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Shape sensitivity of eigenvalue functionals for scalar problems:
computing the semi-derivative of a minimum

Fabien Caubet? Marc Dambrine! Rajesh Mahadevan?

January 25, 2022

Abstract

This paper is devoted to the computation of certain directional semi-derivatives of eigenvalue func-
tionals of self-adjoint elliptic operators involving a variety of boundary conditions. A uniform treatment
of these problems is possible by considering them as a problem of calculating the semi-derivative of a
minimum with respect to a parameter. The applicability of this approach, which can be traced back
to the works of Danskin [5] [6] and Zolésio [29], to the treatment of eigenvalue problems (where the
full shape derivative may not exist, due to multiplicity issues), has been illustrated by Zolésio in [30]
(see also [10, Chapter 10] and included references). Despite this, some of the recent literature (see, for
example, [I] or [9]) on the shape sensitivity of eigenvalue problems still continue to employ methods
such as the material derivative method or Lagrangian methods which seem less adapted to this class of
problems. The Delfour-Zolésio approach does not seem to be fully exploited in the existing literature:
we aim to recall the importance and the simplicity of the ideas from [5 [29], by applying it to the
analysis of the shape sensitivity for eigenvalue functionals for a class of elliptic operators in the scalar
setting (Laplacian or diffusion in heterogeneous media), thus recovering known results in the case of
Dirichlet or Neumann boundary conditions and obtaining new results in the case of Steklov or Wentzell
boundary conditions.

Keywords: eigenvalues of elliptic operators, shape sensitivity analysis, shape semi-derivatives, generalized
boundary condition.

AMS Classification: 49Q10, 35P15, 49R05.

1 Introduction

Many problems ranging from engineering to physics deal with questions of optimal shapes or designs. An
important class of these problems concern optimizing the shape for mechanical vibrations and in these,
naturally, the objective functional depends on the eigenvalues of elliptic operators. The sensitivity of the
objective functional with respect to shape variations can be understood in terms of certain derivatives or
semi-derivatives. For a general discussion of the shape derivative analysis and its typical applications we
refer the interested reader to the following texts [10} 21} 24] 26] and the included references.

Depending on the kind of variations that the domain is subjected to, that is, whether we use pertur-
bations of identity or we use general velocity fields, one can give different definitions of semi-derivatives or
derivatives. If the definition of the semi-derivative uses perturbations of identity it is more like a directional
semi-derivative whereas if it is taken with respect to a velocity field it leads to the Hadamard semi-derivative
which has a richer structure. For a discussions of these different notions and their interrelations we refer to
Delfour and Zolésio [10]. Although, in this article, we shall restrict ourselves to analyzing the directional
semi-derivatives of the eigenvalue functionals in the context of Theorem 2.1, Chapter 10 [10], it is not dif-
ficult to see that the same analysis can be successfully completed if, instead, we considered the Hadamard
semi-derivatives in these cases.
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We now briefly discuss the notion of the directional semi-derivative of a shape functional. Consider a
class of admissible open sets O,q (whose closures are contained in an open set D C R?) which is stable
with respect to smooth perturbations of the identity, that is, given Q € O,q and any V smooth vector
field with compact support in a neighborhood of €, there exists § > 0 such that (I +¢V)(Q) is in O,q for
all t € [0, ]. Consider a shape functional F : O,q — R. The directional semi-derivative of F at Q@ € O,q in
the direction of an admissible vector field V' is defined as

F'(;V):= lim M, (1.1)
t—0+ t
where
O :=0y(Q), being Uy(x) =2z +tV(x), (1.2)

whenever the limit in (1.1]) exists.

Frequently, in the applications, the shape functional of interest may be the equilibrium energy for the
domain coming from either an unconstrained optimization problem, examples of which are compliance
energies, eigenvalue functionals etc or could be of the form

F(Q) ZZ/Qf(Qf,U,VU,VQU,"') dx—|-/{mg($,u,vru,) dg(x),

where the state u = u(Q2) is the solution of a boundary value problem in €.

There are two-main issues in shape derivative analysis. The first, is the existence of the semi-derivative
or the derivative. If the above limit exists, is linear and is continuous with respect to V' with respect to a
suitable topology and if 9Q is of class C! it defines a distribution. Then, by a structure theorem (see, for
example, [10, Theorem 3.6, Chapter 9]), [2I] Proposition 5.9.1]), this distribution is supported in 9Q and
depends only on the normal component V - n of the vector field V. So, the second thing of interest is to
obtain the boundary expression of F’(2; V') which can be of use in studying the evolution of the shapes in
the shape optimization problem.

A general idea to deal with the question of the existence of the semi-derivative might be to look at the
problem after first transporting the shape functional to a fixed domain by a domain transformation. This
requires us to examine the differentiability, with respect to ¢, of the composite function u* = u; o ¥; on the
fixed domain €2, where u; is the state on 2; in a constrained problem or the minimizer for the domain €2; in
an unconstrained minimization problem. The consequent analysis is called the material derivative method

since the following limit
. Cout—u
= lim ,
t—0 t

is named the material derivative. For PDE constrained problems sometimes it is possible to prove the
existence of the material derivative by a suitable use of the implicit function theorem. However, in the case
of eigenvalue problems, when the eigenvalue is not simple it is not possible to apply such a technique. In
fact, the eigenvalue functional does not admit a shape derivative at a multiple eigenvalue and it only makes
sense to consider the semi-derivatives in such a case.

Nevertheless, for shape functionals such as the eigenvalue functionals which, for elliptic self-adjoint
operators, arise through minimizing certain functionals such as the Rayleigh quotients over suitable spaces,
the existence of the semi-derivative can be treated in the framework of the sensitivity analysis of a minimum
with respect to a parameter. Precisely, we refer to the following result (see [I0, Theorem 2.1, Chapter 10]).

Theorem 1.1. Let X be a Banach space and let G : [0,8] x X — R be a given functional and we set

g(t) == ulgt;( G(t,u) and X(t):={uveX : G(t,u)=g()}.

If the following hypotheses hold,
(H1) X(t) #0 for allt € [0,4],
(H2) 0,;G(t,u) exists in [0,6] at all u € Uy 5 X (1),

(H3) there exists a topology T on X such that, for every sequence {t,} C|0, 9] tending to 0 and u,, € X(t,),
there exists ugp € X (0) and a subsequence {tn,} of {tn}, for which



(i) Un, —> uo with respect to T,
(i1) 11in—11£of G (tn,, Un,) > 0,G(0,up),

(H4) for alluw € X(0), the function t — 9,G(t,w) is upper semi-continuous at t = 0,

then we have

o) — Tigg 90 —90) _
g'(0+) = lim t B uelgl(f(o) %G(0,w).

Zolésio, in his pioneering works [29] [30], has shown that this principle can be applied successfully to
investigate the shape sensitivity in several eigenvalue problems of interest. For earlier applications of the
above idea we refer to Danskin [B [6]. But this does not seem to have claimed sufficient attention, since
even in recent times (see, for example, Allaire et al. [I] or Dambrine et al. [9]) this natural approach is
not used. We would like, in this article, to restore the importance of the above idea for treating the shape
sensitivity issues in eigenvalue problems.

To illustrate that strategy and in order to convince the reader of its efficiency, we consider a broad class
of eigenvalue problems involving the Laplacian and other diffusion operators involving composite materials
and for a wide range of boundary conditions. The models considered here, in addition to including well
known and classical eigenvalue problems for the Laplacian spectrum with Dirichlet or Neumann boundary
conditions, apply to completely new situations such as the Laplacian eigenvalue problem for the Wentzell
boundary condition which is motivated by coating problems. We would like to mention that the Wentzell
boundary condition is a natural asymptotic boundary condition on the limiting domain when a domain
has a thin outer layer (see [17] [18] 27, 28] and also [4]). With modern methods of manufacturing such as
3-d printing it is now quite easy to fabricate material pieces with a thin coating or with a spatially varying
filling. This fact motivates both the study of the Wentzell boundary condition and of the mixture case.

Typically, in order to apply Theorem for obtaining the sensitivity of the eigenvalue with respect
to domain variations, we will choose the functional G(¢,u) to be the Rayleigh quotient associated to the
eigenvalue problem on the perturbed domain €; transported back to 2. The verification of the hypotheses
of the theorem can be done in a few steps in a systematic way. After showing the applicability of the
theorem to the problem in question, it will be enough to use the derivatives of typical elementary terms
which constitute the Rayleigh quotient, calculated separately, to obtain an initial expression for the semi-
derivative. We will also how to transform the unwieldy initial expression first obtained as a domain integral
to a simpler boundary integral thanks to a systematic choice of test functions in the variational formulation
of the eigenvalue problem. This procedure is similar to previous treatments (see [10]) of the sensitivity
of eigenvalue problems except that it was considered necessary to use the Auchmuty variational principle
for reformulating the eigenvalue problem. Our examples show that it is enough to work with the original
Rayleigh quotients.

The shape sensitivity results are stated in Section [2} we present first the result in the case of the
Laplace operator and then in the case of a mixture of two phases. The proofs are gathered in Section [3}
we first provide the derivatives of the elementary terms arising in Rayleigh quotient in Section (see
Propositions and and then the proofs of the theorems are given. We recall (classical) background
results in Section Finally, we give in Section [A:2] an alternative proof of Theorem [2.5] in a particular
case following the material derivative method in order to highlight the advantage of the approach employed
here over the material derivative method in this class of problems.

2  The results

We state the shape sensitivity results, at first, in the case of the eigenvalues of the Laplace operator. Then
we focus on eigenvalue problems related to the structural optimization of multi-phase materials which is
our original motivation, more specifically, eigenvalues of elliptic operators of the type —div (¢V+) in the
specific case where o only takes two values 0 < o1 < 05. Although the Laplacian operator constitutes a
special case of the latter situation we prefer to treat this separately since the development of the ideas are
easier to follow in this simpler situation.

We start with a brief note on some of the expressions or notations which appear in the presentation of
the problem and the statement of the results. Q will be a bounded open set Q of R?, d = 1,2, 3, with a C>!
boundary 092. The unit exterior normal of 92 is denoted by n. V; is then the normal component V - n of



the vector field V. We use Vr to denote the tangential gradient and use Ar to denote the Laplace-Beltrami
operator on 0). If we denote by b the signed distance to the boundary 952, then H = Tr(D?b) is the mean
curvature function on 0f). In the appendix we, briefly, recall some elements of the intrinsic tangential
calculus used here. In the following, the function space H(2) will be an appropriate subspace of H(2) or
H2(2) depending on whether the parameter 3 is not active (that is. 8 = 0) or active (that is, 3 > 0) and
having the boundary condition in mind (Dirichlet, Neumann, Robin, Steklov, Wentzell etc.). We use I to
denote the identity matrix of size d x d. a, 8 > 0 are two fixed real numbers.

2.1 Shape sensitivity for Laplacian eigenvalues

We are interested in two families of eigenvalues problems for the Laplacian which cover an ample range of
boundary conditions. First we consider the least eigenvalue in eigenvalue problems of volume type, that is,
the spectral parameter is in the domain:

{ —Au = Ag(Qu in Q, (2.1)

—BAru+au+dyu = 0 on 0.

Then we look at the least eigenvalue in eigenvalue problems of surface type, that is, the spectral parameter
is on the boundary:
{ —Au = 0 in Q, (2.2)

—BAru+oau+dhu = Apo(Qu on 9.

In the first of the situations, the eigenvalue problem results from a minimization of the Rayleigh quotient
given by

/ |Vu|? dz + a/ u? ds(z) + B |Vrul? ds(z)
AQ(Q) — inf Q o 1219

weH(Q) / o2 da
Q

In the surface type eigenvalue problem, it comes from the minimization of the Rayleigh quotient given by

(2.3)

/ |Vul|? dz +a/ u? ds(x) + 3 |Vrul? de(z)
AaQ(Q) = inf & 082 9%

UEH(Q) / ’LL2 d§(.’I})
o0

As mentioned earlier, the above formulations include a variety of eigenvalue problems. For example,
choosing f =0 and o = 0 in and H(Q2) to be the subspace of functions in H!(2) whose mean value
is 0, we obtain the first non-trivial Neumann eigenvalue. The Dirichlet eigenvalue problem is obtained
from (2.1) in the limiting case & — +oo or alternately by taking 8 = 0 and choosing H(Q) = H}(Q)
in The Robin eigenvalue problem is obtained from by taking B = 0 and H(Q2) = HY(Q).
Moreover, if we take § = 0 and o = 0 in while working on H(2) = H'(Q2), we obtain the Steklov
eigenvalue problem. Finally, the choice 3 > 0 and the space H(Q) = {u € H'(Q); uigo € H(9Q)} with

(2.4)

1/2
the associated norm (Hu||f{1(9) + ||u\|§11(89)) give rise to the Wentzell problem for the Laplacian.
We obtain the following results (see Section [3.3] for the proofs).

Theorem 2.1. Let Q be a C*' domain, and V' be a smooth vector field. Then the semi-derivative A5 (V)
of Aq(2) in the direction of the vector field V' exists and is given by

AL(Q; V) = inf {/

(|vpu\2 — (8au)? + o |uf? + B(HI; — 2D%b) Vru - Viu — AQ(Q)|u|2)Vn dg(x)},
o

where the inf is taken with respect to all normalized eigenfunctions u € H(Y) for which Aq(QY) is attained

mn .

Remark 2.2. Such a result in the particular cases of Dirichlet, Neumann and Robin eigenvalues has been
known since a long time (see, for example, [10, [20]). The result for the Wenizell eigenvalue (5 > 0)
for Aq(Q) is new to the best of our knowledge.



Theorem 2.3. Let Q be a C*' domain Q, and V be a smooth vector field. Then the semi-derivative
Ao (V) of Ao (Q) in the direction of the vector field V' exists and is given by

Lo V) = inf { / (|vpu|2 — (8au)? + aH [uf? + A(HIy — 2D%) Vi - Viu — Aag(Q)H|u|2)Vn dg(x)},
o0

where the inf is taken with respect to all normalized eigenfunctions u € H(Q2) for which Aga(Q)) is attained
in (23).

Remark 2.4. The expression for the shape derivative of the Wentzell eigenvalue Ay () has been obtained
in [9] using the material derivative approach and then used to study the problem of mazimizing the first
eigenvalue. It will be seen in the paper that the approach developed by Zolésio in [29,[30] (see also the work
of Danskin [5, [6]) allows us to recover the results given in [9] in a more efficient way. Notice also the
connection of the above results with the works of Desaint and Zolésio [T, (15, [16] on the Laplace-Beltrami
operator.

2.2 Shape sensitivity for eigenvalue problems for composites

Consider an open subset Q7 of Q with a C?>! boundary and set Q; = 2\ Q;. We assume that there
exists r > 0 such that ||z — y|| > r for all x € Q; and y € 9. We consider two conducting materials
with coefficients 0 < o7 < 09 which occupy respectively the regions 27 and {25 according to respective
densities 0 < p; < pa. We set

p = p1Xa; + pP2xa, and 0 =01XQ, + 02X,

with xq, and xq, denoting the characteristic functions of the sets 2, and {25 respectively.

The interface between 21 and €5 will be denoted by I', that is I' = 9y N 9y = 9Q21. The exterior
normal on 0f) as well as the unit normal pointing outward from ; will be denoted n. We also use the
notation [-] in order to represent the jump on the interface I, that is, for a function w and a point z € T:

] (2) = Jim, (u(e — en(z)) — u(@ + en(2))

We summarize the notations in Figure [l We consider the eigenvalue problem of volume type

Figure 1: Notations

Mo(Qp(a)u i,

—div (o(x)Vu) (2.5)
—BAru + au+ o20,u = 0 on 0, ’
whose first eigenvalue is given by
/ o(x)|Vul? dz + a/ u? de(z) + B |Vrul? dg(z)
Mo(Q) = inf 4 St a1 . (2.6)
uEH() 2
[ ol



We also consider the eigenvalue problem of surface type

0 in Q,

—div (o(x)Vu) (2.7)
—BAru+ au+ 020y = Moq(Q)u on 09, ’
whose first eigenvalue is given by
/ o(z)|Vul? dz + a/ u? ds(x) + 3 |Vrul? de(z)
Mo () = inf & o8 o8 (2.8)

o0

We obtain the following results (see Section for the proofs). To the best of our knowledge, the
following shape sensitivity results which allows for variations in the diffusivity o and also in the density p are
new. A particular case of the above problem was studied in [23] [8]. We also allow for boundary variations
of © while considering general boundary conditions (which includes Dirichlet boundary conditions as a
particular case).

Theorem 2.5. Let Q be a C*' domain, and V' be a smooth vector field. Then the semi-derivative Mg, (V)
of Ma(Q) in the direction of the vector field V' exists and is given by

MG, (V) = inf { /F ([a]|Vru|2 — [0(0u)?] — ZD?Q(Q)[p]\uF)Vn ds(x)

+ / <02(|Vpu|2 — (Onu)?®) 4+ aHu|* + B (HIz — 2D*b) Viru - Viu — WQ(Q)p2|u\2)Vn dq(m)},
o0

where the inf is taken with respect to all normalized eigenfunctions u € H(Q) for which Aq(Q) is attained

mn .

Theorem 2.6. Let Q be a C>! domain and V' be a smooth vector field. Then the semi-derivative My, (€2; V')
of Mo (Q) in the direction of the vector field V' exists and is given by

5a(Q; V) = inf{ /F ([0] |Vrul? — [0(0qu)?] )Vn ds(z)
+/ (ag(wpuﬁ — (Onu)?) + aH |u* + 8 (HI; — 2D%b) Vru - Viu — Moq (Q)H |u\2)vn dg(x)},
o

where the inf is taken with respect to all normalized eigenfunctions u € H(Y) for which Mo () is attained

m .

3 Proofs

The shape sensitivity results stated in the previous section will be established in the framework of Theo-
rem [[.I] We will give a full treatment of one of the results, Theorem [2:1] following the general strategy
outlined below. In the other cases we restrict ourselves to, more or less, obtaining the computation of the
expressions for the semi-derivatives. This approach proposed in [29] 30, Bl [6] can be seen to be effective
(see [10, Chapter 10, Section 5] for studying, systematically, the existence of directional semi-derivatives
of eigenvalue functionals, without having to worry about multiplicity issues. Whereas, it was considered
advantageous to work with the Auchmuty’s dual principle in these problems (see [I0]) we show that the
same can be achieved working only with the Rayleigh quotient in such problems. We also show how to
compute, in a systematic and efficient, useful expressions of these semi-derivatives.

In the sequel we consider a smooth vector field V' and we recall that the perturbed €; and the diffeo-
morphism V¥, are defined by (|1.2)).



3.1 General strategy

The least eigenvalue problem on the perturbed domain €2; obtained by the minimization of a Rayleigh
quotient will need to be formulated in a space independent of the parameter ¢ giving rise to family of
functions G(t,-). For this, we will use the fact that u + uo ¥, * is, usually, an isomorphism between H (1)
and H (). Recall that H(€;) is an appropriate subspace of the Sobolev spaces H!(€2;) or H2(£2;) for the
eigenvalue problem concerned.

The next step will consist in verifying that the assumptions of Theorem [I.1] are satisfied. For verifying
the hypothesis (H3), in the class of eigenvalue problems, we will usually need to show the I'-convergence
(see Appendix for some reminders on this notion) of G(t,-) to G(0,-) as t — 0T in the weak topology
of H(f2) and later the strong convergence of a sequence of minimizers.

Then Theorem will allow us to calculate the shape derivative by evaluating inf, ¢ x (o) 9:G(0,u)
where X (0) will be the eigenspace for the problem over the domain §2. In the case of a simple eigenfunction,
it is enough to evaluate at a normalized eigenfunction. Finally, it is shown how to obtain a fairly simple
expression for 9;G(0,u) by making the canonical choice of —Vu -V as a test function in the governing
equation and using the intrinsic tangential calculus developed Delfour and Zolésio [12, [I3] for handling
complicated surface terms such as in Wentzell eigenvalue problems.

3.2 Preliminary computations

In this subsection we gather together preliminary calculations of derivatives with respect to t of some typical
integrals which will constitute the functionals G(¢,-). For this we will rely on the classical derivative with
respect to the shape formulae recalled in Lemma and Lemma in the appendix. The regularity
necessary on u for applying these lemma will be guaranteed by the classical regularity of the eigenfunctions
in the problems considered.

Proposition 3.1. For sufficiently smooth w and €2, we have

at< . |V(uo W, )2 dx) . = /{m|w|2vn dc(x)+2/QVu-V(—Vu-V) de, (3.1)
at< N |(uo W, 1)? dx) . = /BQ [u|?Va dg(ac)JrQ/Qu(—VwV) de, (3.2)
at</89t|(uoq/t1)2 d:c) . = /89 (H[u]?® 4+ 0pu®) Vi + 2u (=Vu - V) dg(z). (3.3)

Proof. The above formulae are obtained by a straightforward application of the formulae for derivatives
of domain and boundary integrals given in Lemma and Lemma [A72] in the appendix and the fact
that 9y (uo ¥, ')|,_y = —Vu- V since 9,(¥; ')|,_, = - V. O

Proposition 3.2. For sufficiently smooth u and €2, we have

o ( [ o dx)
O

= / (H|Vrul® + 2Vru - Vi(dau) — 2D*b Viu - Viu) V;, de(z)
t=0 o0

+2 Vru- (Vp(=Vu-V)+Vu-VrVyn + 0,uVrVy) ds(z). (3.4)
o9

Proof. By applying the classical derivation formula recalled in Lemma [A72] we get

Oy (/ |V, (uwo ¥ 1)2 dx)
O t=0

:/ (HVruf + 8u(Vrul®) Va ds(2) +2 [ Fru-0,(Vr, (wo &771)) |,_ds(a).
o0 o0

We obtain the conclusion using the facts that (see respectively Lemma and Lemma |A.4))

On|Vrul? = 2Vru - (Vr(9,u) — D*b Vru)



and

O (Vr,(uo ¥ ) |,y =Vr(=Vu-V)+ Vu- VrVon + du VeV,

Proposition 3.3. For sufficiently smooth w and ), we have

O (/ ot|V(uo W, )2 dm)
Q

= /[o—\vumvn dc(x)+2/ o1Vu-V(=Vu-V) dr
t=0 r Q1

+/ 02| Vul?V, ds() +2/ 02Vu - V(=Vu-V)dz (3.5)
o0 Q2

and

) (/ pilue v o)

B =/F[/)]IUIQVHdc(ac)+2/Q pru(—Vu-V) de

+/ palu*Vy ds(z) +2/ pou (—=Vu-V) dz. (3.6)
1)9] Qo

Proof. The above formulae are obtained by an application of the classical derivative formula (see Lemma|A.1))
after writing

/ o¢|V(uo \P;l)\Q dz :/ o1|V(uo \Il;l)|2 dx +/ 02|V (uo \Il;l)\g dz
Q Q1t

Qa,¢

[ olwowhPdo= [ plwe v )P dot [ paltwe )P ds,
Q¢

Q1¢ Q2,¢

where Qq ;= U, (1) and Qy; := ¥4(Q2). To begin with one has

O (/ 0| V(uo W, )2 dx)
Q

—/ 09| Vul?V;, ds(x) + 2/ o9Vu-V(=Vu-V) dz —|—/ 09| Vu|?V, ds(z)
a0, Q2 o9

= / o1|Vu*V;, ds(x) + 2/ o1Vu-V(=Vu-V) dz
t=0 o (95

and

O (/Qt pie(wo U1 dx)

= / p1lu*Vy de(z) + 2/ pru(—Vu-V) de
o

t=0 Q

—/ po|ul?Va ds(z) + 2/ pou(—Vu-V) dz —|—/ palu*Vi, ds().
002NN Qo o

In the above, notice that the domain €25 has two boundaries, 925 N 9N, and 9. The boundary 9Qs N 0N
is identified with 9€; but the outward pointing normal on 9Qs N 91 with respect to 9 is just —n
with n being the outward pointing normal to 0§2; with respect to ;. Although we denote by the same
letter u the eigenfunction on either side of the common boundary 91, it must be kept in mind that Vu
in fagl o1|Vul?V, ds(x) is the trace of Vu coming from ; and Vu in — faﬂl 02| Vul?V, ds(x) is the trace
of Vu coming from 5 and are not, necessarily, equal. However, the traces of u on 0€); coming from 2,
or €y are equal. O

3.3 Shape derivatives for the Laplacian eigenvalues
3.3.1 Proof of Theorem 2.1]

The considered eigenvalue functional on the perturbed domain is

|Vvl? dera/ v? de(x) + B8 Vol ds(x)
Ao(Q) = inf L % O ) (3.7)

VEH () / 1)2 dz
Qq




which can reformulated on H(f2) as

Vo u )P dota [ (ot @)+ 5 [ |Velwow )P ds(a)
Ao() = inf { =% b Ll

u€H () / (UO \11;1)2 dz
Qq

This corresponds to a minimization of the functional

V(uwo ¥, h)[? dz +04/ (uo W, ')? de(x) + 8 Vr(uo W, 1)? do(z)
O 0N
/ (uo \11;1)2 dx
Q¢

First we verify that the assumptions of Theorem[I.1]are satisfied before proceeding to calculate an expression
for AGL(; V).

GQ(t7 U) = 2

EXISTENCE OF THE SEMI-DERIVATIVE. Let us start by assumption (H1). The arguments to show that
the set of minimizers of is non-empty for each ¢ are classical and this is based on the direct method
of calculus of variations. In fact, the functional is lower semi-continuous for the weak topology on H(£;),
since the numerator is convex and continuous for the strong topology on H(2;) (and therefore weakly lower
semi-continuous), and since the denominator is continuous due to the compact inclusion of H!(;) into
L2(€). As concerns the coercivity of the numerator for given ¢, it is enough to show that the numerator
dominates the square of the norm or a quotient norm on H(£2;). In the case of Dirichlet eigenvalue problem,
this can be obtained from the use of Poincaré’s inequality. In the case of the first non-trivial Neumann
eigenvalue problem, one uses the so-called Poincaré-Wirtinger’s inequality. When « > 0 it is enough, once
again, to use Poincaré’s inequality. The set X (t), defined in Theorem of minimizers for Gq(t,-) is
obtained by transporting the minimizers in to © by composition with ¥;. Therefore assumption (H1)
is satisfied.

Let us now check assumption (H2). Since
V(uo W) = (DU; 1) Vu) o ¥, and Vr, = (I —n; ®n,)V,

where n; the normal vector field on 92, we have

1
Ga(t,u) = ( (DY) V) o U7 da
Q /Q (UO\II;l)Q d,’L‘ /Qt ( )

+/ @WNWHV+5Gwﬂu®mN®WffV@OWﬂF&@»>
0

Then, by a change of variables, the Rayleigh quotient G can also be written as

Ga(t,u) = ( (DU, TV %(t)dz
/wm s

+04/ IU\Qw(t)dC(iﬂ)Jrﬁ/ I(Id—nt®nt)(D\Pt1)TVUQW(t)d<(x)>, (3-8)
o0 o0

where j(t) = det(DW,(z)) is the Jacobian, w(t) = det(DW;(2))||(D¥; )T (z)n(x)|| is the surface Jacobian
and n® = n;0V,. Since the deformation ¥, is smooth with respect to ¢ and z, it follows that j(¢) and w(t) are
smooth functions of ¢ and since 99 is also smooth (at least of class C*!), n; is a smooth function too, for ¢
small enough. Therefore we are able to conclude from the previous expression that Gq(-,u) is derivable
for ¢ small enough for all v € H(€2) and this gives the hypothesis (H2) of Theorem Furthermore, the
new coefficients, after differentiation are continuous with respect to ¢ and so the continuity of 9;Gq(-,u)
follows by the dominated convergence theorem. This gives assumption (H4).



Finally let us verify the remaining assumption (H3) of Theorem The functional 0;Gq(t,-) is not
necessarily lower semicontinuous for the weak topology on H(£2) but is continuous for the strong topology
on H(Q). Our aim is to show that (H3) holds for this topology. This will be done in a few steps. Firstly,
we show that Gq(t,-) has the T-limit Gq(0,-) as t — 0%, in the weak topology on H(f2) (see Definition
and Proposition in the appendix for some reminders on this notion; also refer to [7]). We use the
expression and prove the I'—lim inf and I'—lim sup inequalities as follows.

(i) Consider u! which converges weakly to a u in H(£2). We obtain the estimate
Ga(t,u') = Go(0,u") + (Go(t,u") — Ga(0,u")) = Ga(0,u") + O(t).

Indeed we obtain that Gq(t, ut) — Gq(0,u?) is O(t) (that is, goes to 0 as t — 0T) using the uniform
convergence of the coefficients, as ¢ — 0T, in the numerator and denominator of G, and using the fact
that any weakly convergent sequence u' is bounded in H(€2). Then the I'—lim inf inequality follows
from the already observed fact that Gq(0, -) is lower semi-continuous for the weak topology on H((2).

(ii) The I' — lim sup inequality is obtained by taking the constant sequence u, for any given u € H(£2),
and observing that Go(t,u) = Gq(0,u) as t — 0.

Then Theorem allows us to deduce that the minimum of Gq(t,-) (which is Aq(€2:)) converges to the
minimum of Gq(0,-) (namely, Aq(£2)). Now, using the 0-homogeneity of Gq(t,-), for each ¢, consider a
minimizer u! for which the denominator in is 1. The boundedness of A (£2;) and the equi-coercivity
of the numerators in implies, by Theorem that u® converges weakly in H(2) to a minimizer u
of Go(0,-). Finally we prove the strong convergence of u’ to u in H(£2) as follows:

Cllu' = ulfyey < | DTV —w)0de +o [ ! = w)Pu(oids(a)
+8 - |(I; — n' @ n)DU; TV (u! — u)Pw(t)ds(z) =: A(t).

It remains to prove that 2A(¢) — 0 when ¢ — 0. We expand the quadratic expression for 2(¢) which gives

A(t) = / |D\Ilt_TVut|2j(t)dx + oz/ |ut|2w(t)d§(x) + |(Ig —n'® nt)D\Ift_TVutFw(t)dg(:r)
Q o0 o0

+ / DY, TVul?j(t)dz + a/ lul2w(t)ds(z) + B |(Ig — n! @ n)DW; T Vu)?w(t)ds(x)
Q o9 o9

-2 {/ DU, 'vul - DU, TVaug(t)da + a/ 2u’ ww(t)ds(z)
Q re)

+8 [ (I —n' @ n DU, TVul - D\I!tTVuw(t)dg(x)}
oN

= Aa(Q) + /Q DU, Va2 (H)de + a/m luZw(t)ds(z) + 5/80 (I — n* ® n)DU; TV 2w(t)ds (z)

-2 { / DU, "Vul - DU TVuj(t)de + o / 2u’ ww(t)ds(z)
Q o0

+8 |(I; — n' @ n") DU, TV - D\II[TVuw(t)dg(x)} .
o0

Then we use the uniform convergence of the coefficients, the weak convergence of u? to v and the convergence
of Ag() to Aq(Q2) to obtain that

A(t) — Aa(Q) + Aq(R2) — 2 {/Q |Vu|*dz + a/asz 2\ul?ds(z) + 5/69 |Vu2d§(x)}
=Aa(Q) + AQ(Q) —2Aq(Q) =0.

The existence of the semi-derivative Ag,(€; V') follows from Theorem since we have proved above
that all the the four assumptions of the theorem are satisfied for Gg,.

10



COMPUTATION OF THE SEMI-DERIVATIVE. By Theorem [I.I] we have
AL V) = inf{8,Gq(0,u); Aq(Q) is attained at u}.

In what follows we show how to calculate ;G (0, u) and establish a suitable expression for it whenever u
is a normalized eigenfunction for Ao (f2). First, using the expressions (3.1)-(3.4), we get

atGQ(o,u)\tzoz/ Vul2V, dc(x)+2/Vu-V(—Vu-V) dz
o0 Q

+a </89 (H [u? + 0pu?) Vi ds(z) + 2/6

+5/ (H|Vrul® + 2Vru - Vr(8au) — 2D Viu - Viu) V;, ds(z)
o0

. u(—=Vu-V) dg(m))

+24 Vru- (Vr(=Vu-V)+ Vu-VrVin + 0,uVrVy) ds(z)
29

—A(Q2) </89 |ul?V;, ds(x) + Q/QU(fVu -V) dx) .

Using —Vu -V as a test function in (2.1]), we observe that

Vu-V(=Vu-V)dx + a/ u(=Vu- V) ds(x) + B Vru - Vr(=Vu- V) dg(z)

Q o0 oN

=Aq()) /Q u(=Vu-V) de,

Notice that the function —Vu-V belongs to H2(£2) and can be used as test function. Indeed the boundary 92
has the C?! regularity and u belongs to H3(£2) by usual elliptic a priori estimates (see [2]). Since n is
orthogonal to Vru, we conclude that

XGa(0,u)|,_y = / |Vu|?V;, ds(z) + a/ (H |u* 4 2udyu) V, ds(z)
oN onN
+B/ (H|Vrul® + 2Vru - Vr(0hu) — 2D Viu - Viu) V;, ds(z)
o

+25 Vru - (OquVrVy)ds(x) — AQ(Q)/ |u?V;, ds(x).  (3.9)
o9 o0

By an integration by parts (which is just the tangential Stokes formula given in the appendix) in the term
26 [0 Vru - (0yuVrVy) dg(x) which appears in the last line of (3.9), we get

203 Vru- (0huVrVy)ds(z) = -28 divr (0, uVru)V;, ds(x)
o0 o

= -2p (Onu Aru + Vi (0hu) - Vru)Vy, de(z). (3.10)
19)
Thus, inserting (3.10) in (3.9)), we get
0:Ga(0,u)|,_y = / |Vu|?V;, ds(z) + a/ (H |u?* + 2udyu) V, ds(z)
a0 a0
+ 5/ (H|Vrul* = 2D*b Vru - Viu) Vi, ds(z) — 2ﬁ/ Onu Aru Viods(z) — AQ(Q)/ [u?V;, ds(z).
a0 a0 a0
Then using the boundary condition in , we obtain
XGa(0,u)],_y = / \Vul|?V, ds(z) + a/ (H |u* 4 2udnu) V, ds(z)
19) o9
+ﬁ/ (H|Vrul®> — 2D*b Viu - Viu) V;, do(z)
o0
+2 Onu (—ou — Oqu) Vyds(z) — AQ(Q)/ |u|?V;, ds(x)
19) 19)
- / (IVrul® = (Ouu)? + aH |ul? + B(HI; — 2D?b) Vru - Viu — Ag(Q)|ul?) Vi ds(z),
a0

which concludes the proof.
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3.3.2 Proof of Theorem 2.3

The eigenvalue functional on the perturbed domain is

/ |Vol? do + a/ v? ds(z) + B |Vro|? ds(x)
Aoa(€) = inf % o 0% , (3.11)
vEH(Q) / 1)2 d§(£L')

a0,

and we have the following reformulation on (2

/ [V(uo W) d~’0+a/ (wo Uy ds(z) + 8 | [Vr(uo W h)* de(x)
s Q4 o0 00
AaQ(Qt) = inf
u€H(Q) / (UO \I/t—l)Q dq(x)
00

This corresponds to a minimization of the functional

[ e )P dera [ @our? di@)+5 [ [Trluo ¥ )P dela)
Q o, o0,

Goalt,u) =
? / (uo \11;1)2 ds(x)
CIoR

The arguments for verifying the assumptions of Theorem for A, (€2; V') are similar to those used in
the previous subsection. We only indicate some pertinent differences.

EXISTENCE OF THE SEMI-DERIVATIVE. For proving that the set of minimizers of is non-empty for
each t, the arguments are the same as in the previous case. However, for the continuity of the denominator,
one requires now the compact injection of H*(£);) into L?(99;) which also holds (see, e.g., [3, Theorem 1.1]).
Then, as in the previous case, the set X (¢) of minimizers for Gaq(t,-) is obtained by transporting the
minimizers in to by composition with ¥;. Thus assumption (H1) holds.

Concerning assumption (H2), we first get the following expression for Gagq

1
/ 2w (t)ds (2)
oN

Gaa(t,u) = (/Q |(DW; 1) T Vu|%)(t)dx

+ a/ lulPw(t)ds(z) + (I —n' ® nt)(D\Iltl)TVqu(t)dg(x)) . (3.12)
o9 a0

where we recall that j(t) = det(DW;(x)) is the Jacobian, w(t) = det(DW;(z))||[(D¥; )T (z)n(z)| is the
surface Jacobian and n* = n; o ¥;. Due to the smoothness of these functions in (3.12)) we conclude
that G(-,u) is derivable for all u € H(Q) giving assumption (H2).

The derivative of G(-, u) is obtained by deriving under the integral sign and the continuity of the ensuing

coefficients leads to the assumption (H4).

Finally, for assumption (H3), firstly it has to be shown that Ggq(t,-) converges to Gon(0,+) ast — 0 in
the sense of I-limit in the weak topology on H(2). Then it is possible to show that there exists a sequence u!,
with u! € argmin Gaq(t, -), such that u* converges strongly in H () to a minimizer u of Gq(0, -). This gives
assumption (H3).

The existence of the semi-derivative Al (Q; V') then follows from Theorem

COMPUTATION OF THE SEMI-DERIVATIVE. We will now obtain a suitable expression for 9;Ggq (0, u) when-
ever u is a normalized eigenfunction for Apn () since, by the theorem,

5 (V) = inf{0:Gon (0, u); Aoa () is attained at u}.

12



Using the expressions (3.1)-(3.4)), we get
0:Goa(0,u)|,_o = / |Vu|*V;, ds(x) + 2/ Vu-V(=Vu-V) dzx
90 Q

+a (/BQ (H [u?> + 05u?) Vi, ds(z) + 2/6

+5/ (H|Vrul® + 2Vru - Vi (dyu) — 2D*b Vi - Viu) V;, ds(z)
o0

. u(—=Vu-V) dg(:r))

+28 Vru- (Vr(=Vu-V) 4+ Vu-VrVin + 0,uVrVy) ds(x)
[o19)

— Apa(Q) (/89 (H u|? 4 8nu2) Vi ds(z) + 2/

u(—=Vu-V) dg(x)) .
o9

Using —Vu -V as a test function in (2.2]) we observe that
/ Vu-(=Vu-V)de + a/ u(=Vu- V) ds(z) + 8 Vru- Ve (=Vu - V) de(x)
Q aQ a0
= Aag(Q)/ u(=Vu-V) dez,
a0
and then arguing as in the previous subsection while using the boundary condition in , we get
0Gonl0.0)|_y = [ [TuPVi de(a)
aQ
+a/ (H |u* + 2udnu) V, ds(z) + B (H|Vrul> — 2D*b Vru - Vru) V;, ds(z)
o0 a0
+2 Oht (Ao (Q)u — au — Oyu) Vyds(z) — ABQ(Q)/ (H |u?® + 2udpu) Vy ds(2).
o0 a0
- / (IVrul®> = (Onu)? + o |uf? + B(HI; — 2D?b) Vru - Vru — Apo(Q)H|ul?) V, ds(z),
aQ

which concludes the proof.

3.4 Shape derivatives for the eigenvalue problems for composites
3.4.1 Proof of Theorem [2.5]

The perturbed problem in this case reads

/ ou(z) Vol dz + a/ v? ds(z) + B |Vrol? ds(z)
M () = %_Itl(fg ) Q 9 a0
vE + 2
pe v dx
fyo

where 0y := 01Xq, , + 02Xq,, and p; == pixq,, + p2XQ,, With Q1 := ¥;(;) and Qy; := ¥, (Qs). The
above can be formulated as

Ma(Q) = uei%fﬂ) Gal(t,u),

with the corresponded functional defined by

1 2
Gal(t,u) = . ( Ut(x)’V(uolllfl)‘ dz
/Q,ot\(uow;w da /

va [ JwowrHf die)+ 5 |vp<uoxv#>2d<<x>>. (313)
0 00
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The existence of the semi-derivative Mg, (©2; V') will follow from Theorem since it can be shown, similarly
as in Subsection that, for G given by , the hypotheses of the theorem are satisfied. Thus, as
before, we only need to get a suitable expression for 9;G(0,u) whenever u is a normalized eigenfunction
for M (§2) since, by the theorem,

MG (Q; V) = inf{9, G (0, u); M () is attained at u}.

Using the expressions (3.5) and (3.6)), and the previous formulae (3.3) and (3.4), we get

0:Ga(0,u)|,_y = / [o|Vu?|Vy ds(z) + 2/ o1Vu - V(=Vu-V) dz
6Q1 Q1

—|—/ 02| Vul*V;, ds(x) + 2/ o0oVu-V(=Vu- V) dz
00 Qs

o0

+ a(/{m (H |u?> 4+ 0yu®) Vi, ds(z) + 2/ u(=Vu-V) dc(x))

+ 5(/ (H|Vrul® +2Vru - Vr(0au) — 2D*b Viu - Viu) V;, do(z)
o

+2 Vru- (Vr(=Vu-V)+ Vu-VrVyn + 0,uVrly) dg(x))
o0

— Mo (/ [p][ul* V4 ds(z) +2/ pru(—=Vu- V) dz
o0 oN
+/ palul*Vi ds(x) + 2/ pou (—Vu - V) dx) )
a0 Qs

Notice that the eigenmode u does not belong to H?(Q2) due to the jumps of the interface. Therefore, the
function —Vu - V' does not belong anymore to H2() (and not even in H!(Q2)) and hence cannot be used
as test function directly. However, its restriction to each Q; for i = 1,2 belongs to H3({;) thanks to the
regularity assumptions on both the outer boundary and the interface. Multiplying by —Vu -V in
each 2; and integrating by parts in €; for i = 1,2, while noticing that the flux has to be continuous which
implies

[00hu (=Vu- V)] =0du[Vu- V)] = c0yu[Ohu] Va,

we observe that

0= / o1Vu-V(=Vu-V) dr + / 02Vu - V(=Vu- V) dz + / [0(0nu)?] Vi ds(z)
Q1 Qo 2193}

+a/mu(—Vu-V)+B BQVFu-Vp(—VMV)—SﬁQ (/Q pu(—Vu-V) d:c-i—/

pau (=Vu-V) dx) .
Q2

1

Using the above we get

0G0, = [ [oVulIVi ds(o) + [

02| Vul?V, ds(z) — 2/ [0(0u)?] Vi ds(z)
o oN

o

+ a/ (H [u? + 0yu®) Vi, ds(z)
o0
+ 5(/ (H|Vrul® +2Vru - Vr(0au) — 2D*b Viu - Viu) V;, ds(z)
o0
+2 Vru- (Vu-VeVyn 4+ 0,uVrVy,) d§(x)>

o0
~ona ([ Vs + [l a(@)).
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Using the facts that |[Vu|? = |Vru|? + |0,ul? and that both Vru and u have a continuous trace on 99y,
the above may be written as

0Ga01) ), = [ (o 1Vrul? = [0(0,0?) Vo ds(o) + [

(UQ\Vu|2 +a (Hu* + 0,u?) )Vn ds(z)
o ro)

+8 (/ (H|Vrul® +2Vru - Vr(0au) — 2D*0 Viu - Viu) V;, ds(z)
oN

+ 2/ Vru - (Vu - VrVon 4+ 0,uVrVy,) dg(:z:))
oQ

—m(&ﬂM%&@f&mW%M@~

By an integration by parts in the term 2 [, o0 Vru - (OauVrVy) ds(z) which appears in the above equality,
we get

28 Vru - (0quVrVy)ds(z) = —28 divr (OphuVru)V; de(x)
oN o

= =20 (Onu Aru + Vi (Ohu) - Vru)Vy de(x).
o

Hence, using the fact that Vru is orthogonal to n, we obtain

0:Ga(0,u)|,_y = / [0] |[Vru?V;, ds(z) 7/ [0(5‘nu)2] Vi ds(x)

891 691

+/ CTQ|V’U,|2VH dg(:c) + Ol/ (H |u|2 + anu2) Vi dg(:lf)
o0 o0

+ B (/ (H|Vrul® + 2Vru - Vi (0yu) — 2D*b Vru - Vru) V;, de(z)
o0

— 2/ (Onu Aru 4 Vi (0hu) - Vrw)V, dg(a:))
a0

m{&@m%«wﬁ&mW%M@.

We conclude using the boundary condition —BAru + au+ 0,u = 0 on 9 and the fact that O u? = 2ud,u.

3.4.2 Proof of Theorem 2.6

We will now calculate the sensitivity of Msn () with respect to variations of the domain 2 and of the
interface I'. The perturbed problem then reads

/ o (z) |Vol? dz + a/ v? de(z) + |Vrol? dg()
Moe () = inf L 24, auts
’UEH(Qt) / |'U|2 dg(l’)

o9,

where 0; := g1x0,, + 02Xq,, With Q1= U;(21) and Qy; := ¥;(22). The above can be formulated as

)

Moa () = ueiﬁfﬂ) Goa(t,u),

with the corresponded functional defined by

[ o Vo v deva [ o) d@ 5 [ Vetwo v P dsta)
Q a9, a9,

/meWMm
o0,

GaQ(t, u) =

(3.14)
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The existence of the semi-derivative 9}, (2; V') will follow from Theorem since it can be shown, as
outlined in Subsection that, for Gy given by , the assumptions of the theorem are satisfied.
Thus, as before, we only need to get a suitable expression for 0,Gyn(0,u) whenever u is a normalized
eigenfunction for My () since, by the theorem,

Moo (V) = inf{0;G(0, u); Mo () is attained at u}.

Using the expressions in the previous formulae (3.3)), (3.4) and (3.5, we get

atGaQ(o,u)\t:():/ (| Vul2]Va dq(x)—l—?/ V- V(—Vu- V) dz
891 Q1

—|—/ 02| Vul*V;, ds(x) + 2/ 0oVu-V(=Vu- V) dz
00 Qs

+a</{m (H |u?* 4+ 0yu®) Vi, ds(z) +2/

o0

u(=Vu-V) dc(x))
+ 5(/ (H|Vrul® +2Vru - Vr(9au) — 2D*b Viu - Viu) V;, do(z)
o

+2 Vru- (Vr(=Vu-V)+ Vu-VrVyn + 0,uVrVy) dg(x))
o0

— Moo () (/m (H [u?® + 0yu®) Vi, ds(z) + 2/a u(=Vu-V) dg(m)) .

Q

Multiplying (2.7)) by —Vu -V in each §2; and integrating by parts in §2; for ¢ = 1,2, then noticing that the
jump conditions impose that

_/ [00,u (—Vu - V)] ds(z) = / oOhu[(Vu - V)| ds(z) = / 0Onu [Ogu] Vi, ds(z),
oM 20, 50,
we observe that

0= /91 o1Vu-V(=Vu-V) de+ /Q2 ooVu-V(=Vu-V) dz + /zml [0(0n)?] Vi ds(z)

+ a/ u(=Vu-V)+p Vru - Vr(=Vu - V) — Mo () / u(=Vu- V) de(x).
o9 o9 o0

Using the above, we get

01Goa(0,1)],_y = /8 ([o]|Vrul® = [o(0nu)?] )vn de() + /m (a2|w2 + o (H|uf + 0yu?) )vn de(x)

951
+ 5(/ (H|Vrul® +2Vru - Vr(04u) — 2D*0 Viu - Viu) V;, do(z)
o
+2 Vru- (Vu-VeVon 4+ 0,uVrV,) dg(:r)) —smm(Q)/ (H |u|2 + 6nu2) Vi ds(x).
on oN

Then we conclude similarly as in the proof of Theorem 2.5
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A Appendix

A.1 Technical results

The purpose of this subsection is to recall some auxiliary results or notions used in the calculations of the
shape sensitivity. We recall here some versions in relation to the perturbation of identity from [2I]. For
the corresponding versions involving velocity fields we refer to [10, Chapter 9].

Classical shape derivative formulze.
Lemma A.1. Let § > 0. Let a vector field Ve WY (RY) and let
U :te0,0) — U, =14tV e Wh(RY).
Let a bounded Lipschitz open set Q in R and let Q; := U4(Q) for all t € [0,5). We consider a function f
such that t € [0,0) — f(t) € LY(R?) is differentiable at 0 with f(0) € WHL(RY). Then the function

te0,0)— F(t) = flt,z) dz
Q4
is differentiable at 0 (we say that F admits a semi-derivative) and we have

FO= [ 100V a0+ / £(0.2) da,

where V, =V - n.
Lemma A.2. Let § > 0. Let a vector field V€ C*°(RY) and let
T :tel0,6) = U, =1+tV e C"(RY).
Let a bounded open set 2 in R? of classe C% and let 0 := Vy(Q) for allt € [0,0). We consider a function g
such that t € [0,0) — g(t) o ¥, € WHY(Q) is differentiable at 0 with g(0) € W21(Q). Then the function

t€10,9) — G(t) = / g(t,x) dzx

o,

is differentiable at 0 (we say that G admits a semi-derivative), the function t € [0,6) — g(t)|, € WH(w)
is differentiable at 0 for all open set w C W C ) and the derivative g'(0) belongs to WH1(Q) and we have

G'(0) = /8 (6/0.2)+ (Hg(0.2) + 0,9) Vi) ds(a),

where V, =V - n and where H is the mean curvature function on 0S).

Some tangential calculus. The following lemma are formulated in terms of an intrinsic tangential calculus
developed by Delfour and Zolésio [12] 13| (see also [I0, Chapter 9, Section 5]) for modelling thin shells.

An important role is played by the signed distance to the boundary 9€) defined by

bz) = d(z,09), ifx e,
YT —d(2,09), ifz e R\ Q.

Indeed, if O is smooth then we have Db = n is the outward unit normal, D?b is second fundamental form
on the boundary. If II; = I; — n ® n is the projection on the tangent plane, then Vyu = II;Vu is the
tangential gradient of a scalar function in H*(£2). For any smooth vector field V on ' = 952, the tangential
divergence is given by divpV := tr(DV II;) and the mean curvature at any point on 9f is given by

H := divpr n.
The Laplace-Beltrami operator is defined by
Aru = divp(Vru)

17



for every sufficiently smooth function u on I'. Keep in mind also that D2bn = 0 and the tangential Stoke

formula
/divFVdSz/HV-ndS
r r

while working with the intrinsic tangential calculus.

Lemma A.3. Given a bounded open set  in R? of class C* and u € H2(RY), we have
On|Vrul? = 2Vru - (Vr(0au) — D?b Vru),

where b is the signed distance to the boundary Of).

Proof. From that D?bn = 0 it follows that 0,11y = 0 and that II;D%b = D?bII; = D?b. After recalling that
Vru = I3Vu, we have

On(Vru) = 0,(ITyVu) = 1130, (Vu) and 0n(Vu) = D*un.
Thus V(dyu) = V(Vu - n) = D*>un + Vn Vu = 9,(Vu) + D?b Vu. Hence we obtain

Vr(0nu) = gV (0u) = M0, (Vu) + MgD*bVu = 9,(Vru) + D*hVu.
Therefore, we obtain the result since 9, (\Vpu|2) =20, (Vru) - Vru. O

Lemma A.4. Given a bounded open set Q in R? of class C2, V in C*(R%;RY) and u € H2(R?), we have

9 (Vr,(uo Ty 1) = (Vp(=Vu-V)+Vu-VrVon+ d,uVrVy)

=0

where V,, is the normal component V - n of the vector field V.

Proof. We first recall that, since 0iny;—g = —VrV,, we have Ol ), = n®@ V'V, + V'V, ® n. Hence we
obtain the result noticing that Vru = I3 Vu. O

Some reminders on I'-convergence. For the convenience of the reader, we recall the definition and the main
property of the T'-convergence. For further details we refer to the book of G. Dal Maso [7].

Definition A.5. (Sequential T'-convergence) A family of functionals {F;}iso defined on a topological
space X is said to be sequentially T'-convergent to a functional F' as t — 0% if the two following state-
ments hold:

(i) T'—liminf inequality: for every sequence {x;} converging to x € X, we have

liminf F,(z;) > F(x);

t—0+

(ii) T'—limsup inequality: for every x € X there exists a sequence {x;} converging to x such that

limsup Fi(x;) < F(x).

t—0+

When Properties and are satisfied, we write F' =T'—lim F;.

t—0+
Proposition A.6. Let F; : X — R be a sequence of functionals on a topological space such that:
(i) F =T—lim F};
t—0+

(i) sup, Fi(x:) < +00 = {mz} is sequentially relatively compact in X.

Then we have the convergence: inf F; — inf ' as t — 0% and, every cluster point of a minimizing se-
quence {xi} (i.e. such that Fy(xz;) = in}f{ Fi(z)) achieves the minimum of F.
e
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A.2  Second proof of Theorem in the Dirichlet case using the material derivative

In this section, we shall recalculate the expression for 9, (©2; V') obtained in Theoremﬁ7 while considering
the particular case of Dirichlet boundary condition on 0f2, based on the material derivative approach. We
omit the proof of the existence of the material derivative which is a direct adaptation of the existing works
(see for example [§]). It can be made out from the following calculations that those based on the classical
material derivative method are much more tedious as compared to the calculations obtained in the previous
sections.

A.2.1 First characterization with the material derivative

We use the notations for the problem on the perturbed domain given in the beginning of subsection [3.4.1]
Let u; be a normalized eigenfunctions for Mq(Q;). We set u' = uy o ¥;. The existence of the shape
derivative and of the material derivative of u, and of the shape derivative I, (; V') are assumed to begin
with and we will perform calculations using them.

The shape derivative MM, (2; V') can be obtained by deriving the Rayleigh quotient on €, evaluated at a

normalized eigenfunction u’. In view of the normalization condition ot u|” de = 1, it is enough to
Q

derive / o1(z) |[Vue|* dz for which we use the Hadamard’s formula. So, arguing similarly as in Proposi-

t
tion we obtain,

MG, (V) :2/

" Vudz o(x) |Vul? z oy | Vu|? x). .
Qa(ac)Vu Vd+A[()|V|}Vnd§()+/QQ 2 [Vul” Vi ds(x) (A.1)

This does not give a boundary expression of the shape derivative and also involves u’ which has to be
characterized through a boundary value problem. This involves several difficulties and so, classically, one
takes the route through the material derivative (cf. [§]).

We have the following variational formulation for the perturbed problem on €,

/ ot(x)Vuy - Vor doe = img(Qt)/ prusp; dx, for all o, € Hy(Q).
Qy Q

So, for any ¢ € H}(9), by choosing ¢; := po ¥, ! and then making a change of variables in the variational
problem y = ¥, (x) we have

/ o(z) (A(t)Vu') - Ve da = E)JIQ(Qt)/ putj(t)de,
Q Q

by noticing that o (¥, (x)) = o(z) and p;(¥;(z)) = p(x). Weset A(t) := j(t)D¥;* (D\I/tfl)—r while recalling
that j(t) = det(DW;). Deriving the equation with respect to ¢ at ¢ = 0 under the integral sign we obtain
that,

/Q o () (Vi + A(0) V) - Voo dar = /Q (I (% VY + M () (7 (0)u + ) ) . (A2)

Using the Hadamard’s formula given in Lemma on the normalization condition

1= / ¢ [ug]? dz :/ o1 uel? dac—l—/ p2 lug|? dez,
Q Ql,t Q2,t

we obtain

0= / 2puudz + / p [u? Vads(z) + (o1 — p2) / [ul? Vi ds (z)
Q onN N
:2/pu’udx+/[p] lul?> Va ds(a), (A.3)
Q N

since © = 0 on OS2.
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A.2.2 Rewriting of some terms

Let ¢ € HY(Q). Since A'(0) = (div V)1 — (DV n DVT) (see, e.g., [26) Lemma 2.31]), we have in both €,

i = 1,2, where o is constant,
o(2)A(0)Vu-Vo = o(z)(divV)Vu- Ve — o(z) (DV + DVT) Vu - Vi
- div( (0(2)Vu - Vi) V) —V(0(z)Vu- V) -V — o(z) (DV + DVT) Vu - Vi
= div( (o(2)Vu- V) V) — 0(2)V (Vu- V) Vg — o(z)Vu - V(Ve - V).
Moreover

/Qdiv( (o(x)Vu- Vo) V) dz = /89 (o(x)Vu- V) Vyde(z) + /1“ [o(x)Vu - V] Vi de(x),

and
/ o(z)Vu-V(Ve-V)dz
Q
= —/ divo(x)VuVe - Vdx + / o(z)0huVe - Vds(z) + / [o(z)OhuVe - V] ds(x)
Q o9

r
= DﬁQ(Q)/quV<p~de+/aQ o(x)0huVe - V dg(x) +/ [0(z)0nuVe - V] ds(z).

r

Thus

/QU(;U)A’(O)Vu -Veodz = /

(o(x)Vu - Vo) Vyds(z) — / o(z)0huVe -V ds(x)
a0

1919)

+ /F [o(z2)Vu - V]V, ds(z) — /F [0(z)0huVe - V] ds(z)
- / o(z)V (Vu-V)-Vodr — DJ?Q(Q)/ puVy - Vdx.
Q Q

Using this equality in (A.2) and since j'(0) = divV (see, e.g., |26, Lemma 2.31]), we obtain

/ o(z)Vi - Vedz + / (o(x)Vu - Vo) Vyds(z) — / o(z)0huVe - V ds(z)
Q o0 o9

+ /1“ [o(2)Vu - V] Vi ds(x) — /1“ [o(z)0quVe - V] de(z) — /QU(JC)V (Vu-V)-Veodx
— M () /Q puVe-Vdr = /Qp (MG, (4 Vup + Mo () ((divV)u + i) ) da.

Hence

/ o (@) (Vi — V (V- V) - Ve da + / (o(2)Vu - Vo) Vi de () — / o (2)0auVe - V ds(x)
Q o0 o0

=— /1‘ [o(z)Vu- Vo] Vyds(x) + /1“ [o(z)0quVe - V] ds(z)

+ MG (Q; V) /Q pupdz + Ma(Q) /Q pupdr + Ma () /Q p((divV)e + Ve - V)udz.
Moreover, using the fact that © = 0 and ¢ = 0 on 99,
/Qp((divV)ap + Vo -V)uder = /deiv (p-V)udz
= / ppVauds(z) + (p1 — p2) / eVhuds(z) — / ppV - Vudzr
09 r Q

:(p1—pz)/r(<p®V)n-udx—/Q(<p®V)-Vuda::/F[p]ngnudg(:v)—/Q(VU~V)<pdx,
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and since V' = V,n, we have, on T,
—[(e(x)Vu- V)| Vih + [o(2)0quVe - V] = —[o(x)] Vr(u) - Vi () Va.

Notice that we have used here the fact that « has no jump on I' and so do Vpu. Then
/ o) (Vi — V (Vu- V) - Ve da
Q
=~ [10@] Vetw) - Ve(Vads(o) + M@ V) [ pupds
r Q

+ Mo (@) /qugodx—i—ﬁﬁn((l)/r[p] PVauds(z) — Mo (Q) /Qp(Vu~V)<pda:.

A.2.3  Conclusion: characterization with the shape derivative

Since v’ =4 — Vu - V, we deduce from the above equality that for all ¢ € H{(Q),

/ o(2)Vi - Vipda = — / (0(2)] Vi(u) - V() Vi de(2)
Q T

+ M, (2 V)/qugod:L'JrimQ(Q)/qu'gadz+9ﬁQ(Q)/F[p] eVouds(z). (A.4)

Thus, taking ¢ = u and using the normalization conditions / P |u|2 =1 and (A.3)),
Q

/Q o(2)Vu' - Vude = — /F (0(2)] [V ()2 Vi de(z) + MM (2 V)

M) / 0] [uf? Vi ds() + M) / (o] Vo ds(z).

Then, using (A.1)), we can eliminate the volume term / o(z)Vu' - Vu to obtain
Q

hev)=2 [

[ lo@) Vel Vads(o) - [ [o@) 90 Vads)

~9m0(@) [ [l Vads(o) = [ o2 [Vl Vi ds(a).

Finally, we obtain

Mo(Q V) = /

T

lo/(@)] [V (u)[? Va ds () - /

: [a(:@ |anu|2} v, de(x)

— Ma(Q) / o] uf? Vo d () — /a 2 [Vul Vi de(o),

using the facts that [Vpu] = 0 since [u] = 0 on I and |V (u)|* = |[Vrul® 4 [0yu/®. This concludes the proof
of Theorem in the case of Dirichlet boundary conditions.

Remark A.7. The method exposed in this appendiz use the classical shape derivative approach. Notice
that recently, A. Laurain and K. Sturm present in [22] another approach based on a pure material derivative
approach which permits to obtain the same result faster. Indeed, in this very particular case of Dirichlet
boundary conditions, we can proceed as follows.

Taking u € H{(Q) as a test function in the variational formulation of the problem in Q, we have

/Qa(x)Vu - Vi =Ma(Q) /Q puil.
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Then, taking ¢ = u in Fquation , using the previous equality and the fact that /pu2 =1 and
that 3'(0) = divV', we obtain .
MG(Q V) = /QO’(I)A/(O) \Vul? dz — mQ(Q)/QpUQdiVVdZL‘.
Notice that
divV =14:DV and DVVu-Vu =DV :(Vu® Vu).
Thus, using the fact that A’(0) = (divV)I — <DV + DVT>, this leads

M (Q; V) = / ((a(x) IVl — st(Q)WQ) I — 20(2)Vu ® Vu) DV dz.

Q
and, from [22], one can then prove that

M@ v) = [

- ((U([L‘) |Vul> — img(Q)pu2> Iy —20(z)Vu® Vu) n-nVyds(z)

+ /F Ka(m) [Vul|® — EUIQ(Q)pu2) Iy —20(z)Vu® Vu} n - nVydg(x).
Therefore we obtain the announced result since
((U(x) Vul? - zmg(sz)pu?) I, — 20(z)Vu ® w) nn = o(z) |[Vu|>~ Mo (Q)pu®—20(z) |9ul = —os [Vl
on 09 (where we have the homogeneous Dirichlet boundary condition w = 0), and since
[(a(x) (Vul? - amQ(Q)pu?) Iy — 20(2)Vu ® Vu} n-n = [0(33) |vu|2} — Mo(Q) [p]u? — 2 [a(x) |8nu|2]

= [o@) |IVrul’] - Ma(@) [ v? - [o(2) 0wl

onl.

Once again, it is very important to notice that these methods are based on the existence of material or
shape derivatives, which is not necessarily true for multiple eigenvalue. The approach that we present in
this paper is uniform and permits to deal with several boundary conditions, without assuming the simplicity
of the eigenvalue, using the notion of semi-derivative.

A.2.4 Characterization of the shape derivative as the solution of a transmission problem

We conclude this section noticing that we can, classically, characterize the shape derivative of the initial
problem as the solution of a transmission problem. Indeed, from (A.4), we obtain that, for all ¢ € H}(€2),

—/div(a(m)Vu’)godx—i—/[a@nu’]gz)dg(m)
Q r

= / divr ([o] VruVy) g ds(x) + M, (2, V) / pupdz + Ma(Q) / pu'pdz + Mo () / [p] pVauds(z),
r Q Q r

and then
[00,u'] = divr ([o] VruVy) + Ma(Q) [p] uVa = [o] dive (VruVy) + Ma(Q) [p] uVy.
Moreover, since u; = us on I', we have
uy —uh = (Vug — Vuy) -V = — [Oqu] Vi,
the last equality being obtained using the fact that Vpu; = Vrus. Hence
[u] = — [Ogu] Va.

Finally we classically have
v = —0,uV, on 0.

Hence we obtain that the shape derivative u’ is solution of

—div (o(x)Vu') = Ma(Q)pu’ + MH(Q, V)pu in (QN\w) Uw,
[u] = —[0wuVa on T,
[cOau'] = [o]dive (VruVy) + M () [p] uVa on T,
v = —0huV, on Jf).
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