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Impact of the Acoustic Forcing Level on the Transfer
Matrix of a Turbulent Swirling Combustor
with andWithout Flame

R. Gaudron1 ·M. Gatti1 ·C. Mirat1 · T. Schuller1,2

Abstract
Thermoacoustic instabilities are a major issue for industrial and domestic burners. One
possible framework to study these instabilities is to represent the system by a network of
Dimensionless Acoustic Transfer Matrices (DATM) that link pressure and velocity fluctu-
ations upstream and downstream each element of the network. In this article, the DATM
coefficients of a turbulent swirling combustor are determined for a thermoacoustically stable
configuration using harmonic acoustic forcing. Since the dynamics of the whole system is
controlled by nonlinearities, the impact of the forcing level needs to be considered. The four
DATM coefficients are thus measured for reactive operating conditions (premixed flame)
and cold flow conditions for increasing acoustic excitation levels. The velocity level is con-
trolled by a hot wire located inside the injector, in a region with a laminar top-hat velocity
profile. The upstream and downstream specific acoustic impedances are also measured.
Results for the acoustic response under cold flow conditions are first presented. In this case,
the DATM coefficients are found to be independent of the forcing level except for the modu-
lus of the coefficients linking the downstream velocity fluctuations to the upstream pressure
and velocity fluctuations. This behavior is linked to the nonlinear response of the injector
but is not entirely captured by the acoustic network model developed in this work. For reac-
tive operating conditions, measurements indicate that all DATM coefficients depend on the
forcing level to a certain extent. The Flame Describing Function, linking heat release rate
fluctuations to velocity fluctuations, is used to reconstruct the transfer matrix through an
acoustic network model. This network model accurately predicts the trend of the measured
coefficients but the impact of the forcing level is not reproduced. Saturation for reactive
operating conditions is shown to be not only related to the nonlinear flame response but also
to the nonlinear injector dynamics. Finally, a data-driven reconstruction of the FDF using
the acoustic network model along with the hot wire and microphone measurements is per-
formed. This data-driven acoustic reconstruction is subsequently compared with the FDF
determined with an optical technique.
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1 Introduction

The combination of the Flame Transfer Function (FTF) or its nonlinear extension, the
Flame Describing Function (FDF), with an acoustic solver has been shown to be a powerful
framework to analyze the thermoacoustic stability of practical combustors at reduced com-
putational costs [1–5]. In these low-order representations, the frequency response of the
flame to soundwaves is encompassed in the complex function called FTF and defined as [6]:

F(ω) = Q̇′/Q̇
u′/u

(1)

where Q̇ denotes the flame heat release rate and u the flow velocity at some location inside
the injector. Throughout this work, the overline stands for mean conditions and the prime
corresponds to the Fourier component of the signal at the forcing angular frequency ω.
When the forcing level |u′|/u is an explicit variable of F , the operator defined in Eq. 1
becomes nonlinear and is called a Flame Describing Function (FDF) [7, 8]. This framework
can be used to analyze the dynamics of each mode of the combustor and determine the oscil-
lation frequency and oscillation level reached by the acoustic variables within the system.
This procedure was successfully employed to predict the thermoacoustic stability of turbu-
lent swirling combustors [9, 10]. One challenge is to accurately determine the FDF, i.e. the
frequency response of the flame when submitted to flow perturbations, over the frequency
range of interest and at high perturbation amplitudes [11, 12].

There are a few analytical expressions for the FTF of canonical flames that were derived
with simplifying assumptions [13, 14]. Alternatively, the FTF can be determined using
numerical means [15, 16]. However, simulations of the frequency response of practical
swirling flames in industrial combustors are often limited to a single or a limited set of forc-
ing frequencies due to the large computational resources needed for these calculations and
the forcing level is rarely varied [17]. There is a growing effort to reproduce the FDF over
the entire frequency range of interest and for multiple perturbation amplitudes [15, 18, 19].
Han et al. [18] carried out simulations of the FDF of a premixed swirling flame in a lab scale
burner over a wide range of forcing frequencies and forcing levels. These data were then
used to determine the combustor stability and the trajectories of the unstable modes when
submitted to perturbations of increasing amplitudes [16]. However, simulations reproduc-
ing the FDF remain exceptions and large deviations are still observed between the simulated
flame frequency responses and measurements [18]. In many nonlinear stability analyses,
the FDF is then modeled by a heuristic expression [20, 21] or determined by dedicated
experimental means [8–10, 22].

On the experimental side, large actuators are needed in order to perturb the flow and reach
high forcing levels [23]. Another difficulty is to determine the heat release rate. In fully
premixed systems, it is common to rely on the proportionality of the chemiluminescence
intensity and the combustion intensity [24]. The FTF and FDF can then be determined by an
optical setup recording the light emission from selected intermediate combustion radicals,
such as OH* or CH*, which concentrations are assumed to be proportional to the rate of



heat released by the flame [24]. This method requires an optical access that covers the full
combustion region and as a consequence is often limited to the determination of FTF/FDF
in lab scale setups.

In non fully-premixed systems, where it is more difficult to measure the flame heat
release rate, or in combustors operating at higher powers with limited access to the flame
region, a purely acoustic method is preferred [25–28]. In this case, the flame response to
sound waves can be represented by a 2×2 Dimensionless Acoustic Transfer Matrix (DATM)
denoted by ˜M in this work and linking the acoustic variables upstream and downstream the
flame:

(

p′
d/zd

u′
d

)

=
(

˜M(1, 1) ˜M(1, 2)
˜M(2, 1) ˜M(2, 2)

)

×
(

p′
u/zu

u′
u

)

(2)

where the subscripts u and d denote upstream and downstream variables respectively. In
order to obtain dimensionless coefficients, the downstream p′

d and upstream p′
u acoustic

pressures are divided by their respective characteristic impedances, zd and zu. The upstream
and downstream locations should be as close to the flame as possible [29]. This approach
was originally developed for non-reactive 1D duct networks [30, 31] but was then extended
to networks containing a reactive element [1]. For a compact flame stabilized in a low-Mach
number flow within a straight duct, one may easily link the DATM describing the acoustic
response of the flame and the FTF:

˜M =
(

zu/zd 0
0 1 + F

(

T d/T u − 1
)

)

(3)

where T is the gas temperature. In many test rigs, the acoustic states upstream (p′
u, u

′
u)

and downstream (p′
d , u′

d ) the flame cannot be determined close enough to the combustion
region. Moreover, they need to be determined in regions of the flow were the waves are
planar and in the absence of acoustic sources [31]. These conditions are generally achieved
with a series of wall microphone measurements in straight ducts upstream the injector and
downstream the combustion chamber [26, 27]. The drawback is that the distance between
the upstream and downstream measurement locations is no longer compact with respect to
the wavelengths of sound waves and an acoustic network model needs to be considered to
reconstruct the acoustic states just upstream and downstream the flame. This acoustic net-
work model consists in several DATM describing the acoustic response of various elements
of the burner such as straight tubes, sudden area changes or sudden pressure drops [27, 29].

Measuring the DATM describing the acoustic response of practical burners is now well
mastered [25, 32]. One of the first measurements of the modulus and phase of the four
DATM coefficients for cold and reactive operating conditions [26] was achieved using a
two-source method [30, 31] by forcing the burner from the upstream and downstream sides
with harmonic sound waves. Due to the high level of noise produced by the turbulent flow
inside the burner, a large number of forcing cycles needs to be recorded to extract the
coherent response of the system. Further efforts were put into modeling and measuring the
DATM coefficients of a swirling combustor for cold flow operating conditions [27]. A sum-
mary of the DATM modeling and measurement techniques can be found in [28], where the
agreement between theory and experiments is good, even for reactive operating conditions.

The DATM corresponding to the flame response can also be reconstructed using numeri-
cal simulations. Different strategies were developed and compared to analytical expressions
or experiments with satisfactory agreement [33–37]. However, the forcing level is never
considered in these experimental or numerical reconstructions of the flame DATM or is kept



constant at an arbitrary small value. A consequence of this representation is that the flame
response is assumed to be independent of the forcing amplitude |u′

0|/u0, an approximation
which only holds for small acoustic levels [7, 13, 38, 39]. For sizable forcing levels, an
equivalent to the FDF has to be defined for the flame DATM.

The aim of this study is to determine the four DATM coefficients of a fully premixed
turbulent swirling combustor between f = 20 Hz and 400 Hz for cold and reactive oper-
ating conditions and for increasing forcing levels |u′

0|/u0 measured with a hot wire probe
located inside the injector. For cold flow operating conditions, experiments are carried out
for forcing levels ranging from |u′

0|/u0 = 0.10 to 0.72 RMS. For reactive operating condi-
tions, the same experiments are repeated for four forcing levels |u′

0|/u0 = 0.10, 0.20, 0.30
and 0.55 RMS. Measurements for the DATM representing the acoustic response of the com-
bustor are then analyzed and compared to a reconstruction for cold and reactive operating
conditions. In this second case, the reconstruction is based on the FDF, which is measured
in a separate set of experiments with an optical technique.

A description of the experimental setup and of the measurement techniques is presented
in Section 2. The acoustic network model describing the acoustic response of the combustor
for cold and reactive operating conditions is described in Section 3. Measurements and
reconstructions of the DATM coefficients for cold and reactive operating conditions are
finally discussed in Section 4.

2 Experimental Setup

The setup represented in Fig. 1 is used in the present study. A mixture of methane and air
is injected in a tranquilization box by two opposed apertures. A loudspeaker (Monacor SP-
6/108PRO - 100 W RMS) is sealed at the bottom of the tranquilization box and used to
generate harmonic sound waves. The flow is then pushed through an anti-flashback grid
and a honeycomb structure that breaks the large turbulence scales. A plenum followed by
a convergent nozzle (contraction ratio: 8.73) generates a fully laminar flow with a top-hat
velocity profile. A hot wire probe denoted by HW in Fig. 1 (Dantec Dynamics Mini-CTA
54T30 with a 55P16 probe) measures the velocity signal u0 + u′

0 in the top-hat region of
the flow. At the same axial location, a microphone denoted by MHW in Fig. 1 (Bruel &
Kjaer 4938) linked to a conditioning amplifier (Bruel & Kjaer 2690) measures the acoustic
pressure p′

u. A swirler featuring 6 holes of radius R = 3 mm generates a flow with a swirl
number S = 0.8 that was measured using Laser Doppler Velocimetry at the burner outlet. A
cooling support is used to prescribe the temperature of the combustion chamber backplate.
A bluff body of conical shape is used to promote flame stabilization. Optical access in the
combustion chamber is granted by four quartz windows that are transparent for both the
visible and the near ultraviolet wavelengths. A water-cooled convergent nozzle (contraction
ratio: 2.03) is added at the top of the combustion chamber, followed by an exhaust tube of
variable length.

Three microphones (Bruel & Kjaer 4938) denoted by ME, ME’ and ME” in Fig. 1
are mounted on water-cooled waveguides. The small acoustic distortions induced by these
waveguides are corrected through the use of their transfer function, determined in a separate
set of experiments. The first two microphones, ME and ME’, are located in front of each
other in the exhaust tube. A third microphone, ME”, is located 50 mm downstream. The



Fig. 1 Experimental setup used to determine the Dimensionless Acoustic Transfer Matrix (DATM) and the
Flame Describing Function (FDF) for cold and reactive operating conditions. The exhaust tube of length
L = 220 mm is used as the first load. All dimensions are in millimeters

Three-Microphone Method [40] is used to reconstruct the acoustic velocity fluctuations u′
d

at the same axial position as the acoustic pressure p′
d measured by ME”. In order to increase

the accuracy of the Three-Microphone Method, all experiments are made twice: one with
the microphones set in their original configuration, as represented in Fig. 1, and another one
with the microphones ME’ and ME” switched [40, 41]. Coherence functions are also used
to further improve the signal-to-noise ratio [40]. All pressure signals are divided by their
associated characteristic impedance ρc where ρ is the mean gas density and c the mean
speed of sound, both of which are determined at the microphone location.

The Dimensionless Acoustic Transfer Matrix (DATM) links the downstream acoustic
fluctuations to the upstream acoustic fluctuations as expressed in Eq. 2. This expression
contains four unknown coefficients ˜M(1, 1), ˜M(1, 2), ˜M(2, 1), ˜M(2, 2) for only two equa-
tions. As a consequence, two independent acoustic states are needed in order to determine



these coefficients. In many experiments, the two-source method is used [25–28]. An equiv-
alent method called the two-load method [42] is used here. Both methods are based on a
modification of at least one acoustic boundary condition of the setup. The first load for both
cold and reactive operating conditions corresponds to the configuration shown in Fig. 1 with
an exhaust tube of length L = 220 mm. The second load for cold flow operating condi-
tions is obtained with a longer exhaust tube of length L = 440 mm, i.e. twice as large as
the first one. This latter configuration is thermoacoustically unstable in the reactive case.
Another load consisting of an exhaust tube of length L = 220 mm topped by a perforated
plate featuring a square pattern of 12 holes of radius R∗ = 2.5 mm with an inter-hole space
d∗ = 20 mm is thus employed as the second load for reactive operating conditions. It was
checked for cold and reactive operating conditions that these two configurations lead to
independent acoustic states for all frequencies of interest.

A photomultiplier (Hamamatsu H5784-04) equipped with a band-pass filter (Asahi Spec-
tra ZBPA310, centered on λ = 310 nm and with a 10 nm bandwidth) records the OH*
chemiluminescence signal. This signal is assumed to be linearly related to the heat release
rate [24]. The Flame Describing Function (FDF) is deduced from the cross correlation
between the photomultiplier signal and the hot wire (HW) signal divided by the auto
correlation of the hot wire signal. All time series contain at least 40 oscillation cycles.

An ICCD camera (Princeton Instruments PI-MAX 4) equipped with the same interfero-
metric filter (Asahi Spectra ZBPA310) is used to record flame images with a long exposure
time in the absence of external forcing, as represented in Fig. 2.

The reactive configuration investigated in this study is a perfectly premixed methane/air
flame with an equivalence ratio φ = 0.82 and a thermal power of 5.5 kW. The associated
bulk velocity at the hot wire location is ub = 5.4 m/s in a tube of diameter D = 22 mm
for a mixture at the ambient temperature T = 293 K. For cold flow operating conditions,
methane is not injected and the air mass flow rate is adjusted in order to reach the same
bulk velocity ub as for reactive operating conditions. For both cold and reactive operating
conditions, the highest velocity reached by the mean flow is umax = 12 m/s inside the
swirler injection holes. It corresponds to a Mach number M = 0.035 meaning that the flow
remains incompressible everywhere inside the setup.

Fig. 2 Mean OH* light emission
distribution for steady flow
injection conditions. φ = 0.82,
ub = 5.4 m/s



3 Acoustic NetworkModels

The acoustic response of the experimental setup is now modeled for cold and reactive oper-
ating conditions using the acoustic two-port matrices network formalism [2, 25, 27, 30,
33, 43]. The harmonic convention retained here is exp(+iωt) and all pressure signals are
divided by the characteristic impedance z = ρc in order to obtain DATM coefficients, as
expressed in Eq. 2. Since the procedure presented in the previous section leads to DATM
measurements covering the region between the hot wire probe HW location and the down-
stream microphone ME” location, the analysis presented here focuses on these central
elements only.

The central elements of the experimental setup, sketched in Fig. 3-(Left), are modeled
by a network of two-port matrices representing their acoustic response between the hot wire
HW location defined as section (0) in Fig. 3-(Right) and the microphone ME” location
defined as section (11) in Fig. 3-(Right). The injector is comprised between section (0)
and section (8) and includes the swirling vane and the injection tube. It is followed by
the combustion chamber between section (8) and section (9) and the downstream elements
between section (9) and section (11). The swirling vane is represented by the elements
comprised between section (3) and section (6). For reactive operating conditions, the flame

Fig. 3 (Left) Central elements of the experimental setup used to determine the DATM coefficients for cold
and reactive operating conditions. The hot wire probe HW and facing microphone MHW are used to deter-
mine the acoustic velocity u′

0 and acoustic pressure p′
0 in section (0). The downstream microphones ME,

ME’ and ME” are used to determine the acoustic velocity u′
11 (using the Three-Microphone Method) and

acoustic pressure p′
11 in section (11). (Right) Acoustic network model representing the injector and burner

dynamics for cold and reactive operating conditions. All dimensions are in millimeters



is assumed to be stabilized at the axial location corresponding to section (8) and is treated
as a compact element.

The acoustic response of these elements are modeled using a limited number of analytical
DATM corresponding to simple canonical cases. This first canonical expression corresponds
to the DATM of a straight duct in a uniform low-Mach non-reactive flow, given by:

˜Mduct =
(

cos(kl) −i sin(kl)

−i sin(kl) cos(kl)

)

(4)

where k = ω/c is the wave number and l is the length of the straight duct.
The second expression corresponds to the DATM of a compact area change in a low-

Mach non-reactive flow, given by:

˜Marea =
(

1 0
0 Au/Ad

)

(5)

where Au and Ad are the cross section areas upstream and downstream the area change
respectively.

Finally, the acoustic damping generated across the swirler is expected to be sizable and
thus should be accounted for in order to accurately predict the acoustic response of the
injector [44]. Several DATM models for the swirling vane with and without acoustic damp-
ing are tested against experimental measurements in the next section, including a compact
area change, modeled by Eq. 5 and linear and nonlinear extensions of Howe’s model [44,
45, 50]. In the end, it is shown that the swirler is best modeled as a compact perforated plate
sustaining a high-Reynolds flow. The corresponding nonlinear DATM model is given by:

˜Mswirl =
(

1 −ikAu/(NKr)

0 Au/Ad

)

(6)

where Kr is the Rayleigh conductivity of the swirler based on a nonlinear extension of
Howe’s model [45, 46], and N = 6 is the number of perforations across the swirler. The
swirler finite thickness as well as the nonlinear acoustic damping are considered in this
model [44, 47–50].

Equations 4–6 are then utilized to describe the acoustic response of the elements rep-
resented in Fig. 3-(Right) while Eq. 3 is used to describe the flame response to sound
waves. The subsequent acoustic network model is represented for cold and reactive operat-
ing conditions in Fig. 4 where each black box describes an acoustic element located between
section (i) and section (j) using a DATM denoted by ˜Mij . The blue color indicates elements
filled with fresh gases while the red color indicates those filled with burnt gases of average
temperature T b = 1200 K.

Fig. 4 Acoustic network models representing the Dimensionless Acoustic Transfer Matrix of the experimen-
tal setup between section (0) and section (11) for cold flow operating conditions (Top) and reactive operating
conditions (Bottom). Blue elements are filled with fresh gases while red elements are filled with burnt gases



The DATM model given by Eq. 4 and corresponding to a straight duct is used for ˜M01,
˜M23, ˜M67, ˜M89 and ˜M1011. The DATMmodel given by Eq. 5 and corresponding to a sudden
area change is used for ˜M12 and ˜M910. The nonlinear DATM model given by Eq. 6 and cor-
responding to a compact perforated plate sustaining a high-Reynolds flow is used for ˜M36.
Finally, the DATM model employed for ˜M78 differs for cold and reactive operating condi-
tions: for cold conditions, a simple area change model, given by Eq. 5 is used. For reactive
conditions, the previous DATM model is combined with the DATM model describing the
flame acoustic response, given by Eq. 3.

Fig. 5 Coefficients of the DATM representing the acoustic response of the system between the hot wire HW
location in section (0) and the microphone ME” location in section (11) for cold flow operating conditions.
(Top left): ˜M(1, 1) - (Top right): ˜M(1, 2) - (Bottom left): ˜M(2, 1) - (Bottom right): ˜M(2, 2). Measurements
are performed for increasing forcing levels: |u′

0|/u0 = 0.10 RMS (Red dots), |u′
0|/u0 = 0.20 RMS (Blue

dots), |u′
0|/u0 = 0.30 RMS (Green dots), |u′

0|/u0 = 0.40 RMS (Orange dots), |u′
0|/u0 = 0.55 RMS (Yellow

dots) and |u′
0|/u0 = 0.72 RMS (Brown dots). The acoustic network model predictions are represented as

solid lines for all forcing levels. For each plot, the top and bottom figures represent the modulus and phase
of the DATM coefficient respectively



The Dimensionless Acoustic Transfer Matrix ˜M representing the acoustic response of
the central elements of the experimental setup located between section (0) and section (11)
in Fig. 3-(Right) is then given by:

˜M = ˜M1011 ˜M910 ˜M89 ˜M78 ˜M67 ˜M36 ˜M23 ˜M12 ˜M01 (7)

4 Results and Discussion

4.1 Cold flow operating conditions

Figure 5 shows the modulus and phase of the four complex DATM coefficients ˜M(1, 1),
˜M(1, 2), ˜M(2, 1) and ˜M(2, 2) representing the acoustic response of the system between
section (0) and section (11) in Fig. 3-(Right) and reconstructed from the experimental data
for cold flow operating conditions. Measurements are performed for increasing forcing lev-
els ranging from |u′

0|/u0 = 0.10 to 0.72 RMS. These measurements are plotted as symbols
in Fig. 5. The DATM coefficients predicted according to the acoustic network model shown
in Fig. 4-(Top) are also plotted as solid lines in Fig. 5 for all forcing levels.

The modulus and phase of the measured DATM coefficients shown in Fig. 5 are more
scattered in the low-frequency region. This is due to low frequency noise, which is not
fully eliminated by the averaging procedure of the raw data because they were recorded
over a limited number of forcing cycles. Morever, the two independent acoustic boundary
conditions needed to extract the DATM coefficients are close at low frequencies, which
also decreases the signal-to-noise ratio. Except in the low frequency region, the phase of
the measured DATM coefficients ˜M(1, 1), ˜M(1, 2), ˜M(2, 1) and ˜M(2, 2) remains roughly
independent of the forcing level. The moduli of ˜M(1, 1) and ˜M(1, 2) are also identical for
all forcing levels. For f < 150 Hz, the moduli of ˜M(2, 1) and ˜M(2, 2) are independent
of the forcing level, but as the frequency becomes larger, an increasingly large gap appears

Fig. 6 Specific acoustic impedance Zs
0 at the hot wire HW location as a function of the forcing frequency

for cold (Left) and reactive (Right) operating conditions obtained using the first load. Results are shown for
increasing forcing levels |u′

0|/u0 measured by the hot wire probe HW



between the data corresponding to the various forcing levels. The smaller the forcing level,
the smaller the modulus of both coefficients ˜M(2, 1) and ˜M(2, 2).

This behavior cannot be reproduced by a linear acoustic network model, in which the
effects of the forcing level are not considered. It is clear from Fig. 5 that the moduli of
˜M(2, 1) and ˜M(2, 2) linking the downstream acoustic velocity to the upstream acoustic
pressure and acoustic velocity respectively appear to be nonlinear over a certain frequency
range even in the absence of combustion. These nonlinearities may be either generated at
the system boundaries or inside the system itself.

It is known that nonlinear acoustic losses at the system boundaries may perturb the
measurements of the DATM as the forcing level increases [51, 52]. However, the specific
acoustic impedances in section (0) and section (11) are independent of the forcing level, as
shown in Figs. 6 and 7. The acoustic nonlinearities are thus generated between section (0),
where the hot wire HW is located, and section (11), where the microphone ME” is located,
as represented in Fig. 3-(Right).

It has long been recognized that a fraction of the acoustic energy is dissipated inside
a burner submitted to sound waves [25, 53, 54]. This is generally modeled by a DATM
expression with additional lump parameters, such as an effective length taking into account
the inertia of the fluid and a pressure loss coefficient. An example of such a model is the
ζ − leff model [25, 55–57]. These types of acoustic loss models yield good results for
swirling injectors [33, 58], but they are linear. As a consequence, the predictions of the
DATM coefficients according to these models do not depend on the forcing level and the
nonlinearities observed in Fig. 5 cannot be explained by these models.

Based on earlier studies [44, 48], it is assumed that the main source of acoustic nonlin-
earities is the swirling vane, corresponding to the region between section (3) and section
(6) in Fig. 3-(Right). The hot wire probe and microphone signals are then propagated just

Fig. 7 Specific acoustic impedance Zs
11 at the microphone ME” location as a function of the forcing fre-

quency for cold (Left) and reactive (Right) operating conditions. The downstream boundary is a single
exhaust tube with an open end, corresponding to the first load. Results are shown for increasing forcing levels
|u′

0|/u0 measured by the hot wire probe HW



upstream and downstream the swirling vane, in section (3) and section (6). The DATM coef-
ficients corresponding to the swirling vane alone are subsequently reconstructed and three
DATM expressions modeling the acoustic response of the swirling vane are considered.

The first model corresponds to a compact area change given by Eq. 5. The second model
is based on Howe’s model, given by Eq. 6, with a Rayleigh conductivity depending on
the forcing frequency only. The effects of the finite thickness of the swirler channels are
accounted for [45, 47, 49]. Finally, the third model is a nonlinear extension of Howe’s
model, where the Rayleigh conductivity depends on both the forcing frequency and ampli-
tude of the acoustic velocity inside the swirler channels. In this model, the convection speed
of the vortical structures that are periodically shed away from the perforation rim is not a
constant as in Howe’s model [45] but depends on the mean and acoustic velocity inside
the swirler channels uc = u4 + Cu′

4 where C = 1/3 based on earlier studies [44, 48].
The predictions according to these three models differ for coefficient ˜M36(1, 2), linking
the downstream acoustic pressure to the upstream acoustic velocity, but not for coefficients
˜M36(1, 1), ˜M36(2, 1) and ˜M36(2, 2). As a consequence, the analytical and experimental
results are plotted in Fig. 8 for coefficient ˜M36(1, 2) only. Two limit cases are considered :
Fig. 8-(Left) corresponds to a small forcing level |u′

0|/u0 = 0.10 RMS while Fig. 8-(Right)
corresponds to a large forcing level |u′

0|/u0 = 0.72 RMS.
The analytical model corresponding to a compact area change predicts that ˜M36(1, 2) =

0 for all forcing frequencies and all forcing levels, which is in contradiction with measure-
ments, as shown in Fig. 8. This observation corroborates the fact that damping has to be
considered when modeling the acoustic response of the swirling vane. Both the linear and
nonlinear expressions based on Howe’s model allow for acoustic damping. As expected, the
predictions of these linear and nonlinear models are similar for a limited forcing level, as

Fig. 8 Coefficient ˜M36(1, 2) of the DATM representing the acoustic response of the swirler between
section (3) and section (6) for cold flow operating conditions and for two different forcing levels. (Left):
|u′

0|/u0 = 0.10 RMS - (Right): |u′
0|/u0 = 0.72 RMS. (Blue circles): Measurements (XP) - (Red line): Pre-

dictions with a compact area change model (AC) - (Green line): Predictions according to Howe’s model with
a linear Rayleigh conductivity (HL) - (Orange line): Predictions according to Howe’s model with a nonlinear
Rayleigh conductivity (HNL). For each plot, the top and bottom figures represent the modulus and phase of
the DATM coefficient respectively



shown in Fig. 8-(Left). The predicted modulus of coefficient ˜M36(1, 2) is in good agree-
ment with measurements for forcing frequencies f < 220 Hz. Furthermore, the predicted
phase of coefficient ˜M36(1, 2) is adequate for all the forcing frequencies investigated.

Differences between the predictions according to the linear and nonlinear expressions
based on Howe’s model arise when a sizeable forcing level is considered, as represented in
Fig. 8-(Right). At all forcing frequencies, the nonlinear model predicts a larger modulus and
a smaller phase for ˜M36(1, 2) compared to the linear model. Figure 8-(Right) clearly shows
that the nonlinear model is in better agreement with measurements compared to the linear
model.

As a consequence, the acoustic response of the swirling vane is modeled in this work
with a nonlinear extension of Howe’s model given by Eq. 6, where the Rayleigh conduc-
tivity depends on both the forcing frequency and amplitude of the acoustic waves inside
the swirling vane. This model takes into account the acoustic energy dissipation due to the
interaction of sound waves with large vortical structures [45, 46]. The swirler’s finite thick-
ness is also accounted for [44, 50]. For cold flow operating conditions, this analytical model
constitutes the only source of nonlinearity in the acoustic network model represented in
Fig. 4-(Top) since the amplitude of the acoustic velocity does not appear in any other DATM
model.

The analytical predictions according to the acoustic network model represented in Fig. 4-
(Top), which accounts for the nonlinear acoustic damping generated by the swirling vane,
are represented as solid lines in Fig. 5 for increasing forcing levels. Overall, the agreement
between the analytical predictions and the modulus and phase of the measured DATM coef-
ficients is excellent, except in the high-frequency range where the moduli of ˜M(1, 1) and
˜M(1, 2) are slightly underpredicted and the moduli of ˜M(2, 1) and ˜M(2, 2) are slightly
overpredicted. On the other hand, the phase of all DATM coefficients are well predicted by
the analytical model for all frequencies and all forcing levels investigated.

As detailed earlier, the acoustic network model represented in Fig. 4-(Top) accounts
for the nonlinear acoustic losses at the swirling vane. Nevertheless, it is clear from Fig. 5
that the impact of the forcing level on the moduli of ˜M(2, 1) and ˜M(2, 2) is not correctly
predicted by this network model. For instance, the modulus of ˜M(2, 1)measured at a forcing
frequency f = 240 Hz and at a forcing level |u′

0|/u0 = 0.10 RMS is 40% smaller than the
same modulus measured at the same frequency but at a forcing level |u′

0|/u0 = 0.72 RMS.
According to the acoustic network model represented in Fig. 4-(Top), this gap is expected
to be smaller than 1% at this forcing frequency.

It is thus concluded that for cold flow operating conditions, either the effects of the non-
linear acoustic losses at the swirling vane are highly underestimated by the acoustic network
model or another source of nonlinearity was not taken into account. For instance, the acous-
tic waves may also be damped at the injector rim, corresponding to the region between
section (7) and section (8) in Fig. 4-(Top), where vortical structures are shed periodically
and may also interact with sound waves. An additional modeling effort is thus needed to
correctly predict the nonlinear acoustic losses inside swirling injectors exhausting gases in a
combustion chamber. Moreover, the experiments conducted in this work for cold flow oper-
ating conditions show that nonlinear acoustic losses need to be considered when modeling
the DATM coefficients of the system between section (0) and section (11) as the forcing
level is increased.

It is nowworth investigating the acoustic response of the combustor for reactive operating
conditions. In this case, the flame constitutes another source of acoustic nonlinearity which
also alters the acoustic response of the system.



4.2 Reactive operating conditions

Measurements and analytical predictions of the modulus and phase of the four DATM coef-
ficients ˜M(1, 1), ˜M(1, 2), ˜M(2, 1) and ˜M(2, 2) representing the acoustic response of the
system between the hot wire HW location in section (0) and the microphone ME” location
in section (11) are reported in Fig. 9 for reactive operating conditions and for increasing
acoustic forcing levels ranging from |u′

0|/u0 = 0.10 RMS to 0.55 RMS.
Once again, a higher variability of the DATM coefficients reconstructed from mea-

surements is observed for low forcing frequencies because of the limited number of

Fig. 9 Coefficients of the DATM representing the acoustic response of the system between the hot wire HW
location in section (0) and the microphone ME” location in section (11) for reactive operating conditions.
(Top left): ˜M(1, 1) - (Top right): ˜M(1, 2) - (Bottom left): ˜M(2, 1) - (Bottom right): ˜M(2, 2). Measurements
are performed for increasing forcing levels: |u′

0|/u0 = 0.10 RMS (Red dots), |u′
0|/u0 = 0.20 RMS (Blue

dots), |u′
0|/u0 = 0.30 RMS (Green dots) and |u′

0|/u0 = 0.55 RMS (Yellow dots). Acoustic network model
predictions are represented as solid lines for all forcing levels. For each plot, the top and bottom figures
represent the modulus and phase of the DATM coefficient respectively



forcing cycles in the recorded signals and because the two independent acoustic boundary
conditions become close at low frequencies. Moreover, the flame generates broadband com-
bustion noise thus affecting the overall signal-to-noise ratio in Fig. 9 compared to the results
obtained for cold flow conditions presented in Fig. 5.

Figure 9 highlights the fact that all four measured DATM coefficients depend on the
forcing level |u′

0|/u0 to some extent over a certain frequency range. For all forcing frequen-
cies investigated, the moduli of ˜M(1, 1) and ˜M(2, 1) are strongly affected when the forcing
level is increased while the moduli of ˜M(1, 2) and ˜M(2, 2) are only slightly affected by
changes of the forcing level. Moreover, the phases of all measured DATM coefficients only
marginally depend on the forcing level.

The impact of the forcing level on the measured DATM coefficients appears to be more
important for reactive operating conditions, shown in Fig. 9, than for cold operating con-
ditions, shown in Fig. 5. An initial conjecture would be to relate these observations to the
nonlinear flame response when submitted to high-amplitude acoustic forcing.

The analytical predictions of the DATM coefficients for reactive operating conditions
according to the acoustic network model represented in Fig. 4-(Bottom) are also determined
for all forcing levels investigated. These predictions are plotted in Fig. 9 as solid lines.
The nonlinear flame response is accounted for through the use of the Flame Describing
Function (FDF), determined by optical means and represented in Fig. 10-(Right). This FDF
is obtained by forcing the flame with the loudspeaker while recording the velocity signal
u0 + u′

0 at the hot wire location, corresponding to section (0) in Fig. 3-(Right), and simul-
taneously recording the light emission from the combustion region with a photomultiplier
equipped with an OH* filter. The acoustic velocity u′

7 at the top of the injector in section
(7) is then deduced from the hot wire signal and a propagation model [44, 50].

Overall, the agreement between the acoustic network model predictions and the cor-
responding measurements of ˜M(1, 2) and ˜M(2, 2) is satisfactory. On the other hand, the
modulus of ˜M(1, 1) and the modulus and phase of ˜M(2, 1) are only partially captured.

The predictions of coefficients ˜M(1, 1), ˜M(1, 2) and ˜M(2, 1) according to the acoustic
network model shown in Fig. 4-(Bottom) are found to be almost insensitive to the acoustic
forcing level, as shown in Fig. 9. For instance, even though the general trend of the modulus
of ˜M(2, 1) is reproduced by the acoustic network model, the impact of the forcing level on
the measured coefficient is much larger than expected from the acoustic network analysis
fed with the FDF. On the other hand, the predictions for coefficient ˜M(2, 2) vary signif-
icantly when the forcing level is modified but these variations do not fully represent the
experimental observations, as shown in Fig. 9.

It is worth emphasizing that the FDF appears in the velocity/velocity component ˜M(2, 2)
of the DATM representing the acoustic response of the flame, given by Eq. 3. However, the
DATM linking the acoustic pressure p′

11 and acoustic velocity u′
11 at the microphone ME”

location to the acoustic pressure p′
0 and acoustic velocity u′

0 at the hot wire location is not
compact due to the large distance separating these locations. As a consequence, the contri-
bution of the DATM representing the compact flame spreads to the other DATM coefficients
representing the entire burner/flame response to sound waves because of the matrix product
appearing in Eq. 7. Hence, the nonlinearities due to the flame response may be present in
all four DATM coefficients represented in Fig. 9.

In addition to the nonlinearities generated by the flame response, the coupling between
vortical structures and sound waves described earlier for cold flow operating conditions using
a nonlinear extension of Howe’s model still constitutes a source of acoustic nonlinearity for
reactive operating conditions. In the end, the nonlinearities observed in the acoustic network
model predictions represented in Fig. 9 originate from both phenomena.



The last step is to reconstruct the FDF obtained with optical measurements from the
acoustic network model and the hot wire HW and microphones MHW, ME, ME’ and ME”
signals. In most industrial burners, measuring the flame heat release rate is challenging, as
explained in the introduction. Since the Flame Describing Function is an important tool that
can be used to perform a thermoacoustic stability analysis, it is worth examining whether
the FDF can be reconstructed from acoustic measurements only.

The DATM describing the flame response to harmonic sound waves is extracted using
the following procedure. The DATM denoted by ˜M which describes the acoustic response
of the combustor/flame system located between section (0) and section (11) is first extracted
from the hot wire and microphone measurements. Then, the different DATM denoted by
˜Mij corresponding to the acoustic response of the single acoustic elements are all modeled
using analytical DATM, except for ˜M78 corresponding to the flame element. This latest
DATM is deduced using Eq. 7 rearranged in the following way :

˜M78 = (

˜M1011 ˜M910 ˜M89
)−1

˜M
(

˜M67 ˜M36 ˜M23 ˜M12 ˜M01
)−1

(8)

The resulting DATM denoted by ˜M78 describes the acoustic response of the system
between section (7) and section (8), where the flame is located. This data-driven recon-
struction of ˜M78 is then compared with the analytical model given by Eq. 3 and the Flame
Describing Function is subsequently deduced from the velocity/velocity component of the
reconstructed DATM coefficient ˜M78. This procedure can be used to determine the FDF
solely from acoustic pressure and acoustic velocity measurements at any distance from the
flame when used in association with an acoustic network model of the reactive system.

Fig. 10 Gain (Top) and phase (Bottom) of the Flame Describing Function (FDF) as a function of the forcing
frequency for increasing forcing levels |u′

0|/u0 = 0.10 RMS (Red dots), |u′
0|/u0 = 0.20 RMS (Blue dots),

|u′
0|/u0 = 0.30 RMS (Green dots), |u′

0|/u0 = 0.40 RMS (Orange dots), |u′
0|/u0 = 0.55 RMS (Yellow dots)

and |u′
0|/u0 = 0.72 RMS (Brown dots). (Left): Reconstruction from the acoustic network model and the

acoustic pressure and acoustic velocity measurements in section (0) and section (11). (Right): Reconstruction
from the acoustic velocity measurement in section (0) and the OH* chemiluminescence signal



Figure 10-(Left) represents this data-driven reconstruction while Fig. 10-(Right) repre-
sents the corresponding FDF determined optically using a photomultiplier with an OH*
filter. The FDF obtained from optical measurements is now described. First, the FDF gain
increases with increasing frequencies before a sudden drop, followed by a second increase
and then a smooth decrease at high frequencies. This type of frequency response is typ-
ical of premixed swirling flames anchored on a central bluff body [59, 60]. The overall
flame response drops as the forcing level |u′

0|/u0 increases except in the low-gain valley, for
forcing frequencies between 100 Hz and 150 Hz. In this region, the FDF remains roughly
independent of the forcing level whereas at lower and higher frequencies, the FDF gain is
impacted by the forcing level set at the hot wire location.

The overall shape of the reconstructed FDF obtained from acoustic measurements,
represented in Fig. 10-(Left), is in good agreement with the FDF obtained with the photo-
multiplier, represented in Fig. 10-(Right). The FDF gain in Fig. 10-(Right) starts at unity at
low frequency, as expected from theory [61]. On the other hand, the FDF gain at low fre-
quencies predicted by the data-driven DATM reconstructions are overestimated, as shown
in Fig. 10-(Left). Nevertheless, the evolution of the acoustically reconstructed FDF gain
with the forcing level is fairly well captured except for forcing frequencies f < 50 Hz and
150 Hz < f < 250 Hz where it is overestimated. On the other hand, the FDF phase lag is
perfectly captured for forcing frequencies f > 50 Hz. At lower frequencies, the data-driven
FDF reconstruction is less accurate because of the limited number of forcing cycles in the
recorded signals. Both the acoustically reconstructed and optically measured FDF phase lag
are independent of the forcing level [59, 60] and are in excellent agreement with each other.

It is thus concluded that the FDF phase lag of a premixed confined turbulent swirling
flame can be accurately captured from an acoustic network model used in association with
acoustic measurements at the system inlet and outlet. On the other hand, the data-driven
reconstruction of the FDF gain is more difficult and even though the overall evolution of the
FDF gain with the forcing frequency and forcing level is fairly well predicted, some devia-
tions may be observed between the optical and purely acoustic techniques. These deviations
may have several origins:

• The acoustic reconstruction of the FDF is more sensitive to low frequency noise than
the optical technique. At low forcing frequencies, the specific acoustic impedances of
the two configurations of the burner that are needed to extract the DATM coefficients
tend to be relatively close. As a consequence, the quality of the acoustic reconstruction
decreases at low frequencies. Moreover, combustion noise generated by the turbulent
flame also decreases the signal-to-noise ratio when determining the DATM coefficients
for reactive operating conditions. On the other hand, combustion noise has a limited
impact when determining the FDF using the optical technique.

• The acoustic reconstruction of the FDF relies on the quality and accuracy of the models
used to describe the acoustic response of all the elements present inside the combustor
between section (0) and section (11). However, it was shown that the acoustic response
of the burner for cold flow operating conditions is not fully reproduced by the acoustic
network model. As a consequence, the acoustic reconstruction of the FDF is altered
because the models are not accurate enough.

• The optical technique used to determine the FDF relies on the hypothesis that the OH*
chemiluminescence signal is proportional to the flame heat release rate. Even though
this relation is well-established for perfectly premixed lean hydrocarbon flames, the
accuracy of this approximation remains difficult to quantify.



5 Conclusion

The impact of the forcing level |u′
0|/u0 on the complex Dimensionless Acoustic Trans-

fer Matrix (DATM) coefficients describing the acoustic response of a confined turbulent
swirling combustor was determined for cold and reactive operating conditions. The specific
acoustic impedances at the system inlet and outlet were also measured for all operating con-
ditions and all forcing frequencies and were found to be independent of the forcing level.
The Flame Describing Function (FDF) of the turbulent swirling flame was also measured
with a photomultiplier mounted with an OH* filter for the same forcing levels and forcing
frequencies.

The acoustic response of the system comprised between the hot wire HW location and
the uppermost microphone ME” location was first measured for cold flow operating condi-
tions. The phases of the DATM coefficients representing the whole system dynamics were
found to be mostly independent of the forcing level |u′

0|/u0. Likewise, the moduli of the
DATM coefficients linking the downstream pressure fluctuations to the upsteam pressure
and velocity fluctuations were found to be the same for all forcing levels. On the other
hand, the moduli of the DATM coefficients linking the downstream velocity fluctuations to
the upstream pressure and velocity fluctuations were found to be strongly impacted by the
forcing level |u′

0|/u0 for a range of forcing frequencies.
For reactive operating conditions, the phases of the DATM coefficients were still found to

be mostly independent of the forcing level for all forcing frequencies. Moreover, the moduli
of the DATM coefficients linking the downstream pressure and velocity fluctuations to the
upsteam velocity fluctuations were found to weakly depend on the forcing levels while the
moduli of the DATM coefficients linking the downstream pressure and velocity fluctuations
to the upsteam pressure fluctuations were found to strongly depend on the forcing level
|u′

0|/u0 over a certain frequency range.
Two acoustic network models describing the response of the system between the hot

wire HW location and the uppermost microphone ME” location were designed for cold and
reactive operating conditions. Two sources of acoustic nonlinearities were considered in the
network models. First, the acoustic nonlinearities generated at the rim of the swirling vane
channels because of the coupling between sound waves and vortical structures convected
by the mean flow were included in the cold and reactive acoustic network models. The
corresponding model, based on a nonlinear extension of Howe’s model, was shown to better
capture the acoustic response of the swirling vane at low frequencies compared to Howe’s
model. Furthermore, the flame nonlinearities were also accounted for in the reactive case
through the use of the FDF.

For cold flow operating conditions, the acoustic network model was found to be in good
agreement with measurements. The phases of the reconstruced DATM coefficients were
found to be independent of the forcing level, which corresponds to the experimental obser-
vations. Moreover, the agreement between the phases of the measured and predicted DATM
coefficients was shown to be excellent. The moduli of the pressure/pressure and pres-
sure/velocity DATM coefficients were also well predicted by the acoustic network model.
On the other hand, the moduli of the velocity/pressure and velocity/velocity DATM coeffi-
cients were still found to be fairly well predicted but the impact of the forcing level was not
correctly reproduced by the DATM reconstruction.

For reactive operating conditions, the general trends of the four DATM coefficients were
still shown to be roughly reproduced by the acoustic model but the agreement between
the measured DATM coefficients and the corresponding reconstructions from the acoustic



network model were found to worsen compared to cold flow conditions. The impact of the
forcing level on the predicted DATM coefficients was not well captured.

Finally, the FDF was reconstructed from the DATM measurements and the acoustic net-
work model developed for reactive operating conditions. The data-driven reconstruction of
the FDF was then compared to the FDF obtained with an optical technique. The agreement
between the measured and reconstructed FDF was found to be good even though the FDF
gain was largely overestimated for certain frequency ranges. On the other hand, the FDF
phase lag was shown to be well captured and the variations of both the FDF gain and phase
lag with the forcing level were found to be satisfactorily explained.

These experiments confirm that some of the DATM coefficients representing the acoustic
response of the burner/flame system highly depend on the forcing level for both cold and
reactive operating conditions. The nonlinear acoustic losses at the swirler holes coupled
with the flame nonlinearities (for reactive conditions) were modeled in the acoustic network
models, but these elements did not allow to entirely reproduce the impact of the forcing level
on these DATM coefficients. This study emphasizes the need for new analytical models
predicting the nonlinear acoustic losses inside turbulent swirling injectors.

This study also highlights the difficulties when extracting the Flame Describing Func-
tion from purely acoustic measurements. This method requires accurate Dimensionless Acoustic
Transfer Matrix models for all the acoustic elements but it also requires precise measure-
ments of the total DATM representing the response of the whole burner/flame system.
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