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Abstract In the paper, by deriving an inequality involving the generating function of the

Bernoulli numbers, the author introduces a new ratio of finitely many gamma functions,

finds complete monotonicity of the second logarithmic derivative of the ratio, and simply

reviews the complete monotonicity of several linear combinations of finitely many digamma

or trigamma functions.
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1 Preliminaries and motivations

Let f(z) be an infinite differentiable function on (0,00). If (—1)Ff(*)(x) > 0 for all k > 0
and z € (0,00), then we call f(z) a completely monotonic function on (0, 00); see the review
papers [27], B6], 49] and [47, Chapter IV].

The classical gamma function I'(z) can be defined by I'(z) = [;* t*~!e~"dt for R(z) > 0;
see [I, Chapter 6], [I6, Chapter 5|, [45, Chapter 3], and the papers [25], 48]. In the literature,

the logarithmic derivative ¥ (z) = [InT(x)] = 1;/((;)) and its first derivative ¢’(z) are called,

respectively, the digamma and trigamma functions; see the papers [29, B1] and the closely
related references therein.

This paper is motivated by a sequence of papers [2] [IT], 12| 18] 20, 30} B4 35]. For a detailed
review and survey, please consult the papers [20] B0, [34] [35] and the closely related references
therein.

In the paper [2], motivated by [IT], 12], the function
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was considered, where p € (0,1) and k,n are nonnegative integers with 0 < k < n.
In [I8, Theorem 2.1] and [30], the function

H(1+xz>7 "
( k= 1 Hp)xk (12)
Hk:l (1+ )\ka:
was studied independently, where n > 2, A\, > 0 for 1 <k < n, p; € (0,1) for 1 < k <mn, and

kP =1
In [20], the g-analogue

k=1

1;_[(1 —HCZl:i j\k;c H Ay (1.3)
k=1 k=1

of the function in was investigated, where ¢ € (0,1), n > 2, Ay > 0 for 1 < k < n,
pr € (0,1) for 1 <k <nwith >, _; pr = 1, and I'y(2) is the g-analogue of the gamma function
I'(x). For information on g-analogues of the gamma function I'(z), the digamma function ¢ (z),
and the trigamma function ¢’ (z), please refer to [20, 24 [42] [54] and the closely related references
therein.

In [I7, Theorem 2.1] and [34, Theorem 4.1], the functions

[T, T+ vi) [T, T (1 + 75)

=T (1.4)
| Hj:l F(l + )‘ijx)
a’nd m n
L5, T+ v )Hj:1F(1+zj) (15)
T2, Hj:l (1+ )‘ijx)]p
were considered, where p € R and X\;; > 0, v; = Z;-lzl Nijs Tj = Doiey Nij for 1 <@ < m and
1<j<n.
In [30], the function
g
Hz (1 + vz H] 1[1—‘(1"'7—3 )} ! (1.6)
m n /\ij ’
Hi:l Hj:l [F(l + Aijx)]p
was discussed, where p,0 € R and \ijj > 0, v; = 30 Aij, 75 = >0 Aij for 1 < i < m and

1<j<n.
In the paper [35], the function

(Z Ae)?

r'(1+ I k=t
Hk:l[ (1 + )‘kx :1

was investigated, where n > 2, p, 0,0 € R, Ay > 0for 1 <k <mn,and p; € (0,1) for 1 <k <n

with Y7 pr = 1.
There is a lot of literature on the various ratios of gamma functions. For a complete list of

related references before 2010, please refer to the review and survey articles [7), 2], 22] [37, [3§]
and the references therein. One can also find new results on several ratios of gamma functions
in [5l [13], 43], 52} B3}, B3], for example.

In this paper, motivated by the above seven functions in (1.1f), (1.2, (1.3), (L.4), (1.5)),
(1.6)), and (1.7]), we will consider the function

17, [D(1 4 Ap)]Pesr
C(1+2> 0 wes)] (ks e di)®”

Foo(z) = x € (0,00), (1.8)
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where n > 2, p>1,0>0, wg, Ay >0for 1 <k <mn,and Y ,_, w, =1

2 A Lemma
For stating and proving our main results, we need a lemma below.
Lemma 2.1 Let
T

Let a >0, n>2, \; € (0,00) and wy, € (0,1) for 1 <k <n, and >, _, wi = 1. Then

n a+1
w # w a+1 .

Proof In [30, Theorem 3.1], it was proved that the function z*H (1) is convex on (0, 00)
if and only if a > 1. If f(x) is a convex function on an interval I CR and if n > 2 and xy €
for 1 < k <n, then

f(Z wk%) < Zwkf(xk)7 (2.2)
k=1 k=1

where wy, € (0,1) for 1 <k <nand Y ,_,wr = 1. If f(z) is a concave function, then the
inequality is reversed. In the literature, the inequality is called “Jensen’s discrete
inequality for convex functions”' see [14, Section 1.4] and [I5, Chapter I]. Consequently, when
a > 1 and n > 2, replacing f(x) in . by xaH( ) yields

i P e

for 2, € (0,00) and wy, € (0,1) with Y, wy, = 1. Further replacing z;, in the above inequality
by %’” for 2 € (0,00) yields the inequality (2.1)). The proof of Lemma is complete.
Remark 2.2 In the papers [2] [T8] 20] 30] B34, B5], the inequalities

(£) ) = S -
Em: ““H( )+ZTQ+1H< >>2ZZAQHH< ) (2.4)

i=1 i=1 j=1
or their special cases were used, where a > 0, z > 0, Ay, > 0, A\j; > 0 for 1 <7 < m and

1<j<n,y= Z?ﬂ Nij, and 7, = Y1 A;j. The inequalities (2.3) and (2.4) can be deduced

from the convexity of the function *H (<) on (0,00). This was reviewed in the paper [30].
3 Complete monotonicity
Now we are in a position to state and prove our main results.

Theorem 3.1 Ifn>2p>1,0>0, wi,\p, >0for 1 <k <n,and Y ,_, wy =1, then
the function F), y(z) defined by (1.8)) has the following properties:

1. the function F} ¢(z) is increasing and logarithmically convex on (0, c0);

2. for p > 1 and § > 0 or for p > 1 and € = 0, the function F), ¢(z) has a unique minimum
and is logarithmically convex on (0, c0);
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3. for all p > 1 and 0 > 0, the logarithmic derivative [In F}, g(x)]" is an increasing function

from (0, 00) onto
n " 6+1
lprMZ*l - (Z kak> ]wa),oo :
k=1 k=1

4. for all p > 1 and 6 > 0, the second derivative [In F}, g(z)]” is a completely monotonic

function on (0, 00).

Proof Taking the logarithm on both sides of (1.8)) and computing give

o+1 N
[thpﬂ( = pzkae-i_l”(/} 1+)\kx (Z 'Ujk)\k> 1/}(1 +$Zwk>\k>
k=1

k=1
and

[lnF = prk)\9+2 1 + /\k.’I} <Z wk)\k> ’gb/(l +$Zwk)\k>~

k=1 k=1
Making use of the formula
s 1 [ s
P (1472) = / e T = f/ H()e‘szds, T>0
o l—es T Jo T
used in [30, [34] 35], we obtain that
+1

[lanﬂ(x)]”/Ooolprk)\9+lH( > (Zwk> (M)]e”ds.

By virtue of the inequality (2.1] , we derive readily that, when p > 1 and 6 > 0, the second deriva-
tive [In F, g(z)]"” is completely monotonic on (0,00). Hence, the first derivative [In F), o(z)]" is
increasing on (0, 00).

When p =1 and 6§ = 0, it is easy to see that

1—|—/\k.r)—¢<1+l‘zn:wk/\k>‘| —0

k=1

1HF10 ZUJkAk

as x — 0%, Accordingly, the first derivative [In F} o(z)]’ > 0 on (0, 00) and the function Fi o(z)
is increasing on (0, 00).
When p > 1 and 6 = 0, it is easy to see that

[ln Fp 0 Z’U}k/\k [pzﬂ(l + )\k{ﬁ) 1/) (1 + xiwk)\k>1 — (p — 1)’(/J(1) iwk)\k <0
k=1

k=1 k=1
asx — 0.
The inequality between the weighted arithmetic mean and the weighted power mean reads

as

n n 1/(6+1)
Zwk)\k < (Z wMZ“) . 0>0; (3.1)
k=1 k=1

see [4 Chapter III] and the papers [32, 39]. Utilizing the mean inequality (3.1) and computing
lead to

" " 0+1
lim [In F ()] = lprk)\ZH —~ <Zwk)\k> ]z/}(l) <0
k=1 k=1

T—
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for p>1 and 6 > 0, where ¥(1) = —0.577..., and to

lim [In F, p(z)]" = p Y wiAgt! Jim [(1+ Apz) = In(1 + Az)]

xTr—r00
k=1
1/}(1 +$Zwk>\k> —1n<1 —chwk)\k)]
k=1

" 0+1
— <Z wk)\k> lim
T—r0o0
k=1 k=1
0+1 "
6+1
+ lim [prk)\ In(1+ A\ex) — (Z wm> In (1 + xzwk/\kﬂ

k=1 k=1
. [HZ:l(l + )\kx)wk)\k+ ]
=In lbm n (Xpy weAg)0tt
T (L X weAy)

(Hn )\kaerl)P
k=1"k n n
+ln lim 2P ke oA = (R we )
n Ap)PtT
(ZZ kak)(Zkil WAk T—00
=1
6+1\ p
n WAy
( k=1 )‘k )

n g A )0+
(Zk:l kak)(Zk,1 k k)

=In

=In + 00

=00
for 8 > 0, where we used the limit

lim [lnz —¢(z)] =0

T—00
from [8, Theorem 1] and [9, Section 1.4]. As a result, since the first derivative [In F, o(z)]" is
increasing on (0, 00), the first derivative [In F, g(z)]" has a unique zero on (0, c0). Therefore, the
functions In F, y(x) and F, ¢(z) have a unique minimum on (0, c0). The proof of Theorem

is complete.

4 A simple review

In this section, we simply review complete monotonicity of several linear combinations of
finitely many digamma or trigamma functions.
Let

= Z ary(bpx +0)

k=1
for 6 > 0 and ag,br, > 0. In [3 6] 12], the authors proved that

1. if 6 > 3, (a;—a;)(bi—b;) E Oforalll <i,j <nm,and ), ,ag ; 0, then the first derivative
+¢5(x) is completely monotonic and, consequently, the function +¢;(z) is increasing and

concave, on (0, c0);

2. if (a; — a;)(b; — by) z 0 for all 1 < 4,5 < n, then the function £¢o(x) is completely
monotonic on (0,00) if and only if Y _; ar =0 and Y__; axInby, = 0.

From the proof of [30, Theorem 2.2], we can conclude that the linear combination

(i )\k> ¢/<1+$i)\k> Z)\ ’(/J 1+)\kl’) (4.1)
k=1 k=1
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is a completely monotonic function on (0,00), where Ay > 0 for 1 < k < n.

From the proof of |20, Theorem 3.1], we can conclude that the linear combination

<Zn: /\k> ¢;<1 —i—mzn:)\k) Z)\ (14 M) (4.2)
k=1 k=1

is a completely monotonic function on (0, c0), where ¢ € (0,1), ¥,4(x) is the g-analogue of the
digamma function t(z), and Ay > 0 for 1 < k < n. The function in is the g-analogue of
the one in (4.1)).

From the proof of [34] Theorem 4.1], we can conclude that the linear combination

ZVfw’(l-l-ViJC)‘i‘Zwa’(l-FT] pZZA 1—1—)\”x)
i=1 j=1

i=1 j=1

for p < 2 is a completely monotonic function on (0, 00) and that the linear combination

Z Vzw(]- + VZ'(E) + ZT]’Q/J(l =+ zj) -2 Z Z)\”’(/J(l + )\ZJLC)
i=1 j=1 i=1 j=1
is a Bernstein function on (0,00), where \;; > 0, v; = Z;L:l Nij, and 7, = Y.\ for

1<i<mand1<j<mn. For more on the Bernstein functions, please refer to [33], [4I] and the
references therein.
From the proof of [30, Theorem 5.1], we can conclude that, if p < 2 and 6 > 0, then the

linear combination
n
Zl/9+2 V' (14 vz )+ZTJ‘?+2¢ 1+T] ,OZZ/\@Jr2 1+)\2Jz)
Jj=1 1=1 j=1
is completely monotonic on (0,00), where A\ij > 0, v; = >0 Ayj, and 7; = Y Ay for
1<i<mand1<j<n.

In [35, Theorem 3.1}, the linear combination

" 0+2
(ZM) W <1+x2)\k>p2)\9+2 (1+ M)
k=1

for p < 1 and 6 > 0 is proved to be completely monotonic on (0, c0), and the linear combination
(Z Ak>w <1 > /\k> =) Ap(1 4 M)
k=1 k=1 k=1

is proved to be a Bernstein function on (0,00), where n > 1 and A > 0 for 1 <k < n.

The last result in Theorem [B.1] means that the linear combination

0+2 "
prk)\0+2 (14 A\pz) — <Zwmk> ¢’<1+xzkak>

k=1
is a completely monotonic function on (0,00), where n > 2, p > 1, § > 0, wg, A > 0 for
1<k<n,and Y ,_jw,=1

5 Remarks

In this section, we mainly mention some conclusions of the paper [51], which was brought

to the author’s attention by an anonymous referee.
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Remark 5.1 It is well known that the Bernoulli numbers B,, can be generated by

e} n Sl 2n
z z z z
H = = Bnizl_f Bn77 <2;
(2) e? —1 nz:;) n! 2 + nz::l 2 (2n)! 2l < 2m
see [19, 28] and [45, Chapter 1]. In [19, Theorem 1.1], the ratios % for n € N were
bounded by

22n=1 1 (2n+1)(2n +2) < | Ba(nt)l 2" =1 2n+1)(2n+2)
22n+1 _ ] T2 |B2n| 22n+2 _ ] T2 ?

(5.1)

see also [20] (44, 50, [56] and closely related references therein. In July 2021, an anonymous
referee pointed out that the function F), ¢(z) defined in (1.8)) satisfies that

TGO d) T A T T o Tl A
D(L+ a3 wide)  Dpmy wede D(@ o5 wede)  2koy wide
for z € (0,00) and that, making use of the double inequality (5.1) and subtle computation,

Yang—Xi-Zheng [51I] investigated some properties, including two integral representations, an

Fi () Rxw()

asymptotic expansion, a Maclaurin series, complete monotonicity, inequalities, and approxima-
tions, of the functions InR(z) and InR(1). We note that the complete monotonicity of the
function In R(z) is a special case of Theorem

It is easy to see that the special case for n = 2, w1 = wy = %, =1, A\ =s,and \y =1 of
the function

[T, [MOva)] ™ ] 2
INCH DTV
for n > 2, wg, A\ > 0 with 1 <k <n, and 22:1 wg = 1 is just Gurland’s ratio
L(s)T'(t)
[C((s +2)/2)]*
which was first defined in [10]. In [21l [46], a detailed survey and review of Gurland’s ratio

T(s,t) and related results were given. In [51], the functions T(%, %) and T(%, %), along with

[Rn;k,w(x)]z = [
T(s,t) =

their statistical backgrounds, were mentioned.

Now the question presents itself: can one establish similar integral representations, a similar
asymptotic expansion, similar Maclaurin series, similar inequalities, and similar approximations
for the functions In F,, y(x) and In F,, 9 (1) to those in the paper [51]?

Remark 5.2 For p > 1 and 6 > 0, we have

Fp 9(1‘) . (p—DwiA?
DL = TTID( + A e Dwedk
Frote) ~ HIF0 =20

k=1
which has a unique minimum and is logarithmically convex on (0,00). This implies that the

introduction of the parameter p in the function F), g(z) is significant and is not trivial.

Remark 5.3 This paper is a revised version of the electronic preprint [23], and a com-
panion of the series of papers [18] 20 [30] 34} [35, 40] and the references therein.

Acknowledgements The author thanks the anonymous referees for their careful correc-

tions to, valuable comments on, and helpful suggestions regarding the original version of this
paper.
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