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CONSTRUCTION OF A TWO-PHASE FLOW WITH SINGULAR ENERGY BY
GRADIENT FLOW METHODS

CLEMENT CANCES AND DANIEL MATTHES

ABSTRACT. We prove the existence of weak solutions to a system of two diffusion equations that
are coupled by a pointwise volume constraint. The time evolution is given by gradient dynamics
for a free energy functional. Our primary example is a model for the demixing of polymers, the
corresponding energy is the one of Flory, Huggins and deGennes. Due to the non-locality in
the equations, the dynamics considered here is qualitatively different from the one found in the
formally related Cahn-Hilliard equations.

Our angle of attack is from the theory of optimal mass transport, that is, we consider the
evolution equations for the two components as two gradient flows in the Wasserstein distance
with one joint energy functional that has the volume constraint built in. The main difference to
our previous work [6] is the nonlinearity of the energy density in the gradient part, which becomes
singular at the interface between pure and mixed phases.

1. INTRODUCTION

We show existence of non-negative solutions to the following coupled system of diffusion equa-
tions:

Orer = div(mier Vi), (1la)
Orco = div(macaViue), (1b)
¢4 =1, (1c)
= pe = —f'(c)Af(e1) + x(5 — @), (1d)

on a bounded and convex domain  C R? in the plane (d = 2) or physical space (d = 3) with smooth
boundary 0f). Solutions are subject to no-flux and homogeneous Neumann boundary conditions
n-(a1Vpr) =n- (caVue) =0, (2a)
n-Vclzn-VCQ:O (2b)
on Jf) and to the initial conditions
c1(0)=¢}, e2(0) = e, 3)

with initial data ¥, 9 : © — [0, 1] satisfying the constraint . The mobility coefficients mq,mo >
0 and the parameter x > 0 are given constants, and the function f : [0,1] = R in is assumed
to satisfy:

Assumption 1. f is continuous on [0,1], it is smooth on (0,1) with f'(r) > 0 there, it satisfies
f'(r) = +oo for r L 0 and for r + 1, and the function 1/(f')? is concave on (0,1). Moreover, f(r)
is point-symmetric about r = 1/2, i.e., f(1 —r) = —f(r) for allr € [0,1].

This research was supported by the DFG Collaborative Research Center TRR 109, Discretization in Geometry
and Dynamics and by Labex CEMPI (ANR-11-LABX-0007-01).
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2 CLEMENT CANCES AND DANIEL MATTHES

Systems of the type are widely used as models for spinodal decomposition. Particularly, the
choice of f below describes the demixing of two polymers, see e.g. [9] 10} 20].

An f satisfying Assumption [I]is singular in the sense that it has infinite slope at the boundary
of [0,1]. It is this behaviour which makes the analysis of the problem at hand significantly more
challenging than the corresponding Cahn-Hilliard problem with f(r) =r — % that the authors have
considered recently with Nabet [6]. In the current paper, the example of primary interest is

f(r) =arcsin(2r — 1), with =r(l—r). (4)

1
fr(r)?
An alternative admissible choice for f is f(r) = r7 — (1 —r)Y with £ <~ < 1. Note that these
functions interpolate between the linear function f(r) = 2r — 1 at v 1 1, corresponding to the
Cahn-Hilliard model, and a function with square-root singularities like in at v = %

The role of f is best understood as follows: there is a dissipated free energy functional for ,
which is given by

Elernen) = 7 [ (VH)P +1VI (@) +2xercs) do (5)

Assumption [I] guarantees that the gradient parts, i.e.,
¢ / V() de,
Q

are convex functionals. Consequently, £ is of the form “convex plus smooth”. With the choice ,
£ is referred to as Flory-Huggins-deGennes-energy.

We remark that thermal agitation effects can be incorporated into the model by augmenting the
energy () with the mixing entropy

0/ (c1loger + ez loges) da, 0> 0.
o

Here we are concerned solely with the so-called deep-quench limit § = 0, which is analytically the
most challenging case. Indeed, thermal effects introduce additional diffusion to the problem which
provide more regularity.

1.1. Local versus non-local dynamics. In dimensions d > 1, there is a subtle difference between
the “non-local” model under consideration here and its “local” reduction in the sense of de Gennes
[9). That difference, and its consequences on the long time asymptotics of solutions, have been
discussed in detail in [20]. For the local model, one strengthens the constraint by requiring
annihilation of the fluxes of ¢; and ¢y (and not only the divergences of these fluxes), i.e.,

m101Vu1 + mQCQV,LLQ =0. (6)

This condition is stronger than the original constraint in the sense that the system consisting

of , , , and @ propagates in time. Moreover, @ allows to eliminate uo from ,

and the system then becomes equivalent to one single evolution equation of fourth order for ¢;; in
the case m; = my = 1, it reads

drer = — div (ea(1 = e1) V[ (c)Af (1) + x(e2 — 3)]). ™

There seems to be no way to reduce the original system to a single differential equation in a
similar fashion. The reduction that comes closest to — still in the case m1; = mg = 1 — is the
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following non-local equation, taken from [20],

dyer = —div (et P{(1 — c1) V[f'(c1)Af(er) + x(er = %)} 1), (8)

in which P is the Helmholtz projection onto the gradient vector fields. More explicitly, one combines
with the following elliptic equation for py:

A =div (1= )V () Af(er) + x(er — 1]), 9)

which is easily derived by adding and , and using that 0;(c; + ¢2) = 0 because of .
Despite all the advantages that the reduced equation might have, the original two-component
formulation is the significant one for our existence analysis.

The less restrictive constraint provides more flexibility for the fluxes than @ This effect
is measurable on the level of energy decay, which is significantly faster in the non-local model
than in the local model (7). Numerical evidence of this fact has been presented in [7, [6] in the
Cahn-Hilliard case. On the theoretical side, the dynamics of @ and of have been compared in
[20] in the sharp interface limit: this is where ¥ is large and the considered time scale is proportional
to x. Then the values of the solution c¢; are concentrated around zero and one, and the interfaces
in between these pure phases become sharper the larger x is. It turns out that the long-time
asymptotics of the interfaces in and in are different: while is asymptotically equivalent
to (the slower) surface diffusion, (8]) leads to (the faster) Hele-Shaw flow. We refer to [12] for a recent
mathematical study of the interface dynamics inside the framework of optimal mass transport.

1.2. Gradient flow structure. Similarly as in our recent paper [6], we take the interpretation of
(1)) as a metric gradient flow as starting point for the existence analysis. More specifially, we use the
gradient flow structure to construct time-discrete approximations of the true solution ¢ by means
of the minimizing movement scheme, derive a priori estimates on the approximation by variational
methods, and finally pass to the time-continuous limit. We emphasize that the interpretation of
as gradient flow motivates the aforementioned procedure, but we are not going to verify that
solutions to are curves of steepest descent in a rigorous way.

The potential E of the flow under consideration is essentially the system’s free energy & from
, however, modified such that the volume constraint is built in:

E(c) =Ei(c1) + L 4e=1(c), Ei(c1) = %/Q|Vf(cl)|2 dx + %/ch(l —c1)da. (10)

Above, I, 1.,=1 denotes the indicator function that is zero if the constraint ¢; + co = 1 is satisfied,
and is 400 otherwise. E’s “gradient” is calculated with respect to a metric d that combines the
squared L2-Wasserstein distances of the components ¢; and c,. More specifically, on the space

][cldx—pl,][Cde—pg}, with plzfc?dle—pg, (11)
Q Q Q

we introduce the metric d by (see Section [2] below for the definition of W)
W (é4.¢ 2 W(és. ¢ 2
d(é, é)Z — (clvcl) + (62,62) ] (12)

my ma
In the eyes of the metric d, the two components of ¢ are independent, and the constraint ¢; +co = 1
is enforced only by means of the energy. This way, the metric d inherits all of the established
properties of the L?-Wasserstein distance. In comparision, to the best of our knowledge, very little
is known about the metric that would result by including the constraint already in its definition;
see, however, [3].

Xinass = {c : Q — [0, 1]2
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1.3. Estimates. There are three essential a priori estimates that play a role in our existence proof
for . The first two are consequences of the gradient flow structure outlined above: first, the
energy is non-increasing in time, and in particular, E(c(t)) < E(c?) for each ¢t > 0. This ensures
validity of the constraint , and provides a priori estimates of ¢; and f(c;) in L>(0,T; HY()).
Second, the curve ¢ is L2-absolutely continuous in time with respect to d, that is, both components
¢; are absolutely continuous in W. That means that the kinetic energy densities ci| Vi |?
see the continuity equations & — are integrable in space and time. This provides a priori
estimate on /¢;Vy; in L*(Qr).
The third estimate is related to the dissipation of an auxiliary functional, namely the entropy:

H H .
= (c1) + (62), where H(¢;) = / ci(loge; — 1) + 1da. (13)
mq mo Q

H(c)

Indeed, it follows from a formal calculation given below in that H’s dissipation can be estimated
in the form

d 1 2
—CH() > o /Q (Af(er)’ de — M, (14)
with some constant M > 0 that is independent of the specific solution ¢. This provides an a priori

estimate on f(c1) in L (Rso; H*(£2)), which is our main source of compactness.

1.4. Reformulation of the equations. A key element in our existence analysis is a very particular
weak formulation of the system , which is taylored to the special nonlinearity under consideration.
In the Cahn-Hilliard case, where f is smooth up to the boundary, it is possible to define a proper
notion of phase chemical potential p; even when the corresponding phase vanishes, ¢; = 0, see [6].
This approach does not extend easily to the case of singular f’s considered here. Our ansatz is to
substitute the bare potentials p1 and po, which are difficult to analyze, by auxiliary quantites ¢;
and gy given in below.

Some notation is needed: by Assumption [l|on f, there exists a continuous w : [0,1] — R with
w(0) = 0 that is smooth and positive on (0, 1] such that

L ww(—r) for0<r<1 (15)
e w(r)w r) for0<r<1.

For notational convenience, we further introduce the continuous function « : [0,1] — R with
a(0) = 0 and «a(r) = r/w(r) for r € (0,1]; continuity at » = 0 is a consequence of the assumed
concavity of r — W = w(r)?w(1 — r)2. For f from (), one may choose w(r) = /7, and then
finds that a(r) = /r as well.

The auxiliary quantities that replace u; and us are

@ =w(er) p1, g2 =w(c) po. (16)

The ¢; are much better behaved than the u;, since they vanish by definition when ¢; does since
w(0) = 0. Accordingly, the continuity equation is interpreted in the following way:

ey = div (m101V Lj(q;)D = my div (v [Clw(qcll)] — Ve w(qcll)> an
=my div (V]a(er1)qa] — w(e2)Vf(er) q1),
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and similarly for (1b)). Concerning the constitutive equation ([1d)): after multiplication by 1/f’(¢1),
it can be reformulated in in terms of the ¢; as

w(er)ge — w(ce)qr = Flar] := Af(cr) + xw(er)w(ca) (01 — %) , (18)

which makes perfectly sense in view of the L?(Qr)-regularity of Af(cy).

The significance of the formulation is that the right-hand side can be interpreted in the
sense of distributions as soon the product g1V f(cy) is well-defined. Since f(c1) € L?(0,T; H*(2))N
L>(0,T; H'(2)) thanks to the a priori estimates, we have V f(c1) € L*>(Qr) by interpolation (recall
that d < 3), and so it is sufficient that ¢; € L3/2(Q7). That latter is deduced by means of the
representation

@1 = w(e)fi+ a(ez)Fle], (19)
in which i = ¢y + copte = ae1)q1 + aca)go is an average chemical potential. The quantity §[cq]
is bounded in L?(Qr) thanks to the main a priori estimate; a bound on ji is obtained from the
following representation of ji’s gradient:

Vi =1V + Vg + Ve (un — p2) = Ve (Ve Vi) +ea (Ve Vi) + Vi(e) §lal,  (20)

in which the first two terms are controlled thanks to the L?(Qr)-bound on /¢;Vp;, and the last
term is controlled by a combination of the L (0,T; H!())-bound on f(c;) and the L?(27)-bound
on Af(cy). This provides an estimate of fi in L2(0,T; WH1(Q)) < L3/2(Qr), and thus also the
desired bound on ¢; via .

1.5. Main result. In the following, C25,(R>o % €2) denotes the space of all test functions § €
C>(Rx>g x ) such that £(¢,-) = 0 for all ¢ > 0 outside of some compact time interval I C R,
and for which £(¢;-) satisfies homogeneous Neumann boundary conditions at each ¢ > 0.
Our main result is the following.
Theorem 1. Let initial data c® = (9,¢3) with &) +¢§ = 1 and f(?), f(5) € HL(Q) be given.
Then there exists ¢ = (c1,c2) : Rsg x Q — [0,1]2 with the following properties:
e regularity in time: c1,co are Hélder continuous with respect to time as a map into L*().
e regularity in space: c1, ¢z, f(c1), f(c2) € L®(Rs0; HY(Q)) and f(c1), f(e2) € L2 (R>o; H?(2))
e boundary conditions: ¢;(t),ca(t) satisfy the homogenous Neumann conditions at a.e.
t>0
e initial conditions: ¢;(0) = ¥, ¢2(0) = ¢3.
c is accompanied by q = (q1,q2) : Rso x Q@ — R? with q1,q2 € L3/2(Q7) for each T > 0, such that
the system 1s satisfied in the following sense:

0= / / [atg c; +miq; (a(cl-) AL+ w(l —¢;) V() Vf)] dz dt (21a)
o Ja
fori=1,2 and all test functions & € CZ,(Ro x Q),
l=c +cy a.e. on R>p x Q, (21b)
w(er) gz —wl(e2) n = Af(er) + %(01 — co)w(er)w(e2) a.e. on R x Q. (21c)

Notice that the no-flux boundary conditions are encoded in the weak form of the
continuity equations &: since the test function £ is only supposed have vanishing normal
derivative, but still may attain arbitrary values on 0f2, a formal integration by parts in
produces a weak form of .
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1.6. Plan of the paper. In Section [2| below, we give a very brief summary of the relevant results
from the theory of optimal transportation that are needed in our proof of Theorem [I| In Section
[3l we describe the construction of the time-discrete approximate solutions, and we derive a priori
estimates in Sections[4 and [ on the approximate volume fractions ¢ and phase potentials g respec-
tively. Finally, in Section [6] we pass to the time-continuous limit, obtaining a weak solution in the
sense of Theorem [1

1.7. Notation. When we write in the following that some constant depends only on the parameters
of the problem, then we mean that this constant can in principle be expressed in terms of the factor
X, the mobilities mq, ms, the averages pi, p2 from , properties of the function f, and geometric
properties of the domain 2.

2. PRELIMINARIES FROM THE THEORY OF OPTIMAL TRANSPORTATION

In the section, we briefly recall three alternative definitions of the L2-Wasserstein distance W; in
the proof of our main result, we need all three of them. For more information on the mathematical
theory of optimal mass transportation, we refer to the monographs [24] 25| [22]. Below, we assume
that pg, p1 : & — [0, 1] are two measurable functions of the same total mass,

[ @ o= [ o).

In this case, the definitions are all equivalent.

2.1. Monge characterization. One says that a measurable map T : 2 — €) pushes py forward to
p1, written as T#pg = p1, if

/ O(z)p1(x)de = / O oT(y)po(y)dy for all © € CO(Q).
Q Q

The Monge characterization of the L2-Wasserstein distance between pg and p; is given by
W) = int [ [T(a) = afpo(z) da. (22
TH#po=p1 J

where the infimum runs over all measurable maps T': 2 — Q with T#pg = p1. In the situation at
hand, the infimum in is actually a minimum. It is attained by an optimal transport map Topt;
the optimal map is uniquely determined on the support of pg.

2.2. Kantorovich characterization. A Borel measure v on the product space 2 x Q is called a
transport plan from pg to p; if the latter are the marginals of v, i.e.,

/thp(x) dy(z,y) =/Q<p(fv>po(w) dz, Y(y) dy(z,y) =/Qw(y)p1(y) dy,

for all ¢, € C°(Q). The set of all such transport plans is denoted by I'(pg, p1). The Kantorovich
characterization of W amounts to

W(p07p1)2 = inf / ‘x_y|2d7(a’“7y)a
YET(po,p1) JaxQ

QxQ

and the infimum is attained by some optimal plan 7,p. In the situation at hand, vyop¢ is unique.
Moreover, it is concentrated on a graph: 7opt’s support is contained in {(z, Topi(x))|z € Q} C A xQ,
where Tyt is an optimal map from the Monge characterization.
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2.3. Dual characterization. The dual characterization of the Wasserstein distance is given by

W= s ([ o+ [ vwma). (23)

@)+ (y)< 5 lz—y|?

where the supremum runs over all potentials ¢, € C°(Q) satisfying ¢(z) + ¥(y) < 3|z —y|>. The
infimum is attained by a pair of globally Lipschitz functions (@opt, ¥opt), Which are referred to as
Kantorovich potentials. The potentials are related to the optimal Monge map Topy via Topt(x) =
% — Vs (2).

There are always infinitely many pairs of Kantorovich potentials, since the value of the function
and the constraint are invariant under the exchange of a global constant, i.e., ¢ ~» ¢ + C' and
1 ~> ) — C for any C € R. On the other hand, if at least one of the two densities pg and p; has
full support, then this global constant is the only degree of non-uniqueness.

3. TIME-DISCRETE APPROXIMATION VIA MINIMIZING MOVEMENT SCHEME

As explained in Section the problem f can be interpreted as the gradient flow of the
singular energy E with respect to the metric d on the space Xy,.ss. In view of that structure, a
natural approach to construction of solutions to is the time-discrete approximation by means
of the minimizing movement scheme. This approach has been proven extremely robust, and has
been applied for existence proofs in linear and nonlinear Fokker-Planck equations [13] 2], non-local
aggregation-diffusion equations [4], 8] [14] 26], doubly non-linear and flux-limited equations [, [19],
fourth order quantum and lubrication equations [IT} 18] 15, 7], multi-phase flows [16] 5 6] and
many more settings.

In addition to approximations of the volume fractions c¢; and ¢y, we also need to construct
approximations of the auxiliary quantities ¢; and ¢2. These will be obtained from the Kantorovich
potentials for the optimal transport of the volume fractions between time steps. In order to ensure
that these potentials are well-defined (up to a global additive constant), we regularize the minimizing
movement scheme by modifying the volume fractions in the previous time step such that both
have full support. This removes the ambiguity in the definition of the Kantorovich potentials, as
explained in Section 2.3

Throughout this section, let two parameters be fixed: a time step size 7 > 0, and a positivity
regularization § > 0. We assume that 7 and § are related as follows:

5 <72 (24)

Recall the definitions of the energy functional E from and of the metric d from on the
space Xpass- Recall further the definition of the averages p; and ps in , and introduce the
regularization [¢]s = ([c1]s, [c2]s) of a ¢ = (c1,¢2) € Xinass DY

With these notations at hand, define for given ¢ € X ;.55 a variational functional in ¢ € X .55 by
_ 1 N
E.s(c;e) = Ed(q [c]s)” + E(c). (26)

At each instance of discretized time ¢ = n7, an approximation (¢", g") of (¢(t), q(t)) is constructed
as follows. Starting from the given initial condition ¢, each ¢” is inductively chosen as a global
minimizer of E; 5(-;¢" 1), ie.,

c" € argmin E, 5(c;c"1). (27)
c € Xmass
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Solvability of that minimization problem is shown in Lemma [1| below.

The accompanying auxiliary quantities ¢* and ¢ are obtained as follows. First, let (o7, ¥})
and (%, %) be two pairs of Kantorovich potentials for the respective optimal transport of [cI'']5
to ¢'; since [0?71}5 > dp; on £, these pairs are unique up to addition of global constants. These

constants are normalized by requiring
/ [m n m] a0 [ [% S ( - 2)] W) dr =0 (28)
From the 97, define the rescaled pair of potentials p™ = (uf, %) via

n n

no.__ wl no.__ ¢2
:u’l L 9 /’(/2 T )
miT moT

and finally q™ = (¢}, ¢%) is given — as indicated in — by
qi = w(el)uts gz = w(cy)us.

Lemma 1. Given initial data c® as in Theorem the minimization problem for ¢™ can be solved
inductively, leading to infinite sequences (€™ )pen and (q")nen. The € satisy the constraint

ey =1 (29)

Proof. Inductive solvability of the minimization problem follows by the direct methods from the
calculus of variations. Indeed, it suffices to observe the following about the functional E, s(-;¢"~1),
considered as a map from Xy,.¢s With the topology of L?(£2;R?) to the extended non-negative real
numbers:

e It is bounded below (in fact: is non-negative) and is not identically +oco (e.g., is finite at

c" ).

e It is coercive: if " is a sequence in X ass such that ET75(ék; " 1) is bounded, then in par-
ticular [, |V f(})|*> dz is bounded, i.e., f(¢}) is bounded in H'(£2). Rellich’s compactness
theorem now implies strong convergence of a subsequence f (E’f/) in L?(Q), and thanks to the
properties of f, also & itself converges in L(2). Finally, since finiteness of E, 5(&";¢" 1)
implies that & = 1 — &, convergence of & follows as well.

e It is lower semi-continuous. To see this, let " bea sequence in X .65 that converges to ¢* in
L2(9;R?). Convergence of d(&*, ¢~ 1) and of Jo, & (1—¢%) da towards their respective limits
is immediate. On the other hand, it follows by continuity of f that also f(¢}) converges to
f(@}) in L*(Q). And so,

lim in / V) e > / V@) dx
k—>oo Q Q

is a consequence of the lower semi-continuity of the H!(2)-norm on L?(Q).
The relation holds since each minimizer ¢" has a finite energy. |

4. A PRIORI ESTIMATES ON THE VOLUME FRACTIONS

The ultimate goal is to obtain solutions ¢ and q of the weak formulation as appropriate
limits of the time-discrete quantities ¢ and g™ for 7 | 0 and § | 0. In this and the next section,
we establish the a priori estimates that eventually provide sufficient compactness for performing
the limit. As indicated in the introduction, there are three essential estimates: the first two,
given in Lemma [2] right below, follow almost immediately from the gradient flow structure. These
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two estimates are sufficient to conclude the weak convergence of the volume fractions. The third
estimate, given in Lemma follows from the control on the production rate of the entropy H.
It provides strong convergence of the volume fractions and indirectly — see Section below — also
weak convergence of the auxiliary functions.

Lemma 2. There is a constant K, only depending on the parameters of the problem, such that for
all N=1,2,...

N e 2
E(c) + g; <w> <E(") + %NT. (30)
Consequently, for all indicesn < N andn <n < N,

IVF(eD)|2: <2B(c®)+ KN7,  foralln=1,2,...,N, (31)
d(c”, c®) <2 (E(c”) + KNT)% (r(m— Q))% foro<n<m<N, (32)
&7 = ez < 2/ (B(e") + KN7) (r(r - m) . (33

Proof. By definition of ¢" as a minimizer, E; 5(c";¢"!) < E; s(c""!;¢"~!), which amounts to
ey + 3 (M) ey 4 Laer e (3)

The last term is bounded by K§/(27) < K7/2 thanks to Lemma [9] from the appendix and to our
assumption § < 72 from . Summation of . ) from n =1 ton = N yields (30]), and . is an
immediate consequence from the definition of E. To conclude . ) from here, we use the triangle
inequality for d — which is inherited from W — and Hélder’s inequality for sums,

1

(7, ) Z d(c T i (d(cn’:n_l))z 2(T(ﬁ—ﬂ))

n=n-+1 n=n-+1

[SE

The expression inside the first pair of brackets is now estimated with the help of above, and
another application of Lemma [0}

T Z ( < 1)>2<T f: [2((1(6717[:”_1]6)):2?1 <4[E( )+K2T}+2I:§N

n=n+1 n=n-+1

Substitution of this estimate above and recalling (24) produces (32). Estimate emerges as a
consequence of and via Lemma from the appendix. O

The bound can be formulated as a weighted H!-estimate on the Kantorovich potentials.
Corollary 1. At eachn =1,2,..., we have that
(Vs = (id — Vop)ser, and [ Vs = (id - Vo), (35)
and therefore, with the same constant K as in Lemma[d above, for all N =1,2,...,

Tz/<

n2

KON

T

2
) dz < 2E(c) +

mo T
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Proof. The relations (35]) express the property of the Kanotrovich potential ¢} that z — x— V¢! (z)
is a transport map from ¢ to [c?_l](;. In fact, it is the optimal transport map, see Section and
hence implies that

2
(e [ Hs) | _ Wt [ 71s)® | W(ch, [ s)* _ / G|V, @ | Ves[ o,

T my72 maT2 o\mi| 7 me | T '

By non-negativity of E, the desired estimate (36]) is now implied by (30). |

The third a priori estimate below is more specific to the system , and is also more difficult to
prove.

Lemma 3. There is a constant C, only depending on the parameters of the problem, such that for

al N =1,2,...:

al 2
e [ 15 do < 04 7). 7

Moreover, ¢ and f(c}) satisfy homogeneous Neumann boundary conditions at each n =1,2,...

Remark 1. If1/(f')? has a bounded derivative — as is the case for the f from — then one also
obtains the analogous estimate as for ¢y itself in place of f(c1). Indeed, with c; = f~1(f(c1)),

| )
Feny ™) = Fiery

L - (Y
f (f* 2/

Combining this with the interpolation inequality

ACl = |Vf(61)|2,

with bounded factors

IVAIZs < 31Nl 1l a2,

that is easily derived using integration by parts, shows that ||Aci|3. < C| f(c1)||32, and therefore,
see below, also ||c1 |32 < C|f(c1)|%e-

We divide the proof of Lemma [3] into two parts: the first part contains the formal calculations
— for smooth and positive classical solutions to — that lead to , the second part is the fully
rigorous justification of as a time-discrete version of , using the flow interchange technique
from [I8].

Formal calculation leading to . Assume that a smooth and classical solution ¢ to with 0 <
c1 < 11is given. We consider the dissipation of the entropy functional defined in . We have,
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thanks to the no-flux and Neumann boundary conditions (| .,

d logc log ¢
dtH(c)_/Q{ illatcl m2af 2} x

= / [Ver - Vi + Ve - o] d
Q

(38)
= /chl -Vipr — po] dx
= / f(e1)AciAf(er)de — X/ Ve |? da.
We shall now use various manipulatigns to obtain a lower boundﬂon
J = / F(e)AeAf(er) da. (39)
On the one hand, -’
Af(er) = f'(er)Aer + (1) Ve . (40)

And on the other hand, thanks to the homogeneous Neumann boundary conditions from (2b)) —
that are inherited from ¢; to f(c1) thanks to 0 < ¢; < 1 — and the convexity of 2, we have that
(see e.g., [I1l Lemma 5.1])

[ @se)?as= [ 93l as (1)
Q Q
where ||A]| = y/tr(AT A) is the Frobenius norm of the square matrix A. Thus, we obtain
1"
7= [ (w2 sen i - L weopasen] an (42)
Q f'(e1)

Now introduce f,g:(0,1) — R by

and notice that
Vg(e1) = hie1) Vf(er). (43)

In the following, we write shortly f, g and h for f( , g(c1) and h(cp). Thanks again to the
homogeneous Neumann boundary conditions and to , the divergence theorem implies that

__d . 2
0—d+2/ﬂdlv(g|Vf| Vf)dz

Adding the final integral eXpression to the right-hand side of produces
2dg
J > V2fII? = =SS AfIVP +
> [ 19212 = 2 anvee+

Next, introduce the matrix-valued function R : Q — R¥*? by

Af(ar)
d

TV Vi Vf+mlvf|4

R:=V?f(c;) — 1,4.
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Then, using that trl; = d and trR = 0, we obtain that

(re 20

(Af(e))’

92 fen) 2 = tr s

= |RI* +

which allows to conclude that

1 2dg dh
S 2 2., %9 o, p. _ah 4 .
J_d/Q(Af) dx+/g[||R|| + LN RS+ S ] da

The last step is to verify that the expression inside the final integral is pointwise non-negative:
2dg dh dg 2 dh dg \°
R|?+ —=Vf-R-Vf+——|Vf*=||[R+ —=VfVfT — =
IRI™+ G535V B+ sV H T CA AN o S e s
The squared norm is trivially non-negative. For the coefficient of the term |V f|* to be non-negative,
it suffices to have h > ¢2. Since
1 72N 7o\ 2 " 12 1 1 "
h92/< flz) ( f/2) = f/373(f/)4 < /2> ’
N (/") (/") (/") 2\ (/")
the assumed concavity of 1/(f’)? is sufficient to guarantee h > ¢g2. In summary,
1
J> f/ Af(cr)?da. (44)
dJa

It remains to estimate the other integral. Recall that f is continuous, and that f’ is positive with
1/(f")? concave, so there is a constant a > 0 such that |f| < a and f’ > a~!. Since Q is bounded,
and thanks to the Neumann boundary conditions (2b)),

X/Q|Vcl|2dx §a2x/Q\Vf(cl)|2dx: —a2x/ﬂf(cl)Af(cl)dx

VI

1 11 dy?a* (45)
< azx(az|§2|)§(dJ)§ < §J+ X2 |€2].
Going back to , we arrive at ([14), or more specifically:
d 1 dx*a*
——H(c) > — [ (Af)*do — ——|Q). 46
THEO > 5 [ (@an?ar -t (46)

An integration of this inequality in time provides

/T / (Af)*dz < 2d[H(c") — H(c(T))] + d*x*a*|QIT. (47)
0 Q

Notice that the value of the entropy H(e) is uniformly bounded from above and below for all
¢ € Xpass- The estimate under consideration is a time-discrete version of , using that
the integral over Af(cy) on the left hand side yields control on the H2-norm of f(c;) by means of
another application of and interpolation with the trivial L>°(L?)-bound on c;. O

Making the formal calculations rigorous. For each fixed n, we show the following time-step version

of ([{A7):
7'/Q (Af(c?))2 dz < 2d[H(c" ') — H(c")] + 7(d*x*a*|Q| + K), (48)

where K is independent of 7. With at hand, the estimate follows by summation over
n=12,...,N.
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The starting point for the derivation of is a particular variation of the minimizer ¢ of
E, 5(;;¢"1): consider the family ¢® = (cf, c§) € Xmass, Where ¢§ and c§ are the time-s-solutions to
the heat flow on Q for data cf and c5, with homogeneous Neumann boundary conditions:

0sc; = Ac;  for (s,z) € Rsg x £, (49a)
n-Ve; =0 onRsp x 09, (49b)
G, =¢ nf (49¢)

The pair ¢® = (¢f, c§) has a variety of nice properties that facilitate the further analysis. Thanks
to the smoothing effect of the heat equation, the map (s, z) — ¢} (z) is a C*°-function on Rs¢ x €,
and it satisfies both the equation and the boundary condition in the classical sense.
Moreover, one has 0 < inf, ¢f(x) < sup, ¢f(z) < 1 for each s > 0, which implies that the map
(s;x) — f(ci(x)) inherits the C°°-smoothness as well as the homogeneous Neumann boundary
conditions,

n-Vf(e}) onRsg x 0. (50)

Concerning the attainment of the initial condition (49c): it follows from E(¢") < oo that f(c}') €
H'(€2), and hence also ¢ € H!(Q2) in view of Assumption [1| This implies

= in HY(Q) as s | 0. (51)

Note, however, that we cannot conclude f(cf) — f(c') in H(Q2) from here because of f/(r) — +o0
for 7 | 0 and for r 1 1. Finally, the incompressibility constraint is preserved,

Stc=1 (52)

There are many further possibilities for the perturbation (¢*) that would share the aforementioned
properties. Our motivation for the particular choice is that solutions to the heat equation form a
so-called EVIp-flow of the entropy H in the L2-Wasserstein metric [2, Theorem 11.1.4]; we emphasize
that convexity of  is essential here. The EVIy-property means that Rsg > s — W(cf, [c]™1]5)?
is absolutely continuous — and in particular differentiable at almost every s > 0 — and that its
derivative satisfies

1. d s 1.n—171 \2 5 n—1 'Y/ .

~ limsup ——W (e, [ 1]5)? < H((efs) — H(e)). (53)

2 510 ds
We combine with the fact that E, 5(c%;¢"~!) > E, 5(c®; c" 1) by definition of ¢ as a mini-
mizer. The latter can be equivalently formulated as

B(e") ~ B(e") < o-[d(e’, [e"]5)? — d(e", [ ]5)?).

Plugging in the definition of d, dividing by s > 0, and passing to the limit s | 0 yields in view of

63):

: E(cn) _ E(CS) L. d s [.n—17 \2
hnsllsoup — 5 <3 hnslisoup T (d(c , (€™ )s) )

IN

: d s.[.n— 1 : d S, [.n—
Ty g g W) ¢ g e Wk )

IN

H([c7~]s) — H(cf) . H([c;"s) — H(c§) _ H([e""']s) — H(c")

IN

miT moT T
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For simplification of the left-hand side above, observe that E(¢") —E(c®) = E;(c}) — E;(¢]) thanks
to (52)). For further estimation of the right-hand side, we use that H is a non-negative convex
functional, and thus

H([c"']s) < (1 - )H(c"™") + 6H(p) < H(c" ") + K5,

where K = H(p) depends only on the parameters of the problem In summary, we have obtained so
far that

ny S n—1y\ n
lim sup i) — Ba(c]) < H(e"™) — H(") +K§. (54)
T

s10 S T

The remaining step is to derive a lower bound on the expression on the left-hand side in of
the same form as the right-hand side in . Ideally, we would like to express the left-hand side of
by means of the fundamental theorem of calculus as an average of —dEq(c§)/ds. The technical
difficulty here is that E1(c§) — Eq(c}) as s | 0 might fail; note that Assumption [I| guarantees lower
— but a priori not upper — semi-continuity of E; with respect to the H!'-convergence (51)). To
overcome this, introduce for £ € (0, 1) the following approximations f. : [0,1] — R of f:

f(3+2) =97 (Fra-0:) mr-jsasy

Thanks to Assumption f! is positive, 1/(f2)? is concave, and f-(1—r) = —f.(r). Moreover, since
f'(3 + 2) is non-decreasing for z > 0 and non-increasing for z < 0 thanks to concavity of 1/(f’)?
and symmetry of f/(r) about r = 1, it follows with f/(1 +2) = f/( + (1 —¢)z) for all z € [-3, 1]
that

0< fi(r) < f'(r) forallrel0,1]. (55)

Observe further that f. : [0,1] — R is smooth up to the boundary, and in particular, f! is bounded.
Therefore, the desired continuity, i.e., f-(c) — f-(c}) in H'(Q) as s | 0, follows directly from (5I).

From the smoothness of ¢; for s > 0 it follows in particular that f.(cf) is a smooth curve in
HY(Q) for s > 0 with 9sf.(c§) = fL(c)Ac;. Observing further that f.(cj) satisfies homogeneous
Neumann boundary conditions since ¢; does, the fundamental theorem of calculus now implies for
any 5 > 0 that

1 1 s y
3 | IVEEPar =5 [ 9REPde =~ [ [ Vi) Vous(eh) drds

:/S/ FLeHACSAf(c]) dz ds.
0o Jo

The integrand for the s-integral is of the form J in . Since in the derivation of , no property
of f other than smoothness, positivity of f’, and concavity of 1/(f’)? was used, the estimate ([44))
also holds with f. in place of f, i.e.,

| rehadasidr = 3 [ AR d
Q Q

for each s > 0; the technical hypotheses for the derivation of — smoothness of ¢}, the bounds
0 < ¢§ < 1, and the homogeneous Neumann boundary conditions for f(cj) — are guaranteed by
the properties of the heat flow.

Now we pass to the limit ¢ | 0. On the one hand, we can directly estimate [, |V fo(c])|? dz <
Jo IV f(c?)?dz thanks to (55). On the other hand, using that f-(cj) — f(cj) uniformly as well
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as the lower semi-continuity of the H'- and the H?-semi-norms with respect to convergence in
measure, we finally arrive at

3 [wsenpa— 3 [1vieppas= ;[ [ are) asas (56)

Another — this time completely straight-forward — application of the fundamental theorem of
calculus provides

S
g/ﬁ 711(1_0?)(1%_%/!10?(1_@)(13;:_g/o /Q(l—2cf)8scfdxds

5 5 2 4
= X/ / |Ve§|? de ds > f/ (1/ [Af(ci)]deJr an|Q|> ds,
0 Jo 0 \2d Jq 2

where we have derived the last estimate in analogy to (45, with a > 0 defined there. Summation

of and yields

[ G [ sy ar - 250 as < ey - By N

We substitute this estimate into (54) and obtain, using again the lower semi-continuity of the
H?-semi-norm,

(57)

1

2 o [Af(c‘{)]

Recalling , this is .
Concerning the boundary condition: the estimate implies in particular that there is a
sequence (si) of s > 0 with s | 0 such that Af(cj*) is bounded in L?(f2). This implies weak

convergence of a further subsequence f(cj*) to f(cf) in H?(f2), and this is sufficient to conclude

that the normal trace n- V f(c}*) converges weakly in L2(9) to n- V f(c}). In particular, f(cj*)’s
homogeneous Neumann boundary condition is inherited by f(c}'), and by Assumption [1} also ¢}
itself satisfies homogeneous Neumann conditions. O

2 2 4 n—1y\ _ n
2dx_dxa|Q| SH(C ) H(c)+K§'
2 T T

Corollary 2. There is a constant C, only depending on the parameters of the problem, such that,
forallN=1,2,...,

N
12
TZHS[cl]HLQ <C(QQ+Nr7). (59)
n=1
Proof. This follows immediately from , since

IStz < [|AF(ED)]] 2 + xllwlEo

n 1 n
-5 <l
L2
where M only depends on the parameters of the problem. 0

5. A PRIORI ESTIMATES ON THE AUXILIARY POTENTIALS

The aim of the current section is to derive — on the basis of the estimates on ¢* — a priori
estimates on the discrete approximation of the auxiliary functions q". We start by showing that
thanks to our construction of ¢” and q", the constitutive equation holds with ¢™ in place of
the true solution c. Recall the definition of § given there.



16 CLEMENT CANCES AND DANIEL MATTHES

Proposition 1. At eachn > 1,
w(ct)gy —wley)qy = §let]. (60)

Proof. Thanks to the continuity of ¢® — recall that H2(Q2) C C(Q) since d < 3 — the set P =
{x € Q|0 < f(x) < 1} is open. Let n € C‘X’(Q) with support in P, and of vanishing mean, i.e.,
Jon(x)dz = 0. Define ¢ = (&b, &) with & := ¢} 4 hn and & (32 := ¢4 — hn for all h > 0 sufficiently
small such that &" € X ass. Then E”;(c ;e" 1) > E; 5(c"; ¢ 1) by definition of ¢" as a global
minimizer.

Recall that the (F,?) are the (uniquely determined since [¢]'"']s > 0) pairs of Kantorovich
potentials for the optimal transport from [¢]'~']5 to ¢! normalized by (28). Analogously, let (3!, o)
be the (still uniquely determined) pair of potentials for the optimal transport from [0?71]5 to Eﬁ‘,
normalized such that ¢ (z) = ¢(z) for all h > 0 at some arbitrarily chosen # € Q. By the stability
of optimal pairs, see e.g. [22 Theorem 1.52], it follows that ¢! — ¢ and zﬁf — 97 uniformly on
Qas h— 0.

Using the dual characterization of the Wasserstein distance, we obtain:

AW%%¢WTW+@£+%wﬂam+mw>

< /Q [Pt + @M er s + v + @5lch 5] do + B (c})
— ET75(Cn;Cn71)
S ET,&(&h; cn—l)
:Awk%¢%1h+%%+%@1ww+m@»

Subtracting the first line from the ultimate one, and dividing by h > 0 yields:

~ E ~h —E n
0<h_/ 1/’1 & =) +¢§L(5§—c§))dx+w

~ - ~hy|2 _ AP shxh _ n.n
Z/W{L—%L)??dfﬂ-i-/ V(@) = VIl dx—i—x/ G — 4% 4.

(61)

On the one hand, it follows immediately by boundedness of n that

/Wd /h(Cg_cl) h2772d - = / 5 —ci)ndx ash 0. (62)
Q Q

2h 2h

On the other hand, thanks to the elementary inequality |a|? —|b|? < 2a-(a—b) for vectors a,b € R,
and by the homogeneous Neumann boundary conditions satisfied by f(c}') and hence also by f(&%),
we have that

/ V£ \Vf(cl " </Vf [W] do

_ oy f(@) = f(e)
—/QAf(c’f) fdx.

On the compact support K C P of n, we have k < ¢ <1 — & for a suitable constant x > 0. We
further have x/2 < & < 1—£/2 for all sufficiently small h > 0. By smoothness of f on [k/2,1—r/2]
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thanks to Assumption [1} it follows that

J(@&) = feh)
h
And it further follows that also

Af(E) — Af(}) strongly in L2(Q) as h |0 (64)

— f'(c})n uniformly as h | 0. (63)

because of the following. We know from Lemmal3|that f(c}) lies in H?(9), i.e., has square integrable
first and second order derivatives. Again thanks to Assumption [I| f has a smooth inverse f~! on
[f(k), f(1—k)]. By the chain rule for the concatenation of Sobolev functions with smooth maps, it
follows that cf = f=1(f(c})) has square integrable first and second order weak derivatives on K.
By smoothness of 7, the first and second order derivatives of ¢} are uniformly approximated by the
respective ones of & on K. Using again the smoothness of f on [k/2, 1 — /2], we conclude uniform
approximation of Af(c?) by Af(c}) as h | 0. Now follows since ¢} = ¢} in Q\ K. Plugging
(62), and into (61, we obtain in the limit A | O that

0< /Q [0 — 4 — P EAF(E) — x (e — 1)]nde.

The same inequality is true also for —n in place of 7, and thus is an equality. Since 7 was an
arbitrary test function with support in P of zero average, there is a constant A such that

VT =95 + A= f)AF(E) +x(e] - 3)
holds a.e. on P. Multiplication by 1/f'(c}) = w(c})w(ch) leads to
w(eDw(e) Wy — 5 + Al = Af(e]) + x(cf — 3)w(c)w(cs). (65)
On the complement €2\ P, where either ¢} = 0 or ¢§ = 0, the left-hand side of above vanishes
a.e. because of w(0) = 0, and for the same reason, the second term on the right-hand side vanishes
as well. Also Af(c}) vanishes a.e., because f(c}') € H2(f2), and so all of its first and second order
weak partial derivatives are zero a.e. on the level sets [23]. That is, the validity of extends

from P to all of €.
Now integrate on €2 to obtain:

V=g X =) A A e e —
/Q 7D dsc—/Q f(c})dx =0,

where we have used that f(c}) satisfies homogeneous Neumann boundary conditions. In view of
the normalization , it follows that A = 0. Finally, recalling the definition of ¢1 and ¢2, the
claim of the lemma now follows from . O

With the consitutive relation at hand, we can now make the idea outlined in Section of
the introduction rigorous and prove T-uniform integrability of the ¢}*. In the following, let

d 2 ifd=2
= —=— = ’ 66
Pd= 01 {3/2 if d = 3. (66)

Lemma 4. There is a constant C, only depending on the parameters of the problem, such that, for
all N =1,2,...,
N
> (I 3ns + g3 11300) < OO+ N7). (67)

n=1
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Proof. We introduce the quantity

=n 1 w? 072L él ny . n mny 1
. o + « 68
1% my Mo (Cl )ql (C2 )q2 ) ( )

where the equality follows by definition of the ¢f*, and since a(r)w(r) = r. We notice further
that, by the normalization ,

/ At dz = 0. (69)
Q
Next, we recall that
Sler] = w(eg)ay — w(el)ay (70)

by Proposition [1} Multiply by w(c}) and by «(c¥), then the sum amounts to

w(ey)p" +alcy)Fet] = (ef +e5)ar = a1’
Similarly, we obtain for ¢3:

w(eg)p™ — a(e))Slet] = (e + ¢3)gs = g3

Below, we show that

N
(2
T A" pe. < O+ NT), (71)
n=1
which in combination with the bound on §[ct], and the fact that « and w are bounded functions,

yields .
To obtain (71]), we estimate the gradient of i in L?(0,T;L*(2)). From the definition of " in
and the fact that Vej = =Vl it follows that

w_w;)g;vwhc;’w;

miT moT my, T meo T

Vi =V} ( (72)

We treat the two groups of terms on the right hand side separately. For estimation of the first
term, we observe that w(c])w(cq)Vf(ct) = Vcl, since w(cf)w(cq)f/ () = 1 on the positivity
set P := {0 < ¢} < 1}, and both sides vanish a.e. on the complement 2\ P. Therefore, also
recalling again,

ver ( i “’) = V) @) — ()] = V) Flel,

miT moT

J

The second group of terms on the right hand-side of is estimated by means of Holder’s in-

equality,
. ) 1/2
/ de < K l/ <Cl > dx] ,
Q o\

hence it follows that

ver ( v _ ¢)‘ de < V£ 52 151 e

miT moT

' n 7 n 2
A VYT o VY

my T mo T

Vyr

T

Vg

T

'3

C2
_|_ =
ma
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with a K that only depends on the parameters of the problem. Thanks to the normalization 7
it follows by means of the Poincare-Wirtinger inequality that

N ) N 2
SR, <o S Ugwmdx] at
n=1 n=1

N
< Csup |V (ef)[Fom 3 I8lealllz

n=1

N o 2
CK? £ d
+ T;/Q <m1 > T,

with a constant C' that only depends on the geometry of Q. And so, recalling the estimates (31]) on
V() in L2, on F[et] in L2, and on the ¢ in a weighted H!-norm, we arrive at (71)). O

2
3

Vyy

T

Vyr
-

ma

6. CONVERGENCE AND CONCLUSION OF THE PROOF OF THEOREM [I]

In this final secion, we show that the time-discrete approximations (¢?) and (g?) converge to

a weak solutions of the initial boundary value problem 7 in the sense of Theorem First,
introduce the usual piecewise constant interpolations in time ¢” = (¢],¢5) and q" = (¢], ¢3) with
5{ S LOO(QT) and (Zr € Lpd(QT) by

it )y=cl, q(t;)=q foralltwith (n—1)7 <t<nr.
Recall that d = 2 or d = 3, and the definition of pg.

Lemma 5. There are functions c1,c2 € LS, (Rso; HY(Q)) with f(c1), f(c2) € LE (Rso; H2(Q)),

loc

and q1,q2 € LP*(R>o x Q) such that, for each T > 0, in the limit 7 | 0, at least along a suitable
sequence,

gl — q; weakly in LP*(Qr), (73)

¢, — ¢ strongly in L™ (Qr), for each 1 <1 < oo, (74)
Vf@E) — Vf(c) strongly in L*/7(Qr), (75)
@) = fle;)  weakly in L*(0,T; H*()). (76)

Moreover, the limits ¢; are Holder continuous as curves in L*(Q).

Proof. Ad : recall that provides a 7-uniform bound on 7 in LP4(Q7). Since this space is
reflexive, there exist subsequences with respective weak limits.
Ad (7): from and the fact that f'(r) > f/(1/2) > 0 thanks to Assumption [1} it follows for

i=1,2, and for any T > 0 that
17 11 (0,711 (02 At < K (77)

with a bound K that might depend on 7', but is independent of 7. Moreover, shows that the
same sequences satisfy a uniform quasi-Holder estimate in time,
_ _ 1/4
sup ch(s) - cZ(t)HLz(Q) < C(T + |t — s\) ) (78)
0<s<t<T

We can thus invoke the generalized version of the Aubin-Lions compactness lemma from [21] The-
orem 2]. There, we choose L*(Q) as the base space. The role of the coercive integrand is played by
the H!(2)-norm — whose sublevels are clearly compact in L?(£2) by Rellich’s theorem — so that
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(77) amounts to the required integral bound. Moreover, almost-continuity in time is guaranteed by
(78). We thus conclude strong convergence of the ¢! to respective limits ¢; in L?(Q7). And thanks
to the uniform bound 0 < & < 1, this implies strong convergence in any L™ () with r < oo.
Moreover, these limits belong to L°°(0,T; H'(Q)) by lower semi-continuity of the H'-norm, and
are Holder continuous curves with respect to L?(f2), again thanks to and above.

Ad (75): since f :[0,1] — R is a continuous function, we conclude that also f(¢]) converges to
the respective f(c¢;) in any L9(Qr) with ¢ < co. Further, observe that implies that

1@ T2 0,720 < K (79)

with a constant K that might depend on 7', but not on 7. Thanks to lower semi-continuity of the
H?-norm, it follows that f(c;) € L?(0,T; H*(Q)) satisfies the same bound (79). We are now going to
show that this implies convergence of V f(]) to Vf(c;) in L**/7(Q7). By the Gagliardo-Nirenberg
and Holder’s inequality, we have (independently of the dimension d):

T
IVIF@E) = Fe] |3y, = / IVLF@) = Flen]|[3hn o

12/7

T
SC/O (@2 + 1 ()l maey) ™ TNFED) = Fle) | 3h(q, dt

1/7

T 6/7 s 1
sc*(/o [f(cz>||%,2<m+||f<ci>|zm>]dt> (/ ||f(CZ)—f(ci)Ili%2(Q)dt>

< CEE) @) ~ Flell Fhrg,.

where K is the bound from . Therefore, convergence of f(cI) carries over to convergence of
V(- 0

Having proven the existence of limits ¢ and g, we shall now verify that these satisfy the equations
(21a) and (21c). The proof of (21a)) is divided into two steps: in Lemma |§| below, we derive a
discrete-in-time version of the continuity equation (21al), and in the subsequent Lemma [7| we pass

to the limit 7 | 0.

Lemma 6. Let ( € C™(Q) satisfy homogeneous Neumann boundary conditions. Then

no__ Cn—l

e /g a7 [a(DAC+w(l = ) V() - V] de+7ec], (80)

T

where the error term satisfies

2
dz + [|¢[|co [€2]. (81)

n
1

1
1< 5l<ls [ e
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Proof. Recalling the representation of 0?71 as push-foward of ¢, we obtain

/g /< do:Jr/C ‘5701 "o

/[C ¢o(id = Voy)]ef do + — /Cpl—c? Y dx
v Vv — AV 5
-, [VC' (Tt) g (Tety 'VQC'(flﬂc?dx—i-T/ﬂC(m—C? s

z/VC- (vw?>0?dx+re”[g].
0 T

Above, 6\2( is the average of the Hessian V2 along the straight line segment joining = to z— V7 (z).
Consequently, also using that |c’f_1 —p1| <1 and that § < 72 by , we obtain the estimate
on €"[(]. Now integrate by parts in the final integral above,

V7t T 1
[ve (T erar—- [ [Haac s (Bvar) v a (52)

We rewrite the integral on the right-hand side. First, observe that
it = mata(cl)qt, (83)

using on {c} > 0} that ¢} = w(c])y7/(maiT) by definition, and on {¢} = 0} that both sides are
zero, thanks to a(0) = 0. And second, observe that

Vel o = mytw(c3)V f(el) qf, (84)

since Ve = w(c)w(ch)V f(c]) on the positivity set P = {0 < ¢} < 1} by the fact that f/(r)w(r)w(1—
r) for 0 < r < 1, and on the complement © \ P by the fact that both Ve and V f(c}') vanish a.e.

Substitution of &: in yields . O

Lemma 7. For all test functions § € C25,(Rso x ),

/OOO /Q (=0, 1+ my (AE alen)gy + VE - Vf(er) w(l — e1)qr)] dade = 0. (85)

Proof. Introduce ("(x) := &(n7;z) for n = 1,2,..., and the following piecewise constant and
piecewise linear in time approximations &7 and &7 of &, respectively, by:

E(t;)=¢" and £7(-) = t_(n%l)TC"H + ?Q" for all t € ((n — 1), n7].
Use (" for ¢ in , sum over n:
TZE [Cn) —TZ/ { ne" 6"

:/0 /Q 10, + AL a(e])q] + VE - V(@) w (1_51)(11} de dt.

n+1
L AC(e)a +VC V() w1 - c?)qf] de
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We pass to the limit 7 | 0 on both sides. On the left-hand side, we have thanks to and ,

N N

€l e VT

. G| < mijisiiez vy
Sl <y [

< 2my ||€llc2E(c”) T + 7]Qr| (m1 + [|€]|co),

C’IL
—dz + 7(N7)|Q[|€]| oo
mi

which converges to zero as 7 — 0. On the right-hand side, we use that 8téT — 0¢¢ as well as
V& — V€ and AL™ — A uniformly. Moreover, by (74), and since a,w : [0, 1] — R are continuous,
we have in particular that

afc]) = alc;) and w(l-2¢]) 2 w(l—c)
in L?*(Q7). In view of and (75),
GVFE) = aVf(a) in L2*2(Qr).
Therefore, the integral converges. ]
The purpose of the next and final lemma is to derive the constitutive equations and .
Lemma 8. Let ¢; and q; be as in Lemma@ then ¢1 +co =1 and
w(er) g2 —w(e2) qn = Af(er) + x(e1 — 3)wlen)w(es). (86)

Proof. Because of , we have ¢] +¢§ = 1, which clearly yields ¢; 4+ c2 = 1 in the limit, using the
strong convergence from .
Next, recall that is precisely , with €7 in place of ¢, and with g” in place of q, i.e.,

w(e]) @ —w(@) @ = Af(e]) +x(e] — 5)w(e)w(ch). (87)

By the strong convergence of ¢/ and thanks to the continuity of w, it follows that w(c])
converges to w(c;) strongly in, say, L?(Qr). In combination with the weak convergence of the
g7, we obtain weak convergence of the products,

w(e]) g3 = w(e)gz and  w(@3) ] = wlc2)n
in L1(Q). Trivially, also
(e — 3)w(E)w(@) = (c1 = 3)wler)w(cz)

strongly in L' (Q7). Finally, weak convergence Af(c]) — Af(¢) in L*(Qr) is implied by (76). We
thus obtain as limit of (87). O

The proof of Theorem [I]is a conclusion of Lemma [7] and Lemma

APPENDIX A.

Lemma 9. There is a constant K, expressible in terms of p1/ma, pa2/ma, and geometric properties
of Q, such that for all ¢ € X ass:

d(c,[c]s5)? < K. (88)
Consequently, for any c,¢ € Xass:

d(c,e)? < 2d(c, [e]s)® + 2K, (89)
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Proof. Define a (sub-optimal) transport plan v from ¢; to [¢;]s = (1 — d)c; + dp; as follows:

v =(1-0)(id,id)#(c;La) + cilq) ® La.

o
@(

The marginals are as desired, i.e., for any &,n € C(€), we have that

//QXQ z)dy(z,y) =(1-9¢ /§ x)ei(z dx+5/§ x)ei(z dx][dy—/f
[ awaea) = -9 [ gwem s+ f at@de [ = [ a0 - ) + o] d

And the corresponding costs amount to

// |z — y|* dy(z,y) = Q// —y|*ci(z) dz dy
QxQ ‘ | Q><Q

(Q
< L@ [ ciwyar [ ay= s dian@)?l0)n
1€2] 0 0

W ey, [e1]s)? n W (cy, [ea]s)?

In summary,

d(C, [6]5)2 = ™ M

< § diam(Q)? <
The inequality now follows from the triangle inequality, that is inherited from W to d,
d(c,e)® < 2d(c, [els)” + 2d (e, [els)°,

in combination with . O

122 p1 N QIPz) .

Lemma 10. For all ¢,c’ € Xpass with c;,ch € HY(Q) and c; + 2 =1 = ¢} + ¢,
I — el3 < 2y (IVerllee + Vel 2)d(e o) (90)

Proof. Let (p1,11) be a pair of Kantorovich potentials for the optimal transport from c; to ;. For
each s € [0, 1], define Ts : Q — Q by Ts(z) = z — sV (). For any test function ¢ € C*(Q),

/[c’l—cl]Cdx:/ [CoTy —(|erda
Q Q

1
Z/ [/ VCOTS-thds] c1 dz
a lJo
1 1/2 1/2
S/ </ V([P oTycr d:L’) </ |V |2er d:c) ds
0 Q QO
1 1/2
:/ (/ |V<|2Ts#cl d.’E) dSW(Cl,C/l).
0 Q

sup Ts#c1 < max (sup c1,sup c’1> =1,
Q Q Q

Using the fact that

it follows that
[ 1l = ealcld < 912 Wier <))
Q
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and consequently — using for ¢ approximations of ¢j — ¢; in C* —

I = eallfe < 1V(eh = en)ll2Wier,&h) < (Ve e + IVerll2) Wer, ¢)).-

By hypothesis, ¢; — ¢} = ¢4 — co. Thus, recalling the definition of d, we obtain

(1]
(2]

3]

4

[5]
[6]

[7]

(8]

[9]
(10]
(11]
(12]
(13]
(14]
(15]
[16]
(17]

(18]

e —ell> = 2]c, — el

2 WC,,C 2 1/2
<2y (Ve + [ Vela)* (Tt )

<2ymi (Ve 2 + |Vellr2)d(c, e).

REFERENCES

M. Agueh. Existence of solutions to degenerate parabolic equations via the Monge-Kantorovich theory. Adwv.
Differential Equations, 10(3):309-360, 2005.

L. Ambrosio, N. Gigli, and G. Savaré. Gradient flows in metric spaces and in the space of probability measures.
Lectures in Mathematics ETH Ziirich. Birkh#duser Verlag, Basel, second edition, 2008.

J.-D. Benamou, Y. Brenier, and K. Guittet. Numerical analysis of a multi-phasic mass transport problem. In
Recent advances in the theory and applications of mass transport, volume 353 of Contemp. Math., pages 1-17.
Amer. Math. Soc., Providence, RI, 2004.

Adrien Blanchet, Vincent Calvez, and José A. Carrillo. Convergence of the mass-transport steepest descent
scheme for the subcritical Patlak-Keller-Segel model. STAM J. Numer. Anal., 46(2):691-721, 2008.

C. Cances, T. O. Gallouét, and L. Monsaingeon. Incompressible immiscible multiphase flows in porous media:
a variational approach. Anal. PDE, 10(8):1845-1876, 2017.

C. Cances, D. Matthes, and F. Nabet. A two-phase two-fluxes degenerate Cahn—Hilliard model as constrained
Wasserstein gradient flow. Arch. Ration. Mech. Anal., 233(2):837-866, 2019.

C. Cances and F. Nabet. Finite volume approximation of a degenerate immiscible two-phase flow model of Cahn—
Hilliard type. In C. Cances and P. Omnes, editors, Finite Volumes for Complex Applications VIII - Methods
and Theoretical Aspects, volume 199 of Springer Proceedings in Mathematics and Statistics, pages 431-438,
Cham, 2017. Springer International Publishing.

J. A. Carrillo, M. DiFrancesco, A. Figalli, T. Laurent, and D. Slepcev. Global-in-time weak measure solutions
and finite-time aggregation for nonlocal interaction equations. Duke Math. J., 156(2):229-271, 2011.

P. G. de Gennes. Dynamics of fluctuations and spinodal decomposition in polymer blends. J. Chem. Phys.,
72:4756-4763, 1980.

W. E and P. Palffy-Muhoray. Phase separation in incompressible systems. Phys. Rev. E, 55:R3844-R3846, Apr
1997.

U. Gianazza, G. Savaré, and G. Toscani. The Wasserstein gradient flow of the Fisher information and the
quantum drift-diffusion equation. Arch. Ration. Mech. Anal., 194(1):133-220, 2009.

M. Jacobs, I. Kim, and A. R. Mészaros. Weak solutions to the Muskat problem with surface tension via optimal
transport. arXiv:1905.05370, 2019.

R. Jordan, D. Kinderlehrer, and F. Otto. The variational formulation of the Fokker-Planck equation. STAM J.
Math. Anal., 29(1):1-17, 1998.

D. Kinderlehrer, L. Monsaingeon, and X. Xu. A Wasserstein gradient flow approach to Poisson-Nernst-Planck
equations. ESAIM Control Optim. Calc. Var., 23(1):137-164, 2017.

P. Laurencot and B.-V. Matioc. A thin film approximation of the Muskat problem with gravity and capillary
forces. J. Math. Soc. Japan, 66(4):10431071, 2014.

Philippe Laurencot and Bogdan-Vasile Matioc. A gradient flow approach to a thin film approximation of the
Muskat problem. Calc. Var. Partial Differential Equations, 47(1-2):319-341, 2013.

S. Lisini, D. Matthes, and G. Savaré. Cahn-Hilliard and thin film equations with nonlinear mobility as gradient
flows in weighted-Wasserstein metrics. J. Differential Equations, 253(2):814-850, 2012.

D. Matthes, R. J. McCann, and G. Savaré. A family of nonlinear fourth order equations of gradient flow type.
Comm. Partial Differential Equations, 34:1352—-1397, 2009.



TWO-PHASE FLOW WITH SINGULAR ENERGY 25

[19] Robert J. McCann and Marjolaine Puel. Constructing a relativistic heat flow by transport time steps. Ann.
Inst. H. Poincaré Anal. Non Linéaire, 26(6):2539-2580, 2009.

[20] F. Otto and W. E. Thermodynamically driven incompressible fluid mixtures. J. Chem. Phys., 107(23):10177—
10184, 1997.

[21] R. Rossi and G. Savaré. Tightness, integral equicontinuity and compactness for evolution problems in Banach
spaces. Ann. Sc. Norm. Super. Pisa Cl. Sci. (5), 2(2):395-431, 2003.

[22] F. Santambrogio. Optimal Transport for Applied Mathematicians: Calculus of Variations, PDEs, and Modeling.
Progress in Nonlinear Differential Equations and Their Applications 87. Birkhauser Basel, 1 edition, 2015.

[23] G. Stampacchia. Le probleéme de Dirichlet pour les équations elliptiques du second ordre & coefficients discontinus.
Ann. Inst. Fourier (Grenoble), 15(1):189-258, 1965.

[24] C. Villani. Topics in optimal transportation, volume 58 of Graduate Studies in Mathematics. American Mathe-
matical Society, Providence, RI, 2003.

[25] C. Villani. Optimal transport, volume 338 of Grundlehren der Mathematischen Wissenschaften [Fundamental
Principles of Mathematical Sciences]. Springer-Verlag, Berlin, 2009. Old and new.

[26] Jonathan Zinsl and Daniel Matthes. Exponential convergence to equilibrium in a coupled gradient flow system
modeling chemotaxis. Anal. PDE, 8(2):425-466, 2015.

INRIA, UNIV. LiLLE, CNRS, UMR 8524 - LABORATOIRE PAUL PAINLEVE, F-59000 LILLE (clement.cances@inria.fr)

ZENTRUM FUR MATHEMATIK, TECHNISCHE UNIVERSITAT MUNCHEN, 85747 GARCHING, GERMANY (matthes@ma.tum.de)


mailto:clement.cances@inria.fr
mailto:matthes@ma.tum.de

	1. Introduction
	1.1. Local versus non-local dynamics
	1.2. Gradient flow structure
	1.3. Estimates
	1.4. Reformulation of the equations
	1.5. Main result
	1.6. Plan of the paper
	1.7. Notation

	2. Preliminaries from the theory of optimal transportation
	2.1. Monge characterization
	2.2. Kantorovich characterization
	2.3. Dual characterization

	3. Time-discrete approximation via minimizing movement scheme
	4. A priori estimates on the volume fractions
	5. A priori estimates on the auxiliary potentials
	6. Convergence and conclusion of the proof of Theorem 1
	Appendix A. 
	References

