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Shape derivatives of eigenvalue functionals.
Part one: scalar problems.

Fabien Caubet? Marc Dambrine! Rajesh Mahadevan?

February 27, 2020

Abstract

In this work, we compute the shape derivatives of eigenvalues problem for elliptic operators as-
sociated to various boundary conditions, that is Dirichlet, Neumann, Robin, and Wentzell boundary
conditions. We also consider the case when the conductivity and the density have jumps, which corre-
sponds to composite structures.

The proposed method is based on a result for the derivative of a minimum with respect to a
parameter. The main advantage is that the procedure exposed in this work is uniform and efficient
with respect to the computations. Indeed, in order to underline this efficiency, we present in the
appendix the computation in the case of the mixture of two phases using the classical method based
on the material derivative, which turns out to be much more tedious.

Keywords: eigenvalues of elliptic operators, shape sensitivity analysis, shape derivatives, generalized
boundary condition.

AMS Classification: 49Q10, 35P15, 49R05.

1 Introduction

Many problems ranging from engineering to physics deal with questions of optimal shapes or designs.
An important class of these problems involves eigenvalues of elliptic operators since they are important
in understanding the vibrating modes of a mechanical structure. A famous example is the Rayleigh-
Faber-Krahn inequality for the first vibrating mode of a clamped membrane. In recent years, additive
manufacturing, or the so-called 3-d printing, has been used in the manufacturing of machine parts with
complex geometries or even spatial heterogeneities. The structural properties of these parts depend on two
important features: the distribution of the materials and the effect of thin coatings on the boundary of the
device. Of course, engineers would like to optimize the performance of such a printed device by means of
an optimal layout of the materials. A useful mathematical technique for obtaining information about the
sensitivity with respect to the design of the device consists in the computation of shape derivatives of the
vibration modes of such a printed device.

In the literature the shape derivative analysis for eigenvalue problems has often been made using ad hoc
methods (see [9, 12}, [13]). We propose here a systematic analysis of these problems based on a simple proce-
dure for calculating the shape derivative of minimum problems discussed by M. Delfour and J.P. Zolesio [9].
This has the advantage of allowing one, at the same time, to establish the existence of the shape derivatives
through a verification of certain hypotheses and also to use simpler computations to obtain the expression
for the shape derivative. We now briefly discuss the notion of a shape derivative and the usual practices in
its study in a given problem before explaining our approach for the shape sensitivity analysis of the least
eigenvalue for elliptic variational problems.
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Consider a class of admissible open sets O,q in R? d = 1,2,3, which is stable with respect to a
family of diffeomorphisms, that is, for a given 6 > 0, (I 4+ tV)(Q) in O,q for all ¢ € [0,0] and for all V'
smooth vector fields with compact support in a neighborhood of 2, whenever Q2 € 0,4. Consider a shape
functional F : O, — R. The semi-derivative of F in the sense of J. Hadamard [II] at € O.q in the
direction of a vector field V' is defined as

F'(Q; V) := lim M, (1.1)
t—0+ t
where
Q := U (), being Uy(x) :=z+tV (x), (1.2)

whenever the limit in exists. In general, even when this limit exists, it may not be linear or continuous
with respect to V. However, when this limit exists and is a distribution with respect to V', and if 9 is of
class C', the Hadamard’s structure theorem (see, e.g., |13, Proposition 5.9.1]) states that this distribution
is supported in 92 and depends only on the normal component V - n of the vector field V. Usually it is
the boundary expression of F’(€; V') which is used in studying the evolution of the shapes in the shape
optimization problem. For a general discussion of the shape derivative analysis and its typical applications
we refer the interested reader to the following texts [9] (13| [I4], 16] and the included references.

Frequently, in the applications, the shape functional of interest has the form
FO) = [ fouVa V) ot [ gl Vew) ds(o)
Q a9

where the state v = u(Q) is the solution of a boundary value problem in Q and also may satisfy some
additional constraints (like in the case of eigenvalue problems where they may be normalized). A usual
procedure to calculate the sensibility of F' is by transporting the functional to a fixed domain, which means
the state u; for the domain €, is composed with ¥, to give a function u! = u; o ¥; on a fixed domain,
and by expressing the functional on €); as a functional on ) by change of variables, and then the resulting
expression is derived with respect to t. This is sometimes referred to as the material derivative method
since it involves calculating the material derivative of u defined as the limit

. Cout—w
u := lim
t—0 t

)

whenever it exists. A correct application of this method requires various steps: justifying the existence
of the material derivative, obtaining an equation which characterizes it, and suitable manipulations of the
derivative of the transported functional and the equations involved, culminating in a boundary expression
for F'(Q2; V') assured by Hadamard’s theorem.

On the one hand, it should be noted that the process of showing the existence of the material derivative
is often laborious and it can even happen, in some instances, that the material derivative does not exist. On
the other hand, usually, the final boundary expression for the shape derivative does not involve the material
derivative as can be seen in the typical examples discussed in [9, 13} [I4, 16]. In view of this, at times, either
the shape derivative is derived formally by assuming the existence of the material derivative or rigorous
approaches have been proposed which bypass the use of the material derivative. In the past such methods
have been developed in the case of shape functionals which can be obtained as a minimum (for example, in
compliance optimization) or as min-max (for example, stress minimization) of integral functionals (see [10]
and the included references) or functionals which involve a Lagrangian [5]. In recent years, these methods
have been extended to include cases which could not be treated previously. For example, we refer to the
works by G. Bouchitté et al. [3, 4] for the treatment of shape functionals arising as the minimum of convex
non-differentiable integral functionals using the duality approach and to the works of K. Sturm [I5] for
Lagrangian functionals without any saddle point assumption.

Nevertheless the power of these methods has not been fully exploited. A striking example is in the
treatment of optimization of eigenvalue functionals arising in different contexts. In this paper, we show
how to treat the shape derivative analysis for the least eigenvalue in several classes of elliptic variational
problems in a systematic way. In this work, we apply the procedure only to scalar problems in order to
convey the main ideas in a simpler context. In a forthcoming paper we apply the procedure to problems in
elasticity where the calculations are slightly more involved although the ideas are the same.

Our approach is based on applying the following result for the derivative of a minimum with respect to
a parameter (see, e.g., Theorem 2.1 in Chapter 10 in [9]).



Theorem 1.1. Let X be a Banach space and let G : [0,d] x X — R be a given functional and we set
g(t) == i&f G(t,z) and X(@):={xeX : G(t,x)=g(t)}.
If the following hypotheses hold,

(H1) X(t) #0 for allt € [0,4],
(H2) 0:G(t, ) exists in [0,0] at all v € Usepo,5) X (1),

(H3) there exists a topology T on X such that, for every sequence {t,,} C]0,0] tending to 0 and x,, € X (t,,),
there exists xo € X (0) and a subsequence {t,,} of {tn}, for which

(i) xn, —> xo with respect to T,
(i) lliggof 0tG(tn,, Tn, ) = 0:G(0, zg),

(H4) for all x € X(0), the function t — 0;G(t,x) is upper semi-continuous at t = 0,

then we have

12 _ .
g'(0) = welgl{lzo) 0:G(0, ).

In a typical application, the functional G(t,u) will be chosen to be the Rayleigh quotient associated to
the eigenvalue problem on the perturbed domain €, after it is transported back to €. To begin with, a
procedure for verifying the hypotheses of the theorem will be shown. This will be followed by a systematic
calculation of the derivatives of typical elementary terms which constitute the Rayleigh quotient in such
problems. Finally we will show how the initially obtained, and rather complicated, expressions on the
domain for the derivative can be simplified, thanks to a systematic choice of test functions in the variational
formulation of the eigenvalue problem, to yield the boundary expression for the shape derivative.

Let us emphasize that Theorem can only provide directional semi-derivative. The disadvantage is
that one cannot recover the existence of true shape derivatives without additional work. However, if a true
derivative exists, it is given by the directional semi-derivative. The advantage is to avoid to discuss the
multiplicity of the eigenvalue.

The main results of the paper are stated in Section 2} we present first the result in the case of the
Laplace operator and then in the case of a mixture of two phases. The proofs are gathered in Section [3}
we first provide the derivatives of the elementary terms arising in Rayleigh quotient in Section (see
Propositions and and then the proofs of the theorems are given. Finally we recall (classical)
background results in Section and give in Section [AZ2] an alternative proof of Theorem in a
particular case with the material derivative method in order to highlight the advantage of the proposed
method.

2  The results

We now present the main results of this work. We first deal with the special case of the eigenvalues of the
Laplace operator. Then we focus on eigenvalue problems related to the structural optimization of multi-
phase materials which is our original motivation, more specifically, eigenvalues of elliptic operators of the
type —div (oV:) in the specific case where ¢ only takes two values 0 < 01 < 03. Although the Laplacian
operator constitutes a special case of the latter situation we prefer this order in order to transparent the
procedure. This also allows to recover quickly the shape derivative results for the Laplacian eigenvalue
involving several boundary conditions (that is Dirichlet, Neumann, Robin, Steklov, or Wentzell).

In what follows we consider a bounded open set  of R?, d = 1,2,3, with a C*>! boundary 9Q and two
fixed real numbers «, 5 > 0. The unit exterior normal of 92 is denoted by n. Moreover the tangential
gradient operator is denoted by Vr, and Ar is the so-called Laplace-Beltrami operator on 0f). We also
consider H(£2) as an appropriate subspace of H!(2) or H%(£2) depending on whether the parameter 3 is not
active (i.e. = 0) or active (i.e. 8 > 0). Finally, in the sequel, we denote by b the signed distance to the
boundary 92, by H = Tr(D?b) the mean curvature function on 99, and by V; the normal component V -n
of the vector field V.



2.1 Shape derivative for Laplacian eigenvalues

We are interested in two families of eigenvalues problems for the Laplacian which cover an ample range of
boundary conditions. First we consider the least eigenvalue in eigenvalue problems of volume type, that is,
the spectral parameter is in the domain:

{ “Au = Ao(@u  inQ (2.1)

—BAru+au+oyu = 0 on 0f2.

Then we look at the least eigenvalue in eigenvalue problems of surface type, that is, the spectral parameter
is on the boundary:

(2.2)

—Au = 0 in Q,
—BAru+au+dhu = Apo(Qu on 0.

In the first of the situations, the eigenvalue problem results from a minimization of the Rayleigh quotient
given by

/ |Vul? do + a/ u? de(z) —1—6/ |Vrul? dg(z)
AQ(Q) — inf Q [519) o0

uEH(82) / u2 da
Q

In the surface type eigenvalue problem, it comes from the minimization of the Rayleigh quotient given by

(2.3)

/ |Vu|? do +a/ u? dg(z) —l—ﬁ/ |Vrul? dg(z)
AaQ(Q) _ 12{'9) Q o0 [o19)
ue 2
u” dg(x
| ast

(2.4)

As mentioned earlier, the above formulations include a variety of eigenvalue problems. For example, for
the choice § = 0 and @ = 0 in and H(Q) as the subspace of functions in H!(2) whose mean value
is 0, we obtain the first non-trivial Neumann eigenvalue. The Dirichlet eigenvalue problem is obtained
from in the limiting case & — +00 or alternately by taking 8 = 0 and choosing H(Q) = H} () in .
The Robin eigenvalue problem is obtained from by taking 8 = 0 and H(2) = H*(Q2). Moreover, if we
take =0 and a =0 in while working on H(Q) = H'(Q), we obtain the Steklov eigenvalue problem.
Finally, the choice 8 > 0 and the space H () = H2(Q) give rise to the Wentzell problem for the Laplacian.

We obtain the following results (see Section [3.3] for the proofs).

Theorem 2.1. Let Q be a C*! domain, and V' be a smooth vector field. Then the semi-derivative Ag(€; V)
of Aq () in the direction of the vector field V' exists and is given by

L V) = inf { / (|vpu\2 — (8au)? + oH |uf? + B(HI; — 2D%b) Vru - Viu — AQ(Q)|U|2)Vn dg(x)},
o0

where the inf is taken with respect to all normalized eigenfunctions u € H(QY) for which Aq(Y) is attained

m .

Remark 2.2. The particular cases of Dirichlet, Neumann and Robin volumic eigenvalues are known since
a long time (see [12]). The result for the Wentzell volumic eigenvalue problem (B > 0) for Aq(R2) is new
to the best of our knowledge.

Theorem 2.3. Let Q be a C*>' domain Q, and V be a smooth vector field. Then the semi-derivative
Ao (V) of Ao (Q) in the direction of the vector field V' exists and is given by

1o V) = inf { / (|Vpu|2 — (8au)? + aH [uf? + A(HIy — 2D%) Viu - Viu — Aag(Q)H|u|2)Vn dg(sc)},
o0
where the inf is taken with respect to all normalized eigenfunctions u € H(Q) for which Aga(Q)) is attained

mn ,

Remark 2.4. The expression for the shape derivative of the Wentzell eigenvalue Aoq(Q) has been obtained
in [8] using the material derivative approach and then used to study the problem of mazimizing the first
eigenvalue.



2.2 Shape derivative for eigenvalue problems for composites

Consider an open subset Q; of Q with a C?>! boundary and set Q5 = Q\ ©;. We assume that there
exists r > 0 such that ||z — y|| > r for all z € Q; and y € 9Q. We consider two conducting materials
with coefficients 0 < 01 < o2 which occupy respectively the regions Q; and {23 according to respective
densities 0 < p; < p2. We set

p = p1xe, + p2xa, and 0 =01XQ, T 02X,

with xq, and xq, denoting the characteristic functions of the sets 2, and {25 respectively.

The interface between 21 and €5 will be denoted by I', that is I' = 9y N 90y = 921. The exterior
normal on 02 as well as the unit normal pointing outward from ; will be denoted n. We also use the
notation [-] in order to represent the jump on the interface T', that is, for a function w and a point z € T:

[u] () = El_i)rgf)gr (u(x — en(z)) — u(z + en(x))).

We summarize the notations in Figure [I]

Figure 1: Notations

We consider the eigenvalue problem of volume type

—div (o(2)Vu) = Ma(Q)p(z)u in 0, (2.5)
—BAru + au+o20,u = 0 on 09, ’
whose first eigenvalue is given by
/ o(x)|Vul? dz + a/ u? do(z) —|—,B/ |Vrul? dg(z)
Mo(Q) = inf {2 a5 o1 (2.6)
uEH(Q) 2
[ ol
Q
We also consider the eigenvalue problem of surface type
—div (o(x)Vu) = 0 in Q, 2.7)
—BAru+ au+ oe0hu = Moo (Q)u on 0%, ’
whose first eigenvalue is given by
/ o(z)|Vul|* dz +oz/ u? dg(x) +ﬂ/ |Vrul? de(z)
Moa () = inf {2 o0 o8 (2.8)

o0

We obtain the following results (see Section for the proofs).



Theorem 2.5. Let Q) be a C*! domain, and V' be a smooth vector field. Then the semi-derivative Mg (Q; V)
of Ma(Q) in the direction of the vector field V' exists and is given by

My (2 V) = inf { / (1011 Vrul? = [o(@au)?] = Mo (@) o] ul?) Va ds(2)

+ / (02(|Vpu|2 — (Bqu)?) + oHu|* + B8 (HId — 2D2b) Vru-Vru — SIRQ(Q)p2|u\2) Vv, dg(x)},
[o19)

where the inf is taken with respect to all normalized eigenfunctions u € H(Q) for which Aq(Y) is attained

m .

Remark 2.6. A particular case of the above problem was studied in [7]: the difference is that we allow for
arbitrary densities p1 and p2 and boundary variations of 02 while considering general boundary conditions
and not only Dirichlet boundary conditions.

Theorem 2.7. Let Q be a C*' domain and V' be a smooth vector field. Then the semi-derivative My, (€ V)
of Mo (Q) in the direction of the vector field V' exists and is given by

(V) = inf{ /F ([a} \Vrul? = [0(0u)?] )Vn ds(z)
+ / (02(\vpu|2 — (0aw)?) + aH [u]?> + B (HI4 — 2D?b) Viu - Viu — Moo (Q)H |u\2)vn dg(m)},
oQ

where the inf is taken with respect to all normalized eigenfunctions uw € H(QY) for which Mo () is attained

mn .

3 Proofs

The shape derivative results stated in the previous section will be established in the framework of Theo-
rem This will be done systematically by the following general strategy. Also we will treat one of the
cases, Theorem [2.1] in its fullest details while limiting ourselves in the other cases to more or less the main
calculations for the shape derivative.

In the sequel we consider a smooth vector field V' and we recall that the perturbed €2; and the diffeo-
morphism ¥, are defined by (1.2)).

3.1 General strategy

The least eigenvalue problem on the perturbed domain €2; obtained by the minimization of a Rayleigh
quotient will need to be formulated in a space independent of the parameter ¢ giving rise to family of
functions G(t,-). For this, we will use the fact that u — wo W; ! is, usually, an isomorphism between #(Q)
and H(£2;). Recall that H () is an appropriate subspace of the Sobolev spaces H!(€;) or H?(€2;) for the
eigenvalue problem concerned.

The next step will consist in verifying that the assumptions of Theorem are satisfied. For verifying
the hypothesis (H3), in the class of eigenvalue problems, we will usually need to show the T'-convergence
(see Appendix for some reminders on this notion) of G(t,-) to G(0,-) as t — 0T in the weak topology
of H(£2) and later the strong convergence of a sequence of minimizers.

Then the Theorem will allow us to calculate the shape derivative by evaluating inf,c x () 9:G(0, u)
where X (0) will be the eigenspace for the problem over the domain 2. In the case of a simple eigenfunction,
it is enough to evaluate at a normalized eigenfunction. A boundary expression for 9;G(0,u) can be obtained
by usually choosing —Vu - V' as a test function in the governing equation to transform and simplify the
initial calculation of 0;G(0, u).



3.2 Preliminary computations

In this subsection we gather together preliminary calculations of derivatives with respect to t of some
typical integrals which will constitute the functionals G(t, -). For this we will rely on the classical derivative
with respect to the shape formuleerecalled in Lemma [A7T] and Lemma [A72]in the appendix. The regularity
necessary on u for applying these lemma will be guaranteed by the classical regularity of the eigenfunctions
in the problems considered.

Proposition 3.1. For sufficiently smooth u, we have

at( . |V (uo ;)2 dx) . = /89|Vu|2Vn dg(;c)+2/QVu-V(—vu-V) du, (3.1)
8t< N |(uwo T )2 dx) . = /8Q u|? Vi d§(x)+2/ﬂu(—Vu~V) du, (3.2)
8t</fmt|(uo\11t_1)2 dx) - /m (H[uf? + Bye) Vi + 20 (~Vu - V) de(a). (3.3)

Proof. The above formulae are obtained by a straightforward application of the formulae for derivatives
of domain and boundary integrals given in Lemma and Lemma, in the appendix and the fact
that 9 (uo U, ')|,_, = —Vu- V since 9;(¥; ')|,_, = —V (see, e.g., [[3, Equation (5.7)]). O

Proposition 3.2. For sufficiently smooth u, we have

o (/ Ve (wo Uy ) dx)
00

= / (H|Vrul® +2Vru - Vi(9au) — 2D*b Viu - Viu) V;, ds(z)
t=0 o0

+2 [ Vou- (Vo(=Vu-V)+ Vu- ViVan + 0,uVeVa) de(z).  (3.4)
o0

Proof. By applying the classical derivation formula recalled in Lemma [A72] we get

o (/ Ve (o Uy ) dx)
O t=0

:/ (H|Vrul® + 0. (|Vrul?)) Vu ds(z) + 2/ Vru- 9 (Vr,(uwo ®; 1)) |,_,ds(z).
oN on

We conclude using the fact that (see respectively Lemma and Lemma (A .4))
On|Vrul? = 2Vru - (Vr(0au) — D?b Viu)

and

at(th(uo\I/t‘l)) =Vr(—=Vu-V)+Vu-VrVyan+ 0,uVrl;.

=0

Proposition 3.3. For sufficiently smooth u, we have

o [ oivtuo P a)
Q

= /[J\Vuﬂvn ds(z) + 2/ o1Vu-V(=Vu-V) dz
t=0 r !

+/ 02| Vul*V, ds(x) + 2/ 02Vu - V(=Vu-V)dzx (3.5)
o9 Qs

and

) (/Q pilue TP )

= /[p]|u|2Vn ds(z) + 2/ pru(—Vu-V) dx
t=0 r !

+/ palu*Vy ds(z) +2/ pou(—=Vu-V)dz. (3.6)
a0 Qs



Proof. The above formulae are obtained by an application of the classical derivative formula (see LemmalA.1)
after writing

/ o¢|V(uo \I't_l)\2 dz z/ 01|V(uo \I/t_l)|2 dz +/ 2|V (uo \Ift_l)\2 dz
Q Q1,¢ Qa2 ¢

and

/pt«uow;%dz:/ pl\(uoﬁ/t_l)lzd:H/ pal(uwo Ty Y2 da,
Q4 Q1 Qa2¢

where Oy ; := U, (1) and Qy; := ¥4 (Qg2). To begin with one has

O (/ 0| V(uo ;)2 dx)
Qy

= / o1|Vul|?V;, ds(x) + 2/ o1Vu-V(=Vu-V) dz
o

t=0 Q4
—/ 02| Vul?V, dg(:zc)—i—?/ oaVu - V(=Vu - V) dx—i—/ 02| Vu|?V, ds(x)
o Qo (019
and
o ( | oo v dsc) — [ Vi dsta) 2 [ =V V) da
Qt t=0 801 Ql
—/ palul*Vi, dg(a:)—i-Z/ pou(—Vu-V) dx—|—/ palul*Vi, ds().
002NN Qo o0

In the above, notice that the domain 25 has two boundaries, 95 N 9Q; and 9. The boundary 9Qs N O
is identified with 9€2; but the outward pointing normal on 925 N 02, with respect to 25 is just —n with n
being the outward pointing normal to 0€2; with respect to 2. O
3.3 Shape derivatives for the Laplacian eigenvalues

3.3.1 Proof of Theorem 2.1

The considered eigenvalue functional on the perturbed domain is

|Vol? dm—l—a/ v? de(x) + B |Vro? ds()
Ao() = inf o o et : (3.7)

vEH () / ’1)2 dz
Qy

which can reformulated on (2 as

V(uo U dr +a / (wo U )2 de(x) + 8 [ |[Vr(uo ¥ de(a)
: Q 00 o0
Aq(Q:) = inf
ueH() / (uo \11;1)2 dz
Qy

This corresponds to a minimization of the functional

[V(uo U )[? da+ a/ (wo Wy )2 ds(a) + 8 [ [Vr(uo ¥y h)|? ds(x)
0 0

/ (uo ¥ 1) da
Q¢

First we verify that the assumptions of Theorem[I.T]are satisfied before proceeding to calculate an expression
for AG(; V).

Gol(t,u) = =



EXISTENCE OF THE SEMI-DERIVATIVE. Let us start by Assumption (H1). The set of minimizers of
is non-empty for each ¢ since the numerator is convex and continuous for the strong topology on H(;)
(and therefore weakly lower semi-continuous), and since the denominator is continuous due to the compact
inclusion of H*(;) into L?(Q;). The set X (t), defined in Theorem [1.1| of minimizers for Gq(t, ) is obtained
by transporting the minimizers in to by composition with ¥;. Therefore Assumption (H1) is
satisfied.

Let us now check Assumption (H2). Since
V(wo ¥, ') = (D) Vu) o T, ! and Vr, = Iqg —n®n,)V,
where n; the normal vector field on 0, we have

1
Gﬂ(tau) =
/ (wo¥;1)? da
Q¢

</ (D) V) 0 w1 dar
Q¢

+ / (a(uo ¥y ")? + B|(Ia — ny @ ny) (DY) V) o U2 de(a)) > .
o

Then, by a change of variables, the Rayleigh quotient G can also be written as

Golt,u) = 1( (DU )T Vul2j()dz
Léwﬁﬁﬂx o

+aédw%ﬁﬂ¢ﬂ+ﬁ

|Ig —n* ® nt)(D\I/,fl)TVuzw(t)dg(x)>, (3.8)
o0

where j(t) = det(DW,(x)) is the Jacobian, w(t) = det(DW;(z))||(D¥; )T (z)n(x)|| is the surface Jacobian
and n’ = ny; o ¥;. Since the deformation ¥; is smooth with respect to t and z, it follows that j(#)
and w(t) are smooth functions of ¢ and since 9f2 is also smooth, n; is a smooth function too, for ¢ small
enough. Therefore we are able to conclude from the previous expression that Gq(+, u) is derivable for ¢
small enough for all u € H(2) and this gives the hypothesis (H2) of Theorem Furthermore, the new
coefficients are continuous with respect to ¢ and so the continuity of 9;Gq(+,u) follows by the dominated
convergence theorem. This gives Assumption (H4).

Finally let us verify the remaining assumption (H3) of Theorem [1.1} The functional 9;Gq(t,-) is not
necessarily lower semicontinuous for the weak topology on H(2) but is continuous for the strong topology
on H(Q). Our aim is to show that (H3) holds for this topology. This will be done in a few steps. Firstly,
we show that Gq(t,-) has the I-limit G(0,-) as t — 0%, in the weak topology on H(f2) (see Definition
and Proposition in the Appendix for some reminders on this notion; also refer to [6]). We use the
expression and prove the I'—lim inf and I'—lim sup inequalities as follows.

(i) Consider u® which converges weakly to a u in H(2). We obtain the estimate
GQ(t,ut) = Gq(0, ut) + (GQ(t7ut) — GQ(O7Ut)) > GQ(O,Ut) + O(t).

Indeed we obtain that Gq(t, u’) — Gq(0,u’) is O(t) (that is, goes to 0 as ¢ — 07) using the uniform
convergence of the coefficients, as t — 0T, in the numerator and denominator of G and using the fact
that any weakly convergent sequence u' is bounded in H(£2). Then the I'—liminf inequality follows
from the already observed fact that G (0, -) is lower semi-continuous for the weak topology on H(€2).

(i) The T' — limsup inequality is obtained by taking the constant sequence u, for any given u € H(),
and observing that Gq(t,u) — Gq(0,u) as t — 0.

Then Theorem allows us to deduce that the minimum of Gq(t,-) (which is Aq(€2;)) converges to the
minimum of Gq(0,-) (namely, Aq(f2)). Now, using the 0-homogeneity of Gq(t,-), for each ¢, consider a
minimizer u! for which the denominator in (3.8 is 1. The boundedness of Aq(£2;) and the equi-coercivity



of the numerators in (3.8]) implies, by Theorem that u! converges weakly in H(£2) to a minimizer u
of Gq(0,-). Finally we prove the strong convergence of u' to u in H(Q) as follows:

Cllu* — ullfyq) < / DUV (uf —w)j(t)dz + a/ (' = u)Pw(t)ds(z)
Q o0

+0 |(Ig — n! @ n) DU, 7V (u! — u)2w(t)ds(z) =: A(t).
a0
It remains to prove that 2(t) — 0 when ¢t — 0. We expand the quadratic expression for 2((¢) which gives

A(t) = / D, TVl ?)(t)de + a/ |uf |Pw(t)ds(z) + B |(I; — n* @ n) DY, T Vul|2w(t)ds(z)
Q o0 o0

+ / DY, T Vul?j(t)da + a/ lulPw(t)ds(z) + |(Iy — n! @ n")DY; T Vu|?w(t)ds(x)
Q o9 o9

-2 {/ DY, TVl - DU, T Vuj(t)de + a/ 2u’ ww(t)ds(z)
Q a0

+53 |(I; — n' @ n" DU, TVl - D\I/tTVuw(t)dg(x)}
[219]

= Ao(Q) + /Q DY, TVul?j(t)dz + a/&m lu|?w(t)ds(z) + B/asz |(I; — n! @ n) DY, T Vu|?w(t)ds(z)

-2 {/ DU, vyl - DU, T Vaug(t)da + a/ 2u’ ww(t)ds(z)
Q a0

+8 [ |(Ig—n' @ n)DU; TVl - D\I/;Tvuw(t)dg(x)} :
o

Then we use the uniform convergence of the coefficients, the weak convergence of u! to u and the convergence
of Aq(2%) to Aq(Q?) to obtain that

At) — Aq(Q) + Aq(Q) — 2 {/Q |Vu|*dz + a/{m 2\ul?ds(z) + ﬁ/(m |Vu2dg(x)}

= AQ(Q) + AQ(Q) — 2AQ(Q) =0.

The existence of the semi-derivative Ag,(€; V') follows from Theorem since we have proved above
that all the the four assumptions of the theorem are satisfied for Ggq,.

COMPUTATION OF THE SEMI-DERIVATIVE. We want to obtain a suitable expression for 0;Gq(0,u) when-
ever v is a normalized eigenfunction for Aq(f2) since, by the theorem,

(V) = inf{9,Gq(0,u); Aq(Q) is attained at u}.
First, using the expressions (3.1)-(3.4), we get

9,Ga(0,u)],_ = / VPV, d(z) + 2/ Vu-V(=Vu- V) da
o0 Q

+a (/ (H [u? + 0pu?) Vi ds(z) + 2/

o 6]

+5/ (H|Vrul® + 2Vru - Vr(0yu) — 2D Viu - Viu) V;, ds(z)
1219}

. u(=Vu-V) dg(x))

+24 Vru - (Vr(=Vu - V) 4+ Vu-VrVan 4+ 0,uVrV,) ds(z)
29

— Aa(9) </m |2V, dg(x)+2/9u(fVu~V) dx).

Using —Vu -V as a test function in (2.1)), we observe that

/ Vu-V(=Vu-V)dex+ a/ w(=Vu-V)ds(x)+8 [ Vru-Vp(=Vu-V)ds(x)
Q o o9

Q

= AQ(Q)/Qu(—Vu V) duz,

10



Notice that the function —Vu-V belongs to H! () and can be used as test function. Indeed the boundary 92
has the C?! regularity and u belongs to H2({2) by usual elliptic a priori estimates (see [I]). Since n is
orthogonal to Vru, we conclude that

0:Ga(0,u)|,_g = / |Vu|?V;, de(z) + a/ (H |u?* + 2udnu) V, ds(z)
[219) oN

+8 [ (H|Vru> +2Vru - Vi(dau) — 2D*b Vru - Viu) Vi, ds(z)
o

+20 Vru - (0,uVrVy) ds(x) — AQ(Q)/ |u|?Va ds(z).  (3.9)
o0 a0

By an integration by parts in the term 23 [, Vru- (8,uVrV;,) ds(z) which appears in the last line of (3.9),
we get

23 Vru - (0,uVrVy)ds(z) = —-28 divr (OhuVru)V;, ds(x)
o0 a0

= -2p (Onu Aru + Vi (Ohu) - Vruw)Vy de(x). (3.10)
a0
Thus, inserting (3.10)) in , we get
0:Ga(0,u)|,_y = / |Vu|?V;, de(z) + a/ (H |u?* + 2udpu) V, ds(z)
a0 0
+ ﬁ/ (H|Vrul®> — 2D*b Vru - Viu) V;, ds(z) — 2B/ Onpu Aru Vods(z) — AQ(Q)/ [u?V;, ds(z).
a0 0 a0

Then using the boundary condition in (2.1)), we obtain

0:Ga(0,u)|,_y = /asz |Vu|*V;, ds(x) + 04/6Q (H [uf? + 2udyu) V, ds(z)
+8 | (H|Vrul* = 2D*bVru - Veu) V, ds(z)
o0
+2 / Bt (—att — D) Vade(z) — Aar() / u[2V, de(z)
(o9} (o9}

- / (IVrul> = (Onu)? + o |ul? + B(HI; — 2D?b) Vru - Viu — Ag(Q)[ul?) Vi, ds(z),
o0

which concludes the proof.

3.3.2  Proof of Theorem 2.3
The eigenvalue functional on the perturbed domain is

|Vo|? dz + a/ v? ds(z) + B |Vro|? de(x)

Ao () —  inf o fileh o 311

on(Sk) ver(00) / v? dg() 1
00

and we has the following reformulation on 2

[V (uwo ¥y 1) dz + a/ (uo Wy )2 ds(a) + 8 [ [Vr(uo ¥y h)|? ds(x)
AaQ(Qt) = inf i oS o

u€eH(Q) / (’LLO \I/t—l)Q dq(m)
o0

This corresponds to a minimization of the functional

[V(uo ) dxﬂ%/ (wo W) ds(ax) + 8 [ [Vr(uo ¥y h)|? ds(x)
— Qt OQt 8(2,5
Gag(t,u) =

[ wow 1 dsto)
0

The arguments for verifying the assumptions of Theorem for AL (€2; V') are similar to those used in
the previous subsection. We only indicate some pertinent differences.
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EXISTENCE OF THE SEMI-DERIVATIVE. For proving that the set of minimizers of is non-empty for
each t, the numerator is weakly lower semi-continuous on H(£2;) similarly as in the previous case. However,
for the continuity of the denominator, one requires now the compact injection of H!(Q;) into L?(99;) which
also holds (see, e.g., [2l, Theorem 1.1]). Then, as in the previous case, the set X (¢) of minimizers for Goq/(t, )
is obtained by transporting the minimizers in to Q by composition with ;. Thus Assumption (H1)
holds.

Concerning Assumption (H2), we first get the following expression for Gaq

1
/ 2 (£)ds (2)
oN

Gaa(t,u) = (/Q (DY, 1) TVu|%)(t)dx

+ a/ lulPw(t)ds(z) + (I —n' ® nt)(D\Iltl)TVqu(t)dg(x)) , (3.12)
a9 a9

where we recall that j(t) = det(DW;(x)) is the Jacobian, w(t) = det(DW,(z))||[(D¥; )T (z)n(z)| is the
surface Jacobian and n* = n; o U;. Due to the smoothness of these functions in (3.12)) we conclude
that G(-,u) is derivable for all u € H(Q2) giving Assumption (H2).

The derivative of G(-, u) is obtained by deriving under the integral sign and the continuity of the ensuing
coefficients leads to the Assumption (H4).

Finally, for Assumption (H3), firstly it has to be shown that Ggq(¢,-) converges to Gy (0,-) ast — 0 in

the sense of I-limit in the weak topology on H(2). Then it is possible to show that there exists a sequence u!,

with u! € argmin Gaq(t, -), such that u* converges strongly in H(2) to a minimizer u of Gq(0, -). This gives
Assumption (H3).

The existence of the semi-derivative Al (Q; V') then follows from Theorem

COMPUTATION OF THE SEMI-DERIVATIVE. We will now obtain a suitable expression for 9;Ggq (0, u) when-
ever u is a normalized eigenfunction for Apn () since, by the theorem,

5 V) = inf{0:Gon (0, u); Aoga () is attained at u}.

Using the expressions (3.1)-(3.4)), we get
0:Goa(0,u)|,_y = / |Vu|*V;, ds(z) + 2/ Vu-V(=Vu-V) dz
a0 Q

+a (/89 (H|u?> 4+ 0yu®) Vi, de(z) + 2/

u(=Vu-V) dg(x))
o0

+5/ (H|Vrul® + 2Vru - Vr(0u) — 2D*0 Viu - Viu) Vy, ds(z)
oN

+28 Vru- (Vr(=Vu-V) 4+ Vu-VrVin + 0,uVrV;) dg(z)
o0

~2on(@) ([t +0) i ) +2 |

. u(—=Vu-V) dc(m)) .

Using —Vu -V as a test function in (2.2]) we observe that
/ Vu-(=Vu-V)de + a/ u(=Vu- V) ds(z) + 8 Vru - Vr(=Vu- V) do(x)
Q o0 o0

= Moo () /aQ u(=Vu - V) dz,

12



and then arguing as in the previous subsection while using the boundary condition in (2.2), we get
0:Gaa(0,u)],_y = / |Vu|?V, ds(x)
o9
+a/ (H |u|? + 2u8nu) Vo ds(z) + B/ (H |Vru? — 2D%b Viu - Vpu) Vi ds(z)
a9 a0
+2 [ Ohu (Aoa(Q)u — au — Oyu)Vads(z) — AQQ(Q)/ (H |u?* 4 2udyu) V, ds(z).
29 o0

- / (IVrul? = (8nu)? + oH [ul? + B(HI; — 2D%b) Viu - Viu — Agq(Q)Hul?) Vi, ds(z),
o0

which concludes the proof.

3.4 Shape derivatives for the eigenvalue problems for composites

3.4.1 Proof of Theorem 2.5

The considered perturbed problem reads

/ ou(z) |[Vo|* dz + a/ v? de(x) + 8 |Vpo|? de(z)
Q. a9, a0,

vEH () / e |U|2d17 )
Q

where 0 := 01Xq, , + 02Xq,, and p; == pi1Xq,, + P2XQ,, With Q1 := ¥ (Q) and Qy; := V;(Q2). The
above can be formulated as

Ma () = ueiﬁfﬁ) Ga(t,u),

with the corresponded functional defined by

1 2
Galt,u) = ( ou(2) [V(wo v )| dz
T oo wrias o

t

+a/ ((wow;M)|* de(@)+ 8 [ |Vr(uow;h)? d<(l‘)>- (3.13)
00

o0

The existence of the semi-derivative M, (2; V') will follow from Theorem|1.1|since it can be shown, similarly
as in Subsection that, for G given by , the hypotheses of the theorem are satisfied. Thus, as
before, we only need to get a suitable expression for 9;Gq(0,u) whenever v is a normalized eigenfunction
for M () since, by the theorem,

MG (Q; V) = inf{9, G (0,u); M () is attained at u}.
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Using the expressions (3.5) and (3.6)), and the previous formulae (3.3) and (3.4), we get
0:Ga(0,u)|,_g = / [0|Vul|?]V, ds(z) + 2/ o1Vu-V(=Vu V) dz
091 Q1

—|—/ oo |Vul?Vy ds(z) + 2/ ooVu - V(=Vu-V) dz
I]9) Qo

+oz</89 (H |u?* 4+ 0yu®) Vi, ds(z) —|—2/

o0

u(=Vu-V) dq(x))
+2 (/ (H|Vrul® +2Vru - Vr(9au) — 2D*b Viu - Vru) V;, do(z)
o0

+2 Vru- (Vr(=Vu-V) 4+ Vu-VrVyn + 0,uVrVy) dg(m))
a0

~ona ([ Vs 2 [ =T v) as

[951
+/ po|ul?Va ds(z) + 2/ pou(—Vu-V) dx) .
o0 Qo
Notice that the eigenmode u does not belong to H?(Q2) due to the jumps of the interface. Therefore, the
function —Vu - V does not belong anymore to H*(£2) and hence cannot be used as test function directly.
However, its restriction to each €2; for i = 1,2 belongs to H2(£;) thanks to the regularity assumptions on

both the outer boundary and the interface. Multiplying (2.5)) by —Vu - V' in each ; and integrating by
parts in ; for 4 = 1,2, then noticing that the jump conditions impose that

— /891 [00hu (—Vu - V)] d¢(x) = /091 oo [(Vu - V)] ds(x) = / oOhu [Opu] Vi ds(x),

IO
we observe that
0= / o1Vu-V(=Vu-V) dr + / 02Vu - V(=Vu - V) dz + / [0(0nu)?] Vi ds(z)
Q1 Qo o

+a/mu(—Vu-V)+ﬁ Vru-Vr(=Vu-V)—-MNq </Ql pu(—Vu-V) d:c-i—/

pau (=Vu-V) dx) .
o0 Q2

Using the above we get

0:Ga(0,u)|,_y = /zm [o|Vul|?]V;, ds(z) + /89 02| Vu|?V, ds(z) — 2/89 [0(0u)?] Vi ds(z)

+ a/ (H [u? + 0yu®) Vi, ds(z)
o0

+ 5(/ (H|Vrul® +2Vru - Vr(0hu) — 2D*b Viu - Viu) V;, ds(z)
[s19]
+ 2/ Vru- (Vu-VeVon 4+ 0,uVrVy,) dg(m))
o

~ona ([ Vs + [l (@)).
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Using the facts that |[Vu|? = |Vru|? + |0,ul? and that both Vru and u have a continuous trace on 99y,
the above may be written as

0Ga01) ), = [ (o 1Vrul? = [0(0,0?) Vo ds(o) + [

(UQ\Vu|2 +a (Hu* + 0,u?) )Vn ds(z)
o ro)

+8 (/ (H|Vrul® +2Vru - Vr(0au) — 2D*0 Viu - Viu) V;, ds(z)
oN

+ 2/ Vru - (Vu - VrVon 4+ 0,uVrVy,) dg(:z:))
oQ

—m(&ﬂM%&@f&mW%M@~

By an integration by parts in the term 2 [, o0 Vru - (OauVrVy) ds(z) which appears in the above equality,
we get

28 Vru - (0quVrVy)ds(z) = —28 divr (OphuVru)V; de(x)
oN o

= =20 (Onu Aru + Vi (Ohu) - Vru)Vy de(x).
o

Hence, using the fact that Vru is orthogonal to n, we obtain

0:Ga(0,u)|,_y = / [0] |[Vru?V;, ds(z) 7/ [0(5‘nu)2] Vi ds(x)

891 691

+/ CTQ|V’U,|2VH dg(:c) + Ol/ (H |u|2 + anu2) Vi dg(:lf)
o0 o0

+ B (/ (H|Vrul® + 2Vru - Vi (0yu) — 2D*b Vru - Vru) V;, de(z)
o0

— 2/ (Onu Aru 4 Vi (0hu) - Vrw)V, dg(a:))
a0

m{&@m%«wﬁ&mW%M@.

We conclude using the boundary condition —BAru + au+ 0,u = 0 on 9 and the fact that O u? = 2ud,u.

3.4.2 Proof of Theorem 2.7]

We will now calculate the sensitivity of Msn () with respect to variations of the domain 2 and of the
interface I'. The perturbed problem then reads

/ o (z) |Vol? dz + a/ v? de(z) + |Vrol? dg()
Moe () = inf L 24, auts
’UEH(Qt) / |'U|2 dg(l’)

o9,

where 0; := g1x0,, + 02Xq,, With Q1= U;(21) and Qy; := ¥;(22). The above can be formulated as

)

Moa () = ueiﬁfﬂ) Goa(t,u),

with the corresponded functional defined by

[ o Vo v deva [ o) d@ 5 [ Vetwo v P dsta)
Q a9, a9,

/meWMm
o0,

GaQ(t, u) =

(3.14)
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The existence of the semi-derivative 9}, (2; V') will follow from Theorem since it can be shown, as
outlined in Subsection that, for Gy given by , the assumptions of the theorem are satisfied.
Thus, as before, we only need to get a suitable expression for 0,Gyn(0,u) whenever u is a normalized
eigenfunction for My () since, by the theorem,

Moo (V) = inf{0;G(0, u); Mo () is attained at u}.

Using the expressions in the previous formulae (3.3)), (3.4) and (3.5, we get

atGaQ(o,u)\t:():/ (| Vul2]Va dq(x)—l—?/ V- V(—Vu- V) dz
891 Q1

—|—/ 02| Vul*V;, ds(x) + 2/ 0oVu-V(=Vu- V) dz
00 Qs

+a</{m (H |u?* 4+ 0yu®) Vi, ds(z) +2/

o0

u(=Vu-V) dc(x))
+ 5(/ (H|Vrul® +2Vru - Vr(9au) — 2D*b Viu - Viu) V;, do(z)
o

+2 Vru- (Vr(=Vu-V)+ Vu-VrVyn + 0,uVrVy) dg(x))
o0

— Moo () (/m (H [u?® + 0yu®) Vi, ds(z) + 2/a u(=Vu-V) dg(m)) .

Q

Multiplying (2.7)) by —Vu -V in each §2; and integrating by parts in §2; for ¢ = 1,2, then noticing that the
jump conditions impose that

_/ [00,u (—Vu - V)] ds(z) = / oOhu[(Vu - V)| ds(z) = / 0Onu [Ogu] Vi, ds(z),
oM 20, 50,
we observe that

0= /91 o1Vu-V(=Vu-V) de+ /Q2 ooVu-V(=Vu-V) dz + /zml [0(0n)?] Vi ds(z)

+ a/ u(=Vu-V)+p Vru - Vr(=Vu - V) — Mo () / u(=Vu- V) de(x).
o9 o9 o0

Using the above, we get

01Goa(0,1)],_y = /8 ([o]|Vrul® = [o(0nu)?] )vn de() + /m (a2|w2 + o (H|uf + 0yu?) )vn de(x)

951
+ 5(/ (H|Vrul® +2Vru - Vr(04u) — 2D*0 Viu - Viu) V;, do(z)
o
+2 Vru- (Vu-VeVon 4+ 0,uVrV,) dg(:r)) —smm(Q)/ (H |u|2 + 6nu2) Vi ds(x).
on oN

Then we conclude similarly as in the proof of Theorem 2.5
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A Appendix

A.1 Technical results

The purpose of this subsection is to recall some auxiliary results or notions used in the calculations of the
shape sensitivity.

Classical shape derivative formulz.
Lemma A.1 (See, e.g., [I3]). Let § > 0. Let a vector field Ve WH*°(RY) and let
U tel0,6)— U, =T+tV € WHe(RY),
Let a bounded Lipschitz open set Q in R and let Q; := Uy(Q) for all t € [0,5). We consider a function f
such that t € [0,0) — f(t) € LY(R?) is differentiable at 0 with f(0) € WHL(RY). Then the function
t€0,0)— F(t) = A ft,z) dz
¢

is differentiable at 0 (we say that F admits a semi-derivative) and we have

F'(0) = £(0,2)Vy ds(2) —|—/ 1/(0,2) du,
By Q

where V, =V -n.
Lemma A.2 (See, e.g., [I3]). Let § > 0. Let a vector field V€ C*°(R%) and let
U :tel0,6) = U, =1+tV e CV(RY).
Let a bounded open set 2 in R% of classe C? and let Q0 := U,(Q) for allt € [0,5). We consider a function g
such that t € [0,6) — g(t) o U, € WH(Q) is differentiable at 0 with g(0) € W21(Q). Then the function

t€10,9) — G(t) = / g(t,x) dz

o,

is differentiable at 0 (we say that G admits a semi-derivative), the function t € [0,6) — g(t)|, € Wh(w)
is differentiable at 0 for all open set w C @ C Q and the derivative g'(0) belongs to W11 (Q) and we have

G'(0) = /a 60.0) + (H9(0.2) + 0,9) Vo) (o)

where V, =V -n and where H is the mean curvature function on 0S).

Some results on the tangential gradient.

Lemma A.3. Given a bounded open set Q in RY of class C? and u € H?(RY), we have
On|Vrul? = 2Vru - (Vr(0au) — D?b Vi),
where b is the signed distance to the boundary OS).

Proof. Let us first notice that 9,II; = 0 and that II;D2b = D?bIl; = D2b, and we underline the fact
that Vru = I[I;Vu. Then we have

On(Vru) = 0,(11gVu) = I1;0,(Vu) and On(Vu) = D*un.
Thus V(0yu) = V(Vu - n) = D?un + Vn Vu = 9,(Vu) + D?h Vu. Hence we obtain
Vr(0nu) = gV (0hu) = 30, (Vu) + MgD*Vu = 9,(Vru) + D?*hVu.

Therefore, we obtain the result since 0, (\Vpu|2) =20, (Vru) - Vru. O

Lemma A.4. Given a bounded open set Q in R% of class C2, V € CY(RY) and u € H2(R?), we have
O (th (uo \I/;l)) ‘t:O = (Vr(=Vu-V)+Vu-VrVyn+ 0,uVrV,)

where Vi, is the normal component V - n of the vector field V.

Proof. We first recall that, since Oiny;—g = —VrV,, we have Ol ), = n® V'V, + V'V, ® n. Hence we
obtain the result noticing that Vru = II;Vu. O

17



Some reminders on I'-convergence. For the convenience of the reader, we recall the definition and the main
property of the I'-convergence. For further details we refer to the book of G. Dal Maso [6].

Definition A.5. (Sequential T'-convergence) A family of functionals {F;}t~o defined on a topological
space X is said to be sequentially I'-convergent to a functional F' as t — 0V if the two following state-
ments hold:

(i) T —liminf inequality: for every sequence {x;} converging to x € X, we have

htgéljrlf Fy(zy) > F(x);

(ii) T'—limsup inequality: for every x € X there exists a sequence {x;} converging to x such that

limsup Fi(x;) < F(x).

t—0+
When Properties and are satisfied, we write F' = I'—lim F;.
t—0+

Proposition A.6. Let F; : X — R be a sequence of functionals on a topological space such that:
(i) F =T-lim F};
t—0+
(ii) sup, Fi(x:) < +00 = {mz} is sequentially relatively compact in X.

Then we have the convergence: inf Fy — inf F' as t — 07 and, every cluster point of a minimizing se-
quence {xi} (i.e. such that Fy(z:) = ing’( Fi(x)) achieves the minimum of F.
S

A.2  Second proof of Theorem 2.5 in the Dirichlet case using the material derivative

In this section, we shall recalculate the expression for Mg, (Q2; V') obtained in Theorem [2.5] while considering
the particular case of Dirichlet boundary condition on 0f2, based on the material derivative approach. We
omit the proof of the existence of the material derivative which is a direct adaptation of the existing works
(see for example [7]). It can be made out from the following calculations that those based on the classical
material derivative method are much more tedious as compared to the calculations obtained in the previous
sections.

A.2.1 First characterization with the material derivative

We use the notations for the problem on the perturbed domain given in the beginning of subsection [3.4.1]
Let u; be a normalized eigenfunctions for Mq(Q;). We set u? = u, o ¥;. The existence of the shape
derivative and of the material derivative of u, and of the shape derivative I, (%; V') are assumed to begin
with and we will perform calculations using them.

The shape derivative Mg, (2; V') can be obtained by deriving the Rayleigh quotient on 2, evaluated at a

normalized eigenfunction uf. In view of the normalization condition / pi lug]* dz = 1, it is enough to

Q4
derive / oi(z) |[Vue|> dz for which we use the Hadamard’s formula. So, arguing similarly as in Proposi-
Q
tion [3.5] we obtain,

MG, (Q; V) :2/

" Vudz o(x) |Vul? z oy | Vu|? x). .
Qa(ac)Vu Vd+A[()|V|}Vnd§()+/QQ 2 [Vul” Vi ds(x) (A1)

This does not give a boundary expression of the shape derivative and also involves v’/ which has to be
characterized through a boundary value problem. This involves several difficulties and so, classically, one
takes the route through the material derivative (cf. [7]).

We have the following variational formulation for the perturbed problem on €

/ ot(x)Vu - Vo do = DJTQ(Qt)/ prugpy da for all @ € Hy ().
Q¢ Q
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So, for any ¢ € H}(Q), by choosing ¢, := @ o ¥, ! and then making a change of variables in the variational
problem y = ¥, (x) we have

/Qa(x) (A(t)Vu') - Vo dz = Mo () /Q pulej(t)de,

by noticing that o, (V;(z)) = o(z) and ps(¥;(x)) = p(x). We set A(t) := j(t)D¥; ! (D\I/t_l)T while recalling
that j(t) = det(DW,). Deriving the equation with respect to ¢t at ¢ = 0 under the integral sign we obtain
that,

/Q o(x) (Vi+ A'(0)Vu) - Vpdz = /Qp (MG (Q; Vu + Ao (Q) (J'(0)u+ 1)) pde. (A.2)

Using the Hadamard’s formula given in Lemma [A7] on the normalization condition

= [ ol do= [ prfuldot [ gl d,
Q, Q¢ Qo t

we obtain

0= [ 2puudes [ pul*Vads(a) + (o1 = po) [ ol Vadito)
Q o0 r
:2/pu’uda:—|—/[p] lul> Va de(a), (A.3)
Q T

since v = 0 on 0.

A.2.2 Rewriting of some terms

Let € H}(©2). Since 4'(0) = (div V) I~ (DV + DV (see, eg., [I6}, Lemma 2.31]), we have in both €,

i = 1,2, where o is constant,
o)A (0)Vu-Vo = oz)(divV)Vu- Ve —o(z) (DV + DVT) Vu - Vi
- div( (0(z)Vu - Vi) v) ~V(0(z)Vu- V)V —o(z) (Dv + DVT) Vu - Vi
- div( (0(2)Vu- V) V) — o(z)V (Vu- V) Vg - o(z)Vu-V(Ve- V).

Moreover

/Qdiv< (o(z)Vu- V) V) dz = /BQ (o(z)Vu - V) Vyds(z) + / [0(z)Vu - V]V, ds(z),

r

and

/ o(x)Vu-V(Ve - V)dx
Q
= —/ dive(z)VuVe - V dz + / o(z)0quVe -V ds(x) + / [o(x)0quVp - V] ds(z)
Q lo)

r
Ma(Q) /Q puVe - -Vdz + /89 o(x)0huVe -V ds(z) + / [0(z)0huVe - V] ds(z).

r

Thus

/Q o(2)A(0)Vu - Vo da = /

(oc(x)Vu - V) Vide(z) — / o(x)0huVe - V ds(x)
o

o0
+ /1‘ [o(x)Vu - V] Vi, ds(x) — /F [o(x)0huVe - V] de(x)

—/U(I)V(VU~V)'V<pdx—9’JTQ(Q)/pqup~de.
Q Q
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Using this equality in (A.2)) and since J'(0) = div V' (see, e.g., [16, Lemma 2.31]), we obtain

/ o(x)Vi-Vedr + / (o(x)Vu - V)V, ds(z) — / o(x)0quVe - V dg(x)
Q o0 o

+ /F [o(x)Vu- Vo] Vyds(x) — /F [o(z)0quVe - V] ds(z) — /ch(x)v (Vu-V) -Vedz

— Mo () /Q puVy -Vdr = /Qp (MG, (4 Vup + Mo () ((divV)u + i) ) da.

Hence

/ o(z) (Vu—V (Vu-V))-Vedz + / (o(z)Vu - V) Vyds(z) — / o(z)OhuVe -V ds(z)
Q a0 o9

=— /1“ [o(z)Vu- V] Vads(x) + /1“ [o(z)0huVe - V] d¢(z)

+Sﬁb(Q;V)/qugpdx—I—EmQ(Q)/qugpdx—l—imQ(Q)/Qp((divV)go—i—Vg@-V)uda?.

Moreover, using the fact that « = 0 and ¢ = 0 on 91,

/p((divV)ap—l—V(pV)udx:/pdiV(<p~V)udx
Q Q
=/ ppVauds(z) + (p1 —pz)/anudc(x)—/pwV-Vudx
00 r Q

:(Pl—02)/F(<P®V)n-udx—/9(<p®v).Vudx:/

[ Vauds(a) - / (V- V) pda,

Q

and since V' = V;n, we have, on I,
—[(o(@)Vu- Vo) Vi + [0(2)0uuVe - V] = = [o(2)] Vi (u) - V(@) Va.
Notice that we have used here the fact that u has no jump on I' and so do Vru. Then
/Qa(x) (Vi —V (Vu-V)) - Vedz
=— /F [0(2)] Vr(u) - Vi (p)Va dg(x) + MG (2 V) /Q pupdz
+ Mo (Q) /Q p e dz + Ma(Q) /F [p] pVau ds(z) — ‘ma(ﬂ)/ p(Vu-V)pds.

Q

A.2.3 Conclusion: characterization with the shape derivative

Since v/ = 4 — Vu -V, we deduce from the above equality that for all ¢ € H{(Q),

/Q o(2)Vu' - Vo de = — /F ()] Vi () - Vi () Vi de ()

+ MG (2 V)/qunpdx—l—?mg(ﬂ)/ﬂpu'godm—HDTQ(Q)/F[p] eVouds(z). (A.4)

Thus, taking ¢ = u and using the normalization conditions / p |u|2 =1 and (A.3),
Q

/ o(z)Vu' - Vudr = —/ [0(2)] |V (u)]? Vi ds () + M (Q; V)
Q r

M) / o] [uf? Vi ds () + Do () / (o] uVou ds(2).
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Then, using (A.1), we can eliminate the volume term / o(z)Vu' - Vu to obtain
Q

MG, (V) :2/

[ 1o@) Vo) Vadsta) = [ [ot@) 90 Vi dste)

_st(Q)/F[p] |u\2Vnd§(x)—/8902|Vu|2Vnd§(x).

Finally, we obtain

N, (0 V) = / lo(@)] [V () Va de(z) — /

: [a(m) |anu|2} Vi de(z)

Mg (Q) / (o] [uf? Vi ds () — /8 2 [Vul Vi de(o),

using the facts that [Vpu] = 0 since [u] = 0 on I and |V (u)]* = |Vrul® + |8,u)®. This concludes the proof
of Theorem [2.5] in the case of Dirichlet boundary conditions.

A.2.4 Characterization of the shape derivative as the solution of a transmission problem

We conclude this section noticing that we can, classically, characterize the shape derivative of the initial
problem as the solution of a transmission problem. Indeed, from (A.4]), we obtain that, for all ¢ € H}(€2),

—/div(o(m)Vu’)godx—i—/[aﬁnu']g@dg(m)
Q r

- / divr ([o] VruWy) ¢ ds(z) + AG (2, V) / pupdr + Ag(2) / pu'pdr + Aq(Q) / [p] pVauds(z),
r Q Q r

and then
[00au'] = divr ([0] VruVy) + Aq(Q) [p] uVi = [o] divr (VruVy) + Aq(Q) [p] uVi.

Moreover, since u; = us on I', we have
uy —uy = (Vuz — Vuy) - V = — [Oyu] Vi,
the last equality being obtained using the fact that Vru; = Vpus. Hence
[u] = — [Onu] Vir.

Finally we classically have
u = —0,uV, on 9N.

Hence we obtain that the shape derivative v’ is solution of

—div (o(x)Vu') = Ag(Q)pu’ + AH(Q, V)pu in (N\w) Uw,
ul = —[0hu]Vy onT,
[conu'] = [o]dive (VruVy) + Aq(Q) [p] uVy on T,
u —OquVy on O0f).
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