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COMPLETE MONOTONICITY FOR A NEW RATIO OF FINITE
MANY GAMMA FUNCTIONS

FENG QI

Dedicated to people facing and fighting COVID-19

ABSTRACT. In the paper, by deriving an inequality involving the generating
function of the Bernoulli numbers, the author introduces a new ratio of finite
many gamma functions, finds complete monotonicity of the second logarithmic
derivative of the ratio, and simply reviews complete monotonicity of several
linear combinations of finite many digamma or trigamma functions.
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1. PRELIMINARIES AND MOTIVATIONS

Let f(z) be an infinite differentiable function on (0, 00). If (—1)* f(*)(x) > 0 for
all K > 0 and = € (0,00), then we call f(x) a completely monotonic function on
(0,00). See the review papers [23], 32, 42] and [40, Chapter IV].

The classical gamma function I'(z) can be defined by

F(z):/ t*~le7tdt, R(z) >0
0

or by

nln?

I(z) = lim — 2 eC\{0,-1,-2,...}.
n—oo Hk:O(Z —+ k)

See [I, Chapter 6], [I4, Chapter 5], the papers [22] [41], and [39, Chapter 3]. In the
literature, the logarithmic derivative
(2
U() = (@) = =2

I'(z)
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and its first derivative ¢’(z) are respectively called the digamma and trigamma
functions. See the papers [25] 27] and closely related references therein.

This paper is motivated by a sequence of papers |2, [10] [1T], 16}, 18], 26}, [30} B [36].
For detailed review and survey, please read the papers [18], 26}, 30, 31 [36] and closely
related references therein.

In the paper [2], motivated by [I0l [IT], the function

F(nl‘ + 1) k (n—k)
(1 —p)\n—m= 1.1
T T DN =Wz 0P 7P (L.1)
was considered, where p € (0,1) and k,n are nonnegative integers with 0 < k < n.
n [16], Theorem 2.1] and [36], the function

SRR LY. H B (1.2)

[T T+ Aez)

was studied independently by those authors, Where n>2 X >0forl <k<n,
pe € (0,1) for 1 <k <n,and Y ;_, pr = 1.
In [I8], the g-analogue

szl 1—|—)\ x)

of the function in was investigated, where ¢ € (0,1), n > 2, Ay > 0 for
1 <k<mn ppe (0,1 forl <k <mnwith )} ,px =1, and ['y(2) is the ¢-
analogue of the gamma function I'(z). For information on g-analogues of the gamma
function I'(z), digamma function t(z), and trigamma function ¢’(x), please refer
to [18, 211 [38] [44] and closely related references therein.

In [I5, Theorem 2.1] and [30, Theorem 4.1], the functions

T2 TA + vio) [T, T (1 + 7y2)

(1.4)
[T [T D (1 + ij)
and
HZ’;II‘(1+V1 )H" F(1+Tj ) 15)
[T T T (L + Agy) '
were respectively considered, Where p € Rand X\;; > 0, v; = 2;21 Aij, Tj =
S Aijfor1<i<mandl<j<n.
In [26], the function
m 9 1n Tje
[L2, [P+ vi) TTH [P 7 7)] (1.6)

szl H?=1 [ (1 + )‘wx)]p g

was discussed, where p,0 € R and A\;; > 0, v; = ijl Nijs Tj = oty Aij for
1<i<mand1<j<n.
In the paper [31], the function

n Cioi )’/ e
[F(l—l—xzk:l )\k)] (Hp2k> (1.7)
Pl

[Tioa [T+ Aa)]

was investigated, where n > 2, p, 0,60 € R, Ay > 0 for 1 < k < n, and p; € (0,1) for
1<k<nwith >} _ppr=1
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There are a lot of literature on various ratios of gamma functions. For a much
complete list of related references before 2010, please refer to the review and survey
articles [7, 19, 20, 33, [34] and closely related references. One can also find new
results on several ratios of gamma functions in [5], 43], for example.

In this paper, motivated by the above seven functions (1.1}, (1.2, (1.3), (1.4)),
(1.5), (1.6), and (1.7)), we will consider the function

P (1 + Aot
F(x) = U=y [T kx)gzn o TE (0, 00), (1.8)
D1+ 2 Y weAg)] =0

where n > 2, p>1,0>0, wg, Ay >0for 1 <k <n,and > ,_, wg = 1.

2. A LEMMA
For stating and proving our main results, we need the following lemma.
Lemma 2.1. Let .
H(x)= w1 %€ R.
Let « >0, n>2, A\ € (0,00) and wy, € (0,1) for 1 <k <n, and Y ;_, wp = 1.

Then § it §
w w a+1 .
e

Proof. 1t is well known that the function H(x) is the generating function of the
Bernoulli numbers. See [I7, 24] and [39, Chapter 1]. In [26l Theorem 3.1], it was
proved that the function x‘IH(%) is convex on (0,00) if and only if a > 1. If f(x)
is a convex function on an interval I C R and if n > 2 and zp, € I for 1 < k < n,

then
f (Z wk%) < Z wi f(xk), (2.2)
k=1 k=1

where wy, € (O7 1)for1 <k <mand) ,_, wy = 1. If f(z) is a concave function, the
inequality (2.2)) is reversed. In the literature, the inequality (2.2} is called Jensen’s
discrete mequahty for convex functions. See [12] Sectlon 1.4] and 13 Chapter 1.
Consequently, when « > 1 and n > 2, replacing f(z) in . 2.2) by z*H ( ) yields

for zj € (0,00) and wk € (0,1) with >°}'_, wx = 1. Further replacing zj in the
above mequahty by E for x € (0,00) yields the inequality (2.I). The proof of
Lemma is Complete O

Remark 2.1. In the papers [2 [16 [18] 26, [30, 31l [36], inequalities

(iAkYH <Zk 1)\k) Zn:AQHH<Ak> (2.3)
i a+1H<yl>+Zra+1H( >>222/\a+1H< ) (2.4)

=1 = 1=1 j=1
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or their special cases were used, where a > 0, > 0, A, > 0, A;; >0 for 1<i<m
and 1 <j<mn, v = Z?zl Aij, and 7; = 301", Ay;. The inequalities (2.3) and (2.4)
can be deduced from convexity of the function z*H (1) on (0,00). ThlS has been
reviewed in the paper [26].

3. COMPLETE MONOTONICITY

Now we are in a position to state and prove our main results.

Theorem 3.1. Ifn>2,p>1,0 >0, wy, A\, >0 for1 <k <mn,and) ,_, w, =1,
then the function F(x) defined by (1.8)) has the following properties:

(1) the function F(z) has a unique minimum on (0,00);
(2) the logarithmic derivative [ln F(x)] is an increasing function from (0,00)
onto

n n 0+1
[PZWMZH - <Z ka) 11#(1), oo |;
k=1 k=1
(3) the second derivative [In F(z)]” is a completely monotonic function on (0, 00).
Proof. Taking the logarithm on both sides of (1.8)) and computing give

0+1 "
[IHF( = pzwk)\€+lw (1 —|-/\k$ (Z wk)\k> ¢<1 +x2wk)\k>

k=1 k=1

and

642 n
[IHF = prk)\g"'Q 1 + /\k:C (Z wkkk> 1[1’ <1 +x2wk)\k>.
k=1

Making use of the formula

oo 1 oo
P (1472) = / —— e It = f/ H(8>6_szds, 7>0
0 ]. —e T 0 T

used in [26] [30 BTl [36], we obtain

wr@) = [ [piwmz“ff(jk)

k=1

. 0+1
S
- Wi H{ =) |e"ds.
<Z ) (zk-lwkﬂ

By virtue of the inequality , we derive readily that, when p > 1 and 6 > 0,
the second derivative [In F'(z)]” is completely monotonic on (0, 00). Hence, the first
derivative [In F'(x)]’ is increasing on (0, 00).

The inequality between the weighted arithmetic mean and the weighted power
mean reads that

n n 1/(6+1)
> wih < (Z ka§+1> , 0>0. (3.1)
k=1 k=1
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See [4, Chapter III] and the papers [28,[35]. Utilizing the mean inequality (3.1]) and
computing lead to

n 0+1
lim [In F(z [pzwkx’“ (Z wk)\k> ]1/1(1) <0
k=1

z—0t

for p> 1 and 6 > 0, where (1) = —0.577..., and

lim [In F(2)]) = prk)\GH lim [w(l + Apz) — In(1 + \px)]

T—00
k=1

(;wk)\k> zlirgo ¢<1+z};wk)\k> 1n<1+x2wk)\k>]

k=1

0+1 n
. 0+1
—|—mll>m [ Zwk)\ In(1 + A\gzx) — (Z wk)\k> In (1 + xZwk)\k>]

k=1 k=1
(14 Aga)msXi)”
—In lim [Hk—l( kl’) ]

TR (14ay wk)\k)(zﬁ’zl wr )0t
w Ay O+1N p
(I )
(Zn \ )(Zkb_l Wi AR )0 +lnrli>noloxp2k L WEAY +1_(Zk LwAg)® T
k=1 WkAk -

(H wk)\ 0+1 )P
k= 1
(Zk 1wk/\k)(2k}:1 wi A )0 +1

= 00,

=In

=In

+ o0

where we used the limit
lim [Inz —¢(z)] =0
Tr—r 00

in [8, Theorem 1] and [9, Section 1.4]. As a result, since the first derivative [In F'(z)]’
is increasing on (0, 00), the first derivative [In F'(z)]’ has a unique zero on (0, c0).
Therefore, the function In F(x), and then F(z), has a unique minimum on (0, )
The proof of Theorem [3.1]is complete.

4. A SIMPLE REVIEW

In this section, we simply review complete monotonicity of several linear combi-
nations of finite many digamma or trigamma functions.
Let

= Z art(bpr + 5)
k=1
for 6 > 0 and ag, b, > 0. In [3 6] [IT], the authors proved that
(1) if 6 > &, (a; —a;)(b; —b;) Z0forall 1 <i,j <m, and >.;_; ax = 0, then
the first derivative £¢%(z) is completely monotonic and, consequently, the
function +¢s(x) is increasing and concave, on (0, 00).
(2) if (a; —a;)(b; —bj) ; 0 for all 1 <4, j < mn, then the function +¢g(x) is com-
pletely monotonic on (0,00) if and only if Y _; a; = 0and > _; ap Inby, =
0.
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From the proof of [36, Theorem 2.2], we can conclude that the linear combination

n 2 n
<Z /\k> wl <1+$Z)\k> Z/\ w (1+ M) (4.1)
k=1 k=1

is a completely monotonic function on (0, 00), Where M >0for 1 <k<n.
From the proof of [I8, Theorem 3.1], we can conclude that the linear combination

n 2 n n
(Z /\k> wh (1 +xZAk> - in%u + M) (4.2)
k=1 k=1

k=1
is a completely monotonic function on (0,00), where ¢ € (0,1), ¢y(x) is the g-
analogue of the digamma function ¥ (z), and A > 0 for 1 < k < n. The function

in (4.2)) is the g-analogue of the one in (4.1)).

From the proof of [30, Theorem 4.1], we can conclude that the linear combination

S v+ via) + Y (14 7a) prZ)\ (14 \yz)

i=1 j=1 i=1 j=1

for p < 2 is a completely monotonic function on (0, c0) and the linear combination
m m n
Zl/iw +I/l ZT] 1—|—T] —QZZAUlb(l—F/\Ux)
i=1 i=1 j=1
is a Bernstein function on (0, oo)7 where A\j; > 0, v; = 2?21 Nij, and 75 = D000 Nij
for 1 <i<mand 1l < j <n. For details on the Bernstein functions, please refer
to |29 B7] and closely related references therein.
From the proof of [26] Theorem 5.1], we can conclude that, if p < 2 and 6 > 0,
then the linear combination

z:l/e+2 1+ vz —1—27(”2 ].+T] pZZ)\”Q 1—&—)\”;10)

j=1 =1 j=1
is completely monotonic on (0,00), where \;; > 0, v; = Z;;l Aij, and T; =
S Aijfor1<i<mand1l<j<n.
In [31, Theorem 3.1}, the linear combination

n 0-+2
<ZM> ¢<1+xZAk>—pZW2 W' (1+ Ap)
k=1

for p <1 and 6 > 0 is proved to be completely monotonic on (0,00) and the linear

combination
(Z Ak>¢ (1 +ay Ak> =) Ap(1 4 Aew)
k=1 k=1

k=1
is proved to be a Bernstein function on (0,00), where n > 1 and Ap > 0 for
1<k <n.
The last result in Theorem [3.1] means that the linear combination

0+2 "
prk/\QH (14 M) — (Z kak> 1#’ <1 +x2wk)\k>

k=1
isa completely monotonic function on (0, 00), wheren > 2, p > 1,60 > 0, wg, \p > 0
for 1 <k <mn,and > ,_, w; = 1.
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