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MONOTONICITY PROPERTIES FOR A RATIO OF FINITE
MANY GAMMA FUNCTIONS

FENG QI AND DONGKYU LIM

Dedicated to people facing and fighting COVID-19

ABSTRACT. In the paper, the authors consider a ratio of finite many gamma
functions and find its monotonicity properties such as complete monotonicity,
the Bernstein function property, and logarithmically complete monotonicity.
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1. PRELIMINARIES

Let f(z) be an infinite differentiable function on an infinite interval (0, c0).

00 ~1 ~1 -1~~~ ~J W

(1) If (=1)*f®)(z) > 0 for all k > 0 and = € (0,00), then we call f(z) a
completely monotonic function on (0, 00). See the review papers [18, 26, [31]

and [30, Chapter IV].

(2) If (—=1)*[In f(2)]® > 0 for all k > 1 and = € (0,00), or say, if the loga-

1 _ (=)

rithmic derivative [In f(z)]’ = () s a completely monotonic function on

(0,00), then we call f(z) a logarithmically completely monotonic function

n (0,00). See the papers [3| 4, [B] 20] and [28, Chapter 5].

(3) If f'(x) is a completely monotonic function on (0, c0), then we call f(x) a
Bernstein function on (0, 00). See the paper [24] and the monograph [28].
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2 F. QI AND D. LIM

The classical gamma function I'(z) can be defined by

o0
I'(z) :/ t*"le7tdt, R(z) >0
0
or by

= lim = zeC\{0,-1,-2,...}.
n— 00 Hk::O(Z + k‘) \ { }

See [Il Chapter 6], [I2, Chapter 5|, the paper [I7], and [29, Chapter 3|. In the
literature, the logarithmic derivative

I"(2)

I'(2)

(z) = [InT(x)] =

and its first derivative v¢’(z) are respectively called the digamma and trigamma
functions. See the papers [21] 23] and closely related references therein.

2. MOTIVATIONS

This paper is motivated by a series of papers [2, [8 O] 14l 16| 22 25 27]. For
detailed review and survey, please read the papers [16] [22], 25] [27] and closely related
references therein.

In the paper [2], motivated by [8, 9], the function

T(nz+1)
T(kz + )I((m — k)z +1)7
was considered, where p € (0,1) and k, m are nonnegative integers with 0 < k < m.
In [I4, Theorem 2.1] and [27], the function

F(1+$Zz 1 i
I, I( +x/\

€ (0,00) = ko (] — p)(m=k)e (2.1)

x € (0,00) — (2.2)

=1
was independently studied, where m > 2, \; > 0 for 1 < i < m, p; € (0,1) for
1<i<m,and Y ", p; =1. The g-analogue

) F(l—f—xzz A ﬁ

0
xe(,oo»—>1_[ T+ o)

(2.3)

of the function in was investigated in [I6], where ¢ € (0,1), m > 2, A; > 0 for
1<i<m,p; €(0,1) for 1 <i<m with Z:’;lpi =1, and I'; is the g-analogue of
the gamma function T'.

The functions

[T, T(vz + 1) H 1 D(rjz + 1)

Hi:l Hj:l ()‘Ux + 1) (2'4)

x € (0,00) —

and

[T, D+ vx) [T, T (1 + 75)
[Hgl H?:l F(l + )‘ijm)}p

were respectively considered in [I3, Theorem 2.1] and [25] Theorem 4.1], where

pE€Rand \;; >0, Vizzyzl)\ij,rj:zyil)\ij forl<i<mand1<j<n.

€ (0,00) — (2.5)
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In [22], the function

T 0 ) [T [0+ e z)]”
[T, I, [T (1+>‘w$)]p 5

was discussed, where p,§ € R and \i; > 0, v = >0 Aij, 7 = D0y Ny for
1<i<mand1l<j<n.

In this paper, stimulated by the above six functions (2.1)), (2.2), (2.3, (2.4),
(2.5), and ([2.6)), we consider a new function

m (Cria)’ /m ox
r(1+ Sy i=1 o
Q) = Qm,appe0(T) = [ ( Y EL )} ? <Hpil> (2.7)
i=1

x € (0,00) — (2.6)

[T2 01+ 2a;)]P
n (0,00), where m > 2, p, 0,0 € R, a = (a1, as,...,a,) witha; > 0for 1 <i <m,
and p = (p1,p2,...,pm) with p; € (0,1) for 1 <i<mand ) /", p; = L.
3. MONOTONICITY PROPERTIES

In this section, we now start out to find and prove some monotonicity properties
for the function Q(z) = Qum a.p.p.e60(z) defined in (2.7). Our main results in this
section can be stated in the following theorem.

Theorem 3.1. Let m > 2, a = (a1, a2,...,a,) with a; > 0 for 1 <i < m, and
p=(p1,p2,-,Dm) wzthz i pi=1andp; € (0,1) for 1 <i <m. Then

(1) when p <1 and 6 >0, the second logarithmic derivative

0+2
[In Q(z (Za2> ¢<1+x2a1>—p2a9+2 ' (1 + a;x)
is completely monotonic on (0,00);
(2) when p=1, 0=0, and 0 =0, the function
F(l +x Z:il CLZ‘)
T2, 01+ za;)
is increasing on (0,00) and its logarithmic derivative

In Qmap1.00( (Z az) (1 +x Z a¢> - Z a; (1 + a;x)
i=1

=1

Qina,p,1,0,0(2) =

is a Bernstein function on (0,00);
(3) whenp=1,0>1, and 0 =0, the function Qm ap.1,0,0(x) is logarithmically
completely monotonic on (0,00);

(4) when (p,0,0) €S and
S={p<1,020,0>01\{p=10=00=0}\{p=1,0>1,0 =0},
the function Qm a.p.p,0.0(x) has a unique minimum on (0,00).
Proof. Direct calculation gives

In Q(x (Z%) 1nF<1+x§:al>—pZa InT(1+ a;x —I—QxZazlnpl,

=1 =1 i=1
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m 9+1 m m m
[ln Q(z)]) = (Z ai> Y <1 + xZai> - pZaf"’Hﬁ(l +a;x) + QZ a; ln p;,
i=1 i=1 i=1

=1

and

0-+2
[ln Q(x (Zm) ¢<1+$Zaz>—p2a9+2 (14 a;x).
As did in [22] 25] 27], from

/ _ > 4 —zt
1/)(2)—/0 et W) >0

in [I, p. 260, 6.4.1], it follows that

/ > l —(1+72)t 1 * v —vz
P'(1+712) = T =¢ dt=- hl = Je "*dw,
0 — € T Jo T

where 7 > 0 and h(t) = —45 is the generating function of the classical Bernoulli

numbers, see [I5] [19] and [29] Chapter 1]. Accordingly, we have

[In Q(«) / KZ@) h(zz ) ) pia“lh( )]e‘”dv. (3.1)

In [22] Theorem 4.1}, it was discovered that

m

CE
Zew/l/l_ +Zew/‘rJ Zzea:/)\ -1’ (32)
i=1 i=1 j=1
Wherea207;v>07)\ij>0f0r1§i§mandlgjgn,z/izzyzl)\ij,andq:

Yot Aij. As remarked in [22, Remark 4.1], setting n = m and g = A = A, > 0
for 1 < k < m and letting \;; — 0" for 2 < 4,5 < m in the inequality (3.2)) result

n

(Chea A )a % A
ex/zgl 1>\k — 1 Z Z e:E/)\k _ 1 (33)

for x > 0, Ay > 0, and o > 0. The inequality (3.3) can be equivalently formulated

@ Ak>a+lh<22{m> >3 () (3.4

for x > 0, Ay > 0, and a > 0.
Combining the inequality with the equation yields that, when p <1
and 6 > 0, the second derivative [In Q(x)]” is completely monotonic on (0, 00).
The complete monotonicity of [In Q(z)]” implies that the first derivative [In Q(z)]’
is strictly increasing on (0, 00). Therefore, by virtue of the limit

g:li_)ngo[lnx —Y(x)] =0

in [6, Theorem 1] and [7, Section 1.4], we have

6+1 m m
lim [In Q(z)]" = lim l(Z a1> w<1—|—x2ai> —pZa?Hw(l—!—aix)
i=1 i=1

z—0t z—0t
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m
+0) ajlnp
i=1

m 0+1 m
£ e
i=1 =1

m
+0) ailnp;
i=1

=0, 6=0,p=1,0=0;
<0, 0=0,p=1,0>0;
<0, =0,p<1,0>0;
<0, 0>0,p<1,0>0;

where (1) = —0.577 ..., an

d

lim [In Q(z)

TrT—0o0

m 0+1 m
t{%[(Z“z) Qb(l—l—xZal)—pZaeH (14 a;x)

+ Qzai In p;
i=1
1/1(1 +xiai> ln<1 +xiai>1
i=1 i=1

y m 0+1
{(5e)

—p > al (1 + asw) —In(1 + @ix)]} +0) ailnp;
' i=1

m 0+1 m
+$1er;0[<¥1 ai> 1n<1 +x§ai>
m )9+1

m L ( a;
1+ ni a; =1
=9 E a;lnp; + lim ln( ity ) o
= T—00 H:‘il(l + aix)pai
1 mo (2, a)’ T
=1In lim CRPPELD)

011
e Hgl(% + ai)pai

+1n lim 2(Z e P X, of +Qzailnpi

r—00

- pz a?n(1 + a;z)
i=1

m ™ a;)?tt
(i, ai)(ZF )

m a‘.’*l P
[[i= &
=1 "1

(Zznll QZ)GH,

m
= gZai Inp; + In
i=1

0, p = 9 ’
271 a‘z+1
(Zml az)9+1
+ 9%, p> 179_,_17
Z:nl a;

(0 )+t

Zm a9+1

=1

00, p<
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Let £ = (&1,&,...,&y) such that 3" & =1 and & € (0,1) for 1 < i < m
and m > 2. Then the first derivative of the function f(z) = Z:’;l & is fl(x) =
S €8 Ing; < 0, which implies that the function f(z) is strictly decreasing, on
(—00,00). Since f(1) =1, it follows that f(z) § 1 if and only if % 1. This means

that
s < >
DL zZ L
=1

Replacing &; = Znﬂ” — and x = 0 + 1 in the above inequality yields
i=1 @i

m @ 9+1< -
Z(Zm ) =1, 6=0.

i=1 i=1 i

This can be further rewritten as
m m 9+1
0+1 <
DoY) 0
i=1 i=1

Considering the inequality (3.5) reveals that

(1) when 6 = 0, we have

0, a; >0, m>2. (3.5)

AV

Q:ILH;O [ln Q(x)] = gZaz Inp; +

(2) when 6 > 0 and p < 1, we have

m (Z:n ) a1)9+1
7
l;m [ln Q( =0 E a; lnpz +In (Zlil ) 0TI\ P
e i=1 (Hzil a;’ )

Hence, when 8§ =0 and p < 1 or when 6§ > 0 and p < 1, we obtain

+ 00 = o0.

I .
Jim 10 Q00 (0)) = 005

when 6 = 0 and p = 1, we have

m N2ty @
lim [In Q(x)] = QZ a;Inp; +1In (Zizl az)

m a;
=00 i=1 Hz 1a’z

=(e— 1)) ailnp; + (sz ,>ln<2pzaz> szalln—.
i=1 pi

Let f be a convex function on an interval I C R, let m > 2 and x; € I for
1<i<m,andlet ¢ >0for 1 <i<m. Then

( qu) < Zqz (). (3.6)
1 1 Zi 1 z 1 Zi 1

This inequality is called Jensen’s discrete inequality for convex functions in the
literature [10, Section 1.4] and [II, Chapter I]. Applying (3.6) to f(z) = zlnx
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which is convex on (0,00), x; = %, and ¢; = p; leads to

= n—
i=1 Pi =1 Pi i=1 Pi Pi
Accordingly,
: /
xlgrolo[ln Q) <(o—1) z;ai Inp; <0, po>1.
1=

77777

rithmically completely monotonic on (0, 00).
The limit

. / e
11—1>I€+ [ln Qm,a,p,l,o,()(m)] =0

obtained above implies that [In Q@ 4.p,1,0,0(2)] > 0, Qum.ap.1,00(x) is increasing,
and then [In Q,, 4 p.1,00(x)]" is a Bernstein function, on (0, c0).
When (p, 0,60) € S, the limits
lim [In Qpappe0(x)] <0
z—0t
and

Jim (10 Qg0 (@)] = 00

derived above mean that the first derivative [In Qy, q.p.p.0,0(2)]" has a unique zero
on (0,00), that is, the functions In @ 4.p.p,0.0(¢) and Qp, a,p p,0,6(x) have a unique
minimum on (0,00). The proof of Theorem [3.1]is complete. O

4. AN OPEN PROBLEM

Let m,n > 2, p,0,0 € R, let A = (Ajj)mxn with A;; > 0 for 1 <3 <
1§j§n,letui:Z?:1/\ij and 7; = Y Ajjfor 1 <i<mand1<j<n,
<

and let p = (pij)mxn with 3507, 370 pij = 1 and p;; € (0,1) for 1 <4 < m and
1 < j < n. Define
m 0 n 79 ox
" T+ ) T, T+ 7m2)] 7 [
Q@mn:xipipie0 (T) = L ('rn n P I I p,\fj J <Hp;\j]> (4.1)
Hi:l Hj:l [F(l + )\”.’E)] iJ i=1

on the infinite interval (0, 00).
Can one find monotonicity properties for the function Qumm n;xpip;e0(x) defined

in the equation ?
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