left side is the total energy received by the antenna 2. The right side is emitting energy of the transmitting antenna which is 125 sucked by the advanced wave E 2 . The minus sign of the indicated the sucked energy is sent out from the transmitting antenna, and hence is negative. an energy consummation is dened as positive, an energy supply is dened as negative.

Hence the above formula tell us all sucked energy from transmitting antenna W 1 is sent to the receiving antenna and has been received by the receiving antenna, which is just W 2 .

If we take the volume is a region only with antenna 1. The Eq.( 498) can be rewritten as,

(ξ 1 , ξ 2 ) τ + (ξ 1 , ρ 2 ) τ = 0 (505) 
or

-(ξ 1 , ρ 2 ) τ = (ξ 1 , ξ 2 ) τ (506) Assume τ = 0, or ∞ τ=-∞ V1 (E 1 (t) • J * 2 (t)dV dt = - ∞ t=-∞ Ŝ1 (E 1 (t) × H * 2 (t) + E * 2 (t) × H 1 (t)) n1 dSdt (507) 
Where S 1 is the boundary surface of volume V 1 . n1 is the norm unit vector of surface S 2 .

If we take the volume V is is the region only with antenna 2, similarly we can obtain,

(ξ 1 , ξ 2 ) τ + (ρ 1 , ξ 2 ) τ = 0 (508) Assume τ = 0, or - ∞ t=-∞ V2 (J 1 (t) • E * 2 (t)dV dt = ∞ t=-∞ Ŝ2 (E 1 (t) × H * 2 (t) + E * 2 (t) × H 1 (t)) n2 dSdt (509)
Where S 2 is the boundary surface of volume V 2 . Considering Eq.( 503), the left sides of Eq(507, 509) are equal and hence the right side should also be equal,

i.e., - ∞ t=-∞ Ŝ1 (E 1 (t) × H * 2 (t) + E * 2 (t) × H 1 (t)) n1 dSdt = ∞ t=-∞ Ŝ2 (E 1 (t) × H * 2 (t) + E * 2 (t) × H 1 (t)) n2 dSdt (510)
The direction of n2 is from volume 2 to 1. If we change the direction of n2 as from volume 1 to 2 the above formula can be re-written as

Q 1 ≡ ∞ t=-∞ Ŝ1 (E 1 (t) × H 2 (t) + E 2 (t) × H 1 (t)) n1 dSdt = ∞ t=-∞ Ŝ2 (E 1 (t) × H 2 (t) + E 2 (t) × H 1 (t)) n2 dSdt ≡ Q 2 (511)
Where Q 1 is total energy ow at surface S 1 and Q 2 is the total energy ow at surface S 2 , the above formula tell us that the total mutual energy ow are equal to each other in any dierent surface between the transmitting antenna to the receiving antenna. Hence, we further have

W 2 = Q 2 = Q 1 = W 1 (512) 
where W 1 is sucked energy from antenna 1 by advanced wave E 1 , Q 1 is the energy ow sends from antenna 1 to antenna 2 at surface S 1 . Q 2 is the energy ow sent from antenna 1 to antenna 2 at the surface S 2 . W 2 is the received energy of the antenna 2. Hence mutual energy ow is the carrier to transfer the energy from transmitting antenna to the receiving antenna.

Conclusion

The time-domain correlation reciprocity theorem [START_REF] Adrianus | Time-domain reciprocity theorems for electromagnetic elds in dispersive media[END_REF] derived by Adrianus T. de

Hoop and the mutual energy theorem [START_REF] Shuang Ren Zhao | The application of mutual energy theorem in expansion of radiation elds in spherical waves[END_REF][START_REF] Zhao | The simplication of formulas of electromagnetic elds by using mutual energy formula[END_REF][START_REF] Zhao | The application of mutual energy formula in expansion of plane waves[END_REF] derived by Shuang-ren Zhao originally are two dierent theorems, this article proved that is same theorem in dierent domain, one is in Fourier domain and another is in time-domain. Hence the time-domain correlation reciprocity theorem can also be referred as timedomain correlation mutual energy theorem. In order to show this theorem is an energy theorem, the derivation is through Poynting theorem instead of Maxwell equations. Derivation of a theorem from Maxwell equations shows it is correct in electromagnetic eld theory, but the derivation with Poynting theorem tell us there is energy conservation in the theorem. The concepts total energy, self-energy and mutual energy is dened, the derivation of the theorem is following the fact mutual energy = total energy -self-energy. Hence the theorem is referred as the mutual energy theorem is also to be worthy of the name.

In the example of the application in this article, it is proved that there is a mutual energy ow, which is sent out from transmitting antenna and has been received by the receiving antenna. The time integral of the mutual energy ows are equal in any surfaces between two antennas. Hence this theorem described

= F { ∞ t=-∞ (E 2 (t) • U 1 (t + τ )) dt} = E * 2 (ω)U 1 (ω) (518) 
where we have considered E 2 (t) is real, hence, there is E 2 (t) = (E 2 (t)) * and using Appendix 1. Where,

U 1 (ω) = F {U 1 } = F {∂ t D 1 (t)} = F {∂ t ∞ τ=-∞ 1 (t -τ )E 1 (τ )dτ } = jω 1 (ω)E 1 (ω) (519) 
Where we have considered that F {∂ t f (t)} = jωf (ω) and considered the Fourier transform of a convolution of two functions. Similarly we have

U * 2 (ω) = (jω) * * 2 (ω)E * 2 (ω) (520) 
The Fourier transform of rst 2 item of Eq.(517) becomes

V (E * 2 (ω) • (jω) 1 (ω)E 1 (ω) + E 1 (ω) • (jω) * * 2 (ω)E * 2 (ω) = (jω) V (E * 2 (ω)( 1 (ω) - † 2 (ω))E 1 (ω)dV = 0 (521)
where we have considered that E 1 *

2 E * 2 = E * 2 ( * 2 ) T E 1 = E * 2 † 2 E 1 . The last step
Eq.( 516) has been considered. Hence, we have proved that if †

2 (ω) = 1 (ω) there is F { V ∞ t=-∞ (E 2 (t) • ∂ t+τ D 1 (t + τ ) + E 1 (t + τ ) • ∂D 2 (t)} = 0 (522)
Thus we have proved the rst two items of formula Eq.( 517) vanishes. Similarly we can prove the last 2 items of formula of Eq(517) vanishes too.
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Poynting theorem in time-domain (mutual energy 6)

Abstract

We have introduced the modied Poynting theorem and the concept of mutual energy, from which we derived/re-derived the 4 theorems, modied time reversed mutual energy theorem, modied mutual energy theorem, modied Lorenz reciprocity theorem and modied time reversed reciprocity theorem in Fourier domain. We have also derived/re-derived the time correlation/convolution mutual energy theorems in time domain. In this article we derive/re-derive the time convolution and time-correlation reciprocity theorems from time domain. We will show that our derivation is based on modied Poynting theorems and the concept of mutual energy.

Introduction

In electromagnetic eld theory, the Poynting theorem [START_REF] Poynting | On the transfer of energy in the electromagnetic eld[END_REF] is energy conservation theorem and the Lorentz reciprocity theorem [START_REF] Lorentz | The theorem of poynting concerning the energy in the electromagnetic eld and two general propositions concerning the propagation of light[END_REF][START_REF] Carson | Reciprocal theorems in radio communication[END_REF][START_REF] Carson | The reciprocal energy theorem[END_REF][START_REF]Reciprocity in electromagnetic, mechanical, acoustical, and interconnected systems[END_REF] is widely used for eld calculation. V. H. Rumsey proposed the concept of the reaction [START_REF] Rumsey | Reaction concept in electromagnetic theory[END_REF] in 1954.

W.J. Welch has derived a reciprocity theorem [START_REF] Welch | Reciprocity theorems for electromagnetic elds whose time dependence is arbitrary[END_REF][START_REF] Welch | Comment on reciprocity theorems for electromagnetic elds whose time dependence is arbitrary[END_REF] in 1960-1961. Rumsey has derived a another reciprocity theorem in 1963 [START_REF] Rumsey | A short way of solving advanced problems in electromagnetic elds and other linear systems[END_REF]. S. N. Samaddar suggest a reciprocity theorem and applied it to solve wave expansion problems in 1964 [START_REF] Samaddar | Orthogonality properties of modes in a compressible partially ionized plasma[END_REF] in plasma media. The corresponding time-domain theory of the reciprocity theorem [START_REF] Lorentz | The theorem of poynting concerning the energy in the electromagnetic eld and two general propositions concerning the propagation of light[END_REF][START_REF] Carson | Reciprocal theorems in radio communication[END_REF][START_REF] Carson | The reciprocal energy theorem[END_REF][START_REF]Reciprocity in electromagnetic, mechanical, acoustical, and interconnected systems[END_REF][START_REF] Rumsey | Reaction concept in electromagnetic theory[END_REF] is the time-convolution reciprocity theorem [START_REF] Ru Shao Cheo | A reciprocity theorem for electromagnetic elds with general time dependence[END_REF][START_REF] Goubau | A reciprocity theorem for non-periodic elds[END_REF] derived by G. Goubau in 1960 and B. Ru-shao Cheo in 1965,

V ∞ -∞ (J 1 (τ -t) • E 2 (t) -J 2 (t) • E 1 (τ -t) -K 1 (τ -t) • H 2 (t) + K 2 (t) • H 1 (τ -t) dt dV = 0 (523)
The further development of the time-convolution reciprocity theorem can be found [START_REF] Adrianus | Reciprocity, Causality, and Huygens' Principle in electromagnetic wave theory[END_REF][START_REF] Karlsson | Constitutive relations, dissipation and reciprocity for the Maxwell equations in the time domain[END_REF]. J. A. Kong oers the details of conjugate transform and the concept of the modied reciprocity theorem [START_REF] Au | Theory of electromagnetic waves[END_REF][START_REF] Au | Theorems of bianisotropic media[END_REF] in 1972. Norbert N. Bojarski has further developed the Welch's reciprocity theorem in 1983 [START_REF] Bojarskbi | Generalized reaction principles and reciprocity theorems for the wave equations, and the relationship between the timeadvanced and time-retarded elds[END_REF]. Shuang-Ren Zhao proposed the mutual energy theorem and modied mutual energy theorem in May of 1987 [START_REF] Zhao | The simplication of formulas of electromagnetic elds by using mutual energy formula[END_REF][START_REF] Zhao | The application of mutual energy formula in expansion of plane waves[END_REF][START_REF] Shuang Ren Zhao | The application of mutual energy theorem in expansion of radiation elds in spherical waves[END_REF]]. Welch's reciprocity theorem [START_REF] Welch | Reciprocity theorems for electromagnetic elds whose time dependence is arbitrary[END_REF][START_REF] Bojarskbi | Generalized reaction principles and reciprocity theorems for the wave equations, and the relationship between the timeadvanced and time-retarded elds[END_REF] is further developed by A. T. de Hoop in December 1987 to become the so called time-correlation reciprocity theorem [START_REF] Adrianus | Time-domain reciprocity theorems for electromagnetic elds in dispersive media[END_REF]. Baun has a book [START_REF] Baum | Electromagnetic Symmetry. Taylor and Francis[END_REF] in 1995 which systematically introduced reciprocity theorems. The reference [START_REF] Marcuse | Coupled-mode theory for anisotropic optical waveguides[END_REF][START_REF] Barybin | Modal expansions and orthogonal complements in the theory of complex media waveguide excitation by external sources for isotropic, anisotropic, and bianisotropic media[END_REF] solved the wave expansion problem directly from Maxwell equations which is close related to the problem can be solved through the mutual energy theorem. Later the mutual energy theorem has been rediscovered and has been referred as the second reciprocity theorem [START_REF] Petrusenko | The lost second lorentz theorem in the phasor domain[END_REF] in 2009.

Application of reciprocity theorem and mutual energy theorem can also be found in the examples [START_REF] Johnson | Adiabatic theorem and continuous coupled-mode theory for ecient taper transitions in photonic crystals[END_REF][START_REF] Barybin | Excitation theory for space-dispersive active media waveguides[END_REF][START_REF] Carozzi | Complex poynting theorem as a conservation law[END_REF][START_REF] Chen | Reciprocity in electromagnetics[END_REF]. There are a few reference discussed the relationship between Poynting theorem and reciprocity theorem [START_REF] Chuang | A coupled-mode theory for multiwaveguide systems satisfying the reciprocity theorem and power conservation[END_REF][START_REF] Polat | On poynting's theorem and reciprocity relations for discontinuous elds[END_REF][START_REF] Cho | A new look at reciprocity and energy conservation theorems in electromagnetics[END_REF]. However they only discussed them together and did not oer the direct relationship between the two theorems. There is a concept mixed Poynting vector [START_REF] Macleod | The mixed poynting vector[END_REF][START_REF] Fragstein | The history of the mixed poynting vector[END_REF] which is close related to the concept mutual energy and Poynting vector. Chen-To Tai has derived the complementary reciprocity theorem [START_REF] Tai | Complementary reciprocity theorems in electromagnetic theory[END_REF].

In the concept of mutual energy theorem 1 [START_REF] Shuang Ren Zhao | Modied maxwell equation and modied poynting theorem for superimposed elds (the concept of mutual energy 2)[END_REF], all transform for electromagnetic elds were reviewed, which are magnetic mirror transform, time and media reverse transform, time and space oset transform, electric eld and magnetic eld swapping transform. In the concept of mutual energy 1 [START_REF] Shuang Ren Zhao | Modied maxwell equation and modied poynting theorem for superimposed elds (the concept of mutual energy 2)[END_REF] the modied

Poynting theorems for superposition of elds with the above transform were introduced. In the concept of mutual energy 2 and 3, we derived/re-derived the 4 theorems include 2 mutual energy theorems and 2 reciprocity theorems using an average process or directly deriving from Fourier domain [START_REF] Shuang Ren Zhao | Derive the mutual energy theorem from poynting theorem through an average process (the concept of mutual energy 2)[END_REF][START_REF] Shuang Ren Zhao | Derive the mutual energy theorem from poynting theorem in fourier domain (the concept of mutual energy 3)[END_REF]. In mutual energy 5 [START_REF] Shuang Ren Zhao | Derive the mutual energy theorem from poynting theorem in time-domain (the concept of mutual energy 4)[END_REF] we derive time-correlation/convolution mutual energy theorems in time domain.

In this article we derive/re-derive the time convolution/correlation reciprocity theorem in time-domain using the concept of mutual energy and modied Poynting theorem.

Derive the reciprocity theorems in time domain

In this section we assume the time correlation/convolution mutual energy theorems [START_REF] Shuang Ren Zhao | Derive the mutual energy theorem from poynting theorem in time-domain (the concept of mutual energy 4)[END_REF] are known but the reciprocity theorems are unknown. We derive the reciprocity theorems from the mutual energy theorems. This way we show that the reciprocity theorem actually can be thought as a sub-theorem of mutual energy theorem. Actually is it is a special situation of the mutual energy theorems.

Time convolution reciprocity theorem

In the reference [START_REF] Shuang Ren Zhao | Derive the mutual energy theorem from poynting theorem in time-domain (the concept of mutual energy 4)[END_REF], the time-correlation mutual energy theorem, In a special situation where ζ 1 and ζ 2 one is retarded potential and the other one is advanced potential. In this section we assume ζ 1 is the retarded potential, ζ 2 is the advanced potential. From the reference [START_REF] Shuang Ren Zhao | Derive the mutual energy theorem from poynting theorem through an average process (the concept of mutual energy 2)[END_REF] we have known that in modied mutual energy theorem the surface integral vanishes on the innite sphere S, there is (ξ 1 (ω), ξ 2 (ω)) ω = 0. After a inverse Fourier transform, in the time domain that means (ξ 1 , ξ 2 ) τ = 0, i.e.,

(ξ 1 , ξ 2 ) τ + (ρ 1 , ξ 2 ) τ + (ξ 1 , ρ 2 ) τ = 0 ( 
" S ∞ t=-∞ (E 1 (t + τ ) × H 2 (t) + E 2 (t) × H 1 (t + τ ) dt ndS = 0 (525)
Hence according the time correlation mutual energy theorem [START_REF] Shuang Ren Zhao | Derive the mutual energy theorem from poynting theorem in time-domain (the concept of mutual energy 4)[END_REF], there is

(ρ 1 , ξ 2 ) τ + (ξ 1 , ρ 2 ) τ = 0 (526) or V ∞ -∞ (J 1 (t + τ ) • E 2 (t) + E 1 (t + τ ) • J 2 (t) + K 1 (t + τ ) • H 2 (t) + H 1 (t + τ ) • K 2 (t) dt dV = 0 (527)
Since we know ζ 2 is advanced potential, hence ζ h2 = hζ 2 become retarded potential. Here h is magnetic mirror transform [START_REF] Shuang Ren Zhao | Modied maxwell equation and modied poynting theorem for superimposed elds (the concept of mutual energy 2)[END_REF]. Hence ζ 2 = hζ h2 , or

[E 2 (t), H 2 (t), J 2 (t), K 2 (t), 2 (t), µ 2 (t)] = [E h2 (-t), -H h2 (-t), -J h2 (-t), K h2 (-t) , h2 (-t), µ h2 (-t)] (528) 
Substitute this to the above formula Eq.(525,527), there is

" S ∞ t=-∞ (E 1 (t + τ ) × (-1)H h2 (-t) + E h2 (-t) × H 1 (t + τ )) dt ndS = 0 (529) and V ∞ -∞ (J 1 (t + τ ) • E h2 (-t) + (-1)J h2 (-t) • E 1 (t + τ ) + K 1 (t + τ ) • (-1)H h2 (-t) + K h2 (-t) • H 1 (t + τ ) dt dV = 0 (530)
in the above integral substitute t = -t, afterwards, we can replace t as t, we obtained

" S ∞ t =-∞ (-E 1 (τ -t) × H h2 (t) + E h2 (t) × H 1 (τ -t)) dt ndS = 0 (531)
and

V ∞ t =-∞ (J 1 (τ -t) • E h2 (t) -J h2 (t) • E 1 (τ -t) -K 1 (τ -t) • H h2 (t) + K h2 (t) • H 1 (τ -t) dt dV = 0 (532)
The media formula in the time-correlation mutual energy theorem is

T 1 (-t) = 2 (t), µ T 1 (-t) = µ 2 (t) (533) 
after the substitution Eq.( 528) become

T 1 (-t) = h2 (-t), µ T 1 (-t) = µ h2 (-t) (534) 
or T

1 (t) = h2 (t), µ T 1 (t) = µ h2 (t) (535) 
Considering ζ h2 is retarded potential (since ζ 2 is advanced potential). We can take the subscript h away and keep in mind that ζ 2 is the retarded potential, there is,

" S ∞ t=-∞ (-E 1 (τ -t) × H 2 (t) + E 2 (t) × H 1 (τ -t)) dt ndS = 0 (536) and V ∞ -∞ (J 1 (τ -t) • E 2 (t) -E 1 (τ -t) • J 2 (t) -K 1 (τ -t) • H 2 (t) + H 1 (τ -t) • K 2 (t) dt dV = 0 (537) 
The media should satisfy

T 1 (t) = 2 (t), µ T 1 (t) = µ 2 (t) (538) 
The above last second formula can be rewritten as

V ∞ -∞ (J 1 (τ -t) • E 2 (τ ) -K 1 (τ -t) • H 2 (τ )) dt dV (539) = V ∞ -∞ (J 2 (τ ) • E 1 (τ -t) -K 2 (τ ) • H 1 (τ -t)) dt dV (540) 
In the above formula we keep in mind that both ζ 1 and ζ 2 are all retarded potential. This is the modied convolution reciprocity theorem. In the modied convolution reciprocity theorem, the media can be arbitrary, it does not need to be symmetry. However if the media is symmetry, we can choose

1 = 2 = , µ 1 = µ 2 = µ, T (t) = (t), µ T (t) = µ(t) (541) 
In this situation, modied can be dropped. So the modied convolution reciprocity becomes the convolution reciprocity theorem [START_REF] Goubau | A reciprocity theorem for non-periodic elds[END_REF][START_REF] Ru Shao Cheo | A reciprocity theorem for electromagnetic elds with general time dependence[END_REF], see Eq(523).

In the above formula the item of the surface integral vanishes, which is only correct for the situation where ζ 1 and ζ 2 are all retarded potentials (or they are all advanced potentials). In general case, for example ζ 1 is retarded potential and ζ 2 is advanced potential, the surface integral does not vanish. Hence in general case the time-convolution reciprocity theorem [START_REF] Goubau | A reciprocity theorem for non-periodic elds[END_REF][START_REF] Ru Shao Cheo | A reciprocity theorem for electromagnetic elds with general time dependence[END_REF] can be written as

- " S ∞ t=-∞ (-E 1 (τ -t) × H 2 (t) + E 2 (t) × H 1 (τ -t)) dt ndS = V ∞ -∞ (J 1 (τ -t) • E 2 (t) -E 1 (τ -t) • J 2 (t) -K 1 (τ -t) • H 2 (t) + H 1 (τ -t) • K 2 (t) dt dV (542)
After a Fourier transform, the above theorem becomes,

-

" S (-E 1 (ω) × H 2 (ω) + E 2 (ω) × H 1 (ω)) ndS = V (J 1 (ω) • E 2 (ω) -E 1 (ω) • J 2 (ω) -K 1 (ω) • H 2 (ω) + H 1 (ω) • K 2 (ω) dV (543) T 1 (ω) = -2 (ω), µ T 1 (ω) = -µ 2 (ω) (544) 
which is the modied Lorenz reciprocity theorem [START_REF] Shuang Ren Zhao | Derive the mutual energy theorem from poynting theorem in fourier domain (the concept of mutual energy 3)[END_REF].

Time correlation reciprocity theorem

Assume ζ 1 and ζ 2 are any elds retarded potential or advanced potential or their combinations. Considering the time and media reversed transform r [START_REF] Shuang Ren Zhao | Modied maxwell equation and modied poynting theorem for superimposed elds (the concept of mutual energy 2)[END_REF],

to ζ 2 there is ζ 2r = rζ 2 , or ζ 2 = rζ 2r or [E 2 (t), H 2 (t), J 2 (t), K 2 (t), 2 (t), µ 2 (t)] = [E 2r (-t), H 2r (-t), J 2r (-t), K 2r (-t), -2r (-t), -µ 2r (-t)] (545) 
there is

-

" S ∞ t=-∞ (-E 1 (τ -t) × H 2r (-t) + E 2r (-t) × H 1 (τ -t)) dt ndS = V ∞ -∞ (J 1 (τ -t) • E 2r (-t) -E 1 (τ -t) • J 2r (-t) -K 1 (τ -t) • H 2r (-t) + H 1 (τ -t) • K 2r (-t) dt dV (546) Let t = -t, dt = -dt, t = -∞ corresponds t = ∞, t = ∞ corresponds t = -∞. Afterwords, replace t with t, we obtained, - " S ∞ t=-∞ (-E 1 (τ + t) × H 2 (t) + E 2 (t) × H 1 (τ + t)) dt ndS = V ∞ -∞ (J 1 (τ + t) • E 2 (t) -E 1 (τ + t) • J 2 (t) -K 1 (τ + t) • H 2 (t) + H 1 (τ + t) • K 2 (t) dt dV (547) 
In the above formula, we have take away the subscript r, 

(t) = -2 (-t), µ T 1 (t) = -µ 2 (-t) (548) 
This is time correlation reciprocity theorems. If the τ = 0, there is

- " S ∞ t=-∞ (-E 1 (t) × H 2 (t) + E 2 (t) × H 1 (t)) dt ndS = V ∞ -∞ (J 1 (t) • E 2 (t) -E 1 (t) • J 2 (t) -K 1 (t) • H 2 (t) + H 1 (t) • K 2 (t) dt dV (549) 
This becomes the second Whelch's reciprocity theorem [START_REF] Welch | Comment on reciprocity theorems for electromagnetic elds whose time dependence is arbitrary[END_REF].

It should be notice that we have rename the time-correlation reciprocity theorem of Adrianus de hoop's time-correlation reciprocity theorem [START_REF] Adrianus | Time-domain reciprocity theorems for electromagnetic elds in dispersive media[END_REF] as timecorrelation mutual energy theorem [START_REF] Shuang Ren Zhao | Derive the mutual energy theorem from poynting theorem in fourier domain (the concept of mutual energy 3)[END_REF]. So in this section we can use the name time-correlation reciprocity theorem to the above formula Eq(547,548).

After a inverse Fourier transform, the above theorem becomes,

- form the mutual energy theorem, there is no 2 , hence we can not make any magnetic mirror transform in this situation. After the magnetic transform we cannot change the media condition from † = to T = .

" S (-E 1 (ω) × H * 2 (ω) + E * 2 (ω) × H 1 (ω)) ndS
However even the word modied is dropped, the time-correlation mutual energy theorem and the mutual energy theorem can be derived from Poynting theorem (without modied). This can be proved exactly following the derivation of the article [START_REF] Shuang Ren Zhao | Derive the mutual energy theorem from poynting theorem in time-domain (the concept of mutual energy 4)[END_REF] 

= 2 = µ µ 1 = µ 2 = µ.
Time-correlation/convolution mutual energy theorem and mutual energy theorem/time reversed mutual energy theorem can be easily extended to the situation there are N elds. In principle, the time convolution/correlation reciprocity theorems and time reversed reciprocity theorem/Lorenz reciprocity theorem can do the same, however if it is done, there will have too many minus and positive sign in the extended formula, which will confuse all of us. In other hand in the time-correlation/convolution mutual energy theorems, even the elds are extended to N , the formula is still very simple, since all sign are plus.

All modied theorems included modied Poynting theorems, modied mutual energy theorems, modied reciprocity theorems and modied complementary theorems are not physical theorems, hence their media ( , µ) can take any value for example pure negative, they are applied to simplify the derivation or calculation of the electromagnetic elds. When the word modied is dropped, the values of ( , µ) must can exist in the nature, the theorem become physical theorems.

Conclusion

In this article we have derived 2 modied time-convolution/correlation reciprocity theorems in time-domain. The derivation needs time correlation/convolution mutual energy theorems and a magnetic mirror transform. We also show that the derivation can be done directly using modied Poynting theorem with a magnetic mirror transform.

We have shown that with modied Poynting theorems and the concept of mutual energy all 4 modied mutual energy theorems and reciprocity theorems in time-domain can be derived. Comparing to directly derive the 4 theorems from Maxwell equations, our derivations oers more deep understandings.

Our derivation in this article and last article in the series are list as following,

where ⇒ means derive, (1) modied Poynting theorem ⇒ 2 modied mutual energy theorems.

(2) Poynting theorem (without modied) ⇒ two mutual energy theorems (without modied).

(3) Poynting theorem (without modied) + magnetic mirror transform ⇒ two reciprocity theorems (without modied).

(4) 2 modied mutual energy theorems + magnetic mirror transform ⇒ 2 modied reciprocity theorems.

(5) 4 modied theorems (mutual energy theorems and reciprocity theorems)

⇒ 4 theorems without modied.

31 Complementary reciprocity theorems (the concept of mutual energy 7)

Abstract

We have introduced the modied Poynting theorem and the concept of mutual energy, from which we derived/re-derived the 4 theorems, modied time reversed mutual energy theorem, modied mutual energy theorem, modied Lorenz reciprocity theorem and modied time reversed reciprocity theorem. We have also derived/re-derived the time correlation/convolution mutual energy theorems and time-correlation reciprocity theorems. We have show that our derivation is based on modied Poynting theorems. In this article we will derived/re-derive the corresponding 4 complementary reciprocity theorems. Among these 4 theorems, one is the Chen-To Tai's complementary theorem. The other 3 are new complementary theorems. Among the 3 new complementary reciprocity theorems, one have the media condition which can be satised in empty space similar to the Chen-To Tai's complementary theorem.

Introduction

In electromagnetic eld theory, the Poynting theorem [START_REF] Poynting | On the transfer of energy in the electromagnetic eld[END_REF] is energy conservation theorem and the Lorentz reciprocity theorem [START_REF] Lorentz | The theorem of poynting concerning the energy in the electromagnetic eld and two general propositions concerning the propagation of light[END_REF][START_REF] Carson | Reciprocal theorems in radio communication[END_REF][START_REF] Carson | The reciprocal energy theorem[END_REF][START_REF]Reciprocity in electromagnetic, mechanical, acoustical, and interconnected systems[END_REF] is widely used for eld calculation. V. H. Rumsey proposed the concept of the reaction [START_REF] Rumsey | Reaction concept in electromagnetic theory[END_REF] in 1954. W.J. Welch has derived a reciprocity theorem [START_REF] Welch | Reciprocity theorems for electromagnetic elds whose time dependence is arbitrary[END_REF][START_REF] Welch | Comment on reciprocity theorems for electromagnetic elds whose time dependence is arbitrary[END_REF] in 1960-1961.

Rumsey has derived a another reciprocity theorem in 1963 [START_REF] Rumsey | A short way of solving advanced problems in electromagnetic elds and other linear systems[END_REF]. S. N. Samaddar suggest a reciprocity theorem and applied it to solve wave expansion problems in 1964 [START_REF] Samaddar | Orthogonality properties of modes in a compressible partially ionized plasma[END_REF] in plasma media. The corresponding time-domain theory of the reciprocity theorem [START_REF] Lorentz | The theorem of poynting concerning the energy in the electromagnetic eld and two general propositions concerning the propagation of light[END_REF][START_REF] Carson | Reciprocal theorems in radio communication[END_REF][START_REF] Carson | The reciprocal energy theorem[END_REF][START_REF]Reciprocity in electromagnetic, mechanical, acoustical, and interconnected systems[END_REF][START_REF] Rumsey | Reaction concept in electromagnetic theory[END_REF] is the time-convolution reciprocity theorem [START_REF] Goubau | A reciprocity theorem for non-periodic elds[END_REF][START_REF] Ru Shao Cheo | A reciprocity theorem for electromagnetic elds with general time dependence[END_REF] derived by G. Goubau in 1960 and B. Ru-shao Cheo in 1965.

The further development of the time-convolution reciprocity theorem can be found [START_REF] Adrianus | Reciprocity, Causality, and Huygens' Principle in electromagnetic wave theory[END_REF][START_REF] Karlsson | Constitutive relations, dissipation and reciprocity for the Maxwell equations in the time domain[END_REF]. J. A. Kong oers the details of conjugate transform and the concept of the modied reciprocity theorem [START_REF] Au | Theorems of bianisotropic media[END_REF][START_REF] Au | Theory of electromagnetic waves[END_REF] in 1972. Norbert N. Bojarski has further developed the Welch's reciprocity theorem in 1983 [START_REF] Bojarskbi | Generalized reaction principles and reciprocity theorems for the wave equations, and the relationship between the timeadvanced and time-retarded elds[END_REF]. Shuang-Ren Zhao proposed the mutual energy theorem and modied mutual energy theorem in May of 1987 [START_REF] Shuang Ren Zhao | The application of mutual energy theorem in expansion of radiation elds in spherical waves[END_REF][START_REF] Zhao | The simplication of formulas of electromagnetic elds by using mutual energy formula[END_REF][START_REF] Zhao | The application of mutual energy formula in expansion of plane waves[END_REF]]. Welch's reciprocity theorem [START_REF] Welch | Reciprocity theorems for electromagnetic elds whose time dependence is arbitrary[END_REF][START_REF] Bojarskbi | Generalized reaction principles and reciprocity theorems for the wave equations, and the relationship between the timeadvanced and time-retarded elds[END_REF] is further developed by A. T. de Hoop in December 1987 to become the so called time-correlation reciprocity theorem [START_REF] Adrianus | Time-domain reciprocity theorems for electromagnetic elds in dispersive media[END_REF]. Baun has a book [START_REF] Baum | Electromagnetic Symmetry. Taylor and Francis[END_REF] in 1995 which systematically introduced reciprocity theorems. The reference [START_REF] Barybin | Excitation theory for space-dispersive active media waveguides[END_REF][START_REF] Marcuse | Coupled-mode theory for anisotropic optical waveguides[END_REF] solved the wave expansion problem directly from Maxwell equations which is close related to the problem can be solved through the mutual energy theorem. Later the mutual energy theorem has been rediscovered and has been referred as the second reciprocity theorem [START_REF] Petrusenko | The lost second lorentz theorem in the phasor domain[END_REF] in 2009.

Application of reciprocity theorem and mutual energy theorem can also be found in the examples [START_REF] Johnson | Adiabatic theorem and continuous coupled-mode theory for ecient taper transitions in photonic crystals[END_REF][START_REF] Carozzi | Complex poynting theorem as a conservation law[END_REF][START_REF] Barybin | Excitation theory for space-dispersive active media waveguides[END_REF][START_REF] Chen | Reciprocity in electromagnetics[END_REF]. There are a few reference discussed the relationship between Poynting theorem and reciprocity theorem [START_REF] Chuang | A coupled-mode theory for multiwaveguide systems satisfying the reciprocity theorem and power conservation[END_REF][START_REF] Cho | A new look at reciprocity and energy conservation theorems in electromagnetics[END_REF][START_REF] Polat | On poynting's theorem and reciprocity relations for discontinuous elds[END_REF]. However they only discussed them together and did not oer the direct relationship between the two theorems. There is a concept mixed Poynting vector [START_REF] Fragstein | The history of the mixed poynting vector[END_REF][START_REF] Macleod | The mixed poynting vector[END_REF] which is close related to the concept mutual energy and Poynting vector. Chen-To Tai has derived the complementary reciprocity theorem [START_REF] Tai | Complementary reciprocity theorems in electromagnetic theory[END_REF],

" S (E 1 × E 2 -Z 2 H 1 × H 2 ) ndS = V (-Z 2 J 1 • H 2 + E 1 • K 2 -K 1 • E 2 + Z 2 H 1 • J 2 ) dV (557) 
In the concept of mutual energy theorem 1 [START_REF] Shuang Ren Zhao | Modied maxwell equation and modied poynting theorem for superimposed elds (the concept of mutual energy 2)[END_REF], all transforms for electromagnetic elds are reviewed, which are magnetic mirror transform, time-media reversed transform, time and space oset transform, electric eld and magnetic eld swapping transform. In the concept of mutual energy 1 [START_REF] Shuang Ren Zhao | Modied maxwell equation and modied poynting theorem for superimposed elds (the concept of mutual energy 2)[END_REF] the modied Poynting theorem for superposition of elds with the above transform is introduced. In the concept of mutual energy 2 and 3, we re-derived the 4 theorems include 2 mutual energy theorems and 2 reciprocity theorems using an average process or directly deriving from Fourier domain [START_REF] Shuang Ren Zhao | Derive the mutual energy theorem from poynting theorem through an average process (the concept of mutual energy 2)[END_REF][START_REF] Shuang Ren Zhao | Derive the mutual energy theorem from poynting theorem in fourier domain (the concept of mutual energy 3)[END_REF]. In mutual energy 5 and 6 [START_REF] Shuang Ren Zhao | Derive the mutual energy theorem from poynting theorem in time-domain (the concept of mutual energy 4)[END_REF][START_REF] Shuang Ren Zhao | Derive the reciprocity theorems from poynting theorem in time-domain (the concept of mutual energy 5)[END_REF] we derived time-correlation/convolution mutual energy theorems and reciprocity theorems in time domain. In this article we re-derive the Chen-To

Tai's complementary reciprocity theorem, form modied Poynting theorem with the concept of mutual energy. In the same time we derive also the 3 new complementary theorems. We will show that among the 3 new complementary reciprocity theorem there is one theorem the media condition can be satised by the empty space and hence is a very important complementary theorem same as Chen-To Tai's complementary reciprocity theorem.

Complementary theorems

Chen-To Tai has derived the complementary reciprocity theorem [START_REF] Tai | Complementary reciprocity theorems in electromagnetic theory[END_REF]. From above discussion we knew that there are 2 mutual energy theorems and 2 reciprocity theorems. The electromagnetic eld swapping transform is

ζ s = sζ, ζ = sζ s or ζ = sζ s = [ZH s , 1 Z E s , - 1 Z K s , -ZJ s , - 1 Z 2 µ s , -Z 2 s ] (558) 
Substitute the swapping transform to the 4 theorems, 4 complementary theorems can be obtained, among them one is the Chen-to Tai's complementary reciprocity theorem.

Corresponding to time reversed mutual energy theorem

The time reversed mutual energy theorem [START_REF] Shuang Ren Zhao | Derive the mutual energy theorem from poynting theorem in fourier domain (the concept of mutual energy 3)[END_REF] is rewritten here,

-

" S (E 1 × H 2 + E 2 × H 1 ) ndS = V (J 1 • E 2 + E 1 • J 2 + K 1 • H 2 + H 1 • K 2 ) dV (559) 1 (ω) = -T 2 (ω), µ 1 (ω) = -µ T 2 (ω) ( 560 
)
Where T is matrix transpose. After substitute electric-magnetic swapping transform to all variable with subscript 2, omit all the subscript s, it becomes,

- " S (E 1 × 1 Z E 2 + ZH 2 × H 1 ) ndS = V (J 1 • ZH 2 + E 1 • (- 1 Z K 2 ) + K 1 • 1 Z E 2 + H 1 • (-ZJ 2 ) dV (561) = V (J 1 • ZH * 2 + E 1 • (- 1 Z K * 2 ) + K 1 • 1 Z E * 2 + H 1 • (-Z)J * 2 ) dV (568) or - " S (E 1 × E * 2 + Z 2 H * 2 × H 1 ) ndS = V (Z 2 J 1 • H * 2 -E 1 • K * 2 + K 1 • E * 2 -Z 2 H 1 • J * 2 ) dV (569) 1 (ω) = - 1 Z 2 µ † 2 (ω), µ 1 (ω) = -Z 2 † 2 (570)
This is a new modied complementary reciprocity theorem. If the modied is dropped, there is

(ω) = - 1 Z 2 µ † (ω) (571) 
We do not clear whether or not this media can be realized. But if it is established, then this complementary reciprocity theorem is established. We call this second complementary reciprocity theorem.

This theorem can be also directly derived from modied Poynting theorem.

We have to consider the superposition of following eld, 

ζ = ζ 1 + srζ 2 ( 
" S (E 1 × H 2 -E 2 × H 1 ) ndS = V (J 1 • E 2 -E 1 • J 2 -K 1 • H 2 + H 1 • K 2 ) dV (573) 1 (ω) = T 2 (ω), µ 1 (ω) = µ T 2 (ω) (574) 
Substitute the electric-magnetic eld swapping transform s to all the variable with subscript 2. After the transform we can take away the subscript s same as before, the corresponding theorem becomes

" S (E 1 × 1 Z E 2 -ZH 2 × H 1 ) ndS = V (J 1 • ZH 2 -E 1 • (- 1 Z K 2 ) -K 1 • 1 Z E 2 + H 1 • (-ZJ 2 ) dV (575) 
or

" S (E 1 × E 2 -Z 2 H 2 × H 1 ) ndS = V (Z 2 J 1 • H 2 + E 1 • K 2 -K 1 • E 2 -Z 2 H 1 • J 2 ) dV (576) 
The media condition is

1 (ω) = - 1 Z 2 µ T 2 (ω), µ 1 (ω) = -Z 2 T 2 (ω) (577) 
This is a new modied complementary reciprocity theorem. In the above derivation we have applied the concept of modied, if the word modied is dropped, the media condition becomes,

(ω) = - 1 Z 2 µ T (ω) (578) 
With modied, the theorem is mathematical theorem which can be used for the calculation of electromagnetic elds. Without modied it becomes physical theorem. We do not clear whether or not this kind media Eq.( 578) can be realized or not, but if this media exists, this kind complementary reciprocity theorem is established. We call this third complementary reciprocity theorem.

This theorem can be also directly derived from modied Poynting theorem.

We have to consider the superposition of following eld,

ζ = ζ 1 + shrζ 2 (579) 
Where s is electric-magnetic swapping transform, h is magnetic mirror transform. r is time-media reversed transform.

Corresponding to time reversed reciprocity theorem

The time reversed reciprocity theorem is

" S (E 1 × H * 2 -E * 2 × H 1 ) ndS = V (J 1 • E * 2 -J * 2 • E 1 -K 1 • H * 2 + K * 2 • H 1 ) dV (580) 1 (ω) = - † 2 (ω), µ 1 (ω) = -µ † 2 (ω) (581) 
after the electric-magnetic swapping transform for all variable with subscript 2, it becomes,

" S (E 1 × E * 2 -Z 2 H * 2 × H 1 ) ndS = V (Z 2 J 1 • H * 2 + K * 2 • E 1 -K 1 • E * 2 -Z 2 J * 2 • H 1 ) dV (582) 1 (ω) = 1 Z 2 µ † 2 (ω), µ 1 (ω) = Z 2 † 2 (ω) (583) 
if the word modied is dropped, there is

(ω) = 1 Z 2 µ † (ω) (584) 
This media seems can be realized. For example in empty space, (ω) = 0 , µ(ω) = µ 0 , considering Z 2 = µ0 0 , we know that this media condition can be established. This complementary reciprocity theorem is a new complementary reciprocity theorem which is independent comparing to the Chen To Tai's complementary reciprocity theorem [START_REF] Tai | Complementary reciprocity theorems in electromagnetic theory[END_REF]. We call this fourth complementary reciprocity theorem.

This theorem can be also directly derived from modied Poynting theorem.

We have to consider the superposition of following eld,

ζ = ζ 1 + srhrζ 2 (585) 
or

ζ = ζ 1 + shζ 2 (586) 
Where s is electric-magnetic swapping transform, h is magnetic mirror transform. r is time-media reversed transform.

Corresponding theorems in time domain

If inverse Fourier transform is made, we can obtained the 4 corresponding time domain complementary mutual energy or reciprocity theorems which are list in the following, 1) corresponding to time-convolution mutual energy theorem,

-

" S ∞ -∞ (E 1 (τ -t) × E 2 (t) + Z 2 H 2 (t) × H 1 (τ -t)) dt ndS = V ∞ -∞ (Z 2 J 1 (τ -t) • H 2 (t) -E 1 (τ -t) • K 2 (t)

Summary for the complementary theorems

There are four complementary theorems, the rst one is the Chen-To Tai's com- 

Conclusion

We have re-derived Chen-To Tai's complementary reciprocity theorem. We also derived another 3 new complementary reciprocity theorems. Among these 3 new complementary reciprocity theorems, one is practical medial conditions which can be realized in empty space. Our derivation is based on the swapping transform and the 2 mutual energy theorems and 2 reciprocity theorems. We have point out that the derivation can be done based on the modied Poynting theorem and the concept of mutual energy.

32 Important notice and applications (mutual energy 8)

Abstract

We have introduced the generalized/modied Poynting theorem and the concept of mutual energy, from which we derived or re-derived the 4 theorems, modied time reversed mutual energy theorem, modied mutual energy theorem, modied Lorenz reciprocity theorem and modied time reversed reciprocity theorem and 4 complementary reciprocity theorems. The derivation is done in Fourier domain and time domain. In this article we show some applications of the theorems and also some important issues in the derivations of the theorems.

Introduction

In electromagnetic eld theory, the Poynting theorem [START_REF] Poynting | On the transfer of energy in the electromagnetic eld[END_REF] is energy conservation theorem and the Lorentz reciprocity theorem [START_REF] Lorentz | The theorem of poynting concerning the energy in the electromagnetic eld and two general propositions concerning the propagation of light[END_REF][START_REF] Carson | Reciprocal theorems in radio communication[END_REF][START_REF] Carson | The reciprocal energy theorem[END_REF][START_REF]Reciprocity in electromagnetic, mechanical, acoustical, and interconnected systems[END_REF] is widely used for eld calculation. V. H. Rumsey proposed the concept of the reaction [START_REF] Rumsey | Reaction concept in electromagnetic theory[END_REF] in 1954. W.J. Welch has derived a reciprocity theorem [START_REF] Welch | Reciprocity theorems for electromagnetic elds whose time dependence is arbitrary[END_REF][START_REF] Welch | Comment on reciprocity theorems for electromagnetic elds whose time dependence is arbitrary[END_REF] in 1960-1961.

Rumsey has derived a another reciprocity theorem in 1963 [START_REF] Rumsey | A short way of solving advanced problems in electromagnetic elds and other linear systems[END_REF]. S. N. Samaddar suggest a reciprocity theorem and applied it to solve wave expansion problems in 1964 [START_REF] Samaddar | Orthogonality properties of modes in a compressible partially ionized plasma[END_REF] in plasma media. The corresponding time-domain theory of the reciprocity theorem [START_REF] Lorentz | The theorem of poynting concerning the energy in the electromagnetic eld and two general propositions concerning the propagation of light[END_REF][START_REF] Carson | Reciprocal theorems in radio communication[END_REF][START_REF] Carson | The reciprocal energy theorem[END_REF][START_REF]Reciprocity in electromagnetic, mechanical, acoustical, and interconnected systems[END_REF][START_REF] Rumsey | Reaction concept in electromagnetic theory[END_REF] is the time-convolution reciprocity theorem [START_REF] Ru Shao Cheo | A reciprocity theorem for electromagnetic elds with general time dependence[END_REF][START_REF] Goubau | A reciprocity theorem for non-periodic elds[END_REF] derived by G. Goubau in 1960 and B. Ru-shao Cheo in 1965.

The further development of the time-convolution reciprocity theorem can be found [START_REF] Adrianus | Reciprocity, Causality, and Huygens' Principle in electromagnetic wave theory[END_REF][START_REF] Karlsson | Constitutive relations, dissipation and reciprocity for the Maxwell equations in the time domain[END_REF]. J. A. Kong oers the details of conjugate transform and the concept of the modied reciprocity theorem [START_REF] Au | Theorems of bianisotropic media[END_REF][START_REF] Au | Theory of electromagnetic waves[END_REF] in 1972. Norbert N. Bojarski has further developed the Welch's reciprocity theorem in 1983 [START_REF] Bojarskbi | Generalized reaction principles and reciprocity theorems for the wave equations, and the relationship between the timeadvanced and time-retarded elds[END_REF]. Shuang-Ren Zhao proposed the mutual energy theorem and modied mutual energy theorem in May of 1987 [START_REF] Shuang Ren Zhao | The application of mutual energy theorem in expansion of radiation elds in spherical waves[END_REF][START_REF] Zhao | The simplication of formulas of electromagnetic elds by using mutual energy formula[END_REF][START_REF] Zhao | The application of mutual energy formula in expansion of plane waves[END_REF]]. Welch's reciprocity theorem [START_REF] Welch | Reciprocity theorems for electromagnetic elds whose time dependence is arbitrary[END_REF][START_REF] Bojarskbi | Generalized reaction principles and reciprocity theorems for the wave equations, and the relationship between the timeadvanced and time-retarded elds[END_REF] is further developed by A. T. de Hoop in December 1987 to become the so called time-correlation reciprocity theorem [START_REF] Adrianus | Time-domain reciprocity theorems for electromagnetic elds in dispersive media[END_REF]. Baun has a book [START_REF] Baum | Electromagnetic Symmetry. Taylor and Francis[END_REF] in 1995 which systematically introduced reciprocity theorems. The reference [START_REF] Marcuse | Coupled-mode theory for anisotropic optical waveguides[END_REF][START_REF] Barybin | Modal expansions and orthogonal complements in the theory of complex media waveguide excitation by external sources for isotropic, anisotropic, and bianisotropic media[END_REF] solved the wave expansion problem directly from Maxwell equations which is close related to the problem can be solved through the mutual energy theorem. Later the mutual energy theorem has been rediscovered and has been referred as the second reciprocity theorem [START_REF] Petrusenko | The lost second lorentz theorem in the phasor domain[END_REF] in 2009.

Application of reciprocity theorem and mutual energy theorem can also be found in the examples [START_REF] Johnson | Adiabatic theorem and continuous coupled-mode theory for ecient taper transitions in photonic crystals[END_REF][START_REF] Barybin | Excitation theory for space-dispersive active media waveguides[END_REF][START_REF] Carozzi | Complex poynting theorem as a conservation law[END_REF][START_REF] Chen | Reciprocity in electromagnetics[END_REF]. There are a few reference discussed the relationship between Poynting theorem and reciprocity theorem [START_REF] Chuang | A coupled-mode theory for multiwaveguide systems satisfying the reciprocity theorem and power conservation[END_REF][START_REF] Polat | On poynting's theorem and reciprocity relations for discontinuous elds[END_REF][START_REF] Cho | A new look at reciprocity and energy conservation theorems in electromagnetics[END_REF]. However they only discussed them together and did not oer the direct relationship between the two theorems. There is a concept mixed Poynting vector [START_REF] Fragstein | The history of the mixed poynting vector[END_REF][START_REF] Macleod | The mixed poynting vector[END_REF] which is close related to the concept mutual energy and Poynting vector. Chen-To Tai has derived the complementary reciprocity theorem [START_REF] Tai | Complementary reciprocity theorems in electromagnetic theory[END_REF].

In the concept of mutual energy theorem 1 [START_REF] Shuang Ren Zhao | Transforms in electromagnetic elds (the concept of mutual energy 1)[END_REF], all transform for electromagnetic elds is reviewed, which are magnetic mirror transform, time and media reverse transform, time and space oset transform, electric eld and magnetic eld swapping transform. In the concept of mutual energy 2 [START_REF] Shuang Ren Zhao | Modied maxwell equation and modied poynting theorem for superimposed elds (the concept of mutual energy 2)[END_REF] the generalized/modied Poynting theorem for superposition of elds with the above transform is introduced. In the concept of mutual energy 3 and 4, we re-derived the 4 theorems include 2 mutual energy theorems and 2 reciprocity theorems using an average process or directly deriving from Fourier domain [START_REF] Shuang Ren Zhao | Derive the mutual energy theorem from poynting theorem through an average process (the concept of mutual energy 2)[END_REF][START_REF] Shuang Ren Zhao | Derive the mutual energy theorem from poynting theorem in fourier domain (the concept of mutual energy 3)[END_REF]. In mutual energy 5 and 6 [START_REF] Shuang Ren Zhao | Derive the mutual energy theorem from poynting theorem in time-domain (the concept of mutual energy 4)[END_REF][START_REF] Shuang Ren Zhao | Derive the reciprocity theorems from poynting theorem in time-domain (the concept of mutual energy 5)[END_REF] we derived/re-derived the time-correlation/convolution mutual energy theorems and reciprocity theorem in time domain. In reference [START_REF] Shuang Ren Zhao | 4 complementary reciprocity theorems (the concept of mutual energy 6)[END_REF] we derived 4 complementary reciprocity theorems among them one is the Chen-To Tai's complementary reciprocity theorem.

In this article we will introduce some important issue and application of the mutual energy theorems or reciprocity theorems. There is dierence between the replacement and substitution of a electromagnetic transform. Assume here [J , K] are the source of the eld. Assume ζ h is a eld after a magnetic mirror transform, so that

Important Notices

ζ h = [E h , H h , J h , K h , h , µ h ] = hζ. And hence there is ζ = hζ h . h is mirror transform. Hence ζ = hζ h = [E(-t), -H h (-t), -J h (-t), K h (-t), h (-t), µ h (-t)]. we can substitute ζ = hζ h to above formula, which is f (..., ζ) = f (..., hζ h ) = f (..., [E h (-t), -H h (-t), -J h (-t), K h (-t), h (-t), µ h (-t)]) (596) 
In this situation the formula does not change. However if we replace the ζ using ζ h , which is

f (..., ζ h ) = f (..., [J h , K h , E h , H h , h , µ h ]) (597) 
The formula is changed. Since clearly that ζ is not ζ h . Substituting ζ h = hζ to the above formula, there is

f (..., ζ h ) = f (..., [E(-t), -H(-t), -J (-t), K(-t), (-t), µ(-t)]) (598) 
is a dierent formula compare to,

f (..., ζ) = f (..., [E, H, J , K, , , µ]) = f (..., [E h (-t), -H h (-t), -J h (-t), K h (-t), h (-t), µ h (-t)]) (599) 
In the above formula we can replace

ζ h using ζ, it become, f (..., [E(-t), -H(-t), -J (-t), K(-t), (-t), µ(-t)]) (600) 
In this above formula we must keep in mind that eld ζ actually is ζ h . For example if originally ζ is retarded potential. After transform ζ h become advanced potential according to reference [START_REF] Shuang Ren Zhao | Transforms in electromagnetic elds (the concept of mutual energy 1)[END_REF]. After we dropped the subscript h, the new ζ is retarded potential which is dierent comparing to the original eld ζ. 

The surface integral in the Lorenz reciprocity theorem

We have known from the reference [START_REF] Shuang Ren Zhao | Derive the mutual energy theorem from poynting theorem through an average process (the concept of mutual energy 2)[END_REF] that if ξ 1 is retarded potential, ξ 2 is advanced potential, then there is

(ξ 1 , ξ 2 ) ω = " S (E 1 × H * 2 + E * 2 × H 1 ) ndS = 0 (601) 
Assume

ζ 2h = hζ 2 ( 602 
)
where h is the magnetic mirror transform and hence there is

ζ 2 = hζ 2h (603) 
And hence

0 = (ξ 1 , ξ 2 ) ω = (ξ 1 , hξ 2h ) ω = - " S (E 1 (ω) × H 2h (ω) -E 2h (ω) × H 1 (ω)) dt ndS (604) 
Since we have assume ξ 2 is advance potential, so ξ 2h is retarded potential according to the section III of reference [START_REF] Shuang Ren Zhao | Transforms in electromagnetic elds (the concept of mutual energy 1)[END_REF]. We can use ξ 2 replace ξ h2 if we keep in mind that ξ 2 now is retarded potential instead of advanced potential. We obtain,

" S (E 1 (ω) × H 2 (ω) -E 2 (ω) × H 1 (ω)) dt ndS = 0 (605)
In the above formula is the surface integral for Lorenz theorem, in which ξ 1 and ξ 2 are all retarded potential. Here we found that using mutual energy theorem it is easy to explain the surface integral (ξ 1 , ξ 2 ) ω = 0 in case for ξ 1 , ξ 2 one is retarded potential, one is advanced potential. It is dicult to explain why the above surface integral of Lorenz theorem vanishes, since in the above formula both ξ 1 and ξ 2 are all retarded potential. However from the above derivation we know even for the Lorenz reciprocity, ξ 1 and ξ 2 are all retarded potential, actually the corresponding surface integral for the mutual energy theorem the ξ 1 and ξ 2 are one is retarded potential and another one is advanced potential.

The often mistake

The often mistake has made in history of electromagnetic eld theory is using replacement for transform instead of the substitution. For example assume we don't know whether or not the surface integral of the mutual energy theorem

vanishes, but we have known that the surface integral of Lorenz theorem is vanishes for the two elds ζ 1 and ζ 2 which are retarded potentials, i.e., "

S (E 1 × H 2 -E 2 × H 1 ) ndS = 0 (606) 
Now we use hζ 2 replace ζ 2 , where h is magnetic mirror transform, we obtained

- " S (E 1 × H * 2 + E * 2 × H 1 ) ndS = 0 (607) 
Hence we can claim that the surface integral for ζ 1 and ζ 2 of mutual energy theorem is zero. This is wrong! This mistake have been made in reference [START_REF] Rumsey | A short way of solving advanced problems in electromagnetic elds and other linear systems[END_REF][START_REF] Petrusenko | The lost second lorentz theorem in the phasor domain[END_REF]. In the reference [START_REF] Adrianus | Reciprocity, Causality, and Huygens' Principle in electromagnetic wave theory[END_REF] also claim that the corresponding surface integral in time domain is zero. The mistake was made because a replacement instead of a substitution was applied. We can very easy to prove that in a special situation the surface integral for the mutual energy theorem is not zero. For example, if

ζ 1 = ζ 2 = ζ, the surface integral becomes - " S (E × H * + E * × H) ndS = -2Re{ " S (E × H * } ndS (608) 
Since E × H * is Poynting vector and the above formula is energy ow from outside to ow to inside of the surface. This energy ow is clear not zero.

Hence in general the surface integral of the mutual energy theorem for two retarded potentials can not be zero.

If the derivation is done using substitution instead of the replacement. We will notice that one of the two elds ζ 1 and ζ 2 has changed advanced potential.

Hence we get the solution for the elds one is retarded potential one is advanced potential, the surface integral of mutual energy theorem vanishes, which is correct result.

32.4

The application of mutual energy theorem

Inner product

The 3 inner products

(ξ 1 , ξ 2 ) ωr ≡ " S (E 1 (ω) × H 2 (ω) + E 2 (ω) × H 1 (ω)) ndS (609) 
,

(ξ 1 , ξ 2 ) ω ≡ " S (E 1 (ω) × H * 2 (ω) + E * 2 (ω) × H 1 (ω)) ndS (610) (ξ 1 , ξ 2 ) τ ≡ " S ∞ t=-∞ (E 1 (t + τ ) × H * 2 (t) + E * 2 (t) × H 1 (t + τ )) dt ndS (611) 
have been dened in reference [START_REF] Shuang Ren Zhao | Derive the mutual energy theorem from poynting theorem through an average process (the concept of mutual energy 2)[END_REF][START_REF] Shuang Ren Zhao | Derive the mutual energy theorem from poynting theorem in fourier domain (the concept of mutual energy 3)[END_REF][START_REF] Shuang Ren Zhao | Derive the mutual energy theorem from poynting theorem in time-domain (the concept of mutual energy 4)[END_REF], it should be remarkable these are not just a notation for simplication. (ξ 

(ξ, ξ) 0 (ξ, ξ) = 0 if f ξ = 0 (612) 
II. Conjugate symmetry:

(ξ 1 , ξ 2 ) = (ξ 2 , ξ 1 ) * (613) or if (ξ 2 , ξ 1 ) is real, (ξ 1 , ξ 2 ) = (ξ 2 , ξ 1 ) (614) 
III. Linearity:

(aξ 1 + bξ 2 , ξ 3 ) = a(ξ 1 , ξ 3 ) + b(ξ 2 , ξ 3 ) (615) 
Where a and b are any constant. With the inner product, the norm can be dened as

||ξ|| = (ξ, ξ) (616) 
Using the inner product, the mutual energy theorem in the Fourier domain and in time domain has nearly same formula, the only dierence is the subscript of ω or τ . It is worth to notice that (ξ 1 , ξ 2 ) τ does not satisfy the above 3 standard inner product conditions.

(ξ 1 , ξ 2 ) τ = " S ∞ t=-∞ (E 1 (t + τ ) × H * 2 (t) + E * 2 (t) × H 1 (t + τ )) dt ndS (617) 
Considering t + τ = t , the above becomes

" S ∞ t=-∞ (E 1 (t ) × H * 2 (t -τ ) + E * 2 (t -τ ) × H 1 (t )) dt ndS = " S ∞ t=-∞ (E * 2 (t -τ ) × H 1 (t ) + E 1 (t ) × H * 2 (t -τ )) dt ndS = ( " S ∞ t=-∞ (E 2 (t -τ ) × H * 1 (t ) + E * 1 (t ) × H 2 (t -τ )) dt ndS) * = (ξ 2 , ξ 1 ) * -τ (618) 
However if let τ = 0, the above formula means that

(ξ 1 , ξ 2 ) τ =0 = (ξ 2 , ξ 1 ) * τ =0 (619) 
Hence (ξ 

(ξ 1 , ξ 3 ) = 0, (ξ 2 , ξ 3 ) = 0 (621) 
The mutual energy ow radiate to the outside of the surface S is i<j,j 3 i=1,j=1

(ξ i , ξ j ) = (ξ 1 , ξ 2 ) + (ξ 1 , ξ 3 ) + (ξ 2 , ξ 3 ) (622) = (ξ 1 , ξ 2 ) = -((ρ 1 , ξ 2 ) + (ξ 1 , ρ 2 )) (623) 
In the last step the mutual energy theorem for ζ 1 and ζ 2 has been applied. ζ 1 and ζ 2 are retarded potential, (ξ 1 , ξ 2 ) = 0. Finished. In this case the result contains only the mutual energy ow from ζ 1 and ζ 2 which have the contribution to the energy ow going to the outside of the surface S.

Two antenna situation

In the case there are two antenna, one is receiving antenna with sink J R , another one is transmitting antenna with source J T . Since the magnetic current K R = 0, K T = 0, according to the mutual energy theorem [START_REF] Shuang Ren Zhao | Derive the mutual energy theorem from poynting theorem through an average process (the concept of mutual energy 2)[END_REF][START_REF] Shuang Ren Zhao | Derive the mutual energy theorem from poynting theorem in fourier domain (the concept of mutual energy 3)[END_REF], there is

- " S (E R × H * T + E * R × H T ) ndS = V (J R • E * T + E R • J * T ) dV (624) 
The transmitting antenna create retarded potential ζ T , the receiving antenna is associate with the eld ζ R . We have known that the surface integral of mutual energy theorem vanishes for this situation [START_REF] Shuang Ren Zhao | Derive the mutual energy theorem from poynting theorem through an average process (the concept of mutual energy 2)[END_REF]. Hence we have

V (J R • E * T + E R • J * T ) = 0 (625) 
Substitute ζ R = hζ Rh , where h is magnetic mirrors transform there is

V (-J Rh • E T + E Rh • J T ) • dV = 0 (626) 
The mutual energy theorem become reciprocity theorem. In the Lorenz reciprocity theorem, according to reference [START_REF] Shuang Ren Zhao | Transforms in electromagnetic elds (the concept of mutual energy 1)[END_REF] ζ Rh become retarded potential. We can replace ζ Rh as ζ R and remember that ζ R is retarded potential. The above formula can be written as

V (-J R • E T + E R • J T )dV = 0 (627) or V J R • E T dV = V E R • J T dV (628) 
In the above formula ζ R and ζ T are both retarded potential. This is the reason why the reciprocity theorem is often applied to solve the problem about the receiving antenna and transmitting antenna, but in the reciprocity theorem, both elds are retarded potentials that is very confuse. From above derivation by rst using mutual energy theorem, every thing is clear. For the receiving antenna and transmitting antenna, apply mutual energy theorem has better physical meaning than do it with the reciprocity theorem. For the calculation it is still easy with the reciprocity theorem.

The Lorenz reciprocity theorem is one of the most dicult theorem in electromagnetic eld theory to learn for us. We often confuse why in the problem of two antennas (one is receiving and another is transmitting) the electric magnetic elds are both retarded potential? In this case if we rst consider the mutual energy theorem, the transmitting antenna produce retarded potential and the receiving antenna is associated with advanced potential, which is much easier to understand. It is also easy to explain why the surface integral vanishes, since the two elds on the innite sphere surface are retarded potential and advanced potential. The two mutual energy parts in the surface integral( 

! S E 1 × H *
(ω) = 0 (ω) = † (ω) (629) 
µ i (ω) = µ 0 (ω) = µ † (ω) (630) 
in complex space, or time space i (τ ) = 0 (τ ) = T (-τ ), µ i (τ ) = µ 0 (τ ) = µ T (-τ ). Here 0 and µ 0 are not the permittivity and permeability in empty space, instead, they are permittivity and permeability of the electromagnetic eld ζ i when i = 0. Hence there is

ζ i = [E i , H i , J i , H i , 0 , µ 0 ].
In the following the inner product (ξ, ξ i ) also means ether in time domain which is (ξ, ξ i ) τ =0 or in Fourier domain which is (ξ, ξ i ) ω . It can be in complex space or in spatialtemporal space. If there is any method the electromagnetic eld ξ can be written as a expansion form

ξ = ∞ i=0 a i ξ i (631) Where ξ = [E(x, τ ), H(x, τ )] or ξ = [E(x, ω), H(x, ω)], here x = [x 1 , x 2 , x 3 
] is a space variable which is often does not write out.

x can be expressed according other coordinates for example spherical coordinates. a i is expansion coecients which need to be found in the following.

ξ i (x, ω) = R l (r)Y mm (θ, φ) (632) 
(r, θ, φ) are spherical coordinates, Y nm (θ, φ) is a orthogonal function on the for θ and φ variable. R n (r) is a orthogonal variable alone the variable r.

The index i = [l, m, n]. ξ i (x, t) = R l (r)Y mn (θ, φ)E k (t) (633) 
where E k (t) is the Fourier series,

E k (t) = exp(j 2kπt P ) (634) 
The Fourier series is expansion in the region -P 2 ≤ t ≤ P 2 . In the numerical calculation for the time variable a xed number is used to replace -∞ < t < ∞.

The index i = [l, m, n, k].
Assume ξ i is with the property of normalized orthogonality,

(ξ i , ξ j ) = δ ij (635) 
where (ξ i , ξ j ) means (ξ i , ξ j ) τ =0 or (ξ i , ξ j ) ω and

δ ij = 1 0 if i = j if i = j (636) 
Considering Eq.(631) with 635), there is

(ξ, ξ i ) = a i (637) 
where from the modied mutual energy theorem [START_REF] Shuang Ren Zhao | Derive the mutual energy theorem from poynting theorem through an average process (the concept of mutual energy 2)[END_REF], (ξ

1 , ξ 2 ) ω +(ρ, ξ i ) ω +(ξ, ρ i ) ω = 0 (ξ, ξ i ) = -(ρ, ξ i ) -(ξ, ρ i ) (638) 
In the above formula, (ξ, ξ i ) ω is replaced as (ξ, ξ i ) or the expansion can be written as

ξ = - ∞ i=0 ((ρ, ξ i ) + (ξ, ρ i ))ξ i (639) 
In general if both ξ and ξ i are both retarded potential or both are advanced potential the inner product does not disappear. Hence the electromagnetic eld ξ can be expanded as ξ i . It is worth to say that the above expansion can be done in Fourier domain and also in time domain. The medial (ω), µ(ω) can be arbitrary.

(ω), µ(ω) do not need to be lossless, because 0 , µ 0 can always be chosen so to satisfy Eq.(629,630) even with loss media (ω), µ(ω).

The spherical wave expansion and plane wave expansion in Fourier domain can be found in reference [START_REF] Shuang Ren Zhao | The application of mutual energy theorem in expansion of radiation elds in spherical waves[END_REF][START_REF] Zhao | The application of mutual energy formula in expansion of plane waves[END_REF]. Where the modied mutual energy theorem is applied in Fourier domain. In this article the expansion method has been extended to the time domain. Similar discussions about the wave expansion can be found also in reference [START_REF] Barybin | Modal expansions and orthogonal complements in the theory of complex media waveguide excitation by external sources for isotropic, anisotropic, and bianisotropic media[END_REF][START_REF] Marcuse | Coupled-mode theory for anisotropic optical waveguides[END_REF].

Conclusion for this article

We have discussed the dierence of the substitution and replacement of an electromagnetic eld transform. We have found that the substitution is a correct method but replacement often lead mistakes. We have explained the reason of that. We oers some example in which the mutual energy theorem can easily oer a solution, but it is dicult to solve with other theorem. We also discus the two antenna problem which usually solved with Lorenz reciprocity theorem.

However if the mutual energy theorem apply to this problem, the confuse of Lorenz reciprocity theorem can be avoided. We also discuss the possibility to solve the wave expansion problem with mutual energy theorem and also with time-correlation mutual energy theorem.

Conclusion all series of the concept of mutual energy

We have introduced the generalized/modied Poynting theorem and the concept of the mutual energy. The mutual energy is the total energy subtract the self energy. From these we derived/re-derived all 4 theorems 2 mutual energy theorem 

Part V

The receiving antenna is explained through mutual energy theorem and advanced potential Abstract The relativity theorem started from the fact the speed of light is a constant in empty space, but it does not explain why. Quantum physics has been criticized by Einstein that God does not play dice. The Copenhagen school probability explanation of quantum physics and also the explanation about wave function collapsed is very confuse to us. This paper the author tries to explain all these started from our theory of the receiving antenna. We have shown that there is a mutual energy ow which goes from transmitting antenna to the receiving antenna. The mutual energy ow is produced by both the retarded potential sending from the transmitting antenna and the advanced potential associated to the receiving antenna. That is the reason why the speed of electromagnetic eld is not related to the transmitting antenna but only depending to the receiving antenna. This is also the reason why the light speed does not related to its source but only related to the observer. We have shown that it is wrong using the reciprocity theorem if there are one transmitting antenna and a receiving antenna. We have introduced a new method which is to apply the mutual energy theorem and the advanced potential to the receiving antenna. This new method also leads to the correct energy ow go from transmitting antenna to the receiving antenna. The new method also leads to a formula very close to the result of the reciprocity theorem, but there are major dierences comparing to that from the reciprocity theorem. If our antenna theory is correct, it must accept the advanced potential. The advanced potential of the receiving antenna suck the energy from the transmitting antenna. This can be applied to explain why there is the probability in quantum physics. It also avoided the problem of the wave function collapsed. Keywords: Electromagnetic eld; Mutual energy formula; receiving antenna; transmitting antenna, Light speed. [START_REF] Lorentz | The theorem of poynting concerning the energy in the electromagnetic eld and two general propositions concerning the propagation of light[END_REF] 

Comment

In this article the author proved the mutual energy theorem is a sub-theorem of Poynting theorem. Hence, it is an energy theorem. I this article the author begin to use some concept: the self-energy is not important and hence try to omit the self-energy. This is similar to some author of quantum mechanics self-energy just be thrown away. The author also noticed that if there are no advanced wave in the nature, it is not possible to satisfy the Maxwell equations in the place close to a sink (receiving antenna). In this article the author prove the magnetic mirror transform of a retarded potential is an advanced potential. The author also prove that the mutual energy theorem is a sub-theorem of Poynting theorem and hence is an energy theorem. The mutual energy ow theorem is introduced too. Sub-section 41.1.3 has mistakes, that shows the author make some mistakes in the beginning.

Introduction

Maxwell equations have two solutions: the retarded potential and the advanced potential. Many physicists accept the advanced potential. But most antenna engineers or microwave engineers reject the advanced potential. It is seems without advanced potential the engineer still can solved all engineering problems by using the reciprocity theorem [33, 10, 11, 70, 61][31, 32].

Lawrence M. Stephenson [START_REF] Stephenson | The relevance of advanced potential solutions of maxwell's equations for special and general relativity[END_REF] has introduced the concept of one dimension antenna system which has a transmitting antenna and a receiving antenna, assume there is no any energy loss between these two antennas. He pointed out that the only eld between two antennas for the sender it is retarded potential for the receiver it is advanced potential. Hence at least for this simple system the advanced potential has to be applied. Lawrence M. Stephenson also pointed out that it is the advanced potential which made the light speed c become a constant to all receiver instead to the sender. We agree many of his idea. But he has not oers a details and formula to support that. We would like do so. We also extended his idea to the general situation where there is one transmitting antenna and a receiving antenna.

This article try to explain that the antenna engineer or microwave engineer actually applied advanced potential solution to the receiving antenna. It is the reciprocity theorem help the engineer to avoid the direct use of the advanced potential. However we have shown that the reciprocity theorem is only correct to two antenna which are both transmitting antennas, it cannot applied to the system with a receiving antenna. For the system with two antenna one is transmitting antenna and one is receiving antenna, we have to apply the mutual energy theorem [START_REF] Welch | Reciprocity theorems for electromagnetic elds whose time dependence is arbitrary[END_REF][62] [START_REF] Shuang Ren Zhao | The application of mutual energy theorem in expansion of radiation elds in spherical waves[END_REF][START_REF] Zhao | The simplication of formulas of electromagnetic elds by using mutual energy formula[END_REF][START_REF] Zhao | The application of mutual energy formula in expansion of plane waves[END_REF][START_REF] Shuang Ren Zhao | The modied poynting theorem and the concept of mutual energy[END_REF][18] [START_REF] Petrusenko | The lost second lorentz theorem in the phasor domain[END_REF] and the advanced potential. We have shown that to apply advanced potential to the receiving antenna is a nature way to the antenna theory.

In section 35, we review the theory of electromagnetic eld includes Maxwell equations and Poynting theorem [START_REF] Poynting | On the transfer of energy in the electromagnetic eld[END_REF] especially the superposition of two elds which have dierent media which lead to the modied Poynting theorem [START_REF] Shuang Ren Zhao | The modied poynting theorem and the concept of mutual energy[END_REF].

In section 36, review the retarded potential and advanced potential is done.

In section 37 review of the mutual energy theorem is done.

In section 38, The authors show that after magnetic mirror transform, the retarded potential become advanced potential and the advanced potential becomes the retarded potential.

In section 39, review of the mutual energy theorem and associated topics is done.

In section 39, we show that the mutual energy theorem [START_REF] Shuang Ren Zhao | The application of mutual energy theorem in expansion of radiation elds in spherical waves[END_REF][START_REF] Zhao | The simplication of formulas of electromagnetic elds by using mutual energy formula[END_REF][START_REF] Zhao | The application of mutual energy formula in expansion of plane waves[END_REF][START_REF] Shuang Ren Zhao | The modied poynting theorem and the concept of mutual energy[END_REF] is a sub-theorem of Poynting theorem. The mutual energy theorem can be derived from the Poynting theorem with the concept that the mutual energy is the total energy subtract the self-energy. This will show that even the mutual energy theorem has been discovered very later than the reciprocity theorem, but it is a physical theorem. The reciprocity theorem actually is a mathematical theorem or a deduced theorem from the mutual energy theorem.

In section 40, we will oers our antenna theory with advanced potential associated to the receiving antenna. The Mutual energy theorem is applied to the transmitting antenna and the receiving antenna. The energy transferred from transmitting antenna to the receiving antenna is explained with the mutual energy ow. We have shown that a condition to make mutual energy theorem working is the lossless instead of the symmetric meida which is obtained by reciprocity theorem. If we dene a articial current intensity to the receiving antenna, the similar result from the reciprocity can also be obtained. However there are major dierences.

In section 42.3, we shows the result of physics that include speed of light, the Copenhagen school probability explanation of quantum physics and the concept of the wave function collapse. [START_REF] Marcuse | Coupled-mode theory for anisotropic optical waveguides[END_REF] 

∇ × H = J + ∂D (640) ∇ × E = -K -∂B (641) where ∂ ≡ ∂ ∂t . B = * E, B = µ * H (642) 
ρ = [J , K] can be source which sends energy out or sink which receive energy.

The example of the source and sink are transmitting antenna and receiving antenna. In case of scattering, ρ can be the source and sink simultaneously.

Another example for ρ is laser sender and laser receiver. * is time convolution where f * g = ´∞ -∞ f (t)(t -τ )dτ .

The superposition of the eld

Assume in the space there are electromagnetic elds includes advanced potential and retarded potential. The electromagnetic elds can be superposed. The following is the superposition of two electromagnetic eld systems,

ζ 1 + ζ 2 = [E 1 + E 2 , H 1 + H 2 , J 1 + J 2 , K 1 + K 2 , D 1 + D 2 , B 1 + B 2 ] ( 643 
)
Normally there is

D 1 + D 2 = * (E 1 + E 2 ) (644) B 1 + B 2 = µ * (H 1 + H 2 ) (645) 
However the above formula can be generalized as

D 1 + D 2 = 1 * E 1 + 2 * E 2 (646) B 1 + B 2 = µ 1 * H 1 + µ 2 * H 2 (647) 
In the generalized superposition two elds ζ 1 and ζ 2 are at dierent space, each space has dierent media. The authors do not claim that this generalized superposition is a physics eld. The generalized eld can be a mathematical eld.

The Poynting theorem

Poynting theorem is also be referred as Poynting energy conservation law. There is the Poynting theorem and modied Poynting theorem,

-∇ • (E × H) = J • E + K • H + E • ∂D + H • ∂B (648) 
where ∂ ≡ ∂ ∂t .

If there is only one media Eq.(644,645), the above formula is referred normal Poynting theorem. If there are dierent media Eq.(646,647), the above formula is referred as the modied Poynting theorem [START_REF] Shuang Ren Zhao | The modied poynting theorem and the concept of mutual energy[END_REF].

Important Notice

The concept of elds can be superposed is not self-explanatory especially consider there is advanced potential, The authors even do not clear how to measure the eld of the advanced potential! What means it can be superposed to a retarded potential? First how to measure the eld of an advanced potential?

Assume E ad is advanced potential, E re is a retarded potential, if we know in some point x, E ad (x) = E re (x), then is E ad (x)+E re (x) equal 2 times of E re (x) in this point? Perhaps our normal measurement can only measures the retarded potential. That is in the point x we still can only be measured the eld is E re (x) instead of 2E re (x).

Even we can not easily measure the advanced potential, but from the above superposition assumption if we can obtains correct derivation result. We should still accept the advanced potential and also the superposition assumption. The most important deduction of the superposition is the mutual energy theorem which will be reviewed in next section.

Before we review the mutual energy theorem, we rst make clear what is retarded potential and what is the advanced potential.

36 Retarded potential and advanced potential

The total energy

Assume W t is the energy send out from the transmitting antenna,

W t = i∈I W ri
where W ri is receiving antenna surround the transmitting antenna (this kind of receiving antenna do not need to be a real antenna, it can be any material that can receive electromagnetic elds). Here we assume all energy has been received by this kind of receiving antennas.

A receiving antenna received energy W r is the energy send by all transmitting antennas to the receiving antenna,

W r = i∈I W ti

One dimension situation

In one dimension situation, for example in a wave guide, there is a transmitter and receiver which are in the two ends of the wave guide. We assume there is no loss. All energy send by the transmitter is received by the receiver.

Assume J t , K t and J r , K r are current of the transmitter and the receiver. The eld ξ t is retarded potential for the source J t , K t . The ξ r is the eld of receiver, which is advanced potential to the current J r , K r . We know that the receiver have received all energy from the transmitter,

W r = W t It is easy to think that ξ = ξ r = ξ t
Here ξ is the eld of the wave guide. This eld is also the eld of the transmitter and the eld of the receiver. That means that the eld between the transmitter and the receiver belong to the two currents. This is OK to the energy, because we can easy to satisfy W r = W t .

The eld of the transmitter is also the eld of the receiver. ξ is the eld in wave guide. But this assumption is contradict to our assumption of superposition, that means the eld should be

ξ = ξ r + ξ t
This tell us the eld inside the wave guide should be the superposition of the receiver and the transmitter.

But it is possible the eld of receiving antenna can not be easily measured (since it is advanced potential). Hence we still le the eld which is ξ t , i.e.,

ξ = ξ t

The eld superposition is still correct.

Hence, in the one dimension wave guide what should be correct? ξ = ξ r + ξ t or ξ = ξ r = ξ t ? The author support the rst one.

The authors assume that, ξ r and ξ t is same in value in side the wave guide.

In outside of the wave guide the two eld cancel each other. The mutual energy ow which is (ξ r , ξ t ) Γ is responsible to transfer the energy from the transmitter to the receiver. The details of the discussion about the mutual energy will be dened in following sections.

In this one dimension problem it can not easily understand all this, now we consider in 3D space. [START_REF] Marlow | Mathematical Foundations of Quantum Theory[END_REF].3 What will happen if there is no advanced potential in 3D free space?

We have know there is black body which can receive electromagnetic eld but do not send the electromagnetic eld out. Here we assume it do not send retarded potential out. We also know that the black body received energy is by some of their current. Hence the current in the above black body cannot vanish.

In this time, we assume there exist no advanced potential in nature. We also know that a no scattering ideal antenna, like a black body, it can not send a retarded eld out. Hence a ideal receiving antenna has no any eld associated to it. No any eld retarded or advanced potentials produced by the current J r , K r . J r ,K r doesn't vanish (We know from our experience there is current in a receiving antenna).

We have assume there is no any advanced potential in nature, hence, the electromagnetic eld is the space can only be caused by the transmitter or transmitting antenna, i.e., Hence if there is no advanced potential, in the place of current of a receiving antenna, it is not possible to satisfy the Maxwell equations.

This shows ether the Maxwell equations is wrong or there must have the advanced potential. It is not possible to obtained current of receiving antenna from the retarded potential with Maxwell operator.

Hence it is better we still assume that the advanced potential exist in nature.

If the advanced potential can not be easily measured, perhaps it can be indirect perceived by the result of the theory of the advanced potential.

37 Review of the theory about the mutual energy theorem

The theory for the mutual energy theorem includes the following a few components,

The concept of the mutual energy

Before we oer details about the mutual energy, let us rst think what characters should be for the mutual energy.

Assume there are only sources

What is the mutual energy? Assume there are sources. For a system have only one source there is only the energy associate to this source. If there is only one source, the energy can be referred as self-energy. For a system have more sources

[J i , K i ],
there is the total energy corresponding to the whole system. The total energy is often larger than the summation of all self-energies of source

[J i , K i ].
The mutual energy is dened as the dierence between the total energy and the summation of all self-energies. The following are easy to understand if there are two sources, 1 and 2, If there is a source it send energy out and the sink receive part of the energy sent from the source, the energy sent from the source can divided as two parts.

W total = W self 1 + W self 2 + W mutual 21 + W mutual 21 W self
One part is the energy received by the sink, another part is the energy sent to the free space. In this situation the energy received by the sink is the mutual energy between the source and sink. The energy send to the free space is the self energy of the source. Assume antenna 1 is transmitting antenna, antenna 2 is receiving antenna.

Since there is the sink the total energy ow send to the free space is

W total = W self 1 + W self 2 + W mutual 12 + W mutual 21 W self 1 
is the energy transmitting antenna send to free space it is positive

W self 2
is the energy of receiving antenna obtained from the free space it is negative.

W mutual 12 
is the energy send from the transmitting antenna to the receiving antenna which is positive.

W mutual 21 
is the energy received by the receiving antenna from transmitting antenna. the mutual energy ow is negative. 

W self 1 , W self

There are one source one sink if they close

If the sink is close to the source the sink will suck the energy from the source, for example if source is a coil, if we put another coil close to the source coil, there are more energy of the source is sucked out. The original energy send by source coil without the second coil is the self energy, the additional energy sucked out by the second coil from the source coil is the mutual energy.

37.1.4 All energy of the source has been received by the sink. This is situation for example one dimension system, a wave guide. In the one end there is a transmitter, in another end there is a receiver. Another situation is the transmitting antenna is put in the center of a big sphere. The receiving antenna is put some where with a distance to the transmitting antenna. All energy send by the transmitting antenna has be received by the receiving antenna.

In this situation, all energy of the source send to the sink, hence the self energies of the source and sink are vanishes. There are only the mutual energy send from the source to the sink. This mutual energy is also the total energy of the system.

W total = W self 1 + W self 2 + W mutual 12 + W mutual 21 W self 1 = 0
There is no energy send to space

W self 2 = 0
This means there is no energy received from the free space. The above formula is not a proof. It is only the authors thought about what should be about the mutual energy. According to this source, it is seems that only the mutual energy is important for a system with a receiving antenna and a transmitting antenna.

We mean that the energy calculated from Poynting vector perhaps is not important to the antenna system with a receiving antenna and a transmitting antenna.

Think about there is a line antenna assume it is very thin hence if you calculate the energy caused by Poynting vector S,

Γ S • ndΓ = 0
That means this kind should receive no energy from Poynting vector. However we are clear this antenna can receive energy. Actually the authors think the energy calculated from Poynting vector is the self energy which is not the energy received by the receiving antenna.

The mutual energy theorem formula

Before the full formula of the mutual energy theorem, there are two early version of it, which can be seen in [73][62]. The formula of the mutual energy theorem can be found [START_REF] Shuang Ren Zhao | The application of mutual energy theorem in expansion of radiation elds in spherical waves[END_REF][START_REF] Zhao | The simplication of formulas of electromagnetic elds by using mutual energy formula[END_REF][START_REF] Zhao | The application of mutual energy formula in expansion of plane waves[END_REF]. The formula [START_REF] Shuang Ren Zhao | The application of mutual energy theorem in expansion of radiation elds in spherical waves[END_REF][START_REF] Zhao | The simplication of formulas of electromagnetic elds by using mutual energy formula[END_REF][START_REF] Zhao | The application of mutual energy formula in expansion of plane waves[END_REF] is in Fourier domain. The corresponding time domain mutual energy theorem can be found in ref. [START_REF] Adrianus | Time-domain reciprocity theorems for electromagnetic elds in dispersive media[END_REF].

In Fourier domain the modied mutual energy theorem formula can be written as following [START_REF] Shuang Ren Zhao | The modied poynting theorem and the concept of mutual energy[END_REF],

(ξ 1 , ξ 2 ) Γ + (ρ 1 , ξ 2 ) V + (ξ 1 , ρ 2 ) V = 0 (649) 
V is the volume contains the current ρ 1 and ρ 2 . Γ is the boundary of the volume V . Γ can be chosen as innite big sphere. The media have to meet the condition, †

1 (ω) = 2 (ω), µ † 1 (ω) = µ 2 (ω) (650) 
Where

(ξ 1 , ξ 2 ) Γ ≡ Γ (E 1 × H * 2 + E * 2 × H * 1 ) ndS (651) 
The superscript * expresses the complex conjugate operator.

(ρ 1 , ξ 2 ) V ≡ V (E * 2 • J 1 + H * 2 • K 1 ) dV (652) (ξ 1 , ρ 2 ) V ≡ V (E 1 • J * 2 + H 1 • K * 2 ) dV (653) 
The modied mutual energy theorem is not a physical theorem since the media of the two elds ζ 1 and ζ 2 can be dierent or at dierent spaces. If we assume they are the same, i.e., 1 = 2 and µ 1 = µ 2 . There is

† (ω) = (ω), µ † (ω) = µ(ω) (654) 
That is lossless condition. Hence in lossless media the mutual energy theorem (note here, there is no modied) is established.

The mutual energy theorem is sub-theorem of the Poynting theorem

We will show that the modied mutual energy theorem can be derived from the modied Poynting theorem or the Poynting energy conservation law. This is also true if the word modied is removed, i.e., the mutual energy theorem can be also derived from the Poynting theorem.

It is important that we can show that the mutual energy theorem is a direct sub-theorem of Poynting energy conservation law instead of derive it from Maxwell equations. In this way, the mutual energy theorem becomes an energy theorem. This will be done in section 39.

The mutual energy ow of a retarded potential and an advanced potential vanishes in the innite big sphere

Assume ζ 1 is retarded potential and ζ 2 is advanced potential we can prove that in the free space (where the media is 0 and µ 0 ) the surface integral of the mutual energy theorem will vanish at innite big sphere Γ .

lim r→∞ Γ (E 1 × H * 2 + E * 2 × H 1 ) • n dS = 0 (655)
Here r is the radio of sphere Γ . Assume

lim r→∞ H 1 = 1 Z n × E 1 ( 656 
)
Here n is the direction of wave ζ 1 which is retarded potential.

lim r→∞ H 2 = 1 Z (-n) × E 2 (657) 
Here (-n) is the direction of wave ζ 2 which is advanced potential. Z = µ0

0 lim r→∞ (E 1 × H * 2 + E * 2 × H 1 ) • n = lim r→∞ (E 1 × 1 Z (-n × E 2 ) * + E * 2 × 1 Z (n × E 1 )) • n = 1 Z lim r→∞ (-E 1 × (n × E 2 ) * + E * 2 × (n × E 1 )) • n (658)
considering for vector a, b and c, there is a

× b × c = b(a • c) -c(a • b), we have E 1 × (n × E 2 ) * = n(E 1 • E * 2 ) -E * 2 (E 1 • n) = n(E 1 • E * 2 ) (659) E * 2 × (n × E 1 ) = n(E * 2 • E 1 ) -E 1 (E * 2 • n) = n(E * 2 • E 1 ) (660) 
In the above we have considered that E 1 • n = 0 and E * 2 • n = 0, because E 1 and E 2 perpendicular to the direction n. Substitute Eq.(659,660) to Eq.( 658) that proves Eq.( 655) is established.

The surface integral in the mutual integral is inner product between two retarded potentials or two advanced potentials

The surface integral in the mutual energy formula (ξ 1 , ξ 2 ) Γ is a inner product [START_REF] Shuang Ren Zhao | The application of mutual energy theorem in expansion of radiation elds in spherical waves[END_REF]. Here we have assumed that that the two elds ξ 1 , ξ 

(ξ 1 + ξ 2 , ξ 3 ) Γ = (ξ 1 , ξ 3 ) Γ + (ξ 2 , ξ 3 ) Γ (662) (αξ 1 , ξ 2 ) Γ = α(ξ 1 , ξ 2 ) Γ (663) III Positive-deniteness, (ξ, ξ) Γ ≥ 0 (664) (ξ, ξ) Γ = 0 if f x = 0 (665) 
Here if f means if and only if.

If we allow the eld ξ 1 and ξ 2 are retarded potential and also advanced potential, the above inner product laws are still satised. Only the formula Eq.( 665) does not satisfy.

The mirror transform of a retarded potential is advanced potential and vice versa

The mutual energy theorem often works with magnetic mirror transform, it is important to know what will happen after the transform for a retarded potential or a advanced potential. This will be discussed in section 38.

The application of the mutual energy theorem

There are 3 most important application of the mutual energy theorem

wave expansions

Sphere wave ans plane wave expansion can be done by using the mutual energy theorem combine the denition of the inner product (ξ 1 , ξ 2 ) Γ of the two elds ξ 1 and ξ 2 [START_REF] Shuang Ren Zhao | The application of mutual energy theorem in expansion of radiation elds in spherical waves[END_REF][START_REF] Zhao | The simplication of formulas of electromagnetic elds by using mutual energy formula[END_REF][START_REF] Zhao | The application of mutual energy formula in expansion of plane waves[END_REF].

Field calculation

The reciprocity theorem can be applied to calculate the eld. That is true also to the mutual energy theorem. However if the media is symmetric, we an only apply the reciprocity theorem, if the media is lossless we can only apply the mutual energy theorem. In general situation we can applied modied mutual energy theorem or modied reciprocity theorem.

Calculate the directivity pattern

The reciprocity theorem can be applied to prove the directivity pattern of a receiving antenna is same as that of the same antenna applied as a transmitting antenna. However the authors believe the derivation by the reciprocity theorem is wrong, the correct way to obtained it is by using the mutual energy theorem.

This will be discussed in the section 40.

The application to physics

The most important application perhaps is by using the mutual energy theorem we have known that the advanced potential of a receiving antenna will suck the energy from the transmitting antenna. This can lead very important consequence in Physics which will be discussed in section 42. [START_REF] Altman | Reciprocity, Spatial Mapping and Time Reversal in Electromagnetics[END_REF] 38 Advanced potential and retarded potential

The magnetic mirror transform h is dened as following

hζ(t) = [E(-t), -H(-t), -J (-t), K(-t), (-t), µ(-t])] (666) 
This is the denition in time domain.

hζ(ω) = [E * (ω), -H * (ω), -J * (ω), K * (ω), * (ω), µ * (ω)] (667) 
This is the denition in Fourier domain.

Magnetic mirrored transform for A(t), φ(t), (t)

Assume A(t), φ(t) are vector potential and scale potential and is dened as 

following E = -∇φ -∂A (668) B = ∇ × A ( 
H or B. [A h (t), φ h (t), J h (t), K h (t), h (t)] ≡ h[A(t), φ(t), J (t), K(t), (t)] = [-A(-t), φ(-t), -J (-t), K(-t), (-t)] (671) 
It can be proven that the calculated E h (t) = -∇φ h -∂A h , H h (t) = ∇ × A h satises the magnetic mirrored transform Eq.(666,667). Here h is magnetic mirror transform. We need to prove that 1)

E h (t) = E(-t) (672) 2) H h (t) = -H(-t) (673) 3) ∇ • J h + ∂ h = 0 (674)
Hence, guarantees the magnetic transformed eld [E h (t), H h (t)] satises the Maxwell equations Eq.(640,641). It also guarantees the current continue function still satises.

Proof: After the magnetic mirror transform, the time t is changed to -t and the ∂ t change to -∂ -t = -∂ τ , here τ = -t that is For example 1)

E h (t) = -∇φ h -∂ t A h = -∇φ(-t) -∂ t (-A(-t)) = -∇φ(-t) -∂ -t (A(-t)) = (-∇φ(τ ) -∂ τ A(τ ))| τ =-t = E(τ )| τ =-t = E(-t) (675) 2) B h = ∇ × A h = ∇ × ((-1)A(-t)) = -∇ × A(-t) = -B(-t) (676) Hence B h = -B(-t) = -(µ(τ ) * H(τ ))| τ =-t = -µ(-t) * H(-t)) = µ h * (-H(-t)) (677) * is convolution. Considering, B h = µ h * H h , Hence we have H h = -H(-t) (678) 3) ∇ • J h + ∂ h = ∇ • (-J (-t)) + ∂ t (-t)) = ∇ • (-J (-t)) -∂ -t (-t)) = -(∇ • J (-t) + ∂ -t (-t)) = -(∇ • J (τ ) + ∂ τ (τ )) = 0 (679)
In the above proof τ = -t has been used. Proof nish. Hence h transform Eq.( 671) is correct.

Advanced potential and retarded potential

In empty space the retarded potential is widely accepted which are following,

E r = -∇φ r -∂A r (680) B r = ∇ × A r (681) φ r (x, t) = 1 4π 0 V (x , t r ) |x -x | dV (682) A r (x, t) = µ 0 4π V J (x , t r ) |x -x | dV (683) t r = t - |x -x | c ( 684 
)
Where c is the speed of light wave in empty space. Here K = 0 is also assumed.

There is corresponding advanced potential, where

E a = -∇φ a -∂A a (685) B a = ∇ × A a (686) φ a (x, t) = 1 4π 0 V (x , t a ) |x -x | dV (687) A a (x, t) = µ 0 4π V J (x , t a ) |x -x | dV (688) t a = t + |x -x | c (689) 
The above electromagnetic eld ζ r = [E r , H r , J r , K r , r , µ r ] is the corresponding eld of the retarded potential. ζ a = [E a , H a , J a , K a , a , µ a ] is the corresponding eld of the advanced potential. In the above we can assume that J r = J a = J , r = a = , µ r = µ a = µ. That means for the electric current J and media , µ, the superscript r and a can be dropped.

If the electric current or magnetic current ρ = [J , K] sending electromagnetic wave out, ρ r = [J r , K r ] is the source. If the electric current or magnetic current ρ a = [J a , K a ] receiving electromagnetic wave, ρ a = [J a , K a ] is the sink. The retarded potential is the electromagnetic eld ξ r = [E r , H r ] sending from the source ρ r = [J r , K r ]. The advanced potential is the electromagnetic eld ξ = [E a , H a ] receiving by the sink ρ a = [J a , K a ]. Advanced potential and retarded potential are all normal electromagnetic eld which satises the Maxwell equations. In next subsection we will shown that the eld of advanced potential is magnetic mirror transformed eld.

Here the mirror transformed eld and time reversed eld are dierent. Mirror transformed elds still satisfy the Maxwell equations and hence is a normal electromagnetic eld. But the original time reversed eld does not satisfy the Maxwell equations, it satises the time-reversed Maxwell equations Eq.(640, 641) which is very close to Maxwell equations. It is noticed if the minus sign is put to the media, the eld after the time-reversed transform is still satises the Maxwell equations. Time reversed transform can be apply to derive some reciprocity theorems [START_REF] Samaddar | Orthogonality properties of modes in a compressible partially ionized plasma[END_REF] [START_REF] Bojarskbi | Generalized reaction principles and reciprocity theorems for the wave equations, and the relationship between the timeadvanced and time-retarded elds[END_REF].

Obtain advanced potential from mirrored transform

The retarded potential is widely accepted. Advanced potential is not widely accepted. However magnetic mirror transformed eld is accepted widely, since mirror transformed eld satises the Maxwell equations and is also easy to explained as the reect eld on a magnetic super conductor mirror. In this subsection we will derive the advanced potential from magnetic mirror transform and retarded potential. Assume

ζ 1 (t) = [E 1 (t), H 1 (t), J 1 (t), K 1 (t), 1 (t), µ 1 (t)] (690) ζ 2 (t) = [E 2 (t), H 2 (t), J 2 (t), K 2 (t), 2 (t), µ 2 (t)] (691)
are both retarded potentials. Assume there is only electron current hence K 1 = 0 and K

2 = 0. Assume [E 2 , H 2 , J 2 (t), K 2 (t), 2 (t), µ 2 (t), 2 (t)] = [E 1 (-t), -H 1 (-t), -J 1 (-t), K 1 (-t), 1 (-t), µ 1 (-t), 1 (-t)] = h[E 1 (t), H 1 (t), J 1 (t), K 1 (t), 1 (t), µ 1 (t), 1 (t)] (692)
corresponding to the source ρ 2 is the retarded potential, and there is

φ 2 (x, t) = 1 4π 0 V 2 (x , t -|x-x | c ) |x -x | dV (693) A 2 (x, t) = µ 0 4π V J 2 (x , t -|x-x | c ) |x -x | dV (694) 
and the corresponding elds are

E 2 = -∇φ 2 -∂A 2 (695) 
B 2 = ∇ × A 2 (696) 
Assume

ζ 3 = hζ 2 (697) ζ 3 is magnetic mirrored eld of the retarded potential ζ 2 . Considering A 3 (x, t) = hA 2 (x, t) = -A 2 (x, -t) (698) φ 3 (x, t) = hφ 2 (x, t) = φ 2 (x, -t) (699) 
Considering Eq.(693,694), there is

A 3 (x, t) = (-) µ 0 4π V J 2 (x , -t -|x-x | c ) |x -x | dV (700) φ 3 (x, t) = 1 4π 0 V 2 (x , -t -|x-x | c ) |x -x | dV (701) 
Considering Eq.(692), there is

A 3 (x, t) = µ 0 4π V J 1 (x , t + |x-x | c ) |x -x | dV (702) φ 3 (x, t) = 1 4π 0 V 1 (x , t + |x-x | c ) |x -x | dV (703) 
The eld can be obtained

E 3 = -∇φ 3 -∂A 3 (704) B 3 = ∇ × A 3 (705) 
This way it is proven that the magnetic mirror transformed eld

ζ 3 (t) = [E 3 (t), H 3 (t), J 3 (t), K 3 (t), 3 (t), µ 3 (t)] (706) 
from a eld of the retarded potential

ζ 2 (t) = [E 2 (t), H 2 (t), J 2 (t), K 2 (t), 2 (t), µ 2 (t)] (707) 
is just the eld of the advanced potential of the sink ρ 1 = [J 1 (t), 0].

The eld of the advanced potential is obtained by using a magnetic mirror transform. Hence the advanced potential should be acceptable same as the eld obtained form a magnetic mirror transform.

In the following the transmitting eld and retarded potential are eld that send out from the source ρ = [J , K]. Receiving eld and advanced potential are eld receiving by the sink ρ = [J , K]. Electric and magnetic current can receive and transmit the eld or do both in the same time, i.e. ρ = [J , K] can be sink or source. [START_REF] Petrusenko | The lost second lorentz theorem in the phasor domain[END_REF] The mutual energy theorem is a sub theorem theorem derived from Poynting theorem

In reference [START_REF] Shuang Ren Zhao | Derive the mutual energy theorem from poynting theorem in fourier domain (the concept of mutual energy 3)[END_REF] we have derived the time-media reversed modied mutual energy theorem from modied Poynting theorem in Fourier domain. We have also derived the modied mutual energy theorem from modied Poynting theorem using the time-media reversed transform. In this deriving process we only prove the modied mutual energy theorem is a sub-theorem of modied Poynting theorem and we still did not prove that the mutual energy theorem is a subtheorem of Poynting theorem. The theorem with modied is not a physical theorem, it is only mathematical theorem satises the Maxwell equations.

In this section we will derive the mutual energy theorems energy theorem in time-domain. This derivation will prove that the mutual energy theorem is sub-theorem of Poynting theorem.

The instantaneous-time mutual energy theorem

In this section the mutual energy of a electromagnetic eld system is dened as the dierence between the total energy (power) and the self energy (power).

The mutual energy is obtained by subtracting the self energy from the total energy. The law of conservation of energy which is also expressed as the Poynting theorem. The Poynting theorem guarantees that the total energy and self energy are conservative. Hence, the mutual energy should be also conserved.

The conservation of mutual energy is referred as mutual energy theorem. The following oers the detail of the derivation of the mutual energy theorem in time-domain instead of Fourier domain.

Assume 

ζ 1 = [E 1 , H 1 , J 1 , K 1 , D 1 , B 1 ] and ζ 2 = [E 2 , H 2 , J 2 , K 2 ,
-∇ • (E i × H i ) = J i • E i + K i • H i + E i • ∂D i + H i • ∂B i (708) 
where i = 1, 2, ∂ = ∂ ∂t . Then the superposing electromagnetic eld also satises the modied Poynting theorem [START_REF] Shuang Ren Zhao | The modied poynting theorem and the concept of mutual energy[END_REF] -∇ • ((

E 1 + E 2 ) × (H 1 + H 2 )) = (J 1 + J 2 ) • (E 1 + E 2 ) + (K 1 + K 2 ) • (H 1 + H 2 ) + (E 1 + E 2 ) • ∂(D 1 + D 2 ) + (H 1 + H 2 ) • ∂(B 1 + B 2 ) (709) 
Eq.(709) tell us the total energy should be conserved. Eq.(708) tell us the self energy is conserved. Subtracting the self energy from the total energy will give the mutual energy. The mutual energy should be also conserved. Subtracting

Eq.(708) for i = 1,2 from Eq.(709), there is,

-∇ • (E 1 × H 2 + E 2 × H 1 ) = J 1 • E 2 + J 2 • E 1 + K 1 • H 2 + K 2 • H 1 + E 1 • ∂D 2 + E 2 • ∂D 1 + H 1 • ∂B 2 + H 2 • ∂B 1 (710) 
The corresponding integral form of the above formula is

-Ŝ (E 1 × H 2 + E 2 × H 1 ) • ndS = V (J 1 • E 2 + J 2 • E 1 + K 1 • H 2 + K 2 • H 1 + E 1 • ∂D 2 + E 2 • ∂D 1 + H 1 • ∂B 2 + H 2 • ∂B 1 ) dV (711) 
V is volume, S is the boundary surface of V , i.e. S = ∂V is the surface of volume V. Where n is norm vector of the surface S. J 1 and J 2 , K 1 and K 2 are inside This is referred as the modied time-correlation mutual energy theorem. In case

2 (t) = 1 (t) = (t), µ 2 (t) = µ 1 (t) = µ(t), there is T (-t) = (t) µ T (-t) = µ(t) (727) 
This means the media must be in symmetry with time t.

Dene a new inner product in time-domain,

(ξ 1 , ξ 2 ) τ = ∞ t=-∞ ((ξ 1 (t + τ ), ξ * 2 (t))dt (728) (ρ 1 , ξ 2 ) τ = ∞ t=-∞ (ρ 1 (t + τ ), ξ * 2 (t))dt (729) (ξ 1 , ρ 2 ) τ = ∞ t=-∞ (ξ 1 (t + τ ), ρ * 2 (t))dt (730) 
The modied time-correlation mutual energy theorem can be written as,

(ξ 1 , ξ 2 ) τ + (ρ 1 , ξ 2 ) τ + (ξ 1 , ρ 2 ) τ = 0 (731) 
It can be argued that the eld variables ζ 1 (t) ζ 2 (t) are real variables, why the above dene the inner product here with complex conjugate symbol * inside?

The reason is in following subsection we need to make a Fourier transform of the above formula that also needs this conjugate symbol.

In case the media satises Eq.(712,713), the modied time-correlation mutual energy theorem becomes the time-correlation mutual energy theorem. The word modied can be dropped, and it becomes the time-correlation mutual energy theorem. It was also referred as time-correlation reciprocity theorem in reference [START_REF] Adrianus | Time-domain reciprocity theorems for electromagnetic elds in dispersive media[END_REF], it can be seen in Eq.( 732). Here we do not call this as timecorrelation reciprocity theorem, since we think this name is more suitable to another theorem which will be derived in next article of this series. The above modied time-correlation mutual energy theorem can be written as following,

Ŝ ∞ t=-∞ (E 1 (t + τ ) × H * 2 (t) + E * 2 (t) × H 1 (t + τ )) dt ndS + V ∞ t=-∞ (J 1 (t + τ ) • E * 2 (t) + K 1 (t + τ ) • H * 2 (t) + E 1 (t + τ ) • J * 2 (t) + H 1 (t + τ ) • K * 2 (t)) dt dV = 0 (732) 
If there are N electromagnetic elds, the modied time-correlation mutual energy theorem is i<j, j N i=1,j=1

((ξ i , ξ j ) τ + (ρ i , ξ j ) τ + (ξ i , ρ j ) τ ) = 0 (733)

Time-correlation mutual energy theorems in Fourier domain

In last section we obtained the time-correlation mutual energy theorem through

Poynting theorem plus the time-oset transform. In this section we will prove that through an inverse Fourier transform the mutual energy theorem can be obtained. This way of derivation of the modied mutual energy theorem from modied Poynting theorem avoids the use of time-media reversed transform.

Considering F {•} = ´∞ t=-∞ exp(-jωt) dt is Fourier transform, we have (ξ 1 , ξ 2 ) ω ≡ F {(ξ 1 , ξ 2 ) τ } = Ŝ (E 1 (ω) × H * 2 (ω) + E * 2 (ω) × H 1 (ω)) • ndS (734) 
See the Appendix 1 for denition of F {•} and the details of calculation. In the Fourier domain, the variable should use ˜ to distinguish it from time domain, for example Ẽ, H. In the following we omit the symbol ˜ for the simplicity.

Dene,

(ρ 1 , ξ 2 ) ω ≡ F {(ρ 1 , ξ 2 ) τ } = V (J 1 (ω) • E * 2 (ω) + K 1 (ω) • H * 2 (ω)) dV (735) 
and

(ξ 1 , ρ 2 ) ω ≡ F {(ξ 1 , ρ 2 , ) τ } = V (E 1 (ω) • J * 2 (ω) + H 1 (ω) • K * 2 (ω)) dV (736) 
Hence, the corresponding theorem in frequency domain to Eq.( 731) is

(ξ 1 , ξ 2 ) ω + (ρ 1 , ξ 2 ) ω + (ξ 1 , ρ 2 ) ω = 0 (737) 
Where the media have to meet the condition, †

1 (ω) = 2 (ω), µ † 1 (ω) = µ 2 (ω) (738) 
The above formula is obtained by applying a Fourier transform to Eq.(727).

This formula Eq.(737,738) has been referred the modied mutual energy theorem [START_REF] Shuang Ren Zhao | The application of mutual energy theorem in expansion of radiation elds in spherical waves[END_REF][START_REF] Zhao | The simplication of formulas of electromagnetic elds by using mutual energy formula[END_REF][START_REF] Zhao | The application of mutual energy formula in expansion of plane waves[END_REF][START_REF] Shuang Ren Zhao | The modied poynting theorem and the concept of mutual energy[END_REF]. We have known that in the derivation of mutual energy theorem in Fourier domain [START_REF] Shuang Ren Zhao | The modied poynting theorem and the concept of mutual energy[END_REF], the superposition of led ζ = ζ 1 + rζ 2 must be considered. That means there is time-media reversed transform r is involved.

If the transform r is involved, the superposition is unnormal [START_REF] Shuang Ren Zhao | The modied poynting theorem and the concept of mutual energy[END_REF], even if Lorentz reciprocity theorem is not a sub-theorem of Poynting theorem. This is also the reason that the mutual energy theorem has its name instead of some kind of reciprocity theorem. This also shows that the derivation of the mutual energy theorem from time-domain has some advantage comparing to the derivation in Fourier domain [START_REF] Shuang Ren Zhao | The modied poynting theorem and the concept of mutual energy[END_REF]. [START_REF] Polat | On poynting's theorem and reciprocity relations for discontinuous elds[END_REF] The system with transmitting antenna and receiving antenna

In the case of two coils, the rst coil has a current J , which send energy to the free space, if we put the second coil close to the rst coil, the second coil will suck more energy from rst coil. In this situation the second coil has inuence to the rst coil. This is the case where the two coils close to each other, for example a electric transformator which has two coils: the primary coil and a secondary coil.

We know that if we add more load to the secondary coil of a transformator, it can suck more energy from the primary coil.

The two coils can be seen as two antennas. If we assume the two antennas are put very far away, are the second coil (or antenna) still can suck energy from the rst coil (antenna)? Does the receiving antenna only passive receive energy sent from the transmitting antenna or it actively suck the energy from the transmitting antenna, like the secondary coil in a transformator? This section try to answer this question.

40.1 The traditional way of the explanation of the antenna system using the reciprocity theorem

Here we review the traditional way of using the reciprocity theorem to explain the antenna system. Assume

ζ 1 = [E 1 , H 1 , J 1 , K 1 , , µ], ζ 2 = [E 2 , H 2 , J 2 , K 2 , , µ] are retarded potential, J 1 , K 1 and J 2 , K 2 are inside the volume V 1 and V 2 re- spectively. V 1 and V 2 are inside of the volume V , V ,V 1 ,V 2 have the boundary surface Γ ,Γ 1 Γ 2 . the reciprocity theorem is " Γ (E 1 × H 2 -E 2 × H 1 ) • ndS Since ζ 1 = [E 1 , H 2 ] and ζ 2 = [E 2 , H 2 ]
are retarded potential, it can be proven that the surface integral vanishes if the surface Γ is chosen as a innite big sphere, i.e., "

Γ (E 1 × H 2 -E 2 × H 1 ) • ndS = 0
Hence there is

V2 (E 1 • J 2 -H 1 • K 2 ) dV = V1 (E 2 • J 1 -H 2 • K 1 ) dV (739) 
For the reciprocity theorem, the media must be symmetric, i.e.,

T = , µ T = µ (740) If we assume K 1 = K 2 = 0, there is, V2 E 1 • J 2 dV = V1 E 2 • J 1 dV (741) Assume the volume V 1 and V 2 are cylinders and V 1 = L 1 S 1 , V 2 = L 2 S 2 . L 1 S 1
are the length and sectional areas of the cylinders, it is same to V 2 , hence there is,

L2 E 1 dL S2 J 2 dS = L1 E 2 dL S1 J 1 dS (742) V 12 I 2 = V 21 I 1 (743) 
The reciprocity theorem is derived for two transmitting antennas. Where V 12 = ´L2 E 1 dL are potential on antenna 2 which is produced by current I 1 . V 21 = ´L1 E 2 dL is the potential on antenna 1 which is produced by current I 2 . I 1 = ˜S1 J 1 dS, I 2 = ˜S2 J 2 dS. All books of the electromagnetic eld theory claim that the above derivation also suit to the antenna system with a transmitting antenna and a receiving antenna. However they did not oer a convincing proof.

The above explanation seems correct, but it contains a mortal problem.

The authors do not satisfy that. First here the current J 1 and J 2 must be both sources, they both send retarded potentials ξ 1 , ξ 2 , (we have known that if and only if ξ 1 and ξ 2 are both retarded potential, the surface integral of the reciprocity theorem vanishes, otherwise the reciprocity theorem of Eq.( 739)

is not established). In the case there is a receiving antenna, we can shown that the reciprocity theorem is wrong in a very simple situation. In the simple situation we assume that the receiving antenna is a black body, it can only receive energy. Hence ξ 2 = [E 2 , H 2 ] which is the eld produced by antenna 2 send to space, should vanish (we have assume it is retarded potential). Hence, there is ˝V1 E 2 • J 1 -H 2 • J 1 ) dV = 0 and the reciprocity theorem becomes

0 = V2 (E 1 • J 2 -H 1 • K 2 ) dV (744) If ˝V2 (E 1 • J 2 -H 1 • K 2 )
dV does not vanish, the reciprocity theory become 0 = something not zero

(745) which is clear wrong. if ˝V2 (E 1 • J 2 -H 1 • K 2 ) dV vanishes, the reciprocity theorem tell us 0 = 0 (746)
which is also meaningless.

The above discussion is also suit to the situation where the antenna 2 is a paraboloid antenna. The energy received by the paraboloid antenna does not send again to the space, but send to a feed source. If the scattering energy send from paraboloid antenna to the free space can be omitted, the paraboloid antenna can be seen as black body. For this kind idea paraboloid antenna used as receiving antenna, the reciprocity theorem is not suitable.

Second, we have known that there should have the energy ow send from transmitting antenna to the receiving antenna. The reciprocity theorem can not oer us any information about the energy between the two antennas.

Here we do not claim that the reciprocity theorem is all wrong, the reciprocity theorem is still correct to two transmitting antennas, which is not very useful. In the following, we will explain the antenna system with the mutual energy theorem.

40.2 Explanation of a system with a receiving antenna using the mutual energy theorem

The result of the mutual energy theorem

In the calculation with receiving antenna, normally the reciprocity theorem is involved, hence, the advanced potential is avoid. The application of reciprocity theorem is very confusing. In the reciprocity theorem solution, both transmitting antenna and receiving antenna send retarded potentials. We know that a line antenna reects energy, or there is scattering, so there is the retarded potential and which sent out from the receiving antenna. But if a receiving antenna is idea, for example like a black body, or a ideal paraboloid antenna, it only receive energy and doesn't send energy out. How this kind of receiving antenna can send a retarded potential? For an antenna like black body, the

V ((E 1 • J * 2 + H 1 • K * 2 ) + (E * 2 • J 1 + H * 2 • K 1 )) dV = 0 (753) 
If we have assumed that the magnetic current does not exist, K 1 = 0, K 2 = 0, the above formula becomes,

V (E 1 • J * 2 + E * 2 • J 1 ) dV = 0 (754) or V2 E 1 • J * 2 dV + V1 E * 2 • J 1 dV = 0 (755) or - V1 E * 2 • J 1 dV = V2 E 1 • J * 2 dV (756) ˝V2 E 1 • J * 2 dV
indicate the energy of the eld E 1 act on the current J 2 . This is the energy antenna 2 received. This part of energy is positive (Since the consumed energy is positive).

-˝V1 E * 2 • J 1 dV is the energy sucked by the eld E 2 from the current J 1 .

This also tell us that the received energy of antenna 2 which is sent from antenna 1 is same as the energy sucked from antenna 1 by the advanced potential of the antenna 2. This energy is the energy oer to the free space, (since the consumed energy is positive, hence, the oering energy is negative)

That is also the formula we have mentioned before for a receiving antenna and a transmitting antenna the summation of the mutual energy ow vanishes.

W mutual 12 + W mutual 21 = 0
If advanced potential exist, it can suck energy from the source. This sucked energy later is received by the receiving antenna. This is the most important result of the mutual energy theorem to the advanced potential and receiving antenna. The authors believe this result is correct and will apply this to explain more physics result in next sections.

The above important mutual energy formula Eq.( 756) is rst obtained in

Ref. [START_REF] Rumsey | A short way of solving advanced problems in electromagnetic elds and other linear systems[END_REF] in 1963, can be converter time-domain, which is

- V1 ∞ -∞ E 2 (t + τ ) • J 1 (τ ) dτ dV = V2 ∞ -∞ E 1 (t + τ ) • J 2 (τ )dτ dV
This formula is rst obtained in ref. [START_REF] Adrianus | Time-domain reciprocity theorems for electromagnetic elds in dispersive media[END_REF], If t = 0 we can obtain that

- V1 ∞ -∞ E 2 (τ ) • J 1 (τ ) dτ dV = V2 ∞ -∞ E 1 (τ ) • J 2 (τ )dτ dV
This formula is rst obtained by Welch [START_REF] Welch | Reciprocity theorems for electromagnetic elds whose time dependence is arbitrary[END_REF] in 1960. From above formula is also clear tell us, that the advanced potential of antenna 2 sucks energy (=time*power) Perhaps this is because the advanced potential is a so strange concept, how can thought it could suck energy? Even he did not found the second antenna suck the energy from the rst, but he claim that this is an energy theorem instead of some kind of reciprocity theorem. The reason he claim it is an energy theorem is because his engineer background, in electric and electronic engineering, P = V I * is the power. Hence, he can thought that in electromagnetic eld ´V E • J * dV should be also Power. We also know S = E × H * is Poynting energy vector, then S 12 = E 1 × H * 2 should be also an energy vector. Hence the formula (of the mutual energy theorem) should be an energy formula).

from antenna 1: -˝V1 ´∞ -∞ E 2 (τ ) • J 1 (τ )
Interesting to point out from Welch's formula, that the sucked energy does not happen in particular time point, for example,

- V1 E 2 (t) • J 1 (t) dV = V1 E 1 (t) • J 2 (t)
but related a integral with time. Considering the photons has particle frequency, the formula Eq.( 756) is in Fourier frequency domain. The mutual energy transfer is based on particular frequency, perhaps is related to the fact that the energy particle is also based on frequency.

Similar result compare to the reciprocity theorem

Applying magnetic mirror transform m to the variable with subscript 2, i.e.,

ζ 2 = m ζ 2m = [E * 2m , -H * 2m , -J * m , K * m , * m , µ * m ] (757) 
to the formula Eq.(755), we obtain,

V (E 1 • (-J 2m ) + E 2m • J 1 ) = 0 (758) or V2 E 1 • J 2m dV = V1 E 2m • J 1 dV (759) 
After the transform the media formula becomes,

T 2m = 1 , µ T 2m = µ 1 (760) * 2m = 1 = , µ * 2m = µ 1 = µ (761)
For simplication, the subscript 2m can be rewritten as 3, the above formula becomes,

V2 E 1 • J 3 dV = V1 E 3 J 1 dV (762)
This formula is close to the reciprocity theorem Eq.( 772). It can be applied to prove that when an antenna is used as the receive or as the transmitting antenna, will have same directivity diagram. The media formula can be rewritten as

T 3 = 1 , µ T 3 = µ 1 (763) * 3 = 1 = , µ * 3 = µ 1 = µ (764) 
Actually the Eq.(762,763) are modied reciprocity theorem. Eq.( 764) is caused by lossless media that we have used in mutual energy theorem. Substitute

Eq.(764) to Eq.(763), i.e., considering 1 = , 3 = * , µ 1 = µ, µ 3 = µ * , we still get, † = , µ † = µ (765)

The dierences of two methods

The above mutual energy theorem result is similar to the explanation of the reciprocity theorem Eq.( 739), however there are fundamental dierences, see following.

1) In the mutual energy theorem, the eld ξ 2 of the receiving antenna is advanced potential. J 2 , K 2 is sink which receive wave energy, it is physical current. The current J 3 is a articial current or some kind of the eective current. Even the eld of ξ 3 is retarded potential, but it is also an articial eld, the actually physical eld is still ξ 2 which is advanced potential. In the reciprocity theorem the eld of the receiving antenna ζ 2 is retarded potential.

2) The mutual energy theorem functions in lossless media. This can not be changed even after we have applied the magnetic mirror transform. The reciprocity theorem functions in symmetric media. Only if the media with real values for both mutual energy theorem and reciprocity theorem can oer similar results. For example the media = i 0 (where 0 is the Permittivity in free space) is not lossless media but it is symmetric media. This kind of media doesn't suit to the derivation of the mutual energy theorem, hence it can not apply to the system with transmitting antenna and receiving antenna.

3) In the derivation of the mutual energy we have assumed that there is no scattering eld send out from the receiving antenna 2. If there is scattering for antenna 2, We can not obtained Eq.( 753) and hence Eq.(762).

Using these 3 dierences we can design experiments to further examine which is correct, the two theories reciprocity theorem or the mutual energy theorem.

We can test the theories in symmetric loss media in which the reciprocity theorem is established, but the mutual energy theorem is not established. In this case if we still obtained the same directivity pattern for a antenna used as receiving antenna and transmitting antenna, then the reciprocity is correct, otherwise the mutual energy theorem is correct.

There is no any inuence of scattering to the reciprocity theorem. But from derivation of mutual energy theorem we have known the scattering play a important role. Since paraboloid antenna has big dierence of scattering when the receiving antenna toward to the sender or back against the sender.

If the directivity pattern of a receiving antenna and a transmitting antenna is inuenced by the scattering, then the reciprocity theorem is wrong and the mutual energy theorem is corrected to the antenna theory.

Calculate the mutual energy ow

It is clear there are energy ow sent from transmitting antenna to the receiving antenna. It is not possible to get this energy from Lorentz reciprocity theorem, but it is possible to get this energy ow from the mutual energy theorem.

Since we assume that the receiving antenna associate only advanced potential (assume there is no scattering, and the transmitting antenna sent only retarded potential. We also know that the mutual energy of a retarded potential and an advanced potential have no pure mutual energy go to the outside of the innite big sphere, i.e. the surface integral of the mutual energy theorem vanishes. Hence all mutual energy ow is stared from transmitting antenna to the receiving antenna. The authors believe this energy ow is just the energy sending from transmitting antenna to the receiving antenna. In the following we oer the formula to calculate the mutual energy ow from the transmitting antenna to the receiving antenna.

Assume there is a transmitting antenna which has the source J 1 , K 1 and the corresponding eld ζ 1 and a receiving antenna which has a sink J 2 , K 2 and corresponding eld ζ 2 . Assume V 1 is the volume corresponding to J 1 , K 1 and V 2 is the volume corresponding to J 2 , K 2 . The Γ 1 is the boundary of V 1 . We can apply the mutual energy theorem to the volume

V 1 , (ξ 1 , ξ 2 ) Γ1 + (ρ 1 , ξ 2 ) V1 = 0 (766) or (ξ 1 , ξ 2 ) Γ1 = -(ρ 1 , ξ 2 ) V1 (767) or Γ1 (E 1 × H * 2 + E * 2 × H 1 ) • n1 dS = - V1 (J 1 • E * 2 + K 1 • H * 2 ) dV (768) 
If we apply the mutual energy theorem to the volume V 2 there is

(ξ 1 , ξ 2 ) Γ2 + (ξ 1 , ρ 2 ) V2 = 0 (769) -(ξ 1 , ξ 2 ) Γ2 = (ξ 1 , ρ 2 ) V2 (770) 
or

- Γ2 (E 1 × H * 2 + E * 2 × H 1 ) n2 dS = V2 (E 1 • J * 2 + H 1 • K * 2 ) dV (771) 
From the mutual energy theorem for volume V , we know that,

(ξ 1 , ρ 2 ) V + (ξ 2 , ρ 1 ) V = 0 (772) or - V1 (E * 2 • J 1 + H * 2 • K 1 )dV = V2 (E 1 • J * 2 + H 1 • K * 2 ) dV (773) where V 1 ⊂ V and V 2 ⊂ V .
Substitute Eq.(768, 771) to Eq.( 773), we obtain,

Γ1 (E 1 × H * 2 + E * 2 × H * 1 ) • n1 dS = - Γ2 (E 1 × H * 2 + E * 2 × H 1 ) n2 dS or Γ1 (E 1 × H * 2 + E * 2 × H * 1 ) • n12 dS = Γ2 (E 1 × H * 2 + E * 2 × H 1 ) n12 dS
where n12 is at the direction from 1 to 2. Hence, n1 = n12 on Γ 1 n2 = -n 12 on Γ 2 .

The above formula shows the mutual energy ow send from the transmitting antenna Γ 1 is equal to the energy ow received by the receiving antenna on Γ 2 .

Actually we can choose any surface between the transmitting antenna 1 and the receiving antenna 2 to calculate the mutual energy ow, which is the energy send from transmitting antenna to the receiving antenna. The energy ow sending from transmitting antenna to the receiving antenna can only be calculated by the mutual energy theorem, it can not be calculated by the reciprocity theorem or Poynting energy conservation law. This is also shows the importance of the mutual energy theorem,

The left side of Eq.( 768) and Eq.( 771) are the mutual energy ow go through transmitting antenna 1 to the receiving antenna 2. The right side of the above formula is the receive energy of the receiving antenna.

We know the real Poynting vector is dened as

S = Re{E × H * } = 1 2 (E × H * + E * × H) Constant 1
2 can be omitted, hence we can also write

S = E × H * + E * × H
Similar to the above denition of Poynting vector, we can dene a mutual energy vector,

S 12 = E 1 × H * 2 + E * 2 × H 1
The energy ow from the transmitting antenna to the receiving antenna are

Q 12 ≡ Γ S 12 • ndΓ = Γ (E 1 × H * 2 + E * 2 × H 1 ) • ndΓ
Where Γ is any surface between antenna 1 and antenna 2.

In case there is scattering from the receiving antenna

In the above discussion we have assume the scattering is very low and hence can be omitted. What happens if there is scattering from the receiving antenna?

Assume

ζ 2 = ζ 2r + ζ 2s
Here ζ 2 is all eld associated to antenna 2, the ζ 2r is advanced potential which is the energy send form antenna 1 and received by antenna 2. ζ 2s is the scattering eld which is retarded potential.

ζ 2r = [E 2r , H 2r , J 2r , K 2r , , µ] ζ 2s = [E 2s , H 2s , J 2s , K 2s , , µ] J 2 = J 2r + J 2s K 2 = K 2r + K 2s
The total magnetic current should vanish,

K 2 = 0
Here J 2r , K 2r are only received energy, and J 2s K 2s only send scattering energy to the space which is retarded potential.

In this case the last section calculation is still correct to the current J 2r , K 2r . We must use the current J 2r , K 2r to replace J 2 , K 2 . Assume the receiving antenna have a output energy is W o , the scattering energy is W s

W r = W o + W s Assume θ, ϕ are direction of the receiving antenna, W s = α(θ, ϕ)W r W o = β(θ, ϕ)W r where α(θ, ϕ) + β(θ, ϕ) = 1
If we assume the scattering energy and the input energy to the received have xed rate for any directions, i.e.,

W s = αW r W o = βW r
In this situation the formula Eq.( 762) can be adjusted as,

V1 E 3 • J 1 dV = β V2 E 1 • J 3 dV (774) 
For directivity diagram, this is still same as the result obtained from reciprocity theorem. However, here we have assume that the scattering are has xed rate to the received energy. This assumption is not always true.

For example for a paraboloid antenna, if the eld is come from its front, nearly no any scattering energy, hence β ≈ 1 but if the eld is come from its back, all energy will be scattered out, hence there is β ≈ 0. This means that β cannot be a constant for all directions.

Since the above formula is the basis of the result that the receiving antenna and transmitting antenna have the same directivity diagram. Hence, from our antenna theory that the receiving antenna and the transmitting antenna in general has dierent directivity diagrams, if scatter eective is considered.

41 Is advanced potential just the retarded potential Lawrence M. Stephenson [START_REF] Stephenson | The relevance of advanced potential solutions of maxwell's equations for special and general relativity[END_REF] point out there is one situation there advanced potential can not avoid, that is one dimensional antenna system. For example there is a wave guide, in the left end, there is transmitter and in the right end, there is a receiver. Assume there is no any energy loss. Hence the retarded potential of the transmitter is also the advanced potential of the receiver.

In the beginning the author thought this is a good idea, i.e. the advanced potential perhaps is a combination of some retarded potential. The authors built the following antenna theory.

41.1 Simple antenna system

One dimension antenna system

For one dimension antenna system the antenna 1 send wave energy out and the antenna 2 receive the wave energy. Assume there is no any energy loss. Hence all energy send from antenna 1 has been received by antenna 2. It is clear that the eld between antenna 1 and antenna 2 is retarded potential for antenna 1 and advanced potential for antenna 2.

Simple 3 dimension antenna system

Consider another simple antenna system, there is a transmitting antenna, which send wave from the source current ρ 1 = [J 1 , K 1 ] and a receiving antenna which is at big sphere and the receiver can receive all electromagnetic waves. The current on the antenna 2 is [J s2 , K s2 ] which is surface current. Assume antenna 2 is supper conductor and super magnetic conductor, hence on the surface of antenna 2, the electric eld and magnetic eld both vanish. the current [J s2 , K s2 ] can be found from the boundary conditions as,

J s2 = n × (H out 1 -H in 1 ) (775) 
K s2 = -n × (E out 1 -E in 1 ) (776) 
where E out 1 is the electric eld at outside of the big sphere surface. E in 1 is the electric le at inside of the innite sphere surface. H out = 0. For this kind of antenna system, the eld send by antenna 1 is retarded potential ζ 1 , but it is also the advanced potential ζ 2 for antenna 2. n is the normal vector of the sphere

ζ 1 = ζ 2 (777)
The real part of the Poynting vectors are dened as following,

S 1 = E 1 × H * 1 + E * 1 × H 1 (778) 
This is the Poynting vector of antenna 1. It is the energy ow from antenna 1 toward the outside.

S 2 = E 2 × H * 2 + E * 2 × H 2 (779) 
This is the Poynting vector of antenna 2, the energy ow directs toward antenna 2 from inside of sphere.

S 12 = E 1 × H * 2 + E * 2 × H 1 (780)
where S 1 is corresponding to ζ 1 , S 2 is corresponding to ζ 2 . S 12 is the mutual corresponding to the mutual energy, it can be referred as mutual Poynting vector. It is clear that S 1 and S 2 are real values. In the above 3 formula we have omit a constant 1 2 . In this simple situation, there is,

S 1 = S 2 = S 12 (781) 

3 dimension transmitting antenna and receiving antenna

If we take out most part of material of the above antenna 2, only keep a very small piece of the above antenna 2. In this situation, not all wave energy send from antenna 1 can be received by antenna 2. We assume the antenna 2 is still a black body, it can only receive energy and do not send any energy out. The eld send from antenna 1 can be divided as two parts,

ξ 1 = ξ 1f + ξ 1r (782) 
where ξ 1r is the eld send to receiving antenna 2. ξ 1f is the rest of eld send to free space. ξ 1r is also the eld ξ 2 which is still the advanced potential to the receiving antenna 2. Now we can calculate the mutual Poynting vector S 12

S 12 = E 1 × H * 2 + E * 2 × H 1 = (E 1f + E 1r ) × H * 1r + E * 1r × (H 1f + H 1r ) = (E 1f × H * 1r + E * 1r × H 1f ) + (E 1r × H * 1r + E * 1r × H 1r ) (783) 
where we have assume ξ 1r = ξ 2 . We have assume ζ 1f has no energy contribution to antenna 2 that means that

E 1f × H * 1r + E * 1r × H 1f = 0 (784)
If the above formula cannot be established, at lease the following can be established,

(ζ 1f , ζ 1r ) Γ = Γ (E 1f × H * 1r + E * 1r × H 1f ) ndS = 0 ( 785 
)
where Γ is the big sphere surface. Hence the item E 1f × H * 1r + E * 1r × H 1f can be omitted. Hence

S 12 = E 1r × H * 1r + E * 1r × H 1r = E 2 × H * 2 + E * 2 × H 2 = S 2 (786) 
From the above derivation we have known that the mutual Poynting vector S 12 are same to the energy received by antenna 2 which is Poynting vector S 2 .

3 dimension transmitting antenna and receiving antenna

Assume the transmitting antenna is at the innite big sphere, it has the current.

We put a receiving antenna in the center of the sphere.

If the receiving antenna is taken away, the transmitting antenna can not send out any energy out, because there is no any receiving antenna to receive the energy.

If we put the receiving antenna back to the center of the sphere, it begin to receive the energy. The Poynting vector to the antenna 2 is

S 2 = E 2 × H * 2 + E * 2 × H 2
The mutual energy ow

S 12 = E 1 × H * 2 + E * 2 × H 1
There is

S 1 = S 2 = S 12

Summary of the this kind antenna theory

This antenna theory have assumed that

1) The receiving antenna associated a eld of the advanced potential.

2) The transmitting antenna send energy out which can be divided as two parts, one part the eld is sent to free space, the second part the eld is send to the receiving antenna.

3) the part of eld send from the transmitting antenna to the receiving antenna is same as the eld received by receiving antenna.

From this starting point we can calculate the energy ow send from transmitting antenna to the receiving antenna.

From above discussion it is clear that

ξ 1 = ξ 1f + ξ 1r ξ 1r = ξ 2

The problem of this antenna theory

The above antenna theory looks good, it supported advanced potential, but claim the advanced potential is just part of the retarded potential.

For the simple antenna system, the eld between the transmitting antenna and the receiving antenna can be seen as retarded potential for transmitting antenna and received potential for the receiving antenna. Every thing is ne. It is seems this example support the existing advanced potential. Lawrence M.

Stephenson [START_REF] Stephenson | The relevance of advanced potential solutions of maxwell's equations for special and general relativity[END_REF] also thought this is an example to support the advanced potential.

But after reectingly thought, the authors can not agree. The author thought this example actually do not support the existing the advanced potential, if the receiving antenna has associated the same eld as the transmitting antenna.

If the advanced potential exists, even for this simple situation the receiving antenna should has the eld of its own. Assume

ρ 1 = [J 1 , K 1 ] is the transmit- ting antenna, ρ 2 = [J 2 , K 2 ]
is the receiving antenna. The eld ξ 1 is the eld produced by antenna 1. ξ 2 is the eld of receiving antenna 2 which is advanced potential.

The author believe that the total eld of this system should be

ξ = ξ 1 + ξ 2
That means the eld should be possible to superposed. Even for this simple situation, the elds transmitting antenna should be possible to be superposed.

We have mentioned if the eld of receiving antenna can be obtained by a combination of other transmit eld, i.e.,

ξ r = N i=1 a i ξ ti M ξ r = N i=1 a i ξ ti M ξ r = N i=1 a i M ξ ti = N i=1 a i γρ ti
Where γ is a constant. ρ ti is the sources of the transmuting antenna. The above formula is clear conict to the fact, we need in the place close to the receiving antenna, there should be M ξ r = γρ ri Hence this kind of antenna theory the eld can not satisfy the Maxwell equations. Where ρ ri is the sinks for the receiving antenna. The eld should be the superposition of the two eld

ξ = ξ 1 + ξ 2 Instead of ξ = ξ 1 = ξ 2
Here ξ is the superposed eld.

The mutual energy ow is important

The mutual energy ow is the energy transfer between the two antenna. The

Poynting vector related energy ow can not transfer energy between the two antenna. Even in one dimensional wave guide system the above 2 points should also be true. Assume the transmitting antenna is at x = a, and the receiving antenna is at x = b, here a < b,

ξ 2 =      -ξ 1 x < a ξ 1 x ≥ a, x ≤ b -ξ 1 x > b
If we superpose the eld according the traditional way there is

ξ = ξ 1 + ξ 2 =      0 x < a 2ξ 1 x ≥ a, x ≤ b 0 x > b
Hence, the energy transfer between two antenna is

Q = Γ S ndΓ = ˜Γ (E 1 + E 2 ) × (H * 1 + H * 2 ) + (H 1 + H 2 ) × (E * 1 + E * 2 ) ndΓ = 4 Γ (E 1 × H * 1 + H * 1 × E 1 ) ndΓ = 4 Γ S 11 ndΓ 194 
Here S is the Poynting vector.

S 11 = E 1 × H * 1 + H * 1 × E 1 .
This can be referred the current 4 times diculty. That means if the advanced potential is normal eld, in this one dimension antenna system the transferred energy will be 4 times big than the energy transferring energy calculated with the Poynting vector.

The above result is clear not correct. The explanation for this is the advanced potential is not a normal eld, it is the eld perhaps in other implicit space.

Hence the above eld energy calculation is meaning less. The only important between two antennas is the mutual energy which is the transferred energy. the advanced potential can act to the current of a retarded potential. The retarded potential can act on the current of an advanced eld. Hence the formula of mutual energy

(ξ 1 , ρ 2 ) V2 + (ρ 1 , ξ 2 ) V1 = 0
is still established. In the above formula the rst item (ξ 1 , ρ 2 ) V2 is the retarded potential oered energy to current ρ 2 . The second item -(ρ 1 , ξ 2 ) V1 is corresponding to the sucked energy by the advanced potential from the source

current ρ 1 . (ξ 1 , ξ 2 ) Γ1 + (ρ 1 , ξ 2 ) V1 = 0
The rst item is the mutual ow send out to the transmitting antenna, second item -(ρ 1 , ξ 2 ) V1 is sucked energy from the transmitting antenna. And we have,

(ξ 1 , ρ 2 ) V2 = -(ξ 1 , ξ 2 ) Γ2 or 
The right of the above formula is the mutual energy send to the receiving antenna. The left is the energy ow cent to the receiving antenna.

The energy transferred from transmitting antenna to the receiving antenna is still the mutual energy,

Q 12 = (ξ 1 , ξ 2 ) Γ = Γ (E 1 × H * 2 + E * 2 × E 1 ) ndΓ = Γ S 12 ndΓ
Hence, we can dene mutual Poynting vector,

S 12 = E 1 × H * 2 + E * 2 × E 1
Here, if Γ is chosen between the two ends, since ξ 1 =ξ 2 (notice, only the value is same, actually one is retarded potential and one is advanced potential, they are dierent things), the mutual energy

Q 12 = Γ (E 1 × H * 1 + E * 1 × E 1 ) ndΓ 195 = Γ S 11 ndΓ = Q 11
Here, S 11 is the Poynting vector corresponding the retarded potential ξ 1 . It is same there is

Q 12 = Q 22
Hence, there is

Q 11 = Q 12 = Q 22
In the above the mutual energy Q 12 is the real energy transferred from the transmitting antenna to the receiving antenna. This energy in this situation just equal to the energy send out from the transmitter Q 11 and also the energy received by the receiving antenna Q 22 .

If Γ is chosen less the left end, ξ 1 is the wave toward out side ξ 2 is the wave toward inside, it is clear the mutual energy of

Q 12 (x < a) = 0
If Γ is chosen at outside right end, ξ 1 is the wave toward out side ξ 2 is the wave toward inside, it is clear the mutual energy of

Q 12 (x > b) = 0
From above discussion, in this situation the transferred energy is equal to

Q 12 , the value of Q 12 is equal to Q 11 or Q 22 accidentally.
Here We speak about accidentally is because Q 12 = Q 11 = Q 22 is only in this simple one dimension wave guide antenna system. In general, for example in free empty space,

Q 12 = Q 11 = Q 22 .

Summary

If we assume there is no advanced potential or the advanced potential can be produced by the retarded potential, the Maxwell equations cannot be satised at the place of the receiving antenna. Hence there should exist the advanced potential which is independent to the retarded wave.

If advanced eld is the normal eld, in the one dimensional wave guide situation, the eld between the transmitter and the receiver receiver will be doubled according to the elds superposition. If the superposed eld is doubled, the energy ow will 4 times bigger than the energy ow calculated through

Poynting vector. This means also that some thing is wrong. Hence we have to assume the advanced potential is not a normal eld. Hence the calculation result about the superposition of advanced eld and a retarded eld is also not normal. We can assume the advanced potential is at some other space outside our space. However it can act on to the retarded current. It can suck energy from the current sours (or transmitting antenna, transmitter). The sucked energy is equal to the energy of the retarded potential put to the sink (receiving antenna or receiver). The energy transfer in the space is through the mutual ow.

The important thing about energy transfer to an antenna system is the mutual energy ow, which is the energy transferred from the transmitting antenna to the receiving antenna.

The energy ow calculated by Poynting vector is not the energy transferred between transmitting antenna and the receiving antenna. This is clear if considered a section area of receiving antenna wire is close to 0. This kind antenna obtained 0 energy from energy ow related to the Poynting vector. However we know that the antenna received energy is not depending to the section area of the wire. Even the wire is as thin as possible, it still can receive nearly same energy compared to a wire with no zero section area.

The current calculated by Poynting vector is also not the energy transfer between the transmitter and the receiver in the case of one dimensional wave guide. However accidentally they are equal to each other.

We also answered the question that is the advanced potential also a retarded potential? In case of one dimensional wave guide, or 3D situation the background is seen as receiving antenna, the advanced potential is equal to the retarded potential. But in general situation, for example there is a transmitting antenna and a receiving antenna, the advanced potential is not equal to the retarded potential. But any wave, even in the rst situation, the advanced potential is still dierent concept compare to the retarded potential.

We have mentioned, it is still wrong that for the concept the advanced potential can be a combination of many other retarded potentials. The advanced wave should be independent to the retarded wave.

42 Re-explanation of the energy calculated from Poynting vector

The problem of Poynting vector

We have few times met the problem with the current energy calculated from Poynting vector. In the following it is referred as P-ow, dened as

Q = Γ S • ndΓ where S = E × H * + E * × H = 2Re{E × H * }
In our denition of Poynting vector is a real value. We have added a constant 2 to make it has similar denition with mutual energy ow vector, which is dened as

S 12 = E 1 × H * 2 + E * 2 × H 1 197 
We can also dene the mutual energy ow (or for simple M-ow) as

Q 12 = Γ S 12 • ndΓ

receiving antenna with thin wire

First we have known that the received energy of the receiving antenna is not related to P-ow. When the section area of wires is as small as possible the antenna can still receive enough energy, if this wire is produced by superconductor material. This has been noticed by Ref. [START_REF] Stephenson | The relevance of advanced potential solutions of maxwell's equations for special and general relativity[END_REF].

4-times of the energy ow.

Second in the last section there is so called 4-times diculty. The P-ow of superposed eld of two elds in which one is retarded and the other one is advanced, obtains 4-times of the P-ow compare to the P-ow of the transmitting antenna.

An advanced potential in 3D free space

We assume there is only a current situated in the center of space, there are no other material. Assume this a current (sink) has advanced potential, the P-ow is clear no zero, that means there is an energy ow always toward to the current.

We have said the advanced potential only can be used as receive energy. Now it seems even without other source, a sink can still obtained energy, this is not possible. This is also the reason why normally the people do not accept the advanced potential.

In order to solve this problem, the authors have to assume that it is not the P-ow transfer the energy from a transmitter to a receiver. The energy ow transfer from transmitter to a receiver is only the mutual energy ow, i.e., M-ow.

In case of one dimensional wave guide situation discussed in last section we have found that the P-ow is equal to the mutual energy ow.

In another case, a transmitting antenna sits at the center of free space. The background of free space can can be seen as innite more receiver. Each receivers will send an advanced potential to the transmitting antenna. The summation of this all mutual energy ow can be calculated by assuming the background as big receiving antenna, we can show this summation of the M-ow from the transmitting antenna to the background receiver is just the P-ow.

We can assume the background as a big antenna sit at the innite big sphere, this antenna receive all eld send from the transmitting antenna. Hence it send the advanced eld which is same as the eld of transmitting antenna, between the transmitting antenna and the innite big sphere. That means,

ξ t = ξ r
The P-ow is

(ξ t , ξ t ) = Γ (E t × H * t + E * t × H t ) ndΓ (ξ t , ξ r ) = Γ (E t × H * r + E * t × H r ) ndΓ
Hence we have

(ξ t , ξ r ) = (ξ t , ξ t )
After this re-explanation we can avoid the 4-times diculty mentioned before and also can explain the reason where a receiving antenna received energy is nothing to do with P-ow.

After we have this re-explanation about the P-ow, we also do not need to assume the advanced potential is at other space instead of our space. In other space it is too strange. But any way the retarded potential and advanced potential are still dierent and they need dierent method to measure them.

After this re-explanation we also solved the problem of conict between assumptions of following two formula,

ξ = ξ 1 + ξ 2 (787) ξ = ξ 1 = ξ 2 (788) 
where ξ 1 is retarded potential and ξ 2 is an advanced potential. The two formula are all correct. The rst is correct in general and ξ is superposed eld, this eld perhaps is not a normal eld. The second formula Eq.( 788) is correct in case of one dimensional wave guide, or in a free space the background can be seen as receiving antennas at big sphere, and here ξ here is a normal eld we can detected with normal technology. In the one dimensional wave guide, here ξ 1 = ξ 2 is only for mathematical value, they are still two dierent thing ξ 1 is retarded potential in our space, ξ 2 is in other space we do not clear.

In this re-explanation the P-ow of advanced potential do not cause any energy ow, hence advanced potential can exist to arbitrary electric current. If there is no source or transmitting antenna, there is no energy ow of advanced potential go towards the electric current. We know that From Maxwell equations we can obtains two solutions one is retarded potential and one is advanced potential. Now we know that the advanced potential can exist to any electric current even it is a transmitting antenna. This advanced potential do not cause an energy to the current. Hence it can not be feel.

Retarded potential send out the energy, however we have shown it is not P-ow of the retarded potential send energy out, it is the back ground which can be seen as innite small antennas, which have sucked the energy from the transmitting antenna through the advanced potential. The summation of all mutual energy just equal to the P-ow of the retarded potential.

Summary about P-ow 42.2.1 For a current in free space

Any current can have the retarded potential and the advanced potential. P-ow of the advanced potential and the retarded potential do not transfer energy. We can also think that the retarded potential it transfer energy to innite far away and then this energy change to advanced potential and has been received by this current, so there is no pure any exchange of energy to other current. Hence we cannot detector this kind of P-ow. That means not only the P-ow of advanced potential and also retarded potential all can not be detected.

M-ow

The mutual energy ow M-ow is responsible of the transferring the energy from transmitting antenna to the receiving antenna.

One dimensional wave guide situation

In case of one dimensional wave guide or the case the transmitting antenna in the center of a big sphere, the receiving antenna is on the big sphere, the mutual energy ow is just equal to the P-ow of receiving antenna or the P-ow of the transmitting antenna.

In case there are of laser beam

In the case of laser beam if we can calculate the P-ow of the receiver, which is

Q = (ξ 1 , ξ 1 ) = ΓS (E 1 × H * 1 + E * 1 × H 1 ) • ndΓ
and we can also calculate the total M-ow, Here Γ S is the beam area of P-ow,

Q = (ξ 1 , ξ 2 ) = ΓM (E 1 × H * 2 + E * 2 × H 1 ) • ndΓ
Here Γ M is the beam area of M-ow. The beam shape for P-ow and M-ow can been seen in the gure 6.

I believe that the M-ow of the receiver is little bigger than the P-ow of the receiver, because the beam area of M-ow is bigger than that of P-ow. This is also clear for us that line antenna have much bigger eect section area than the actual section area of the antenna. The plate antenna has also slight larger eective receive area than the plate is. The reason is also because of the beam of mutual energy. .

The advanced potential

The advanced potential cannot be vanish for antenna like a black body. We know this antenna has current J , K which does not vanish. We know black body do not send retarded potential out. Hence if there is no advanced potential, the eld of J , K can only obtained from other transmitting antennas. This kind eld can not satisfy Maxwell equations. This means that we can not avoid the advanced potential.

Advanced potential sucks the energy

The energy received by receiving antenna is equal to the energy sucked by the advanced potential of the receiving antenna on the transmitting antenna.

The receiving antenna play a important role for sending the energy out of the transmitting antenna. This can lead very important physics consequence of the following.

The probability explanation of Copenhagen school in quantum physics

We know that there is probability explanation of Copenhagen school for quantum physics. But why the light souse sends the photon randomly according to the probability? Einstein said God do not play dice. Many physicist do not agree the probability explanation of Copenhagen school for quantum physics, included Einstein and Schrödinger.

The authors believe the reason of the probability is because of the advanced potential. A source send energy to the space can not be done by the source itself.

It need the advanced potential of other receiving antenna to suck the energy from the source. If this suck process is discrete, all the material surround the transmitting antenna can be seen as many small receiving antennas, which will randomly suck the energy from the source or the transmitting antenna. Hence, the source can only send the photon randomly according to some probability.

This explanation can also avoid the concept of wave function collapsed.

There is no the wave function collapsed after a receiver received a photon or a particle like electron. If the advanced potential belong to a receiving antenna, in this case perhaps it is an atom. In this situation the photon sends out from the transmitter is clear, it will be received by the atom which sends the advanced potential out. It is not that the wave function collapses to the atom which received this photon. The photon decides from the very beginning which atom it should reach. This like the atom (playing the role of the receiving antenna) has stretched its hand to the sender (which play the role of the transmitting antenna) and taken a photon back to the receiver. Hence the photon knows where to go. The concept about wave function collapsed can be avoid.

This looks very strange if the distant between the receiver and the sender is very big for example many light year. The photon knows which atom is their destination. However if we accept the advanced potential, we have to accept also this very strange result. We have assumed the advanced potential is not a normal electromagnetic eld. It is a eld perhaps in other space.

Speed of light

From above discussion we have known that the energy ow sends from the transmitting antenna to the receiving antenna is the mutual energy ow. The calculation of the mutual energy ow needs the advanced potential of the antenna 2.

The system of antenna need an advanced potential for receiving antenna means the speed of electromagnetic wave is depended the speed of the advanced potential. The speed of advanced potential should be calculated from the timespace coordinates of the receiving antenna. That is the reason which the speed of light is only depended to the observer but not the sender. The advanced potential solution is the result of Maxwell equations. Hence, the Maxwell equations combine The author's antenna theory tell us that the speed of light is depended to the observer and hence, it is a constant. Hence, in special relative theory, the speed light is a constant. It is a deduced result and can be removed as a physical law. This concept has been mentioned in by Lawrence M. Stephenson in the reference [START_REF] Stephenson | The relevance of advanced potential solutions of maxwell's equations for special and general relativity[END_REF]. The author's antenna theory with the mutual energy theorem support his concept.

Conclusion

We have shown that the traditional way to explain the system with a transmitting antenna and a receiving antenna using the reciprocity theorem is inadequate, which is only correct to a system with two transmitting antennas.

We started from the mutual energy theorem and associated an advanced potential to the receiving antenna and also get a formula very close to the results of the reciprocity theorem. However, there are major dierences. The results of the mutual energy theorem need the media is lossless instead of symmetric, there is no scattering for the receiving antenna (or the scatter energy has xed rate to the incident eld in all dierent angle direction). In this formula the eld and current are articial values.

Combining the advanced potential with the mutual energy theorem can oer a good explanation to the system with one transmitting antenna and a receiving antenna. Part of energy sends out from transmitting antenna can be received by the receiving antenna. The advanced potential is same as the retarded potential, it also exist in nature. According to the above discussion, we have to accept the advanced potentials in antenna engineering and also in physics.

If advanced potential is accept, the speed of light is just the speed of the advanced potential which is only depended to the receiving antenna instead of the transmitting antenna. Hence the law in special relativity theory that light speed in free space is a constant can be removed, since it can be deduced from Maxwell equations according to our antenna theory.

If we accept the advanced potential, the mutual energy theorem tell us that the advanced potential of a receiving antenna sucks the energy from the transmitting antenna. If this sucking process from surrounding material randomly happens, the source can only send photon randomly. This can help to understand why quantum physics have to be explained with the probability. This (1) In this article the author proved that if there doesn't exist the advanced wave, the Maxwell equations cannot be satised. The example is given. ( 2)

In this article the author rst introduced the mutual energy ow theorem. In that it is referred as mutual energy ow. [START_REF] Altman | Reciprocity, Spatial Mapping and Time Reversal in Electromagnetics[END_REF] In this article the author also noticed the mutual shape of the mutual energy is thin in the two ends one is the emitter the other is the absorber. ( 4) In this article the author also mentioned that the self-energy ow (in that time it is referred as Poynting energy ow or P-ow) does not contribute to the energy transfer. But the author did not give a clear proof. [START_REF] Barybin | Excitation theory for space-dispersive active media waveguides[END_REF] The author also noticed that in the case of atom, the selfenergy ow do not contribute to the energy transfer. The reason is the atom's section area is very small. Know the author know even for two big antenna one is transmitting antenna another is a receiving antenna, the energy is also transferred by the mutual energy ow instead of self-energy ow. But in the time the author wrote this article the author can only guess the self-energy ow do not contribute to the energy transfer, but still not oer a proof (to prove that need the self-energy principle which is introduced one year later after this article).

Abstract

Assume we have a wave guide, coaxial-line or antenna system, in the two ends there is the transmitter which sends energy and in another end there is a receiver which receives energy. For a photon, there is a emitter and a absorber, the energy is transferred from emitter to the absorber. In this article we try to explain how energy is transferred, transmitted and received. We will apply mutual energy theorem to the system. In the mutual energy theorem, the mutual energy ow is composed of a retarded potential and a advanced potential. The theory is built to agree with the absorber theory of Wheeler and Feynman.

Introduction

In this article we discuss the energy transfer, transmit and receive processes in wave guide, coaxial-line or an antenna system. Traditionally electronic engineer thought in the wave guide, coaxial-line or antenna systems, there is only retarded waves sending from the transmitter to the receiver. This traditional method is agreed with the emission theory of Ritz [START_REF] Ritz | Recherches critiques sur l'electrodynamique generale[END_REF][START_REF] Ritz | Recherches critiques sur les theories electrodynamiques de cl. maxwell et de h.-a. lorentz[END_REF]. However the emission theory of Ritz has long been denied by other physicists for example Einstein and Feynman.

After debating for a few decades, in physics nally the emission theory of Ritz becomes ramication and the mainstream is the absorber theory of Wheeler and

Feynman [1,2,[START_REF] Pegg | Absorber theory in quantum optics[END_REF]. In the absorber theory the emitter sends retarded potential and the absorber sends an advanced potential.

Maxwell equations have two solutions: the retarded potential and the advanced potential. Many physicists accept the advanced potential, for example Lawrence M.

Stephenson [START_REF] Stephenson | The relevance of advanced potential solutions of maxwell's equations for special and general relativity[END_REF]. The absorber theory of D. T. Pegg, Wheeler and

Feynman [1,2,[START_REF] Pegg | Absorber theory in quantum optics[END_REF] is also based on the advanced potential. It is worth to say one of follower of Wheeler and Feynman introduced the transactional interpretation for quantum physics [START_REF] Cramer | The transactional interpretation of quantum mechanics[END_REF][START_REF] Cramer | An overview of the transactional interpretation[END_REF] in which the advanced wave is involved.

In the history Einstein joined the talk of Feynman about his absorber theory that need a complete absorber in the future time. After this talk, Pauli objected the theory and hoped Einstein to agree to him. Einstein did not do that, instead, he support the absorber theory and said, without the absorber theory, it would be very dicult to make a corresponding theory for gravitational interaction.

Actually in 1909 Einstein has debated with Ritz about advanced potential. Ritz has an emission theory based on only retarded potential, hence, he was against the advanced potential. Einstein applauded the concept of advanced potential.

Although there are so many important physicists applaud the concept of the advanced potential, in our electronic engineer community advanced potential is weird to mention. There is often a time delay from engineer community to physicist community.

In this article the authors will try to put the wave guide, the coaxial-line and the antenna system in the frame of the absorber theory of Wheeler and

Feynman. We have integrated the absorber theory with the mutual energy theorem [START_REF] Shuang Ren Zhao | The application of mutual energy theorem in expansion of radiation elds in spherical waves[END_REF][START_REF] Zhao | The simplication of formulas of electromagnetic elds by using mutual energy formula[END_REF][START_REF] Zhao | The application of mutual energy formula in expansion of plane waves[END_REF][START_REF] Shuang Ren Zhao | The modied poynting theorem and the concept of mutual energy[END_REF]. There were very closed earlier and later publications related to the mutual energy theorem [START_REF] Welch | Reciprocity theorems for electromagnetic elds whose time dependence is arbitrary[END_REF][START_REF] Rumsey | A short way of solving advanced problems in electromagnetic elds and other linear systems[END_REF][START_REF] Adrianus | Time-domain reciprocity theorems for electromagnetic elds in dispersive media[END_REF][START_REF] Petrusenko | The lost second lorentz theorem in the phasor domain[END_REF], but they did not realize it is the energy and still thought it as some kind of reciprocity theorem between the transmitter and the receiver.

In this article the authors have shown that without advanced potential, it is not possible to satisfy the Maxwell equations for very simple situation. Hence the authors assume there exist the advanced potential in electromagnetic elds similar to the eld of the physics where advanced potential is not a problem at all. The transmitter sends the retarded potential to the receiver and causes the change of the current in the receiver, and the receiver sends the advanced potential back to the transmitter. The mutual energy theorem shows that the sucked energy by the advanced potential from the transmitter is equal to the received energy of the the receiver. We have also shown the sucked energy from the transmitter and the received energy by the receiver is also equal to the mutual energy ow which is referred as M-ow and is calculated on the surface between the transmitter and the receiver. M-ow is composed of a retarded potential of the transmitter and an advanced potential of the receiver.
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In another article we will also show the reciprocity theorem [33, 10, 11, 70, 61][31, 32] is inadequate to antenna system with a transmitter and a receiver.

The correct way is to apply the mutual energy theorem including an advanced potential and a retarded potential. This also further convinces us the theory about the mutual energy theorem and M-ow. M-ow dominates to carry the energy from the transmitter to the receiver. M-ow is also the only way the light carry energy from an emitter atom to an absorber atom.

In the end we will discuss what are dierences between the authors suggested M-ow theory and the absorber theory (together with the transactional interpretation) [1,2,[START_REF] Pegg | Absorber theory in quantum optics[END_REF][START_REF] Cramer | The transactional interpretation of quantum mechanics[END_REF][START_REF] Cramer | An overview of the transactional interpretation[END_REF]. In the absorber theory, the energy is transferred through retarded potential and advanced potential, however, these two poten- 

tials
ζ = ζ 1 + ζ 2 = [E 1 + E 2 , H 1 + H 2 , J 1 + J 2 , K 1 + K 2 , D 1 + D 2 , B 1 + B 2 ] ( 794 
)
Normally there is

D 1 + D 2 = * (E 1 + E 2 ) (795) B 1 + B 2 = µ * (H 1 + H 2 ) ( 796 
)
One important situation for the superposition is the case where the two elds one is retarded potential another is advanced potential. This superposition is not self-explanatory, if we still do not accept the advanced potential. The author accept the advanced potential, and this article we try to make the theory about advanced potential self-consistent. In case there is advanced potential we still do not abandon the linearity, hence the two elds should be possible to superposed.

However the above formula can be generalized as

D 1 + D 2 = 1 * E 1 + 2 * E 2 (797) B 1 + B 2 = µ 1 * H 1 + µ 2 * H 2 (798) 
In the generalized superposition two elds ζ 1 and ζ 2 are at dierent space, each space has dierent media. The authors do not claim that this generalized superposition is a physics eld. The generalized eld can be a mathematical elds. But if the advanced potential has dierent media constant, the above superposition is a physical process. Up to now we still assume that the advanced potential has the same media with the retarded potential.

The Poynting theorem

There is the Poynting theorem and modied Poynting theorem,

-∇ • (E × H) = J • E + K • H + E • ∂D + H • ∂B (799)
If there is only one media Eq.(795,796), the above formula is referred normal Poynting theorem. If there are dierent media Eq.(797,798), the above formula is referred as the modied Poynting theorem [START_REF] Shuang Ren Zhao | The modied poynting theorem and the concept of mutual energy[END_REF].

Retarded potential and advanced potential

In the following we will accept the principle of the absorber theory [1,2,[START_REF] Pegg | Absorber theory in quantum optics[END_REF] that the current will send out half retarded potential and half advanced potential.

In free space the part retarded potential corresponding to J is

ϕ r (t, x) = 1 4π 0 ˚V σ(x , t r ) ||x -x || d 3 x t r = t - 1 c ||x -x || (800) A r (t, x) = µ 0 4π 0 ˚V J (x , t r ) ||x -x || d 3 x t r = t - 1 c ||x -x || (801) where ||x -x || is distance from 3D point x to x . σ = ∇ • J is electric charge density.
The corresponding elds ξ r = [E r , H r ] can be obtained as

E r = -∇ϕ r -∂A r (802) H r = 1 µ 0 ∇ × A r (803) 
We did not write down the part of retarded potential corresponding to magnetic K, that part can be written according the similar theory about retarded potential for current J . Here we also only oer the retarded potential in free space in which the media is constant, 0 ,µ 0 , if it is not constant, for example it is change with time t, in frequency domain, it become a constant. The corresponding advanced potential ξ a = [E a , H a ] can be obtained by replacing t r = t - According the absorber theory, the corresponding eld to the current J is half retarded and half advanced. Hence the total eld is

ξ = 1 2 (ξ a + ξ r ) (804) 
The constant 1 2 can be put inside the calculation formula of the potential ϕ, A.

In this way we can have,

ξ = ξ a + ξ r (805)
43.4.5 What will happen if there is no advanced potential in 3D free space?

We have known there is black body which can receive electromagnetic eld but do not send the electromagnetic eld out. Here we assume it do not send retarded potential out. We also know that the black body received energy by some current. Hence the current in the above black body cannot vanish.

In this time, we presume there exist no advanced potential in nature. We also know that a nor-scattering ideal antenna, like a black body, cannot send a retarded eld out. Hence an ideal receiving antenna has no any eld associated to it. No any eld retarded or advanced potentials produced by the current ρ a . ρ a (the current doesn't vanish. Since we know from our experience there is current in a receiving antenna). The subscript a means the current is on a receiver hence absorb energy.

We have presumed there is no any advanced potential in nature, hence, the electromagnetic eld in the space can only be caused by all the retarded potential of the transmitters or transmitting antennas, i.e.,

ξ = i∈I ξ ri ( 806 
)
Assuming M is the Maxwell operator. When Maxwell operator acted to the eld ξ ri will obtain the source, i.e, M ξ ri = ρ ri , hence

M ξ = i∈I M ξ ti = i∈I ρ ti (807)
This means there is not possible to have

M ξ = ρ a (808) 
Here is ρ a = [J a , K a ] is the current of the receiving antenna.

Hence if there is no advanced potential, in the place close to the current of a receiving antenna, it is not possible to satisfy the Maxwell equations.

This shows either the Maxwell equations is wrong or there must be the advanced potential. It is not possible to obtain current of receiving antenna from the retarded potential with Maxwell operator.

Hence, we have to assume that the advanced potential exist in nature. If the advanced potential cannot be easily measured, perhaps it can be indirect perceived by the result of the theory of the advanced potential.

The mutual energy theorem can be sub-theorem of the Poynting theorem

We have shown that the modied mutual energy theorem can be derived from the modied Poynting theorem. This is also true if the word modied is removed, i.e., the mutual energy theorem can also be derived from the Poynting theorem [START_REF] Shuang Ren Zhao | The modied poynting theorem and the concept of mutual energy[END_REF]. The derivation is using the denition that the mutual energy is the total energy subtract the all self-energies. It is important we can show that the mutual energy theorem can be a direct sub-theorem of Poynting theorem instead of deriving it from Maxwell equations. This way, if Poynting theorem is an energy theorem, the mutual energy theorem is also an energy theorem instead of some kind of reciprocity theorem.

(αξ

1 , ξ 2 ) Γ = α(ξ 1 , ξ 2 ) Γ (815) III Positive-deniteness, (ξ, ξ) Γ ≥ 0 if ξ is retarded (816) (ξ, ξ) Γ ≤ 0 if ξ is advanced (817) (ξ, ξ) Γ = 0 ⇐⇒ ξ = 0 (818)
Here ⇐⇒ means if and only if.

If we allow the eld ξ 1 and ξ 2 are retarded potential and also advanced potential, the above inner product laws I and II are still satised. Only the III does not satisfy. This inner product formula guarantee that we can use the inner product expression (ξ 1 , ξ 2 ) Γ , it denes the mutual energy ow on the surface Γ ,

Q 12 = (ξ 1 , ξ 2 ) Γ = ¨Γ (E 1 × H * 2 + E * 2 × H 1 ) • n dS (819)
43.4.9 The mutual energy ow of a retarded potential and an advanced potential vanishes in the innite big sphere

Assume ζ 1 is retarded potential and ζ 2 is advanced potential we can prove that in the free space (where the media is 0 and µ 0 ) the surface integral of the mutual energy theorem will vanish at innite big sphere Γ [START_REF] Shuang Ren Zhao | The modied poynting theorem and the concept of mutual energy[END_REF].

lim r→∞ Q 12 = lim r→∞ (ξ 1 , ξ 2 ) Γ = lim r→∞ ¨Γ (E 1 × H * 2 + E * 2 × H 1 ) • n dS = 0 (820)
Here r is the radio of sphere Γ .

The mirror transform of a retarded potential is advanced potential and vice versa

The mutual energy theorem often works with magnetic mirror transform, it is important to know what will happen after this transform for a retarded potential or a advanced potential. This can be found in [START_REF] Shuang Ren Zhao | The modied poynting theorem and the concept of mutual energy[END_REF].

mζ = [E * , -H * -J * , K * , * , µ * ] (821)
After the above mirror transform, a retarded potential become an advanced potential; An advanced potential becomes a retarded potential.

The system with transmitter and receiver

In the case of two coils, the rst coil has a current J , which send energy to the free space, if we put the second coil close to the rst coil, the second coil will suck more energy from rst coil. In this situation the second coil has inuence to the rst coil. This is the case where the two coils are close to each other, for example a electric transformator which has two coils: the primary coil and a secondary coil. We know that if we add more load to the secondary coil of a transformator, it can suck more energy from the primary coil.

The two coils can be seen as two antennas. If we assume the two antennas are put very far away, can the second coil (or antenna) still suck energy from the rst coil (or antenna)? Does the receiving antenna only passively receive energy sent from the transmitting antenna or does it actively suck the energy from the transmitting antenna? Like the secondary coil of a transformator?

Traditionally we thought the receiving antenna, only passive receive the energy from the retarded wave of the transmitter. The P-ow carries the energy from the transmitter to the receiver. But why when the receiving antenna is close to the receiver it can aect the transmitter, but when it is far away, this ability disappear? According to our understanding, this ability should not disappear completely but just decreased! In the following section the authors will discuss this question.

43.5.1 Explanation of a system with a receiving antenna using the mutual energy theorem Assume there are two antennas, one is transmitter and another one is receiver.

Assume the transmitter sends retarded potential and when the receiver received the retarded potential, their current is changed, this in turn causes the receiver send advanced potential. According to Eq.(820) we know if ξ 1 and ξ 2 are retarded potential and advanced potential respectively that the mutual energy ow go outside of the big sphere will vanish, i.e. (ξ 1 , ξ 2 ) Γ =0. Substitute this to Eq,(812) and lead to,

-(ρ 1 , ξ 2 ) V1 = (ξ 1 , ρ 2 ) V2 (822) 
-(ρ 1 , ξ 2 ) V1 the energy send out by the transmitter with current ρ 1 . (ξ 1 , ρ 2 ) V2 is the received Energy by the current ρ 2 . -(ρ 1 , ξ 2 ) V1 is the advanced potential sucked energy this energy cannot go to the outside of the big sphere hence all energy must go through the energy ow to the receiver, and received by the receiver, i.e. (ξ 1 , ρ 2 ) V2 . From the above discussion we should be possible to calculate the energy ow between the transmitter and the receiver.

Calculate the mutual energy ow

We can apply the mutual energy theorem Eq.(809

) to the volume V 1 , considering inside the V 1 ρ 2 = 0, we have (ξ 1 , ξ 2 ) Γ1 + (ρ 1 , ξ 2 ) V1 = 0 (823)
Here Γ 1 is the boundary surface of V 1 . This time since Γ 1 is not big sphere and there is current ρ 2 at outside of the Γ 1 , hence in general, (ξ 1 , ξ 2 ) Γ1 = 0. The above formula can be written as

(ξ 1 , ξ 2 ) Γ1 = -(ρ 1 , ξ 2 ) V1 (824) 
If we apply the mutual energy theorem to the volume V 2 , similarly there is

(ξ 1 , ξ 2 ) Γ2 = -(ξ 1 , ρ 2 ) V2 (825) 
Here Γ 2 is the boundary surface of V 2 , or from the mutual energy theorem for volume V , we know that,

(ξ 1 , ρ 2 ) V2 + (ρ 1 , ξ 2 ) V1 = 0 (826)
Eq.( 824)+Eq.( 825) and considering the above formula, we can obtain,

(ξ 1 , ξ 2 ) Γ1 = -(ξ 1 , ξ 2 ) Γ2 (827) 
The above formula shows that the mutual energy ow send from the transmitting antenna Γ 1 is equal to the energy ow received by the receiving antenna on Γ 2 . The integral in Γ 1 has a unit normal vector n1 which is in the direction from 1 to 2. The integral in Γ 2 has a unit normal vector n2 which is in the direction from 2 to 1. If we reverse the n2 for Γ 2 we have,

(ξ 1 , ξ 2 ) Γ1 = (ξ 1 , ξ 2 ) Γ2 (828)
This tell use the mutual energy ow is same at two dierent surface between V 1 and V 2 . Since the surface Γ 1 and Γ 2 can be chosen arbitrarily, the only requirement is they are between two volume V 1 and V 2 , that means there indeed is a invariable mutual energy ow from V 1 to V 2 . We can choose any surface between the transmitting antenna 1 and the receiving antenna 2 to calculate the mutual energy ow, which is the energy send from transmitting antenna to the receiving antenna. We can dene the mutual energy ow as,

Q 12 ≡ (ξ 1 , ξ 2 ) Γ ≡ ¨Γ (E 1 × H * 2 + E * 2 × H 1 ) • ndΓ ( 829 
)
Where Γ is any surface between antenna 1 and antenna 2. n is unit normal vector directed from transmitter to receiver. Q 12 is the mutual energy ow between two antenna and is referred as M-ow. Hence we have,

Q 12 ≡ (ξ 1 , ξ 2 ) Γ = (ξ 1 , ξ 2 ) Γ1 = (ξ 1 , ξ 2 ) Γ2 (830) 
This can be referred as the mutual energy theorem.

P-ow

The led between transmitter and the receiver is

ξ = ξ 1 + ξ 2 (831) (ξ, ξ) Γ = (ξ 1 , ξ 1 ) Γ + (ξ 2 , ξ 2 ) Γ + (ξ 1 , ξ 2 ) Γ + (ξ 2 , ξ 1 ) Γ (832)
The rst item is P-ow, related to the Poynting vector

S 1 = E 1 × H * 1 .
The P-ow of (ξ 1 , ξ 1 ) cannot be all received by the receiver, the part can be received is proportional to the section area of the wire of the antenna. Since P-ow is diverged to whole space, the angle corresponding to the section area of the antenna wire is very small compare to the whole space angle 4π, this part of energy transfer can be omitted. It is same to (ξ 2 , ξ 2 ) it is P-ow of the advanced potential. It also cannot all be received by the transmitter. This part of energy ow can also be omitted too.

In the space only the mutual energy ow contributed to the energy transfer between two antenna,

(ξ 1 , ξ 2 ) Γ + (ξ 2 , ξ 1 ) Γ = 2 {(ξ 1 , ξ 2 ) Γ } (833) 
Here {•} is take the real value. The constant 2 tell us if we calculate the M-ow as (ξ 1 , ξ 2 ) Γ the actually energy ow between the two antennas is 2 {(ξ 1 , ξ 2 ) Γ }.

It is noticed that here inside ξ 1 and ξ 2 has considered a fact 1 2 , which is from the absorber theory, i.e., half retarded and half advantaged potential.

The beam shape of the M-ow

We know the P-ow of the ξ 1 is diverged current looks like the ashlight started from source ρ 1 . The P-ow of the current of the ξ 2 is also diverged current started from ρ 2 . But the M-ow is a inner product of the retarded potential ξ 1 and the advanced potential ξ 2 hence the beam shape of M-ow should be beam{

(ξ 1 , ξ 2 )} = beam{(ξ 1 , ξ 1 )} ∩ beam{(ξ 2 , ξ 2 )} (834) 
Here beam{•} means the beam shape of some potential or energy ow. ∩ means the union of the two shape point set. Here beam{(ξ 1 , ξ 1 )} and beam{(ξ 2 , ξ 2 )} are all diverged, but beam{(ξ 1 , ξ 2 )} is rst diverged and then converged, see Figure 7.

Wave guide or coaxial cable

Assume inside the wave guide and coaxial cable the eld is ξ. ξ from the view of the transmitter, this wave is retarded potential. From the view of receiver, ξ is advanced potential. We do not like the traditional wave just thought all wave is send out from the transmitter and hence belong to the retarded wave of the transmitter. We assume this wave half is sent from the transmitter as retarded potential and half is sent by receiver as advanced potential. Our assumption is agreed with the absorber theory [1,2,[START_REF] Pegg | Absorber theory in quantum optics[END_REF], where the emitter send half retarded wave and half advanced wave, the absorber also send half advanced potential and half retarded potential.

Assume ξ 1 is retarded potential sending by the transmitter. Assume ξ 2 is advanced potential sending by the receiver, there is

ξ 1 = ξ 2 = 1 2 ξ (835)
The above formula means the two potential even one is retarded potential of transmitter, another is advanced potential of the receiver, but they can be synchronized exactly. i.e., the retarded potential and the advanced potential is equal to each other. The superposition of the eld cannot be given up, that means the electromagnetic eld inside the wave guide should be,

ξ = ξ 1 + ξ 2 (836) 
i.e. the retarded potential and advanced potential all contributed half to the total eld. This explanation is not same as traditional explanation in which assumes all wave is retarded potential contributed by the transmitter, but this assumption agree with absorber theory [1,2,[START_REF] Pegg | Absorber theory in quantum optics[END_REF].

(ξ, ξ) Γ = (ξ 1 + ξ 2 , ξ 1 + ξ 2 ) Γ = (ξ 1 , ξ 1 ) Γ + (ξ 1 , ξ 2 ) Γ + (ξ 2 , ξ 1 ) Γ + (ξ 2 , ξ 2 ) Γ ( 837 
)
where Γ is any section surface of the wave guide.

(ξ, ξ)

Γ = ¨Γ (E × H * + E * × H) • ndΓ = 2 { ¨Γ (E × H * ndΓ } = 2 {S} (838) (ξ 1 , ξ 1 ) Γ = 2 {S 1 }, S 1 = E 1 × H * 1 (839) (ξ 2 , ξ 2 ) Γ = 2 {S 2 }, S 2 = E 2 × H * 2 (840)
Where S, S 1 and S 2 are Poynting vector corresponding to eld ξ, ξ 1 and ξ 2 .

(ξ, ξ) Γ , (ξ 1 , ξ 1 ) Γ and (ξ 2 , ξ 2 ) Γ are referred as P-currents corresponding to the eld ξ, ξ 1 and ξ 2 .

(ξ 1 , ξ 1 ) Γ + (ξ 2 , ξ 2 ) Γ = 1 2 (ξ, ξ) Γ (841) 
The above formula tell us the half of P-ow of the total eld ξ is P-currents of retarded eld ξ 1 and advanced potential ξ 2 ,

(ξ 1 , ξ 2 ) Γ + (ξ 2 , ξ 1 ) Γ = 2 (ξ 1 , ξ 2 ) Γ = 2 (ξ 1 , ξ 1 ) Γ = 1 2 (ξ, ξ) Γ (842) 
(ξ 1 , ξ 2 ) and (ξ 2 , ξ 1 ) are mutual energy ow or M-ow. That means the half of the energy ow of the total eld ξ is M-ow.

Hence we can say that in wave guide or coaxial cable, the M-ow transfers half of the total energy. Another half total energy is transferred though the P-currents of the retarded and advanced potentials.

In case there are of laser beam

In the case of laser beam if we can calculate the P-ow of the receiver, which is

Q = (ξ 1 , ξ 1 ) = ¨ΓS (E 1 × H * 1 + E * 1 × H 1 ) • ndΓ (843)
and we can also calculate the total M-ow, Here Γ M is the beam area of M-ow,

Q 12 = (ξ 1 , ξ 2 ) = ¨ΓM (E 1 × H * 2 + E * 2 × H 1 ) • ndΓ (844)
Here Γ M is the beam area of M-ow. The beam shape for P-ow and M-ow can been seen in the gure 8.

It is clear that the M-ow is bigger than the P-ow of the transmitter (please see, there is only part of P-ow has been received by the receiver), because the beam area of M-ow is bigger than that of P-ow, see Figure 8. This is also clear for us, we have known that line antenna have much bigger eect area than the section area of the antenna wire. The plate antenna has also a larger eective receive area than the area of plate is. The reason is also because energy is transferred by M-ow instead of P-ow. This also explained as the antibunching [1,2,[START_REF] Pegg | Absorber theory in quantum optics[END_REF] phenomenon. 

Summary

The receiver does not just passively receive retarded waves. It plays a important role in the process of sending energy from the transmitter to the receiver. The receiver sends an advanced potential to the transmitter. This advanced potential together with the retarded potential builds a mutual energy ow, which carries the energy from transmitter to the receiver. It is very important to know that the energy transfer for this antenna system is dominated by M-ow instead of P-ow and the shape of M-ow is broad in the middle and very thin at the two ends. 43.6 The dierence between the author's M-ow theory and the absorber theory of Wheeler and Feynman

Light

In the situation of light the emitter atom can be seen as a transmitter, the absorber atom can be seen as a receiver. The above discussion to the two antenna system is also suitable to the situation of light. The only dierence is that the atoms are so smaller their area section of wire become so small that even with a long time it is still not possible to collect enough energy as one photon, hence it can be completely omitted. Hence the P-ow will have no contribution to the light energy transfer. for light all energy is transferred by M-ow. In light situation we should also accept the energy of light is discrete.

Perhaps this is because the absorber atom and the emitter atom have a reaction time windows which is very narrow. Only the pair of them matched together can send and receive energy. This is why there are randomly a few absorber atom react to the emitter atom, and build M-ow between them which becomes the light. Hence, light has nothing else but M-ow. Light is nothing to do with P-ow. The discrete M-ow can bee seen as photon. This photon is only on the meaning of discrete M-ow. It is still M-ow, the shape of beam is rst diverged and then converged. It is still energy ow. It becomes localized only happens at the place it is emitted and it is absorbed. Between this two place, it is very broad.

With M-ow, it can easily interpret the phenomenon of spin. If there is 90 degree phase delay in the absorber, that means if the retarded potential reached the absorber, the absorber has a current change which in turn causes a advanced potential, this advanced potential since some reason has 90 degree phase delay, then the M-ow become circle polarized. If the advanced potential sends rst, the current in transmitter then changed, that causes a retarded potential to be sent from the transmitter. For some reason this retarded potential has 90 degree phase delay, this will become circular polarization in another direction.

This two situations become the left and right spin. In M-ow there are two elds ξ 1 and ξ 2 they are very close to completely synchronized, but still allow them to have a phase dierence.

Dierence

The author's M-ow theory is same as absorber theory, there is advanced potential. However in the absorber theory, it doesn't tell us how the two potentials are worked together. It seems they are doing their job alone. The energy is partly transferred by retarded potential and partly transferred as advanced potential. They actually only noticed the contribution of P-currents. Hence their theory cannot avoid the so called wave function collapse problem. That means that retarded potential has to collapse to the place of receiver. The advanced potential has to collapse to the transmitter especially in the case of light, the transmitter is replaced by a emitter atom and the receiver is replaced by an absorber atom. This wave function collapse problem is so severe, it leads to the probability interpretation of whole quantum mechanics.

Instead, the author oers the M-ow which is a converged to the place of transmitter and also the receiver. Hence we can say that M-ow is local. In the antenna system we have shown that the M-ow is dominated that means the most energy is transferred by M-ow. In case of light the M-ow is the only one which can carry the energy between emitter and absorber. The wave function collapse is needless in the authors' M-ow theory.

In the traditional light theory there is only retarded potential, it is very dicult to explain the phenomenon of spin. It can only think the spin is a intrinsic character of light. In the absorber theory since they did not tell us how the two potentials combined together, it can also not oer any new explanation to the phenomenon of the spin. But in authors' M-theory, the phenomenon of spin become a very nature presses, i.e., a circle polarization between two potentials one is retarded and another is advanced.

Conclusion

Advanced potential have to be accepted. P-ow at most can transfer half energy which is in the situation of wave guide. M-ow is dominate at the energy transfer in the case of line antenna system, in which the section area of wire is small. P-ow do not transfer the energy ow in the case of light. The light energy is transferred only by M-ow. The M-ow is composed of the advanced potential of the receiver and the retarded potential of the transmitter. The two potentials are synchronized, hence, is dicult to distinguish especially in the wave guide.

In the antenna system or light situation, the beam shape of the two potentials are dierent, they are all diverged but started from dierent places. One is started from transmitter or emitter, another one is started from receiver or absorber.

The sucked energy by the advanced potential from the transmitter is equal to the energy later received by the receiver. The energy is transferred through the M-ow. The receiver is not just passively receive energy ow calculated from P-ow. The receiver plays an active role in the process of energy transmission. This is similar to the absorber theory that the completely future absorber is the causes of spontaneous emissions.

The M-ow can explain the phenomenon of photon spin in a very nature way. The concept of M-ow also avoid the wave function collapse.

The concept of the mutual energy, mutual energy theorem, mutual energy ow, all these theory possesses selfconsistency and doesn't conict to any experiments and experiences.

Up to now we have oered an energy transfer theory to engineer community which is agreed with physics community, and even more we have oered more details how the retarded potential and advanced potential cooperated together to transfer the energy. This details for sure will oer a positive interpretation to the physical intrinsic quality.

44 Explanation of the duality of the light by using the mutual energy ow composed of retarded & advanced potentials

Abstract

It is shown that the Lorentz reciprocity theorem is inadequate to an antenna system with a transmitter and receiver. The correct method should be to apply the mutual energy theorem. In the mutual energy theorem, an receiver can send an advanced potential. The mutual energy ow is a inner product of a retarded potential and an advanced potential. It is shown that the Poynting vector does not transfer any energy. That means the mutual energy is the only one can transfer the energy in the free space. It is shown that the mutual energy has the property of the photon and wave. This explained that why light looks like wave and also particles. The concept of mutual energy ow composed of retarded potential and advanced potential also oers a re-explanation for the probability in quantum physics. As a application of this theory, the method how to transfer superluminal signal using advanced potential is introduced. The reason why a action and reaction can be done in 0 time with remote distance is also discussed.

Comment

The author notice the transactional interpretation of John Crammer [START_REF] Cramer | The transactional interpretation of quantum mechanics[END_REF][START_REF] Cramer | An overview of the transactional interpretation[END_REF][START_REF] Cramer | An inquiry into the possibility of nonlocal quantum communication[END_REF] is not in the beginning. The author rst noticed the absorber theory of Wheeler and Feynman [1,2]. Together with the concept of mutual energy theorem and the absorber theory, the author begin to do the job of mutual energy interpretation of quantum mechanics. In the author has the concept of mutual energy ow.

The formula mutual energy ow theorem is also given but since did not notice its importance and hence did not mention it is the mutual energy ow theorem(or mutual energy ow theorem). Since the author has the mutual energy theorem and the concept of mutual energy ow, the interpretation for quantum mechanics is not exactly same as John Cramer. In the John Cramer's interpretation the retarded wave and the advanced wave doesn't worked together. In the author's interpretation the retarded wave and advanced wave must synchronized together to build the mutual energy ow (mutual energy ow). In this time the author try to tell the self-energy ow (P-ow) doesn't transfer energy in empty free space. The testmony for that for line antenna, the eective scattering section area can 1000 times of the section area of the line antenna. For a charge the to receive a photon the eective scattering section area is nearly innite times of its section area. This means that the Poynting theorem has big problem. Hence, the author do not believe that the P-ow can transfer the energy in free empty space. In this time, the author mentioned the 4-time diculty, this problem the author did not solve. But the author begin to guess that if we omit the energy transfer and only allow the mutual energy ow (M-ow) to transfer the energy, the problem can be solved.

In this article the author noticed that photon spin or circular polarization is caused by the advanced wave not exactly synchronized with the retarded wave, but with 90 degree dierence.

introduction

Maxwell equations have two solutions: the retarded potential and the advanced potential. Many physicists accept the advanced potential [START_REF] Stephenson | The relevance of advanced potential solutions of maxwell's equations for special and general relativity[END_REF]. The absorber theory of Wheeler, Feynman and D. T. Pegg, [1,2,[START_REF] Pegg | Absorber theory in quantum optics[END_REF] also based on the advanced potential. Einstein joined the talk of Feynman about his absorber theory that need a complete absorber in the future. After this talk, Pauli objected the theory and hoped Einstein to agree to him. Einstein did not agree that, he supported the absorber theory and said, without the absorber theory, it would be very dicult to make a corresponding theory for gravitational interaction. Actually in 1909 Einstein has debated with Ritz about advanced potential. Ritz has a emission theory bast on only retarded potential, hence, he was against the advanced potential. Einstein applauded the concept of advanced potential.

Although there are so many important physicists applaud the concept of the advanced potential, but there is no any selfconsistent theory can apply advanced potential in electromagnetic eld calculation (except the authors' theory about the mutual energy). How advanced potential worked in antenna system, power station system and electronic circuits? No one oers a convinced answer. Hence, antenna and microwave engineers, electronic engineers and most physicists still reject the concept of the advanced potential. It is seems without advanced potential the engineer still can solved all engineering problems by using the means the absorber complete in the future), it would be very dicult to make a corresponding theory for gravitational interaction. It is seems Einstein knows the concept of the advanced potential is related to the force and gravitation.

As application of the concept of the mutual energy, we also introduced a method to transfer a superluminal signal. The idea of the development process can be found in ref. [START_REF] Shuang Ren Zhao | The principle of the mutual energy[END_REF][START_REF] Shuang Ren Zhao | The mutual energy current interpretation for quantum mechanics[END_REF].

Without advanced potential it is not possible to satisfy Maxwell equations

Assume advanced potential doesn't exist. Assume there exist the sink which is a back body only receive energy. The sink has the no-zero current. The eld can only be a summation of retarded potential ξ ri , i.e., ξ = N i=1 ξ ri , Assume M is the Maxwell operator, the Maxwell operator act to the eld become the current of the eld,

M ξ = N i=1 M ξ ri = N i=1 ρ ri (845)
The above formula is clear conict to the fact, we need in the place close to the receiving antenna, there should be

M ξ = ρ a (846)
where ρ a is the current of receiver (or absorber). Hence this eld can not satisfy the Maxwell equations. Hence advanced potential should exist.

P-ow doesn't transfer energy

First we have known that the received energy from a receiving antenna is not related to P-ow. When the section area of wires become as small as possible the antenna can still receive enough energy. Here we can assume this wire is produced by superconductor material, hence the current on the thin wire can be big enough. This problem is known for a long time, it has been also noticed by Ref. [START_REF] Stephenson | The relevance of advanced potential solutions of maxwell's equations for special and general relativity[END_REF]. The physicist and electronic engineer just overlook this phenomenon.

Second, there is so called 4-times diculty. In one dimensional wave guide or 3D space the transmitter situated at the center of a sphere, the receiving antenna is at the sphere, and assume there is no energy loss in the system. In this situation the retarded potential and advanced potential is equal in values.

The P-ow of superposed eld of two elds in which one is retarded and the other one is advanced, obtains 4-times of the P-ow compare to the P-ow of the transmitter or the receiver alone. This means if we accept the advanced potential, we have to face the 4-time energy ow diculty. The authors strongly insist the advanced potential, hence, think the wrong should be in the side of our understanding about Poynting vector. Poynting vector actually do not transfer energy. If we assume P-ow do not transfer energy the above thin wire antenna and 4-times diculty are avoid. The energy received by receiver is equal to the energy sucked by the advanced potential of the receiver on the transmitter. The receiver play a important role in sending the energy out from the transmitter. This can lead very important physics consequence. The sucked energy is transferred from the transmitter to the receiver is by the M-ow. M-ow is a inner product of the advanced potential and the retarded potential.

It normally think the advanced potential can not transfer energy, this is correct. Advanced wave itself really cannot transfer energy. But the retarded potential itself also can not transfer energy. Normally thought that the retarded potential can transfer energy, this mistake obstruct us to understand the advanced potential. Transferring energy is done by the inner product of the advanced potential and a retarded potential. Advanced potential and retarded potential can be synchronized and hence their inner product becomes the M-ow which can carry energy. This M-ow can carry energy in free space.

The probability explanation of the quantum physics

We know that there is probability explanation for quantum physics. Why the light souse send the photon randomly according to the probability? Einstein said God do not play dice. Many physicist do not agree the probability explanation of quantum physics, includes Einstein and Schrödinger.

The authors believe the reason of the probability is because of the advanced potential and the mutual energy. A source sending energy to the space can not be done by the source itself. It need the advanced potential of other receiver to suck the energy from the sources. If this sucking process is discrete, all the materials surround the transmitter can be seen as many small receivers, which will randomly sucks the energy from the source. Hence the source can only send the photons randomly according to some probability.

This explanation can also avoid the concept of wave function collapsed.

There is no wave function collapsed after a receiver received a photon. Photon is just the M-ow. In this situation the photon send out from the transmitter, it is clear that it will be received by which atom, that is the atom applied the advanced potential to the source. It is not the wave function collapsed to the atom (which can be seen as a receiver). The photon is decided from the very beginning which atom it should reach. The concept about Maxwell and Schrödinger wave function collapse can be avoid at list for photon.

Spin and polarization

First the polarization, we have been taught that the circle polarization is combined by two elds and between the two elds there is a 90 degree delay in phase. If photon is only related to one retarded potential it is very dicult to think about why in side the photon there have two elds, and the two elds have phase delay 90 degree. Hence we can only say that the photon has this spin property. This property is intrinsic. But this actually did not tell us any thing.

According to the authors M-ow theory there are two eld, ξ 1 and ξ 2 , one is retarded and one is advanced, but the two elds have been nearly synchronized in phase. If the transmitter send retarded potential ξ 1 = [E 1 , H 1 ], wen the receiver received the eld ξ 1 , it send a advanced potential, ζ 2 = [E 2 , H 2 ], if this two potentials synchronized completely, it be come a line polarization. If the receiver/transmitter send a advanced wave have 90 degree delay, then it become a circle polarization.

If the receiver rst send advanced potential ξ 2 , when the transmitter received this potential, it send retarded potential ξ 1 , ξ 1 will have 90 degree delay in phase. If the transmitter rst send ξ 1 as retarded potential, when the receiver received it, and send ξ 2 as advanced potential, ξ 2 will have a 90 degree delay compare to ξ 1 .

We can assume the above transmitter and receiver are the two atoms, a emission atom and an absorber atom. Hence the photon or M-ow has circle polarization is because the above described re-sending process of the potentials at two atoms. The existence of left and right polarization tell us, both receiver and transmitter can be the rst one send the potentials.

Hence M-ow theory can oer us a very good explanation about circle polarization of light energy. This explanation is much nature than tell us there is a spin for photon.

Photon

We call it is a photon because we found out their energy is focus to a point and the energy is discrete. In the beginning the transmitter has a current change which causes the retarded potential. The retarded potential causes the current in receiver to change. Up to this point the light is still wave which is the retarded potential. The current change in the receiver in turn cause an advanced potential which is sent back from receiver to transmitter. because it is advanced potential it has the ability to handshake with a past current in the transmitter, even that is a current of many many years ago. The advanced potential combine the retarded potential become the M-ow which can go from the transmitter to the receiver. This mutual energy started from a point in the transmitter and ended at a point in the receiver. In the place between the transmitter and the receiver the beam width is much larger. Hence in the sending and receiving place the energy is local in space, it is like a particle. Here the light is still waves, retarded potential and advanced potential, but the combination of the two potentials, i.e. the M-ow like a particle when it is transmitted and received. This means the light wave and light particle are dierent concept. The wave like property is because of the retarded potential. When the retarded potential from the transmitter reaches the receiver, there is still no energy ow send out, hence light is only waves. This is reason why light can have wave interference pattern. Later the current in the receiver begin to change, this change caused advanced potential, it can also produced their retarded potential which is scattering, here we do not like to talk about scattering. The receiver send the advanced potential out, this advanced potential reached the current in the transmitter, in the same time there is a M-ow between the transmitter and the receiver. This energy ow can be seen as photon. Hence, photon appear after the retarded potential.

Hence light wave and light particle are appear in dierent time. The retarded potential spend the all the time. The particle photon spend no time to travel from transmitter to the receiver. Light wave is still go as wave in the space, but photon is only appear after the light wave reached the receiver.

The mutual energy beam is not like the P-ow which is always diverge. The M-ow beam started from a atom in transmitter and diverge in the beginning, but converge later to a atom in the receiver. In the end the M-ow beam focus to a point which is the atom in the receiver. according to the principle of the quantum mechanics, we know that the energy should be discrete. It should has a time windows for the energy ow. Hence the M-ow become local in the space and local in time, it looks like a particle, a photon at the place it is received and it is transmitted. Hence so called photon is just M-ow in the place when it is received or transmitted.

Spontaneous emission

From above we assume that the source is rst send the retarded potential.

However that is possible the receiver rst send the advanced potential and that cause the source to have the spontaneous emission. Hence the concept of the mutual energy supported the absorber theory [1,2,[START_REF] Pegg | Absorber theory in quantum optics[END_REF], which claim that the spontaneous emission is caused by the remote environment atoms in the future.

The mutual energy solution oers a clear picture to why this can happen.

Who is rst, the retarded potential or the advanced potential

There is two possibility, rst the transmitter has a current change, it cause a retarded potential, this retarded potential cause a current change in the remote receiver, the receive send a advanced potential back. In this case the retarded action is rst, and the advanced reaction in the latter.

But in other situation the receiver has a current change it send advanced potential, this retarded potential reached the transmitter, the transmitter send a retarded potential back. Hence rst have an advanced action, and then a retarded reaction.

The mutual energy formula do not forbid any of these two situations. Any current should allowed to have a retarded potential and a advanced potential associated to it. Hence if there is any current change, it will produced two actions, one is retarded action direct to the future and an advanced potential directed to the past. That means the environment should possible to apply a advanced action also.

Superluminal signal

Assume we have a wave guide, there is a transmitter and a receiver in the left end and right end. The energy transferred from the transmitter to the receiver is because of the mutual energy of the retarded potential and the advanced potential. If the voltage on the transmitter changed, the retarded potential is changed rst, and this cause the current of receiver change, this change cause advanced potential. The advanced potential cooperate with the retarded potential become the M-ow, the M-ow carry the energy from transmitter to the receiver in the retarded meaning. That means the current in the transmitter take place rst. The current in the receiver change take place later.

However if the current in the receiver is changed rst, the advanced potential is sent from the receiver to the transmitter rst. The transmitter current will change before the current change in the receiver (here it is advanced potential, it has the power to travel with minus of time). This change in turn produced a retarded potential, the retarded potential cooperated with the advanced potential to become the M-ow. The M-ow carry energy from the transmitter to the receiver. However the signal change is taken place at receiver rst, but the change in the transmitter will take place at a time before the receiver change in the current. The current on the receiver can be done by changing their the resistance or impedance impedance of the receiver.

There will be perhaps also a retarded signal have been return to the transmitter. We can nd method to absorb that return wave (the reect wave). Hence we can assume the receiver only receive waves, if the resistance/impedance of receiver is changed, the transmitter must have a change before the change happens in the receiver. Hence the signal transmitted from the receiver with time t= -T. The transmitter receive a signal earlier than the receiver sends the signal.

If we think the above is wrong, the receiver cannot send the advanced potential, we have known that this is ideal receiver it can not send the retarded potential out. Assume we suddenly let the receive stop receiver energy. Since the transmitter cannot fell there is a load change in receiver. Hence the transmitter will still send same energy to the receiver, but the receiver cannot absorb this energy. This is not possible. Hence if we assume the load in the receiver can aect the transmitter, it should send advanced potential to tell the transmitter its change! In this way, the authors means that the change of the load on the receiver, we can transfer a signal with minus time. This is the signal much faster than superluminal signal.

Action with a remote object with 0 time

We have known the current change in the transmitter cause a retarded potential, the retarded potential applied an action to the receiver. The receiver give a reaction back. This reaction perhaps is the photon, the receiver sent to the transmitter in reversed time. What is the time the reaction applied to the transmitter? Since the retarded potential transfer from transmitter need some time. The advanced potential apply the reaction to transmitter need the time is negative. Together the time is just zero. This means for transmitter, it can fell the object in any remote distance with a 0 time. This means the receiver can apply a reaction to the transmitter immediately with no time. The transmitter can feel a force from the receiver, the reaction is immediately. This phenomenon perhaps is the reason of mass, gravitation, and force itself.

Conclusion

We have shown that the energy ow related to the Poynting vector does not transfer any energy and it is the M-ow that is responsible to transfer the energy from the transmitter to the receiver. M-ow is a inner product of two elds retarded and advanced. We have also shown that the advanced potential can suck energy from the transmitter. This sucked energy is just equal to the energy received by the receiver. The sucked energy also equal to the M-ow.

The M-ow can explain what is photon, why there is probability explanation for quantum physics. As a application, we also introduce a method to transfer a superluminal signal. [START_REF] Shuang Ren Zhao | Photon models are derived by solving a bug in poynting and maxwell theory[END_REF] Antenna calculation in lossy media with mutual energy theorem

Abstract

Antenna system with at least one receiving antenna is studied. The results and explanations of the reciprocity theorem and the mutual energy theorem are compared. Both the reciprocity theorem and mutual energy theorem can obtained similar results for the directivity diagram of receiving antenna, but the conditions of the theorems established are dierent. The mutual energy theorem is established in lossless media, the reciprocity theorem is established in symmetric media. Since the empty space is lossless and symmetric media, hence in empty space both theorems are established. The explanations of the two theories are quite dierent. In the reciprocity theorem both transmitter and receiver send retarded potentials. In the mutual energy theorem the transmitter sends retarded potential and the receiver sends advanced potential. This article studies the case where the media is lossy. Assume the media is still symmetric, hence the reciprocity still established. The same result can be obtained by the reciprocity theorem compared to the case where the media is lossless. For the mutual energy theorem it is not established in lossy media. However it can be extended to lossy media with an energy lossy item. From mutual energy theorem we can obtained a correct result that the energy sends out by the transmitter equals to the energy loss on the media pluses the received energy of the receiver. Hence the extended mutual energy theorem can oer correct result and the reciprocity theorem cannot. The result of this article can be further tested by a transmitter and receiving antenna in salt water. If the mutual

In the reciprocity only retarded potential is involved. In the mutual energy theorem, the advanced potential is involved. Advanced potential is dicult to understand for engineer but it is not new to physicists. Maxwell equations have two solutions: the retarded potential and the advanced potential. Many physicists accept the advanced potential, for example the theory of Lawrence M. Stephenson [START_REF] Stephenson | The relevance of advanced potential solutions of maxwell's equations for special and general relativity[END_REF]. The absorber theory of D. T. Pegg, Wheeler and Feynman [1,2,[START_REF] Pegg | Absorber theory in quantum optics[END_REF] also based on the advanced potential. Einstein joined the talk of Feynman about his absorber theory that need a complete absorber in the future.

After this talk, Pauli objected the theory and hoped Einstein to agree with him.

Einstein did not agree that, he support the absorber theory and said, without the advanced potential, it would be very dicult to make a corresponding theory for gravitational interaction. Actually in 1909 Einstein has debated with Ritz about advanced potential. Ritz has an emission theory based on only retarded potential, hence he was against the advanced potential. Einstein applauded the concept of advanced potential. Also there are so many important physicists applaud the concept of the advanced potential.

It is worth to say that one of follower of Wheeler and Feynman introduced the transactional interpretation for quantum physics [START_REF] Cramer | The transactional interpretation of quantum mechanics[END_REF][START_REF] Cramer | An overview of the transactional interpretation[END_REF] in which the advanced wave is involved. The transactional interpretation is interested with more and more physicists, recently their papers can have more than 800 citations. That means the advanced potential or advanced wave become so important to the physics.

It is seems without advanced potential the engineer still can solved almost all engineering problems by using the reciprocity theorem [33, 10, 11, 70, 61][31, 32]. However in lossy media, for example in the see water the reciprocity theorem seems very weak. In other hand the mutual energy theorem can be extended to lossy media without any problem. This article we introduce the mutual energy theorem in lossy media and its applications. = (t) and µ = µ(t) are permittivity and permeability which are 3D tensors and a function of time t. ζ is a eld system, but we often referred it also as eld. ζ satises the Maxwell equations,

∇ × H = J + ∂D (854) ∇ × E = -K -∂B (855) where ∂ ≡ ∂ ∂t . B = * E, B = µ * H ( 856 
)
where * is time convolution where f * g = ´∞ -∞ f (t)(t-τ )dτ . The above Maxwell equations can be written as,

M ξ = ρ (857) 
where ρ = [J , K] T can be source which sends energy out or sink which receive energy and, T is matrix transpose (for simplicity we often omit the superscript

T ) M = -∂ * ∇× -∇× -∂µ * (858) 
The example of the source and sink are transmitting antenna and receiving antenna. In case of scattering, ρ can be the source and sink simultaneously.

Another example for ρ is laser sender and laser receiver.

The superposition of the elds

Assume in the space there are electromagnetic elds includes advanced potential and retarded potential. The electromagnetic elds can be superposed. The following is the superposition of two electromagnetic eld systems,

ζ = ζ 1 + ζ 2 = [E 1 + E 2 , H 1 + H 2 , J 1 + J 2 , K 1 + K 2 , D 1 + D 2 , B 1 + B 2 ] (859) 
Normally there is,

D 1 + D 2 = * (E 1 + E 2 ) (860) 
B 1 + B 2 = µ * (H 1 + H 2 ) (861) 
One important situation for the superposition is the case where the two elds one is retarded potential another is advanced potential. This superposition is not self-explanatory, if we still do not accept the advanced potential. Some authors accept advanced potential but have to abandon the linearity of Maxwell equations. The authors accept the advanced potential and insist the linearity.

Hence we assume the eld still can be superposed even there is advanced potential. In this article, we will try to make the theory about advanced potential self-consistent. However the above formula can be generalized as

D 1 + D 2 = 1 * E 1 + 2 * E 2 (862) 
B 1 + B 2 = µ 1 * H 1 + µ 2 * H 2 (863) 
In the generalized superposition two elds ζ 1 and ζ 2 are at dierent space, each space has dierent media. The authors do not claim that this generalized superposition is a physics eld. The generalized eld can be a mathematical eld (it is not a eld of physics).

The Poynting theorem

Poynting theorem is also be referred as Poynting energy conservation law. There is the Poynting theorem and modied Poynting theorem,

-∇ • (E × H) = J • E + K • H + E • ∂B + H • ∂B (864) 
where ∂ ≡ ∂ ∂t .

If there is only one media Eq.(860,861), the above formula is referred normal Poynting theorem. If there are dierent media Eq.(862,863), the above formula is referred as the modied Poynting theorem [START_REF] Shuang Ren Zhao | The modied poynting theorem and the concept of mutual energy[END_REF]. Here we assume the eld ξ can be a superposed eld, ξ = ξ 1 + ξ 2 , and ξ 1 and ξ 2 can be retarded or advanced potential.

45.4.4 What will happen if there is no advanced potential in 3D free space?

We have known there is black body which can receive electromagnetic eld but do not send the electromagnetic eld out. Here we assume it do not send retarded potential out. We also know that the black body received energy by some current inside the black body, the current in the black body cannot vanish.

In this time, we presume there exist no advanced potential in nature. We assume that we have a ideal antenna which is nor-scattering and which is like a black body, and cannot send a retarded eld out. Hence, a ideal receiving antenna has no any eld associated to it in outside free space. No any eld retarded or advanced potentials produced by the current ρ a . ρ a cannot vanish, since we know from our experience there is current in the receiving antenna.

The subscript a means the current is a receiver hence absorb energy.

We have presume there is no any advanced potential in nature, hence, the electromagnetic eld in the space can only be caused by all the retarded potential of the transmitting antennas, i.e.,

ξ = i∈I ξ ei (865) 
Assuming M is the Maxwell operator. When Maxwell operator acted to the eld ξ ei will obtain the source, i.e, M ξ ei = ρ ei . The subscript e means the current ρ is a source it emit the energy. Hence

M ξ = i∈I M ξ ei = i∈I ρ ei (866) 
This means there is not possible to have

M ξ = ρ a (867) 
in the place close to ρ a , Here ρ a = [J a , K a ] is the current of the receiving antenna. Someone perhaps will argue there are scattering for ρ a , that can avoid the above diculty. However it is very easy to build an antenna which nearly do not send any wave out like a black body, for example paraboloid antenna, which send all eld to the feed source (actually here it should be referred as feed sink).

Feed sink receives nearly all energy. An ideal paraboloid antenna can be seen as black body. If you still argue the paraboloid antenna still have scattering, we can use some absorb material which is the real black body to replace the paraboloid antenna. This material can receive energy is because their current ρ a doesn't vanish.

Hence if there is no advanced potential, in the place close the current of a receiving antenna ρ a , it is not possible to satisfy the Maxwell equations.

This shows ether the Maxwell equations are wrong or there must be the advanced potential. It is not possible to obtain current of receiving antenna only from the retarded potential with Maxwell operator. Hence, the author assume that the advanced potential exist in the nature.

Retarded and advanced potential

A retarded and an advanced potential,

ξ r ∝ V ρ(x , t r ) |x -x | d 3 x ξ a ∝ V ρ(x , t a ) |x -x | d 3 x (868) 
Here x and x are 3D vectors. x ∈ V .

t r = t - 1 c |x -x |, t a = t + 1 c |x -x | (869) 
Here c is speed of light. Assume x is restrict to one dimension, x > x , ρ(x , t) = δ(x ) exp(jωt), this is oscillator located at the origin of the coordinates, we have

ξ r ∝ exp(jωt r ) x -x ξ a ∝ exp(jωt a ) x -x (870) 
here, x = 0, considering,

exp(jωt r ) = exp(jω(t - 1 c (x -x )) = exp(j(ωt -kx)) (871) exp(jωt a ) = exp(jω(t + 1 c (x -x )) = exp(j(ωt + kx)) (872) 
where

k = ω c , hence, ξ r ∝ 1 x exp(j(ωt -kx)) ξ a ∝ 1 x exp(j(ωt + kx)) (873) 
if we do not consider the fact 1

x , the retarded and advanced potential can be expressed as,

ξ r ∝ exp(j(ωt -kx)) ξ a ∝ exp(j(ωt + kx)) (874) 

Retarded and advanced potential in lossy media

If there is energy lossy, we can assume that k = k 0 -ik loss , hence there is

|ξ r | ∝ | exp(i(ωt -(k 0 -ik loss )x))| = | exp(i(ωt -k 0 x)) exp(-k loss x)| = exp(-k loss x) (875) 
For the retarded potential, it is attenuated wave. For the advanced potential there is

|ξ a | ∝ | exp(i(ωt + (k 0 -ik loss )x))| = | exp(i(ωt + k 0 x)) exp(+k loss x)| = exp(+k loss x) (876) 
It is a ascending wave. This means the advanced potential is ascending wave in lossy media.

Review of the theory about the mutual energy theorem

The theory for the mutual energy theorem includes the following a few components,

The mutual energy theorem formula

Before the full formula of the mutual energy theorem, there are two early version of it, which can be seen in [73][62]. The formula of the mutual energy theorem can be found [START_REF] Shuang Ren Zhao | The application of mutual energy theorem in expansion of radiation elds in spherical waves[END_REF][START_REF] Zhao | The simplication of formulas of electromagnetic elds by using mutual energy formula[END_REF][START_REF] Zhao | The application of mutual energy formula in expansion of plane waves[END_REF]. The formula [START_REF] Shuang Ren Zhao | The application of mutual energy theorem in expansion of radiation elds in spherical waves[END_REF][START_REF] Zhao | The simplication of formulas of electromagnetic elds by using mutual energy formula[END_REF][START_REF] Zhao | The application of mutual energy formula in expansion of plane waves[END_REF] is in Fourier domain. The corresponding time domain mutual energy theorem can be found in ref. [START_REF] Adrianus | Time-domain reciprocity theorems for electromagnetic elds in dispersive media[END_REF].

In Fourier domain the modied mutual energy theorem formula can be written as following [START_REF] Shuang Ren Zhao | The modied poynting theorem and the concept of mutual energy[END_REF],

(ξ 1 , ξ 2 ) Γ + (ρ 1 , ξ 2 ) V + (ξ 1 , ρ 2 ) V = 0 (877) 
V is the volume contains the current ρ 1 and ρ 2 . Γ is the boundary of the volume V . Γ can be chosen as innite big sphere. The media have to meet the condition, †

1 (ω) = 2 (ω), µ † 1 (ω) = µ 2 (ω) (878) 
Where † = * T . The superscript * expresses the complex conjugate operator, T is matrix transpose and,

(ξ 1 , ξ 2 ) Γ ≡ Γ (E 1 × H * 2 + E * 2 × H * 1 ) ndS (879) (ρ 1 , ξ 2 ) V ≡ V (E * 2 • J 1 + H * 2 • K 1 ) dV (880) (ξ 1 , ρ 2 ) V ≡ V (E 1 • J * 2 + H 1 • K * 2 ) dV (881) 
It is possible that the modied mutual energy theorem is not a physical theorem since the media of the two elds ζ 1 and ζ 2 can be dierent or at dierent spaces.

If we assume they are the same, i.e., 1 = 2 and µ 1 = µ 2 . There is,

† (ω) = (ω), µ † (ω) = µ(ω) (882) 
That is lossless condition. Hence in lossless media the mutual energy theorem (note here, there is no modied) is established. Eq.( 877) can be written as

(ξ 1 , ξ 2 ) Γ = -(ρ 1 , ξ 2 ) V -(ξ 1 , ρ 2 ) V (883) 
The left side of the formula is the energy ow send to outside of the big sphere.

The right side are the emission energies from the sources(or sinks) ρ 1 and ρ 2 .

(ρ 1 , ξ 2 ) V can be seen as received energy. -(ρ 1 , ξ 2 ) V can be seen as the emission energy.

The surface integral in the mutual integral is inner product between two retarded potentials or two advanced potentials

The surface integral in the mutual energy formula (ξ 1 , ξ 2 ) Γ is a inner product [START_REF] Shuang Ren Zhao | The application of mutual energy theorem in expansion of radiation elds in spherical waves[END_REF]. Here we assume that that the two elds ξ 1 , ξ 2 are two retarded potentials in the surface integral satises following 3 inner product laws, I. conjugate symmetry,

(ξ 1 , ξ 2 ) Γ = (ξ 2 , ξ 1 ) * Γ (884) 
II linear,

(ξ 1 + ξ 2 , ξ 3 ) Γ = (ξ 1 , ξ 3 ) Γ + (ξ 2 , ξ 3 ) Γ (885) (αξ 1 , ξ 2 ) Γ = α(ξ 1 , ξ 2 ) Γ (886) 
III Positive-deniteness,

(ξ, ξ) Γ ≥ 0 (887) (ξ, ξ) Γ = 0 if f x = 0 (888) 
Here if f means if and only if. If the two elds are all advanced potentials, the most above results can also be obtained except,

(ξ, ξ) Γ ≤ 0 (889) 
In the mixture situation, If we ξ = ξ 1 + ξ 2 , and ξ 1 one is retarded potential and ξ 2 is advanced potential, the above most inner product laws are still satised, except the formula Eq.(887,888) does not satisfy. This means that this surface integral is really a very good inner product. The above inner product formulas guarantee that we can use the inner product expression (ξ 1 , ξ 2 ) Γ . It denes the mutual energy ow of surface Γ ,

Q 12 = (ξ 1 , ξ 2 ) Γ = Γ (E 1 × H * 2 + E * 2 × H 1 ) • n dS (890) 
Mutual energy ow is referred as M-ow. In optics vector eld become scale eld. M-ow is a inner product, that means, we can image ξ 1 and ξ 2 as two scale value, and hence (ξ 1 , ξ 2 ) Γ → ξ 1 ξ 2 in optics.

The magnetic mirror transform

The mutual energy theorem often works with magnetic mirror transform, it is important to know what will happen after the transform for a retarded potential or a advanced potential. The mirror transform m is dened as following,

mζ = [E * , -H * -J * , K * , * , µ * ] (891) 
It can be proven that a mirror transform of a retarded potential is an advanced potential, and vice versa, the proof can be found in [START_REF] Shuang Ren Zhao | The modied poynting theorem and the concept of mutual energy[END_REF].

We have known that mutual energy theorem and reciprocity theorem are two dierent theorems that means you cannot derive the mutual energy theorem from reciprocity theorem without involving Maxwell equations and vice versa.

But two theorems are close related to each other, they can be derived from each other using the above magnetic mirror transform [START_REF] Shuang Ren Zhao | The modied poynting theorem and the concept of mutual energy[END_REF]. Here we must mention before the derivation the mutual energy theorem and reciprocity theorem must rst extended to the generalized form, i.e, modied mutual energy theorem and modied reciprocity theorem. Even the transform is so simple it is not a mathematical transform like Fourier transform, it is physical transform with the information of Maxwell equations. That is the reason after the transform it become another theorem. In the reciprocity theorem we assume the antenna are all with retarded potential, if we made the above magnetic mirror transform to antenna 2, then after the transform the antenna 2 have advanced potential. This is the reason we know in the mutual energy theorem the antenna 2 have advanced potential. The author agree with the point view of Wheeler and

Feynman [1,2,[START_REF] Pegg | Absorber theory in quantum optics[END_REF], absorber sends out the advanced potential, hence the antenna 2 will be receiving antenna, it play the role of absorber.

The mutual energy theorem in lossy media

If the media has energy lossy, it can be proven that the emission energy should equal to the summation of the outgo energy and the energy loss. Assume 864) we obtain the Poynting theorem for superposed eld,

ζ = ζ 1 + ζ 2 , assume ζ 1 = ζ 1 (t), ζ 2 = ζ 2 (t) substitute ζ to Eq.(
-∇ • ((E 1 + E 2 ) × (H 1 + H 2 )) = (J 1 + J 2 ) • (E 1 + E 2 ) + (K 1 + K 2 ) • (H 1 + H 2 ) + (E 1 + E 2 ) • ∂(D 1 + D 2 ) + (H 1 + H 2 ) • ∂(B 1 + B 2 ) (892) 
The Poynting theorem for ζ 1 and ζ 2 are following,

-∇ • (E 1 × H 1 ) = J 1 • E 1 + K 1 • H 1 + E 1 • ∂D 1 + H 1 • ∂B 1 (893) -∇ • (E 2 × H 2 ) = J 2 • E 2 + K 2 • H 2 + E 2 • ∂D 2 + H 2 • ∂B 2 (894) 
The above two formula is corresponding to self-energies. Considering the concept of mutual energy with is total energy subtract all self-energies, we ca subtract Eq.(893 and 894) from Eq.( 892), and this can be written as,

-∇ • (E 1 × H 2 + E 2 × H 1 ) = J 1 • E 2 + J 2 • E 1 + K 1 • H 2 + K 2 • H 1 + E 1 • ∂D 2 + E 2 • ∂D 1 + H 1 • ∂B 2 + H 2 • ∂B 1 (895) 
In the above formula, we have assume

ζ = ζ 1 (t) + ζ 2 (t), however the above derivation is also correct to ζ = ζ 1 (t) + ζ 2 (t + τ ), that means the eld ζ 1 and ζ 2
can be superposed even they are in dierent time. Hence we have,

-∇ • (E 1 (t) × H 2 (t + τ ) + E 2 (t + τ ) × H 1 (t)) = J 1 (t) • E 2 (t + τ ) + J 2 (t + τ ) • E 1 (t) +K 1 (t) • H 2 (t + τ ) + K 2 (t + τ ) • H 1 (t) +E 1 (t) • ∂D 2 (t + τ ) + E 2 (t + τ ) • ∂D 1 (t) + H 1 (t) • ∂B 2 (t + τ ) + H 2 (t + τ ) • ∂B 1 (t) (896) 
Make a integral to above formula to the variable t = -∞ to t = ∞, it becomes,

-∇ • ∞ -∞ (E 1 (t) × H 2 (t + τ ) + E 2 (t + τ ) × H 1 (t))dt = ∞ -∞ [J 1 (t) • E 2 (t + τ ) + J 2 (t + τ ) • E 1 (t) +K 1 (t) • H 2 (t + τ ) + K 2 (t + τ ) • H 1 (t)]dt + ∞ -∞ [E 1 (t) • ∂D 2 (t + τ ) + E 2 (t + τ ) • ∂D 1 (t) + H 1 (t) • ∂B 2 (t + τ ) + H 2 (t + τ ) • ∂B 1 (t)]dt (897) 
We can make Fourier transform to the above formula, consider that the Fourier transform of a correlation function are following,

F { ∞ -∞ f 1 (t)f 2 (t + τ ) * dt} = f1 (ω) f * 2 (ω)
In the above formula f1 (ω) and f1 (ω) are Fourier transform of f 1 (t) and f 2 (t).

To make things simple in the following we omit the symbol , if there is ω the formula is on the frequency domain, if there is t, it is in time domain. Consider also after the Fourier transform

F {f (t)} = 1 √ 2π ∞ -∞ f (t) exp(-jωt)dt f (t) = F -1 {f (ω)} = 1 √ 2π ∞ -∞ f (ω) exp(jωt)dω ∂f (t) = 1 √ 2π ∞ -∞ f (ω)∂ exp(jωt)dω = 1 √ 2π ∞ -∞ f (ω)(jω)

exp(jωt)dω

There is ∂ → jω, D 1 (t) = (t) * E 1 (t), where * is convolution, after Fourier transform become (ω)E 1 (ω), and B 1 (t) = µ(t) * H 1 (t) after Fourier transform becomes µ(ω)H(ω), and also consider

E(t) = E * (t), H(t) = H * (t) we obtain, -∇ • (E 1 (ω) × H * 2 (ω) + E * 2 (ω) × H 1 (ω)) = [J 1 (ω) • E * 2 (ω) + J * 2 (ω) • E 1 (ω) +K 1 (ω) • H * 2 (ω) + K * 2 (ω) • H 1 (ω)] +[E 1 (ω) • (jω (ω)E 2 (ω)) * + E * 2 (ω) • (jω) (ω)E 1 (ω) + H 1 (ω) • (jωµ(ω)H 2 (ω)) * + H * 2 (ω) • (jωµ(ω))H 1 (ω)] (898) 
we can omit the ω, keep in mind the following formula is still in Fourier domain,

-∇ • (E 1 × H * 2 + E * 2 × H 1 ) = [J 1 • E * 2 + J * 2 • E 1 + K 1 • H * 2 + K * 2 • H 1 ] +(jω)(-E 1 • * E 2 * + E * 2 • E 1 -H 1 • µ * H 2 * + H * 2 • µH 1 ) (899) 
In the last item there is

-E 1 • * E 2 * + E * 2 • E 1 = E * 2 (- † + )E 1 (900) 
-

H 1 • µ * H 2 * + H * 2 • µH 1 = H * 2 • (-µ † + µ)H 1 (901) 
where † = ( T ) * is matrix complex conjugate, T is transpose matrix of .

Assume the media is lossy, i.e. = re -j im , hence † = re + j im , here re and re can be tensor or just scalars, the make thing simple we assume they are just scalars.

(- † + ) = -( re + j im ) + ( re -j im ) = -2j im (902) (-µ † + µ) = -(µ re + jµ im ) + (µ re -jµ im ) = -2jµ im (903) 
So we have

-∇ • (E 1 × H * 2 + E * 2 × H 1 ) = [J 1 • E * 2 + J * 2 • E 1 + K 1 • H * 2 + K * 2 • H 1 ] + 2ω( im E 1 • E 2 * + µ im H 1 • H 2 * ) (904) 
Considering a 3D integral on the volume V to the above formula, assume the big sphere Γ is the boundary of the volume V , we can obtain,

(ξ 1 , ξ 2 ) Γ + Q loss = -(ρ 1 , ξ 2 ) V -(ξ 1 , ρ 2 ) V (905) 
where (ξ 1 , ξ 2 ) Γ , (ρ 1 , ξ 2 ) V and (ξ 1 , ρ 2 ) V are dened in Eq.(879,879 and 879), and,

Q loss = 2ω V ( im E 1 • E 2 * + µ im H 1 • H 2 * ) dV (906) 
Here Q loss is the energy loss in the media. Hence the above formula is referred as the mutual energy theorem with energy loss. Eq.(905) left, (ξ 1 , ξ 2 ) Γ is the mutual energy ow go through the big sphere surface Γ , Q loss is the all energy loss inside the big sphere surface. (ρ 1 , ξ 2 ) V is energy loss of antenna 1. with a imaginative sign -(ρ 1 , ξ 2 ) V is the energy sent out by antenna 1. We have known that the antenna 1 is transmitter and antenna 2 is receiver hence we can write the lossy media mutual energy theorem as following,

(ξ 1 , ξ 2 ) Γ + Q loss + (ξ 1 , ρ 2 ) V2 = -(ρ 1 , ξ 2 ) V1 (907) 
Here V 1 is the place where ρ 1 is not zero and V 2 is the place where ρ 2 is not zero.

In the above formula the left are all items lose energy, i.e. with pure energy loss, the right is an energy source with pure energy output. The above formula is clear meaningful. 45.5.5 The mutual energy theorem can be sub-theorem of the Poynting theorem

We have shown that the modied mutual energy theorem can be derived from the modied Poynting theorem or the Poynting energy conservation law. This is also true if the word modied is removed, i.e., the mutual energy theorem can also be derived from the Poynting theorem.

It is important that we can show that the mutual energy theorem can be a direct sub-theorem of Poynting energy conservation law instead of deriving it from Maxwell equations. In this way, the mutual energy theorem becomes an energy theorem [START_REF] Shuang Ren Zhao | The modied poynting theorem and the concept of mutual energy[END_REF]. 45.5.6 The mutual energy ow of a retarded potential and an advanced potential vanishes in the innite big sphere

Assume ζ 1 is retarded potential and ζ 2 is advanced potential we can prove that in the free space (where the media is 0 and µ 0 ) the surface integral of the mutual energy theorem will vanish at innite big sphere Γ .

lim r→∞ Γ (E 1 × H * 2 + E * 2 × H 1 ) • n dS = 0 ( 908 
)
Here r is the radio of sphere Γ . Assume

lim r→∞ H 1 = 1 Z n × E 1 (909) 
Here n is the direction of wave ζ 1 which is retarded potential.

lim r→∞ H 2 = 1 Z (-n) × E 2 (910) 
Here (-n) is the direction of wave ζ 2 which is advanced potential. Z = µ0 0 , the details can be found in [START_REF] Shuang Ren Zhao | The modied poynting theorem and the concept of mutual energy[END_REF].

45. [START_REF] Baum | Electromagnetic Symmetry. Taylor and Francis[END_REF] The system with transmitting antenna and receiving antenna

In the case of two coils, the rst coil has a current J , which send energy to the free space, if we put the second coil close to the rst coil, the second coil will suck more energy from rst coil. In this situation the second coil has inuence to the rst coil. This is the case where the two coils are close to each other, for example a electric transformator which has two coils: the primary coil and a secondary coil. The two coils are very close. We know that if we add more load to the secondary coil of a transformator, it can suck more energy from the primary coil.

The two coils can be seen as two antennas. If we assume the two antennas are put very far away, is the second coil (or antenna) still can suck energy from the rst coil (or antenna)? Does the receiving antenna only passive receive energy sent from the transmitting antenna or it actively suck the energy from the transmitting antenna? Like the secondary coil in a transformator?

Traditionally we thought the receiving antenna, only passive receive the energy from the retarded wave of the transmitter. The energy ow is calculated by a surface integral of the Poynting vector. This energy ow is referred as P-ow in this article. The P-ow carries the energy from the transmitter to the receiver. But why when the receiving antenna close to the transmitter, it can aect the transmitter, but when it is far away, this ability is disappeared?

According to our understanding, it should not disappear completely, but just decreases! This section the authors try to answer this question, and compare the results of the mutual energy theorem and the reciprocity theorem.

45.6.1 The traditional way of the explanation of the antenna system using the reciprocity theorem

Here we review the traditional way of using the reciprocity theorem to explain the antenna system. Assume

ζ 1 = [E 1 , H 1 , J 1 , K 1 , , µ], ζ 2 = [E 2 , H 2 , J 2 , K 2 , , µ]
are retarded potentials, J 1 , K 1 and J 2 , K 2 are inside the volume V 1 and V 2 respectively. V 1 and V 2 are inside of the volume V , V ,V 1 ,V 2 have the boundary surface Γ ,Γ 1 Γ 2 . In the reciprocity theorem, assumed there is no advanced potential. The reciprocity theorem is

" Γ (E 1 × H 2 -E 2 × H 1 ) • ndS = V (E 1 • J 2 -H 1 • K 2 ) -(E 2 • J 1 -H 2 • K 1 ) dV (911) 
In reciprocity theorem assume that ξ 1 = [E 1 , H 2 ] and ξ 2 = [E 2 , H 2 ] are retarded potentials. It can be proven that if ξ 1 and ξ 2 are retarded potential, the surface integral vanishes if the surface Γ is chosen as an innite big sphere, i.e., "

Γ (E 1 × H 2 -E 2 × H 1 ) • ndS = 0 (912) 
Substitute Eq.(912) to Eq.(911), there is

V2 (E 1 • J 2 -H 1 • K 2 ) dV which is clear wrong. if ˝V2 (E 1 • J 2 -H 1 • K 2 ) dV vanishes, the reciprocity theorem tell us 0 = 0 (920) 
which is also meaningless.

The above discussion is also suit to the situation where the antenna 2 is a paraboloid antenna. The energy received by the paraboloid antenna does not send again to the space, but send to a feed source/sink. If the scattering energy send from paraboloid antenna to the free space can be omitted, the paraboloid antenna can be seen as black body. For this kind idea paraboloid antenna used as receiving antenna, the reciprocity theorem is inadequate.

Second, we have known that there should be the energy ow send from transmitting antenna to the receiving antenna. The reciprocity theorem cannot oer us any information about the energy transfer between the two antennas.

Here we do not claim that the reciprocity theorem is all wrong, the reciprocity theorem is still correct to two transmitting antennas, which is not very useful. In the following, we will explain the antenna system with the mutual energy theorem. If after this we still cannot convince ourselves the reciprocity theorem doesn't suit to antenna system with at least a receiving antenna, we will compare reciprocity theorem and mutual energy theorem in the lossy media, where things will be clearer.

45.6.2 Explanation of a system with a receiving antenna using the mutual energy theorem 45.6.3 The result of the mutual energy theorem Instead of using reciprocity theorem we will apply the mutual energy theorem to the system with two antennas, one is transmitting antenna and another is receiving antenna. For receiving antenna, there should have the wave toward to them, otherwise it cannot receiver energy, all elds send from the transmitter to the receiver is a wave toward the receiver, but we have proven that cannot meet the Maxwell equations close to the receiving antenna. Another wave toward to receiver, it is the advanced potential. Hence we assume that the transmitter send the retarded potential and the receiver send the advanced potential.

We have proven that in the mutual energy theorem, if ξ 1 and ξ 2 one is retarded potential and another is advanced potential, the surface integral vanishes, i.e.,(ξ 1 , ξ 2 ) Γ = 0. Here Γ is innite big sphere. n is the outward unit vector of surface Γ . Hence we have

Q loss = -(ρ 1 , ξ 2 ) V -(ξ 1 , ρ 2 ) V (921)
Here -(ρ 1 , ξ 2 ) V is the emitted energy of ρ 1 , -(ξ 1 , ρ 2 ) V is the emitted energy of ρ 2 , this energy output have been used in media, hence it equal to Q loss . If we take out the minus sign, (ρ 1 , ξ 2 ) V is the absorbed energy of ρ 1 , (ξ 1 , ρ 2 ) V is the absorbed energy of ρ 2 .

-

V ((E 1 • J * 2 + H 1 • K * 2 ) + (E * 2 • J 1 + H * 2 • K 1 )) dV = Q loss (922)
If we have assumed that the magnetic current does not exist, K 1 = 0, K 2 = 0, the above formula becomes,

-V (E 1 • J * 2 + E * 2 • J 1 ) dV = Q loss (923) If current J 1 , K 1 is only inside V 1 and J 2 , K 2 is only inside V 2 , we have, - V2 E 1 • J * 2 dV - V1 E * 2 • J 1 dV = Q loss (924) or - V1 E * 2 • J 1 dV = V2 E 1 • J * 2 dV + Q loss (925) 
If Q loss = 0, this is lossless situation, there is,

- V1 E * 2 • J 1 dV = V2 E 1 • J * 2 dV (926) 
-˝V1 E * 2 • J 1 dV is the energy sucked by the eld E 2 from the current J 1 . This is J 1 emitted energy.

˝V2 E 1 • J * 2 dV indicate the energy of the eld E 1 act on the current J 2 . This is the energy antenna 2 received.

This also tell us that the received energy of antenna 2 sent from antenna 1 plus the media lost energy is same as the energy sucked from antenna 1 by the advanced potential of the antenna 2.

If advanced potential exist, it can suck energy from the source. This sucked energy later is received by the receiving antenna or is lost in the media. This is the most important result of the mutual energy theorem to the advanced potential and the receiving antenna. The authors believe this result is correct and will apply this to explain more physics result in the future.

The above important mutual energy formula Eq.( 926) is rst obtained in Ref. [START_REF] Rumsey | A short way of solving advanced problems in electromagnetic elds and other linear systems[END_REF] in 1963 by V. H. Rumsey. In that article the advanced potential does not appear. If ξ 1 and ξ 2 are all retarded potential the surface integral doesn't vanish. The formula Eq.( 926) is not established. V. H. Rumsey doesn't realize there is an energy ow between transmitter and receiver. He would like to use the concept reaction which he created in an earlier article [START_REF] Rumsey | Reaction concept in electromagnetic theory[END_REF].

Eq.( 926) can be converter time-domain, which is

- V1 ∞ -∞ E 2 (t + τ ) • J 1 (τ ) dτ dV = V2 ∞ -∞ E 1 (t) • J 2 (τ + τ )dτ dV ( 927 
)
This formula is rst obtained in ref. [START_REF] Adrianus | Time-domain reciprocity theorems for electromagnetic elds in dispersive media[END_REF], If t = 0 we can obtain that

- V1 ∞ -∞ E 2 (τ ) • J 1 (τ ) dτ dV = V2 ∞ -∞ E 1 (τ ) • J 2 (τ )dτ dV ( 928 
)
This formula is rst obtained by Welch [START_REF] Welch | Reciprocity theorems for electromagnetic elds whose time dependence is arbitrary[END_REF] in 1960. From above formula is also clear tell us, that the advanced potential of antenna 2 sucks energy=time*power from antenna 1:

-

V1 ∞ -∞ E 2 (τ ) • J 1 (τ ) dτ dV
is equal to the received time*energy by antenna 2:

V2 ∞ -∞ E 1 (τ ) • J 2 (τ )dτ dV
Welch knows that E 2 is advanced potential, but he has not Further explain the meaning of his formula. Welch call his theorem time-domain reciprocity theorem instead of some kind energy theorem, this perhaps obstruct him to thought that the advanced potential can suck energy from the transmitters and his reciprocity theorem actually is energy theorem.

The rst author of this article obtained the mutual energy theorem [START_REF] Shuang Ren Zhao | The application of mutual energy theorem in expansion of radiation elds in spherical waves[END_REF] in 1987, he claim there is energy between two antennas, but he also did not notice that actually the advanced potential can suck energy from transmitters. Perhaps this is because the advanced potential is a so strange concept, most physicist and engineer reject this concept, how can think the advanced potential sucks energy?

Interesting to point out from Welch's formula, that the sucked energy does not happen in particular time point, for example,

- V1 E 2 (t) • J 1 (t) dV = V2 E 1 (t) • J 2 (t)dV (929) 
but related a integral with time. Actually since the sucked energy is done by the advanced potential, it happens before the energy is received. This is also suit our normal causality argument. The energy should rst send out and then it can be received.

Consider the photons has particle frequency, the formula Eq.( 926) is in Fourier frequency domain. The mutual energy transfer is based on wave of particular frequency, perhaps is related to the fact that the energy particle (or photon) which is also based on frequency. Hence the mutual energy theorem in Fourier domain is more meaningful to us to see the fact that the advanced potential can suck energy. Consider sucked energy is done by advanced potential, hence, the sucked energy process happen at a earlier time point, then the energy transferred from transmitter to the receiver with speed of light in a retarded meaning. Hence, transferring the energy ow doesn't violate the causality argument. Energy ow is still in retarded form. 45.6.4 Similar result compare to the reciprocity theorem Assume the media is lossless, Q loss = 0. Applying magnetic mirror transform m to the variable with subscript 2, i.e.,

ζ 2m =mζ 2 or ζ 2 = m ζ 2m (930) 
or

ζ 2 = [E * 2m , -H * 2m , -J * m , K * m , * m , µ * m ] (931) 
to the formula Eq.( 926), we obtain,

V (E 1 • (-J 2m ) + E 2m • J 1 ) = 0 (932) or V2 E 1 • J 2m dV = V1 E 2m • J 1 dV (933) 
After the transform the media formula becomes,

T 2m = 1 , µ T 2m = µ 1 (934) * 2m = 1 = , µ * 2m = µ 1 = µ (935)
For simplication, the subscript 2m can be rewritten as 3, the above formula becomes,

V2 E 1 • J 3 dV = V1 E 3 J 1 dV (936) 
This formula is close to the reciprocity theorem Eq.(915). It can be applied to prove that when an antenna is used as the receiver or as the transmitter, will have the same directivity diagram. The media formula can be rewritten as

T 3 = 1 , µ T 3 = µ 1 (937) * 3 = 1 = , µ * 3 = µ 1 = µ (938)
Actually the Eq.(936,937) are modied reciprocity theorem. Eq.( 938) is caused by lossless media that we have used in mutual energy theorem. Substitute

Eq.(938) to Eq.(937), i.e., considering 1 = , 3 = * , µ 1 = µ, µ 3 = µ * , we still get, † = , µ † = µ (939) 45.6.5 The dierences of two methods

The above mutual energy theorem result is similar to the explanation of the reciprocity theorem Eq.( 913), however there are fundamental dierences, see following.

45.6.6 J 3 is not a physical current 1) In the mutual energy theorem, the eld ξ 2 of the receiving antenna is advanced potential. J 2 , K 2 is sink which receive wave energy, it is physical current. The current J 3 is an articial current or some kind of the eective current. Even the eld of ξ 3 is retarded potential, but it is also an articial eld, the actually physical eld is still ξ 2 which is advanced potential.

They are established in dierent media

The mutual energy theorem (normally when we spoke about mutual energy theorem, in the formula, there is Q loss = 0) functions in lossless media. This cannot be changed even after we have applied the magnetic mirror transform.

The reciprocity theorem is established in symmetric media. Only if the media with real values for both mutual energy theorem and reciprocity theorem can oer similar results. For example to the media = i 0 (where 0 is the Permittivity in free space) is not lossless media but it is symmetric media. This kind of media doesn't suit to the mutual energy theorem (in lossless media). In this situation we can apply the mutual energy with energy loss.

-

V1 E * 2 • J 1 dV = V2 E 1 • J * 2 dV + Q loss (940) Assume Q e ≡ -˝V1 E * 2 • J 1 dV is emission energy, Q a = ˝V2 E 1 • J * 2 dV is
received or absorbed energy, the above formula can be written as

Q e = Q a + Q loss (941) 
That also means,

Q a < Q e (942)
Now we validate if we can obtained the above formula from the calculation of with the retarded potential and advanced potential. Assume the distance from receiver to the transmitter is L. J 1 located at 0 and J 2 located at L. We assume |J 1 | ∼ 1, ∼ means is close to each other. Hence

|J 1 | ∼ 1 (943) |E 1 (0)| ∼ 1 (944) E 1 (L) is retarded potential hence, at distance L the value decrease, |E 1 (L)| ∼ exp(-k loss L) (945) 
J 2 is at the place of L, and it should inuenced by the eld E 1 (L) hence,

|J 2 | ∼ |E 1 (L)| ∼ exp(-k loss L) (946) 
E 2 (L) is produced by the current J 2 hence there is,

|E * 2 (L)| ∼ |J 2 | ∝ exp(-k loss L) (947) 
E 2 is advanced potential, when it go from the started point L to the destination 0, it should increase the value, because in the lossy media, the advanced potential is ascending wave Eq.( 876), hence,

|E * 2 (0)| ∼ E * 2 (L) exp(k loss L) ∼ exp(-k loss L) exp(k loss L) = 1 (948) |Q e | = | V1 E * 2 • J 1 dV | ∼ 1 (949) Q a | = | V2 E 1 (L) • J * 2 dV | ∼ exp(-k loss L) exp(-k loss L) = exp(-2k loss L) (950) 
We can see, it is really we can obtain that Q a < Q e . That also means the mutual energy theorem with lossy media can obtained correct results.

In this lossy media, if we also assume it is symmetric, the reciprocity theorem still established. Hence we obtain

V2 E 1 • J 2 dV = V1 E 2 • J 1 dV (951) 
That is clear wrong for an antenna system with a transmitter and a receiver, and the media has energy lossy, the reciprocity theorem is clear wrong. The formula of the reciprocity theorem itself not wrong, it assume the situation where the two antennas are all the transmitters. If the two antennas are all transmitters, we can also evaluate the above formula using the similar method.

Since ξ 1 and ξ 2 are all retarded potentials, hence

|J 2 | ∼ 1 |J 1 | ∼ 1 (952) |E 1 (0)| ∼ 1 E 2 (L) ∼ 1 (953) |E 1 (L)| ∼ exp(-k loss L) |E 2 (0)| ∼ exp(-k loss L) (954) | V2 E 1 • J 2 dV | ∼ |E 1 (L)J 2 | ∼ exp(-k loss L) (955) | V2 E 2 • J 1 dV | ∼ |E 2 (0)J 1 | ∼ exp(-k loss L) (956) 
hence we have

| V2 E 2 • J 1 dV | ∼ | V2 E 1 • J 2 dV | (957) 
It is clear that the above result doesn't consider the energy loss (if we think the reciprocity theorem suitable to the antenna system with one transmitting antenna and one receiving antenna). It is suit to the two antenna are all transmitting antennas. It doesn't suit to the antenna system with at least one receiving antenna.

The scattering process

In the derivation of the mutual energy we have assumed that there is no scattering eld sending out from the receiving antenna 2. If there is scattering for antenna 2, We cannot obtained Eq.( 922) and hence Eq.(936).

Summary

The above discussion in energy lossy media clear prove that the mutual energy theorem can obtained correct results. The reciprocity theorem can only obtained correct results in situation the two antenna are all transmitters.

Using these 3 dierences we can design experiments to further examine which is correct, the two theories, the reciprocity theorem or the mutual energy theorem. We can test the theories in symmetric lossy media in which the reciprocity theorem is established, but the mutual energy theorem is not established. In this case if we still obtained the same result of reciprocity for a antenna used as receiving antenna and transmitting antenna, then the reciprocity is correct, otherwise the mutual energy theorem is correct.

There is no any inuence of scattering to the reciprocity theorem. But from derivation of mutual energy theorem we have known that the scattering play a important role (we must assume there is no scattering. Since paraboloid antenna has big dierence of scattering when the receiving antenna toward to the transmitter or back against the transmitter. If the directivity pattern of a receiving antenna and a transmitting antenna is inuenced by the scattering, then the reciprocity theorem is wrong and the mutual energy theorem is corrected to the antenna theory. The authors encourage any others to build experiments and make tests on the above result.

Conclusion

The mutual energy theorem and the reciprocity theorem for a antenna system with a transmitter and a receiver is compared. The explanations of the results are dierent, the mutual energy theorem says that the transmitter sends the retarded potential, the retarded potential is received by the current on the receiver and causes an advanced potential sending from the receiver to the transmitter.

The advanced potential will suck the energy from the transmitter and this energy is received later by the receiver. The reciprocity theorem says that there is a reactions between the transmitter and receiver, they are equal to each other.

The reciprocity theorem consider the elds of the antennas as all retarded potentials. The mutual energy theorem consider the eld of the transmitter as retarded potential and for the eld of the receiver as an advanced potential.

Even they both can obtained similar results for the directivity diagram for the transmitter and receiver, but the conditions for the theorems to be established are quite dierent. The mutual energy theorem is established in lossless media, the reciprocity theorem is established in symmetric media. This conditions can be easily checked with experiments.

The mutual energy theorem explain the receiving antenna with advanced potential is agreed with the absorber theory of Wheeler J. A. and Feynman. R.

P [1,2,[START_REF] Pegg | Absorber theory in quantum optics[END_REF] and interpretation for quantum physics [START_REF] Cramer | The transactional interpretation of quantum mechanics[END_REF][START_REF] Cramer | An overview of the transactional interpretation[END_REF].

In lossy media only the extended mutual energy theorem in lossy media can oer corrected result for an antenna system with a receiving antenna. According to the discussion of this article, the experiments should not dicult to build to test the results.

If the mutual energy theorem wins, this will be also a new testimony of the existent of the advanced potential and further support to the theory of absorber theory of Wheeler and Feynman.

This will further support the authors' explanation to light. Light is nothing else but the mutual energy ow. The mutual energy ow can oer a very good explanation of the duality of light, i.e. light sometime look like wave and sometime looks like an energy particle or photon. However this will be discussed in the future in a separated articles. Here we only hope the reader notice that the issue this article discussed is not just a problem which is correct about how to calculate antenna in lossy media, using the mutual energy or using the reciprocity theorem, it related the big issue like what is the reason of the duality of the light, how to discriminate which is correct for hundreds interpretation of quantum mechanics. [START_REF] Shuang Ren Zhao | 4 complementary reciprocity theorems (the concept of mutual energy 6)[END_REF] Energy transferring in space is dominated by mutual energy ow instead of energy ow of the Poynting vector

Abstract

Advanced potential solution of Maxwell equations isn't often accepted. We have proven if without advanced potential, it is not possible to satisfy the Maxwell equations. For a antenna system with one transmitter (source) and a receiver (sink), the authors assume the source send retarded potential and the sink send out the advanced potential. The energy sucked by the advanced potential from the source and the received energy of the sink can be calculated. The mutual energy theorem tell us the two energy are equal to each other. The mutual energy ow between the source and the sink can be calculated too. This mutual energy ow or M-ow is also equal to the above sucked energy from the source and the received energy obtained by the sink. It is found that the P-ow of advanced potential and also the retarded potential contributed the total energy ow, is at most a half which is in the wave guide situation. The other half 's contribution is from M-ow. In the line antenna situation, the contributuon of P-ow has less contribution, the most contribution is come from M-ow. In the case of light, the contribution of P-ow can be omitted. M-ow is the only one actually carry the energy. The M-ow is composed of the retarded potential of the transmitter and the advanced potential of the receiver. Since, the P-ow is diverse, if energy is transferred by P-ow, when the light is received by an atom, we have to speak about the wave function collapse. We found that the beam of the M-ow rst diverges and then it converges, it converges to the receiver or a atom. The concept of the wave function collapsed can be avoid. The M-ow has all the property of photon, it can be local in time and local in space, this

shows that the light is nothing else but the M-ow. The duality of the light have given a good explanation.

Comment

The author guess the mutual energy ow (or M-ow) actually transfer the energy in the space. The energy transferred by the energy ow corresponding to the Poynting vector (or P-ow) in the space can be omit. If mutual energy ow can transfer the energy. However in the wave guide situation the energy transferred by P-ow and the M-ow are all half. In the volume of this book the author will prove that the energy is transferred also only by the mutual energy ow (M-ow) instead of self-energy ow (P-ow). This prove need the concept of self-energy principle and mutual energy principle. This two principle has not found in that time. In this article the author obtain the results, in the free empty space the energy is transferred by M-ow. In the wave guide situation there is half energy is transferred by the P-ow half is transferred by the M-ow.

It seems the result is dierent for the two situation one is the case of wave guide, the Poynting vector that is referred as P-ow. In order to solve this problem, the authors have to abandon the idea that energy is carried by P-ow and partly agree with the absorber theory [1,2,[START_REF] Pegg | Absorber theory in quantum optics[END_REF]. In another article we will also shown the reciprocity theorem [33, 10, 11, 70, 61][31, 32] is inadequate to antenna system with a transmitter and a receiver. The correct way is apply the mutual energy theorem including an advanced potential and a retarded potential. This also further convince us the theory about mutual energy theorem, M-ow. M-ow dominate to carry the energy from the transmitter to the receiver. M-ow is also the only way the light carry energy from a transmitter atom to a receiver atom. We know this kind light energy has also been described as photon. We known P-ow is a diverged beam. But M-ow is a beam rst diverge and then converge. Hence when the M-ow is received by the receiver atom, it can focus to a point that is the place of the receiver atom. If we assume every receiver atom has a very narrow time window in which it can receive the energy, then the M-ow can be local in space and also local in time. Hence it can be seen as photon. This will explain the duality of the light. The so called concept wave function collapse can also be avoid. M-ow is also can easily explain the circle polarization of light and hence the concept of spin of photon can avoided.

After photon can have it's new explanation, many other physical concepts related to photon can also be solved. This will be discussion in another article. 

ζ = ζ 1 + ζ 2 = [E 1 + E 2 , H 1 + H 2 , J 1 + J 2 , K 1 + K 2 , D 1 + D 2 , B 1 + B 2 ] ( 963 
)
Normally there is

D 1 + D 2 = * (E 1 + E 2 ) (964) B 1 + B 2 = µ * (H 1 + H 2 ) (965) 
One important situation for the superposition is the case where the two elds one is retarded potential another is advanced potential. This superposition is not self-explanatory, if we still do not accept the advanced potential. The author accept the advanced potential, and this article we try to make the theory about advanced potential self-consistent. In case there is advanced potential we still do not abandon the linearity, hence the two eld should be possible to superposed.

However the above formula can be generalized as

D 1 + D 2 = 1 * E 1 + 2 * E 2 (966) B 1 + B 2 = µ 1 * H 1 + µ 2 * H 2 (967) 
In the generalized superposition two elds ζ 1 and ζ 2 are at dierent space, each space has dierent media. The authors do not claim that this generalized superposition is a physics eld. The generalized eld can be a mathematical eld. But if the advanced potential has dierent media constant compare to the retarded potential, the above superposition is a physical process. Up to now we still assume that the advanced potential have the same media with the retarded potential.

The Poynting theorem

There is the Poynting theorem and modied Poynting theorem,

-∇ • (E × H) = J • E + K • H + E • ∂D + H • ∂B (968)
If there is only one media Eq.(964,965), the above formula is referred normal Poynting theorem. If there are dierent media Eq.(966,967), the above formula is referred as the modied Poynting theorem [START_REF] Shuang Ren Zhao | The modied poynting theorem and the concept of mutual energy[END_REF].

46.4.4 What will happen if there is no advanced potential in 3D free empty space?

We have known there is black body which can receive electromagnetic eld but do not send the electromagnetic eld out. Here we assume it do not send retarded potential out. We also know that the black body received energy by some current. Hence the current in the above black body cannot vanish.

In this time, we assume there exist no advanced potential in nature. We also know that a nor-scattering ideal antenna, like a black body, can not send a retarded eld out. Hence a ideal receiving antenna has no any eld associated to it in the free empty space. No any eld retarded or advanced potentials produced by the current ρ a . ρ a (the current doesn't vanish. Since we know from our experience there is a electric current on the receiving antenna). The subscript a means the current is on a receiver hence, absorb energy.

We have assume there is no any advanced potential in nature, hence, the electromagnetic eld in the space can only be caused by all the retarded potential of the transmitters or transmitting antennas, i.e.,

ξ = i∈I ξ ri (969) 
assuming M is the Maxwell operator. When Maxwell operator acted to the eld ξ ri will obtain the source, i.e, M ξ ri = ρ ri , ρ ri is the retarded source. Hence,

M ξ = i∈I M ξ ri = i∈I ρ ri (970) 
This means there is not possible to have

M ξ = ρ a (971) 
Here is ρ a = [J a , K a ] is the current of the receiving antenna.

Hence if there is no advanced potential, in the place close to the current of a receiving antenna, it is not possible to satisfy the Maxwell equations.

This shows ether the Maxwell equations is wrong or there must be the advanced potential. It is not possible to obtained current of receiving antenna from the retarded potential with a Maxwell operator.

Hence, we have to assume that the advanced potential exist in nature. If the advanced potential can not be easily measured, perhaps it can be indirect perceived by the result of the theory of the advanced potential.

46.5 The system with transmitting antenna and receiving antenna

In the case of two coils, the rst coil has a current J , which send energy to the free empty space, if we put the second coil close to the rst coil, the second coil will suck more energy from rst coil. In this situation the second coil has inuence to the rst coil. This is the case where the two coils close to each other, for example a electric transformator which has two coils: the primary coil and a secondary coil. We know that if we add more load to the secondary coil of a transformator, it can suck more energy from the primary coil.

The two coils can be seen as two antennas. If we assume the two antennas are put very far away, is the second coil (or antenna) still can suck energy from the rst coil (or antenna)? Does the receiving antenna only passive receive energy sent from the transmitting antenna or it actively suck the energy from the transmitting antenna? Like the secondary coil of a transformator?

Traditionally we thought the receiving antenna, only passive receive the energy from the retarded wave of the transmitter. The P-ow carries the energy from the transmitter to the receiver. But why when the receiving antenna close to the receiver it can aect the transmitter, but when it is far away, this ability disappear? According to our understanding, it should not disappear completely but just decreased! This section the authors try to answer this question.

46.5.1 The mutual energy theorem can be sub-theorem of the Poynting theorem

We have shown that the modied mutual energy theorem can be derived from the modied Poynting theorem. This is also true if the word modied is removed, i.e., the mutual energy theorem can also be derived from the Poynting theorem.

The derivation is using the denition that the mutual energy is the total energy subtract the all self-energies. It is important we can show that the mutual energy theorem can be a direct sub-theorem of Poynting theorem instead of deriving it from Maxwell equations. This way, if Poynting theorem is an energy theorem, the mutual energy theorem is also an energy theorem instead of some kind of reciprocity theorem [START_REF] Shuang Ren Zhao | The modied poynting theorem and the concept of mutual energy[END_REF].

The mutual energy theorem formula

The formula of the mutual energy theorem can be found [START_REF] Shuang Ren Zhao | The application of mutual energy theorem in expansion of radiation elds in spherical waves[END_REF][START_REF] Zhao | The simplication of formulas of electromagnetic elds by using mutual energy formula[END_REF][START_REF] Zhao | The application of mutual energy formula in expansion of plane waves[END_REF]. Before this formula, there are two early version of it, which can be seen in [73][62].

The formula [START_REF] Shuang Ren Zhao | The application of mutual energy theorem in expansion of radiation elds in spherical waves[END_REF][START_REF] Zhao | The simplication of formulas of electromagnetic elds by using mutual energy formula[END_REF][START_REF] Zhao | The application of mutual energy formula in expansion of plane waves[END_REF] is in Fourier domain. The corresponding time domain mutual energy theorem can be found in ref. [START_REF] Adrianus | Time-domain reciprocity theorems for electromagnetic elds in dispersive media[END_REF].

In Fourier domain the modied mutual energy theorem formula can be written as following [START_REF] Shuang Ren Zhao | The modied poynting theorem and the concept of mutual energy[END_REF],

(ξ 1 , ξ 2 ) Γ + (ρ 1 , ξ 2 ) V + (ξ 1 , ρ 2 ) V = 0 (972) 
Here if f means if and only if.

If we allow the eld ξ 1 and ξ 2 are retarded potential and also advanced potential, the above inner product laws are still satised. Only the formula Eq.( 979) does not satisfy. This inner product formula guarantee that we can use the inner product expression (ξ 1 , ξ 2 ) Γ , it denes the mutual energy ow of surface Γ ,

Q 12 = (ξ 1 , ξ 2 ) Γ = Γ (E 1 × H * 2 + E * 2 × H 1 ) • n dS (980)
46.5. [START_REF] Barybin | Modal expansions and orthogonal complements in the theory of complex media waveguide excitation by external sources for isotropic, anisotropic, and bianisotropic media[END_REF] The mutual energy ow of a retarded potential and an advanced potential vanishes in the innite big sphere

Assume ζ 1 is retarded potential and ζ 2 is advanced potential we can prove that in the free space (where the media is 0 and µ 0 ) the surface integral of the mutual energy theorem will vanish at innite big sphere Γ .

lim r→∞ Γ (E 1 × H * 2 + E * 2 × H 1 ) • n dS = 0 (981) 
Here r is the radio of sphere Γ . Assume

lim r→∞ H 1 = 1 Z n × E 1 (982) 
Here n is the direction of wave ζ 1 which is retarded potential.

lim r→∞ H 2 = 1 Z (-n) × E 2 (983) 
Here (-n) is the direction of wave ζ 2 which is advanced potential. Z = µ0 0 , the details can be found in [START_REF] Shuang Ren Zhao | The modied poynting theorem and the concept of mutual energy[END_REF]. In general if ζ 1 and ζ 2 are all retarded potential or are all advanced potential, this surface integral doesn't vanish. 46.5.5 The mirror transform of a retarded potential is advanced potential and vice versa

The mutual energy theorem often works with magnetic mirror transform, it is important to know what will happen after this transform for a retarded potential or a advanced potential. This can be found in [START_REF] Shuang Ren Zhao | The modied poynting theorem and the concept of mutual energy[END_REF].

mζ = [E * , -H * -J * , K * , * , µ * ] (984) 
After the above mirror transform, a retarded potential become an advanced potential; An advanced potential becomes a retarded potential.

46.5.6 Explanation of a system with a receiving antenna using the mutual energy theorem Assume there are two antenna, one is transmitter, one is receiver. If receiver only send retarded potential, the system only send energy out, no one receive energy, that is not possible. Hence we assume the receiver send advanced potential. We assume the transmitter send retarded potential. We have known for a retarded potential and an advanced potential the surface integral vanishes, hence we have 46.5.7 The result of the mutual energy theorem

(ξ 1 , ρ 2 ) V + (ρ 1 , ξ 2 ) V = 0 (985) 
If we have assumed that the magnetic current does not exist, K 1 = 0, K 2 = 0, the above formula becomes,

-

V2 E 1 • J * 2 dV = V1 E * 2 • J 1 dV (986) ˝V2 E 1 • J * 2 dV
indicate the energy of the eld E 1 act on the current J 2 . This is the energy antenna 2 received. This part of energy is negative (here we have assumed that the energy contributed to free space is positive, this energy is received by antenna 2, and hence cannot be sent to the free space, hence it is

negative). Hence -˝V2 E 1 • J * 2 dV is positive. Here J 1 is at inside of V 1 , J 2 is at inside of V 2 , V 1 and V 2 is at inside of V .
˝V1 E * 2 • J 1 dV is the energy sucked by the eld E 2 from the current J 1 .

This also tell us that the received energy of antenna 2 sent from antenna 1 is same as the energy sucked from antenna 1 by the advanced potential of the antenna 2.

If advanced potential exist, it can suck energy from the source. This sucked energy is received by the receiving antenna immediately.

Calculate the mutual energy ow

It is clear there is energy ow sent from transmitting antenna to the receiving antenna. Since we assume that the receiving antenna associate only advanced potential (assume there is no scattering, and the transmitting antenna sent only retarded potential. We also know that the mutual energy of a retarded potential and an advanced potential have no pure mutual energy go to the outside of the innite big sphere, i.e. the surface integral of the mutual energy theorem vanishes. Hence all mutual energy ow starts from transmitting antenna and ends to the receiving antenna. The authors believe this energy ow is just the energy sending from transmitting antenna to the receiving antenna. In the following we oer the formula to calculate the mutual energy ow from the transmitting antenna to the receiving antenna.

We can apply the mutual energy theorem to the volume V 1 ,

(ξ 1 , ξ 2 ) Γ1 + (ρ 1 , ξ 2 ) V1 = 0 (987)
Here Γ 1 is the boundary surface of V 1 , or

(ξ 1 , ξ 2 ) Γ1 = -(ρ 1 , ξ 2 ) V1 (988) 
If we apply the mutual energy theorem to the volume V 2 there is

-(ξ 1 , ξ 2 ) Γ2 = (ξ 1 , ρ 2 ) V2 (989) 
Here Γ 2 is the boundary surface of V 2 , or from the mutual energy theorem for volume V , we know that,

(ξ 1 , ρ 2 ) V2 + (ρ 1 , ξ 2 ) V1 = 0 (990) 
Hence we can obtain,

(ξ 1 , ξ 2 ) Γ1 = -(ξ 1 , ξ 2 ) Γ2 (991) 
The above formula shows that the mutual energy ow send from the transmitting antenna Γ 1 is equal to the energy ow received by the receiving antenna on Γ 2 . The integral in Γ 1 has a unit normal vector n1 which is in the direction from 1 to 2. The integral in Γ 2 has a unit normal vector n2 which is in the direction from 2 to 1. If we reverse the n2 for Γ 2 we have,

(ξ 1 , ξ 2 ) Γ1 = (ξ 1 , ξ 2 ) Γ2 (992) 
Actually we can choose any surface between the transmitting antenna 1 and the receiving antenna 2 to calculate the mutual energy ow, which is the energy send from transmitting antenna to the receiving antenna. We can dene the mutual energy ow

Q 12 ≡ (ξ 1 , ξ 2 ) Γ = Γ (E 1 × H * 2 + E * 2 × H 1 ) • ndΓ ( 993 
)
Where Γ is any surface between antenna 1 and antenna 2. n is unit normal vector directed from transmitter to receiver. The mutual energy ow is referred as M-ow.

Summary

The receiver is not just passively receive retarded waves. It play a important role in the process of sending energy from the transmitter to the receiver. The receiver send an advanced potential to the transmitter. This advanced potential together with the retarded potential builds a mutual energy ow, which carries the energy from transmitter to the receiver.

What about the Poynting vector

In the above we have known that the mutual energy ow transfer the energy from transmitter to the receiver. What is about the Poynting vector? We have been taught for long that the energy ow can be calculate using the Poynting vector. In the following the energy ow calculated with Poynting vector is referred as P-ow.

Wave guide or coaxial cable

In the wave guide and coaxial cable situation, assume there is a transmitter in one end of the wave guide and a receiver at the other end. The eld in side the wave guide can be seen as a retarded potential ξ 1 to the transmitter. The eld inside the wave guide can also be seen as the advanced eld to the receiver ξ 2 .

That means there is

ξ 1 = ξ 2 (994) 
The above formula means the two potential even one is retarded potential of transmitter, another is advanced potential of the receiver, but they can synchronized exactly. i.e., the retarded potential and the advanced potential is equal to each other. We assume the retarded potential and the advanced potential is only equal in value, they are still dierent things. The superposition of the eld cannot be give up, that means the electromagnetic eld inside the wave guide should be,

ξ = ξ 1 + ξ 2 (995) ξ 1 = ξ 2 = 1 2 ξ (996) 
i.e. the retarded potential and advanced potential all contributed half to the total eld. This explanation is not same as traditional explanation in which assume all wave is retarded potential contributed by the transmitter. Hence,

(ξ, ξ) = (ξ 1 + ξ 2 , ξ 1 + ξ 2 ) = (ξ 1 , ξ 1 ) + (ξ 1 , ξ 2 ) + (ξ 2 , ξ 1 ) + (ξ 2 , ξ 2 ) = 4(ξ 1 , ξ 1 ) = 4(ξ 2 , ξ 2 ) (997) 
Hence, the P-ow of the total led ξ is 4 times of the P-ow calculated with ξ 1 or ξ 2 alone.

In above we have assume the eld is not all produced only by the transmitter, it is also produced by the receiver, the two eld is exactly same in value, be cause they have synchronized together. Each potential have half contribution to the total eld ξ.

In above we have solved the problem inside the wave guide, two potentials can added in wave guide, this meet the required of the Maxwell equations. This is required by the eld linearity. The energy ow in the wave guide is composed of 4 components, 1) rst one is self-energy of retarded potential, (ξ 1 , ξ 1 ); 2) is the self-energy of advanced potential (ξ 2 , ξ 2 ); 3) (ξ 1 , ξ 2 ) and (ξ 2 , ξ 1 ) which belongs to the mutual energy ow. In wave guide the self energy part of energy ow still also contributed to the whole energy ow. So energy transfer is half is through the self-energy current or P-ow and half is through the M-ow.

The thin wire antenna

Considered a thin wire antenna, it section area of a receiving antenna is close to 0. This kind antenna obtained 0 energy from energy ow related to the Poynting vector. However we have known that the antenna received energy is not depending on to the section area of the wire. Even the wire is as thin as possible, it still can receive nearly the same energy compared to a wire with no-zero section area. In this situation the contribution of M-ow is dominated, but is not all. The P-ow still has a little contribution to all energy ow which is corresponding to the surface integral of Poynting vector along the section array of the line antenna.

The P-ow of the advanced potential

Assume there is a current sink ρ which can receive the energy. We assume there is no any environment materials. Hence, there is no any transmitters can send the energy to the receiver, however, the advanced potential still can have a P-ow toward to the current source ρ. The current source ρ which is a sink can get energy from nothing. This is a little bitter strangle. In the absorber theory [1,2,[START_REF] Pegg | Absorber theory in quantum optics[END_REF], it assume the P-ow of advanced potential oers a gain of energy to the current source/sink, but the retarded potential of the current will oer a loss of the energy. To the current ρ, it will send half retarded potential and half retarded potential, hence, there is no pure energy loss or gain for ρ.

But this absorber theory, does not also very satisfy to us. Another thing is how can we measure the energy ow of the advanced potential? 46.6.4 P-ow do not carry energy in the case of light Most of engineers meet this diculty perhaps choose the solution that deny the advanced potential. However we have know in the above that without advanced potential, the Maxwell equations can not satisfy. Hence the advanced potential must be kept. What we can do? We can choose to rethink about the Poynting vector. Actually in the quantum theory, there is the concept self-energy, all self-energy must take out from the calculation in a quantum system. Hence we assume that the P-ow do not carry any energy. In this way the above all diculties have been avoid.

We can think the light is energy transfer from transmitter atom to receiver atom. Since the atom is so small like two very small antenna, their section area of the wire is so small and can be totally omitted. Hence P-ow can not 46.6.5 In the case of a transmitter situated on the center of innite sphere This is a very similar situation as the wave guide, the transmitter is situated in the center, the receiver is situated at the sphere. The retarded potential of the transmitter is the same as the advanced potential of the receiver. The retarded potential and the advanced potential can be synchronized. The total energy ow is composed of the P-ow of retarded potential, the P-ow of the advanced potential and M-ow of the retarded potential and advanced potential.

P-ow and M-ow contributed each as half of total energy ow same as the situation of wave guide. 46.6.6 In case there are of laser beam

In the case of laser beam if we can calculate the P-ow of the receiver, which is

Q = (ξ 1 , ξ 1 ) = ΓS (E 1 × H * 1 + E * 1 × H 1 ) • ndΓ (998) 
and we can also calculate the total M-ow, Here Γ M is the beam area of M-ow,

Q 12 = (ξ 1 , ξ 2 ) = ΓM (E 1 × H * 2 + E * 2 × H 1 ) • ndΓ (999)
Here Γ M is the beam area of M-ow. The beam shape for P-ow and M-ow can been seen in the gure 9.

It is clear that the M-ow is bigger than the P-ow of the transmitter (please see, there is only part of P-ow has been received by the receiver), because the beam area of M-ow is bigger than that of P-ow, see Figure 9.

This is also clear for us, we have known that line antenna have much bigger eect area than the section area of the antenna wire. The plate antenna has also larger eective receive area than the area of plate is. The reason is also because energy is transferred by M-ow instead of P-ow. This also explained as the antibunching [1,2,[START_REF] Pegg | Absorber theory in quantum optics[END_REF] In line antenna system the contribution of P-ow is very low, if the receiver and the transmitter become a atom, the contribution of P-ow can be totally omitted. This is because the section area of an atom can be omitted. Hence in the light situation there is only M-ow to transfer the energy.

After we have abandoned the P-ow, things changed. We found the above described M-ow meet all the requirement of Photon. The beam of M-ow is started from the transmitter atom, then the beam width become very broad, later it focus to the receiver atom. If we accept the above theory of M-ow, there is nothing can be called as wave function collapsed. The photon is nothing else but the M-ow.

In the beginning of the emission, the current in an transmitter atom is changed, a retarded potential is send out. Assume every other atom in the environment has a very thin time window in which it can react to the above retarded potential, hence there are only a few receiver atom randomly received this retarded potential and their current is changed. Afterwords the advanced potentials are send out from this receiver atoms. This advanced potentials reached to the transmitter atom at a earlier time compare to the time which the current in receiver is changed (because it sends out a advanced potential, the advanced potential has the power to reach a place with minus or reversed time).

Now the two atoms one as transmitter and the other as receiver are connected like to have a handshake. The energy is transferred from the transmitter atom to the receiver atom by the M-ow of the two waves the retarded potential and the advanced potential together. Hence, light is always the M-ow which is composed of a retarded potential and an advanced potential. However in when light is received and transmitted, it focus to a point, a point in which the atom located, hence it looks like a particle. The energy ow in the time it is emitted and the time it is received, focus to two very small local points, each point just with one atom. Hence, the concept of the photon, the particle phenomenon is only appeared when light is received or when the time it is transmitted. There is nothing call wave function collapse. The concept of function collapse can be avoid totally. The contradiction of the duality of the light is solved.

Which is rst, the retarded potential or the advanced potential? The transmitter rst send advanced potential or the receiver rst send advanced potential? Perhaps this question is not meaningful. Since the advanced potential can synchronized with the retarded potential. Hence they are actually take place in the same time just like a handshake process, who is rst seems does not very important to each other. The function of M-ow to the transmitter and the receiver just like a handshake. It build a connection between them. The transmitter can fell the receiver do not need any time. The reaction of the receiver to the transmitter is immediately, that perhaps is the reason of the gravitation and force. If

there does not exist advanced potential and M-ow, the gravitation can only be transferred by some retarded potential which need time to go somewhere and to go back. but we have never fell the gravitation need that kind of time to react.

After accept the M-ow with advanced potential, many physics concepts need to be update, it perhaps can bring a revolution to the whole physics. We will discussion this in future article.

Circle polarization and spin

First the polarization, we have been taught that the circle polarization is combined by two elds and between the two elds there is a 90 degree delay in phase. If photon is only related to one retarded potential it is very dicult to think about why in side the photon there have two elds, and the two elds have phase delay 90 degree. Hence we can only say that the photon has this spin property. This property is intrinsic. But this actually did not tell us any thing.

According to the authors M-ow theory there are two eld, ξ 1 and ξ If the receiver rst send advanced potential ξ 2 , when the transmitter received this potential, it send retarded potential ξ 1 , ξ 1 will have 90 degree delay in phase. If the transmitter rst send ξ 1 as retarded potential, when the receiver received it, and send ξ 2 as advanced potential, ξ 2 will have a 90 degree delay compare to ξ 1 .

We can assume the above transmitter and receiver are the two atoms, a emitter atom and an absorber atom. Hence the photon or M-ow has circle polarization is because the above described re-sending process of the potentials at two atoms. The existence of left and right polarization tell us, both receiver and transmitter can be the rst one sending the potentials.

Hence M-ow theory can oer us a very good explanation about circle polarization of light energy. This explanation is much nature than tell us there is a spin for photon.

Conclusion

Advanced potential have to be accept. P-ow at most can transfer half energy which is in the situation of wave guide. M-ow is dominated in the case of line antenna system, in which the section area of wire is small. P-ow do not transfer the energy ow in the case of light. The light energy is transferred only by M-ow. The M-ow is composed of the advanced potential of the receiver and the retarded potential of the transmitter. The sucked energy by the advanced potential from the transmitter is equal to the energy later received by the receiver. The receiver is not just passively receive energy ow calculated from P-ow. The receiver play an active role in the process of energy transmission.

The M-ow can explain the phenomenon of photon spin in a very nature way. The concept of M-ow also avoid the wave function collapse.

In our another publication we will show that the reciprocity theorem is inadequate to a antenna system with a transmitter and a receiver. This antenna system should be calculated by the mutual energy theorem.

We have introduced the concept of the mutual energy ow, the theory itself possesses selfconsistency and doesn't conict to any experiments and experiences. Hence, M-ow is dominated to transfer the energy in free space instead of P-ow which is calculated from Poynting vector. We explain photon by using the concept of the M-ow. The duality dicult of light is solved. [START_REF] Shuang Ren Zhao | Derive the mutual energy theorem from poynting theorem in fourier domain (the concept of mutual energy 3)[END_REF] The mutual energy ow interpretation for quantum mechanics

Abstract

Quantum physics has the probability interpretation. Traditionally we have believed the particle for example electron looks like the light wave. From the knowledge of light, we know that wave is always spread out, and hence the electron wave should also spread out. That means the electron wave beam should like the light wave beam become diverged from the source. When the electron is received by an atom we thought the wave collapse. The place to collapse is depends on the probability calculated from the square of absolute value of the wave function. The recent new discovery tell us that the light is not just wave, it is a combination of waves, retarded potential and advanced potential. These two potentials together produce the mutual energy ow or referred as M-ow.

Hence light is not a wave and not particles, it is M-ow. Light energy ow is often described as a surface integral of Poynting vector. This energy ow can be referred as P-ow. The new discovery found that P-ow doesn't carry any energy for light. The contribution of P-ow to energy transfer can be omitted.

The light energy is transferred only by M-ow. The beam of M-ow doesn't like the beam of P-ow which is diverged from the source, instead, the M-ow beam rst diverges from the source (a electron in an atom) and then converged to the sink (an electron in another atom). Since the M-ow at the place to be received Stephenson [START_REF] Stephenson | The relevance of advanced potential solutions of maxwell's equations for special and general relativity[END_REF]. The absorber theory of D. T. Pegg, Wheeler and Feynman [1,2,[START_REF] Pegg | Absorber theory in quantum optics[END_REF][START_REF] Cramer | The transactional interpretation of quantum mechanics[END_REF][START_REF] Cramer | An overview of the transactional interpretation[END_REF] also based on the advanced potential. Einstein has joined a talk of Feynman about his absorber theory that need a complete absorber in the future. After the talk, Pauli object the theory and ask Einstein to agree to him. Einstein did not agree that. Einstein supported the absorber theory and said, without the absorber theory, it would be very dicult to make a corresponding theory for gravitational interaction. Actually in 1909 Einstein has debated with Ritz about advanced potential. Ritz has a emission theory based on only retarded potential, hence, he was against the advanced potential. Einstein applaud the concept of advanced potential. Although there are so many important physicists applaud the concept of the advanced potential, but there is no any selfconsistent theory can apply advanced potential in our electromagnetic eld calculation. How advanced potential worked in antenna system, power station system and electronic circuits? No one oers a convinced answer. Hence, antenna and microwave engineers, electronic engineers and most physicists still reject the concept of the advanced potential.

It seems without advanced potential the engineer still can solve all most the engineering problems by using the reciprocity theorem [33, 10, 11, 70, 61][31, 32].

The author introduced the concept of mutual energy and the mutual energy theorem [START_REF] Shuang Ren Zhao | The application of mutual energy theorem in expansion of radiation elds in spherical waves[END_REF][START_REF] Zhao | The simplication of formulas of electromagnetic elds by using mutual energy formula[END_REF][START_REF] Zhao | The application of mutual energy formula in expansion of plane waves[END_REF][START_REF] Shuang Ren Zhao | The modied poynting theorem and the concept of mutual energy[END_REF]. There were very closed earlier publications related to the mutual energy theorem [START_REF] Welch | Reciprocity theorems for electromagnetic elds whose time dependence is arbitrary[END_REF][62], but they did not realize it is the energy and still thought it as some kind of reciprocity theorem. The author of ref. [START_REF] Shuang Ren Zhao | The application of mutual energy theorem in expansion of radiation elds in spherical waves[END_REF][START_REF] Zhao | The simplication of formulas of electromagnetic elds by using mutual energy formula[END_REF][START_REF] Zhao | The application of mutual energy formula in expansion of plane waves[END_REF] thought it is energy and referred it as mutual energy but didn't continue to work on it for a long time. The reason is that there is another energy ow which is based on an surface integral which is the Poynting vector, it is referred as P-ow. The mutual energy ow (it is referred as M-ow) is only part of Pow. Another reason is the theory of the mutual energy is based on the mutual energy theorem which can be used to the calculation of the antenna system with at least one receiving antenna. However there is the reciprocity theorem [33, 10, 11, 70, 61][31, 32]. Which is also can be used to do the same thing and have been widely applied. In the mutual energy theorem, the advanced potential is involved, that is weird. In the reciprocity theorem, the advanced potential is not required. Only recently the authors have found that the contribution of P-ow to light energy transfer can be omitted [START_REF] Shuang Ren Zhao | The principle of the mutual energy[END_REF][START_REF] Shuang Ren Zhao | The mutual energy current interpretation for quantum mechanics[END_REF] at least in free empty space. Hence M-ow becomes the only one that can carry energy. It is the The symbol ≡ means is dened as. It is possible that the modied mutual energy theorem is not a physical theorem since the media of the two elds ζ 1 and ζ 2 can be at dierent or at dierent spaces. If we assume they are the same, i.e., 1 = 2 and µ 1 = µ 2 . There is

† (ω) = (ω), µ † (ω) = µ(ω) (1005)
That is lossless condition. Hence in lossless media the mutual energy theorem (note here, there is no modied) is established. Eq.( 1000) can be written as

(ξ 1 , ξ 2 ) Γ = -(ρ 1 , ξ 2 ) V -(ξ 1 , ρ 2 ) V (1006)
The left side of the formula is the energy ow send to outside of the big sphere.

The right side are the emission energies from the sources(or sinks) ρ 1 and ρ 2 . (ξ 1 , ρ 2 ) V can be seen as received energy. -(ρ 1 , ξ 2 ) V can be seen as the emission energy.

If the media has energy loss, It can be proven that the emitting energy should equal to the summation of the outgo energy and the energy loss,

(ξ 1 , ξ 2 ) Γ + Q loss = -(ρ 1 , ξ 2 ) V -(ξ 1 , ρ 2 ) V (1007)
Here Q loss is the energy loss in the media. Hence the above formula is referred as the mutual energy theorem with energy loss.

M-ow is inner product

The surface integral in the mutual energy formula (ξ 1 , ξ 2 ) Γ is a inner product [START_REF] Shuang Ren Zhao | The application of mutual energy theorem in expansion of radiation elds in spherical waves[END_REF]. Here we assume that that the two elds ξ 1 , ξ 2 are two retarded potentials, the surface integral satises following 3 inner product laws, I. conjugate symmetry,

(ξ 1 , ξ 2 ) Γ = (ξ 2 , ξ 1 ) * Γ (1008) II linear, (ξ 1 + ξ 2 , ξ 3 ) Γ = (ξ 1 , ξ 3 ) Γ + (ξ 2 , ξ 3 ) Γ (1009) (αξ 1 , ξ 2 ) Γ = α(ξ 1 , ξ 2 ) Γ (1010) III Positive-deniteness (ξ, ξ) Γ ≥ 0 (1011) (ξ, ξ) Γ = 0 ⇐⇒ x = 0 (1012) 
Here ⇐⇒ means if and only if. If the two elds are all advanced potentials, the most above results can also be obtained except, (ξ, ξ) Γ ≤ 0

In the mixture situation, If we ξ = ξ 1 + ξ 2 , and ξ 1 one is retarded potential and ξ 2 is advanced potential, the above most inner product laws are still satised, except the formula Eq.(1011,1012) does not satisfy. Even so, this still means the above surface integral is a good inner product. The above inner product formulas guarantee that we can use the inner product expression (ξ 1 , ξ 2 ) Γ .

Mutual energy ow is referred as M-ow. In optics vector eld become scale eld. M-ow is a inner product, that means, we can image ξ 1 and ξ 2 as two scale value, and hence (ξ 1 , ξ 2 ) Γ → ξ 1 ξ * 2 in optics and quantum mechanics.

Assume ζ 1 is retarded potential and ζ 2 is advanced potential we can prove that in the free empty space (where the media is 0 and µ 0 ), it can be proven that the surface integral of the mutual energy theorem will vanish at innite big sphere Γ lim

r→∞ (ξ 1 , ξ 2 ) Γ = 0 ( 1014 
)
where r is the radio of the surface Γ .

The system with transmitting antenna and receiving antenna

We have proven that in the mutual energy theorem, if ξ 1 and ξ 2 one is retarded potential and another is advanced potential, the surface integral vanishes, i.e.,(ξ 1 , ξ 2 ) Γ = 0. Here Γ is innite big sphere. n is the outward unit vector of surface Γ . This means no mutual energy can go out of the big sphere Γ . The mutual energy can only go from ρ 1 to ρ 2 . Assume, the media ( ,µ) are loss less, in that situation there is Q loss = 0, we have

(ξ 1 , ρ 2 ) V1 = -(ρ 1 , ξ 2 ) V1 (1015) 
Here -(ρ 1 , ξ 2 ) V1 is the emitted energy of ρ 1 , (ξ 1 , ρ 2 ) V2 is the received energy of ρ 2 . If we choose a surface Γ 1 in which, there is only ρ 1 inside and ρ 2 is at outside, the mutual energy theorem can be written as

(ξ 1 , ξ 2 ) Γ1 = -(ρ 1 , ξ 2 ) V1 (1016) 
(ξ 1 , ξ 2 ) Γ1 is the mutual energy ow or M-ow between the source ρ 1 and the sink ρ 2 . Γ 1 can be any surface between the two current ρ 1 and ρ 2 . M-ow is equal to the emitted energy -(ρ 1 , ξ 2 ) V1 and the received energy (ξ 1 , ρ 2 ) V2 .

47.4.6

The beam shape of the M-ow.

Assume ξ 1 is retarded potential, ξ 2 is advanced potential,

(ξ 1 , ξ 1 ) Γ1 = " Γ1 (E 1 × H * 1 + E * 1 × H 1 ) • ndΓ = 2 " Γ1 {E 1 × H * 1 } • ndΓ = 2 " Γ1 {S 1 } • ndΓ (1017) 
where {•} means take the real values. Γ 1 is any surface between ρ 1 and ρ 2 . S 1 = E 1 × H * 1 is Poynting vector, hence (ξ 1 , ξ 1 ) Γ1 is P-ow. The beam shape of P-ow is similar to the that of retarded potential ξ 1 , which is diverged from the source ρ 1 . Similarly that (ξ 2 , ξ 2 ) Γ is also P-ow the beam shape of it is diverged from the sink ρ 2 .

(ξ 2 , ξ 2

) Γ2 = " Γ2 (E 2 × H * 2 + E * 2 × H 2 ) • ndΓ = 2 " Γ2 {E 2 × H * 2 } • ndΓ = 2 " Γ2 {S 2 } • ndΓ (1018) 
Γ 2 is any surface between ρ 2 and ρ 1 . The beam shape of the (ξ 1 , ξ 2 ) Γ mutual energy ow can be obtained largely according to beam{

(ξ 1 , ξ 2 ) Γ } = beam{(ξ 1 , ξ 1 ) Γ1 } ∩ beam{(ξ 2 , ξ 2 ) Γ2 } (1019) 
where beam{•} shows the beam shape of the energy ow. The symbol ∩ means the intersection sets. Hence the beam shape of M-ow in the beginning diverges from the source ρ 1 and then converges to the sink ρ 2 . The beam shape of M-ow can be seen in Figure 10.

Retarded potential and advanced potential can be synchronized

We often think the retarded potential and advanced potential are totally different things, but actually they looks similar even can be synchronized. For example in the wave guide, assume in the two ends there is a transmitter and a receiver, the wave between the two ends can be seen as retarded potential to the transmitter and also can be seen as advanced potential to the receiver. In the transactional interpretation [START_REF] Cramer | The transactional interpretation of quantum mechanics[END_REF][START_REF] Cramer | An overview of the transactional interpretation[END_REF], they think the advanced potential can not be tested in laboratory and it is impossible to be falsied. We do not agree with them. We believe advanced potential can be tested we will discuss this a future article. Here we can see the advanced potential sent by the receiver indeed is synchronized with the retarded potential sent by the transmitter.

We assume in the wave guide, the transmitter contributed half retarded potential the receiver contributed another half. But even the two half are retarded potential and advanced potential they are completely synchronized, hence, there is,

ξ 1 (t, x) = ξ 2 (t, x) = 1 2 ξ(t, x) (1020) ξ(t, x) = ξ 1 (t, x) + ξ 2 (t, x)
where t, x are time and position in the wave guide. Traditionally we assume in the wave guide there is only retarded potential, even this is wrong, but all results are still correct.

In other situation, for example two antennas one is the transmitter and another is the receiver. The beam shape of the retarded potential and advanced potential are dierent, one is diverged from the source, the other is diverged from the sink, but the value inside the M-ow beam is still very good synchronized with time and position. This is also the reason why the M-ow can transfer the energy.

47.5 Review M-ow for light

Photon

If we assume the energy emitted from source ρ 1 is discrete and the sink ρ 2 receive energy also discrete. All electrons in an atom in the environment can be seen as sinks which can absorb the energy. Assume the every electron can randomly jump from low energy to the high energy and also can randomly jump from low energy to high energy. The probability of the jump is very low. Assume in the environment there is an absorber electron from lower energy jump to high energy, hence sends advanced potential to the transmitter. In the same time in the emitter there is a electron jump from high energy down to lower energy. If the time just match each other, the retarded potential of the emitter and the advanced potential of the absorber build a M-ow, which send the energy from the emitter to the absorber. In this case, the mutual energy ow, the electron in the absorber stayed at higher energy. The electron in the emitter kept at the lower energy. The electron in the absorber keep in the higher energy. If in the above the two time windows does not match, the mutual energy ow does not build. If there is not built the mutual energy ow, the electron at absorber will return to its original energy lever and the electron at the emitter will also return to its original energy. In another situation, we have assumed that for the electron in absorber there is only a very short time windows which can absorb the retarded potential.

There will be randomly some electron react to the retarded potential emitted from ρ 1 . The M-ow can be built between the source and the sinks. Since this M-ow is localized in the place it is absorbed, it looks a particle when it is received and emitted. In place between the source and a sink, the beam of M-ow is much wider, and looks very like waves. This is why when light go through the double slit will looks like wave, but in the absorber place it becomes many points and looks like particles, which can be seen as photons. Figure 11 shows the tree absorbers reacted with the emitter, hence there are 3 M-ows transferred from the emitter to the absorbers, these can be seen as 3 photons.

The gure shows that the shape of M-ows are focused at absorbers, there is no so called wave collapse in the absorbers.

Double slits

For light we must explain the experiment of double slits. The mutual energy ow method oers a accurate method to calculate the energy go through the slits.

The retarded potential and advanced potential can all be calculated through the Huygens principle. There is the version modied version of Huygens principle which is base on the mutual energy theorem [START_REF] Zhao | The simplication of formulas of electromagnetic elds by using mutual energy formula[END_REF]. The second step is calculate the mutual energy which is the inner product of the advanced potential and retarded potential. The mutual energy theorem should help us exactly calculate the intensity of the electromagnetic elds. However we can easily nd out the beam shape of the mutual energy ow which can be seen in Figure 12.

We can see the light energy which is M-ow goes through double slits, in the end, the light line combined together to the place of the absorber. It is clear there is no need of the wave function collapse. Compare to the transactional interpretation [1,2,[START_REF] Cramer | The transactional interpretation of quantum mechanics[END_REF][START_REF] Cramer | An overview of the transactional interpretation[END_REF], since the both retarded potential and advanced po- It is clear that when light go through the double slits, it looks like wave and will produce the interference pattern. In the place light is absorbed, it looks like particle, because all M-ow energy has focused to a point. In the place the light has emitted, it also looks like a particle.

Delay choice

The above M-ow model is also very easy to explain the delay choice experiment [START_REF] Marlow | Mathematical Foundations of Quantum Theory[END_REF][START_REF] Wheeler | Quantum Theory and Measurement[END_REF]. Because the advanced potential is send out from absorber, even the photon (light or M-ow) has go through the double slits, if the absorber conguration is changed it is still can change the beam shape of the M-ow. For example if at the time we know the photon (light or M-ow) has go through the double slits, if a calibrator is quickly added to the front of the absorber which direct to one of the slit, the beam shape of M-ow is changed, only one side of M-ow up or down left, and hence the light is go only from one slit. This time the photon looks as a particle.

From the view of M-ow, the concept of photon, is not complete correct. In the fee empty space, the light can be as M-ow go through the double slit. It is focused to a point only when it is emitted or absorbed. However since this energy is still discrete, we can still call it as photon. If we know the photon is just M-ow, it is very easy to understand the behave when it go through the double slits.

Delayed choice experiment tell us the observer can change the results of experiment. This actually is very easy to understand. In the early time, the people think the principle of eye is like today's ultrasound machine or radar system which sends wave to the object and receiver the return wave. In the M-ow interpretation, the eye actually just looks very like the radar system or ultrasound system, the only dierence is the eye sends advanced potential instead of retarded potential.

Spin

The phenomena of spin can also be explained easily. When we thought the light is only composed of only one potential, when we found it has the property of circle polarization, it becomes very confuse. How can only one eld produce a circle polarization? The circle polarization needs two wave superposed together with 90 degree phase dierence. We can only say that there is a spin which is the light's intrinsic property. Now according to the above theory of M-ow, it just have two potentials and they are nearly synchronized. If we assume that there is 90 degree dierence between the two potentials. The light will become circle polarized. When the receiver receives the retarded potential, its current in the sink changes, that causes it to send an advanced potential. In the light situation, the advanced potential has a 90 degree delay. This 90 degree delay also can happen at the position of source. If the sink rst send an advanced potential, the source reacted by send a retarded potential a 90 degree delay. This two situations corresponding to the two kinds of circle polarization: left and right circle polarization. This kind of interpretation is much nature than speak about photon spins.

Quantum entanglement

The photon entanglement happens when a no spin photon go through a nonlinear media, two lower frequency photon will be produced with one is left spin and the other is right spin. We know that the angle momentum must conserved. Hence one photon is left the other must right spin, otherwise the angle momentum doesn't conserved.

The quantum entanglement can also be explained with M-ow. Assume a emitter send two entanglement photons. One of the photon is received by an absorber. This absorber will send advanced wave to the emitter. If this emitter receive a left/right spin photon that means the advanced potential have a +/-90 degree phase dierence to the retarded potential. When this event happens, the emitter will know this a time before, since the observer sends advanced wave.

The emitter will send a right/left photon spin photon, that means the retarded potential will have +/-90 degree phase dierence to the advanced potential.

The problem is the two photon has been send out a time, when we seen the rst one is left the second immediately (1000 time fast then light speed) become right.

According to M-ow theory, the left/right spin of photon is not decided by emitter, it is decided by both emitter and absorber. The phase dierence of the retarded potential of the emitter and the advanced potential of the absorber decides the spin rotation direction. If the absorber received a left spin photon 277 the emitter will know that when it send out the retarded wave. Since the second of photon is sent also by same emitter, this emitter is a high frequency photon in the nonlinear device with non angle momentum. When this photon be come two low frequency photon, the angle momentum must conserved. Hence the second low frequency photon sent by the emitter must with dierent spin direction compared to the rst low frequency photon. If we receive the second photon we nd it has dierent angle momentum with the rst photon. The only strange thing is the time from the rst photon we observed to the second photon, it is

τ = τ 1 + τ 2 (1021) 
Where τ is the time from observing the rst photon to the second photon, τ 

In this case the events from rst photon is absorbed to the second photon is absorbed can have zero time. Hence this two events are not local, the speed between the two events is,

speed = L τ c
Here L is the distance from rst absorber to the second absorber and c is light speed.

Other particles

In the time de Broglie and Schrödinger built their wave theory for the particles, they did not know the above new discoveries for light. Hence they built their particle theory only including the retarded wave. Now we have known for light it is M-ow composed with retarded wave and advanced wave, for us it is easy to think all particles perhaps also have the same structure as light. The particles also transfer energy by M-ow instead of P-ow. The particle's M-ow is also composed of the retarded wave and the advanced wave.

Electron

Assume the electron is also the M-ow, which is composed of two waves, the retarded wave and the advanced wave. The atom emits the electron is referred as the emitter, the atom receives the electron is referred as the absorber. The electron's mutual energy beam should similar to the mutual energy of the light beam, it is very narrow in both emitter point and the absorber point and it becomes wide in the place between the emitter and the absorber.

Electron has xed energy, that can be explained as the time window of the emitter and absorber. This time window is very narrow, only allowing sending and receiving an amount of energy equal to an electron. Hence there is only one or a few absorbers to randomly react the retarded wave and send back the advanced waves. Between this particular emitter atom and the particular absorber atom, the mutual energy is produced which is composed with the retarded wave and the advanced wave. The electron is just this M-ow. Electron looks more like a particle at the place it is emitted and absorbed and it look more like wave at the place between the emitter and the absorber. However the electrons actually are M-ow in all the time.

Wave function

In the quantum physics, assume ψ is the wave function, then |ψ| 2 is explained as probability. However the authors thought that is because the lack of the knowledge of M-ow for light. If 90 years ago Schrödinger and Dirac knew the above theory about light they will build their quantum theory looks like light.

Here the author means the theory which explain light as M-ow. The M-ow is composed of retarded wave and an advanced wave.

After we have the new understanding about light, we know that, the situation of quantum physics should be similar to electromagnetic wave or light wave. If we accept the advanced wave in the electromagnetic eld and light, if we accept the light is just the mutual energy ow of the two waves, one is retarded wave, another is the advanced wave, we can immediately thought that in the quantum physics perhaps there is also the advanced wave. Assume ψ 1 , ψ 2 are two waves, we can dene the M-ow (mutual energy ow) of quantum physics as

Q 12 = (ψ 1 , ψ 2 ) Γ = " Γ ψ 1 ψ * 2 dΓ ( 1023 
)
Where Γ is a surface between the emitter and absorber, It is possible that ψ 1 , ψ 2 are vectors like in the electromagnetic eld situation, in that situation (ψ 1 , ψ 2 ) will dene the mutual energy ow. In quantum physics ψ 1 , ψ 2 are scales (the scale is possible only a simplied version of vector eld, just like in optics we can use scale value to describe the electromagnetic eld, which actually is a vector eld).

Assume in quantum physics, ψ 1 is retarded wave which send out from a emitter atom, ψ 2 is advanced wave which is send out from an absorber atom.

When the electron is inside the orbit of the atom, we assume there are also advanced wave and retarded wave. This situation, is similar to electromagnetic wave in a wave guide, the advanced wave can be completely synchronized with the retarded wave. Traditionally we though there is only retarded wave in this situation, but now we assume ψ 2 = ψ 1 , assume the eld of electron can be superposed, hence the eld in the electron orbit will be

ψ = ψ 1 + ψ 2 (1024)
ψ is the electron eld inside the orbit. Hence

ψ 1 = ψ 2 = 1 2 ψ (1025) (ψ, ψ) = (ψ 1 + ψ 2 )(ψ 1 + ψ 2 ) * = ψ 1 ψ * 1 + ψ 1 ψ * 2 + ψ 2 ψ * 1 + ψ 2 ψ * 2 (1026) 
ψ 1 ψ * 1 is corresponding to the retarded wave's self-energy ow. ψ 2 ψ * 2 is corre- sponding to the advanced wave's self-energy ow. ψ 1 ψ * 2 + ψ 2 ψ * 1 is corresponding the M-ow. ψ 1 ψ * 1 and ψ 2 ψ * 2 is P-ow. P-ow is not important, even we can calculate it to obtain some values, but since it has no contribution to exchange energy with others, hence it can be omitted.

In this situation since ψ 1 = ψ 2 , the calculation only with retarded wave, i.e., assume there is only ψ which is retarded wave, will obtain the same result compare the new quantum theory with both retarded wave and advanced wave. This is the reason why if we do not introduce the concept of advanced wave and the M-ow, quantum physics still obtains very good results in the situation where the electron is inside an atom or inside a potential well. This is so called static wave situation, in the static wave the time t will not explicitly appear. Even in this situation only retarded wave can also obtain good calculation results, actually the advanced wave still exists.

Election in the free space

The self-energy ow ψ 1 ψ * 1 , ψ 2 ψ * 2 have no contribution to the emitter atom and the absorber atom, this is similar to the situation of light. ψ 1 ψ * 1 is a beam diverged from the emitter, when it reach the absorber, since the section area of the absorber atom is too small, the energy received by absorber from the ψ 1 ψ * 1 can be omitted. ψ 2 ψ * 2 is diverged from receiver, when it reached to the emitter atom, since the section area of the emitter is too small, this part of transferred energy can be omitted. In this situation only the mutual energy ow is important, which is

" Γ (ψ 1 ψ * 2 + ψ 2 ψ * 1 ) dΓ = 2 { " Γ ψ 1 ψ * 2 dΓ } (1027) 
Where {•} means to take the real value for a complex number. For simplication, we will call Q 12 = ! Γ ψ 1 ψ * 2 dΓ as M-ow. Keep in mind that the real energy between the emitter and absorb is 2 Q 12 .

The mutual energy ow similar to the situation of light the beam is that the electron beam rst diverged from the emitter and then converged to the absorber. Here the emitter and the absorber are two atoms which can send or absorb the electrons. Here since the beam of M-ow can focus to a small point, it does not need the concept of wave function collapse.

The wave function collapse is because we do not know there is also the advanced wave. So we calculate ψ 1 ψ * 1 which is a diverged beam. At the place of the wave is received, the beam of the energy ow ψ 1 ψ * 1 become very widely spread out. When we use ψ 1 ψ * 1 as the result of quantum physics, we have to face the wave function suddenly collapsed to a point. After we have explained actually the electron is M-ow, the property of M-ow which rst diverges and then converges can thoroughly avoid the wave function collapse.

The probability interpretation for the wave function is because of we only calculated from the retarded wave, ψ 1 ψ * 1 , which is inaccurate to the electron.

The authors don't clear why this particular emitter atom connected to another particular absorber atom. We have said it is perhaps because just in that time, the retarded wave reached the absorber, their time window matched together. But this is only one possibility, that is also possible the transmitter send retarded wave includes a special cryptography code, which can be understand only some absorber atom. It is also has some positive feedback between the transmitter and the receiver that makes the connection of one pairs of atoms become strong than others. Finally they become connected together. An electron is sent out from its emitter atom to its absorber atom.

Spin

In the traditional quantum physics, there is only one wave function, the retarded wave, when we measured some thing rotated, it is dicult to give an explanation, hence we call it spin. However in the authors' new quantum explanation, there are two wave functions, one ψ 1 is retarded and the other ψ 2 is advanced. The two waves are nearly synchronized. But there is the possibility they have small phase dierence. The spin is also similar to the situation of light. If we assume ψ 2 has 90 degree phase dierence compare to ψ 1 , there is a circle polarization.

Here we can assume ψ 1 and ψ 2 are transverse eld one is directed x axis direction and the other is at y axis direction. The wave is transfers in z axis direction. This circle polarization is the phenomena of spin.

In the explanation of the mutual energy ow, the spin just two waves have a 90 degree phase dierence. This phase dierence is caused by the absorber atom or the emitter atom, there is a reaction delay to their wave re-sending process. The delay happens at absorber or at emitter will cause the phase dierence as positive 90 degree or negative 90 degree and hence, there is left or right polarization. This is phenomena is spin.

The Schrödinger equation considered the advanced wave

The original Schrödinger equation which is corresponding to the retarded wave

ih∂ψ 1 (x, t) = [- h 2 2µ ∇ + V (x, t)]ψ 1 (x, t) (1028) 
Corresponding to the advanced wave, there is

-ih∂ψ 2 (x, t) = [- h 2 2µ ∇ + V (x, t)]ψ 2 (x, t) (1029) 
The above is only one example to create the advanced wave, we also can created the advanced wave using Klein-Gordon equation or Dirac equation, or any other equation still not found, but that is beyond the discussion of here. The point is there must have a advanced wave.

free space is inadequate. The only way to convince the engineers and physicists the advanced potential is to deny the Lorentz reciprocity theorem and the Pow and oer a replaced the theorem. The replaced theory is the concept of the mutual energy, mutual energy theorem, and M-ow. This antenna system should be explained by using the mutual energy theorem. In the mutual energy explanation, the receiving antenna must send a advanced potential. The advanced potential of the receiver sucks the energy from the transmitter. The transmitter send the retarded potential to the receiver, and then caused the current change in the receiver, then the receiver send the advanced potential to transmitter. After words the transmitter and the receiver are connected, like there is handshake between two antennas. Then the advanced potential and retarded potential together can build an energy ow which runs from the transmitter to the receiver. The author will shown in case there is energy loss, the result of the Lorentz reciprocity theorem violate the energy conservation.

However the mutual energy theorem can be extended to become loss medial mutual energy theorem which works ne and doesn't violate the energy conservation. The authors do not claim that the Lorentz reciprocity theorem is wrong, the formula of the Lorentz reciprocity theorem doesn't wrong, it is still correct to the situation where two antennas are all transmitters, that is not very useful. It is inadequate to the antenna system with at least one receiver and one transimitter inside.

The mutual energy theorem wins in antenna system with at least one receiver strongly support the concept of M-ow and the existent of the advanced potential. This further support the explanation of light duality and related many new concept of physics, which has been discussed in another article [START_REF] Shuang Ren Zhao | How the mutual energy current of a retarded potential and an advanced potential can produce a photon[END_REF].

Hence, photon and wave can be explained as the M-ow. 

∇ × H = J + ∂D (1030) ∇ × E = -K -∂B (1031) 
where ∂ ≡

∂ ∂t . B = * E, B = µ * H ( 1032 
)
where * is time convolution where f * g = ´∞ -∞ f (t)(t-τ )dτ . The above Maxwell equations can be written as,

M ξ = ρ (1033) 
where ρ = [J , K] T can be source which sends energy out or sink which receive energy and, T is matrix transpose (for simplicity we often omit the superscript

T ) M = -∂ * ∇× -∇× -∂µ * (1034) 
The example of the source and sink are transmitting antenna and receiving antenna. In case of scattering, ρ can be the source and sink simultaneously.

Another example for ρ is laser sender and laser receiver.

The superposition of the elds

Assume in the space there are electromagnetic elds includes advanced potential and retarded potential. The electromagnetic elds can be superposed. The following is the superposition of two electromagnetic eld systems,

ζ = ζ 1 + ζ 2 = [E 1 + E 2 , H 1 + H 2 , J 1 + J 2 , K 1 + K 2 , D 1 + D 2 , B 1 + B 2 ] (1035) 
Normally there is,

D 1 + D 2 = * (E 1 + E 2 ) (1036) B 1 + B 2 = µ * (H 1 + H 2 ) (1037) 
One important situation for the superposition is the case where the two elds one is retarded potential another is advanced potential. This superposition is not self-explanatory, if we still do not accept the advanced potential. Some authors accept advanced potential but have to abandon the linearity of Maxwell equations. The authors accept the advanced potential and insist the linearity.

Hence we assume the eld still can be superposed even there is advanced potential. In this article, we will try to make the theory about advanced potential self-consistent. However the above formula can be generalized as

D 1 + D 2 = 1 * E 1 + 2 * E 2 (1038) B 1 + B 2 = µ 1 * H 1 + µ 2 * H 2 (1039) 
In the generalized superposition two elds ζ 1 and ζ 2 are at dierent space, each space has dierent media. The authors do not claim that this generalized superposition is a physics eld. The generalized eld can be a mathematical eld. But if the advanced potential has dierent media constant compare to the retarded potential, the above superposition is a physical process. Up to now we still assume that the advanced potential has the same media with retarded potential. That is because we only consider the media is at vacuum.

Poynting theorem is also be referred as Poynting energy conservation law. There is the Poynting theorem and modied Poynting theorem, We have known there is black body which can receive electromagnetic eld but do not send the electromagnetic eld out. Here we assume it do not send retarded potential out. We also know that the black body received energy by some current inside the black body, the current in the black body cannot vanish.

-∇ • (E × H) = J • E + K • H + E • ∂D + H • ∂B ( 
In this time, we presume there exist no advanced potential in nature. We assume that we have a nor-scattering ideal antenna, like a black body, can not send a retarded eld out. Hence a ideal receiving antenna has no any eld associated to it. No any eld retarded or advanced potentials produced by the current ρ a . ρ a can not vanish, since we know from our experience there is current in a receiving antenna. The subscript a means the current is a receiver hence absorb energy.

We have presume there is no any advanced potential in nature, hence, the electromagnetic eld in the space can only be caused by only all the retarded potential of the transmitters or transmitting antennas, i.e.,

ξ = i∈I ξ ei (1041) 
Assuming M is the Maxwell operator. When Maxwell operator acted to the eld ξ ei will obtain the source, i.e, M ξ ei = ρ ei . The subscript e means the current ρ is a source it emmit the energy. Hence

M ξ = i∈I M ξ ei = i∈I ρ ei (1042) 
This means there is not possible to have

M ξ = ρ a (1043) 
in the place close to ρ a , Here ρ a = [J a , K a ] is the current of the receiving antenna. Some one perhaps will argue there are scattering for ρ a , that can avoid the above diculty. However it is very easy to build an antenna which nearly do not send any wave out like a black body, for example paraboloid antenna, which send all eld to the feed source(actually here should be referred as feed sink). Feed sink receives nearly all energy. A ideal paraboloid antenna can be see as black body. If you still argue the paraboloid antenna still have scattering, we can use some absorb material which is the real black body to replace the paraboloid antenna. This material can receive energy is because their current ρ a doesn't vanish.

Hence if there is no advanced potential, in the place close the current of a receiving antenna ρ a , it is not possible to satisfy the Maxwell equations.

This shows ether the Maxwell equations is wrong or there must be the advanced potential. It is not possible to obtained current of receiving antenna from the retarded potential with Maxwell operator. Hence, the authors assume that the advanced potential exist in nature.

Retarded and advanced potential

A retarded and an advanced potential potential,

ξ r ∝ V ρ(x , t r ) |x -x | d 3 x ξ a ∝ V ρ(x , t a ) |x -x | d 3 x (1044) 
Here x and x are 3D vectors. x ∈ V .

t r = t - 1 c |x -x |, t a = t + 1 c |x -x | (1045) 
Here c is speed of light. Assume x is restrict to one dimension, x > x , ρ(x , t) = δ(x ) exp(jωt), this is oscillator located at the origin of the coordinates, we have

ξ r ∝ exp(jωt r ) x -x ξ a ∝ exp(jωt a ) x -x (1046) 
here, x = 0, considering,

exp(jωt r ) = exp(jω(t - 1 c (x -x )) = exp(j(ωt -kx)) (1047) exp(jωt a ) = exp(jω(t + 1 c (x -x )) = exp(j(ωt + kx)) (1048) 
where

k = ω c , hence, ξ r ∝ 1 x exp(j(ωt -kx)) ξ a ∝ 1 x exp(j(ωt + kx)) (1049) 
if we do not consider the fact 1 x , the retarded and advanced potential can be expressed as, ξ r ∝ exp(j(ωt -kx)) ξ a ∝ exp(j(ωt + kx))

(1050)

Retarded and advanced potential in loss media

If there is energy loss, we can assume that k = k 0 -ik loss , hence there is

|ξ r | ∝ | exp(i(ωt -(k 0 -ik loss )x))| = | exp(i(ωt -k 0 x)) exp(-k loss x)| = exp(-k loss x) (1051) 
For the retarded potential, it is attenuated wave. For the advanced potential there is

|ξ a | ∝ | exp(i(ωt + (k 0 -ik loss )x))| = | exp(i(ωt + k 0 x)) exp(+k loss x)| = exp(+k loss x) (1052) 
It is a ascending wave.

Review of the theory about the mutual energy theorem

The theory for the mutual energy theorem includes the following a few components,

The mutual energy theorem formula

Before the full formula of the mutual energy theorem, there are two early version of it, which can be seen in [73][62]. The formula of the mutual energy theorem can be found [START_REF] Shuang Ren Zhao | The application of mutual energy theorem in expansion of radiation elds in spherical waves[END_REF][START_REF] Zhao | The simplication of formulas of electromagnetic elds by using mutual energy formula[END_REF][START_REF] Zhao | The application of mutual energy formula in expansion of plane waves[END_REF]. The formula [START_REF] Shuang Ren Zhao | The application of mutual energy theorem in expansion of radiation elds in spherical waves[END_REF][START_REF] Zhao | The simplication of formulas of electromagnetic elds by using mutual energy formula[END_REF][START_REF] Zhao | The application of mutual energy formula in expansion of plane waves[END_REF] is in Fourier domain. The corresponding time domain mutual energy theorem can be found in ref. [START_REF] Adrianus | Time-domain reciprocity theorems for electromagnetic elds in dispersive media[END_REF].

In Fourier domain the modied mutual energy theorem formula can be written as following [START_REF] Shuang Ren Zhao | The modied poynting theorem and the concept of mutual energy[END_REF],

(ξ 1 , ξ 2 ) Γ + (ρ 1 , ξ 2 ) V + (ξ 1 , ρ 2 ) V = 0 (1053) 
V is the volume contains the current ρ 1 and ρ 2 . Γ is the boundary of the volume V . Γ can be chosen as innite big sphere. The media have to meet the condition, †

1 (ω) = 2 (ω), µ † 1 (ω) = µ 2 (ω) (1054) 
Where † = * T . The superscript * expresses the complex conjugate operator, T is matrix transpose and, (ξ 

1 , ξ 2 ) Γ ≡ ˜Γ (E 1 × H * 2 + E * 2 × H * 1 ) ndS, (ρ 1 , ξ 2 ) V ≡ ˝V (E * 2 •J 1 +H * 2 •K 1 ) dV , (ξ 1 , ρ 2 ) V ≡ ˝V (E 1 •J * 2 +H 1 •K * 2 ) dV . It
(ω) = (ω), µ † (ω) = µ(ω) (1055) 
That is lossless condition. Hence in lossless media the mutual energy theorem (note here, there is no modied) is established. Eq.( 1053) can be written as

(ξ 1 , ξ 2 ) Γ = -(ρ 1 , ξ 2 ) V -(ξ 1 , ρ 2 ) V (1056) 
The left side of the formula is the energy ow send to outside of the big sphere.

The right side are the emission energies from the sources(or sinks) ρ 1 and ρ 2 .

(ρ 1 , ξ 2 ) V can be seen as received energy. -(ρ 1 , ξ 2 ) V can be seen as the emission energy.

If the media has energy loss, It can be proven that the emission energy should equal to the summation of the outgo energy and the energy loss,

(ξ 1 , ξ 2 ) Γ + Q loss = -(ρ 1 , ξ 2 ) V -(ξ 1 , ρ 2 ) V (1057) 
Here Q loss is the energy loss in the media. Hence the above formula is referred as the mutual energy theorem with energy loss.

The mutual energy theorem can be sub-theorem of the Poynting theorem

We have shown that the modied mutual energy theorem can be derived from the modied Poynting theorem or the Poynting energy conservation law. This is also true if the word modied is removed, i.e., the mutual energy theorem can be also be derived from the Poynting theorem.

It is important that we can show that the mutual energy theorem can be a direct sub-theorem of Poynting energy conservation law instead of deriving it from Maxwell equations. In this way, the mutual energy theorem becomes an energy theorem [START_REF] Shuang Ren Zhao | The modied poynting theorem and the concept of mutual energy[END_REF]. Please note here, even the authors will show that the P-ow do not transfer energy, but any way the formula of the Poynting theorem is still correct, it is an energy theorem.

48.3.3

The mutual energy ow of a retarded potential and an advanced potential vanishes in the innite big sphere

Assume ζ 1 is retarded potential and ζ 2 is advanced potential we can prove that in the free space (where the media is 0 and µ 0 ) the surface integral of the mutual energy theorem will vanish at innite big sphere Γ .

lim r→∞ Γ (E 1 × H * 2 + E * 2 × H 1 ) • n dS = 0 ( 1058 
)
Here r is the radio of sphere Γ . Assume

lim r→∞ H 1 = 1 Z n × E 1 ( 1059 
)
Here n is the direction of wave ζ 1 which is retarded potential.

lim r→∞ H 2 = 1 Z (-n) × E 2 (1060) 
Here (-n) is the direction of wave ζ 2 which is advanced potential. Z = µ0 0 , the details can be found in [START_REF] Shuang Ren Zhao | The modied poynting theorem and the concept of mutual energy[END_REF]. 48.3.4 The surface integral in the mutual integral is inner product between two retarded potentials or two advanced potentials

The surface integral in the mutual energy formula (ξ 1 , ξ 2 ) Γ is a inner product [START_REF] Shuang Ren Zhao | The application of mutual energy theorem in expansion of radiation elds in spherical waves[END_REF]. Here we assume that that the two elds ξ 1 , ξ 2 are two retarded potentials the surface integral satises following 3 inner product laws, I. conjugate symmetry,

(ξ 1 , ξ 2 ) Γ = (ξ 2 , ξ 1 ) * Γ (1061) II linear, (ξ 1 + ξ 2 , ξ 3 ) Γ = (ξ 1 , ξ 3 ) Γ + (ξ 2 , ξ 3 ) Γ (1062) (αξ 1 , ξ 2 ) Γ = α(ξ 1 , ξ 2 ) Γ (1063) III Positive-deniteness, (ξ, ξ) Γ ≥ 0 (1064) (ξ, ξ) Γ = 0 if f x = 0 (1065) 
Here if f means if and only if. If the two elds are all advanced potentials, the most above results can also be obtained except,

(ξ, ξ) Γ ≤ 0 (1066) 
In the mixture situation, If we ξ = ξ 1 + ξ 2 , and ξ 1 one is retarded potential and ξ 2 is advanced potential, the above most inner product laws are still satised, except the formula Eq.(1064,1065) does not satisfy. This means that this surface integral is really a very good inner product. The above inner product formulas guarantee that we can use the inner product expression (ξ 1 , ξ 2 ) Γ . It denes the mutual energy ow of surface Γ ,

Q 12 = (ξ 1 , ξ 2 ) Γ = Γ (E 1 × H * 2 + E * 2 × H 1 ) • n dS (1067) 
Mutual energy ow is referred as M-ow. In optics vector eld become scale eld. M-ow is a inner product, that means, we can image ξ 1 and ξ 2 as two scale value, and hence (ξ 1 , ξ 2 ) Γ → ξ 1 ξ 2 in optics.

The magnetic mirror transform

The mutual energy theorem often works with magnetic mirror transform, it is important to know what will happen after the transform for a retarded potential or a advanced potential. The mirror transform m is dened as following,

mζ = [E * , -H * -J * , K * , * , µ * ] (1068) 
It can be proven that a mirror transform of a retarded potential is an advanced potential, and vice versa, the proof can be found in [START_REF] Shuang Ren Zhao | The modied poynting theorem and the concept of mutual energy[END_REF].

48. [START_REF] Barybin | Modal expansions and orthogonal complements in the theory of complex media waveguide excitation by external sources for isotropic, anisotropic, and bianisotropic media[END_REF] The system with transmitting antenna and receiving antenna

In the case of two coils, the rst coil has a current J , which send energy to the free space, if we put the second coil close to the rst coil, the second coil will suck more energy from rst coil. In this situation the second coil has inuence to the rst coil. This is the case where the two coils are close to each other, for example a electric transformator which has two coils: the primary coil and a secondary coil. The two coils are very close. We know that if we add more load to the secondary coil of a transformator, it can suck more energy from the primary coil.

The two coils can be seen as two antennas. If we assume the two antennas are put very far away, is the second coil (or antenna) still can suck energy from the rst coil (or antenna)? Does the receiving antenna only passive receive energy sent from the transmitting antenna or it actively suck the energy from the transmitting antenna? Like the secondary coil in a transformator?

Traditionally we thought the receiving antenna, only passive receive the energy from the retarded wave of the transmitter. The energy ow is calculated by a surface integral of the Poynting vector. This energy ow is referred as P-ow in this article. The P-ow carries the energy from the transmitter to the receiver. But why when the receiving antenna close to the receiver it can aect the transmitter, but when it is far away, this ability disappear? According to out understanding, it should not disappear completely, but just decreases! This section the authors try to answer this question, and compare the results of the mutual energy theorem and the Lorentz reciprocity theorem.

48.4.1

The traditional way of the explanation of the antenna system using the Lorentz reciprocity theorem

Here we review the traditional way of using the Lorentz reciprocity theorem to explain the antenna system.

Assume

ζ 1 = [E 1 , H 1 , J 1 , K 1 , , µ], ζ 2 = [E 2 , H 2 , J 2 , K 2 , ,
µ] are retarded potentials, J 1 , K 1 and J 2 , K 2 are inside the volume V 1 and V 2 respectively. V 1 and V 2 are inside of the volume V ,V 1 ,V 2 have the boundary surface Γ ,Γ 1 Γ 2 . In the Lorentz reciprocity theorem, assumed there is no advanced potential. The Lorentz reciprocity theorem is

" Γ (E 1 × H 2 -E 2 × H 1 ) • ndS = V (E 1 • J 2 -H 1 • K 2 ) -(E 2 • J 1 -H 2 • K 1 ) dV (1069)
Since ξ 1 = [E 1 , H 2 ] and ξ 2 = [E 2 , H 2 ] are retarded potentials, it can be proven that the surface integral vanishes if the surface Γ is chosen as a innite big sphere, i.e., "

Γ (E 1 × H 2 -E 2 × H 1 ) • ndS = 0 (1070)
Hence there is

V2 (E 1 • J 2 -H 1 • K 2 ) dV = V1 (E 2 • J 1 -H 2 • K 1 ) dV (1071) 
For the Lorentz reciprocity theorem, the media must be symmetric, i.e., T = , µ T = µ (1072)

If we assume there are K 1 = K 2 = 0, there is, V2

E 1 • J 2 dV = V1 E 2 • J 1 dV (1073) 
Assume the volume V 1 and V 2 are cylinders and V 1 = L 1 S 1 , V 2 = L 2 S 2 . L 1 S 1 are the length and sectional areas of the cylinders, it is same to V 2 , hence there is,

L2 E 1 dL S2 J 2 dS = L1 E 2 dL S1 J 1 dS (1074) 
V 12 I 2 = V 21 I 1 (1075) 
The Lorentz reciprocity theorem is derived for two transmitting antennas. Where V 12 = ´L2 E 1 dL is potential on antenna 2 which is produced by current I 1 .

V 21 = ´L1 E 2 dL is the potential on antenna 1 which is produced by current I 2 . I 1 = ˜S1 J 1 dS, I 2 = ˜S2 J 2 dS. All books of the electromagnetic eld theory claim that the above derivation also suit to the antenna systems with a transmitting antenna and a receiving antenna. However they did not oer any convinced proof.

The above explanation seems correct, but it contains a mortal problem. The authors do not satisfy that. First the current J 1 and J 2 must be both sources, they both send retarded potentials ξ 1 , ξ which is also meaningless.

The above discussion is also suit to the situation where the antenna 2 is a paraboloid antenna. The energy received by the paraboloid antenna does not send again to the space, but send to a feed source/sink. If the scattering energy send from paraboloid antenna to the free space can be omitted, the paraboloid antenna can be seen as black body. For this kind idea paraboloid antenna used as receiving antenna, the Lorentz reciprocity theorem is inadequate.

Second, we have known that there should be the energy ow send from transmitting antenna to the receiving antenna. The Lorentz reciprocity theorem can not oer us any information about the energy between the two antennas.

Here we do not claim that the Lorentz reciprocity theorem is all wrong, the Lorentz reciprocity theorem is still correct to two transmitting antennas, which is not very useful. In the following, we will explain the antenna system with the mutual energy theorem.

48.4.2 Explanation of a system with a receiving antenna using the mutual energy theorem

• The result of the mutual energy theorem Instead of using the Lorentz reciprocity theorem we will apply the mutual energy theorem to the system with two antennas, one is transmitting antenna and another is receiving antenna. For receiving antenna, there should have the wave toward to them, otherwise it can not receiver energy, all elds send from the transmitter to the receiver is a wave toward the receiver, but we have proven that cannot meet the Maxwell equations close to the receiving antenna. Another wave toward to receiver is its advanced potential. Hence we assume that the transmitter send the retarded potential and the receiver send a advanced potential.

We have proven that in the mutual energy theorem, if ξ 1 and ξ 2 one is retarded potential and another is advanced potential, the surface integral vanishes, i.e.,(ξ 1 , ξ 2 ) Γ = 0. Here Γ is innite big sphere. n is the outward unit vector of surface Γ . Hence we have

Q loss = -(ρ 1 , ξ 2 ) V -(ξ 1 , ρ 2 ) V (1079) 
Here -(ρ 1 , ξ 2 ) V is the emitted energy of ρ 1 , -(ξ 1 , ρ 2 ) V is the emitted energy of ρ 2 , this energy output have been used in media, hence it equal to Q loss . If we take out the minus sign, (ρ 1 , ξ 2 ) V is the absorbed energy of ρ 1 , (ξ 1 , ρ 2 ) V is the absorbed energy of ρ 2 .

-V ((E

1 • J * 2 + H 1 • K * 2 ) + (E * 2 • J 1 + H * 2 • K 1 )) dV = Q loss (1080) 
If we have assumed that the magnetic current does not exist, K 1 = 0, K 2 = 0, the above formula becomes,

-V (E 1 • J * 2 + E * 2 • J 1 ) dV = Q loss (1081) If current J 1 , K 1 is only inside V 1 and J 2 , K 2 is only inside V 2 , we have, - V2 E 1 • J * 2 dV - V1 E * 2 • J 1 dV = Q loss (1082) or - V1 E * 2 • J 1 dV = V2 E 1 • J * 2 dV + Q loss (1083) 
If Q loss = 0, this is lossless situation, there is,

- V1 E * 2 • J 1 dV = V2 E 1 • J * 2 dV (1084) 
-˝V1 E * 2 • J 1 dV is the energy sucked by the eld E 2 from the current J 1 . This is J 1 emitted energy.

˝V2 E 1 • J * 2 dV indicate the energy of the eld E 1 act on the current J 2 . This is the energy antenna 2 received.

This also tell us that the received energy of antenna 2 sent from antenna 1 plus the media loss energy is same as the energy sucked from antenna 1 by the advanced potential of the antenna 2.

If advanced potential exist, it can suck energy from the source. This sucked energy later is received by the receiving antenna or is lost in the media. This is the most important result of the mutual energy theorem to the advanced potential and the receiving antenna. The authors believe this result is correct and will apply this to explain more physics result in the future.

The above important mutual energy formula Eq.( 1084) is rst obtained in Ref. [START_REF] Rumsey | A short way of solving advanced problems in electromagnetic elds and other linear systems[END_REF] in 1963 by V. H. Rumsey. In that article the advanced potential does not appear. If ξ 1 and ξ 2 are all retarded potential the surface integral doesn't vanish. The formula Eq.( 1084) is not established. V. H. Rumsey doesn't realize there is an energy ow between transmitter and receiver. He would like to use the concept reaction which he created in a earlier article [START_REF] Rumsey | Reaction concept in electromagnetic theory[END_REF].

Eq.( 1084) can be converter time-domain, which is

- V1 ∞ -∞ E 2 (t + τ ) • J 1 (τ ) dτ dV = V2 ∞ -∞ E 1 (t + τ ) • J 2 (τ )dτ dV ( 1085 
)
This formula is rst obtained in ref. [START_REF] Adrianus | Time-domain reciprocity theorems for electromagnetic elds in dispersive media[END_REF], If t = 0 we can obtain that

- V1 ∞ -∞ E 2 (τ ) • J 1 (τ ) dτ dV = V2 ∞ -∞ E 1 (τ ) • J 2 (τ )dτ dV ( 1086 
)
This formula is rst obtained by Welch [START_REF] Welch | Reciprocity theorems for electromagnetic elds whose time dependence is arbitrary[END_REF] in 1960. From above formula is also clear tell us, that the advanced potential of antenna 2 sucks energy(=time*power) from antenna 1: -˝V1 ´∞ -∞ E 2 (τ ) • J 1 (τ ) dτ dV is equal to the received energy(=time*power) by antenna 2: ˝V2 ´∞ -∞ E 1 (τ ) • J 2 (τ )dτ dV . Welch knows that E 2 is advanced potential, but he has not Further explain the meaning of his formula. Welch call his theorem time-domain reciprocity theorem instead of some kind energy theorem, this perhaps obstruct him to thought that the advanced potential can suck energy from the transmitters.

The rst author of this article obtained the mutual energy theorem [START_REF] Shuang Ren Zhao | The application of mutual energy theorem in expansion of radiation elds in spherical waves[END_REF] in 1987, he claim there is energy between two antennas, but he also did not notice that actually the advanced potential can suck energy from transmitters. Perhaps this is because the advanced potential is a so strange concept, most physicist and engineer reject this concept, how can think the advanced potential sucks energy?

Interesting to point out from Welch's formula, that the sucked energy does not happen in particular time point, for example,

- V1 E 2 (t) • J 1 (t) dV = V1 E 1 (t) • J 2 (t) (1087) 
but related a integral with time, i.e.,

- ∞ t=-∞ V1 E 2 (t) • J 1 (t) dV dt = ∞ t=-∞ V1 E 1 (t) • J 2 (t)dt (1088) 
Actually since the suck energy is done by the advanced potential, it happens before the energy is received. This is also suit our normal causality argument.

The energy should rst send out and then it can be received.

Consider the photons has particle frequency, the formula Eq.( 1084) is in Fourier frequency domain. The mutual energy transfer is based on wave of particular frequency, perhaps is related to the fact that the energy particle which is also based on frequency. Hence the mutual energy theorem in Fourier domain is more meaningful to us to see the fact that the advanced potential can suck energy. Consider suck energy is done by advanced potential hence sucked energy process happen at a earlier time point, then the energy transferred from transmitter to the receiver with speed of light in a retarded meaning. Hence transferring energy ow doesn't violate the causality argument.

• The result of the mutual energy theorem Assume the media is lossless, Q loss = 0. Applying magnetic mirror transform m to the variable with subscript 2, i.e.,

ζ 2m =mζ 2 or ζ 2 = m ζ 2m (1089) 
or

ζ 2 = [E * 2m , -H * 2m , -J * m , K * m , * m , µ * m ] (1090) 
to the formula Eq.( 1084), we obtain,

V (E 1 • (-J 2m ) + E 2m • J 1 ) = 0 (1091) 
or

V2 E 1 • J 2m dV = V1 E 2m • J 1 dV (1092) 
After the transform the media formula becomes,

T 2m = 1 , µ T 2m = µ 1 (1093) * 2m = 1 = , µ * 2m = µ 1 = µ (1094)
For simplication, the subscript 2m can be rewritten as 3, the above formula becomes,

V2 E 1 • J 3 dV = V1 E 3 J 1 dV (1095) 
This formula is close to the Lorentz reciprocity theorem Eq.( 1073). It can be applied to prove that when an antenna is used as the receiver or as the transmitter, will have the same directivity diagram. The media formula can be rewritten as 

T 3 = 1 , µ T 3 = µ 1 ( 

The dierences of two methods

The above mutual energy theorem result is similar to the explanation of the Lorentz reciprocity theorem Eq.( 1071), however there are fundamental dierences, see following.

• J 3 is not a physical current of the receiving antenna which is advanced potential. J 2 , K 2 is sink which receive wave energy, it is physical current. The current J 3 is a articial current or some kind of the eective current.

Even the eld of ξ 3 is retarded potential, but it is also an articial eld, the actually physical eld is still ξ 2 which is advanced potential. In the Lorentz reciprocity theorem the eld of the receiving antenna ζ 2 is retarded potential.

• They are established in dierent media.

The mutual energy theorem (normally when we spoke about mutual energy theorem, in the formula, there is Q loss = 0) functions in lossless media. This can not be changed even after we have applied the magnetic mirror transform.

The Lorentz reciprocity theorem is established in symmetric media. Only if the media with real values for both the mutual energy theorem and the Lorentz reciprocity theorem can oer similar results. For example the media = i 0 (where 0 is the Permittivity in free space) is not lossless media but it is sym- metric media. This kind of media doesn't suit to the mutual energy theorem (in lossless media). In this situation we can apply the mutual energy with energy loss.

-

V1 E * 2 • J 1 dV = V2 E 1 • J * 2 dV + Q loss (1099) 
Assume Q e ≡ -˝V1 E * 2 • J 1 dV is emission energy, Q a = ˝V2 E 1 • J * 2 dV is received or absorbed energy, the above formula can be written as

Q e = Q a + Q loss (1100) 
That also means,

Q a < Q e (1101)
Now we validate if we can obtained the above formula from the calculation with the retarded potential and advanced potential. Assume the distance from receiver to the transmitter is L. J 1 located at 0 and J 2 located at L. We assume |J 1 | ∼ 1, ∼ means is close to each other. Hence 

We can see, it is really we can obtain that Q a < Q e . That also means the mutual energy theorem with loss media can obtained correct results.

In this loss media, if we also assume it is symmetric, the Lorentz reciprocity theorem still established. Hence we obtain

V2 E 1 • J 2 dV = V1 E 2 • J 1 dV (1110) 
That is clear wrong for an antenna system with a transmitter and a receiver, and the media has energy loss.The formula of the Lorentz reciprocity theorem itself is not wrong, it assume the situation where the two antennas are all transmitters.

If the two antennas are all transmitters, we can also evaluate the above formula using the similar method.

Since ξ 1 and ξ 2 are all retarded potentials, hence

|J 2 | ∼ 1 |J 1 | ∼ 1 (1111) |E 1 (0)| ∼ 1 E 2 (L) ∼ 1 (1112) |E 1 (L)| ∼ exp(-k loss L) |E 2 (0)| ∼ exp(-k loss L) (1113) | V2 E 1 • J 2 dV | ∼ |E 1 (L)J 2 | ∼ exp(-k loss L) (1114) | V2 E 2 • J 1 dV | ∼ |E 2 (0)J 1 | ∼ exp(-k loss L) (1115) 
hence we have

| V2 E 2 • J 1 dV | ∼ | V2 E 1 • J 2 dV | (1116) 
To the Lorentz reciprocity theorem, itself is not wrong, if we assume the two antenna both are transmitters. However if we thought the two antenna one is a transmitter and another is a receiver, the reciprocity is not suitable.

• The scattering process

In the derivation of the mutual energy we have assumed that there is no scattering eld sending out from the receiving antenna 2. If there is scattering for antenna 2, We can not obtained Eq.( 1080) and hence Eq.(1095).

Using these 3 dierences we can design experiments to further examine which is correct, the two theories, the Lorentz reciprocity theorem or the mutual energy theorem. We can test the theories in symmetric loss media in which the Lorentz reciprocity theorem is established, but the mutual energy theorem is not established. In this case if we still obtained the same result of reciprocity for a antenna used as receiving antenna and transmitting antenna, then the reciprocity is correct, otherwise the mutual energy theorem is correct.

There is no any inuence of scattering to the Lorentz reciprocity theorem.

But from derivation of mutual energy theorem we have known that the scattering play a important role (we must assume there is no scattering. Since paraboloid antenna has big dierence of scattering when the receiving antenna toward to the transmitter or back against the transmitter. If the directivity pattern of a receiving antenna and a transmitting antenna is inuenced by the scattering, then the Lorentz reciprocity theorem is wrong and the mutual energy theorem is corrected to the antenna theory.

The above discussion in energy loss media clear prove the mutual energy theorem can obtained correct results. The Lorentz reciprocity theorem can only obtained correct results in situation the two antenna are all transmitters.

Conclusion

The mutual energy theorem and the Lorentz reciprocity theorem for a antenna system with a transmitter and a receiver is compared. The explanations of the The example of the source and sink are transmitting antenna and receiving antenna. In case of scattering, ρ can be the source and sink simultaneously.

Another example for ρ is laser sender and laser receiver.

The superposition of the elds

Assume in the space there are electromagnetic elds includes advanced potential and retarded potential. The electromagnetic elds can be superposed. The following is the superposition of two electromagnetic eld systems,

ζ = ζ 1 + ζ 2 = [E 1 + E 2 , H 1 + H 2 , J 1 + J 2 , K 1 + K 2 , D 1 + D 2 , B 1 + B 2 ] ( 1122 
)
Normally there is

D 1 + D 2 = * (E 1 + E 2 ) (1123) B 1 + B 2 = µ * (H 1 + H 2 ) (1124) 
One important situation for the superposition is the case where the two elds one is retarded potential another is advanced potential. This superposition is not self-explanatory, if we still do not accept the advanced potential. The author accept the advanced potential, and this article we try to make the theory about advanced potential self-consistent.

However the above formula can be generalized as

D 1 + D 2 = 1 * E 1 + 2 * E 2 (1125) 
B 1 + B 2 = µ 1 * H 1 + µ 2 * H 2 (1126) 
In the generalized superposition two elds ζ 1 and ζ 2 are at dierent space, each space has dierent media. The authors do not claim that this generalized superposition is a physics eld. The generalized eld can be a mathematical eld. But if the advanced potential has dierent media constant compare to that of the retarded wave, the above superposition is a physical process. Up to now we still assume that the advanced potential have the same media with retarded potential.

The Poynting theorem

Poynting theorem is also be referred as Poynting energy conservation law. There 51.4 What will happen if there is no advanced potential in 3D free space?

We have known there is black body which can receive electromagnetic eld but do not send the electromagnetic eld out. Here we assume it do not send retarded potential out. We also know that the black body received energy by some current, the current in the black body cannot vanish.

In this time, we assume there exist no advanced potential in nature. We assume that we have a nor-scattering ideal antenna, like a black body, can not send a retarded eld out. Hence a ideal receiving antenna has no any eld associated to it. No any eld retarded or advanced potentials produced by the current ρ a at the outside of the black body. ρ a can not vanish, since we know from our experience there is current in a receiving antenna. The subscript a means the current is a receiver hence absorb energy.

We have assume there is no any advanced potential in nature, hence, the electromagnetic eld in the space can only be caused by only all the retarded potential of the transmitters or transmitting antennas, i.e., Here is ρ a = [J a , K a ] is the current of the receiving antenna. Some one will argue perhaps there are scattering for ρ a , that can avoid the above diculty.

However it is very easy to build an antenna which nearly do not send any wave out like a black body, for example paraboloid antenna, which send all eld to the feed source(actually here should be referred as feed sink). Feed sink receive nearly all energy. A ideal paraboloid antenna can be see as black body. If you still argue the paraboloid antenna still have scattering, we can use some absorbing material which is the real black body to replace the paraboloid antenna. This material can receive energy is because their current ρ a doesn't vanish.

Hence if there is no advanced potential, in the place close the current of a receiving antenna ρ a , it is not possible to satisfy the Maxwell equations.

This shows ether the Maxwell equations is wrong or there must be the advanced potential. It is not possible to obtained current of receiving antenna from the retarded potential with Maxwell operator. Hence, the authors assume that the advanced potential exist in nature.

52 Review of the theory about the mutual energy theorem

The theory for the mutual energy theorem includes the following a few components,

The mutual energy theorem formula

Before the full formula of the mutual energy theorem, there are two early version of it, which can be seen in [73][62]. The formula of the mutual energy theorem can be found [START_REF] Shuang Ren Zhao | The application of mutual energy theorem in expansion of radiation elds in spherical waves[END_REF][START_REF] Zhao | The simplication of formulas of electromagnetic elds by using mutual energy formula[END_REF][START_REF] Zhao | The application of mutual energy formula in expansion of plane waves[END_REF]. The formula [START_REF] Shuang Ren Zhao | The application of mutual energy theorem in expansion of radiation elds in spherical waves[END_REF][START_REF] Zhao | The simplication of formulas of electromagnetic elds by using mutual energy formula[END_REF][START_REF] Zhao | The application of mutual energy formula in expansion of plane waves[END_REF] is in Fourier domain. The corresponding time domain mutual energy theorem can be found in ref. [START_REF] Adrianus | Time-domain reciprocity theorems for electromagnetic elds in dispersive media[END_REF].

In Fourier domain the modied mutual energy theorem formula can be written as following [START_REF] Shuang Ren Zhao | The modied poynting theorem and the concept of mutual energy[END_REF],

(ξ 1 , ξ 2 ) Γ + (ρ 1 , ξ 2 ) V + (ξ 1 , ρ 2 ) V = 0

(1131)

V is the volume contains the current ρ 1 and ρ 2 . Γ is the boundary of the volume V . Γ can be chosen as innite big sphere. The media have to meet the condition, †

1 (ω) = 2 (ω), µ † 1 (ω) = µ 2 (ω) (1132) 
Where † = * T . The superscript * expresses the complex conjugate operator, T is matrix transpose and,

(ξ 1 , ξ 2 ) Γ ≡ Γ (E 1 × H * 2 + E * 2 × H * 1 ) ndS (ρ 1 , ξ 2 ) V ≡ V (E * 2 • J 1 + H * 2 • K 1 ) dV (ξ 1 , ρ 2 ) V ≡ V (E 1 • J * 2 + H 1 • K * 2 ) dV
It is possible that the modied mutual energy theorem is not a physical theorem since the media of the two elds ζ 1 and ζ 2 can be dierent or at dierent spaces.

If we assume they are the same, i.e., 1 = 2 and µ 1 = µ 2 . There is † (ω) = (ω), µ † (ω) = µ(ω)

That is lossless condition. Hence in lossless media the mutual energy theorem (note here, there is no modied) is established.

The mutual energy theorem can be sub-theorem of the Poynting theorem

We have shown that the modied mutual energy theorem can be derived from the modied Poynting theorem or the Poynting energy conservation law. This is also true if the word modied is removed, i.e., the mutual energy theorem can also be derived from the Poynting theorem.

It is important that we can show that the mutual energy theorem can be a direct sub-theorem of Poynting energy conservation law instead of deriving it from Maxwell equations. In this way, the mutual energy theorem becomes an energy theorem [START_REF] Shuang Ren Zhao | The modied poynting theorem and the concept of mutual energy[END_REF].

52.3

The mutual energy ow of a retarded potential and an advanced potential vanishes in the innite big sphere

lim r→∞ Γ (E 1 × H * 2 + E * 2 × H 1 ) • n dS = 0 ( 1134 
)
Here r is the radio of sphere Γ . Assume

lim r→∞ H 1 = 1 Z n × E 1 ( 1135 
)
Here n is the direction of wave ζ 1 which is retarded potential.

lim r→∞ H 2 = 1 Z (-n) × E 2 (1136) 
Here (-n) is the direction of wave ζ 2 which is advanced potential. Z = µ0 0 , the details can be found in [START_REF] Shuang Ren Zhao | The modied poynting theorem and the concept of mutual energy[END_REF]. 52.4 The surface integral in the mutual integral is inner product between two retarded potentials or two advanced potentials

The surface integral in the mutual energy formula (ξ 1 , ξ 2 ) Γ is a inner product [START_REF] Shuang Ren Zhao | The application of mutual energy theorem in expansion of radiation elds in spherical waves[END_REF]. Here we have assumed that that the two elds ξ 1 , ξ 2 are two retarded potentials or two advanced potentials. i.e. the surface integral satises following If we allow the eld ξ 1 and ξ 2 are retarded potential and also advanced potential, the above inner product laws are still satised. Only the formula Eq.(1141) does not satisfy. This inner product formula guarantee that we can use the inner product expression (ξ 1 , ξ 2 ) Γ it denes the mutual energy ow of surface Γ ,

Q 12 = (ξ 1 , ξ 2 ) Γ = Γ (E 1 × H * 2 + E * 2 × H 1 ) • n dS (1142) 
. 52.5 The mirror transform of a retarded potential is advanced potential and vice versa

The mutual energy theorem often works with magnetic mirror transform, it is important to know what will happen after the transform for a retarded potential or a advanced potential. This can be found in [START_REF] Shuang Ren Zhao | The modied poynting theorem and the concept of mutual energy[END_REF].

mζ = [E * , -H * -J * , K * , * , µ * ]

(1143) [START_REF] Shuang Ren Zhao | The modied poynting theorem and the concept of mutual energy[END_REF] The system with transmitting antenna and receiving antenna

In the case of two coils, the rst coil has a current J , which send energy to the free space, if we put the second coil close to the rst coil, the second coil will suck more energy from rst coil. In this situation the second coil has inuence to the rst coil. This is the case where the two coils close to each other, for example a electric transformator which has two coils: the primary coil and a secondary coil. We know that if we add more load to the secondary coil of a transformator, it can suck more energy from the primary coil.

The two coils can be seen as two antennas. If we assume the two antennas are put very far away, is the second coil (or antenna) still can suck energy from the rst coil (or antenna)? Does the receiving antenna only passive receive energy sent from the transmitting antenna or it actively suck the energy from the transmitting antenna?, like the secondary coil in a transformator?

Traditionally we thought the receiving antenna, only passive receive the energy from the retarded wave of the transmitter. The P-ow carries the energy from the transmitter to the receiver. But why when the receiving antenna close to the receiver it can aect the transmitter, but when it is far away, this ability disappear? According to out understanding, it should not disappear completely, but just decreases! This section the authors try to answer this question, and compare the result of the mutual energy theorem and the Lorentz reciprocity theorem.

53.1 The traditional way of the explanation of the antenna system using the Lorentz reciprocity theorem

Here we review the traditional way of using the Lorentz reciprocity theorem to explain the antenna system.

Assume

ζ 1 = [E 1 , H 1 , J 1 , K 1 , , µ], ζ 2 = [E 2 , H 2 , J 2 , K 2 , ,
µ] are retarded potentials, J 1 , K 1 and J 2 , K 2 are inside the volume V 1 and V 2 respectively. V 1 and V 2 are inside of the volume V , V 1 ,V 2 have the boundary surface Γ ,Γ 1 Γ 2 . the Lorentz reciprocity theorem is "

Γ (E 1 × H 2 -E 2 × H 1 ) • ndS = V (E 1 • J 2 -H 1 • K 2 ) -(E 2 • J 1 -H 2 • K 1 ) dV (1144) 
Since ξ 1 = [E 1 , H 2 ] and ξ 2 = [E 2 , H 2 ] are retarded potentials, it can be proven that the surface integral vanishes if the surface Γ is chosen as a innite big sphere, i.e., "

Γ (E 1 × H 2 -E 2 × H 1 ) • ndS = 0 ( 1145 
)
Hence there is

V2 (E 1 • J 2 -H 1 • K 2 ) dV = V1 (E 2 • J 1 -H 2 • K 1 ) dV (1146) 
For the Lorentz reciprocity theorem, the media must be symmetric, i.e., T = , µ T = µ

If we assume there are K 1 = K 2 = 0, there is, V2

E 1 • J 2 dV = V1 E 2 • J 1 dV (1148) 
Assume the volume V 1 and V 2 are cylinders and V 1 = L 1 S 1 , V 2 = L 2 S 2 . L 1 S 1 are the length and sectional areas of the cylinders, it is same to V 2 , hence there is,

L2 E 1 dL S2 J 2 dS = L1 E 2 dL S1 J 1 dS (1149) 
V 12 I 2 = V 21 I 1 (1150) 
The Lorentz reciprocity theorem is derived for two transmitting antennas. Where V 12 = ´L2 E 1 dL is potential on antenna 2 which is produced by current I 1 .

V 21 = ´L1 E 2 dL is the potential on antenna 1 which is produced by current I 2 . I 1 = ˜S1 J 1 dS, I 2 = ˜S2 J 2 dS. All books of the electromagnetic eld theory claim that the above derivation also suit to the antenna systems with a transmitting antenna and a receiving antenna. However they did not oer a convinced proof.

The above explanation seems correct, but it contains a mortal problem. The authors do not satisfy that. First the current J 1 and J 2 must be both sources, they both send retarded potentials ξ 1 , ξ 2 , (we have known that if and only if ξ 1 and ξ 2 are both retarded potential, the surface integral of the Lorentz reciprocity or

V ((E 1 • J * 2 + H 1 • K * 2 ) + (E * 2 • J 1 + H * 2 • K 1 )) dV = 0 (1155) 
If we have assumed that the magnetic current does not exist, K 1 = 0, K 2 = 0, the above formula becomes,

V (E 1 • J * 2 + E * 2 • J 1 ) dV = 0 (1156) If current J 1 , K 1 is only inside V 1 and J 2 , K 2 is only inside V 2 , we have, V2 E 1 • J * 2 dV + V1 E * 2 • J 1 dV = 0 (1157) or - V1 E * 2 • J 1 dV = V2 E 1 • J * 2 dV (1158) 
˝V2 E 1 •J * 2 dV indicate the energy of the eld E 1 act on the current J 2 . This is the energy antenna 2 received. This part of energy is positive (we have assumed that the energy consumed is positive), this energy is received by antenna 2).

-˝V1 E * 2 • J 1 dV is the energy sucked by the eld E 2 from the current J 1 .

This also tell us that the received energy of antenna 2 sent from antenna 1 is same as the energy sucked from antenna 1 by the advanced potential of the antenna 2. The negative symbol in the formula -˝V1 E * 2 • J 1 dV tell us J 1 is oers the energy to the system instead of consume the energy.

If advanced potential exist, it can suck energy from the source. This sucked energy later is received by the receiving antenna. This is the most important result of the mutual energy theorem to the advanced potential and receiving antenna. The authors believe this result is correct and will apply this to explain more physics result in next sections.

The above important mutual energy formula Eq.( 1158) is rst obtained in Ref. [START_REF] Rumsey | A short way of solving advanced problems in electromagnetic elds and other linear systems[END_REF] in 1963 by V. H. Rumsey. In that article the advanced potential does not appear. If ξ 1 and ξ 2 are all retarded potential the surface integral doesn't vanish. The formula Eq.( 1158) is not established. V. H. Rumsey doesn't realize there is an energy ow between transmitter and receiver. He would like to use the concept reaction which he created in a earlier article [START_REF] Rumsey | Reaction concept in electromagnetic theory[END_REF].

Eq.( 1158) can be converter time-domain, which is

- V1 ∞ -∞ E 2 (t + τ ) • J 1 (τ ) dτ dV = V2 ∞ -∞ E 1 (t + τ ) • J 2 (τ )dτ dV (1159)
The above formula is rst obtained in ref. [START_REF] Adrianus | Time-domain reciprocity theorems for electromagnetic elds in dispersive media[END_REF], If t = 0 we can obtain that

- V1 ∞ -∞ E 2 (τ ) • J 1 (τ ) dτ dV = V2 ∞ -∞ E 1 (τ ) • J 2 (τ )dτ dV ( 1160 
)
This formula is rst obtained by Welch [START_REF] Welch | Reciprocity theorems for electromagnetic elds whose time dependence is arbitrary[END_REF] in 1960. From the above formula is also clear tell us, that the advanced potential of antenna 2 sucks the energy from antenna 1: -˝V1 ´∞ -∞ E 2 (τ ) • J 1 (τ ) dτ dV which is equal to the received energy by antenna 2: ˝V2 ´∞ -∞ E 1 (τ ) • J 2 (τ )dτ dV . Welch knows that E 2 is advanced potential, but he has not Further explain the meaning of his formula. Welch call his theorem time-domain reciprocity theorem instead of some kind energy theorem, this perhaps obstruct him to thought that the advanced potential can suck energy from the transmitters.

The rst author of this article obtained the mutual energy theorem [START_REF] Shuang Ren Zhao | The application of mutual energy theorem in expansion of radiation elds in spherical waves[END_REF] in 1987, he claim there are energy between two antennas, but he also did not notice that actually the advanced potential can suck energy from transmitters.

Perhaps this is because the advanced potential is a so strange concept, most physicist and engineer rejected, how can think the advanced potential sucks energy?

Interesting to point out from Welch's formula, that the sucked energy does not happen in particular time point, for example, as following,

-

V1 E 2 (t) • J 1 (t) dV = V1 E 1 (t) • J 2 (t)dV (1161) 
but related a integral with time. Consider the photons has particle frequency, the formula Eq.( 1158) is in Fourier frequency domain. The mutual energy transfer is based on wave of particular frequency, perhaps is related to the fact that the energy of a particle which is also based on frequency. Hence the mutual energy theorem in Fourier domain is more meaningful to see the fact that the advanced potential can suck energy.

Similar result compare to the Lorentz reciprocity theorem

Applying magnetic mirror transform m to the variable with subscript 2, i.e.,

ζ 2 = m ζ 2m (1162) = [E * 2m , -H * 2m , -J * m , K * m , * m , µ * m ] (1163) 
to the formula Eq.(1157), we obtain,

V (E 1 • (-J 2m ) + E 2m • J 1 )dV = 0 For simplication, the subscript 2m can be rewritten as 3, the above formula becomes,

V2 E 1 • J 3 dV = V1 E 3 J 1 dV (1170) 
This formula is close to the Lorentz reciprocity theorem Eq.( 1148). It can be applied to prove that when an antenna is used as the receiver or as the transmitter, will have the same directivity diagram. The media formula can be rewritten as 

The dierences of two methods

The above mutual energy theorem result is similar to the explanation of the Lorentz reciprocity theorem Eq.( 1146), however there are fundamental dierences, see following.

53.3.1 J 3 is not a physical current 1) In the mutual energy theorem, the eld ξ 2 of the receiving antenna is advanced potential. J 2 , K 2 is sink which receive wave energy, it is physical current. The current J 3 is a articial current or some kind of the eective current. Even the eld of ξ 3 is retarded potential, but it is also an articial eld, the actually physical eld is still ξ 2 which is advanced potential. In the Lorentz reciprocity theorem the eld of the receiving antenna ζ 2 is retarded potential.

in 1986 [START_REF] Cramer | The transactional interpretation of quantum mechanics[END_REF][START_REF] Cramer | An overview of the transactional interpretation[END_REF]. In 1978 Wheeler introduced the delayed choice experiment, which implies advanced wave [START_REF] Marlow | Mathematical Foundations of Quantum Theory[END_REF]. The delayed choice experiment is further developed to the delayed choice quantum eraser experiment [START_REF] Walborn | Double-slit quantum eraser[END_REF], and quantum entanglement ghost image and the ghost image clearly oers the advanced wave picture [START_REF] Bromberg | Ghost imaging with a single detector[END_REF]. In 2014 John Crammer discussed the possibility to send signal to the past by using the quantum entangle eect, but it seems he get negative results [START_REF] Cramer | An inquiry into the possibility of nonlocal quantum communication[END_REF]. In classic electromagnetic theory, W. J Welch introduced the advanced potential to his time-domain reciprocity theorem in 1960 [START_REF] Welch | Reciprocity theorems for electromagnetic elds whose time dependence is arbitrary[END_REF]. The mutual energy theorem is introduced by this author in 1987 [START_REF] Shuang Ren Zhao | The application of mutual energy theorem in expansion of radiation elds in spherical waves[END_REF][START_REF] Zhao | The simplication of formulas of electromagnetic elds by using mutual energy formula[END_REF][START_REF] Zhao | The application of mutual energy formula in expansion of plane waves[END_REF], later this theorem is further developed by introduced the concept of mutual energy, mutual energy ow in 2016. Mutual energy ow is inner product of the advanced potential and the retarded potential. In mutual energy theorem there is an important concept that the absorber or the receiver sends advanced potential which is received by the emitter or transmitter [START_REF] Shuang Ren Zhao | The modied poynting theorem and the concept of mutual energy[END_REF][START_REF] Shuang Ren Zhao | The principle of the mutual energy[END_REF][START_REF] Shuang Ren Zhao | The mutual energy current interpretation for quantum mechanics[END_REF]. The emitter sends out the retarded potential and this potential is received by the receiver. The mutual energy theorem tell us that the advanced potential sucks the energy from the emitter or transmitter. The power of the sucked energy is equal to the power received by the absorber or the receiver. The mutual energy ow (or ux) through any surface between the emitter and the absorber is also equal to the power sent out by the emitter or the power the absorber received. The mutual energy theorem can be applied to double slits and to explain the details what happens for the transfer of energy when light go through the double slits.

The mutual energy theorem build a clear picture of the photon model. Photon is nothing else, it is just the mutual energy ow. The Photon is more like an energy package than a particle. This model avoided the wave function collapse and easy to explain the quantum phenomena like double slits experiments, delayed choice and quantum entangle experiment. Even the advanced potential is so important, many physicist and engineers still don't accept it because the simple causality consideration. Hence, to show the advanced potential is existent in experiment is very important. This article introduced a few method to measure the advanced potential. Experiments to produce advanced wave and to send signal from current time to the past time is proposed. The experiment method is by change the impedance of the load, then the output power of the power source is measured. According to the mutual energy theorem the power changes of the source should happen before the power change of the load. [START_REF] Shuang Ren Zhao | How the mutual energy current of a retarded potential and an advanced potential can produce a photon[END_REF] The antenna impedance directivity diagram Ritz introduced the emission theory [START_REF] Ritz | Recherches critiques sur l'electrodynamique generale[END_REF][START_REF] Ritz | Recherches critiques sur les theories electrodynamiques de cl. maxwell et de h.-a. lorentz[END_REF] and Wheeler and Feynman introduced the absorber theory [1,2]. According emission theory, the emitter can send out retarded wave by themselves. According to the absorber theory, the emitter cannot send out the retarded wave unless there are absorber which gives the inuences to the emitter and that makes the emitter sent out the waves. The inuences of the absorber is at far away and in the future. The absorber sends the advanced wave. In order to experiment the existent of advanced potential we can test the two theory by following method. Build a system with two communication antennas, antenna 1 is a transmitter, antenna 2 is a receiver. Build the two antennas face to face, in this case assume the antenna 2 can receive at least a big amount of energy sent from antenna 1, for example, can receive at least 10%. We measure the impedance of the antenna 1. Assume the antenna 2 can be removed and can be quickly put back. We let the antenna 1 sent a short time impulse. If the theory of Ritz is correct, the measured impedance between two situations (1) the antenna 2 existent and (2) the antenna does not existent should not have any dierence. Since according to emission theory, the absorber can only send reect waves which is retarded potential and need a time to reach antenna 1. The inuence of antenna 2 should not have any immediately inuence, hence in the time the wave of antenna 1 send out there is no any dierence whether the antenna 2 existent. In the other hand if the absorber theory is corrected. The antenna 2 will send the advanced wave back to the antenna 1. This wave is advanced wave and hence give an inuence to the antenna 1 immediately. The signal sends from antenna 1 to antenna 2 is T, the signal sends from antenna 2 to antenna 1 will spends a negative time T . The total time spends is T + (-T ) = 0. Antenna 1 should fell there is immediately dierence between the two situations (the antenna 2 is existent or it is not existent). If the absorber theory wins that means the advanced wave is extent. Assume the absorber theory is corrected, then we can measure the transmitting antenna impedance directivity diagram, which shows the future absorber distribution in each direction of the space. The measurement should use short impulse, this way all the reected wave does not have enough time to comeback. Figure 1 gives the picture of the experiment system. Figure 1 up-part shows in the system there is only a transmitter and it sends a short impulse. Figure 1 down-part shows there is a receiver also. The receiver have a load which absorbs the energy sent from the transmitting antenna 1. The above antenna system can be replaced as a laser light source and a detector.

We can use the laser source scan the whole space to nd out the angle absorber distribution of corresponding light frequency.

58 Electricity source and load method

In the following we assume that the absorber theory is correct. Hence the advanced potential is existent. For the mutual energy theorem there is a surface integral, the surface integral vanishes only when the two elds one is retarded and the other is advanced. Hence in this situation the mutual energy theorem can be applied.

Assume there are two antenna, antenna 1 is a transmitter and antenna 2 is a receiver. They are put in empty space. Assume the electromagnetic elds send by the transmitter is ζ 1 = [E 1 , H 1 ], the electromagnetic eld of receiver is

ζ 2 = [E 2 , H 2 ]
. The current of the transmitter is J 1 , the current of receiver is J 2 . According to the mutual energy theorem [START_REF] Shuang Ren Zhao | The application of mutual energy theorem in expansion of radiation elds in spherical waves[END_REF][START_REF] Zhao | The simplication of formulas of electromagnetic elds by using mutual energy formula[END_REF][START_REF] Zhao | The application of mutual energy formula in expansion of plane waves[END_REF] the sucked energy from the source by the advanced potential sent by the receiver is equal to the received energy i.e., -

V1 (E * 2 • J 1 )dV = V2 (E 1 • J * 2 )dV (1173) 
In the mutual energy theorem ´V1 (E * 2 • J 1 )dV is the received energy of J 1 , we know that the transmitter or antenna 1 sends out energy hence the received energy of antenna 1 is negative. Hence, -´V1 (E * 2 • J 1 )dV expresses the emitted energy of the transmitter or antenna 1. ´V2 (E 1 • J * 2 )dV is the received energy of the receiver or antenna 2. The above formula did not consider the loss in the media, that means the media is lossless, i.e., † = , µ † = µ

where † = ( * ) T ,µ † = (µ * ) T . * is complex conjugate, T is matrix transpose, If Eq.(1174) does not satisfy, the media is lossy, the above mutual energy formula need to be modied as [START_REF] Shuang Ren Zhao | Antenna calculation in lossy media with mutual energy theorem[END_REF],

-

V1 (E * 2 • J 1 )dV = V2 (E 1 • J * 2 )dV + Loss ( 1175 
)
Where Loss is the energy loss between the source and the load. According the mutual energy theorem the J 2 is the current of the load which will send advanced potential. Hence in the above formula E 2 is advanced potential. This means the change of E 2 take place earlier than the change of the current J 2 .

In the Eq.( 1175) we have considered that the surface integral vanishes, i.e.,

(ζ 1 , ζ 2 ) = " Γ (E 1 × H * 2 + E * 2 × H 1 ) • ndΓ = 0 ( 1176 
)
where Γ is a big sphere surface with innite radius R. Eq.( 1176) is the condition that Eq.( 1175) is established. Eq.( 1176) is established need the two elds ζ 1 and ζ 2 one is retarded potential and another is advanced potential.

We know that, if we open our switch, the light is immediately send out from the load (assume the load is a light bulb). We also know that the power station is far away from the load, the power station must oer the power a time earlier, then the load can have an immediately light.

Assume there is a source which can be a high frequency generator, or a source of microwave. There is a load. Between the source and load the wave can be transmitted. Assume the energy is transmitted from source by ether through power line, coaxial-cable, or two antennas one is a transmitter and another is a receiver.

Assume the amount of load can be changed quickly, hence J 2 is changed. That will cause the eld ζ 2 to be changed, that in turn will course the sucked energy from J 1 to be changed. The change will cause the output power of the source to be changed. We should be possible to measure the change of the power of the source.

For example, we change the amount of load and measure the changes of the power of the source. If the changes of the source is correlated to the load and happens early than the change of the load, that means the signal can be transferred to the past and hence, further prove that the advanced potential is existent. The following gure oers this kind antenna system. The two antenna system of Figure 14 can be replaced by power line, coaxial The secondary coil will suck the energy from the primary coil, this is similar to the receiving antenna suck the energy from the transmitter energy. Hence the transformator is also suite to do this kind of experiment. Perhaps the scattering eect of transformator is less than antennas. When the secondary coil is separated with the primary coil, the two coil can also be seen as antennas.

cable, wave guide or any things electromagnetic wave can be transferred, see gure 15. The load is at the right end and there is a variable resistant which can be changed very fast randomly. There is a high frequency power source in the left. The voltage and current can be measured to tell the output of the power source. Assume the cable has 2.5 miter. The changes of the power of the source should happens 9 ns before the change of the load in right end. If this is true, the signal is send to the past and the advanced wave is existent.

The above coaxial cable or wave guide can also be replaced as a transformator. The primary coil and the secondary coil of the transformator is separated 2.5 meter. We know that the secondary coil sucks the energy from primary coil and we know that if the load power in secondary coil is changed the power of the rst coil has to be changed. Now the only thing we have to do is to test whether or not the source power change happens before the load change.

42. 3 . 4

 34 The probability explanation of Copenhagen school in quantum physics . . . . . . . . . . . . . . . . . . . 42.3.5 Speed of light . . . . . . . . . . . . . . . . . . . . . . 42.4 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . VI Modied Poynting theory and the concept of mutual energy 47.2 Comment . . . . . . . . . . . . . . . . . . . . . . . . . . . . 47.3 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . 47.4 Review M-ow in electromagnetic elds . . . . . . . . . . . 47.4.1 Introduction of the M-ow for light and electromagnetic eld . . . . . . . . . . . . . . . . . . . . . . . .

a

  real proof. In 2014-2015 the author proved the mutual energy theorem is a sub-theorem of Poynting theorem. All people accept the Poynting theorem as an energy theorem and hence, the mutual energy theorem should be also an energy theorem. Actually 30 years ago the author has tried to prove the mutual energy theorem from Poynting theorem but did not successes. The author has take a wrong Poynting theorems. There are two Poynting theorems one is the time-domain Poynting theorem, the other is frequency domain Poynting theorem. The mutual energy theorem is in frequency domain theorem, it is clear we should apply the Poynting theorem in Frequency domain. The author did that, but that is a mistake. Because the two Poynting theorems are not connected by Fourier transform. They are two independent Poynting theorem.

Figure 2 :

 2 Figure 2: The eective source J λ ,K λ , radiation source J , and the interference source J g .
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 214 The mutual energy formula and Lorentz reciprocity theorem 21.4.1 The mutual energy formula in the electromagnetic eld

= -jω¯ f I 3 D

 3 -jω ᾱf -D -jω βf -jω μf I 3 (127) In the above formula, the superscript f means c, +, d or nothing. The electromagnetic eld in the corresponding media are written as ζ, ζ c , ζ + , ζ d , which satisfy Maxwell's equations Lf ζ f = τ (128) Similar to Eq.(

Figure 3 :

 3 Figure 3: Surface, the source and the elds.

  168) In the two formula, ζ and ζ 2 are transmissive wave. ζ" and ζ" 2 are evanescent wave, which are given by the right side of the Eq.(167,168). Because the transmissive wave and the evanescent wave have dierent k x and k y , hence the orthogonality relationship can be obtained by Eq.(153,154,155,156),

Figure 5 :

 5 Figure 5: Surface Γ 1 ,Γ R ,Γ 0 and the point x p .

  many concept, symbol to the problems, the formula can be simplied. Part IV Modied Poynting theory and the concept of mutual energy 24 Comments Modied Poynting theorem is introduced, the author try to unied the concept of the Poynting theorem and reciprocity theorem. The author probed into the relation between the Poynting theorem and the reciprocity theorem. The author try to put all reciprocity theorems in the frame of Poynting theorem. This help author to understand all modied theorem include the reciprocity theorem and mutual energy theorem are sub-theorem of modied Poynting theorem. But if take away the word modied, only the mutual energy theorem is a subtheorem of the Poynting theorem. The reciprocity theorem is not a sub-theorem of Poynting theorem. 25 Transforms in electromagnetic elds (mutual energy 1)

a

  pure derivation from Poynting theorem. The time-reversed transform need the Maxwell equations to prove. Hence we actually derived the mutual energy theorem form Poynting theorem plus Maxwell equations. A purely derivation from Poynting theorem should not use the transform for example the mirrored transform or time-reversed transform. Hence we seek another way to prove the mutual energy theorem and avoid the time-reversed transform. We have proved that the time-correlation mutual energy theorem from Poynting theorem. And then considered a Fourier transform for the time-correlation mutual energy theorem, we obtained the mutual energy theorem. This way we have purely derived the mutual energy theorem form the Poynting theorem.

  satisfy the Maxwell equations, with dierent media Eq(304,305), the superposition of the electromagnetic eld ζ = ζ 1 + ζ 2 + • • • + ζ N will also satises Maxwell equations Eq.(293,294) (with the above loosen relation Eq.(306,307)).

  perposition of the electromagnetic elds which includes transformed elds. The transformed elds are elds after a transforms. The transforms are, magnetic mirror transform, time-reversed transform, electric-magnetic swapping transform, time-oset transform, space oset transform. The modied Poynting theorem and generalized Poynting theorem will be applied to derive the mutual energy theorems in our next articles. 27 Derivation of the mutual energy theorem from Poynting theorem through an average process (mutual energy 3)27.1 AbstractThe goal of these articles are to re-derive the mutual energy theorems, the reciprocity theorems from Poynting theorems using the concept of mutual energy instead of from Maxwell equations. In this way the mutual energy theorems and the reciprocity theorems becomes the real energy theorems. In order to realize this purpose we have updated the Poynting theorem by extending it to the modied Poynting theorem in the article the concept of mutual energy 1. In the modied Poynting theorem the media (permittivity) and µ (permeability)

ζ 1 and ζ 2

 2 are functions of frequency ω. Consider that the superposition eld ζ = ζ 1 + hrζ 2 , here r is time-media reversed transform[START_REF] Shuang Ren Zhao | Modied maxwell equation and modied poynting theorem for superimposed elds (the concept of mutual energy 2)[END_REF]. h is magnetic mirror transform[START_REF] Shuang Ren Zhao | Modied maxwell equation and modied poynting theorem for superimposed elds (the concept of mutual energy 2)[END_REF]. We know that ζ satises modied Maxwell equations, and hence the modied Poynting theorem is established[START_REF] Shuang Ren Zhao | Modied maxwell equation and modied poynting theorem for superimposed elds (the concept of mutual energy 2)[END_REF]. If we do the same as last sub-section, i.e. subtract the two self energy fomula of Poynting theorem corresponding ζ 1 and hrζ 2 from total energy formula of modied Poynting theorem corresponding to ζ = ζ 1 + hrζ 2 , we can obtained a corresponding mutual energy

ζ 1 and ζ 2

 2 are electromagnetic eld, and considering the superposition of eld ζ = ζ 1 + rhrζ 2 (or ζ = ζ 1 + hζ 2 ) to modied Poynting theorem[51] and subtracting the self parts of Ponyting theorem for ζ 1 and hζ 2 . r and h are time-media reversed transform and magnetic mirrored transform.

  the derivation, the concept total energy, self-energy and mutual energy are applied. It is proved that this theorem is the Fourier transform of the mutual energy theorem. Hence it can also be referred as time-correlation mutual energy theorem. Derivation of the mutual energy theorem in time domain has important meanings over to do it in Fourier domain. In the derivation from Fourier domain, it need a time-reverse transform, which is very confused. This confusion is removed in the derivation in the time domain. In the time domain derivation, it can be proved that the mutual energy theorem (without the word modied) is a direct sub-theorem of the Poynting theorem (without the word modied). Hence the mutual energy theorem is a direct sub-theorem of the Poynting theorem. Comparing to the Lorentz reciprocity theorem, which can not be derived from Poynting theorem (it can only be derived from the modied Poynting theorem). Hence the relationship between the reciprocity theorem and Poynting theorem is more distant than the relationship between the mutual energy theorem to the Poynting theorem. The application of the time-domain correlation mutual energy theorem shows that for a antenna system, the mutual energy ow ows through the space between the transmitting antenna and the receiving antenna. The received energy by the receiving antenna is just equal to the sucked energy by the advanced potential of the receiving antenna from the transmitting antenna. This concept will be applied to explain the concept of photon in quantum physics.

ζ 1 and ζ 2

 2 are all retarded potentials. It can be seen that the above derivation of mutual energy theorem from time-domain doesn't need time-media reversed transform r. The involved eld is ζ = T ζ 1 + ζ 2 , where T is time-oset transform. Hence, we can derive time-correlation mutual energy theorem by avoiding the unnormal superposition. Un-normal superposition add a retarded potential and a advanced potential together, many engineers do not accept the advanced potential, they will also not accept the superposition of a retarded potential and a advanced potential. If the transform r is not involved, the mutual energy theorem (without modied) can also be proved from Poynting theorem instead of modied Poynting theorem. Hence time-correlation mutual energy theorem and mutual energy theorem are sub-theorems of the Poynting theorem. The derivation is nearly same as above derivation for the modied mutual energy theorem from modied Poynting theorem.

  524) are derived, in which ζ 1 and ζ 2 can be retarded potential or advanced potential or even the combination of retarded potential and advanced potential.

  plementary reciprocity theorem, which corresponding to time reversed mutual energy theorem. The second complementary reciprocity theorem corresponding to mutual energy theorem is dicult to be realized in the nature. The third complementary reciprocity theorem corresponding to Lorenz reciprocity theorem, is also dicult to be realized in the nature. The fourth complementary reciprocity theorem corresponding to time-reversed reciprocity theorem. The fourth complementary reciprocity theorem is same as Chen-To Tai's complementary reciprocity theorem, can be realized in nature, hence is a physical theorem. We can see, the time reversed mutual energy theorem and time reversed reciprocity theorem are dicult realized in nature, but the corresponding complementary reciprocity theorems can realized in the nature. In other hand the mutual energy theorem and Lorenz reciprocity theorem are physical reciprocity theorem and can realized in nature but their corresponding complementary reciprocity theorems can not realized in nature. Hence In Fourier domain, there are only 4 theorems are physical theorems (their , µ can be realized in nature) which are mutual energy theorem, Lorenz reciprocity theorem, Chen-To Tai's complementary reciprocity theorem and the Fourth complementary reciprocity theorem. We have know that the rst 3 theorem have corresponding application in electric circuit, the Fourth complementary reciprocity theorem should have corresponding form in electric circuits too.

32. 3 . 1

 31 The dierence between the replacement and the substitution for a electromagnetic eld transform Assume there is a formula f(..., ζ) which contents the eld ζ = [E, H, J , K, , µ]. f (..., ζ) = f (..., [E, H, J , K, , µ]) (595)Here f (..., ζ) can be any known electromagnetic formula derived from Maxwell equations for example the reciprocity theorem or mutual energy theorem or other formula.

and 2

 2 reciprocity theorems in Fourier domain/time-domain. The 4 theorems are mutual energy theorem, Lorenz reciprocity theorem, time-reversed mutual energy theorem and time-reversed reciprocity theorem. The last two are very dicult to nd in references. We also derived 4 complementary reciprocity theorem, among them one is Chen-To Tai's complementary reciprocity theorem, the other 3 are new complementary reciprocity theorems. We have realized our goal to derive all important theorems from Poynting theorem instead of from Maxwell equations directly. This way oers the theorems more deep understanding.

  Foundational theory of electromagnetic elds 35.1 Maxwell Equation Assume the electromagnetic eld system is ζ = [E, H, J , K, D, B], where E, D are electric eld and electric displacement eld. H, and B are magnetic elds, H-eld and B-eld. The magnetic eld can be expressed as ξ = [E, H]. Assume J and K are current and magnetic current intensities and can be expressed as ρ = [J , K]. and µ are permittivity and permeability. ζ is a eld system, but we often referred it as eld. In the following when we speak about retarded potential or advanced potential, it will also mean the corresponding eld or eld system ζ. ζ satises the Maxwell equations,

  assuming M is the Maxwell operator. When Maxwell operator acted to the eld ξ ti will obtain the source, i.e, M ξ ti = γρ ti γ is a constant. HenceM ξ = i∈I M ξ ti = γ i∈I ρ tiThis means there is not possible to have M ξ = γρ r Hence ρ r = [J r , K r ] is the current of the receiving antenna.

1 are energy of antenna 1 send to free space if the antenna 2 do not exist. W self 2 are 12 + W mutual 21 = 2W mutual 12 37. 1 . 2

 1212211212 energy of antenna 2 send to free space if the antenna 1 does not exist. W mutual 21 are energy send from antenna 1 because of the eld ξ 2 exist, which is positive. W mutual 12 are energy send from antenna 2 because of the eld ξ 1 exist, which is also positive. There should be, W mutual = W mutual There are one source and one sink if they are far away Assume the sink has no any inuence to the source because they are far away.

2

  are not important. the mutual energy is important. The author thinks that the mutual energy should be

ζ 1 and ζ 2

 2 are all retarded potentials. We can see that the above derivation of mutual energy theorem from time-domain and without Fourier transform doesn't need time-media reversed transform r. The involved eld is ζ = T ζ 1 + ζ 2 , where T is time-oset transform. Hence, we can derive time-correlation mutual energy theorem by avoiding the superposition with transform r. If the transform r is not involved, the mutual energy theorem (without modied) can also be proven from Poynting theorem instead of modied Poynting theorem. Hence the time-correlation mutual energy theorem and the mutual energy theorem are sub-theorems of the Poynting theorem. The derivation is nearly same as above derivation for the modied mutual energy theorem from modied Poynting theorem. In next article of this series we will show that

1 and H in 1 E out 1 = H out 1

 111 have also the similar meaning. Since the antenna 2 are super conductor and super magnetic conductor,

41. 3

 3 The correction to the above antenna theory41.3.1 The superposition, should be insistent, i.e., Even there are retarded potential ξ 1 and advanced potential ξ 2 , which is produced by transmitting antenna source ρ 1 and the receiving antenna sink ρ 2 .

Figure 6 : 42 . 3

 6423 Figure 6:

  also avoid the theory of the wave function collapses. It is not the wave function collapses to a spacial atom. The photon from the very beginning knows where is its destination. Part VI Modied Poynting theory and the concept of mutual energy 43 Explain wave guides, antenna systems and photons by the integration of the mutual energy theorem with absorber theory 43.1 Comment

2

 2 do their job alone. The two potential doesn't combine together. In the authors proposed theory the retarded potential and advanced potential combined together to become the mutual energy ow. The mutual energy ow is a inner product of the retarded potential and an advanced potential. According to the absorber theory, the retarded wave still has to collapse to the absorber point. The advanced potential also has to collapse to the emitter point. Hence there is a double collapse. In author's theory, the concept of the wave function collapse is needless, hence, it is easy to explain what is light. The light is nothing else just M-ow. The phenomenon of the spin of light can also be explained with M-ow. 43.4 Foundational theory of electromagnetic elds 43.4.1 Maxwell Equations Assume the electromagnetic eld system is ζ = [E, H, J , K, D, B], where E, D are electric eld and electric displacement eld. H, and B are magnetic elds, H-eld and B-eld. The magnetic eld can be expressed as ξ = [E, H].Assume source or sink is ρ = [J , K], J and K are current and magnetic current intensities, = (t) and µ = µ(t) are permittivity and permeability which are 3D tensors and a function of time t. ζ is a eld system, but we often referred it also as eld. ζ satises the Maxwell equations,∇ × H = J + ∂D (789) ∇ × E = -K -∂B (790) where ∂ ≡ ∂ ∂t . D = * E, B = µ * H(791)ρ = [J , K] can be source which sends energy out or sink which receive energy.The example of the source and sink are transmitting antenna and receiving antenna. In case of scattering, ρ can be the source and sink simultaneously.Another example for ρ is the laser sender and the laser receiver. * is time convolution where f * g = ´∞ -∞ f (t)(t -τ )dτ . The Maxwell equations can be rewritten as M ξ = ρ The superposition of the elds Assume in the space there are electromagnetic elds includes advanced potential and retarded potential. The electromagnetic elds can be superposed. The following is the superposition of two electromagnetic eld systems,

Figure 7 :

 7 Figure 7: Antenna system with a transmitter and a receiver, the transmitter send the retarded potential, this potential will cause the current change in the receiver and the receiver will cause an advanced potential. The shape of beam of P-ow is diverged. The shape of beam of M-ow rst diverges and then converges which is shown in a dashed area.

Figure 8 :

 8 Figure 8: Laser beam situation.

44. 7

 7 important result to physics 44.7.1 Advanced potential sucks the energy from the transmitter

45. 4

 4 Foundational theory of electromagnetic elds 45.4.1 Maxwell Equations Assume the electromagnetic eld system is ζ = [E, H, J , K, B, D], where E, D are electric eld and electric displacement eld. H, and B are magnetic elds, H-eld and B-eld. The magnetic eld can be expressed as ξ = [E, H]. Assume J and K are electric current and magnetic current intensities and can be expressed as ρ = [J , K].

2

 2 This article focus on the discussion what is the dierence of the M-ow compare to the P-ow.[START_REF] Shuang Ren Zhao | 4 complementary reciprocity theorems (the concept of mutual energy 6)[END_REF].4 Foundational theory of electromagnetic elds46.4.1 Maxwell EquationsAssume the electromagnetic eld system is ζ = [E, H, J , K, D, B], where E, D are electric eld and electric displacement eld. H, and B are magnetic elds, H-eld and B-eld. The magnetic eld can be expressed as ξ = [E, H]. Assume source or sink is ρ = [J , K], J and K are current and magnetic current intensities, = (t) and µ = µ(t) are permittivity and permeability which are 3D tensors and a function of time t. ζ is a eld system, but we often referred it also as eld. ζ satises the Maxwell equations,∇ × H = J + ∂D (958) ∇ × E = -K -∂B (959) where ∂ ≡ ∂ ∂t . B = * E, B = µ * H(960)ρ = [J , K] can be source which sends energy out or sink which receive energy.The example of the source and sink are transmitting antenna and receiving antenna. In case of scattering, ρ can be the source and sink simultaneously.Another example for ρ is laser sender and laser receiver. * is time convolution where f * g = ´∞ -∞ f (t)(t -τ )dτ . The Maxwell equations can be written as M ξ = ρ The superposition of the elds Assume in the space there are electromagnetic elds includes advanced potential and retarded potential. The electromagnetic elds can be superposed. The following is the superposition of two electromagnetic eld systems,

Figure 9 :

 9 Figure 9: Laser beam situation.

  energy theorem and Lorentz reciprocity theory can solve same problem for example to nd the direction pattern of receiving antenna. The mutual energy theorem needs advanced potential but the Lorentz reciprocity theorem needs only retarded potential. 47.4 Review M-ow in electromagnetic elds 47.4.1 Introduction of the M-ow for light and electromagnetic eld Maxwell equations have two solutions: the retarded potential and the advanced potential. Many physicists accept the advanced potential, for example the theory of Lawrence M.

Figure 10 :

 10 Figure 10: Antenna system with a transmitter and a receiver, the transmitter send the retarded potential, this potential will cause the current change in the receiver and the receiver will cause an advanced potential. The shape of beam of P-ow is diverged. The shape of beam of M-ow rst diverges and then converges which is shown in a dashed area.

Figure 11 :

 11 Figure 11: The M-ow of 3 Photons and P-ow of the emitter.

Figure 12 :

 12 Figure 12: The mutual energy ow (M-ow) can easily go through the double slits, the M-ow looks like particle in the two ends (source and sink), but looks like wave in the middle where it can go through the two slits in the same time.

  .(1095,1096) are the modied Lorentz reciprocity theorem. Eq.(1097) is caused by lossless media that we have used in mutual energy theorem. Substitute Eq.(1097) to Eq.(1096), i.e., considering 1 = , 3 = * , µ 1 = µ, µ 3 = µ * , we still get, † = , µ † = µ (1098)

|J 1 E 1 J 2 E 2 * 2 •

 11222 (L) is retarded potential hence, at distance L the value decrease, 298 |E 1 (L)| ∼ exp(-k loss L) is at the place of L, and it should inuenced by the eld E 1 (L) hence,|J 2 | ∼ |E 1 (L)| ∼ exp(-k loss L) (1105) E 2 (L) is produced by the current J 2 hence there is, |E * 2 (L)| ∼ |J 2 | ∝ exp(-k loss L) is advanced potential, when it go from the started point L to the destination 0, it should increase the value, because in the loss media, the advanced potential is ascending wave Eq.(1052), hence,|E * 2 (0)| ∼ E * 2 (L) exp(k loss L) ∼ exp(-k loss L) exp(k loss L) = 1 (1107) |Q e | = | V1 E J 1 dV | ∼ 1 (1108) Q a | = | V2 E 1 (L) • J * 2 dV |∼ exp(-k loss L) exp(-k loss L) = exp(-2k loss L)

  ∇ × H = J + ∂D (1117) ∇ × E = -K -∂B (1118) where ∂ ≡ ∂ ∂t . B = * E, B = µ * H (1119)where * is time convolution where f * g = ´∞ -∞ f (t)(t-τ )dτ . The above equation can be written asM ξ = ρ(1120)where ρ = [J , K] can be the source which sends energy out or the sink which

  is the Poynting theorem and modied Poynting theorem,-∇ • (E × H) = J • E + K • H + E • ∂B + H • ∂B (1127) where ∂ ≡ ∂ ∂t .If there is only one media Eq.(1123,1124), the above formula is referred normal Poynting theorem. If there are dierent media Eq.(1125,1126), the above formula is referred as the modied Poynting theorem[START_REF] Shuang Ren Zhao | The modied poynting theorem and the concept of mutual energy[END_REF].

  M is the Maxwell operator. When Maxwell operator acted to the eld ξ ei will obtain the source, i.e, M ξ ei = ρ ei . The subscript e means the current ρ is a source it emits the energy. Hence is not possible to have M ξ = ρ a (1130)

(ξ 1 , ξ 2 )(ξ 1 +

 121 Γ = (ξ 2 , ξ 1 ) ξ 2 , ξ 3 ) Γ = (ξ 1 , ξ 3 ) Γ + (ξ 2 , ξ 3 ) Γ (1138) (αξ 1 , ξ 2 ) Γ = α(ξ 1 , ξ 2 ) Γ (1139) III Positive-deniteness, (ξ, ξ) Γ ≥ 0 (1140) (ξ, ξ) Γ = 0 if f x = 0(1141)Here if f means if and only if.

  1171) is the modied Lorentz reciprocity theorem. If we have, 3 = 1 and µ 1 = µ 2 then T = , µ T = µ (1172) Eq(1170,1172) are Lorentz reciprocity theorem (without modied).

J 2 is caused by J 1 .

 1 Assume that, [ , µ] = [ 0 , µ 0 ]. Here [ , µ] are permittivity and permeability. [ 0 , µ 0 ] are that in empty space.

Figure 13 :

 13 Figure 13: Compare the above two situations, the impedance of the transmitter. The input is very short impulse. The reect wave (which is retarded potential) of the antenna 2 should have not enough time to send back. But the advanced wave will send back the signal to the transmitter to suck the energy. If absorber theory is correct, the above two situation will oer dierent results. If the emission theory is correct the above two situations should have no any dierence, which will shows which theory is corrected and whether advanced wave existent or not.

Figure 14 :

 14 Figure 14: In the receiver there is a load. The resistant of the load is variable. The load of the receiver is changed quickly. The power of the transmitter can be measured by measuring its current and voltage. We can nd the correlation between the impedance change and the power change of the source power. If the source power change happens before the impedance change of the receiver load, a signal has been sent to the past.

Figure 15 :

 15 Figure 15: Figure 15 can replace Figure 14. In case gure 14 does not work we can test gure 15. 15 is also a litter bit easy to implement.

Figure 16 :

 16 Figure 16: Figure 16 is an alternative choice for gure 15. We have known the secondary coil of the transformator sucks the energy of the primary coil.
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  20.4 The orthogonalization and normalization of the spherical wave

It can be seen from Eq.(

77

) that, if the sources of ζ is inside the surface Γ , i.e. ζ ∈ G, the norm ||ζ|| is only the power ow to the outside of Γ . If the media are lossless, then the power of ζ is not changed to dierent surface Γ . Considering a surface Γ with arbitrary radio, we can obtain from the calculation

[START_REF] Altman | Reciprocity, Spatial Mapping and Time Reversal in Electromagnetics[END_REF] 

that,

  The superscript † above ζ

	(∓) λ	is the
	conjugate symbol for electromagnetic elds. Eq.(158,159) are suitable to both
	transmissive waves and evanescent waves.	
	22.4 The wave expansion in case the tangent eld is known or the current distribution is known
	22.4.1 The the tangent eld is known	

Assume the eld ζ has the source τ which is at the inside of region of z < 0, nd the pane wave expansion. In z > 0 the eld ζ can be expressed as,

  is electromagnetic eld and satises Maxwell equations.[E h , H h , J h , K h , h , µ h ] is the transformed electromagnetic system. ζ h = hζ, or

	, ζ = [E(t), H(t), J (t), K(t), (t), µ(t)]

  [E e , H e , J e , K e , e , µ e ] is the transformed electromagnetic system. ζ e = eζ, or

	25.4.5 Electric mirror transform	
	Assume e is electric reversed transform, ζ = [E(t), H(t), J (t), K(t), (t), µ(t)] is
	electromagnetic system and satises Maxwell Equation. ζ e = eζ = [-E(-t), H(-t), J (-t), -K(-t), (-t), µ(-t)]	(188)
	It can be proven that ζ e = eζ satises Maxwell equations.	
	25.4.6 The time-media reverse conjugate transform	
	Considering a real function g(t) and G(ω) = F {g(t)}, F {•} is Fourier transform

  If ζ(ω) is electromagnetic eld, It can be proved that after the magnetic mirror conjugate transform, ζ h = hζ is also electromagnetic eld. T , H T , J T , K T , T , µ T ] P = [E P , H P , J P , K P , P , µ P ] is the transformed electromagnetic system. Where P is stand for space oset transform. The value of space oset is p = [p 1 , p 2 , p 3 ]. Assume x = [x 1 , x 2 , x 3 ] = [aH s , bE s , cK s , dJ s , eµ s , f s ] are constant to be found. Assume ζ = [E, H, J , K, , µ] satisfy Maxwell equations Eq.(194,195). We can substitute ζ to the above Maxwell equations, ζ s = [E s , H s , J s , K s , s , µ s ] should also satisfy the Maxwell equations

	25.4.10 Transform by swapping electric eld and magnetic elds
	Assume s is a swap transform which can swap electric eld and magnetic eld,
	ζ = [E, H, J , K, , µ]	
	ζ s = sζ = [aH, bE, cK, dJ , eµ, f ]	(204)
	and this transform should be able to reverse, that means	
	ζ = sζ s	(205)
	or	
	ζ = sζ s (206)
	Where a, b, c, d, e, f	
	25.4.8 Time oset transform	
	Assume T is time oset transform ζ = [E(t), H(t), J (t), K(t), (t), µ(t)] is elec-
	tromagnetic system and satises Maxwell Equation. ζ T = [E is the transformed electromagnetic system.	
	ζ T ≡ T ζ	
	= [E(t + τ ), H(t + τ ), J (t + τ ), K(t + τ ), (t + τ ), µ(t + τ )]	(202)
	Where τ is constant. It can be proved that if the electromagnetic eld ζ satis-
	es the Maxwell equations, then the time-oset electromagnetic eld ζ T is also
	satises the Maxwell equations.	
	25.4.9 Space oset transform	
	Assume P is space oset operator. ζ = [E(t), H(t), J (t), K(t), (t), µ(t)] is elec-
	tromagnetic eld and satises Maxwell Equation. ζ is space coordinates.	
	ζ P ≡ P ζ	
	= [E(t, x + p), H(t, x + p), J (t, x + p), K(t, x + p), (t, x + p), µ(t, x + p)] (203)
	It can be proved that if the electromagnetic eld ζ satises the Maxwell equa-
	tions, then the space-oset electromagnetic eld ζ P is also satises the Maxwell
	equations. The idea of time oset and space oset has been used in reference[7].

, The mirror transform of A(t) is same as

  

	25.5.1 Mirrored transform for A(t), φ(t), (t)	
	Assume A(t), φ(t) are vector potential and scale potential and is dened as
	following	
	E = -∇φ -∂A	(233)
	B = ∇ × A	(234)
	Assume that the magnetic eld is ζ = [E(t), H(t), J (t), K(t), (t), µ(t)]. As-
	sume that the magnetic current is K = 0 for simplicity. Assume that is
	electric charge distribution which is related current distribution through conti-
	nuity equation	
	∇ • J + ∂ = 0	(235)
	Hence, J is the only source of the potential [A(t), φ(t)]. Now let us nd
	out the magnetic mirror transformed potential and electric charge distribu-
	tion [A(t), φ(t), (t)], i.e. [A h (t), φ h (t), h (t)] = h[A(t), φ(t), (t)]. Here h is
	magnetic mirror transform.	
	Assume that the magnetic mirror transform for φ(t) and (t) is same as to
	E(t)	

  289)He noticed that the surface integral should not vanish, since for a special situation, if we assume [E 1 , H 1 ] and [E 2 , H 2 ] are the same, the above surface integral becomes

  Now the third, since ζ 1 and ζ 2h are both retarded potential. The surface integral does not vanish in general. In the above formula the subscript h can be dropped if we assume ζ 1 and ζ 2 for the above formula are all retarded potentials. Hence

	we obtained Eq.(289).
	According to the view of point of mutual energy theorem, if ζ 1 and ζ 2 one is
	retarded potential (or a transmuting antenna) and another is advanced potential
	(or a receiving antenna), the surface integral vanishes. In this case magnetic
	mirror transform can change the advanced potential to retarded potential, in the
	same time the modied mutual energy theorem change the modied reciprocity
	theorem. According to the view of point of mutual energy theorem, if ζ 1 and
	ζ 2 are both retarded potentials (or both advanced potential), we would like to
	apply the mutual energy theorem directly. Hence actually the mutual energy
	theorem and reciprocity theorem are suitable dierent problems. Reciprocity
	theorem is suitable to receiving and transmuting antenna. The mutual energy
	theorem is suitable to wave expansion problems.

  , K]. ρ is inside the volume V , the boundary of the volume is S = ∂V .

	26.6 The Modied Maxwell equations
	26.6.1 The Maxwell equations
	There are two kinds of electromagnetic elds, one is transmitting eld and the
	other one is receiving eld. Assume ξ = [E, H] is radiated from the source
	ρ = [J The example of this kind of electromagnetic eld is the electromagnetic eld
	radiated from an antenna. ξ = [E, H] is the retarded potential. Another kind
	of eld is the eld received by the sink of ρ = [J , K]. The example of this
	kind of electromagnetic eld is the electromagnetic eld received by an antenna
	which is advanced potential.
	Assume ζ = [E, H, J , K, , µ] is a electromagnetic system, where ξ = [E, H]
	are electric eld intensity and magnetic eld intensity. ρ = [J , K] are electric
	current distribution and magnetic current distribution. , µ are permittivity and
	permeability, we assume ζ satises the Maxwell equations,

  2, ...N . Assume ζ 1 , ζ 2 ... ζ N satisfy the above Maxwell equations. Assume the super-

	posing electromagnetic eld is

  In the space with media (permittivity and permeability) , µ, normally B and B should satisfy the above formula. For the above formula the B(t) and B(t) are not linear to E(t) and H(t). B(t) and B(t) are only linear when all elds

	300)
	26.6.2 The modied Maxwell equations for the eld with superpo-sition

Where ζ = [E, H, J , K, B, B].

  .[START_REF] Bojarskbi | Generalized reaction principles and reciprocity theorems for the wave equations, and the relationship between the timeadvanced and time-retarded elds[END_REF] The modied Poynting theorem for the eld of superposition

	26.7.1 The Poynting theorem
	The Poynting theorem can be proved as following from Maxwell equations
	Eq.(293,294),

  439) Worthwhile to say that assume ζ 1 is retarded potential in Eq.(430), if ζ 2 is retarded potential, then ζ 2h is advanced potential, that is not Lorentz reciprocity theorem often applied situation. If ζ 2 is advanced potential in Eq.(430), ζ 2h is retarded potential, Lorentz theorem often applies to this situaltion. If we know both eld ζ 1 and ζ 2h are retarded potential, the subscript symbol h for ζ 2h can be dropped. After dropping the symbol h, we assume ζ 1 and ζ 2 are both retarded potentials. After dropping the subscript h we obtain.

  29.2.3 The modied time-correlated mutual energy theorem Considering if we use ζ 1T = T ζ 1 to replace ζ 1 , since after the time-oset transform, ζ 1T (t) = ζ 1 (t + τ ) still satises the Maxwell equations, and hence the satises the modied Poynting theorem and the modied mutual energy theorem, hence there is

  The eld corresponding the current ρ 2 can be written as ξ 2 = [E 2 , H 2 ]. It is assume there is no scattering for the receiving antenna. According to the time-domain mutual energy theorem there is,

  them from each other. The reason is that, for example, if we do the magnetic transform ζ 2 = hζ 2h , we need 2 but in the media condition † =

	information coming from the Maxwell equations. When conjugate transform or
	mirror transform is applied in a derivation, it is same as the Maxwell equations
	have been used again.
	If we drop out the word modied, the mutual energy theorem and the
	Lorenz reciprocity theorem are thoroughly dierent theorems, the mutual energy
	theorem is established in lossless media and the Lorenz reciprocity theorem is
	established in symmetry media. They are suitable in dierent situations and
	are dierent theorems. The modied correlation mutual energy theorem and
	modied time-convolution reciprocity theorem can be derived them from each
	other with a magnetic mirror transform. But without the word modied, time-
	correlation mutual energy theorem and time-convolution reciprocity theorem
	can not derive (556)

  The substitution will not change the original formula, but the replacement will change the original formula. Using replacement actually derive a new formula which is the dual of the original formula. It mast be very careful to treat the replacement and substitution of the transform which is two dierent manipulations. If ζ = ζ 1 + ζ 2 satisfy Poynting theorem, from our modied/generalized Poynting theorem, we can know that ζ = ζ 1 + hζ 2 is still satisfy Poynting theorem. Hence if ζ 1 andζ2 satisfy some mutual energy theorems/reciprocity theorems, after the transform ζ 1 and hζ 2 will also satisfy some mutual energy theorems/reciprocity theorems. Hence if f (..., ζ) = 0, we can not guarantee that f (..., ζ h ) = 0. In the following we will oer a examples to further explain this. In our derivations[START_REF] Shuang Ren Zhao | Derive the mutual energy theorem from poynting theorem through an average process (the concept of mutual energy 2)[END_REF][START_REF] Shuang Ren Zhao | Derive the mutual energy theorem from poynting theorem in fourier domain (the concept of mutual energy 3)[END_REF][START_REF] Shuang Ren Zhao | Derive the mutual energy theorem from poynting theorem in time-domain (the concept of mutual energy 4)[END_REF][START_REF] Shuang Ren Zhao | Derive the reciprocity theorems from poynting theorem in time-domain (the concept of mutual energy 5)[END_REF], we often apply substitution, instead of replacement.

  D 2 , B 2 ] are electromagnetic elds, which can be retarded potential or advanced potential. Let ζ = ζ 1 + ζ 2 be a superposed electromagnetic eld. Assume that ζ 1 =ζ 1 (t) and ζ 2 = ζ 2 (t) satisfy the Maxwell equations[44]. Hence ζ 1 , ζ 2 satisfy the Poynting theorem[44], meaning,

  dτ dV is equal to the received energy (=time*power) by antenna 2: ˝V2 ´∞ -∞ E 1 (τ ) • J 2 (τ )dτ dV . Welch knows that E 2 is advanced potential, but he has not Further explain the meaning of his formula. Welch call his theorem time-domain reciprocity theorem instead of some kind energy theorem, this perhaps obstruct him to thought that the advanced potential are real and can suck energy from the transmitters. The rst author of this article obtained the mutual energy theorem[START_REF] Shuang Ren Zhao | The application of mutual energy theorem in expansion of radiation elds in spherical waves[END_REF] in 1987, he also did not notice that actually the advanced potential can suck energy from transmitters.

  We have been taught that light is wave and also a particles, photons. Wave is clear it is the retarded potential or advanced potential. But what photon mean? Photon means that the energy must can focus to very small local point and energy also need focus to very short time. Why the concept particle conict to wave? It is because we think it is the P-ow which transfer the energy. P-ow beam diverges, and the receiver atom is only a point, hence the wave function need to collapse to a point. How can a wave suddenly collapse to a point? This cannot be understood.

	phenomenon.
	46.7 What is light
	46.7.1 What is light, photon? no!!! light is only the M-ow

  1is the advanced wave send from rst absorber to the emitter. This time has negative value, because the wave is advanced wave. τ 2 is the time from emitter to the second absorber, this time has positive value. In case |τ 1 | ≈ |τ 2 |, hence,

	we have,
	τ ≈ 0

  Assume J and K are current and magnetic current intensities and can be expressed as ρ = [J , K]. = (t) and µ = µ(t) are permittivity and permeability which are 3D tensors and a function of time t. ζ is a eld system, but we often referred it also as eld. ζ satises the Maxwell equations,

	48.2 Foundational theory of electromagnetic elds
	48.2.1 Maxwell Equations

Assume the electromagnetic eld system is ζ = [E, H, J , K, D, B], where E, B are electric eld and electric displacement eld. H, and B are magnetic elds, H-eld and B-eld. The magnetic eld can be expressed as ξ = [E, H].

  1040) where ∂ ≡ ∂ ∂t . If there is only one media Eq.(1036,1037), the above formula is referred normal Poynting theorem. If there are dierent media Eq.(1038,1039), the above formula is referred as the modied Poynting theorem[53]. Here we assume the eld ξ can be a superposed eld, ξ = ξ 1 + ξ 2 , and ξ 1 and ξ 2 can be retarded or advanced potential. 48.2.4 What will happen if there is no advanced potential in 3D free space?

  is possible that the modied mutual energy theorem is not a physical theorem since the media of the two elds ζ 1 and ζ 2 can be dierent or at dierent spaces. If we assume they are the same, i.e., 1 = 2 and µ 1 = µ 2 . There is, †

  2 , (we have known that if and only if ξ 1 and ξ 2 are both retarded potential, the surface integral of the Lorentz reciprocity theorem vanishes, otherwise the Lorentz reciprocity theorem of Eq.(1071) is not established). In the case there is a receiving antenna, we can shown that the Lorentz reciprocity theorem is wrong in a very simple situation. In the simple situation we assume that the receiving antenna is a black body, it can only receive energy. Hence ξ 2 = [E 2 , H 2 ] which is the eld produced by antenna 2 send to space, should vanish (we have assume it is retarded potential). Hence,there is ˝V1 (E 2 • J 1 -H 2 • K 1 ) dV = 0 and the Lorentz reciprocity theorem • J 2 -H 1 • K 2 ) dV If ˝V2 (E 1 • J 2 -H 1 • K 2 )dV does not vanish, the reciprocity theory become 0 = something not zero (1077) which is clear wrong. if ˝V2 (E 1 • J 2 -H 1 • K 2 ) dV vanishes, the Lorentz

	reciprocity theorem tell us	
		0 = 0	(1078)
	becomes	V2
	0 =	(E 1 (1076)

  51 Foundational theory of electromagnetic elds 51.1 Maxwell Equations Assume the electromagnetic eld system is ζ = [E, H, J , K, D, B], where E, B are electric eld and electric displacement eld. H, and B are magnetic elds, H-eld and B-eld. The magnetic eld can be expressed as ξ = [E, H]. Assume J and K are electric current and magnetic current intensities and can be expressed as ρ = [J , K].= (t) and µ = µ(t) are permittivity and permeability which are 3D tensors and a function of time t. ζ is a eld system, but we often referred it also as eld. ζ satises the Maxwell equations,

, g n is a normalized constant which will be found later. r, θ and ϕ are spherical coordinates. The

Assume ζ 1 is retarded potential and ζ 2 is advanced potential we can prove that in the free space (where the media is 0 and µ 0 ) the surface integral of the mutual energy theorem will vanish at innite big sphere Γ .

Conclusion

We have proposed a method which can check whether the absorber theory of Wheeler and Feynman is correct or the emission theory of Ritz is correct, which in turn can tell us whether advanced wave is existent or not. Assume the absorber theory is correct, it is possible for us to oer methods to measure the advance wave and send the current signal to the past. The above methods are all classical methods do not need any complicated entangle quantum eects and hence should be very easy to be tested.

the energy conservation for this kind antenna systems. This concepts will be further applied to photons in quantum physics, since the photon can also be seen as a system with emitter and absorber, which in turn can be seen as two antennas, the transmitting antenna and the receiving antenna. Photons and some wireless communication system can can be seen as a short-time impulse signal system which need also a time-domain study. That is the reason the mutual energy theorem is re-derived in time-domain in this article. Appendix 1 Assume f (t) and g(t) are real functions, and f (ω

Appendix 2

Prove that if

there is ∞ t=-∞ (ξ 2 (t), ∂ t+τ η 1 (t + τ )) + (ξ 1 (t + τ ), ∂ t η 2 (t)) dt = 0

In case in Fourier domain, Eq.(514) becomes †

The above formula Eq.( 515) can be rewritten as

Do the Fourier transform F {•} to rst item of the above formula, let

T

which is the time-reversed reciprocity theorem [START_REF] Shuang Ren Zhao | Derive the mutual energy theorem from poynting theorem in fourier domain (the concept of mutual energy 3)[END_REF]. [START_REF] Kong | Electromagnetic eld. the people publishing rm[END_REF] 

the modied Poynting theorem and the concept of mutual energy (subtracting 2 self energies from the total energy), we can obtained time correlation mutual energy theorem, where T is time-oset transform [START_REF] Shuang Ren Zhao | Modied maxwell equation and modied poynting theorem for superimposed elds (the concept of mutual energy 2)[END_REF].

If we consider

in the same way, we can obtain the time-convolution mutual energy theorem, where r is time and media reversed transform [START_REF] Shuang Ren Zhao | Modied maxwell equation and modied poynting theorem for superimposed elds (the concept of mutual energy 2)[END_REF] In the same way if we consider the superposed eld

Where h is magnetic mirror transform, the time-convolution reciprocity theorem

Eq.( 542) can be obtained. If we consider

we can obtained the time-correlation reciprocity theorem Eq.(547). According our denition, if h or r appear in the superposed eld. 30.3.4 The dierence between the modied and unmodied theorems

Even the modied mutual energy theorem and modied Lorenz reciprocity theorem can be derived from each other through a conjugate transform (magnetic mirror transform in Fourier domain), the modied time-correlation mutual energy theorem and time-convolution reciprocity theorem can be derived from each other through the magnetic mirrored transform, modied mutual energy theorems and modied reciprocity theorems are still independent theorems. The reason is that the mirror transform or conjugate transform are not mathematical equation like Fourier transform, it is physical equation which contains some

The reason we can omit the subscript s, is that after the swapping transform the retard/advanced potential didn't change. the eld ζ s is dierent eld comparing ζ, but it is still a electromagnetic led. We keep in mind that now ζ actually is ζ s . After this it becomes, "

if the modied is dropped, there is

This kind of media can be realized. For example in empty space, (ω) = 0 , µ(ω) = µ 0 , Considering Z 2 = µ0 0 , we know this this media condition can be established in empty space. The above complementary reciprocity theorem is Chen-To Tai's theorem [START_REF] Tai | Complementary reciprocity theorems in electromagnetic theory[END_REF]. Chen-To Tai has not write out the media condition Eq.( 564), we think it is also important. We call this rst complementary reciprocity theorem.

This theorem can be also directly derived from modied Poynting theorem.

We have to consider the superposition of following eld,

Corresponding to mutual energy theorem

The mutual energy theorem [START_REF] Shuang Ren Zhao | The application of mutual energy theorem in expansion of radiation elds in spherical waves[END_REF][START_REF] Zhao | The simplication of formulas of electromagnetic elds by using mutual energy formula[END_REF][START_REF] Zhao | The application of mutual energy formula in expansion of plane waves[END_REF][39] [START_REF] Shuang Ren Zhao | Derive the mutual energy theorem from poynting theorem in fourier domain (the concept of mutual energy 3)[END_REF] is re-written as following,

-

after the electric-magnetic swapping transform to all variable with subscript 2 same as before take away the subscript s, it becomes

2) corresponding to time-correlation mutual energy theorem,

-

3) corresponding to time-convolution reciprocity theorem,

4) corresponding to correlation reciprocity theorem

If consider the above variable are all real, the complex conjugate symbol * can be dropped.

of volume V . The above Eq.(710,711) are referred as the instantaneous-time mutual energy theorem. If the media equation

The above formula Eq(711) is referred as the instantaneous-time mutual energy theorem. If the media equation

is satises, Eq(711) is referred as modied instantaneous-time mutual energy theorem. Eq(711) is too long. Inner product will be dened to shorten the formula.

Inner product of two electromagnetic systems in spatialtemporal domain

Assume

An inner product on the surface can be dened as following

In the same way we can also dene

The mutual energy theorem can be rewritten as following,

The above formula tell us the summation of the mutual energy ow ow out the surface S. (ξ 1 , ξ 2 ), the mutual energy loss contributed from the source ρ 1 , ρ 2 .

(ρ 1 , ξ 2 ) + (ξ 1 , ρ 2 ) is the mutual energy loss in space. The above formula is the instantaneous mutual energy theorem.

In case the superposition electromagnetic eld contains N electromagnetic elds, the above instantaneous mutual energy theorem can be written as, i<j,j N i=1,j=1 

Taking the integral to the above formula to the variable t, there is

In Appendix 1 it is proven that if the media satises

Where T is matrix transpose. The last 2 items of Eq.(723

Hence there is

current on the receiving antenna cannot vanish, otherwise how it can receive energy?

Instead of using reciprocity theorem we will apply the mutual energy theorem to the system with two antennas, one is transmitting antenna and another is receiving antenna.

Assume there is a source J 1 , K 1 which is corresponding to the transmitting antenna and there is a sink J 2 , K 2 which is corresponding to the receiving antenna. Normally there is scatter eld send out from the receiving antenna, we assume the scattering eld is small and can be omitted. The corresponding elds to the current J 1 , K 1 and J 2 , K 2 are ξ 1 and ξ 2 respectively. The following calculation is in the Fourier domain. According to the modied mutual energy theorem in Fourier domain there is,

Considering the antenna 1 is a transmitting antenna, assume

, the superscript T is matrix transpose and * is complex conjugate operator. Γ is spherical surface located at innity. For a physical antenna system, we also require that

The above formula means the receiving antenna and the transmitting antenna are at the same space with same media , µ.

The above two formula from the media can be combined together, † = , µ † = µ

The above formula indicates that the media must be lossless. With the above media condition, the word modied can be removed, hence modied mutual energy theorem becomes the mutual energy theorem. Hence, the mutual energy theorem is established in lossless media.

We have proven that in the mutual energy theorem, if ξ 1 and ξ 2 one is retarded potential and another is advanced potential, the surface integral vanishes, i.e.,

Here Γ is innite big sphere. n is the outward unit vector of surface Γ . Hence we have

or 43.4.7 The mutual energy theorem formula

The formula of the mutual energy theorem can be found [START_REF] Shuang Ren Zhao | The application of mutual energy theorem in expansion of radiation elds in spherical waves[END_REF][START_REF] Zhao | The simplication of formulas of electromagnetic elds by using mutual energy formula[END_REF][START_REF] Zhao | The application of mutual energy formula in expansion of plane waves[END_REF]. Before this formula, there are two early version of it, which can be seen in [73][62].

The formula [START_REF] Shuang Ren Zhao | The application of mutual energy theorem in expansion of radiation elds in spherical waves[END_REF][START_REF] Zhao | The simplication of formulas of electromagnetic elds by using mutual energy formula[END_REF][START_REF] Zhao | The application of mutual energy formula in expansion of plane waves[END_REF] is in Fourier domain. The corresponding time domain mutual energy theorem can be found in ref. [START_REF] Adrianus | Time-domain reciprocity theorems for electromagnetic elds in dispersive media[END_REF].

In Fourier domain the modied mutual energy theorem formula can be written as following [START_REF] Shuang Ren Zhao | The modied poynting theorem and the concept of mutual energy[END_REF],

V is the volume contains the current ρ 1 and ρ 2 . Γ is the boundary of the volume V . Γ can be chosen as innite big sphere. (ξ

dV . The media have to meet the condition, †

Where † = * T . The superscript * expresses the complex conjugate operator, T is matrix transpose. It is possible that the modied mutual energy theorem is not a physical theorem since the media of the two elds ζ 1 and ζ 2 can be dierent or at dierent spaces. If we assume they are the same, i.e., 1 = 2 and µ 1 = µ 2 . There is

That is lossless condition. Hence in lossless media the mutual energy theorem (note here, there is no modied) is established. The mutual energy theorem can be written as,

Where

The left side is the energy go to the space. The right side is the energy obtained from the two antennas.

The surface integral in the mutual integral is inner product

The surface integral in the mutual energy formula (ξ 1 , ξ 2 ) Γ is a inner product [START_REF] Shuang Ren Zhao | The application of mutual energy theorem in expansion of radiation elds in spherical waves[END_REF]. Here we have assumed that that the two elds ξ 1 , ξ 2 are two retarded potentials or two advanced potentials. i.e. the surface integral satises following 3 inner product laws, I. conjugate symmetry,

II linear, the eld should be linear and also

reciprocity theorem [START_REF] Lorentz | The theorem of poynting concerning the energy in the electromagnetic eld and two general propositions concerning the propagation of light[END_REF][START_REF] Carson | The reciprocal energy theorem[END_REF][START_REF]Reciprocity in electromagnetic, mechanical, acoustical, and interconnected systems[END_REF][START_REF] Au | Theorems of bianisotropic media[END_REF].

The authors introduced the concept of mutual energy and the mutual energy theorem [START_REF] Shuang Ren Zhao | The application of mutual energy theorem in expansion of radiation elds in spherical waves[END_REF][START_REF] Zhao | The simplication of formulas of electromagnetic elds by using mutual energy formula[END_REF][START_REF] Zhao | The application of mutual energy formula in expansion of plane waves[END_REF][START_REF] Shuang Ren Zhao | The modied poynting theorem and the concept of mutual energy[END_REF]. There were very closed earlier formula related to the concept of mutual energy theorem [START_REF] Welch | Reciprocity theorems for electromagnetic elds whose time dependence is arbitrary[END_REF][62], but they did not realize it is the energy and still thought it as some kind of reciprocity theorem. There is also the time domain mutual energy theorem, it was referred also as time domain correlation reciprocity theorem [START_REF] Adrianus | Time-domain reciprocity theorems for electromagnetic elds in dispersive media[END_REF]. The author ref. [START_REF] Shuang Ren Zhao | The application of mutual energy theorem in expansion of radiation elds in spherical waves[END_REF][START_REF] Zhao | The simplication of formulas of electromagnetic elds by using mutual energy formula[END_REF][START_REF] Zhao | The application of mutual energy formula in expansion of plane waves[END_REF] knew it is mutual energy but didn't continue to dig what can be done with this mutual energy.

Recently the authors have found that: 1) the reciprocity theorem solution to a system with one transmitter and a receiver is inadequate; 2) The P-ow which is the energy ow calculated through the Poynting vector [START_REF] Poynting | On the transfer of energy in the electromagnetic eld[END_REF] do not transfer energy; 3) the mutual energy ow, which is referred as M-ow, is a inner product of a retarded potential and an advanced potential is the only one to transfer electromagnetic energy for two remote objects in empty free space.

The concept of P-ow is similar to the concept of the self-energy in quantum physics and in the absorber theory of ref. [1,2,[START_REF] Pegg | Absorber theory in quantum optics[END_REF], it has no power to transfer the energy. The mutual energy is composed of one advanced potential and one retarded potential. The advanced potential can suck the energy from the transmitter. The sucked energy is just equal to the energy later it is received by the receiver.

After we accept the advanced potential, and accept the advanced potential can suck the energy from the transmitter, we can discrete the sucking process, hence the background atoms will send discrete advanced potential to the transmitter. There are innite more this background atoms which can be seen as receivers. Hence the energy is randomly sucked out from the transmitter. This explains the probability in quantum Physics at least for photons. The photon from the very beginning knows exactly where it should to reach, this avoid the Maxwell or Schrödinger wave function collapse.

The beam width of the M-ow is clear dierent with the P-ow. It can be shown that the beam section area for the M-ow has the maximum value in the middle between the transmitter and the receiver. This explained the eect referred as antibunching [1,2,[START_REF] Pegg | Absorber theory in quantum optics[END_REF]. Many results of this paper agree the absorber theory [1,2,[START_REF] Pegg | Absorber theory in quantum optics[END_REF], i.e., self-energy calculated from P-ow can be removed, the spontaneous emission is caused by remote environment materials in the future.

However this article oer more details picture how the advanced potential is cooperated with retarded potential to transfer energy in space. This article shown that the advanced potential cannot transfer energy alone, the retarded potential cannot transfer energy too alone, but the combination of these two to become the M-ow, that can transfer the energy in space.

We guess this kind of energy transfer principle can also transfer a electromagnetic force to remote object, a retarded potential send a force from the transmitter to the receiver, the receiver send advanced potential back, the reaction force on the transmitter is at 0 time. This means at least the electromagnetic force can be reacted at 0 time. Force reaction without time, perhaps is the reason for the many physical concept for example mass, gravitation, force itself.

This also the reason Einstein thought that without the absorber theory (here he

the mutual energy theorem

The formula of the mutual energy theorem in Fourier domain can be found [42, 79, 78][53].

Γ can be chosen as innite big sphere. The media have to meet the condition,

where † = * T . and µ are tensor. The superscript * expresses the complex conjugate operator, T is matrix transpose and, (ξ

dV . We have proven that in the mutual energy theorem, if

, one is retarded potential and another is advanced potential.E 1 , E 2 are electric eld, H 1 , H 2 are magnetic elds. We have applied the inner product, it can be proven that they are really some kind inner product in math. It can be proven that the surface integral vanishes, if ξ 1 and ξ 2 one is retarded potential, one is advanced potential, i.e.,

V2 is the energy of the eld ξ 1 act on the current ρ 2 , this is the energy receiving antenna 2 received. -(ρ 1 , ξ 2 ) V1 is the energy sucked by the eld ξ 2 from the current ρ 1 . This also tell us that the received energy of antenna 2 sent from antenna 1 is same as the energy sucked from transmitting antenna 1 by the advanced potential of the antenna 2.

If advanced potential exist, it can suck energy from the transmitter. This sucked energy later is received by the receiver. This is the most important result of the mutual energy theorem to the advanced potential and receiving antenna.

The authors believe this result is correct and will apply this to explain more physics result in next sections.

, where Γ 1 can be any surface between antenna 1 and antenna 2. The above formula tell us the M-ow is equal to the eld ξ 2 sucked energy. Hence the M-ow can carry the energy in space. energy theorem wins that is not only oer a method for antenna calculation in lossy media, but also further supports the absorber theory of Wheeler and Feynman, and the transactional interpretation for quantum physics and hence is very meaningful.

Comment

In this article the author has the mutual energy theorem widened to lossy media from the lossless media.

Introduction

Antenna calculation is often with reciprocity theorem [33, 10, 11, 70, 61][31, 32], which is established in symmetric media. Assume the transmitting and receiving antenna are all put in the lossy media. Assume the lossy media is symmetric. Hence the reciprocity theorem is established. We should apply reciprocity theorem to calculate the relation between two antennas. According to the reciprocity theorem the action [START_REF] Rumsey | Reaction concept in electromagnetic theory[END_REF] from the antenna 1 to the antenna 2 is equal to the action from the antenna 2 to the antenna 1.

However if antenna 1 is transmitting antenna and antenna 2 is receiving antenna, and media is lossy, since the energy loss, we expected that,

Since the left of the above corresponding to the energy of transmitting antenna send energy to the receiving antenna. The right side of the above corresponding the received energy. Since there is energy loss in media, the right side should smaller than the left side. This means actually the reciprocity theorem isn't suitable to the antenna system with at least one receiving antenna in a lossy media. We found actually there is nothing wrong with the reciprocity theorem, the reciprocity theorem is still correct at lossy media. The only thing get wrong is the reciprocity theorem can only be used to two transmitter antennas. The reciprocity theorem is not suitable to an antenna system with one transmitting antenna and one receiving antenna.

We also know that the mutual energy theorem can do the same thing as reciprocity theorem [START_REF] Shuang Ren Zhao | The application of mutual energy theorem in expansion of radiation elds in spherical waves[END_REF][START_REF] Zhao | The simplication of formulas of electromagnetic elds by using mutual energy formula[END_REF][START_REF] Zhao | The application of mutual energy formula in expansion of plane waves[END_REF][START_REF] Shuang Ren Zhao | The modied poynting theorem and the concept of mutual energy[END_REF] for antenna calculation. The mutual energy theorem is established on lossless media. Since the mutual energy theorem does not suit to the lossy media, we cannot directly apply it. However mutual energy theorem can be easily extended to lossy media. We found after this extension the mutual energy theorem can have an energy lossy item, that is conrmed

For the reciprocity theorem, the media must be symmetric, i.e.,

If we assume there are

are the length and sectional areas of the cylinders, it is same to V 2 , hence there is,

The reciprocity theorem is derived for two transmitting antennas. Where V 12 = ´L2 E 1 dL is potential on antenna 2 which is produced by current I 1 . V 21 = ´L1 E 2 dL is the potential on antenna 1 which is produced by current I 2 . I 1 = ˜S1 J 1 dS, I 2 = ˜S2 J 2 dS. We know the above derivation is correct for two transmitting antenna. Many books and publications of the electromagnetic eld theory claim that the above derivation also suit to the antenna systems with a transmitting antenna and a receiving antenna. However they did not oer any convinced proof.

The above explanation seems correct, but it contains a mortal problem.

The authors do not satisfy that. First the current J 1 and J 2 must be both sources, they both send retarded potentials ξ 1 , ξ 2 , (we have known that if and only if ξ 1 and ξ 2 are both retarded potential, the surface integral of the reciprocity theorem vanishes, otherwise the reciprocity theorem of Eq.( 913) is not established). In the case there is a receiving antenna, we can show that the reciprocity theorem is wrong in a very simple situation. In the simple situation we assume that the receiving antenna is a black body, it can only receive en-

which is the eld produced by antenna 2 send to space, should vanish (we have assume it is retarded potential). Hence, there is

dV does not vanish, the reciprocity theory become 0 = something not zero

the another is in free empty space. This inconsistency will be resolved in volume 2 of this book where the mutual energy principle and self-energy principle are introduced. However this inconsistency to the author a is the also the direct reason for him to introduce the two new principles.

Introduction

Maxwell equations have two solutions: the retarded potential and the advanced potential. Many physicists accept the advanced potential, for example Lawrence M.

Stephenson [START_REF] Stephenson | The relevance of advanced potential solutions of maxwell's equations for special and general relativity[END_REF]. The absorber theory of D. T. Pegg, Wheeler and Feynman [1,2,[START_REF] Pegg | Absorber theory in quantum optics[END_REF] is also based on the advanced potential. But antenna engineers or microwave engineers and most other physicists reject the advanced potential.

Einstein joined the talk of Feynman about his absorber theory that need a complete absorber in the future. After this talk, Pauli objected the theory and hoped Einstein to agree to him. Einstein did not agree that, he support the absorber theory and said, without the absorber theory, it would be very dicult to make a corresponding theory for gravitational interaction. Actually in 1909

Einstein has debated with Ritz about advanced potential. Ritz has a emission theory bast on only retarded potential, hence he was against the advanced potential. Einstein applauded the concept of advanced potential. Although there are so many important physicists applaud the concept of the advanced potential, but there is no any selfconsistent theory can apply advanced potential in electromagnetic eld calculation (except the authors' theory about the mutual energy). How advanced potential worked in antenna system, power station system and electronic circuits? No one oers a convinced answer.

Why advanced potential can not be accept? We found it is not only the problem of the concept of causality, but the concept of advanced potential strongly conict with to major electromagnetic eld theory, rst is the energy ow calculated by Poynting vector P-ow, the second is the reciprocity theorem.

The author introduced the concept of mutual energy and the mutual energy theorem [START_REF] Shuang Ren Zhao | The application of mutual energy theorem in expansion of radiation elds in spherical waves[END_REF][START_REF] Zhao | The simplication of formulas of electromagnetic elds by using mutual energy formula[END_REF][START_REF] Zhao | The application of mutual energy formula in expansion of plane waves[END_REF][START_REF] Shuang Ren Zhao | The modied poynting theorem and the concept of mutual energy[END_REF]. There were very closed earlier and latter publications related to the mutual energy theorem [START_REF] Welch | Reciprocity theorems for electromagnetic elds whose time dependence is arbitrary[END_REF][START_REF] Rumsey | A short way of solving advanced problems in electromagnetic elds and other linear systems[END_REF][START_REF] Adrianus | Time-domain reciprocity theorems for electromagnetic elds in dispersive media[END_REF][START_REF] Petrusenko | The lost second lorentz theorem in the phasor domain[END_REF], but they did not realize it is the energy and still thought it as some kind of reciprocity theorem between the transmitter and the receiver.

In this article the authors have shown that without advanced potential, it is not possible to satisfy the Maxwell equations for very simple situation. Hence the authors assume there exist the advanced potential. The transmitter send the retarded potential to the receiver and cause the change of the current in the receiver, and the receiver send the advanced potential back to transmitter. The mutual energy theorem shows that the sucked energy by the advanced potential from the transmitter is equal to the received energy of the receiver. We have also shown the sucked energy or received energy mentioned above is also equal to the mutual energy ow which is referred as M-ow and is calculated on the surface between the transmitter and the receiver. M-ow is composed of a retarded potential of the transmitter and an advanced potential of the receiver.

The author shown there is diculty of the energy ow calculated through

V is the volume contains the current ρ 1 and ρ 2 . Γ is the boundary of the volume V . Γ can be chosen as innite big sphere.

The media have to meet the condition, †

Where † = * T . The superscript * expresses the complex conjugate operator, T is matrix transpose. It is possible that the modied mutual energy theorem is not a physical theorem since the media of the two elds ζ 1 and ζ 2 can be dierent or at dierent spaces. If we assume they are the same, i.e., 1 = 2 and

That is lossless condition. Hence in lossless media the mutual energy theorem (note here, there is no modied) is established.

The surface integral in the mutual integral is inner product

The surface integral in the mutual energy formula (ξ 1 , ξ 2 ) Γ is a inner product [START_REF] Shuang Ren Zhao | The application of mutual energy theorem in expansion of radiation elds in spherical waves[END_REF]. Here we have assumed that that the two elds ξ 1 , ξ 2 are two retarded potentials or two advanced potentials. i.e. the surface integral satises following 3 inner product laws, I. conjugate symmetry,

II linear, the eld should be linear and also

is localized at one electron, the concept of wave function collapse is needless.

The probability results of light is because that we have use P-ow to roughly calculate the M-ow. We thought if Schrödinger knew today's light theory, he would for sure also build his wave theory for quantum mechanics similar to the new light theory with M-ow. Hence we claim that the M-ow theory is not only suitable to the light but also can be applied to the quantum physics.

This means all particles are M-ow. The M-ow is composed of not only the retarded potential, but also the advanced potential. M-ow is a inner product of the retarded potential and the advanced potential. Since there is two waves, the M-ow theory can oer a very nature way to the phenomena of spin. The traditional wave energy ow which is calculated with only retarded potential, we obtained the P-ow. If we still calculate P-ow for particles, we have to use the concept of probability, however P-ow is only an inaccurate calculation of the energy ow. More accurate method should be the M-ow method. In this new method, the concept of the wave function collapse is not necessary. We still can use the probability, however the reason of the probability becomes very clear.

Comment

In this article the author try to bring the result abut the mutual energy ow to the case of the electron. The author has shown that in free empty space the M-ow is dominant and the P-ow can be omitted. This is correct, but in the case when the electron is at the obit, it is seems the two P-ow can oer half the energy transfer, the M-ow oer's half energy transfer. Hence it is not consistent to the two situation one is in free empty space and the other is in obit. This consistent can will be correct in the volume 2 of this book where the time-reversal self-energy ow will solve this problem. When the time-reversal energy ow is introduced, which can cancel all the self-energy ow, and hence the self-energy ow or P-ow will no any contribution in both situation, i.e, in free empty space and in case of the obit. Actually the author knows this inconsistency that time but did not found a solution.

Introduction

In quantum physics, particle for example electron must satisfy the wave function. The wave is a retarded wave. This wave is a diverged wave which spread out from the source to a bigger region. But when electron is absorbed by an atom, we say that the wave function collapses. Hence it seems that the square absolute value of the wave function can oer the probability of the position of wave function collapse. This become the probability interpretation of quantum physics, it is also referred as the Copenhagen interpretation [START_REF] Wimmel | Quantum physics and observed reality: a critical interpretation of quantum mechanics[END_REF].

This interpretation cannot be accepted by many physicists, for example Einstein and Schrödinger. Einstein said God does not play at dice. To which

Bohr could only answer: But still, it cannot be for us to tell God, how he is to run the world. Schrödinger disagreed also the probability interpretation of the quantum physics. There are other interpretation for example many-worlds interpretation [START_REF] Everett | Relative state formulation of quantum mechanics[END_REF] and consistent histories [START_REF] Griths | Consistent histories and the interpretation of quantum mechanics[END_REF] now they become also very popular. The transactional interpretation [1,2,[START_REF] Cramer | The transactional interpretation of quantum mechanics[END_REF][START_REF] Cramer | An overview of the transactional interpretation[END_REF] is interested with more and more physicists. However until now seems still no any other interpretations can replace the Copenhagen probability interpretation.

In light situation, traditionally we know there is light wave which is retarded potential, from this wave we can calculate the Poynting vector, a surface integral of Poynting vector can be seen as energy ow, it is referred as P-ow. Pow looks like a diverged beam started from the source go to the surrounding environment.

Recently the authors' study [START_REF] Shuang Ren Zhao | The application of mutual energy theorem in expansion of radiation elds in spherical waves[END_REF][START_REF] Zhao | The simplication of formulas of electromagnetic elds by using mutual energy formula[END_REF][START_REF] Zhao | The application of mutual energy formula in expansion of plane waves[END_REF][START_REF] Shuang Ren Zhao | The modied poynting theorem and the concept of mutual energy[END_REF][START_REF] Shuang Ren Zhao | The principle of the mutual energy[END_REF] shown that light is not just wave, the retarded potential. Light is mutual energy ow. Mutual energy ow is referred as M-ow. M-ow is composed of the retarded potential and advanced potential. M-ow is a inner product of the two potentials. Interesting thing is the two dierent potentials can be synchronized to transfer the energy. The beam of M-ow in the beginning diverges from a electron in a atom which can be seen as the source, and then it converged to another electron which can been seen as a sink. According this new theory of light, since M-ow itself can be localized, the concept of the wave function collapse is not necessary. Since there are two potentials, the phenomena of spin can also be easily explained as two potentials with 90 degree phase dierence.

The authors believe that all result about M-ow in light is also suitable to other particles for example electrons. The authors believe that the electron is actually the M-ow, which is composed of two waves, retarded wave and advanced wave. In the orbit of atom, the two waves can be synchronized completely, this is similar to the light transfer in a wave guide. In this situation, the behavior of two waves is same to the behavior obtained with the retarded wave alone.

Similar to light, the energy ow is calculated with only retarded wave alone (or advanced wave alone) is referred as P-ow. In free space, the behavior of M-ow is dierent with P-ow. P-ow is a diverged beam like the beam of ashlight.

However M-ow started from an electron in an atom and end at an electron at another atom. The beam M-ow rst diverges from a point and then converges to a point. M-ow can also interpret the phenomena of spin in a nature way.

The authors' above theory can be referred as mutual energy ow interpretation.

Compare to the transactional interpretation [1,2,[START_REF] Cramer | The transactional interpretation of quantum mechanics[END_REF][START_REF] Cramer | An overview of the transactional interpretation[END_REF], the mutual energy ow interpretation also support the existent of the advanced wave. The transactional interpretation claim it is only a interpretation, the advanced wave can not be tested in the laboratory and also can not be falsied. However the mutual energy ow interpretation is not just a interpretation, it also changed the quantum theory, the inner product of advanced wave and retarded wave produced the M-ow. Because of this inner product, the beam shape of the M-ow become the intersection of sets of the beam shapes of the advanced wave and the retarded wave. This beam shape become rst diverged and then converged. In other hand, the authors have proven that the mutual energy theory is agreed with energy conservation law, but Lorentz reciprocity theory doesn't in case of the loss media in the electromagnetic eld theory [START_REF] Shuang-Ren Zhao | New testimony to support the explanation of light duality with mutual energy current by denying the reciprocity theore[END_REF]. The mutual only way to transfer the energy between two remote objects. By the way, to transfer energy in wave guides or coaxial-cables, energy transferred by M-ow and P-ow is half to half. In antenna system the M-ow is dominant, but Pow still have some small contribution. Recently the authors have also shown that in the loss media, the reciprocity theorem cannot oer any correct results which guarantee the energy conservation, but the mutual energy theorem can do it [START_REF] Shuang Ren Zhao | The principle of the mutual energy[END_REF]. After these two breakthroughs, it is clear to the authors that light should be explained as M-ow and light is not only the retarded potential, it is a combination of a retarded potential and an advanced potential. It is a inner product of the retarded potential and an advanced potential. The authors found that the duality of the light, photon and wave both can be explained with M-ow. M-ow diverges in the beginning and then it converges to a point and hence M-ow is local which eliminate the concept of the wave function collapse.

M-ow can also interpret the phenomena of spin in a nature way.

The mutual energy theorem 47.4.3 Mutual energy theorem in loss media

The theory for the mutual energy theorem includes the following components.

Before the full formula of the mutual energy theorem, there are two early version of it, which can be seen in [73][62]. The formula of the mutual energy theorem can be found [START_REF] Shuang Ren Zhao | The application of mutual energy theorem in expansion of radiation elds in spherical waves[END_REF][START_REF] Zhao | The simplication of formulas of electromagnetic elds by using mutual energy formula[END_REF][START_REF] Zhao | The application of mutual energy formula in expansion of plane waves[END_REF]. The formula [START_REF] Shuang Ren Zhao | The application of mutual energy theorem in expansion of radiation elds in spherical waves[END_REF][START_REF] Zhao | The simplication of formulas of electromagnetic elds by using mutual energy formula[END_REF][START_REF] Zhao | The application of mutual energy formula in expansion of plane waves[END_REF] is in Fourier domain. The corresponding time domain mutual energy theorem can be found in ref. [START_REF] Adrianus | Time-domain reciprocity theorems for electromagnetic elds in dispersive media[END_REF].

In Fourier domain the modied mutual energy theorem formula can be written as following [START_REF] Shuang Ren Zhao | The modied poynting theorem and the concept of mutual energy[END_REF],

V is the volume contains the current

Γ is the boundary of the volume V . Γ can be chosen as innite big sphere. The media have to meet the condition,

Here the media 1 , µ 1 and 2 , µ 2 satisfy, †

Where and µ are permittivity, permeability, † = * T . The superscript * expresses the complex conjugate operator, T is matrix transpose and

Summary

For a free electron, we should calculate M-ow which is

a beam rst diverge and then converge, for this kind wave beam, the concept of wave function collapse is needless.

When the electron is inside orbit, the two wave can be synchronized completely, and hence the retarded wave and advanced wave are equal to each other.

In this situation, the calculation of ψ 1 ψ * 1 , the P-ow (we can referred it as P-ow similar to the light situation) is the same as M-ow ψ 1 ψ * 2 . Even though there still exists the advanced wave, but the result is same when we only use retarded

It is same to the wave guide,for electron in the orbit, the energy transferred half by P-ow ψ 1 ψ * 1 + ψ 2 ψ * 2 and half by M-ow

In the free space the contribution of P-ow can be omitted completely. Only M-ow is left. Hence electron is also M-ow, which is composed of two waves retarded wave and advanced wave.

Even though the above new interpretation has not changed the calculation of the quantum eld. However because it abandons the concept of the wave function collapse, the probability, thing become easy to understand. Electron in the free space is nothing else, it is just M-ow. The M-ow is composed of two waves one is the retarded the other is the advanced. The two waves are nearly synchronized. There is 90 degree phase dierence which can be seen as the behind scene of spin.

In the authors' new interpretation the square absolute value of wave function |ψ| 2 = ψ 1 ψ * 1 is the P-ow, which is only a approximation to the M-ow ψ 1 ψ * 2 . Since ψ * 2 is dicult to obtain, there is hundreds and thousands ψ 2 in the environment corresponding to each atom which can receive the electron, we still only calculate ψ 1 ψ * 1 . In this situation, ψ 1 ψ * 1 oers the probability about ψ 1 ψ * 2 .

All these can be summarized as electron is not only retarded wave, it combines with two waves: the retarded and the advanced. The two waves build as the M-ow which is the energy ow instead of the probability. The reason of the probability is because if we only calculated P-ow of retarded wave which can only oers the probability where the M-ow can happen. The probability is because of the inaccurate calculation. The probability is not an intrinsic property of electron.

We also believe the calculation of ψ 1 ψ * 2 in some situation can replace the calculation of ψ 1 ψ * 1 and oer a more accurate results for the understanding of the electron and all other particles.

Conclusion

Similar to the light, other particles for example electron should also be composed with two waves, the retarded wave and the advanced wave. The two waves build up the M-ow. Since the M-ow of electron is a beam that in the beginning diverges and in the end it converges, hence, for M-ow the wave function collapse is not needed. The reason of the probability is re-explained. advanced potential. In the Lorentz reciprocity theorem scattering doesn't play a role. In the mutual energy theorem, we have to assume there is no scattering, the scattering play a important role. We can utilize all these dierences to build experiments to test which is correct. In the loss media, the result of reciprocity doesn't change, but the mutual energy theorem need to be extended to consider the loss in energy. The authors have found in loss media, it is clear that the Lorentz reciprocity theorem oers a wrong result violate the energy conservation, but the mutual energy theorem meet the requirement of energy conservation. The mutual energy theorem wins in loss media situation strongly support the concept of M-ow and also support the existent of the advanced potential. It become a testimony to support the new explanation of light's duality (both wave and photon) as the M-ow.

Introduction

Maxwell equations have two solutions: the retarded potential and the advanced potential. Many physicists accept the advanced potential, for example the theory of Lawrence M. Stephenson [START_REF] Stephenson | The relevance of advanced potential solutions of maxwell's equations for special and general relativity[END_REF]. The absorber theory of D. T. Pegg, Wheeler

and Feynman [1,2,[START_REF] Pegg | Absorber theory in quantum optics[END_REF] also based on the advanced potential. Einstein joined the talk of Feynman about his absorber theory that need a complete absorber in the future. After this talk, Pauli objected the theory and hoped Einstein to agree to him. Einstein did not agree that, he support the absorber theory and said, without the absorber theory, it would be very dicult to make a corresponding theory for gravitational interaction. Actually in 1909 Einstein has debated with Ritz about advanced potential. Ritz has a emission theory based on only retarded potential, hence he was against the advanced potential. Einstein applauded the concept of advanced potential. Although there are so many important physicists applaud the concept of the advanced potential, but there is no any selfconsistent theory can apply advanced potential in electromagnetic eld calculation (except the authors' theory about the mutual energy). How advanced potential worked in antenna system, power station system and electronic circuits? No one oers a convinced answer. Hence, antenna and microwave engineers, electronic engineers and most physicists still reject the concept of the advanced potential.

It is seems without advanced potential the engineer still can solved all engineering problems by using the Lorentz reciprocity theorem [33, 10, 11, 70, 61][31, 32].

The author introduced the concept of mutual energy and the mutual energy theorem [START_REF] Shuang Ren Zhao | The application of mutual energy theorem in expansion of radiation elds in spherical waves[END_REF][START_REF] Zhao | The simplication of formulas of electromagnetic elds by using mutual energy formula[END_REF][START_REF] Zhao | The application of mutual energy formula in expansion of plane waves[END_REF][START_REF] Shuang Ren Zhao | The modied poynting theorem and the concept of mutual energy[END_REF]. There were very closed earlier publications related to the mutual energy theorem [START_REF] Welch | Reciprocity theorems for electromagnetic elds whose time dependence is arbitrary[END_REF][62], but they did not realize it is the energy and still thought it as some kind of reciprocity. The author of ref. [START_REF] Shuang Ren Zhao | The application of mutual energy theorem in expansion of radiation elds in spherical waves[END_REF][START_REF] Zhao | The simplication of formulas of electromagnetic elds by using mutual energy formula[END_REF][START_REF] Zhao | The application of mutual energy formula in expansion of plane waves[END_REF] thought it is energy and referred it as mutual energy but didn't continue to work on it for a long time. The reason is that there is another energy ow which is based on an surface integral of Poynting vector, it is referred as P-ow. Mutual energy ow (it is referred as M-ow) is only part of P-ow. Only recently the authors have found that the P-ow actually do not carry energy [START_REF] Shuang Ren Zhao | The principle of the mutual energy[END_REF][START_REF] Shuang Ren Zhao | The mutual energy current interpretation for quantum mechanics[END_REF]. Hence M-ow become the only one which carries the energy. It is the only way to transfer energy between two remote objects, to transfer energy in the wave guide or coaxial-cable. It is clear that the light should be explained as M-ow. The authors found the duality of the light, photon and wave both can be explained with M-ow. M-ow is composed of a retarded potential and advanced potential.

Since we have said that the concept of advanced potential is still rejected by engineers and most physicists. In order to convince them the theory of M-ow and the advanced potential, in this article the authors shown that the Lorentz reciprocity theorem solution to a system with one transmitter and a receiver in results are dierent, the mutual energy theorem says that the receiver send the retarded potential, the retarded potential is received by the current on receiver and cause an advanced potential sending from the receiver to the transmitter.

The advanced potential will suck the energy from the transmitter and this energy is received later by the receiver. The Lorentz reciprocity theorem says that there is a reactions for transmitter and receiver, they are equal to each other.

The Lorentz reciprocity theorem consider the elds of the antennas as all retarded potentials. The mutual energy theorem consider the eld of the transmitter as retarded potential and for the eld of the receiver as an advanced potential. Even they both can obtained similar results for the directivity diagram for the transmitter and receiver, but the conditions for the theorems to be established are quite dierent. The mutual energy theorem is established in lossless media, the Lorentz reciprocity theorem is established in symmetric media. This conditions can be easily checked with experiments. If the mutual energy theorem wins, this will be also a new testimony of the existent of the advanced potential. This will further support the authors explanation to light.

Light is nothing else but the mutual energy ow. The mutual energy ow can oer a very good explanation why light some time look like wave and some time looks like an energy particle. The mutual energy ow is composed of retarded potential and advanced potential, hence it is wave. But when it is received and transmitted the M-ow can focus to a point. If we consider the energy should be discrete, for example each atom have only a very short time window which it can receiver energy, then the light at the point it is received or transmitted looks very like a particle, that is the so called photon. Hence the duality of the light is solved.

Part VIII

Why the mutual energy theorem should be applied instead of the Lorentz reciprocity theorem 49 Abstract

The Lorentz reciprocity theorem and the mutual energy theorem both can explain the antenna system with one transmitter and one receiver. The explanation is same for the directivity diagram. However the principles underneath are much dierent. The Lorentz reciprocity theorem claims that between two antenna there is a reaction which is a half mathematical half physical concept.

In the explanation of the mutual energy theorem, there is the mutual energy If the Lorentz reciprocity theorem wins we can reject the advanced potential.

It is seems that the Lorentz reciprocity theorem is not possible to win, because we have found the situation where the Lorentz reciprocity theorem absolutely can not be applied, which is the situation where the receiver is a black body.

introduction

Maxwell equations have two solutions: the retarded potential and the advanced potential. Many physicists accept the advanced potential [START_REF] Stephenson | The relevance of advanced potential solutions of maxwell's equations for special and general relativity[END_REF]. The absorber theory of D. T. Pegg, Wheeler and Feynman [1,2,[START_REF] Pegg | Absorber theory in quantum optics[END_REF] also based on the advanced potential. But most antenna engineers or microwave engineers reject the advanced potential. It is seems without advanced potential the engineer still can solved all engineering problems by using the Lorentz reciprocity theorem [33, 10, 11, 70, 61][31, 32].

The author introduced the concept of mutual energy and the mutual energy theorem [START_REF] Shuang Ren Zhao | The application of mutual energy theorem in expansion of radiation elds in spherical waves[END_REF][START_REF] Zhao | The simplication of formulas of electromagnetic elds by using mutual energy formula[END_REF][START_REF] Zhao | The application of mutual energy formula in expansion of plane waves[END_REF][START_REF] Shuang Ren Zhao | The modied poynting theorem and the concept of mutual energy[END_REF]. There were very closed earlier publications related to the concept of mutual energy [START_REF] Welch | Reciprocity theorems for electromagnetic elds whose time dependence is arbitrary[END_REF][62], but they did not realize it is the energy and still thought it as some kind of reciprocity. The author of ref. [START_REF] Shuang Ren Zhao | The application of mutual energy theorem in expansion of radiation elds in spherical waves[END_REF][START_REF] Zhao | The simplication of formulas of electromagnetic elds by using mutual energy formula[END_REF][START_REF] Zhao | The application of mutual energy formula in expansion of plane waves[END_REF] thought this is mutual energy but didn't continue to work with mutual energy for around 30 years. Only recently the authors have found that this mutual energy is so important, it is the only way to transfer energy between two remote objects.

The authors have shown that the Lorentz reciprocity theorem solution to a system with one transmitter and a receiver is inadequate. This antenna system should be explained by using the mutual energy theorem. In the mutual energy explanation, the receiving antenna must send a advanced potential. From the mutual energy theorem, it shows that the advanced potential of the receiver sucks the energy from the transmitter. The transmitter send the retarded potential to the receiver, and then caused the current of the receiver, the receiver send the advanced potential to transmitter, the advanced potential and retarded potential together can transfer the energy form the transmitter to the receiver.

theorem vanishes, otherwise the Lorentz reciprocity theorem of Eq.( 1146) is not established). In the case there is a receiving antenna, we can shown that the 

dV does not vanish, the reciprocity theory become 0 = something not zero

which is also meaningless.

The above discussion is also suit to the situation where the antenna 2 is a paraboloid antenna. The energy received by the paraboloid antenna does not send again to the space, but send to a feed source/sink. If the scattering energy send from paraboloid antenna to the free space can be omitted, the paraboloid antenna can be seen as black body. For this kind ideal paraboloid antenna used as receiving antenna, the Lorentz reciprocity theorem is inadequate.

Second, we have known that there should be the energy ow send from transmitting antenna to the receiving antenna. The Lorentz reciprocity theorem can not oer us any information about the energy between the two antennas.

Here we do not claim that the Lorentz reciprocity theorem is all wrong, the Lorentz reciprocity theorem is still correct to two transmitting antennas, which is not very useful. In the following, we will explain the antenna system with the mutual energy theorem.

53.2 Explanation of a system with a receiving antenna using the mutual energy theorem

The result of the mutual energy theorem

Instead of using the Lorentz reciprocity theorem we will apply the mutual energy theorem to the system with two antennas, one is transmitting antenna and another is receiving antenna.

We have proven that in the mutual energy theorem, if ξ 1 and ξ 2 one is retarded potential and another is advanced potential, the surface integral vanishes, i.e.,(ξ 1 , ξ 2 ) Γ = 0. Here Γ is innite big sphere. n is the outward unit vector of surface Γ . Hence we have

They are established in dierent media

The mutual energy theorem functions in lossless media. This can not be changed even after we have applied the magnetic mirror transform. The Lorentz reciprocity theorem is established in symmetric media. Only if the media with real values for both the mutual energy theorem and the Lorentz reciprocity theorem can oer similar results. For example the media = i 0 (where 0 is the Permittivity in free space) is not lossless media but it is symmetric media. This kind of media doesn't suit to the derivation of the mutual energy theorem, hence the mutual energy theorem can not apply to the system with transmitting antenna and receiving antenna.

The scattering process

In the derivation of the mutual energy we have assumed that there is no scattering eld sending out from the receiving antenna 2. If there is scattering for antenna 2, We can not obtained Eq.( 1155) and hence Eq.(1170).

Using these 3 dierences we can design experiments to further examine which is correct, the two theories, the Lorentz reciprocity theorem or the mutual energy theorem. We can test the theories in symmetric loss media in which the Lorentz reciprocity theorem is established, but the mutual energy theorem is not established. In this case if we still obtained the same result of reciprocity for a antenna used as receiving antenna and transmitting antenna, then the reciprocity is correct, otherwise the mutual energy theorem is correct.

There is no any inuence of scattering to the Lorentz reciprocity theorem.

But from derivation of mutual energy theorem we have known that the scattering play a important role. Since paraboloid antenna has big dierence of scattering when the receiving antenna toward to the transmitter or back against the transmitter. If the directivity pattern of a receiving antenna and a transmitting antenna is inuenced by the scattering, then the Lorentz reciprocity theorem is wrong and the mutual energy theorem is corrected to the antenna theory.

Conclusion

The mutual energy theorem and the Lorentz reciprocity theorem for a antenna system with a transmitter and a receiver is compared. The explanations of the results are dierent, the mutual energy theorem says that the transmitter sends the retarded potential, the retarded potential is received by the current of the receiver and cause an advanced potential sending from the receiver to the transmitter. The advanced potential will suck the energy from the transmitter and this energy is received by the receiver. The Lorentz reciprocity theorem says that there is a reactions for transmitter and receiver, they are equal to each other.

The Lorentz reciprocity theorem consider the elds of the antenna as all retarded potentials. The mutual energy theorem consider the eld of the transmitter as retarded potential and for the eld of the receiver as an advanced potential. Even they both can obtained similar results for the directivity diagram for the transmitter and receiver, but the conditions for the theorems to be established are quite dierent. The mutual energy theorem is established in lossless media, the Lorentz reciprocity theorem is established in symmetric media. In the empty space there has = 0 and µ = µ 0 and hence, the empty space is both lossless and symmetric media. Hence both theorems can be applied. However in case for other media, for example lossy media, that also can be symmetric media, and hence, the condition Lorentz reciprocity theorem is satised. But for the lossy media, the mutual energy theorem is not satised.

In the ossy media, the mutual energy theorem need to be modied. We can compare the modied mutual energy theorem with Lorentz reciprocity theorem in lossy media. This conditions in (lossy media) can be easily checked with experiment. If the mutual energy theorem wins, this will be also a new testimony of the existent of the advanced potential.

Part IX

Experiment about advanced wave or advanced potential by classical method 55 Abstract

Experiments to produce advanced wave and send signal from current to the past is proposed using classical method. The experiment method is by change the impedance of the load, then output power of the power source is measured.

According to the mutual energy theorem, the load will suck the energy form