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Abstract—This paper proposes a Model Predictive Control
(MPC) for a High Voltage Direct Current (HVDC) inserted
in an AC network, in order to improve the dynamic behavior
performance under input and state non symmetrical constraints.
It proposes to model the HVDC and investigates the MPC to
improve regional performance and stability of HVDC systems
with saturating actuators. More precisely, in this paper sufficient
conditions based on Linear Matrix Inequalities (LMIs) are
derived for stabilization, in the sense of the Lyapunov method.
First, a MPC is designed to mitigate the adverse effects due to
the state and control non symmetrical constraints. The proposed
strategy is then compared with Linear Quadratic (LQ) control
to show the effectiveness of the strategy and validations are
performed using a MATLAB/Simulink software.

Index Terms—Asymmetrical constraint, Fault-Ride-Through,
HVDC, MPC, VSC.

I. INTRODUCTION

High Voltage Direct Current (HVDC) transmission systems

are getting more widely used because there are several advan-

tages for the Voltage Source Converter (VSC) based HVDC

transmission (VSC-HVDC) compared to the conventional,

thyristor based, HVDC. One of the advantages of VSC-HVDC

is that it can supply inductive or capacitive reactive power

to the connected AC system in addition to supplying real

power interchange with the DC link. Moreover, VSC-HVDC

has high speed and high voltage switches [1]. Integration of

the HVDC link in a wide power grid should be considered in

the controller synthesis. Indeed, when inserted into AC grid,

the HVDC regulations have an impact on the neighbouring

AC dynamics, especially on transient stability. To optimize

such impact, the control specification should be enlarged

to AC grid transients [2]. In addition, controller design for

state and actuator constrained VSC-HVDC systems is a chal-

lenging issue. Several authors have presented mathematical

models and control strategies for VSC-HVDC transmission

that include small-signal stability [3], decoupling control in

converter stations using feedback linearisation [4], Linear

Matrix Inequalities (LMI) based robust control [5], [6], and

adaptive control [7]. These papers have not considered the

constraints on physical variables (e.g. converter currents), and

the problem of voltage drops due to AC grid short-circuits,

known as Fault-Ride-Through (FRT), critical in a realistic

power grid.

In many control systems, including VSC-HVDC links, input

saturation is often the cause of performance degradation or

even instability [8]. Hence, stabilization of such systems is

typically achieved by considering the input saturation during

the synthesis of the controller [9], [10].

A powerful method to directly handle constraints, on the

input or on the state, is Model Predictive Control (MPC).

Due to the significant increase of computational power of

microprocessors, the interest on this topic has dramatically

grown over the last decades, including in the field of power

electronics [11], [12]. This method has been applied in [13]

to control a VSC-HVDC, but without considering it inserted

into an AC grid. The case of the separate control of the two

VSC of a HVDC has been adressed in [14]. However, these

two papers kept the 2-loops structure of the vector control,

which causes a significant loss of performance.

This paper proposes a methodology to design an implicit

MPC controller to stabilize in the sense of Lyapunov an HVDC

link inserted into an AC grid, in the neighbourhood of a

linearisation point. This controller will also take the control

and state constraints into account. The main contribution of

this paper lies in the given possibility to tackle constraints,

especially non symmetrical constraints, i.e. not zero-centred.

They emerge when linearising, even if the nonlinear system

had symmetric constraints. Sufficient conditions for stability

and constraints are derived in a LMI framework.

The paper is organized as follows. In Section II, a nonlinear

dynamic model of the VSC-HVDC is introduced. Section III

presents the problem formulation. Then, Section IV proposes

a control strategy based on MPC with state and control con-

straints. In Section V, this strategy is validated via simulation

and compared with Linear Quadratic (LQ) control. Finally,

Section VI reports the conclusions.

II. VSC-HVDC POWER STRUCTURE AND ITS NONLINEAR

DYNAMIC MODEL

A monopolar HVDC system with metallic return is consid-

ered. It has two conversion stations that employ bidirection



three-phased (voltage-source) AC-DC power converters. They

are interlinked by means of a DC cable. The AC grid is

represented by infinite buses and equivalent AC lines. An

AC line parallel to the HVDC link models its insertion in a

single synchronous network. Both VSC of the HVDC link are

represented by an averaged model [15]. The state is assumed

to be observed by an ideal Phase-Locked Loop (PLL). VSC-

HVDC transmission power structure is depicted in Fig. 1. The

control model dynamic equations in dq coordinates can be

given as following:
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where (i1d, i1q) and (i2d, i2q) are the grid currents on d
and q axis, respectively on the left side and the right side.

vDC1 and vDC2 are the DC voltages on the left and right

side respectively. iDC is the DC line current. (β1d, β1q) and

(β2d, β2q) are the controls of the VSC on the left side and

on the right side respectively. Lg1, Lg2, LAC , C1, C2, LDC ,

rDC , E and ω are constant parameters given in Table I.

TABLE I
PARAMETERS OF THE MODEL

Variable Names Constants Values

AC grid inductance Lg1 = Lg2 110 ∗ 10
−3H

AC line inductance LAC 110 ∗ 10
−3H

Grid voltage E 100 ∗ 10
3V

Grid frequency ω 314rad/s
DC capacitor filter C1 = C2 220 ∗ 10

−6F
DC line resistance rDC 1.390Ω
DC line inductance LDC 15.9 ∗ 10−3H

The reactive power of the left side (Q1), and the active and

reactive power of the right side (respectively P2 and Q2) are

given by:

Q1 = 3

4
vDC1(β1qi1d − β1di1q)

P2 = 3

4
vDC2(β2di2d + β2qi2q)

Q2 = 3

4
vDC2(β2qi2d − β2di2q)

(2)

State-space model can be established from (1) as following:

ẋ = f(x, u)
y = g(x, u)

(3)

where x ∈ ℜn×1, u ∈ ℜm×1 and y ∈ ℜp×1. f and g are

nonlinear functions and:

x =
[

i1d i1q i2d i2q vDC1 vDC2 iDC

]T

=
[

x1 x2 x3 x4 x5 x6 x7

]T

u =
[

β1d β1q β2d β2q

]T
=
[

u1 u2 u3 u4

]T

y =
[

vDC1 Q1 P2 Q2

]T
=
[

y1 y2 y3 y4
]T

This control model captures most of the relevant behaviours

of a realistic AC grid, while being simple enough for the

controller synthesis. Thus, the controller depicted in Section

IV could be applied to a large-scale grid by identifying the

control model’s equivalent parameters of this grid.

III. PROBLEM FORMULATION

The objective is to design a MPC controller based on LMI

for HVDC transmission systems in order to:

1) Consider the state and control constraints, i.e., rewrite

(3) as:
ẋ(t) = f(x(t), sat(u(t)))
y(t) = g(x(t), sat(u(t)))

(4)

where,

sat(u) =











umin if u(t) ≤ umin

u(t) if umin ≤ u(t) ≤ umax

umax if u(t) ≥ umax

(5)

, umin = −1, umax = 1 [15] and the state constraints

are, by squared approximation:

−2000A ≤ x1 ≤ 2000A
−2000A ≤ x2 ≤ 2000A
−2000A ≤ x3 ≤ 2000A
−2000A ≤ x4 ≤ 2000A
300kV ≤ x5 ≤ 380kV
300kV ≤ x6 ≤ 380kV

−2000A ≤ x7 ≤ 2000A

(6)

Notice that the constraints on x5 and x6 are non

symmetrical. Moreover, this problem will arise for all

the constraints, on control and on state, during the

linearisation detailed in section IV.

2) Control the DC voltage for VSC on left side (y1=vDC1),

active (y3=P2) and reactive powers (y2=Q1, y4=Q2) to

their set points, i.e. yi (i = 1, 2, 3, 4) tracks its reference

value yi,ref . Hence, the tracking error ǫ approaches zero

when the time tends to infinity, with ǫi = yi − yi,ref .

3) Provide sufficient robustness to improve stability against

a fault in the neighbour AC zone. This FRT robustness is

quantified by the maximal default time that the controller

can handle without losing stability, denoted here tFRT .

IV. PROPOSED MPC WITH STATE AND CONTROL

CONSTRAINTS STRATEGY

An MPC controller is now synthesized to fulfil objectives

listed above. First, a linearised, augmented by integrators con-

trol model is established. Then, a MPC controller is designed

to satisfy a desirable nominal performance by considering state

and control constraints in a LMI formalism. The sufficient

conditions for stabilization in the sense of Lyapunov stability



Fig. 1. VSC-HVDC embedded into AC grid.

are also formulated using LMIs. Finally, the non-symmetrical

constraints due to the linearisation are taken into account by

an additional algorithmic layer.

A. Control Model

In the neighbourhood of an equilibrium point, denoted by

(0), the state and the output of the system can be described

by the following linearised state space model:

Ẋ = AX +BU
Y = CX +DU

(7)

where:

X = x− x0

Y = y − y0
U = u− u0

(8)

and A,B,C and D are suitable matrices.

In order to force to zero the steady-state tracking error,

we add new states which corresponds to the integral of the

tracking error ǫ. Therefore we define ζ =
(

ζ1 . . . ζ4
)T

where ζi =
∫

ǫidt (i = 1, 2, 3, 4). Note that:

ǫi = Yi − Yi,ref (9)

where Yi,ref = yi,ref − y0,i
The augmented by integrators state space model is deduced

by the equations below:
{

Ẋa = AaXa +BaUa

Ya = CaXa

(10)

where:


































Xa =

(

X

ζ

)

Aa =

[

A 0

C 0

]

Ua = U Ba =

[

B

D

]

Ya = X Ca =
[

In 0
]

(11)

The constraints defined in (5) are symmetrical, i.e. |umin| =
|umax|. However, the shifting (8) of the input resulting from

the linearisation implies non symmetrical constraints on the

new input:

Ω = {U ∈ ℜm×1/ Umin ≤ U ≤ Umax;
Umin ∈ ℜm×1, Umax ∈ ℜm×1}

(12)

Idem for the states, most of which are also initially symmet-

rically constrained (6). They are constrained in the augmented

model via its output:

Θ = {Y ∈ ℜp×1/ Ymin ≤ Y ≤ Ymax;
Ymin ∈ ℜp×1, Ymax ∈ ℜp×1}

(13)

where,

Umin = umin − u0

Umax = umax − u0

(14a)

Ymin = ymin − y0
Ymax = ymax − y0

(14b)

The system is then sampled with a sample time of 0.2ms.

The resulting matrices, which are the one used in the MPC

controller, are denoted by the indices (s).

B. Proposed MPC Controller Strategy

The objective of this subsection is to design a controller

that stabilizes the system (4), with respect to input and state

constraints, while having a null steady-state tracking error. The

proposed strategy is based on [16]. The closed-loop system

with MPC controller is depicted in Fig. 2. This controller is

defined as following:

Us(k) = F (k)Xs(k) (15)

where k the discrete step and F is the controller gain.

To obtain F , the following criterion is minimized to ensure

reference tracking:

J∞(k) =
∑

∞

i=0
ζs(k + i|k)TSζs(k + i|k)

+Us(k + i|k)TRUs(k + i|k)
(16)

where S > 0 and R > 0 are weighting matrices for the

tracking error and the control effort respectively. The control

law also enforces the constraints stated in (5) and (6). Thus,

the closed-loop system at step k is the following:

Xs(k + 1) = (As +BsF (k))Xs(k)
Ys(k) = CsXs(k)

(17)

The main results for the global asymptotic stability of the

MPC (15) with constrains on the states and the control inputs

are summarized in the following theorem:



Fig. 2. Overall HVDC embedded into AC grid system schematic diagram
with MPC, saturation of the input and integral of tracking error.

Theorem. The control law (15) that stabilizes the HVDC

embedded into AC grid (4), holds the state constraints (6) and

the inputs constraints (5), and makes the steady-state tracking

error approach zero when the time tends to infinity is obtained

by solving at each discrete step :

min
γ,Z,Y,W

γ (18)

subject to,

Z ≥ 0 (19a)
[

1 ⋆
Xs(k) Z

]

≥ 0 (19b)









Z ⋆ ⋆ ⋆
AsZ +BsY Z ⋆ ⋆

Q
1

2Z 0 γIn ⋆

R
1

2Y 0 0 γIm









≥ 0 (19c)

[

W ⋆
Y T Z

]

≥ 0, Wii ≤ U2

sat,i (19d)

[

Z ⋆
Cs,j(AsZ +BsY ) Y 2

sat,j

]

≥ 0 (19e)

where i = 1, . . . ,m, j = 1, . . . , n, ⋆ symbol denotes

symmetry of the matrix. γ, Z, Y , and W are decision variables

obtained by solving the minimization problem,
Cs =

[

Cs,1 . . . Cs,n

]

Usat =
[

Usat,1 . . . Usat,m

]

Ysat =
[

Ysat,1 . . . Ysat,n

]

and Q is block diagonal, where the last block is S, and the

others are zeros. F is obtained by:

F = Y Z−1 (20)

Usat and Ysat are obtained using a support controller [17],

which principle is described below. This controller aims at

selecting at each step the saturation value. Due to the asym-

metry of the constraints, this value has to change depending

on the sign of the involved control or output. Since these signs

are calculated using the saturation values, they have to be

estimated a priori. First, the support controller gain Fsup is

designed by the following off-line minimization problem:

min
Zsup,Ysup,Wsup

tr(−Zsup) (21)

subject to,
[

Zsup ⋆
AsZsup +BsYsup Zsup

]

≥ 0 (22)

(19a), (19b), (19d), (19e) (23)

where Zsup, Ysup and Wsup are decision variables obtained

by solving the minimization problem and Xs(k) = Xs(0).
Fsup is given by:

Fsup = YsupZ
−1

sup (24)

Then, Û and Ŷ , which are estimations of the future controls

and outputs, are calculated before each on-line optimization as

follows:

Û(k) = FsupXs(k) (25)

Ŷ (k) = Cs(As +BsFsup)Xs(k) (26)

Lastly, Usat and Ysat are defined according to the following

switching functions:

Usat,i(k) =

{

Umin,i if Ûi(k) < 0

Umax,i if Ûi(k) ≥ 0
(27a)

Ysat,i(k) =

{

Ymin,i if Ŷi(k) < 0

Ymax,i if Ŷi(k) ≥ 0,
(27b)

Proof. In order to carry out the analysis for proposed MPC

strategy, the closed-loop system (17) should be obtained first.

Let us consider the following quadratic Lyapunov candidate

function V :

V (x(k)) = x(k)TPx(k), P > 0 (28)

If we define:

Z = γP−1 (29)

and try to minimize V and the criterion (16), then, the LMIs

(19a),(19b) and (19c) in provide sufficient conditions [16].

If the LMI (22) is feasible, then the constraints (12) and

(13) hold [17].

From (8), (14a) and (14b),

Umin ≤ U ≤ Umax

⇔ umin ≤ u ≤ umax
(30a)

Ymin ≤ Y ≤ Ymax

⇔ ymin ≤ y ≤ ymax
(30b)

Thus the constraints (6) and (5) hold.

V. SIMULATIONS AND RESULTS

In this section, we apply our results to HVDC (3).

A. Simulation 1: Proposed strategy validation subject to

change of operating point

The first simulation studies the response of the closed-loop

system to successive steps of each reference, and compares

it with the response of the same system controlled by a

LQ regulator. The system is at an equilibrium point at the

beginning of the simulation, with:

x =
[

−747 −476 749 −476 320e3 321e3 −312
]T

u =
[

0.522 0.053 0.521 −0.054
]T

y =
[

320e3 50e6 100e6 50e6
]T



The steps are at time 1ms, 2.5s, 5s and 7.5s, respectively

on the outputs vDC1, Q1, P2 and Q2, with steps magni-

tudes of 15kV , 2.5MVAR, 5MW and 2.5MVAR. The

two controllers are tuned so their 95% response times are

approximatively the same for each output, here 50ms for

vDC1, 23ms for Q1, 15ms for P2 and 23ms for Q2, which are

the dynamics expected for VSC-HVDC. This similar tuning

allows a fair comparison. The similarity of the response is

shown for vDC1, Q1 and P2, on respectively Fig. 3, 4 and 5.

MPC and LQ have comparable responses for a similar tuning.

B. Simulation 2: Proposed strategy validation subject to a

short-circuit and constraints on both the state and the control

The second simulation studies the response of the MPC to

a short-circuit at t = 0.1s located at a 30% distance from

the left converter on the parallel AC line. The MPC controller

is tuned as in Simulation 1, and the initial equilibrium point

is the same. The tFRT for this short-circuit and the MPC

controller is tFRT (MPC) = 450ms. Responses to a 450ms
short-circuit of the control actions, currents and vDC1 are

respectively shown in Fig. 6, 7 and 8. The diverging response

of the currents for a 455ms short-circuit is shown in Fig. 10.

The respect of the constraints, even during a short-circuit,

is noteworthy. See e.g. the responses of the currents or vDC1.

Notice important oscillations just after the end of the fault,

due to constraints. Small short overshoots of about 50A
are however to mention for i1q . This may be due to the

difference of the output linear estimation of the MPC and the

nonlinearities of the system. Another possible consequence to

these nonlinearities is the long response of the MPC before

reaching steady-state after the end of the short-circuit, of

approximatively 1.25s.

For comparison, the tFRT of the LQ controller tuned as

in Simulation 1 is tFRT (LQ) = 16ms. Notice that, aside

from inputs saturation, constraints are not considered in the

LQ synthesis done here, causing quickly a great distance to

the operating point and thus its incapacity to reach steady-state

post-fault. vDC1 for 16ms and 17ms short-circuits is shown

in Fig. 9.

Hence, the MPC shows a good robustness against short-

circuits.
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Fig. 9. DC voltage during a 16 and 17ms short-circuit.

VI. CONCLUSION

In this paper, stabilization of HVDC system embedded into

an AC grid with restricted states and controls is studied.

A MPC controller, a typical approach to handle constraints,

was designed for the HVDC system. Sufficient conditions for

stabilization are formulated in the format of LMIs. Additional

conditions are formulated to handle non symmetrical con-

straints on the control and the state, still in the LMI framework.

The advantage of this method is allowing the use of an

MPC for any equilibrium point for linearisation, despite the

resulting asymmetry of the constraints. The design scheme was

applied to the stabilizing control of the HVDC inserted in the

AC grid. The simulation results proved the effectiveness and

tracking performance of the proposed controller in controlling

HVDC systems with inputs and states constraints, and a good

robustness against AC grid short-circuits. Further research will

be focused on improving post-fault response, and robustness

against parameters uncertainties in order to apply the control

to large-scale AC grids (e.g. the France-Spain grid [2]). This

can be done by fuzzification (e.g. [6]).
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