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Abstract: High-gain observers and sliding mode observers are two of the most common
techniques to design observers (or differentiators) for lower triangular nonlinear dynamics. While
sliding mode observers can handle bounded nonlinearities, high-gain linear techniques can handle
global Lipschitz nonlinearities. In this preliminary paper, we present a novel observer design
for second and third order systems which benefits from both techniques. More precisely, the
proposed observer converges in finite-time and handles nonlinearities satisfying an incremental

affine bound.

1. INTRODUCTION

In this paper our aim is to design a state observer for a
system in the form

Ty = o + ¢1(x1,t)
Ty = x3 + Ppa(w1,72,t)
. , Y=o (1)

T = Pn(T1,.. ., Tp,yt)

where ¢; : R® — R are continuous functions and y is
the measured output. This lower triangular form typically
arises when considering (uniformly) observable nonlinear
systems (see Gauthier and Kupka (2001) or more recently
Bernard et al. (2017b)). Designing an observer for this
particular nonlinear dynamical system has been deeply
studied in the last three decades. Two main approaches
can be distinguished.

The first one assumes global Lipschitz bound conditions
on the nonlinearities. More precisely, the functions ¢; are
supposed to satisfy for j =2,...,n

'amjvt) _(bj(y?i?aaj:]?t)l

J
<Y |wi— | Yy, o, d,t) R (2)
=2

|¢j(y7x27 .

In that case, the very popular high-gain approach can
be followed, see, e.g., Tornambe (1989), Emelyanov et al.
(1989). The observer gain is then composed of a linear cor-
rection term which is amplified by a high-gain parameter
that is selected large enough compared to the Lipschitz
constant. Following this route, the obtained observer is
global and its convergence rate is exponential.

The second approach, initiated in Levant (1998), considers
finite time differentiators, see also Shtessel et al. (2014).
Employing set-valued homogeneous correction terms, in
Levant (1998), a sliding mode observer for (1) is obtained
in the particular case in which the functions ¢; satisfy

¢j(y,'£2 "'7xj7t) = ¢j(y7t)Aa ] = ?7"'7”7 1
|¢n(y,$2.-.,$n,t)_¢n(y,$2-..,$n7t)|<€0 ’
Y(y, &, x,t) € R*" T2 (3)
The observer gain is then a homogeneous set-valued vector
field and allows to obtain convergence in finite time.
The only constraint on the function ¢,, is that of being
bounded. On the other hand, the other functions ¢;, j <n
must be exactly known ! . If they are not known, but satisfy

|¢j(y7x27' .. ,xj,t) - qu(yvi.Qa' .. 7‘%J7t)| < gO )
V(z,y,2,t) € C x RxR" xR,

j=2...n—1 (4)
where C is a known compact set in R", it is possible
to follow the design proposed in Floquet and Barbot
(2007), consisting of a cascade of second order sliding mode
observers, each designed as in Levant (1998). The resulting
observer (see also Bejarano et al. (2007); Fridman et al.
(2007); Bernard et al. (2017a)) has finite time convergence
for state solutions of (1) remaining in the compact set C.

In this paper, a first attempt to unify these three frame-
works into a single global design is made. Indeed, we
consider the case in which the functions ¢; satisfy the
following assumption.

Assumption 1. For each j in 2,...,n, the function ¢;
satisfies a lower triangular incremental affine bound. More
precisely, there exist positive real numbers £y and €1 such
that

.,ZCj,t) _¢J(y7i‘2,a§:]?t)|

J
Slo+0Y |wi— | Yy, z,4,t) e R (5)
=2

|65 (y, 2, ..

It can be checked that Assumption 1 encompasses nonlin-
earities satisfying (2), (3) or (4). But none of the existing

I This condition may be relaxed by supposing that each function
¢; in (1) satisfies an incremental homogeneous bound, see Bernard
et al. (2017a)



observers can be applied under Assumption 1. Instead, we
follow the interconnection design of second order high-gain
observers proposed in Astolfi and Marconi (2015), in which
we replace each block with second-order generalized super-
twisting algorithms, as proposed in Moreno (2009), where
both sliding-mode and linear corrections terms are mixed.
As explained in Moreno (2009), mixing linear and sliding-
mode correction terms destroys in general the homogeneity
of the system and homogeneous Lyapunov functions can
no longer be used, although some exception can be found
in Bernard et al. (2017a); Cruz-Zavala and Moreno (2017).
Some non-homogeneous Lyapunov functions have never-
theless been designed in Moreno (2014); Castillo et al.
(2018) for the second-order generalized super-twisting al-
gorithm. But in this paper, because of the presence of
perturbations verifying (5) for each i = 1,...,n, we cannot
follow the aforementioned approaches and a new global
observer is designed for system (1) with functions ¢; sat-
isfying Assumption 1, first in the case of dimension n = 2
in Section 2, and then n = 3 in Section 3.

Notations/Definitions:
e for all s in R,
{-1} s<0
Sign(s) = { {I-1,1]} s=0 . (6)
{1} 5>0

o for (s,a) in R?, |s]“ = Sign(s)|s|®.
2. OBSERVER FOR SECOND ORDER SYSTEMS
2.1 Mized sliding mode observers

In this section, an observer is designed for system (1) for
n = 2 when ¢, and ¢5 satisfy Assumption 1. The system
reads as

& x2 + ¢1(z1, 1) _
{pzpinmd yeu. @

The observer we consider is in the form

{551 = 22+ ¢1(y, >+Lk1( — 1) (8)
Ty € ¢a(y,&a,t) + Lko(y —&1)

where k1 : R — R is a continuous function, k3 : R =2 Risa
set valued map which is outer semi-continuous with convex
and compact values?, and L is a positive parameter to
be selected large enough and referred to as high-gain
parameter, according to standard nomenclature.

Depending on the mappings (k1, k2), this observer may be
the usual high-gain observer or the sliding mode observer:

o If we select
k1(s) := ks, ka(s) := ks ,Vs €R | (9)

where k is a positive real number, this is the usual high-
gain observer. Picking L sufficiently large compared to
41, the system (8) is an observer for system (7) when ¢
satisfies the Lipschitz bound (2).

e If we consider the sliding mode observer given by Levant
(1998), we select

ki(s) := L/{Sﬁ , kao(s) :==Sign(s) ,Vs e R,

2 We refer to the definition of semi-outer continuity given in Filippov
(1988).

(10)

where K is a positive real number selected sufficiently
large. Picking L sufficiently large compared to £5, (8) is
an observer for system (7) when ¢, satisfies the bounded
assumption (3).

Note however that none of these two approaches can be
applied when ¢o satisfies Assumption 1.

Inspired by the observer construction given in Andrieu
et al. (2008) and Moreno (2009), we introduce the novel
mixed sliding mode observer by selecting the functions
kl, k‘Q as

g(s) = [s]7 +s. (11)

{ 1(s) == q(rs)
ka(s) = Sign(s) + g(ks) ’

From there, it yields the following theorem.

Theorem 1. Assume System (7) satisfies Assumption 1.
There exists a positive real number k* such that for all
k > K, there exists L, such that for all L > L, the
observer (8) ensures finite time and stable estimation of
system (7). More precisely, the set {x = &} is globally
and asymptotically stable and there exists a time T > 0,
depending on the initial condition, such that

a(t)=a(t) Vt>T .

Before proving the previous result, we analyse in the
following section a disturbed error system, and we give a
proposition that is instrumental to the proof of Theorem 1.

2.2 Robustness analysis for a disturbed chain of integrator

In this subsection, the following system is considered

é1 = 62—k1(€1+w)+l}1 (12)

és € *k‘g(el + U)) + vo ’
where k1 and ko are given in (11) and where v = (v1,v2) :
R — R2, w: R — R are locally integrable time functions.
System (12) is obtained by considering the error dynamics
e = x—&, with z, & satisfying (7) and (8), respectively, L =
1, ¢o = 0, and disturbances w, v acting on the measured
output y and on the state-dynamics, respectively.

Consider the function V : R? — R, defined as

1 1
Viene) =lea+ [ 01E = [ e
q'(e2)
_ 2
+ 111~ g7 (e2)] dh
where ¢~!(s) is the continuous function satisfying
q H(q(s)) = s.
The function V is well defined and C'. Moreover, in the

following proposition it is shown that it is an ISS Lyapunov
function for system (12).

KeE1

(13)

Proposition 1. There exists k* > 0 such that, for all
Kk > K", there exist positive real numbers v, U, cy, Cy,
Coy s Cuy, Such that the function V' defined in (13) satisfies

v (leal? + leaf” + feal?)
<Vie) <o (el e +lea) . (19)
3

of (12)

3 Here and all along the paper, V(e,v,w) is the upper right Dini
derivative of the function V along any solution of (12).

and along the solutions




V(e,v,w) < —cy {V(e)% + V(e)} + ¢y [Jw] + |w|3}
+ coy [lrl? + 1] + co, V(e) S lva| . (15)

The proof of this proposition is given in Appendix A and
relies on the use of homogeneous in the bi-limit frame-
work introduced in Andrieu et al. (2008). We see that
the disturbances w, v; and vy are treated in a different
manner in equation (15). Indeed, for ¢, |vs| < ¢y the Lya-
punov function is decreasing. This highlights the deadzone
of the stability margin with respect to the disturbance
|va], coming from the sliding mode part of the observer.
This crucial property confers to those observers their well-
known robustness to bounded disturbance on their last
line. However, as opposed to standard sliding mode ob-
server design, the Lyapunov inequality (15) also estab-
lishes an ISS property with respect to all disturbances.
With the help of Proposition 1, we can now give the proof
of Theorem 1.

2.8 Proof of Theorem 1

Let e; := &7 — x1 and ey := &9 — x2. Along the solutions
of (1)-(8), e is solution of

é1 = €9 — Lk’l(el)

€y € ¢o(x1,m2 + €2,1) — do(21,22,t) — L?ka(e1)

(16)
This system can be rewritten
1. e
fel = ZQ — kl(el)
i , (17)
—2 ke ) + =2
LL A2

where

V2 = ¢2(y7i‘27t) - ¢2(yax27t) 3
which is exactly in the form of system (12) in the coor-
dinates (e1, %), with the perturbation multiplied by L2

and with the time scaled by % Hence, consider k > k*
given in Proposition 1. With Proposition 1, it yields

o) oo () v (0. 9)

€9 %|’U2|
+ CUQV (61, f) ﬁ (18)
With Assumption 1, it yields
|U2| EO fl ‘62| 60 [1 €9 %
bal fo Gl fo oy, eyt
St St ey
Hence, the former inequality becomes
V (61, %71)2) Cy EO €2 %
— <= V(e )
Cop b1 €2
S P V( ,—) . (19
{CV Lv# } T 1)
v g v E -
LetL>0besuchthatcz20<C—V ndc211\°7".lt
L 2 Lvs

implies, for any L > L,

2
O )
(20)
Consequently, by standard Lyapunov arguments, see, e.g.,
Bhat and Bernstein (2005), the result follows.

3. OBSERVER FOR THIRD ORDER SYSTEM
8.1 Statement of the result

We are now interested in the design of an observer for third
order dynamical systems in triangular form. As it has been
done in Floquet and Barbot (2007) in the semi-global case,
namely, when the state of system (1) is supposed to evolve
in a known given compact set C, the idea is to employ
a cascade of second order observers. However, to obtain
a global result, we need to consider interconnections of
second order systems as it has been recently introduced in
Astolfi and Marconi (2015). In our context, the observer
is therefore given as follows.

{ T =212 + ¢1(y) + Liki (311 — )
1 € a3+ ¢2(y, #12) + Lika(d11 — y)
{ Too = B23 + P2(y, B12) + Lok1 (22 — T12)
Tog € ¢3(y, Loz, 23) + Lika(d22 — £12)
where Li and Lo are two positive real numbers that will
be selected later on. In particular, we recover the design
proposed by Floquet and Barbot (2007) when we don’t
put the term Zo3 in the dynamics of Z12, and we recover
the design in Astolfi and Marconi (2015), when ki, ko
are selected as in (9). In our context, observer (21) is
composed of two blocks of second order observers, with
k1 a non locally Lipschitz function and ko a set-valued
correction term defined in (11). Before discussing the
convergence properties of this observer, it can be checked
that this set valued map is outer semi-continuous with
convex and compact values, thus ensuring well-posedness

and sequential compactness of solutions (Filippov, 1988,
p65, p77).

In the following theorem, it is shown that by selecting Lo
and L; sufficiently large, this observer ensures finite time
convergence of the estimate to the state of the system.

(21)

Theorem 2. Consider system (1) with n = 3 and suppose
Assumption 1 holds. There exist positive real numbers
(k, L1, Ls), such that the observer (21) ensures finite time
estimation of system (1), namely there exists a time T
such that

B11(t) = 21(t) , T12(t) = Toa(t) = wa2(t) ,

@23(t == .’L‘3(t) s Vit 2 T . (22)
As opposed to existing finite time results, see, e.g., Floquet
and Barbot (2007), Levant (1998), we obtain a global
finite-time observer. Indeed, no restriction is imposed on
the set of initial conditions, nor on the set in which
the system (1) is evolving, which may be, in this case,
unbounded. Note however that the convergence time is not
uniform. It is still an open question to achieve uniform
finite time convergence since our approach fails to be
applied in this context yet. Moreover, as opposed to
Theorem 1, for the time being, this result does not show
the stability of this observer.

3.2 Some auziliary results

The proof of Theorem 2 is obtained in several steps. In a
first step, we study each subsystem separately employing
Proposition 1 on each subsystem. In a second step, we
introduce a global practical Lyapunov function which



shows that a certain set is reached in finite time. Finally,
by properly selecting the coefficient Ly, it is shown that e
converges to zero in finite time and afterwards es converges
to zero in finite time.

Robustness analysis of each error subsystems: The sug-
gested observer gives two error dynamical (sub)systems
which interact with each other. Writing e; := (e11,€12),
with ej; := 11 — 1 and e1g := 15 — T2, gives
€11 = e12 + L21k‘1(611) (23)
é12 € vig + Lika(e11)
with
v12 = ea3 + P2y, T12) — P2(y, T12) -
Also Writing €y = (622,623), with €29 = i’22 — T2 and
€93 = L%Qg — I3, giVGS

{ €29 = €93 + Loki(e22 + wa) + vay (24)
éa3 € Vaz + L3ka(ean + wo) ’
with
Wy = —€12,
Va1 = Pa(y, E12) — d2(y, x2) ,
Vog = P3(w1, T2 + €22, T3 + €23) — ¢3(x) .
Employing (5), it yields
[v12] < |eas| + Lo + li]eiz| , (25a)
|va1| < o + {1ler2] , (25D)
|1)22| g 60 + €1|622| + £1|623| . (25C)
We consider two Lyapunov functions Vi(e;) and Va(ez)

defined as
Viler) =V e, 22 ), Valea) :=V (20, =22 ), (26)
Ll L2

where V is defined in (13). With (14), it yields that the
functions V4 and V5 satisfy

3 g lenn® _
v lenn|” + lenn]? + 3 <
1

p 3 e 3
Vite <7 (Jeu’ +leult +120) . on)
1

3 s leas
v | leaz|” + |e2a]? + E <
2

3
_ 3 €23
VQ(QQ) <v <|622|3 + |622|2 + | L‘Sl ) . (28)
2
Furthermore, we have the following two propositions.

Proposition 2. There exist positive real numbers Ly, Cy,,,
such that for all Ly > L, the time derivative of Vi along
the solutions of (23) satisfies

Vi (e , € c 2
1(#2) < —7‘/ [Vl(el)g + Vi(e1)
. L 2 1
+ 13 Vi(e) TVa(e2) T (29)
1

Moreover, if there exist a time Ty > 0 and € > 0 such that
3

c
) < L8 Y — t> T
VQ(BQ( )) < 86%12[/3 €, v 0 (30)
then, there exists Ty > Ty such that
Vi(er(t)) =0, Vt=>Ty. (31)

Proposition 3. There exist positive real numbers Ly, Cy,,,
such that, for all Lo > Lo, the time derivative of Vo along
the solutions of (24) satisfies

Vo(eq,e c 2
B % )} + Voo
~ 3 1 57)21
+CwL1 [Vl(el) +V1(21)3} + L2
2

_ 1 1 2
+ o 7 Vi) T2 (e2)
2

o ;
e 73 [Vile) Vi) (32)
2

Moreover, if there exist a time Ty > 0 such that (31) holds,
then there exists a time Ty > T such that

‘/Q(tz(t))zo 5 Vt>T2 . (33)
Equation (29) can be written in the form of a ISS Lya-
punov inequality. Note, however, that more information is
given here. Indeed, it is due to its particular form that
the second statement related to finite time convergence is
obtained. In Proposition 3, the second statement exhibits
the fact that when V3 = 0, the constant term in the time
derivative disappears since it comes from the incremental
bound on the non linearity. Hence, again, V5 converges in
finite time to zero.

Proof of Proposition 2:

(1) Study of Vi: Following the same steps of the proof
of Theorem 1, it can be checked that System (23) is
exactly in the form of system (12) in the coordinates
(e11, %2), with the perturbation vis multiplied by

L1_2 and with the time scaled by %1 Hence, from

(15), the time derivative of V; along the solutions of
(23) satisfies, for all Ly > 0,

‘71(31782) |v12]
I L3

which gives (29) with (25a), (27), (28), L; sufficiently

~ C
large, and ¢,,, > ”%2 .
v

(2) Finite time convergence for small V5: Assume
there exists Ty such that inequality (30) is satisfied.
This implies with (29) that the time derivative of V3
along the solutions of the system verifies :

Vl(ela 82)

L,
where € > 0. From this Lyapunov inequality, it yields
finite time convergence of V; to zero (see Bhat and

Bernstein (2005)). In other words, there exists 77 such
that (31) holds. a

< ey (Vi(en)} + vl(el)hcvm(el)%

_ [Vl(el)% +V1(e1)] ;o (34)

Proof of Proposition 3:

(1) As before, we follow the preliminary step of the
proof of Theorem 1, transforming System (24) in the
form of (12) in the coordinates (e21, 72), with the
perturbations vo; and vy multiplied by Ly L and Ly 2,
respectively, and with the time scaled by L% Hence,

the time derivative of V5 along the solutions of (24)
satisfies, for all Lo > 0,



B ¢ ey [a(en)? + Vi)
2 |v22|

L3

a1\ * 4 (el ’

Ly L,
which gives with (25a) and L, sufficiently large that
for all Ly > L,

"/2(31,82)<_Cl
Ly = 2

+ ey [Jwa] + [wal?] + ¢y, Va(e2)

+ ¢y, ) (35)

[Valea)? + Va(eo)|

2 l1le
+ cw [|e12] + |€12|3] + 01;2‘/'2(92)g 1|Lgll|
2

o + 1]exz] 2+ o + l1]ers|\*
Ly Lo

Also, in inequality (36), we have, using (a + b)" <

+ Cyy (36)

na™ + nb",
c £0+€1|612| 2+ €0+£1|612| 3
v Lo Lo
2 3 £2|6 ‘2 £3|€ |3
11€12 11612
é 301,1 |:L2 + ﬁ +3Cv1 |: L2 Lg

2
2 63} 0 lewn]® 63 |era?
3cv{ + +3UL3[1 + L }
72 T I3 Tz TI3L

7), there exist é,,,, ¢, > 0 such that
5[4 lewl® | & lewa/?
Seoll\ T2 Y
2 11 2

. L3 2
< o gy (Valen) + Vilen) ).

With (2

cw [less] +ler2’] < @l [Valer) + Vi(en)¥] . (37)
Consequently, the first point is satisfied.

(2) For the second point, note that if Vj(e;) = 0 then
wo = 0 and vy; = 0. Hence, the time derivative of V5
along the solutions of (24) satisfies

V:
% <X [‘/2(92)% + Va(e2)| -
2 2
With Bhat and Bernstein (2005), this allows to con-
clude that V5 converges in finite time to zero. O

(38)

3.8 A global and practical Lyapunov function

Let W : R* — R, be the C! function defined as
Vz(ez)
Lo
We have then the following result.

W(Ql,ez) +L3V1(€1) . (39)

Proposition 4. For all Ly > Ly, with Ly given by Proposi-
tion 3, there exist positive real numbers Ly, v and p such

that, for all Ly > Ll, the time derivative of W, along the
solution of the system (23), (24), satisfies

W(Bl,QQ) —VW(Bl,QQ) +L (40)
Proof: Let L; and L, be given by Proposition 2 and 3,
respectively. For all L; > L, and Ls > L,, we have by the
propositions 2 and 3

I Vi(er,eo) n Va(ey,e2)
L, Lo

—L402V [V( D+ Vl(el)]

W(el, 22)

5

_ %/ [%(92)% + Vz(eg)} + ZTi7

i=1

where

Tl (el)%‘é(e2)% )

Lo
1CU12 L2

Ty = CwL1 [V1(e1) + Vl(e1)%} )

¢
TSZ vl )

L3

| 1 2
Ty = CvzzﬁV1(e1)3V2(€2)3 ,

L
Y5 = Cme [V1(€1)+V1(21)

Note that with Young inequality we have for some positive
real numbers ¢,,,, Cy, Cu,,, independent of Ly and Lo, the
following inequalities:

C 3 .
Ty < g Valea) + e, Vile) LT LY

L3¢&2 2
TQ 5 V( ) 1¢ “’Vl(el)§
< el [Vl 61 +V1 21)% +L1 ,

T < G Va(e2) + Vi)

S

Hence, it yields
W(€1=€2) <
Cy 1 - L3
- (L%Q - v12L2 L3 CwL3 + Cv22 LG CﬂmL )

x [Vi(ent + Vi(en)]

Cugy

c
- Vale)? +Valea)| + L+ S5 (4
4 L3
Note that there exists Ll > L; > 0 such that
3 1 L3
L45 = e L3 LY = 6L + Cuna 75 — Con ., > L
2

(42)

for all Ly > Ll. With the previous expression, we obtain,
for L1 > Ll,

. C 2
Wien,en) < = 5 (L4 [alen)? + Va(er)] (43)
2 ¢
Va(ea)s 4 Va(ea)| ) + L3 4+ =2
+] [) i+
Cv 3 V( ) 3 C1)21
< 7
< 1 (L1V1(€1) i ) + L L%
(44)
cy 3 évzl
= _Zw(elaeQ) +L1 1+ L2L3 ) (45)

thus concluding the proof with u =1+ "‘Ll O



8.4 Proof of the Theorem 2

Assume L, is sufficiently large such that Proposition 3 can
be applied. With Proposition 4, there exists v and p such
that for all L; sufficiently large,

Wey, ea) < —vWier,es) + Lip . (46)

This implies that for all L there exists a time Ty(L1) such
that

W (er(t), ea(t)) gL%%, Vi>Ty(Ly) .
From which it yields
Va(ea(t)) < LgL‘i’% . VESToLy) . (47)

On another hand, if L, is selected sufficiently large such

that .
LI3E < 1§ SV
v 8¢y,

L3’

Then, from (47), inequality (30) holds and consequently
Proposition 2 implies that there exists T} such that (31)
holds, i.e. V; converges to zero in finite time. With the
second statement of Proposition 3, (33) holds, i.e. V2
converges to zero in finite time. This concludes the proof
of the theorem.

4. CONCLUSION

In this paper, a novel observer, which allows to obtain
a global finite time observer when the nonlinearity are
affinely bounded, has been presented for lower-triangular
systems of dimension 2 and 3. The proposed design gener-
alizes two usual observer design techniques, since its struc-
ture combines high-gain observer, sliding mode observer
and cascaded second-order observers. Future developments
include the generalization of the proposed cascade design
to systems of any state dimension and the stability analysis
of the error dynamics.

Appendix A. HOMOGENEOUS IN THE BI-LIMIT
CORRECTION TERMS

The objective of this appendix is to establish Proposition
1. This proof is based on the use of the homogeneous in
the bi-limit framework and is obtained in several steps.

A.1 Homogeneous in the bi-limit framework

The particular feature of the bound (5) is that, for small
values of the error, it is bounded by a constant, but
for large values, it is Lipschitz. Homogeneity in the bi-
limit is a property that has been introduced in Andrieu
et al. (2008). It characterizes functions which have two
(homogeneous) distinct behaviors at infinity and around
the origin. Typically, the set-valued mappings k1 and ko
given in (11) have two different behaviors. Around the
origin, (k1, ke) are (almost) equal to

1 .
k1o(s) = [ks]? , kao(s) = Sign(s)
and at infinity (k1, k2) are (almost) equal to
k1 0o(8) = ks, k200(8) = Ks.

ko = (k1,0,k2,0) and koo = (k1,00, k2,00) are homogeneous
approximating vector fields corresponding to the sliding

mode observer and the high-gain observer respectively, and
k = (k1, k2) is a homogeneous in the bi-limit vector field.

More precisely, we say that ¢ : R™ — R is bi-homogeneous
(or homogeneous in the bi-limit) with weights ro € N™ and
Too € N™, degrees dy and d, and approximating functions
¢p and @y if

e ¢¢ and ¢, are homogeneous with weights ry and r,
and degrees dy and d, respectively.

e for every compact set C' which doesn’t contain the
origin, every € > 0, there exists A\g > 0 and A\ > 0
such that for all x € C,

’w — do(z)| < e VA € (0, o]
‘W—%(m) se VAERo,Fo0)

where we denote A" - x = (A" xq,...,A\™x,). To simplify
we say that ¢ is bi-homogeneous with triples (ro, do, ¢0)
and (oo, doo,s Poo)-

As for a vector field f = Zfi%, it is bi-homogeneous
with triples (1o, do, fo) and (T'eo, doo, foo) if each f; is bi-
homogeneous with triples (o, do+70.,:, fo,;) and (reo, doo +
Too,i5 foc,z)

Homogeneity in the bi-limit has been studied in Andrieu
et al. (2008) only when there are functions with homoge-
neous degree larger than 0. So the case of Sign (set-valued)
function has not been considered. However, by extending
these tools, it is possible to include this case.

A.2 Finite time stability for the error system

In this section we consider the set valued vector field

rio- [

where ky and k5 are given in (11). We show in the following
proposition that when x is selected sufficiently large, the
function V defined in (13) is a Lyapunov function for this
vector field (see also Cruz-Zavala and Moreno (2017) for
the homogeneous case).

(A1)

Proposition 5. There exists a positive real number k* such
that, for all k > k*, there exists a positive real number cy, o
such that the function V' given in (13) satisfies

max {%‘g(e)F(e)} < —evo [V(e) +V(e)i] , VeeR?.
(A.2)

Proof: The proof is inspired from Theorem 3.1 in Andrieu
et al. (2008). Note that
ov
de

where

T1(v,e2) = —(Sign(q(v)) + q(v))

X <3 Leﬂz + /qul(e : (I_qil((iQﬂ% + Lq71(€2ﬂ 2)/dh>

and

(e)F(e) C {T1(ke1,e2) + kTa(ker,e2)} , (A.3)



Ta(v,e2) = (e2 — q(v))

% (117 = a7 ()] + 1917 = a7 (e)]?) -
Furthermore, that there exists a continuous single-valued
map 77 : R? — R such that

T (v,e2) = {Tl(u, e2,8), s € Sign(q(v))} .

Define rg = (2,1), 7o = (1,1). T5 and Ty are both
homogeneous in the bi-limit with weights rg, ro and
(r0,0), (reo,0) respectively, with same degrees dy = 2,
doo = 3 and with homogeneous approximations

ﬁ’o(y, €2,8) = —s (3 Leg]Q +v— |_€2—‘2) ,

Tioe(v,€2,8) = —v (3 lea]? + )% — Leﬂz) ,

and
Tho(s,e2) = — <62 — Lu]%)z ,
Ty.00(s, €2) = (€2 — 1) (W - |_eﬂ2) .

Moreover, ¢ is an increasing function and 75 < 0, with
T, = 0 only if e = ¢(v). Note also that if es = ¢(v),
Ti(v,e2) = —3|ez|? — 3|ez|® < 0. The same holds for the
homogeneous approximation functions given above when
s € Sign(q(v)). Employing the key technical Lemma 1, it
yields the existence of k* > 0 such that for all K > k*,

Tl(z/, e, s)+rTa(v,e9) <0, V(v,e2) € RQ\{O} .

max
s€Sign(q(v))

It thus follows that
max {%‘g(e)F(e)} <0, V(e,e)€R*\ {0},

and the same for its homogeneous approximation. Follow-
ing the proof of Corollary 2.15 in Andrieu et al. (2008) em-
ployed with Lemma 1, it implies that there exists ¢y > 0
such that

maX{%‘e/(e)F(e)} < —evV(er,e) = cvV(er, )5

O

A.8 Proof of Proposition 1

Let k > k™ where k* is given in Proposition 5. Along any
solution of system (12), we have
. ov
Vie,v,w) < nle,v,w) + 5—(e)vs
862

with

wermr=am {80 (411757}

Attributing to w the same homogeneous weights as e, and
to v; the same homogeneous weights as ey, 17 is homoge-
neous in the bi-limit and, according to Proposition 5, we
obtain

n(e,0,0) + %/ [V(e)% + V(e)] <0 Ve .
Applying the key technical Lemma 1 with
y(w,v1) = [Jw| + [wl’] + [los]* + o1 ],
shows that there exists ¢ > 0 such that
n(e,w,vy) + C?V [V(e)% + V(e)} —cy(w,v1) <0.

Finally, we can observe that g—e‘;(e) is homogeneous of
degree 2, so that there exists ¢,, > 0 such that

ov 2

8762(6) < e, Vie)s

concluding the proof.

Appendix B. KEY TECHNICAL LEMMA

Lemma 1. (Key technical lemma). Let n : R® — R be
homogeneous in the bi-limit, with weights 9 and Too,
degrees dy and d~, of the form

n(z) =

for some continuous maps 7 : R**! = R, and f : R” — R
such that, for all x € R™, for all A >0

Sign(f(A" - x)) = Sign(f(z)) (B.1)

Sign(f(A" - x)) = Sign(f(z)) , (B.2)

and such that 71 is homogeneous in the bi-limit, with
weights (rg,0) and (r,0), degrees dy and do,, and ap-
prozimating functions 1y and T. Consider a continuous
function v : R™ — Ry that is homogeneous in the bi-
limit, with same weights and degrees and with approxi-

mating functions vy and Yoo such that Yz € R™\ {0},
Vs € Sign(f(z))

max  1n(x,s
s€Sign(f(x)) (. )

y(z) =0 = 7i(x,s) <0,
Yo(x) =0 = 7o(z,s) <0,
Yoo (T) =0 — Tloo (2, 8) <0 .

Then there exists a real number c* such that, for all
¢ > ¢, and for all x in R™\ {0}

n(x) —cy(z) <0. (B.3)
Proof: First by homogeneity of the approximations, ac-
cording to (Bernard et al., 2017a, Lemma 4), there exist
¢y > 0and ¢, > 0, ¢ > 0 and €5, > 0, such that for all
co > ¢y and coo > ¢k, and for all z in R™ \ {0}, and for
all s € Sign(f(x))

ﬁO(I’aS)*CO’YO(x) < —¢€o, TN]OO(:L‘7S)7000")/OO(IE) < —€oo -
Define ¢; = max{cp, ¢} and ¢; = min{eg, € }- Repro-
ducing arguments of (Andrieu et al., 2008, Appendix C),

we next prove that there exists a compact set C' such that
for all ¢ > ¢,

{z €R", 3s € Sign(f(x)) , 7(z,s) —cy(x) >0} CC .
(B.4)
Indeed, the bi-homogeneity of 77 and ~ means that there
exist Ag > 0, Ao > 0 such that, denoting the homogeneous

d
(sl

Ti)g, we have the following

norm |z|.q =

properties.

e For all A € (0, o], for all z such that |z|,,,q, = 1, and
for all s € Sign(f(x)),

A - .5) — X, )] < A0S

A -2) — Xg(a,5)| < X

which implies for ¢ > ¢



A -z, 8) — ey(AN - x)
<\ (770(/\”’ -, 8) — (A - x)) + /\d(’%
€

2 )

using (B.1), and therefore,

n(x,s) —ey(z) <0 VO < |Z|rg,de < Ao -

e For all A € [A, +00), for all = such that |z|, 4. =1,

and for all s € Sign(f(z)),

/

[T - ,8) = N (1, 8) | < A T
Y ) = Mg ()] < X2
which implies for ¢ > ¢; in the same way
7(z,s) —ey(x) <0 V|2 re dee = Aoo -
Therefore, by defining the compact set
C:={xeR", |Zlrg.dy = X0 s |Zlradee < Aol

we indeed have (B.4). Finally, assume that for all ¢ > ¢y,
there exists « # 0 such that n(x) — cy(z) > 0. Then, we
can build a sequence (zy,sy) of elements of C' x [—1,1]
such that
(e, s1) = ky(xr) =0

with sg € sign(f(zy)) for all k& € N*. Since C' is compact,
there exists a subsequence which converges to (z*,s*) €
C x [—1,1]. Taking the limit and using the continuity of 7,
necessarily implies that v(z*) = 0 and 7(z*, s*) > 0. This
is impossible if s* € Sign(f(z*)). But either f(z*) # 0,
and s* = Sign(f(z*)) by continuity of f, or f(z*) =0 and
s* € [-1,1] = Sign(f(z*)). This concludes the proof. O
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