N

N

Quantitative regularity for the Navier-Stokes equations
via spatial concentration
Tobias Barker, Christophe Prange

» To cite this version:

Tobias Barker, Christophe Prange. Quantitative regularity for the Navier-Stokes equations via spatial
concentration. Communications in Mathematical Physics, 2021, 10.1007/s00220-021-04122-x . hal-
02509766

HAL Id: hal-02509766
https://hal.science/hal-02509766
Submitted on 12 Dec 2023

HAL is a multi-disciplinary open access L’archive ouverte pluridisciplinaire HAL, est
archive for the deposit and dissemination of sci- destinée au dépot et a la diffusion de documents
entific research documents, whether they are pub- scientifiques de niveau recherche, publiés ou non,
lished or not. The documents may come from émanant des établissements d’enseignement et de
teaching and research institutions in France or recherche francais ou étrangers, des laboratoires
abroad, or from public or private research centers. publics ou privés.


https://hal.science/hal-02509766
https://hal.archives-ouvertes.fr

Commun. Math. Phys. 385, 717-792 (2021) Communications in
Digital Object Identifier (DOI) https://doi.org/10.1007/s00220-021-04122-x M ath emat i c al

Physics
®

Check for
updates

Quantitative Regularity for the Navier-Stokes Equations
Via Spatial Concentration

Tobias Barker', Christophe Prange”

1 Mathematics Institute, University of Warwick, Coventry, UK. E-mail: tobiasbarker5 @ gmail.com
2 Laboratoire de Mathématiques AGM, UMR CNRS 8088, Cergy Paris Université, Cergy-Pontoise, France.
E-mail: christophe.prange @cyu.fr

Received: 14 May 2020 / Accepted: 17 May 2021
Published online: 14 June 2021 — © The Author(s) 2021

Abstract: This paper is concerned with quantitative estimates for the Navier—Stokes

equations. First we investigate the relation of quantitative bounds to the behavior of

critical norms near a potential singularity with Type I bound [[u|, o, 3.0c < M. Namely,
t X

we show that if 7™ is a first blow-up time and (0, 7*) is a singular point then

s Ol 3y = CM)log (7). R = 0((T* = 7).

T —1t
We demonstrate that this potential blow-up rate is optimal for a certain class of potential
non-zero backward discretely self-similar solutions. Second, we quantify the result of

Seregin (Commun Math Phys 312(3):833-845, 2012), which says that if u is a smooth
finite-energy solution to the Navier—Stokes equations on R3 x (0, 1) with

sup |lu(-, t(n))||L3(]R3) < oo and t) 11,
n

then u does not blow-up at t = 1. To prove our results we develop a new strategy for
proving quantitative bounds for the Navier—Stokes equations. This hinges on local-in-
space smoothing results (near the initial time) established by Jia and Sverdk (2014),
together with quantitative arguments using Carleman inequalities given by Tao (2019).
Moreover, the technology developed here enables us in particular to give a quantitative
bound for the number of singular points in a Type I blow-up scenario.

1. Introduction
In this paper, we consider the three-dimensional incompressible Navier—Stokes equations

oru—Au+u-Vu+Vp=0, V.-u=0 @))
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on R3 x (0, T) where T € (0, oo], supplemented with an initial condition u(-, 0) =
up(x). It is well known that this system of equations is invariant with respect to the
following rescaling

(up(x, 1), pr(x, 1), uop(x)) := u(rx, A20), A2 p(hx, A21), Aug(Ax)), A > 0. (2)

The question as to whether or not finite-energy solutions', with divergence-free Schwartz
class initial data, remain smooth for all times is a Millennium Prize problem [14]. The
first necessary conditions for such a solution to lose smoothness or to ‘blow-up’ at time
T* > 07 were given in the seminal paper of Leray [27]. In particular, in [27] it is shown
that if 7* is a first blow-up time of u then we necessarily have

C(p)

— L for pe3, 00l 3)
(r* —n)z4=%)

(. OllLe@r3) =

The L3(R?) norm is scale-invariant or ‘critical’> with respect to the Navier—Stokes
rescaling. Its role in the regularity theory of the Navier—Stokes equations is much more
subtle than that of the subcritical L” (R3) norms with 3 < p < oo. In particular, it is
demonstrated by an elementary scaling argument in [4]* that if the set of finite-energy
solutions to the Navier—Stokes equations (with Schwartz class initial data) that blows-up
is non-empty, there cannot exist an universal function f : (0, co) — (0, co) such that
the following analogue of (3) holds true:

1ir{)1+ f(s) = o0, 4)

and for all 7* > 0, if u is a finite-energy solution to the Navier-Stokes equations (with
Schwartz class initial data) that first blows-up at 7* > 0 then u necessarily satisfies

-, Dl sy = F(TF = 1) 5)

forallr € [0, T*). 5
In the celebrated paper [13] of Escauriaza, Seregin and Sverdk, it was shown that if
a finite-energy solution u first blows-up at 7* > 0 then necessarily

lim sup [lu(-, )| 133 = 00. (6)
1T+

The proof in [13] is by contradiction. A rescaling procedure or ‘zoom-in’ is performed>
using (2) and a compactness argument is applied. This gives a non-zero limit solution to
the Navier—Stokes equations that vanishes at the final moment in time. The contradiction
is achieved by showing that the limit function must be zero by applying a Liouville
type theorem based on backward uniqueness for parabolic operators satisfying certain
differential inequalities. By now there are many generalizations of (6) to cases of other
critical norms. See, for example, [12,16,35,50].

I See the definition of a finite-energy solution in Sect. 1.4 ‘Notations’.

2 See Sect. 1.4 for a definition.

3 See Sect. 1.4 for a definition.

4 The argument in [4] is in turn taken from the talk given by G. Seregin. ‘A certain necessary condition of
possible blow up for the Navier—Stokes equations’. APDE seminar, University of Sussex, 03 March 2014.

5 It is worth noting that [13] appears to be the first instance where arguments involving ‘zooming in’ and
passage to a limit have been applied to the Navier—Stokes equations.
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Let us mention the arguments in [13] and the aforementioned works are by contra-
diction and hence are qualitative. It is worth noting that the result in [13], together
with a proof by contradiction based on the ‘persistence of singularities’ lemma in
[36] (specifically Lemma 2.2 in [36]), gives the following. Namely, that there exists
an F : (0, 00) — (0, 0o) such that if u is a finite-energy solution to the Navier—Stokes
equations then

||u||L°°(O,1;L3(R3)) <0 = ”u”LOO(R-"x(%,])) < F (”u||L°°(0,1;L3(R3))) . (7)

Such an argument is obtained by a compactness method and gives no explicit® infor-
mation about F. In a remarkable recent development [47], Tao used a new approach
to provide the first explicit quantitative estimates for solutions of the Navier—Stokes
equations belonging to the critical space L>(0, T; L3(R?)). As a consequence of these
quantitative estimates, Tao showed in [47] that if a finite-energy solution u first blows-up
at T* > 0 then for some absolute constant ¢ > 0

u(-,t
fmeup VGOl _ "
A T* (l()g 10g 10g m)

Since there cannot exist f such that (4)—(5) holds true, at first sight (8) may seem
somewhat surprising, though it is not conflicting with such a fact. Notice that

(s O3 w3
1 c
(log loglog m)

is not invariant with respect to the Navier—Stokes scaling (2) but is slightly supercritical’
due to the presence of the logarithmic denominator. Let us also mention that prior to
Tao’s paper [47], in the presence of axial symmetry, a different slightly supercritical
regularity criteria was obtained in [34].

The contribution of our present paper is to develop a new strategy for proving quantita-
tive estimates (see Propositions 2.1 and 2.2) for the Navier—Stokes equations, which then
enables us to build upon Tao’s work [47] to quantify critical norms. Our first Theorem
involves applying the backward propagation of concentration stated in Proposition 2.1
below to give a new necessary condition for solutions to the Navier—Stokes equations
to possess a Type I blow-up. In the case of a Type I blow-up at 7* the nonlinearity in
(2) is heuristically balanced with the diffusion. Despite this, it remains a long standing
open problem whether or not Type I blow-ups can be ruled out when M is large. Let us
now state our first theorem.

Theorem A. (rate of blow-up, Type I). There exists a universal constant My € [1, 00)
such that for all M > M the following holds true.

Assume that u is a mild solution to the Navier—Stokes equations on R3 x [0, T*) with
u € L ([0, T*); L®(R3)).

Assume in addition that (0, T*) is a Type I blow-up, i.e.

8
(D)l oo 3o s 0,7y < M-

6 Throughout this paper we will sometimes use the terminology ‘effective’ bounds to describe an explicit
quantitative bound. An abstract quantitative bound will sometimes be referred to as ‘non-effective’.

7 See Sect. 1.4 for a definition.

8 Under these assumptions and by interpolation, we infer that u is a ‘smooth solution with sufficient decay’
in the sense of the definition in Sect. 1.4. This enables us to satisfy the hypothesis needed in Sects. 5-7.
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(2) u has a singular point at (x, t) = (0, T*). In particular u ¢ L;?Z(Q(o,T*)(r))for all
sufficiently small r > 0.

Then the above assumptions imply that there exists Spp (M) € (0, ‘]—‘]9 such that for any

te (&, 7% and
T —t 1022
Re |2 —,eM VT 9
< \ Sgp(M) ) ©

log (o)
luCx, 1) Pdx > M_
~ exp(exp(M102))

we have

(10)

|x|<R

This theorem is proved in Sect. 2.2 below. Notice that in Theorem A, not only is the

rate new but also the fact that the L3 norm blows up on a ball of radius O ((T* — t)%_)
around any Type I singularity. Previously in [28] (specifically Theorem 1.3 in [28]), it
was shown that if a solution blows up (without Type I bound) then the L3 norm blows
up on certain non-explicit concentrating sets.

The Navier—Stokes scaling symmetry (2) plays a role in considering blow-up ansatzes
having certain symmetry properties. In [27], Leray suggested the blow-up ansatz of
backward self-similar solutions'®, which are invariant with respect to the Navier—Stokes
rescaling. Although the existence of non-zero backward self-similar solutions to the
Navier—Stokes equations has been ruled out under general circumstances in [32] and [48],
the existence of non-zero backward discretely self-similar solutions remains open. This
was first stated as an open problem in [49]. Here we say that u is a backward discretely
self-similar solution (A-DSS) if there exists A € (1, co) such that u(x, 1) = Au(hx, X31)
for all (x,7) € R?® x (—00,0). As a corollary to Theorem A, we show that if there
exists a non-zero A-DSS (having certain decay properties which we will specify), then
the localized blow-up rate (10) in Theorem A is optimal.

Corollary 1.1 Suppose u : R3 x (—o0, 0) — R? is a non-zero A-DSS to the Navier—
Stokes equations such that

u e C®MR3 x (—00, 0)) N C((—o0, 0); L7 (R3)), (11)

for some p € [3, 00). There exists M > 1 and Spp(M) € (0, ;11] (see Theorem A) such
that the following holds true. Namely, for all t € (—o0, 0) and

[ —t
R e (2 —SBP(M)’ oo)
2R?

47t M3 log =—— z/ lu(x, 1) dx >
|7] Ix|<R

we have
R2
log(57s02777)
exp(exp(M1023))”
9 Note that Spp (M) = S*(M) where S*(M) is defined in [6, Theorem 1]. Observing p.1520 of [6], one
can infer that Sg p (M) ~ M~39 Thus, the interval in (9) makes sense.
10 See Sect. 1.4 for a definition.
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This corollary is proved in Sect. 2.2 below.
In [13], itis shown that if u is a finite-energy solution to the Navier—Stokes equations
in C®(R3 x (0, 1)), with Schwartz initial data, then

el Loo (0, 1); 13 ®3)) < O (13)

implies that # does not blow-up at time 1 (namely u € Lﬁoloc((o, 11; L% (R3))). In [37],
Seregin refined the assumption (13) to

sup [Ju(-, t(n))||L3(R3) < oo with 7, 1 1. (14)
n

Seregin’s result implies that if u is a finite-energy solution that first loses smoothness at
T* > 0 then

li S )3 w3y = 00. 15
lim (-, ll gy = 00 (15)

This result has been further refined to other wider critical spaces and to domains other
than R3. See, for example, [1-3,7,29]. All these arguments are qualitative and achieved
by contradiction and compactness arguments. It is interesting to note that in contrast to
(7)itis notknown!!, even abstractly, if there exists a G : (0, co) — (0, 0o) such thatif u
is a finite-energy solution of the Navier—Stokes equations belonging to C*(R3 x (0, 1])
then

sup [lu(, 1) 3 w3y < 00 with 1y T 1 = [lu(, Dl peorsy < G(sup flae(-, f(n))||L3(R3))-
n n
(16)

In our second main theorem, we apply Proposition 2.2 to fully quantify Seregin’s
result in [37], which generalizes Theorem 1.2 in [47]. Now let us state our second
theorem.

Theorem B. (main quantitative estimate, time slices; quantification of Seregin’s result)
There exists a universal constant M| € [1, 00) such that the following holds true. Let
M € [My, o). We define M° by'?

L*M5>’ an

M’ = exp <
for an appropriate constant Ly, € (0, 00). Let (u, p) be a finite-energy C*® (R3x (—1, 0))
solution to the Navier—Stokes equations (1) on R3 x [—1, 01'3. Assume that there exists
ty € [—1,0) such that

tky 10 with sup [lu(., t(k))”L3(R3 <M. (18)
k

11 Assume for contradiction that (16) does not hold. Then we have a sequence of solutions (uk)keN such
that Hu(k)(-, 1)||L00(R3) 1 oo and, for each k, a sequence of associated time slices té‘n) 1 1 such that

Supy, k u® (., té‘n))ll L3R3) = M < oo. The main block for the contradiction argument to go through is
that the sequence (’(kn))neN may be different for distinct indices k.

12 1 particular, M is chosen such that the following is true. If (u, p) is a suitable finite-energy solution
(defined in Sect. 1.4 ‘Notations’) to Navier—Stokes on R3 x [0, T) with L3 initial data [lugll L3(®R3) <M,

! 1

then w := u — e/ ®uy satisfies ||w(-, t)‘liz(H@) + [ [ IVw|?dxdt’ < (M")*12 forr € (0, T) and M larger
0 R3

than a universal constant. See Lemma 3.3.

13 Notice that smoothness is needed here to have the energy inequality starting from every time #;, and not
for almost every t' € (—1, 0), see (43) as would be the case if (u, p) was just a suitable finite-energy solution.



722 T. Barker and C. Prange

Select any “well-separated” subsequence (still denoted t()) such that

—t,
sup —kh exp(—2(Mb)1223). (19)
ko k)
Then for
J = Texp(exp((M")'2)] +1, (20)
we have the bound
CiM—
flull — 20

for a universal constant Cy € (0, 00).

This theorem is proved in Sect. 2.2 below.

Further applications. Section 4 contains three further applications of the technology
developed in the present paper: (i) Proposition 4.1, a regularity criteria based on an effec-
tive!* relative smallness condition in the Type I setting, (ii) Corollary 4.3, an effective
bound for the number of singular points in a Type I blow-up scenario, (iii) Proposi-
tion 4.4, a regularity criteria based on an effective relative smallness condition on the
L3 norm at initial and final time. Non-effective quantitative bounds of the above results
were previously obtained by compactness methods: for (ii) see [12, Theorem 2], for (iii)
see [2, Theorem 4.1 (1)].

1.1. Comparison to previous literature and novelty of our results. Theorems A and B
in this paper follow from new quantitative estimates for the Navier—Stokes equations
(Propositions 2.1 and 2.2), which build upon recent breakthrough work by Tao in [47].
In particular, Tao shows that for classical'® solutions to the Navier—Stokes equations

_1
lullLoor3®3x0,1)) < A= llul, Dllpeoms) < exp(exp(exp(A©)))¢~2 for 0 <t < L.
(22)
Before describing our contribution, we first find it instructive to outline Tao’s approach
in [47].
Fundamental to Tao’s approach for showing (22) is the following fact!® (see Section
6 in [47]). There exists a universal constant &y such that if u is a classical solution to the
Navier—Stokes equations with

el oo 13 ®3x0,1)) < A (23)
and N—1||PNu||L%(R3X(%J)) < g forall N > N,, (24)

then |ju|| L, ®3x (], 1)) can be estimated explicitly in terms of A and N,. Related obser-

vations were made previously in [11], but in a slightly different context and without the
bounds explicitly stated.
With this perspective, Tao’s aim is the following:

14 See footnote 6 for the definition of ‘effective’ bounds.

15 19 [47], these are solutions that are smooth in R3 x (0, 1) and such that all derivatives of u and p lie in
L®L2(R3 x (0,1)).

16 1 gt @€ Cgo (Bp(1)) withe = 1 on Bo(%). The Littlewood-Paley projection Py is defined forany N > 0

by Pn f®) = (0(5) — 0(G)) T ©).



Quantitative Regularity for the Navier—Stokes Equations... 723

Tao’s goal: Under the scale-invariant assumption (23), if (24) fails for ¢g = A~C
and N = Ny, what is an upper bound for Ny?

In [47] (Theorem 5.1 in [47]), it is shown that Ny < exp exp exp(A©), which implies (22)
by means of the quantitative regularity mechanism (24) with N, = 2Ny. We emphasize
that since the regularity mechanism (24) is global: all quantitative estimates obtained in
this way are in terms of globally defined quantities.

The strategy in [47] for showing Tao’s goal with Ny < exp(exp(exp(A€))) can be
summarized in four steps. We refer the reader to the Introduction in [47] for more details.

1) Frequency bubbles of concentration (Proposition 3.2 in [47]).
Suppose [[ull o133 (1—T.10)) = A 18 such that

Ny ' P (xo, t0)| > AC. (25)
Then for all n € N there exists N, > 0, (xp, t,) € R? x (19 — T, t,—1) such that
NPy u(xn, 1) > A€ (26)
with 1 1
Xn = X0+ O((lo — 12)2), Ny ~ |to — ta] 2. (27)

2) Localized lower bounds on vorticity (p. 37 in [47]). For certain scales S > 0 and
an ‘epoch of regularity’ Is C [to — S, 0 — A™%S], where the solution enjoys ‘good’
quantitative estimates on R3 x I (in terms of A and S), Tao shows the following: the
previous step and [|ull poo 13 ®3x[1o—7.,50)) = A IMply

/ o, )2dx > A"V S™2 for all 1 € Is. (28)
By (APST)

Here, «, § and y are positive universal constants.

3) Lower bound on the L3 norm at the final moment in time 7, (p-37-40in [47]). Using
quantitative versions of the Carleman inequalities in [13] (Propositions 4.2—4.3 in [47]),
Tao shows that the lower bounds in step 2 can be transferred to a lower bound on the L3
norm of u at the final moment of time #. The applicability of the Carleman inequalities
to the vorticity equation requires the ‘epochs of regularity’ in the previous step and the
existence of ‘good spatial annuli’ where the solution enjoys good quantitative estimates.
Specifically, Tao shows that step 2 on I implies

/ lu(x, 10)Pdx > exp(—exp(A€)). (29)
Rs<|x—xo| <R}
4) Conclusion: summing scales to bound TN(%. Letting S vary for certain permissible

S, the annuli in (29) become disjoint. The sum of (29) over such disjoint permissible
annuli is bounded above by |lu(-, 7o) 3 (r3) and the lower bound due to the summing of

scales is exp(— exp(AC)) log(TNg). This gives the desired bound on Ny, namely

TNy < exp(exp(exp(A9))).
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Let us emphasize once more that the approach in [47] produces quantitative estimates
involving globally defined quantities, since the quantitative regularity mechanism (24)
is inherently global. We would also like to emphasize that the fact that ||u|| L3 < Ais
crucial for showing steps 1-2 in the above strategy.

The goal of the present paper is to develop a new robust strategy for obtaining new
quantitative estimates of the Navier—Stokes equations, which are then applied to obtain
Theorems A and B. The main novelty (which we explain in more detail below) is that
our strategy allows us to obtain local quantitative estimates and even applies to certain
situations where we are outside the regime of quantitative scale-invariant controls. For
simplicity, we will outline the strategy for the case when |[|u|| L2 L3 R3x (t0—T'10)) <M,

before remarking on this strategy for cases without such a quantitative scale-invariant
control (Theorem B).

Fundamental to our strategy is the use of local-in-space smoothing near the initial
time for the Navier—Stokes equations pioneered by Jia and Sverdk in [20] (see also [6] for
extensions to critical cases). In particular, the result of [20], together with rescaling argu-
ments from [6], implies the following. If u : R3 x [rg — T, o] — R3 is a smooth solution

with sufficient decay"’ of the Navier—Stokes equations and ||u|| L LY R (t—T10)) <

M, then
M2/ SEM
/ o, () Pdx < XD (30)
B | (to — t)2
By (44/SE(M)  (t0—1()2)
for a time 5 € (tp — T, tp) implies that
) 31)

flull -1 I
L (B (5 /SFD) (10—1))x (3 (to—15)41510)

can be estimated explicitly in terms of M and fy — t(’)“ .Here, S*(M) = CM —100 i5 defined
in (76).
With this perspective, the aim of our strategy is the following

Our goal: If (30) fails for 7 = 1, what is a lower bound for 7o — ,?

This is the main aim of Proposition 2.1. Taking so such that o — t(/) > 2T sy, we can then
apply (30)—(31) with ¢5 = t9 — T'sp. One might think of the main goal of our strategy
as a physical space analogy to Tao’s goal with

No ~ It — 1172
In contrast to (24), the regularity mechanism (30)—(31) produces quantitative estimates
that are in terms of locally defined quantities, which is crucial for obtaining the localized

results as in Theorem A. Our strategy for obtaining a lower bound of 7o — #; (see
Proposition 2.1) can be summarized in three steps; see also Fig. 1.

1) Backward propagation of vorticity concentration (Lemma 3.1).

Let ””||L,°°L§'°°(R3x(zo—T,r0)) < M. Suppose 1, € (to — T, to) is not too close to 1o — T

and is such that

M?\/SE(M)

. 3
(to — 1})2 2

f o (x, ) |*dx >
By (4/S500) (t0-1) )

17 In this paper, ‘smooth solution with sufficient decay’ always denotes the notion described in Sect. 1.4.
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T (0,7*) singular point

paraboloi\}\of concentration of L? and L™ norms

zone of backward concentration of enstrophy

Fig. 1. Zones of concentration and quantitative regularity

We show that for all 7j € (19 — T, t;), such that o — # is sufficiently large compared to
1o — 1}, (in other words 7 is well-separated from 7)), we have

M2/S3(M)

33
(to — )2 49

f o (x, )))2dx >
—1 1
By (4/SE(M)  (t9—1)7)

We refer the reader to Lemma 3.1 for precise statements for the rescaled/translated
situation R3 x (19 — T, tg) = R3 x (=1, 0).

2) Lower bound on localized L3 norm at the final moment in time 7. Using the
previous step, together with the same arguments as [47] involving quantitative Carleman
inequalities, we show that for certain permissible annuli that

lu(x, 10)*dx = exp(—exp(M©)). (34)
R=<|x—xo|<R’
We wish to mention that the role of the Type I bound is to show the solution u obeys

good quantitative estimates in certain space-time regions, which is needed to apply the
Carleman inequalities to the vorticity equation.

3) Conclusion: summing scales to bound 7y — 7, from below. Summing (34) over
all permissible disjoint annuli finally gives us the desired lower bound for fp — ¢ in

Proposition 2.1. We note that the localized L> norm of u at time 7o plays a distinct role
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to that of Type I condition described in the previous step. Its sole purpose is to bound the
number of permissible disjoint annuli that can be summed, which in turn gives the lower
bound of 7 — 1). Together with the assumed global Type I assumption, this is essentially
why the lower bound in Theorem A on the localized L3 norm near a Type I singularity
is a single logarithm and holds at pointwise times.

Although the above relates to the case of Proposition 2.1 and Theorem A where

loell oo 3% 3 x(tg—T.107) = M-
we stress that the above strategy (with certain adjustments) is robust enough to apply to
certain settings without a quantitative Type I control (Theorem B).

Recall that Theorem B is concerned with quantitative estimateson u : R3x(—1,0) —
R3, where we assume

ey 10 with sup [lu(, tx) | 3w3) < M. (35)
k

First we remark that the local quantitative regularity statement (30)—(31) remains true
(with #; replaced by #) if u isa C ®(R3 x (-1, 0]) finite-energy solution and the Type
I condition is replaced by the weaker assumption that [|u(-, 7)) || 33y < M. Our goal
then becomes the following

Our second goal: If (30) fails for ¢ = ¢; (with fo = 0 and T = 1), what is an upper
bound for j?

In this setting ‘1) Backward propagation of vorticity concentration’ still remains
valid if a sufficiently well-separated subsequence of f() is taken (see Lemma 3.3 and
Proposition 2.2). To show this we use energy estimates in [40] for solutions to the Navier—
Stokes equations with L3 (IR?) initial data. Such estimates are also central to gain good
quantitative control of the solution in certain space-time regions, which are required for
applying the quantitative Carleman inequalities. The price one pays in this setting (when
compared to the estimates in [47]), is a gain of an additional exponential in the estimates.
The reason is the control on the energy of u(-, 1) — e’ Ao (with ug € L3(R3)) requires
the use of Gronwall’s lemma.

In the strategy in [47] the lower bound on vorticity (28), which is needed for getting
a lower bound on the localized L norm at ¢y via quantitative Carleman inequalities, is
obtained from the frequency bubbles of concentration. In order for this transfer of scale-
invariant information to take place, it appears essential that the solution has a quantitative
scale-invariant control such as ||u|| L3 < A. In our strategy, we instead work directly
with quantities involving vorticity (mmﬂar to (28)), which are tailored for the immediate
use of quantitative Carleman inequalities. In this way, we crucially avoid any need to
transfer scale-invariant information, giving our strategy a certain degree of robustness.

1.2. Final Remarks and Comments. We give some heuristics about the quantitative
estimates of the form

||u||L°°(R3x(%,1)) = G(”“”X) (36)

that one can expect for the Navier—Stokes equations, when a finite-energy solution u
solution belongs to certain normed spaces X C L'((0,1); Y), where Y is a Banach
space contained in S’ (R3).
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1.2.1. Subcritical case Consider a space X C S'(R? x (0, 1)) whose norm || - ||y is
subcritical'® (for example Lf;r,‘3 (R3 x (0, 1)) with § > 0). If u is a finite-energy solution

with a finite subcritical norm on R3 x (0, 1), then it is known that ¥ must belong to
C®(R3 x (0, 1]). See, for example, [24]. Moreover, one typically has a quantitative
estimate of the form (36) with

G(x) = cx? with g > 0.

To demonstrate this, consider u belong to Lfcf’,‘3 (R3x (0, 1)). An application of Caffarelli,
Kohn and Nirenberg’s result [9] (see also Proposition 6.1) gives that (36) holds true with

845 o . .. . . .
G(x) ~x 5 .Sucha quantitative estimate is invariant with respect to the Navier—Stokes
scaling (2). In this context, one could also gain similar quantitative estimates based on
parabolic bootstrap arguments applied to the vorticity equation

oow—Aw=w-Vu—u-Vo, o=V xu 37

as was done by Serrin in [42].

1.2.2. Critical case In the subcritical norm case, we saw that seeking estimates of the
form (36) that are invariant with respect to the scaling (2), gives a suitable candidate for
G that can be realised. The case when the norm || - || x is critical is more subtle, since a
scaling argument does not provide a suitable candidate for G. We first mention that the
case of sufficiently small critical norms, for example

el s w35 (0,1y) < €0 (38)

is essentially of a similar category to the subcritical case (though a scaling argument is
not applicable). Indeed, a similar argument outlined as before (based on [9], see also
Proposition 6.1) gives that in this case we have (36) with G(x) ~ x. This is consistent
with the fact that solutions with small scale-invariant norms exhibit similar behaviour
to the linear system and hence are typically expected to satisfy linear estimates.

For obtaining quantitative estimates of the form (36) when the scale-invariant norm is
large, it is less clear what the candidate for G might be. This seems to be the case even
for large global scale-invariant norms that exhibit smallness at small local scales'® (for
example L (R? x (0, 1))). Such local smallness properties have been utilized to prove
qualitative regularity by essentially linear methods. See [45], for example.

For the case of a smooth finite-energy solution « having finite scale-invariant L (R3 x
(0, 1)) norm, one way to obtain quantitative estimates is to consider the vorticity
equation (37) with initial vorticity wg € L*(R?). Performing an energy estimate yields
forr € [0, 1]

1 t

||a)(-,t)||iz(R3)+2f/|Vw|2dxdt/= ||w0||i2(R3)+2//(w.w).wdxdt’, (39)
0 R3 0 R3

18 See Sect. 1.4 for a definition.
19 In particular, u € L3 (R x (0, 1)) = lim, | el 5 gy (1-12, 1) = O-
20 For very similar computations, see (for example) Chapter 11 of [26] and references therein.
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where the second term in right-hand side is due to the vortex stretching term w - Vu in
(37). For the case that u € L>(R3 x (0, 1)), application of Holder’s inequality, Sobolev
embedding theorems and Young’s inequality lead to

1 t

leoC D2, + / f IVol?dxdt’ < |lool}2 s, +C f ety 175 sy o C 117 2 s it (40)
0 R3 0

Gronwall’s lemma, followed by arguments similar to the subcritical case, yields
2 2 5
”u ”LOO(R3><(%’1)) ,S ||w||L°°(O,1;L2(R3)) S ||600 ||L2(R3) exp(”u “L5(1R3><(0, 1))) (41)

Though this is not exactly of the form (36), a slightly different argument gives that for any
finite-energy solution u in L> (R3% (0, 1)) we get that (36) holds with G (x) ~ exp(C x2).
In particular, this can be achieved using L9 energy estimates in [31], the pigeonhole
principle and reasoning in the previous subsection.

The above argument (39)—(41) shows that being able to substantially improve upon
G(x) ~ exp(C x°) would most likely require the utilization of a nonlinear mechanism
that reduces the influence of the vortex stretching term w - Vi in (37). It seems plausible
that the discovery of such a mechanism would have implications for the regularity theory
of the Navier—Stokes equations.

1.3. Outline of the paper. Ineach of the Sects. 2—7, we distinguish between cases where:
(i) one assumes a Type I control on the solution and (ii) one assumes a control on the
velocity field on time slices only.

In Sect. 2, we state our main quantitative estimates (Propositions 2.1 and 2.2) and
we demonstrate how these statements imply the main results of this paper: Theorem A,
Corollary 1.1 and Theorem B. Section 3 is devoted to the proof of Propositions 2.1
and 2.2. Section 4 contains three further applications of the technology developed in
the present paper, in particular Corollary 4.3 concerning a quantitative bound for the
number of singularities in a Type I blow-up scenario. In Sect. 5, we quantify Jia and
Sverak’s results regarding local-in-space short-time smoothing, which is a main tool for
proving the quantitative estimates in Sect. 3. The main result in Sect. 5 is Theorem 5.1.
In Sect. 6, we give a new proof of Tao’s result that solutions possess ‘quantitative annuli
of regularity’, which is required for proving our main propositions in Sect. 3. The central
results in Sect. 6 are Lemmas 6.6 and 6.8. Section 7 is concerned with the utilization of
arguments from the papers of Leray and Tao to show existence of quantitative epochs of
regularity (Lemmas 7.3 and 7.5). In “Appendix A” we recall known results about mild
solutions and local energy solutions, and we give pressure formulas. In “Appendix B”,
we recall the quantitative Carleman inequalities proven by Tao.

At this point we find it useful to give the high-level structure of the proofs of the
main results, Theorems A and B, stated in the Introduction. These results are proved
in Sect. 2.2 so as to emphasize the link stated in Sect. 2.1 between concentration and
quantitative regularity estimates.

The proof of Theorem A relies on the combination (as is showed in Fig. 1) of the
quantitative bound in the Type I case (Proposition 2.1) on the one hand, with concen-
tration estimates near a potential singularity for the local L3 norm ( [6]) and for the
L norm (Corollary 5.3) on the other hand. The proof of Theorem B directly follows
from the quantitative bound in the time slice case (Proposition 2.2) and local-in-space
smoothing results (Theorem 5.1).
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Hence, the core of the paper are the proofs of the main quantitative estimates, Propo-
sition 2.1 and Proposition 2.2. Their proofs in Sect. 3 rely on:

e backward propagation of concentration stated in Lemma 3.1 (Type I) and Lemma 3.3
(time slice) via quantitative local-in-space short-time smoothing stated in Theo-
rem 5.1 and Remark 5.2,

e large-scale propagation of concentration via quantitative unique continuation in
epochs of regularity,

e forward propagation of concentration via quantitative backward uniqueness in annuli
of regularity

e and summing of scales.

The auxiliary tools of quantitative annuli of regularity are proved in Sect. 6 and of
quantitative epochs of regularity are proved in Sect. 7. The Carleman inequalities for
quantitative unique continuation and quantitative backward uniqueness are taken directly
from Tao’s paper [47] and stated in “Appendix B”.

1.4. Notations. In order to make it easier to locate the statements of the results, we have
adopted the following convention. The two main theorems of the paper are Theorems A
and Theorem B. They are located in the Introduction. The other theorems, propositions,
corollaries and remarks are numbered as ‘a.b’, where a is the section number and b the
ordinal number of the statement in that section.

1.4.1. Universal constants For universal constants in the statements of propositions and
lemmas associated to the Type I case (specifically Proposition 2.1 and Lemma 3.1), we
adopt the convention of a superscript f. For universal constants in the statements of
propositions and lemmas associated to the time slices case (specifically Proposition 2.2
and Lemma 3.3), we adopt the convention of a superscript b.

In Lemmas 3.1, 3.3 and Sect. 5, we track the numerical constants arising. Elsewhere
in this paper, we adopt the convention that C denotes a positive universal constant which
may vary from line to line.

We use the notation X < Y, which means that there exists a positive universal
constant C such that X < CY.

In several places in this paper (notably the Introduction, Sect. 3 and “Appendix B”)
the notation C is used to denote a positive universal constant and —C denotes a negative
universal constant.

Whenever we refer to a quantity (M for example) being ‘sufficiently large’, we
understand this as M being larger than some universal constant that can (in principle)
be specified.

1.4.2. Vectors and domains For a vector a, a; denotes the i’ h component of a.

For (x,t) € R* and r > 0 we denote B,(r) := {y € R3 : |y — x| < r} and
Qu,n(r) == Br(x) x (t — r2 t). Here, | - | denotes the Euclidean metric. As is usual, for
a, b e R3, (a®b)op = aubg,andfor A, B € M3(R), A : B = AygBypg. Here and in the
whole paper we use Einstein’s convention on repeated indices. For F : € R3 — R3,
we define VF € M3(R) by (VF(x))ap := 0pFq.

Let us stress that in Sect. 5 only we use cubes instead of balls: By (r) = x+(—r, r)>.
This is for computational convenience, since we track numerical constants in Sect. 5. We
emphasize that the results in Sect. 5 hold for spherical balls too, with certain universal
constants adjusted.
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1.4.3. Blow-up point, criticality We say that a solution u to the Navier—Stokes equations
first blows-up at 7* > 0 if

u € L0, T%), L®(R))
but
u ¢ Li2.((0, T*]; L (R?)).

We say (X, || - lx) € S'(R3) is critical if ug € X = ug).(x) := Aug(rx) € X with
X norm equal to that of ug.

A quantity F(u, p) € [0, 0o) is said to be subcritical if, for the rescaling (2), there
existsa > Osuchthat F'(uy, p)) = A*F(u, p), critical if we have F (u,, p;) = F(u, p)
and supercritical if we have F(uy, py) = AP F(u, p) for some g > 0.

1.4.4. Mild, suitable and finite-energy solutions to the Navier—Stokes equations Through-
out this paper, we refer to u : R3 x [0, T] — R3 as a mild solution of the Navier—Stokes
equations (1) ifu € N7 L%((0, 11): L? (R?)) and if it satisfies the Duhamel formula:

uloc

t
u(x,t) =eu(,0) + / Po; e 9%y (-, Suj(-, s)ds,
0

for all € [0, T]. Here, ¢’ is the heat semigroup, IP is the projection onto divergence-
free vector fields. A mild solution on [0, 7*) is a function that is a mild solution on
[0, T]forany T € (0, T™*).

We say that u is a smooth solution with sufficient decay on the interval [0, T*] if u
is smooth on the epoch (0, T') for any T < T* and belongs to L*°((0, T); L*@®R¥)) N
L*((0, T); L3 (R3)). Furthermore using Lemma 2.4 in [19], it gives that u coincides with
all local energy solutions (we refer to the final paragraph of Sect. 1.4.4 for a definition),
with initial data u (-, 5), on R x (s, T*) forany 0 < s < T*. The framework of ‘smooth
solutions with sufficient decay’ is needed to apply Theorem A to the setting of Corollary
1.1, where the solution is not of finite energy. A mild solution with Schwartz class initial
data and maximal time of existence 7 will be such a solution, and so Theorem A applies
to that setting. Notice that smoothness is needed here in order to get estimate (10) for
all 7 in the ad hoc interval.

We say u is a finite-energy solution or a Leray-Hopf solution to the Navier—Stokes
equations on (0, T) if u € Cy, ([0, T1; L2(R%)) N L*(0, T; H'(R?)) and if it satisfies
the global energy inequality

t
2 2 ’ 2
G, D1 2 +2ff VulPdxdr’ < [lu(-, 0)[122z)-
0 R3

Let Q C R3. We say that (u, p) is a suitable weak solution to the Navier—Stokes
equations (1) in 2 x (T, T) if it fulfills the properties described in [38] (Definition 6.1
p-133 in [38]).

We say that (u, p) is a suitable finite-energy solution to the Navier—Stokes equations
onR? x (Ty, T) if it is a solution to (1) in the sense of distributions and

e ueCy(T, T; LZR>) N LTy, T; H'(R?)),
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e it satisfies the global energy inequality

t

||u<-,r>||iz+2f/|Vu|2dydss||u(~,T1>||iz forall t € [T\, T],  (42)
T) R3

e (u, p) is a suitable weak solution on By(x) x (Ty, T) forall x € R3.

It is known, see for instance [2], that the above defining properties of a suitable finite-
energy solution imply that there exists ¥ C [77, T'] with full Lebesgue measure || =
T — T such that

t

||u(-,r>||iz+2//|Vu|2dydss luG-, )7, and [[Vu(, )|,z < oo,
t R3
forallt e [t/,T] and t' € . (43)

Finally, let us give the definition of a local energy solution to the Navier—Stokes equa-
tions. Notice that these solutions are sometimes described in the literature as ‘Lemarié-
Rieusset solutions’ or ‘Leray solutions’. They were conceived by Lemarié-Rieusset in
[25]. In our paper, whenever we refer to ‘local energy solutions’, we mean in the sense
of Definition 2.1 in [19]. Notice, in particular, that suitable finite-energy solutions are
local energy solutions.

1.4.5. Lorentz spaces For a measurable subset @ C R? and a measurable function
f : Q2 — R we define

dra(a) == p(fx € Q:|f(0)] > a}), (44)

where 1 denotes the Lebesgue measure. The Lorentz space L”-9(€2), with p € [1, 00),
q € [1,00], is the set of all measurable functions g on €2 such that the quasinorm
llgllLrae) is finite. The quasinorm is defined by

[o/e]
ada\t
lellrae = (p [ atda@? )", (45)
0
1
llgllLro(q) := supady q(a)?. (46)
a>0

Notice that for p € (1, 00) and g € [1, oo] there exists a norm, which is equivalent to
the quasinorm defined above, for which L?-9(£2) is a Banach space. For p € [1, c0) and
1 < g1 < g2 < 0o, we have the following continuous embeddings

LP1(Q) < LP9(Q) (47)

and the inclusion is strict.



732 T. Barker and C. Prange

2. Main Quantitative Estimates

2.1. Quantitative estimates in the Type I and time slices case.

Proposition 2.1 (main quantitative estimate, Type ). There exists a universal constant
My € [1, 00) such that the following holds. Let M € [M>, o), ty € Rand T € (0, 00).
There exists S*(M) € (0, A—IL], such that the following holds. Let (u, p) be a smooth
solution with sufficient decay21 to the Navier—Stokes equations (1) in I = [tg — T, ty],
which satisfies

”u||L,°°L)3(’OO(R3><(IQ—TJ0)) S M (48)
and for fixed A € (0, exp(M1023))
3
/ ju(x, 10)Pdx > = exp(—exp(M '), (49)
BO(AT%)
Then for
CEA?
—s) = ?M_Mg exp { —4p10%3 exp(exp(M1024)) / |u(x, to)|3 dx}, (50)
ByGTT)
we have the bound
f lw(x, to + 5, T) 2 dx < M*(—s,T) "2/ 8¢ (51)
Bo(4«/§71(—sxT)%)
and the bound
C]M_23

- 2
“u||L°°(B()(C2T%MSO(_S)L)%)X(%_HO'[O)) = (_sk)%T% ' (5 )

for universal constants Cy, Cy € (0, 00). Here C* and S*(M) are the constants given
by Lemma 3.1. Recall that we have SHM) = CM~100,
Figure 1 illustrates Proposition 2.1.

Proposition 2.2 (main quantitative estimate, time slices). There exists a universal con-
stant My € [1, 00) such that the following holds. Let M € [M1, 0o). We define MP
by (17). Let (u, p) be a C*®*(R3 x (—1, 0)) finite-energy solution to the Navier—Stokes
equations (1) in I = [—1, 0]. Assume that there exists t) € [—1, 0) such that

f 10 with sup luC, 1)l 3 @3y < M. (53)

Select any “well-separated” subsequence (still denoted t()) such that

—l(k+1)

<exp (—2(M"H1P3). (54)
k _t(k) p( )

21 See Sect. 1.4. Notice that by this definition u is bounded up to 7.
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For this well-separated subsequence, assume that there exists j+ 1 such that the vorticity
concentrates at time t(j+1) in the following sense

_1
[ et > ) S (55)
BovS (—tgjer )

where S*(M) € (0, %] is as in Lemma 3.3. Then, we have the following upper bound on

J.
J < exp(exp((M")'%2%)) (56)

Here S°(M) is the constant given by Lemma 3.3.

2.2. Proofs of the main results. In this section we prove the main results stated in the
Introduction. We refer to the end of Sect. 1.3 for a high-level explanation of the structure
of the proofs.

Proof of Theorem A. Take M > max(M>, Mg) > 1. Here, M, being from Proposi-
tion 2.1 and Mg being from Corollary 5.3. By means of a scaling argument, it is sufficient
to prove Theorem A with 7* = 1. In particular, we fix

‘e (% 1) and 57)

Re (2] Lol (58)
Spp(M)

and assume the contrapositive of (10) with 7* = 1. Namely, we assume

2
IOg (MSOI;“_I' )

3
OPdx < — M)
e Dl dx < exp(M1025))

(39)

|x]<R

First we note that [6] (specifically Theorem 1 in [6]; see also [21, Corollary 1.2]),
together with assumptions (1)—(2) in the statement of Theorem A (with 7* = 1) imply
that there exist Spp (M) and iy > 0 such that

/ lu(x, s)Pdx > y2 . forall s € (0, 1). (60)
Bo(2)/ sz

Next define } := % Then by (57)—~(58), we see that

A€ (0, v2eM ™). 61)
Furthermore, (60) implies that for M sufficiently large, we have

/ lu(x, 1) Pdx > 3 exp(— exp(M'?**)). (62)

1
Bo(r23)
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Considering u on R? x [0, 7] and observing Proposition 2.1, we see that (62) implies
that the assumption (49) is satisfied with 7 := ¢ and #y := ¢. Furthermore, we have
that for M sufficiently large A € (0, exp(M '°23)). Hence, we can apply Proposition 2.1.
Namely by (52) we see that for

—s5 = %MW exp { — AM 923 exp(exp(M10%%)) / lu(x, )] dx},
Bo(R)
we have the bound
C\M—2

ot < — 63
B Y O P e @

Using that (0, 1) is a singular point of u, the Type I bound on # and Corollary 5.3, we
see that there exists a universal constant C,,,;, such that

(64)

Cuniv

u(-,t > —
MO (@ a0h) 7 0
The assumption (59) implies that for M sufficiently large, we have the following lower

bound for —s;:

C:I
—5 > EM53|1 —1|. (65)

Now, (63) and (65) (together with the fact that r > %) imply that

1
2

| 16
Lt <22 M_23<—)
llu, )“Loo(Bo(cﬂ‘%M"O(%M”\l—t\)%)) =220, CEM3|1 — 1]

For M sufficiently large, this contradicts (64). Hence, (59) cannot hold. |

Proof of Corollary 1.1. From[10] (specifically Theorem 1.1 in[10]), there exists M > 1
such that

lu(x, 1) < # for all (x,1) € (R x (—o0,0]) \ {(0, 0)}. (66)

Integration of this then immediately gives the upper bound of (12), which in fact holds
true for ¢ € (—1, 0). Next, note that (66) implies

”u”L,OOLi’OO(]RSX(—OO,O)) S M (67)

We also remark that since u is non-zero and A-DSS we must have

u¢ L%(Q(O,O) (r)) for all sufficiently small r. (68)

Indeed, suppose for contradiction that u € L?}(Q(O,O) (r)) then for any (x,t) € R3 x

(—o00, 0) we have (A_kx, A_Zkt) € 00,0y (r) for all sufficiently large k. Using that u is
A-DSS we have

luCe, )] = A *u(*x, 270 < kfk||”||L°°(Q<o,o>(f)) 1 0.
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From this point onward we fix

e (—00,0) and R e (2 /S_—(tM),oo).
BP

Here, Sgp (M) is as in Theorem A. Our aim is to show that with these choices (66)—(68)
imply (12). First, given the fixed choices of R and ¢ above, we take any large 7* such
that

T" > =2t (69)

[ —t 1022 "

Let us now consider the translated solution in time w7+ : R3 x [0, T*] — R3 defined
by

and

ur=(x,s) =u(x,s —T%).
Then (67)—(68) imply that

”uT* ”L?OL?('OO(R3X(O,T*)) =M (71)

and
urs ¢ L3 (Q .1+ (r)) for all sufficiently small r. (72)

Furthermore, (69)—(70) imply that for s := T* + ¢ we have

T*
el—, T*) d
N ( ) an

T —s 1022
Rel2)—~ M V1],
( Spp(M) )
The above allows us to apply Theorem A to ur+ to obtain

2
log (R—*)
lups (. 5)Pdx > — M)

~ exp(exp(M102))”
|x|<R

This then reduces to the desired lower bound in (12). The upper bound in (12) trivially
follows from directly integrating (66). O

Proof of Theorem B. Applying Proposition 2.2 we see that for j = [exp(exp((M”)!224))1+
1 we have the contrapositive of (55). In particular,

_1
/ |w(.x,t(j+]))|2d.x < Mz(—t(]+1)) 2\/5_
30(4«/5_](—%”))%)

Almost identical arguments to those utilized in the proof of Lemma 3.1, except using
the bound (177) instead of (178), give

ClM_23
G+ = 1
4 0)) (—t(j+1))2

|lu ||L°° (Bo(czMso(—t(jH))%) ><(
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Since all estimates are independent of the spatial point where (55) occurs, we conclude

that

Jul L G

u o 1(j+1) = - 1-°
L (R3X( j4 ’0)) (—t(j.,.]))%

This concludes the proof of the theorem. O

3. Proofs of the Main Quantitative Estimates

3.1. Backward propagation of concentration. Here we state two pivotal results. These
are concerned with backward propagation of concentration in the Type I case and in the
time slices case. Figure 1 illustrates Lemma 3.1 below.

Lemma 3.1 (backward propagation of concentration, Type I). There exist two universal
constants C* € (0, 11—6), M3 € [1, 00) such that the following holds. For all M €

[M3, 00), there exists S*(M) € (0, A—IL], such that the following holds. Let (u, p) be a

‘smooth solution with sufficient decay’** of the Navier-Stokes equations (1) in I =
[—1, O] satisfying the Type I bound (48). Assume that there exists t(’) € [—1, 0) such that
t(/) is not too close to —1 in the sense

0<—t) < C*M™8

and such that the vorticity concentrates at time 1) in the following sense

f w(x, ()P dx > M2(—t)) "2/ (73)
30(4@_1(—16)%)
Then, the vorticity concentrates in the following sense
/ (e, () dx > M (—t])~2/s* (74)
Bo@SE (=) 7)

at any well-separated backward time t € [—1,t}] such that

—t
0 <P, (75)

0
Here SH(M) is defined explicitly by (76) and we have SH(M) = CM~100,

Proof of Lemma 3.1. The proof is by contraposition. It relies on Theorem 5.1 below
about local-in-space short-time smoothing. We define S* € (0, %] in the following way:

St = Su(M) = S*(CweakMa 32Csop(1 + Cellip)cweakM)a (76)

22 See Sect. 1.4.
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where S, is the function defined in Theorem 5.1 (see also the formula (209)), Cs,p €
(0, 00) is the best constant in the Sobolev embedding HY(By(2)) C L6(Bo(2)) and
Ceuip € (0, 00) is the best constant in the estimate

IVU G Ol 22y 2)) < Cettip (12, Ol 2oy + 1U G Ol 12(goay) (77
for weak solutions to
—AU(,0)0=V x Q(-,0) in By4).

Furthermore Cuweak € [1, 00) is a universal constant from the embedding L3 °°(IR3 ) C
. ZOC(R3) See, for example, Lemma 6.2 in Bradshaw and Tsai’s paper [8].
Assume that

/ o (x, 10)1> dx < M*(—t5)"?
Bo@v/SE () )

-1
at a given time 7 € [—1,0). Let r := v/ S* (-t )% and rescale in the following way
U(y,s) = ru(ry,r25+ ) Q(y,s):=r w(ry,r s+t0) We have

IU G 0 6(By2y) < Csob (1U G O)22¢8y20) + IVU G Ol 128y 2)))
< Csob(1+ Cettip) (I1U ¢, 0l 12(8y7) + 12, Ol 12(8y47))

3
< Csop(1 + Cellip)(82 + D Cyeak M
< 32Csop(1 + Cellip)cweakM- (78)

Here we used the scale-invariant bound (48) and the embedding L3[R ¢ Lu loc (R3).
Taking M > M3 sufficiently large, we now apply the bound (178) with Cyeqx M and
N :=32Cgop(1 + Celiip) Cypeak M . Then for any well-separated time t(/) satisfying (75),

we have using ct e (0, %) and (75), that —t(’) < 16( t "). Therefore, we have ’0 €
() + %Snrz, 1) + §%r?), hence

/ o (x, 1) |> dx < sup / lw(x, 1)]> dx
7 . re(t)+12 S2r2 1y +5%r2) 7 .
B/ (—1))2) B/ (—1))2)
< sup / low(x, t)|2dx

re(t)+12 $7r2 1 +8%r2) - '
Bo(AVST (=) 2)

r! sup / 1Q(y, $)|* dx
se(f2 sﬁS)B o

_1
< CM>0(—1)72.

IA

IA

The conclusion follows then from (75) for a well chosen universal constant C* € (0, 1—16).
O
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A variant of the proof of Lemma 3.1 gives the following concentration result for the
enstrophy near a Type I singularity.

Lemma 3.2 (Concentration of the enstrophy). For all sufficiently large M € [1, 00),
let S*(M) e (0, }‘] be the constant defined by (76). Let (u, p) be a suitable finite-
energy solution® of the Navier—Stokes equations (1) in I = [—1, 0] satisfying the Type
I bound (48). Assume that the space-time point (0, 0) is a singularity for u. Then, for all
t' € X, where T is a full measure subset of [—1, 0) defined in Sect. 1.4.4, the vorticity
concentrates in the following sense

/ lw(x, )2 dx > M2(—t')~2/SE, (79)
Bo@VSE (=) 3)
—1
Proof of Lemma 3.2. Indeed, if (79) does not hold, one takes r = v/ S§% (—t' )% and
performs the rescaling U(y, s) = ru(ry, r2s +1'), Q(y, s) = r’w(ry, r’s +t'). The
same reasoning as in Lemma 3.1 gives that we can apply the bound (177) with Cyeqx M

and N = 32Cgop(1 + Ceiip) Cweak M (see also (78)). This gives

C.M3N. /st - CM™ 2

bl ot S > .
L®(By(3 VST (=) 2)x (117,00 (=1)2 (—1)2
This contradicts the assumption that (0, 0) is a singular point of u. O

Lemma 3.3 (backward propagation of concentration, time slices). There exists a uni-
versal constant My € [1, 00) such that the following holds true. Let M € [My, 00). We
define M" by (17). Fix any o > M” and let 15, 1y € [—1,0) be such that
"
0
10T < 1y < 0. (80)

There exists S*(M) € (0, 4—1‘], such that the following holds. Let (u, p) be a C*® (R3 x
(—1, 0)) finite-energy solution of the Navier—Stokes equations (1) in I = [—1, 0] satis-
fying

luC t)llps <M and |u(-, 15)ll3 < M. (81)

Suppose further that the vorticity concentrates at time 1) in the following sense

1
/ o (x, )1? dx > M*(—1)) 72/ S". (82)
Bo@VS ' (—1)7)
The above assumptions imply that for any so € (1, 8;%] the vorticity concentrates in
the following sense
(M +1)?

Cotalts’ o

f lw(x, s0)|> dx >
Bo(4(—s0) 2 a109)
Here S"(M) = CM~100,

23 See Sect. 1.4.
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Proof. The proof below uses Theorem 5.1 and Remark 5.2. For s € [#, 0] we decompose
u as

u(-,5) = eSO 1) + V(L s). (84)
‘We then have
le“ 2 u(-, 1) 13 < M. (85)
o CM
e~ 0O2u(, 1)l s < ——. (86)
T (so—t))®

Furthermore, arguments from [17] imply that

(1—1HA

2, () s g oo < CM 87)

Moreover, similar arguments as those used in Proposition 2.2 of [40]** yield that for
s €[1],0]
S
v+ [ [ reveasar

/7 3
R

N N
<c / / B i) *dxdt +C / IV O 102 u, )1 .
i RS "

Using (85)—(87) and Gronwall’s lemma, we infer (for M larger than some universal
constant) that

N
IV, 92, +//|VV(x,t)|2dxdt < CMP)H s — 1.
1y R3
Here M" is defined by (17) for an appropriate universal constant L, € (0, 00) coming

from the Gronwall estimate. In particular, using that s € [z, &%Ol] we have
VeI, = €87 M) (=9)7 < o (=9)7. (88)

Here, we used the fact that o > MP.
From now on the proof is by contraposition. We assume that for a given 7 € [—1, 0)

. t//
there exists so € [#, 80{%] such that

(M +1)2

o Tl >

/ |l (x, 50)|2dx <

Bo(4a196(—50) )

Define .
A= (—s0)20'00 (90)

24 Based on the energy method, Sobolev embedding, Holder’s inequality and Young’s inequality.
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and rescale to get U : R x (0, «~21?) — R3 and P* : R? x (0, «~?'?) - R. Here,
Ut(y, 1) := du(hy, A2t +50) and P (y, 1) := AZp(hy, A2t + s0). 91)
Using (85) and (88), we see that

I, )l 2, < CLepM +1. (92)

Here, Crp € [1, 00) is a universal constant from the embedding L3(R3) C Liloc(R3).
Furthermore, defining Q* = V x U*, we see that (89) implies that

1Q4(y, 0)*dy < (M + )% (93)
Bo(4)
Similarly to Lemma 3.1, we define
S" = S"(M) := Sy(CrLevM +1,32Cs0p (1 + Cettip) (CLepM + 1))

where S, is the constant defined in Theorem 5.1, Cs,, € (0, 00) is the best constant
in the Sobolev embedding H!(B(2)) C L5(By(2)) and Ceip € (0, 00) is the best
constant in the estimate

IVU G, 0l 128y2yy < Cettip (124 0 28y + 1U G, Ol 12047y
for weak solutions to
—AU(,0) =V xQ(,0) in By4).
Next notice that from (17), if we have for M sufficiently large
212 < (MP)22 < (14 M)1O! < P,

Using (92)—(93), together with a similar reasoning to Lemma 3.1, we can apply Theo-
rem 5.1 with M > M, being sufficiently large. Specifically, we apply Remark 5.2 with
B = o212, This gives
A
” vU ” LtOOL_%(BO(%) x (%a—2l2,a—212))
< CunivM*a®®. 94)
This implies that

[Vl

1
(—50)2 o106 :
()0

C2 M8(¥424
< dmv

univ
1
(=s0)2

Using that sy < 7) < 0 and that $*(M) = CM~'%_ we have for M sufficiently large
that

95)

Bov/s (—1)})  Bo(L(—s0)} (M°)1%5).
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So for 522 < 1, we see that (95) implies that

C M8 424 M8a525
/ | (x, 1) |Pdx < —4niv < .
(- so)2 (—15)2

_ 1
Bo@VS (=) 7)

Here, we used 59 € [17, S 201] Thus,

N2 2 -3/ o ¢ )2
/ o (x, 1) Pdx < MP(—1)"TVS" x = (_t(,),) .

525M6 _t(/) 1

Bo@v/s (=i 1)

Now,
525146 ! ;1
o M —1, 2 —1 2
( (,)/> < CunivM56a525< (,)/> .
VAL —l
Therefore, since (80) holds, we get the conclusion. O

3.2. Proof of the main quantitative estimate in the Type I case. This partis devoted to the
proof of Proposition 2.1. The proof of Proposition 2.1 uses Lemma 3.1, Corollary 6.7,
Lemma 7.3 and the Carleman inequalities in “Appendix B”. Following Tao [47], the
idea of the proof is to transfer the concentration of the enstrophy at times 7 far away
in the past to large-scale lower bounds for the enstrophy at time #y. This is done in Step
1-3 below. The last step, Step 4 below, consists in transferring the lower bound on the
enstrophy at time 7y to a lower bound for the L3 norm at time 7y and summing appropriate
scales. The assumption (49) at the final time 1 is critical.

Without loss of generality, we now take 7o = 0. We also assume that 7 = 1. The
general statement is obtained by scaling. Let M € [M3, oo) where M3 is a constant in
Lemma 3.1. In the course of the proof we will need to take M larger, always larger than
universal constants. Let u : R3 x [—1, 0] — R3 be a ‘smooth solution with sufficient
decay’? of the Navier—Stokes equations (1) in / = [—1, 0] satisfying the Type I bound
(48). Assume that there exists t(/) € [—1,0) such that t(’) is not too close to —1 in the
sense’® .

0<—1)< %M7749
and such that the vorticity concentrates at time ;) in the following sense

/ w(x, () >dx > M2(—t))"2/SE, (96)
BoV/ST ' (—1p)?)
where we recall that $* = CM~'%_ Lemma 3.1 then implies that
/ (e, )2 dx > M?(—1")" 2/ S5, 97)

Bo(/ST (=1 %)

25 See Sect. 1.4.
26 The number M ~74? in the right hand side is required by (106).
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at any well-separated backward time t” € [—1, #] such that*’
Ly s (98)
Ct 0

The rest of the proof relies on the Carleman inequalities of Proposition B.1 and Propo-
sition B.2. These are the tools used to transfer the concentration information (97) from

—1
the time #” to time 0 and from the small scales By(4v/S? — (—t" )%) to large scales.

Step 1: quantitative unique continuation. The purpose of this step is to prove the
following estimate:

TPe T <f / lw(x, 1)) dxdt, (99)
—T1 Bo(2R)\Bo(R/2)

for all 71 and R such that

2 548 1 10/ T1\z
M) <Ti =5 and R=M (?) (100)
Let #) > —% be such that (98) is satisfied with ¢ = tzﬁ Let Ty := —t) and I} :=

(ty. 1y + T‘) = (-T, —%) C [—%, 0] ¢ [—1, 0]. Thus, we can apply Lemma 7.3 and
Remark 7 4 withtp = 0 and T = 1. The bound (259) in Remark 7.4 implies that there
exists an epoch of regularity /{ = [t/ — T{', t{'] C I, such that

M—48 M—48
T == —5—Ihl=—5—T (101)
4Cumv 8Chl’lll)
and for j =0, 1,2,
j 1 =D
IVZull o oo 3y = 2]+1| !l (102)

Let )" = %Tl” and s” € [t — %‘, t/]. Let x; € R3 be such that |x;| > MIOO(%)%
and let r| := M>°|x;| > MISO(%)%. Notice that for M large enough
50 150 T1\2 9 4 Sar V!
ryi=M7\x| > M (3) > M7 -4V (—1))? (103)
and

2> 400077".

We apply the second Carleman inequahty, Proposition B.2 (quantitative unique contin-
uation), on the cylinder C; = {(x, 1) e R* xR : ¢ € [0, T{"1, |x| < r1} to the function
w: R x [0, T]"] — R, defined by for all (x, 1) € R® x [0, T{"],

wx,t) :=wx +x,s" —1).

27 Notice that the whole argument of Sect. 3.2 goes through assuming that (97) holds for almost any
t" e [—1, —Ms“gz’)
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Notice that the quantitative regularity (102) and the vorticity equation (37) imply that

on C;
V3

3 _ _1
|0+ Mwl = 17" 1|w|+TT{” 2|V,

so that (310) is satisfied with S = Sy := T} and Ccarr = %6. Let

"
1 5 = M_ISOTIW.

S| =,
20000 -

For M sufficiently large we have 0 < 5| <1 < %. Hence by (312) we have

Q

2
"1

2 —_1

" 3 S 5

Z) < e X1+(§1>3<ﬂ> 'y, (104)
5

where

S//
X ::/ / (1" Y| + |Vo|?) dxds,

$"=T{" By (M*Jx1])

oo 3 _beni?

Yy = / lw(x, sT)7(s))"2e  *1 dux,

By (M30|x1])

. Tl///
= 20000 )
my—1 2 2 —‘X%ll
Z = ((T7) ol” + Vol )e 4"- dxds.
7" M30|xy |

s" o000 Br1 (T2 )

"

. . ” Tl/// Tl///
‘We first use the concentration (97) for times s € [s” — 10000 S — 30000] to bound Z;

from below. By (103), we have

Mx, |)

—1
Bydv/S* (=) € By @ € By (5

"
"

foralls € [s" — ﬁ, s" - 25%] and for M sufficiently large. We have

"
" T

1
20000 C‘x1‘2
— - 717
Z > / / (T No(x, s)>dxdse
11 —1 1
SH_ITOIW Bo(4vV/ S (—s5)2)
4 Tl/”
§° 7 20000 1 Cl
— — _ - 7
> / M~ B(—s)"2ds(T{)le T
T///
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_CiyP?

48 " 1 7
ZM T ————(T{) e
(=" + To000) 2
_cx?
2 M=y Tie T

_Cly

> M—48(M48T1//)—%e Ty
_Cixy?

— M_72(T1//)_%€ Tl/,

Second, we bound from above X . We rely on the quantitative regularity (102) to obtain

Xl 5 (Tf/)_2M150|X1 |3

Hence,
2 M0 2
~ 30057 11\—2 27150 3 T/
eI X < (1) 2M O Pe T
eml00) 2

< (1)) e

Third, for Y1 we decompose and estimate as follows

lx—xy 2

Yy = / |w(X,SN)|2(£1)7%€_ b1 dx

By, ()

|[x=x1 \2

3 AL
/ oG s P 3 B dx
By (M50]x1 )\ By, (1)

SMDS(T{’)3< / o (x, s")|* dx

B ()

M0 2
'
/ lw(x, s")|%e Ty dx)
By (M50]x1 )\ By, (141)

< MZZS(T{’)_S( / o (x, s dx + M) P26

+

+

CM150 ), 2
T{/)

By ()
\ 1 _CM150M\2
SMZZS(T{’)‘2< / lo(x,s")?dx +(T])"2e T )
By, (M)

where we used the quantitative regularity (102). Hence,

cr? 100,12 150

— 1 CM x| eM
_3/eS1\ 5 3~ 10g(p00°)

5ol (2) 5 it

21
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MOl 2
"
< M5, T / (e, s") P dx
B (44
om0 2

1 7
+ M225(T1//)—§e Tl/

Gathering these bounds and combining with (104) yields

7 "l il
— IIN— 7 T IIN— 5 T
M1y e T S (1) e T
M0l 12 1 M0 2
culOn 2 L, e
+M*Pe i f w(x,s")>dx + M (T{)72e i
By (44

Using (101) and x| > Mloo(%)%, we see that for M sufficiently large

cm!0l g 12

1 - 7
M2y T < / lw(x,s")|* dx.

By, (M)

T 1
Hence, for all s” € [¢{' — -, /'], for all |x| > M“)O(%)z,

_CMIOI‘X1‘2

1
T

1
/ lw(x, s> dx > M~27(T]))"2e
By ()
1007141 3 _ PP v_ T
Let R > M™™(3)2 andx; € R” be suchthat |x;| = R. Integrating in time [#]' — -, #]']
yields the estimate

1 cmM9g2
M‘321lee T

v
4l

1 2CM149R2
_ 349 L _20M PR-
M3 CM TZe T

A

N

lw(x, )| dxdt

”
=

1] Bo(2R)\Bo(R/2)
4

which yields the claim (99) of Step 1.

Step 2: quantitative backward uniqueness. The goal of this step and Step 3 below is
to prove the following claim:

_1
T, * exp ( - exp(Mlozl)) < / lw(x, 0))? dx,

Bo (3 C(100)M 1990 R} )\ By (2R})

(105)

for all %M 749(—t(/)) < T» < 1and M sufficiently large. Here, R, R and C(100) are as
in (107)—(109). This is the key estimate for Step 4 below and the proof of Proposition 2.1.
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We apply here the results of Sec. 6 for the quantitative existence of an annulus of
regularity. Although the parameter p in Sect. 6 is any positive real number, here we
need to take w sufficiently large in order to have a large enough annulus of quantitative
regularity, and hence a large r; below in the application of the first Carleman inequality
Proposition B.1. To fix the ideas, we take © = 100.28 Let 7y and 7> such that

8 5484201, s _ I o
aM (—to) < Tz < 1 and T] = 4]”—201

(106)
Let '
Ry = K¥(T»)?, (107)

for a universal constant K¥ > 1 to be chosen sufficiently large below. In particular it
is chosen in Step 3 such that (126) holds, which makes it possible to absorb the upper
bound (125) of X3 in the left hand side of (123). By Corollary 6.7, for M > M7(100)
there exists a scale

2Ry < R < 2R, exp(C(100) M '0%0) (108)
and a good cylindrical annulus
/ 1000 7/ I
= {R} < |x| < c(100)M 'O R} x (- 3—2,0) (109)

such that for j =0, 1,

. i+1 — _j+l
IV ull ooay <277 C;C100)M 30T, T
3 = _3
Vol oo 4y) < 22C2C(100)M 30T, 2, (110)

We apply now the quantitative backward uniqueness, Proposition B.1 to the function
w: R x [0, 1571 — R? defined for all (x, 1) € R? x [0, 17371 by,

w(x,t) =wx, —t).

An important remark is that although we have a large cylindrical annulus of quantitative
regularity A,, we apply the Carleman estimate on a much smaller annulus, namely

- c(lOO) T
A = {4R§ <Ix| < MIOOOR/} (— T 0). (111)

Choosing M sufficiently large such that 2C;C (100)M 3% < 1 and 23 G,C(100)
M—3% < 1, we see that the bounds (110) imply that the differential inequality (307) is
satisfied with S = § = % and Ccar; = M*O!. Take

ro=4R),  r.= 1c(100)M "R},
Then,

Bo(160R}) \ Bo(40R5) = Bo(40r_) \ Bo(10r_) C {40R§ < x| < @MWOORQ}

28 More specifically, we see that p is chosen so that 10 > 350 in order to obtain (114) from (112) and
(113).
29 The reason for this is to ensure we can apply Step 1 to get a lower bound (113) for Z5.
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on condition that M is sufficiently large: one needs c(100) M 1000 - 1280. Note also that
r2 = 16(R5)? = 64R3 = 64(K*)?Ty > 64Ty > 4SCcapi.
By (309), we get

1000 (S )2 2000 (5 )2

ZySe T (Xa+e Yy, (112)

~

where

4lx|= &
X, = / / e > (MO wl? + | Vol?) dxdt,

Tz r—<|x|<r4

Yy = / o (x, 0)|* dx,

ro<|x|<ry

0
/ / M7l + | Vol?) dxdt.

10r_<[x|<%

2
231207

Thanks to the separation condition (106) and to the fact that for M large enough (107)
implies

1 T 1 T 1
20r_ > 10R) > 20R; = 20K*T, > Mloo( 2 )2 _ M100<_‘)2,

8 M 201 2
we can apply the concentration result of Step 1, taking there 77 = 415% = % and
R =20r_. By (99) we have that
1 350 g/ \2 350 R/ \2
T2 2 _CM (R2) _ 1 _CM (RZ)
Lam () e Tontan e Ay
Therefore, one of the following two lower bounds holds
1 CM1000( pry2
T, 2 exp (ﬁ) < X, (114)
1
i CMO0Rr2
2exp(—exp(M'Ph) <eT T T, 2 <1, (115)

where we used the upper bound (108) for (115). The bound (115) can be used directly
in Step 4 below. On the contrary, if (114) holds more work needs to be done to transfer
the lower bound to the enstrophy at time 0. This is the objective of Step 3 below.

Step 3: a final application of quantitative unique continuation. Assume that the
bound (114) holds. We will apply the pigeonhole principle three times successively in
order to end up in a situation where we can rely on the quantitative unique continuation
to get a lower bound at time 0. We first remark that this, along with the definition (111)
of the annulus A, implies the following lower bound

1 CMIOOO(R/)Z
L
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0

5 / / 4‘7{2 (MZOI

D 4R’ ) <|x|<

lw|? + |Vol|?) dxdt.
s $¢(100)M1000 R,

By the pigeonhole principle, there exists

8R) < Ry < Le(100)M 'R (116)
such that

T, eXp f / (T, Mol + [Vol?) dxdt.

M201 Bo(R3)\Bo( 23)
Using the bounds (110), we have that

09—

2
8R:
—exp(— )T

/ / (T ol + |Vol?) dxdt.

—sr  Bo(R)\Bo(H)
By the pigeonhole principle, there exists

A

_1 4R?
e (- 5)

L ( SR%)T < 12 (117)
5 CXP 7, )12 =78 =00
such that
_1 R2
T, exp 3 / / (T; ' wl* + |[Vo|?) dxdt.

215 Bo(R3)\Bo(53)

We finally cover the annulus By(R3) \ Bo( 3) with

3 3
R} R

12R? 13R2
cstew () sew ()
(—z3)2 Tz Ip) T

C

balls of radius (—#3)2, and apply the pigeonhole principle a third time to find that there
exists x3 € Bo(R3) \ Bo(2) such that

1

18R2\ [
T, Zexp(— T23) </ / (T5 ' + |Vo?) dxdt. (118)
2t3

By ((— t3)7)

We apply now the second Carleman inequality, Proposition B.2, to the function w
R3 x [0, —2000073] — R? defined for all (x, ) € R’

x [0, —2000013] by,
wx,t) = w(x +x3, —1).
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Let S5 := —2000073. We take3°

1
ry = 1000R3( T3) R — (119)
2

Notice that due to (107)—(108) and (116), we have that

t
r2 = 106R§( - 732) > (2.56 x 10%)(KH)2(—13) > 400083 = (8 x 107)(—13),

(120)
r3 13 % # 1 1
3= 8OOOR2( - F) — 8000K % (=13)7 > (—13)2, (121)
2
so that (311) is satisfied. Furthermore, from (117) we have
Ix3l _ R3 1 \z
Sz 210008 (1) 2
Thus
r |3
Biy(—1)%) € By(3) € By(r3) € By (5-)
C (B <yl < 3Rs} C 2R} < Iyl < 3c(100)M 'O RS} (122)
Moreover,
0<s 3 < =2t 53
S = 57 = — — = —.
=353 S3 3= 3 104

By (117), we see that for M large enough S3 < 32 hence the bounds (110) imply that
the differential inequality (307) is satisfied on By(r) x [0, S] with S = S3,r = r3 and
Ccari = 1. Therefore, by (312) we have

2 2
r3 C 3

Z3 < Cum’vemx3+Cuniv(_t3)§eit7jy3’ (123)

where

0
[x— ’C3|
X3 :=/ / (83N w* + |[Vol?) dxdt, Y3 := / o, )2 (=13)"2e ¥  dx,

=83 By, (r3) By (r3)

Zs :=/ / (S5 V1wl + Vol Pe el .

213 By (3)

Using (118) and T_1 < S3_1 we have

1 8R2 —x3/?
T, ? exp / / (T2 lw|? + |Vol? )e 7 dxdt <Z3. (124)
BX';(( 13)7)

30 We follow here an idea of Tao which enables to remove one exponential from the final estimate. This idea
appears on his blog https://terrytao.wordpress.com/2019/08/15/quantitative-bounds- for-critically-bounded-
solutions-to-the-Navier--Stokes-equations/ in a comment dated December 28, 2019. See also footnote 31 and
(127).


https://terrytao.wordpress.com/2019/08/15/quantitative-bounds-for-critically-bounded-solutions-to-the-Navier--Stokes-equations/
https://terrytao.wordpress.com/2019/08/15/quantitative-bounds-for-critically-bounded-solutions-to-the-Navier--Stokes-equations/
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Using the bounds (110) along with (117), we find that

2 2 2 1 4R§ r%

3 3 1 3 _1 3

. 5,500 —2.3,500 —75 , T000 2,71 L1000
Cunive™ X3 S S5 r3e>00 < (—3)7 210003 < T, e ™ ¢!
| 996R3 | I18R3  978R3 1

18R
Lo _1 _BR5 1 _I8R3 £2

2 T 2 T T ’ 2 T —978-256(K*)
STy,?e 2 ST,%e e n <C,,;,T,%e e . (125)

We choose K* sufficiently large so that

c’ o 978:256(K ) <l (126)

univ =9’
where C; .~ € (0, 00) is the universal constant appearing in the last inequality of (125).
Therefore, the term in the right hand side of (125) is negligible with respect to the lower
bound (124) of Z3. Combining now (123) with the lower bound (124), we obtain?!

_1 18R? Ccr?
T, 2exp(— 3) < exp(— ﬁ) / o (x, 0)% dx
T 13
BX3(r3)
R2
< exp (cf) / lo(x, 0)2 dx.
2
Ber(r3)

Hence,

_1 R2
T, 2 exp ( - CT;) < / lo(x, 0)2 dx.
Buy(r3)

Using (107), (122) and the upper bound
R3 < $c(100) MR, < ¢(100)M % exp(C (100) M '*) R,
it follows that
Tz’% exp(—exp(M ') < / lw(x, 0)| dx. (128)
Bo (3 c(100)M1%0 R} )\ By 2R})
Step 4, conclusion: summing the scales and lower bound for the global L3 norm.

Here we need the extra assumption (49). The key estimate is (105). From (107)—(108),
we see that the volume of Bo(%C (100)M lOOORé) \ Bo(2Ré) is less than or equal to

3
T,” exp(M 1021y ‘By the pigeonhole principle, there exists i € {1, 2, 3} and
x4 € Bo(3C(100)M " R)) \ By(2R}) such that |w; (x4, 0)] = 27, ' exp(— exp(M'9?2)).

1
31 Here one notices a key advantage of taking r3 to depend linearly on (—#3)2 as in (119). Otherwise the
trivial bound

2 2 3 2
r R 8R3\ R
=2 Sogen ()2 (127)
—t3 = 4(-13) /T

where we used the lower bound (117) on —#3, would lead one more exponential in the final estimate. Taking
r3 asin (119) is Tao’s idea; see footnote 30.
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1
Let r4 := T, exp(—exp(M'9%22)). Using (107)~(109), we see that By, (x4) x {0} C A».
Thus the quantitative estimate (110) gives that

i (x, 0)] = T ' exp(—exp(M %)) in By, (x4)
and that w; (x, 0) has constant sign in By, (x4). Without loss of generality, we can take

i = 3. This along with Holder’s inequality yields that

1y exp- o) = | [ onus - iz 09t 2
Bo()
5”4_1‘ / uz(x4—raz,0)019(z) —u1(xq—raz, 0)0290(z) dz
Bo()

-2
= 1y "l O L3 sy ca00ymo0 Ry By VO 3 Bo1)

for a fixed positive ¢ € C2°(Bo(1)) such that fBo(l) ¢ dx = 1. Hence, using (107)—-(108)
we get

f lux, 0) dx = exp (— exp(M'?>)), (129)
1 1
Bo(exp(M193) 7,2 )\By (7,7
for all %M "9 (—1{) < T» < 1. Next we divide into two cases.

Case 1: —1 > —C?z M™% exp(—6M1023)
In this case, we use the additional assumption (49) to immediately get

C*x?
—t6>TM74gexp{—4M1023exp(exp(M1024)) / |u(x,0)|3dx}.

Bo(2)

#,2
Case 2: —t) < =M% exp(—6M103)
First notice that in this case

which implies

C*)?
k+1:=Lpm1023 —M—749) > 2, 130
1} o8 (g M) 2 (130)

Cciz?
k+1>+pm= 108100 (———p77% (131)
4 (8(—t6) )
and

1

exp((k + 1)M1023)(%M749(—t(’)))2 <A < exp(M'9P). (132)

In this case we sum (129) on the k + 1 > 2 scales 77,

1 1
(%M749(_t(/))) 2 < exp(M1023)(%M749(_l6)) 7
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1
<...< exp(leOB)(%MMg(—t()))j <1.
Using (131)—(132) we obtain
_ 132 _

< / lu(x, 0)° dx.

BoG\Bo(( 5 M™(—1)))?)

This gives
C*A?
—t) > TM_MQ exp{ — AM 923 exp(exp(M10%%)) f lu(x, 0)|3dx},
Bo(2)
which was also obtained in Case 1 and hence applies in all cases.
Defining
e — Cia2 —749 _ 1023 1024 3
9= e M exp 4M V= exp(exp(M <)) lu(x, 0)]” dx ¢,
Bo(h)
we see

/ o (x, 5) 1 dx < M2(—53)"3V/S°,

BovSE (=) 1)

Almost identical arguments to those utilized in the proof of Lemma 3.1, except using
the bound (177) instead of (178), give

lul oM
(e (1) = T

This concludes the proof of Proposition 2.1.

3.3. Proof of the main estimate in the time slices case. We give the full proof of Propo-
sition 2.2 for the sake of completeness. Notice that the proof follows the same scheme
as the proof of Proposition 2.1. The proof of Proposition 2.2 follows from Lemma 3.3,
Corollary 6.9, Lemma 7.5 and the Carleman inequalities of “Appendix B”. In most esti-
mates M is simply replaced by M”, albeit with slightly different powers. However, since
in Step 2 below concentration is needed on the very small time interval [—AKMT%, 01,

some care is needed when applying Lemma 7.5 on the epoch of quantitative regularity
and Lemma 3.3 on the backward propagation of concentration.

Let M € [M4, 00) where My is a constant in Lemma 3.3. In the course of the
proof we will need to take M larger, always larger than universal constants. Let u :
R3x[—1,0] = R¥bea C®(R3 x (—1,0)) finite-energy solution to the Navier—Stokes
equations (1) in / = [—1, 0]. Assume that there exists #x) € [—1, 0) such that

Lk 10 with sup ||u(-,t(k))||L3(R3 <M. (133)
k
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Select any “well-separated” subsequence (still denoted 7)) such that’?
—t
—®HD exp(—2(M")1223), (134)
ko~

For this well-separated subsequence, assume that there exists j + 1 such that the vorticity
concentrates at time f(j,1) in the following sense

1
/ (e, ) P dx > M2 (—t(je1) 2V S (135)

_ 1
Bo@VS (=141 ?)

where we recall that S = CM 1% Fix k € {1,2, ..., j}. Note that (134) implies that
for M sufficiently large

—I(j+1) < (MP)~10s!
()

Lemma 3.3 then implies that the vorticity concentrates in the following sense

5 (M +1)?
lw(x, $)|"dx > ——F——. (136)
/ (=5)2 (M")106
Bo(4(—s)2 (MP)106)

for any

(0]
s € I:t(k), S(M—b)zm] (137)

Step 1: quantitative unique continuation. The purpose of this step is to prove the
following estimate:

il
1 cm?)O55 g2

Tl e 7 </ f lw(x, 1)|* dxdt, (138)

~

—T1 Bo(2R)\Bo(R/2)

for all 77, so and R such that

) (k) . by100( 11 2
e[S qapymr] Ti=ms wd RzO(Z) a9
Here, k € {1,...j} is fixed. Let I} = (=71, —%) ¢ [“%,—Mj’;; 1] C [~1,0].

The bound (286) in Remark 7.6 implies that there exists an epoch of regularity I}’ =
[t — T{',t{'1 C I such that

(Mb)—864 (Mb)—864

T]// = |]1//| = 3 |11| = 3
ac3 8C;

T (140)

32 This separation condition is stronger than that of Lemma 3.3. This stronger condition is needed to sum
disjoint annuli in Step 4 below.
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andfor j =0, 1,2,

. 1 —(j+D) 1 —(j+D)
IV il oL@y < 5172 = 57 (TD 72 (141)

T/ 1
Let T/" := %Tl” and s” € [t — 4, 1]']. Let x| € IR3 be such that |x;| > (M")IOO(%)Z

and let r := (Mb)50|x1| > (Mb)lso(%)%. Notice that for M large enough

M) x| (M7 T\ Lo b106
> = > (3) > 4(=s0)2(M") (142)
and

r? > 40007,

We apply the second Carleman inequality, Proposition B.2 (quantitative unique contin-
uation), on the cylinder C; = {(x,7) e R xR : 1 € [0, T\"1, |x| < r1} to the function
w: R? x [0, T]"] — R3, defined for all (x, ) € R* x [0, T|"] by,

wx, 1) :=wx +x,s" —1).

Notice that the quantitative regularity (141) and the vorticity equation (37) imply that

on C;
3 _ 3 -1
@+ Ayl < —T}" l|w|+§T{” [V,

so that (310) is satisfied with S = Sy := T} and Ccarr = 13—6. Let

"
Tl

— Mb —ISOT///.
200000 1= MO

s1 =

For M sulfficiently large we have 0 < 5, <1 < 1(?%' Hence by (312) we have

7 N1
__1 3res K
Zis e Mix + i () Ty, (143)

8

where

X = / / (1" Mol +|Vo|?) dxds,

$"=T{" By, (M")®]x1)

lx—xp 12
N2 -3 -
Y| = lo(x, s)[7(s))"2e  *1 dx,
By, (M*)]xy])
v T|///
S~ 20000 )
ny—1 2 2 —%
Z) = ((T)") ol + Vol e "= dxds.
T b1\50
s"— 10(1)00 By, (M)
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We first use the concentration (136) for times
T/// T/// S() t k
cls” = 1 s — 1 ]C( ,—)C(l , (k) )
s [S 10000~ 200004 = \*" 2 ®) 3 (317201

to bound Z; from below. By (142), we have

by\7
Bo(—)F(")'™) € Bod(—s )% < Bo(LEY € oy

T/// T/// .
forall s € [s” — 10600 e o000 and for M sufficiently large. Hence, we have

P
S 720000 e 2
— mnr
Z > / f (T New(x, s)*> dxds e T
P L 106
5" — 1oto0 Bo(4(=s)2 (M”)1%)
" T]///
7 20000 )M 2

> / (Mb)—106(_s)—% ds(Tll/)—le Tl//

"
” Tl

$7~ 10000
T o4y 2
Z (Mb)—106 1 T/// - (Tl//)—le Tl’/
(_s// + W)Q
_C(M’)M\Xl\z
2 )0y TEe

| _C(M[’)M\)cl\z

_ _1 77

(Mb) lOG((Mb)864T1//) 26 T1
_C(M[))M\xl\z

_ (Mb)—538(T1//)—%e 77

Vv

Second, we bound from above X ;. We rely on the quantitative regularity (141) to obtain

X1 < (1) 20 P

Hence,
2 _ 1002
E—WXI S (T]//)—2(Mb)150|xl|3e Tl”
)10 2
S (T]//)—%e 7/

Third, for Y1 we decompose and estimate as follows

1IN12 3 *Lﬂllz
Y, = / lw(x,s")["(s))"2e %1 dx
By (4
oo 3 _beni?
v / (e, )P e B d

By, ((M)0]x1 )\ By, (511



756 T. Barker and C. Prange

s(M%”S(T{/)?( / o (x, s")|? dx
B, (51

e 2
17
+ f lw(x, s”)|2e T dx>

By, (M?)%0]x1 )\ By, (1)
\ _C(M'))15°\x1\2
§(M'))225(T{’)_i< f (e, )P dx + (M*)' 50, (T2 7 )
By (4
\ 1 _cm)10p 2
S(Mb)m(n”)z( / o, s")Fdx +(T{)"2e 1 )
B, (51

where we used the quantitative regularity (141). Hence,

cr? 51100, 2 b150

— YT CM”) Vlxg | e(M”)
_ 3 /eS1\ T 3 7 log(S5500—)
G0i(=) T nahie 7

21

)01y 2
"
<My T / o (r. s")P dx

B ()
)10 2

+ (Mb)zzs(Tl”)*%e Ty

Gathering these bounds and combining with (143) yields

1 e 2 1 Cc)100) 2
— _1 7 _1 7
(Mb) 538(T1//) Ze 7 S(Tl//) Ze 7
C(Mb)lm\x]\z
4
+(M")Pe T / o (x, s")* dx

B (44
_C(M”)lso\xllz

i (Mb)ZZS(T{/)_%e 0o
which implies

)0y 2

1 7
M7y e T < f w(x,s")|* dx.
B, (41

T// l
Hence, for all s” € [t/ — -, t]'], for all x| > (Mb)loo(%)z’

)0y 2

e, s dx 2 (M) TSR T
~Y 1

By, (B
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1 . . .
Let R > (Mb)loo(%)i and x; € R3 be such that |x;| = R. Integrating in time [t] —
T/ . .
— 1] yields the estimate
"

CmPy101 g2

M) TSI T < / / (e 0 dudr.

1 Bo@R)\Bo(R/2)
Pl

”

which yields the claim (138) of Step 1.

Step 2: quantitative backward uniqueness. The goal of this step and Step 3 below is
to prove the following claim:

-3 _ by12214) < / 2
T, exp( exp((M”) )) S lw(x,0)]|“dx, (144)

b1200
Bo (32 Ry)\ Bo 2RY)

for T, = —1q) with k € {1, ... j}. Here, Ry and R, are as in (146)—(147). This is the
key estimate for Step 4 below and the proof of Proposition 2.2.

We apply here the results of Sect. 6 for the quantitative existence of an annulus of
regularity. Although the parameter p in Sect. 6 is any positive real number, here we
need to take p sufficiently large in order to have a large enough annulus of quantitative
regularity, and hence a large r, below in the application of the first Carleman inequality,
Proposition B.1. To fix the ideas, we take u = 120. Let 77 and 7> such that

p)

T = —Lk) and Tp:= W

(145)

Let .
Ry := K" (T»)? (146)

for a universal constant K > 1 to be chosen sufficiently large below. In particular it
is chosed such that (165) holds. By Corollary 6.9 applied on the epoch (#(), 0), for
M > M>(120) there exists a scale

2Ry < R < 2R, exp(C(120)(M")!220) (147)

and a good cylindrical annulus
T
Ao = (R} < Ix| < (M)2OR)) x (= é,o) (148)
such that for j =0, 1,
. L= i+l
lexl o <2J+1C' Mb —360T_ 2 ,
I Lo 4y < 3 (M) 23 (149)
IVoll oy <22 Co(M*) 20T, 2.
We apply now the quantitative backward uniqueness, Proposition B.1 to the function
w: R3 x [0, (Mfﬁ] — RR3 defined for all (x, ) € R? x [0, (M{ﬁ] by,

wx,t) = w(x, —t).
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An important remark is that although we have a large cylindrical annulus of quantitative
regularity .4,, we apply the Carleman estimate on a much smaller annulus, namely

TRQ} x (—(Mfﬁ,o). (150)

_ 771200
Ap = H4Ré < x| < (M)

The reason for this is to ensure we can apply Step 1 to get a lower bound (152) for Z5.
Choosing M sufficiently large such that 2C; (M) < 1 and 23 Cy(MP)~360 < 1,
we see that the bounds (149) imply that the differential inequality (307) is satisfied with
S=5:= Mb)m, and Ccarr = (M?)?01, Take
_=4R}, ry=2(")POR).
Then,
Bo(160R}) \ Bo(40R}) = Bo(40r_) \ Bo(10r_) C {40R§ < x| < %(Mb)IZOORg]

provided that M is sufficiently large: one needs (M°)'?% > 1280. By (309), we get

CM)1200 (g2 M) H00 (g2

Z < e ) (X2+e ) Yz), (151)

where

4\X\
/ / e (M) N wl? + | Vol?) dxdt,

V—<‘x|<7’+

(M”)
Yy = / lw(x, 0)] dx,
r— <|x|<r+
/ / (M"Y T ol + |Vol?) dxdt.
4(Mb)201 10r-=lrl<3

For M large enough (146) implies

T 1 T 1
20r_ > 10R, > 20R; = 20K"(T3)? > (Mb)loo(—2>2 - (Mb)loo(il)z,

8(Mb)201
Hence, we can apply the concentration result of Step 1, taking 77 = —4(A/IT')2)201 =
Tk = % and R = 20r_. By (138) we have that
5201 ) i C(MP)1166(R))? | L o) 166R))?
_cary T R)T —y R
222 (M) (4(Mb)201> e I, 2T, E . (152)

Therefore, one of the following two lower bounds holds

1 CMIZOO(R/)Z
I exp () £ X0, (153)
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COMP) 00 (RS )2 .

_1 _ _1
T, * exp(—exp((M°)' 1)) < e n T, <Y, (154)

where we used the upper bound (147) for (154). The bound (154) can be used directly
in Step 4 below. On the contrary, if (153) holds more work needs to be done to transfer
the lower bound on the enstrophy at time 0. This is the objective of Step 3 below.

Step 3: a final application of quantitative unique continuation. Assume that the
bound (153) holds. We will apply the pigeonhole principle three times successively in
order to end up in a situation where we can rely on the quantitative unique continuation
to get a lower bound at time 0. We first remark that this with the definition (150) of the
annulus .4, implies the following lower bound

T*% exp(C(Mb)IZOO(Ré)Z)
2 —T2
0 2
4x|7
S / f e (M)' T ol + [Vol?) dxdt.
— r 4R)<lx|< W gy

By the pigeonhole principle, there exists
8R) < R3 < 1(M")?R], (155)

such that

0
_1 4R?
T, % exp ( - _3) < / / (Ty Mol? + |Vol?) dxdt.

) R3
= mP)201 BO(R3)\BO(T)

Using the bounds (149), we have that
8RZ
—exp(=—4)T2

1 4R?
T, 2 exp ( - 73) < / f (T; " |ol? + |Vol?) dxdt.
2

A

— G Bo(R\Bo(3)

By the pigeonhole principle, there exists
1 8R? 15
_exp(_ —)T2 < < — (156)

)
such that

SR2\ [
_1 R
T, 2 exp ( - T;> < / / (T ol + |Vol?) dxdt.
213 By(R3)\Bo(53)

We finally cover the annulus By(R3) \ Bo(%) with

R3 R3 12R? 13R?

C—3- < Sexp 3) <exp 3
3~ 3 T ~ T
(—t3)7 Tzf 2 2
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balls of radius (—#3) > , and apply the pigeonhole principle a third time to find that there
exists x3 € Bo(R3) \ Bo(%) such that

l
T2 exp / / (1, |w| + |Va)| )dxdt. (157)
sz(( t3)2)
We apply now the second Carleman inequality, Proposition B.2, to the function w :
R3 x [0, —2000013] — R3 defined for all (x, 1) € R x [0, —2000013] by,
w(x,t) = w(x +x3, —1).

Let S5 := —2000073. We take33

13 _
T2> L By=sy=—h (158)

Notice that due to (146)—(147) and (155), we have that

ry = 1000R3(

1
P} = 106R§( — 732) > (256 x 10%)(K”)2(=13) > 400083 = (8 x 107)(=13),

(159)
ot
%3 > 8000R2( — %2) 2 000K (—13)7 > (—13)2, (160)
so that (311) is satisfied. Furthermore, from (156) we have
lx3| _ R3 1 3
5z 2 1000k () = s
Thus
|x3]
Bu((—19)) € By (3) € By() € By (5-)
3(Mb)1200
(B <yl <3R5} C {2R/2 <bl<== Rg}. (161)
Moreover,
0<s 3 < =2t 53
S = §q7 = — bl = -_—,
=853 =353 3= 3 10%

By (156), we see that for M large enough S3 < 3%, hence the bounds (149) imply that
the differential inequality (307) is satisfied with S = S3 and Cc,; = 1. Therefore, by
(312) we have

2 2
Z5 < Conioe™5 X3 + Conpo (=t e 5 15, (162)
where
0
X3 ::/ f (57" + |\Vol?) dxdt, Y3 = f (e, 0)[2(=t3)" I
—83 Byy (r3) Byy (r3)

33 Asin the proof of Proposition 2.1 above, we follow here again Tao’s idea; see footnotes 30 and 31.
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3
lx—x32
Z3 :=f f (S5 o + Vo) & dxdt.

23 B ()
Using (157) and Tz_l < S3_1 we have

l

8R2 x
T2 exp / / (T, |a)| + |Va)| )e 7 dxdt <Z3 (163)
B By ((-13)2)
Using the bounds (149) along with (156), we find that as in (125),

3 1 99%R3 _18R§ -
Cunive™5 X3 STy e 2 <C, T T8RN (164)

umv

We choose K" sufficiently large such that

C . g9T8256(K"? 1 (165)

umv — 2’

where C),. - € (0, 00) is the constant appearing in the last inequality of (164). Combining

now (162) with the lower bound (163), we obtain

Tz_% exp(— lngg) < exp(— Ct_r32> / lw(x, 0)|? dx

3
Bx3(r3)
2
< B3 2
S exp CT lw(x,0)|" dx.
2
Bys (r3)

Hence,
1

_1 R?
T, exp(— ch) < / lo(x, 0)[2 dx.
Bay(r3)

Using (146), (161) and the upper bound
Ry < S(M")POR) < (M) exp(C(120) (M) ) Ry,

it follows that

2 exp(—exp((M")1%21)) < / o (x, 0)]* dx. (166)

321200
Bo (3172 RO )\ By (2R))

This together with the bounds (147) and (155) for R3 proves the claim (144).

Step 4, conclusion: summing the scales and lower bound for the global L3 norm.
The key estimate is (144). From (146)—(147), we see that the volume of the annulus
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3
Bo(3(M:)1200 R}) \ Bo(2R)) is less than or equal to 7, exp((M”)!?!). By the pigeonhole

principle, there exist i € {1, 2, 3} and

3(Mb)1200

; Rg)\BO(zRg) such that |w; (x4, 0)] > 275" exp(— exp((M?)1222)).

x4€Bo(

1
Let r4 := T,? exp(— exp((M")'?22)). Using (146)—(148), we see that By, (x4) x {0} C
Aj. Thus the quantitative estimate (149) gives that

i (x,0)] > T, " exp(— exp(M*)'*22)) in By, (x4)

and that w; (x, 0) has constant sign in B, (x4). Without loss of generality, we can take
i = 3. This along with Holder’s inequality yields that

15 expl—exp(0) ) < | [ nns = raz. 000 dz

Bo(1)

< V;l’ / up (x4 —raz,0)019(z) — ui(xq —raz, 0)dp(z) dz
Bo(1)
2
< . 0 / / V
< 1y NG O) L3 o (v 1200 Ry By (R 9"”L%(BO(1))

for a fixed non-negative ¢ € C2°(By(1)) such that fBO(l) ¢dx = 1. Recalling (145)—
(147) we conclude that,

/ lu(x, 0)]> dx > exp (—exp(M*)'*3)), (167
Bo (exp((M)1223) (140 T )\ Bo (=10 2 )

for all k € {1,...j}. Note that (134) implies that for distinct k, the spatial annuli in
(167) are disjoint. Summing (167) over such k we obtain that

exp ( _ exp((Mb)1223))j
- / ju(x, 0))° dx
Bo(exp((M'))lzB)(*ll)%)\BO((*’U))%)

< / (e, 0) dx.
R3

This gives

J < exp (exp((M”)'?%)) / lu(x, 0)]> dx < exp (exp((M")'#*h)).
R3

This concludes the proof of Proposition 2.2.
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4. Further Applications

4.1. Effective regularity criteria based on the local smallness of the L> norm at the
blow-up time.

Proposition 4.1 For all M € [1, 0o) sufficiently large the following result holds true.
Consider a global-in-time suitable finite-energy solution (u, p) to the Navier—Stokes
equations on R3 x [—1, 00) that satisfies the following Type I bound

”u”L;’“Li‘M(R%qf],O)) =M.

Assume that for some T* € (—1, 0],

lim ue(c, )l oo gy < eXp(— exp(M 1), (168)

Then, (0, T*) is a regular point.

Proof of Proposition 4.1. We argue by contradiction and assume (0, 7%) is a singular
point. The proof relies on two ingredients: (i) the concentration of the enstrophy norm
near a Type I singularity, see Lemma 3.2, (ii) the transfer of concentration at backward
times to a lower bound at the final moment in time (Sect. 3.2). Contrary to the proof of
Proposition 2.1 no summing of scales argument is required.

Without loss of generality, we assume that u solves Navier—Stokes on R3 x (—1,0),
that (0, 0) is a singular point of # and that it satisfies the Type I bound || u || LRLI®®3%(<1,0))
< M. First note that by the interpolation inequality for the Lorentz spaces (see Lemma
2.2 in [30] for example) we have that any suitable finite-energy solution with Type I
bound is a mild solution on R3 x [—1, 0] with

ue Ly, (R x (—1,0)). (169)

By Lemma 3.2 and following Step 1-3 in Sect. 3.2, see in particular footnote 27, we
can prove that

_1
T, 2exp(— exp(MlOZl)) < / lw(x,0)|>dx,
1 1
Bo(exp(M1021)(T2) 2)\ By((12) 2)

forall0 < 7> < 1 and M sufficiently large. Here we used that u € Li,t(R3 x (—=1,0)N

L?OL?"OO(R?’ x (—1,0)), which allows an application of Corollary 6.7 and Lemma 7.3
in the course of following Steps 1-3.

Let r € (0, 1]. Define 75 := r? exp(—2M'923). Following Step 4 of Sect. 3.2 and
using Holder’s inequality for Lorentz spaces in Proposition 7.2 instead of Holder’s
inequality, we then obtain that

150 Ol 500 > (. 0| 1 > 2exp(—exp(M'0%)).
L322 (Bo(r) L3 (Bo(exp(M1023)(T9) 2 )\ By (Ty))) neer
(170)

This contradicts (168). |
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4.2. Estimate for the number of singular points in a Type I scenario. The technology
developed in the present paper also enables us to give an effective bound for the number
of singularities in a Type I scenario. The following proposition and its corollary are
effective versions of the results by Choe, Wolf and Yang [12] and Seregin [39].

Proposition 4.2 Let M € [1, 00) be sufficiently large and define
e(M) = exp(—4exp(M'%3)). 171)

For all global-in-time suitable finite-energy solutions>* (u, p) to the Navier—Stokes equa-
tions on R3 x [—1, 00) that satisfy the following Type I bound

”u”L?OLi-f’o(RSX(_LO)) = M,

the following result holds.
Let xo € R3. Assume that there exists r € (0, exp(M 1021yy such that

< e(M). (172)

{x € Byy(r) : |u(x,0)] > 8(,,&}

| Bx, ()]
Then (xg, 0) is a regular space-time point.

This result is a variant of Theorem 1 in [12] and Proposition 1.3 in [39]. Our contri-
bution is to provide the explicit formula (171) for e(M) in terms of M.

Corollary 4.3 Let T* € (0,00) and M € [1, 00) be sufficiently large. Assume that
(u, p) is a global-in-time suitable finite-energy solution to the Navier-Stokes equations
on R3 x [0, 00) that satisfies the following Type I bound

||I/l ”L?CL?['OO(H@ x(0,T*)) E M

Then u has at most exp(exp(M '°%*)) blow-up points at time T*.

Proof of Corollary 4.3. We follow here the argument of [39]. Without loss of generality
we can assume that u is defined on [—1, 0] rather than [0, T*]. Let o denote the set of
all singular points at time 0. We take a finite collection of p points

X1,... Xp €0. (173)

There exists r € (0, exp(M'9")) such that By, (r) N By, (r) = @ for all i # j. Then,
Proposition 4.2 implies that '

P
Bolentp < 3 (R’
i=1

3 3
< <
= ||u”L,°°L§‘°°(R3><(—1,0)) =M.

{x € By, (r) : |u(x,0)| > @H

This yields the result. o

34 For a definition of ‘suitable finite-energy solutions’ we refer to Sect. 1.4 ‘Notations’.
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Proof of Proposition 4.2. Without loss of generality we assume that xo = 0. As in the

proof of Proposition 4.1, we assume for contradiction that (0, 0) is a singular point.

Using verbatim reasoning as in the proof of Proposition 4.1, we see that the outcome of

Step 1-3 in Sect. 3.2 holds, in particular estimate (105), which holds forall0 < 7> < 1.
Arguing as in Step 4, and using the same notation, we get that there exists

3
x4 € BO(ZC(loo)MmOORg) \ Bo(2R))

1
such that for rg = T22 exp(_ eXp(M1022))’

exp(— exp(M'9%)) < f ux, O dx

By, (r4)
< T2‘ exp(—3 exp(Mlozz)) Bsu(p) lu(x, O)|3.
xy T4

(SN

Hence, there exists x5 € By, (r4) such that

1
lu(xs, 0)| > 2T, * exp(—%exp(MlOB))_

By estimate (110) and the choice of M sufficiently large, we have ||Vul[pe(4,) < lin

1
the good annulus. Hence, for r5 := T22 exp(—exp(M 1023)), the ball B, (rs) is contained
in Ay and

_1
lu(x,0)] > T, > exp(—exp(M'9%)) in By, (rs), (174)

1
forall0 < T» < 1. Forr := T,? exp(M'%?!), we have By, (rs) C A, C By(r) and

exp(— exp(M10%%))

lu(x, 0)| = . (175)
Subsequently,
: exp(—exp(M ')
Bo(r)] {x € Bo(r) : |u(x,0)] > " H
> (V—S)3 > exp(—4exp(M1023)).
-

1
This holds for r = T22 exp(M 1021) and every 0 < 7> < 1, which contradicts our
assumption (172) on u(-, 0). |



766 T. Barker and C. Prange

4.3. Effective regularity criteria based on the relative smallness of the L norm at the
final moment in time. Here we prove an effective regularity criteria for (1, p) a solution
to the Navier—Stokes equations on R3 x [—1, 00) based on the relative smallness of
N, O)l g3 vs. lu(, =1)||;3. A non-effective version of this result (without explicit
quantitative bounds) is in [2, Theorem 4.1 (i)].

Proposition 4.4 For all sufficiently large M € [1, 00), we define M by (17). Let (u, p)
be a global-in-time suitable finite-energy solution to the Navier-Stokes equations (1) on
R3 x [—1, 00). Assume that

u, =Dll3wsy = M.
If
126G+ )13 3y exp(ar®) 12 )0 Bo (1)) < EXP(— exp(M°)123)),
then (0, 0) is a regular point.

Proof. Assume for contradiction that (0, 0) is a singular point. Since (u, p) is a suitable
finite-energy solution, there exists ¥ C (—1, 0) such that || = 1 and

o [Vu(, )|l 2gs) <ocoforallt’ € X,
o u satisfies the energy inequality on [¢/, 0].

Then, arguing in a similar way as in the proof of Lemma 3.3, we show that for any
so € [—1, —W] N X the vorticity concentrates in the following sense,

(M +1)?

/ |a)(x,so)|2dx > —
(—s0)2 (MP)106

Bo((—50) 2 (M?)106)
Here, M" is as in (17).

Using |X| = 1 and then following Step 1-3 of Sect. 3.3 with one time scale, we
obtain

-3 _ by12214) < / 2
T, exp( exp((M”) ))N lw(x,0)|“dx, (176)

30421200
Bo (221" Ry )\ By (2R))

for
b L ’ by 1220
=1, Ry:=K'(12)2, 2Ry <R, <2Ryexp(C(120)(M") )

for K" chosen such that (165) holds. Reasoning as in Step 4 of Sect. 3.3, we then obtain
lu(x, 0)] dx > 2exp (— exp((M")'??)).
Bo(exp(M”)1221)\By(1)

This concludes the proof. O
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5. Main Tool 1: Local-in-Space Short-Time Smoothing
The role of the next result is central in our paper.

Theorem 5.1 (local-in-space short-time smoothing). There exist three universal con-
stants Cy, Ms, N1 € [1, 00) such that the following holds. For all M > Ms, N >
N1, there exists a time S,(M, N) € (0, A—IL] such that the following holds. Consider a
divergence-free initial data u satisfying the global control

|X]—00
”“0”L§,M(R3)§M’ luoll28.1yy, — O,

and, in addition, ug € L%(By(2)) with
luoll L6(By2)) = N-

Then, for any local energy solution® (u, p) to (1) with initial data ug we have the
estimate

”u”LOO(Bo(%)x(%S*,S*)) = C*M8N19, (177)

40 7798
IVull Lo 12 8oy x (13 5150y = CMTNT (178)

Moreover, there is an explicit formulafor S, see (209), and S, (M, N) = CM—3ON-TO0,

Remark 5.2. As a conclusion to the hypothesis in the above Theorem, one can also obtain
general version of (178). Specifically, for a local energy solution with g € (0, Si], we
get

IVl oo r2 oty < (233 8.6
<C,pi (MN2 +MNB™T+MB~> + M> + (N2 + Nﬂ—%)2). (179)

We will require this more general estimate. The computations producing it are identical
to those used to show Theorem 5.1 and hence are omitted.

Corollary 5.3 There exist two universal constants Cyy, Mg € [1,00) such that the
following holds. For all M > Mg there exists a time Sy«(M) € (0, ;11] with Syx (M) =

CM~'9 (given explicitly by (183)) such that the following holds. Suppose (u, p) is
a ‘smooth solution with sufficient decay’>® on R3 x [0, T'] for any T' € (0, T) and
satisfies

”u”L?OLi"DO(R3X[O,T]) S M (180)

Furthermore, suppose there exists t € (0, T) such that

< M— "S**_ (181)

llu, Dl = T
(T —1)?

_ 1
L®(Bo(2y/See  (T—1)2))

Then we conclude that

- CaxM? /S

R R < 1 (182)
L2Bo( VS T-0Dx@3T-0.T) T (7 _ gy}

flaell

35 We recall that the definition of a “local energy solution’ is given in Sect. 1.4.
36 See Sect. 1.4.
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Proof. We define S, € (0, }1] in the following way:

1
Six = Sex (M) := S*(CweakM» |BO(2)|6M)7 (183)

where S, is the function defined in Theorem 5.1 (see also the formula (209)), and Ceqk
is defined below (186). Define

—1
ri= /S (T —1)2

U(y,s) :=ru(ry,r’s+1t) for (y,s) € R® x (0, Sy). (184)
Then assumptions (180)—(181) imply that

and rescale

IUC Oy =M and U]l oo 300 M.

RIX(0,5.)) =

Hence we have,
1

1U G 0l L6(By(2)) = MIBo(2)[% (185)

and
U, 0)||L5105(R3) < Cyeak M. (186)

Here, Cyyeqk € [1, 00) isauniversal constant from the embedding L**°(R?) C L%, (R?).
We then apply Theorem 5.1 to U and then rescale according to (184). This gives (182)
as desired. O

Theorem 5.1 is proven in Sect. 5.2 below. It relies on an e-regularity result for suitable
weak solutions®’ to the perturbed Navier-Stokes equations

v —Av+Vg=—v-Vv—a-Vv—-V-@®v), V-v=0, V-a=0 (187)

around a subcritical drift a € L™ (Q9,0)(1)), m > 5. We recover the result of Jia and
Sverdk [20, Theorem 2.2] by a Caffarelli, Kohn and Nirenberg scheme [9] already used
in [6] for critical drifts; see also [21] for a similar result obtained by a compactness
argument. Contrary to the critical case, here we can prove boundedness directly.

Theorem 5.4 (epsilon-regularity around a subcritical drift). There exists Cys € (0, 00),
for allm € (5, o], there exists e.(m) € (0, 00) such that the following holds for all
e € (0, ex(m)). Take any a € L™ (Q0,0)(1)) and any suitable weak solution (v, q) to
(187) satisfying

sup / lu(x, s)[2dx + / (V|2 dxds < 3. (188)
—1<s<0
By (1) Q0,0 (1)
Assume that
1
lallzm e m) =&, (189)
[ +|q]? dxds <. (190)
Q0.0)(1)
Then,
sup sup 7[ v dxds < C***s»%. (191)
1YQEnr)

#1€0(0,0)(1) €07

37 For a definition of suitable weak solutions for (187), we refer to [6, Definition 1].
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This theorem is proved in Sect. 5.1 below. Notice that the smallness on the large-
scale quantity (190) in Qg,0)(1) is transferred to the L> bound (191). In the following
statement, we remove the smallness assumption (189) on the drift.

Corollary 5.5 Let m € (5,00]. Let Cyyx and &, be given by Theorem 5.4. For all
e € (0, min(ey, 27%)), for all N € [1, 00), forall a € L™(Q0,0y(1)) and any suitable
weak solution (v, q) to (187) satisfying

1 16
sup / lv(x, s)2dx + / IVuldxds <N '“me '-m (192)
—1<s<0
= Bo(1) Q0,0)(1)
the following holds. Assume that
lallm (o) <N, (193)
, 2 n=g
P +lgl2dxds < N “me w (194)
Q0.0(1)
Then,
1 1 -3
L e
||U||LOO(Q(O,0)(%)) < CiuN'"me =i (195)

Proof of Corollary 5.5. Weuse ascaling argument as in [20, Theorem 2.2]. Let (xg, f) €
Q(0,0)(%) and define Ry € (0, 00) as

1 1 1

R0=N_1_'%8

(- (196)

Notice that due to 0 < ¢ < min(ey, 2’9), we have Ry < %, so that the following
rescaling is well defined: for all (y, s) € Q,0)(1),

V(y.s) := Rov(xo+ Roy. to + R3s).  Q(y.s) := Riq(xo + Roy. to + R(s).
Then (V, Q) is a suitable weak solution to (187) with a drift b defined by
b(y,s) := Ropa(xo + Roy, to + R(%s).

We have by our choice of Ry in (196)

_3 1
m

- 1= 1 1
I1D1lLm (o)1) = Ry " llallLm (@R = Ry " llallLm Qo) = Ry "N =< &9
for the drift,
sup f IV (y,)I*dy + / \VV|2dyds
—1<s<0
Bo(1) Q0,0 (1)
<Ry'|  sup o(x, ) dx + / Vol? dxds

to—R?<s <t
07 R0== g, (Ro) Q(xg.10) (Ro)
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< R;! su |v(x,s)|2dx+ |Vv|2dxds
0 p
Bo(1) 0Q0,0)(1)

25
11 60=%
9

— - 5
<Ry'N ""me

o
Il
™
i

for the local energy and finally
3 3
V" +10Q|2 dyds
Q0,01

< R;> / [ +1q1? dxds

Q(X(),t())(RO)
< R w3 +|g|? dxds
= Ky q
Q0,0 (1)
o 1.117%
<RyIN 'me w o=

Therefore, (188), (189) and (190) are satisfied for (V, Q), and hence,
sup sup 7[ |V|3dyds < C***s%.
F1€00.0) (1) re©.51 7 CEn (™)
Rescaling, this gives

2
sup sup 7[ |v|3 dxds < C***eiRo_3,
Qi)

- R R,
(F.)€Q .10 () re(0, 7]

hence we obtain the bound (195) by taking the supremum over (xg, f9) € Q(0,0)(%)-
This concludes the proof. O

5.1. Sketch of the proof of Theorem 5.4. The proof follows almost verbatim the one of
Theorem 3 in [6], provided the following modifications are made. We propagate the
following two bounds: for r, = 27K,

1 3 2

> / v, )| dxds + —— / 19 = @ )|? dxds <250}, (A
2

k O, (re) Tk O, (re)
2 2 2.3

sup lv(x, s)|“dx + IVv|“dxds < Cpe3ry, (Br)
—rp<s<t
By (r) O, (re)

for a universal constant Cp € (0, oo) chosen sufficiently large and « (m) € (0, co) such
that

O<K<min(2,3—%).
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One takes advantage of the subcriticality of the drift a in the following way:

5

1-32 1
lall L5 (0 .0y ) S Mllallm oo S €0

This plays a key role in the estimate of /4 and /5 in Step 3, J> and Jy4 in Step 4, using
the same notations as in the proof of [6, Theorem 3] The restriction ¥ < 2 comes from

handling Js5 and Jg, while the restriction k < 3 — 15 comes from bounding J> and Jy.

5.2. Proof of Theorem 5.1. We fixn =6 and m = 5?” = 10 in this proof. Let Ci.« and
&x = £4(10) be given by Theorem 5.4. We fix ¢ = £,(10)/2 for the whole proof. Let
also kg = ko(6) and Koy = Ko(6) be given by Proposition A.1.

Let M, N € [1,00). Let ug € L2,,.(R®) be such that ||uoll 2,1y —> 0. We
assume in addition that ug € L6(Bo (2)). Moreover,

||140||L§IOC(R3) =M, lluollzsy2y = N-

Let u be any local energy solution to (1) with such a data ug. The goal is to prove the
local-in-space short-time smoothing for u stated in Theorem 5.1.

Step 1: decomposition of the initial data.

Lemma 5.6 Let ug € Liloc (R3) with, in addition, uolBy2) € L6(R3). Then, there exists
a universal constant K2 € [1, 00), there exists ug 4 € Lg (R3) N Lg (R3), supp(uo.q) C
By(2), and upp, € L? (R3) such that the following holds:

uloc

3
Uo = uo,q +u0b, U0.a=1uoon Bo(5), luoalps < Kalluollpsp,2))>
luo.allze < Kalluollz2(g,2)) and ||M0,b||L§]M = KZHMOHLﬁm

Proof. The proof is standard using Bogovskii’s operator [15, Chapter II1.3]. We refer to
[6] for a detailed proof. O

Step 2: control of the local energy of the perturbation. We use the decomposition
given by Lemma 5.6 for u( as above. Let a be the mild solution given by Proposition A.1
associated to the data ug, € LO(R3). The mild solution a exists at least on the time
interval (0, S ., ), where

: —4
Sa ild = kON .

m

Moreover since ug € L% (R?), the mild solution a can be constructed to be a weak
Leray-Hopf solution on R3 x (0, Sy .14) and we have the global energy control®®

S(l
/Md + / /|Va| dxds < K{N*, (197)
SE(() S“
0 R3

with K, € [1, 00) a universal constant. This and Calderén-Zygmund theory implies

< K{N?, 198
961§ o0 ) = (198)

38 This can be inferred from arguments similar to [5, Section 3.1].
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where ¢, is the pressure associated to a. Moreover, since u is a local energy solution
with the initial data u¢, Proposition A.3 implies the following control of the local energy

u
locen

2
sup  sup / |u(x+)|dx+sup/ /|Vu(x,s)|2dxds§K1M2, (199)

5€(0,8)! ) ieR3 reR3
(O Slocen) T p 1) 0 B

where Sl"ocen (N) =k min(M_4, 1). As a consequence, the perturbation v = u — a is
a local energy solution to (187)

SV

vix, 5)I? >
sup sup ————dx + sup |Vu(x, s)|"dxds

5€(0,57) FeR 2 FeR3
Bz (1) 0 Bz(1)

< K[(N?+M?),

(200)

where K i € [1, o0) is a universal constant and

SV = SY(M, N) := min(}, $¢., . S"
( 1 ) y (4 4mlld locen) (201)
= min (Z,k0N7 JkiM™ ,kl).

Moreover, we have the following pressure estimate

— Colt < K| (M?*+ N?), 202
lg = Coll 5 515y = K¢ ) (202)

with a universal constant K { € [1, 0o). This bound follows from (198), (303) and (306).

Step 3: smallness of the local energy for a short time. Let ¢ € C2° (R3) be a cut-off
function such that

0<¢ <1, suppgp C Bo(3). ¢ =1lonBy(l) and [V(¢?)|+|A(p)] < Ki,
(203)

where K3 € [1, 00). We estimate the local energy
t
E(1) := sup / lv(x, 1)|?¢% dx + 2/ / |Vv|?¢? dxds

s€(0,1)
¢ R3 0 R3

for all t € (0, S”). The local energy inequality gives
Et)y<ILi+...I,

with

t t
I =//|v|2A(¢2)dxds, 12=//|v|2v-v(¢2)dxds,

0 R3 0 R3

t t
L= 2//((] — CoO)v - V() dxds, 1y = —2/ /(a V) - vg? dxds,

0 R3 0 R3
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t t

15=2//(a®v):w¢2dxds and 16=2//(a®v):v®V(¢2)dxds.

0 R3 0 R3

Let r € (0, SY). Let us estimate each term in the right hand side. For that purpose, we
rely on the bounds (200) for the local energy and (202) for the pressure. For the terms
involving only v, we have using that |Bo(%)| =33,

|I1] < 3°K3 - 2K|(M* + N?)t,
and

3 :
| < 30 K33% - 2K))* (M% + N?)3tTo

(ST

3 39 ,3 2 2 1L
=22-35K3K{?2(M~+ N-)2¢tT0,
For the terms involving a and v we use (299) in Proposition A.1, more precisely the
bound [lall ;103 (0, s ) = KoN. This in turn implies the controls

€1

|1y + Is + Ig| < 3||a||L1033E(t)(33t)%_10

8 / 2 2\,
<2.30KoK3K|N(M?+ N*)170.

For Ig, we used t € (0, S¥) C (0, §).
Finally, we estimate the term involving the pressure

vl 10 @

I3] < 2K3llg — Co(t
1131 < 2Kslq — Coto) | o

3 3

L3 (Bo(3)x(0,1))
9 , 3 2 2.3 L

<2.35K3K|2(M?+ N?)2t 0.

Finally, we get the following estimate: there exists a universal constant K, € [1, 00)
such that for all r € (0, 1],

E(t) < K, (M + N3¢ 10, (204)

Notice that K, can be taken as

3 / 3 3 /3 43 /
K, :=4max (2-3°K3K{,22 -35 K3K{2,2-30KoK}), (205)

where Ky is defined in Proposition A.1, K| in (200) and (202), and K3 is the constant
in (203).

Step 4: boundedness of the perturbation. Let ¢ € (0, min(g,, 2~%)). Our objective
is now to apply the e-regularity result Corollary 5.5 in order to get the boundedness of
the perturbation. As in [20] and [6], we extend v by O in the past. The extension v is a
suitable weak solution on By (1) x (—o0, SV) to the Navier—Stokes equations (187) with
a drift ¢ defined to be the zero extension of a to R? x (=00, 0). The bound on the local
energy (204) is crucial here, as is emphasized in [20]. Notice that the extended a is not a
mild solution to the Navier—Stokes system (1) on R3 x (—o0, Sy .14 butin Corollary 5.5
this fact is not required. We have the bound

||a||L10(R3><(—OO,S;'n”d)) < K()N
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By the control (200) on the local energy and (202) on the pressure, we have

t t
/ / |v|3+|q—co(r)|%dxds=//|v|3+|q—co(r>|%dxds

t—1 By(1) 0 Bo(1) (206)
3 3
< 2K|2(M?+ NH)I 230,

Therefore, in order to apply Corollary 5.5, we choose Sy, = S.(M, N) € (0, SV) suffi-
ciently small such that

1
Ko (M2 + N?)3SI0 < (KoN) 2, .
B3 v 3ol 4 1 e0n
20 K| 2(M?+ N?)2810 < (KgN) e .

Conditions (207) imply that (192) and (194) are satisfied on Bo(1) x (Sx — 1, S,).
According to (207), we define Sy = S.(M, N) in the following way

S min | SY 236 m'n( 1 : ) (208)
= 3 1 s 10
. KJOM3ONTO 213k 13 K10

Notice that for M, N sufficiently large we have

oL _2HeT 1
* = KPOMON n 205 KD
= O0MONTT0, (209)

For the rest of the proof we take this definition of S,. It follows from (195) that

1

3 2
“M - a”LOO(Q(O.S*>(%)) = ”U”LOO(Q(O,S*)(%)) = Cﬁ**N . (210)

Combining this estimate with (299) enables us to obtain that for all 8 € (0, S,)
KoN
Bi

1
||u||LOO(BO(%)X(ﬂ,S*)) = C;**Nz + s (211)

which implies estimate (177) as a particular case.

Step 5: estimates of the gradient of the perturbation. In this step, we take g = %.
Our goal is to prove the following claim

sup sup / [Vu(x,1)|>dx < CM>*N®, (212)
TeBo(§) te(£284.8:) i

7 16 B( @)
forauniversal constant C € [1, 0o). Estimate (212) implies estimate (178) in the theorem

by a covering argument. Let x € Bo(‘—lt). Notice that B;(‘/ZST) - Bo(%) for M, N
sufficiently large. Without loss of generality, we assume that x = 0. We bootstrap the
regularity of u in the parabolic cylinder

Q(O»S*)(\/ZST) = BO(@) X (%S*, S*)
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using the local maximal regularity for the non-stationary Stokes system. We first zoom

in on the parabolic cylinder Qo,s,) ( ‘/257*) and define
U(y,s) :=ru(ry, rls + Sy), P(y,s):= rz(p(ry, rls + Sy) — Co(rzs + S*)),

‘/257*. By the estimate (177), we have

for all (y, s) € Q,0)(1), where r :=

1
<cM7INTIS,

IA

1U N1z (0 0,0y (1)) (213)

Moreover, the local energy estimate (199) implies that

1 1 1 _1
— E 9718
VUl 20000 ) =T 2 I1VUll 2005, ) =22 K{ MS, " = CMTN,

For the pressure, we decompose p — Co(t) according to (303). We have according to
the estimates in Proposition A.3

| Prontocll2(0 g s, ) = ”Pnanloc”LZ(BO(%)X(%S*’S*))
< 2 Puontoc v o1y 15,500
< STKIM?,
on the one hand, and
1Procll L2005, = NProcll 123y 1)x(35..5.))
= C"””i“(Bo(%)x(%S*,s*»

1
2 2
< CS; ”u”Loo(BO(%)X(%S*,S*))

1
< CSZM'ON%

using (304) and Calderén-Zygmund on the other hand. Hence,

-1 Loz 2 3 1716 n39
I1PllL2 =1 2p=C@l =228, Y (Si KiM” + CSc M °N™)
L=(Q0,0(1) L=(Q0,5:)(r))
< CM°N*.
Notice that these are rough bounds, but they are enough for our purposes. Therefore,
IVU 20000 1) + 1Pl L2000 1)) < CMINZ. 214)

Using the local maximal regularity for the non-stationary Stokes system [41, Proposition
2.4] leads to

2
18: Ul 1200030y + IV Ul L2000 30y F IV PllL20 )30

=C <|| U ||L°°(Q(0,0)(1)) VU ||L2(Q(0,0)(1))

+||U||L2(Q(o,0)(1)) + ”VU”LZ(Q(O,O)(I)) + ||P||L2(Q(o,0)(1))>
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< CM9N22,

where we used the bounds (213) and (214). A simple local energy estimate for VU then

leads to the bound
9 \22
Qoo = CM N

Scaling back to the original variables leads to (212) and concludes the proof.

IVUI 012

6. Main Tool 2: Quantitative Annuli of Regularity

In this section we prove that a solution u, satisfying the hypothesis of Propositions 2.1-
2.2, enjoys good quantitative bounds in certain spatial annuli. This was crucially used
in the aforementioned propositions in two places. Namely for applying the Carleman
inequalities (Propositions B.1-B.2), as well as in ‘Step 4’ for transferring the lower
bound of the vorticity to a lower bound on the localized L3 norm.

In the context of classical solutions to the Navier-Stokes equations in L®L3 (R3 x
(to — T, 1)), a related version was proven by Tao in [47] using a delicate analysis of
local enstrophies from [46]. Our proof is somewhat different and elementary (though we
use the ‘pigeonhole principle’ as in [47]), instead we utilize known e-regularity criteria.
Notice that a crucial point in the following statement is that the L bound is quantified
in terms of &g, see below.

Proposition 6.1 ( [9] and [25, Theorem 30.1]). There exists absolute constants 83 >0
and Ccgn € (0, 00) such that if (u, p) is a suitable weak solution to the Navier—Stokes
equations on Q,0)(1) and for some gy < 83

W +|pl2dxdt < s 215)
Q,0(1)

then one concludes that

1
ue L(Q00(1/2) with ull gy, 1y < CCrNEG- 216)

We require the following proposition, which is a quantitative version of Serrin’s result
[42]. Since the procedure is the same as that described in [42], we omit the proof.

Proposition 6.2 Suppose u € L™ (Q0,0)(1/2)) and w :=V x u € LZ(Q(o,o)(l/Z)) is
suchthat (u, p) is adistributional solution to the Navier-Stokes equationsin Q 0y (1/2).
Furthermore, suppose

lulloe 0o a2y <1 (217)
and
o200 072y < 1- (218)

There exists universal constants C ,’( € (0, oo) withk = 0, 1, such that the above assump-
tions imply that for k = 0, 1

”ka”LOO(Q(o_O)(l/B)) < CrllullLo@ oy 1/2) + @l 200 0y (1/2))- (219)
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Remark 6.3. If we instead use the framework of suitable weak solutions in the above
proposition, we can use the time integrability of the pressure to gain space-time Holder
continuity of all spatial derivatives of u in Q,0y(1/3). The vorticity equation then
implies w, d,w, Vw and V2w are continuous in space and time in Q9,0 (1/3).

By using Proposition 6.2, one can recover the following well-known proposition
whose proof we omit.

Proposition 6.4 There exists absolute constants ¢{ € (0,1) and C;! € (0,00), k =
0, 1, 2, such that if (u, p) is a suitable weak solution to the Navier—Stokes equations on
Q0,0)(1) and for some g1 < &}
ul® + | pl2dxdt < & (220)
0,0 (1)

then one concludes that for j = 0, 1

. . 1
Vi e L=(Qo.0)(1/4) with IV ull o0 by = Cjei (221)
and
1
Vo € L*(Q0.0)(1/4) with Vol g0ty = Cye;. (222)

Proposition 6.5 (annulus of regularity, general form). Forall ;© > 0 there exists Ao(i1) >
1 such that the following holds true. For all . > ,o(u), R > 1 and for every solution
(u, p) to the Navier—Stokes equations on R3 x [—1, O] that is a suitable weak solution
on Qx,,0)(1) for all x, € R3 and satisfies

0

//|u|%°+|p|%dxdzgx<oo, (223)

there exists R" (u, p, A, jt, R) with
2R < R” < 2Rexp Qurl*?) (224)

and universal constants (j'j € (0, 00) for j =0, 1,2 such that for j =0, 1

w
gk

IV 0 oo <o <22 Ry = oy = €A (225)
and

= .3
”Vw”Loo R <|x|<X RMx(—L <A 10, (226)
{ lx|<“ R"}x (= 14.0))

Proof. Fix any R > 1 and p > 0. With these choices, take A > Ag() > 1. Here, Aq is
to be determined. Then

0

o
10 5
Z/ / lul3 +|pl3dxdt < A.

k=021 (amyk R<)x|<(iyk+1 R
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By the pigeonhole principle, there exists ko € {0, 1, ... [A**17} such that

0

10 5 _
/ / lu|3 +|p|3dxdt < 17",

=1 (uko R<|x| <) o+l R

Define R’ := RA*k0_ Then

R < R < RexpQur*t?) (227)
and
0
10 5
/ / lu|3 +|p|3dxdt < 17" (228)
—1 R/ <|x|<A"R’

1
Impose the restriction Ag(p) > 4# and define
={x:R +1<|x| <A*R —1)}. (229)

By Holder’s inequality we have

0
g
sup / / |”|3+|P|2dth <Cumu Sup / / |u|3 +|p|3dxdt) 1
X4EA X+EA
—1 B(xy,1) =1 By, (1)
S Cl/{}’lll))\'iﬁ'
Defining
L 2Cuniv\ 9
Ao() = max (2 4, (%) 9"), (230)
1
the inequality A > Ao(w) implies that
3 3 % o
sup [u|” +|pl2dxdt < CypiyA™ 10 < g].
xXs€A
—1 By, (1)
Thus, we can apply Proposition 6.4 to get that for j = 0, 1
1 3 , _
sup N uIILOO(Q( e ))_C]C;mv)» % and SUP IVoll o, oy = CéCt:mv 0.
X4 €A X4EA

Hence,

" ’{
”V ”||L°°(A><( 1 0)) =< C C

umv

d Vol < ek
and [Vol (Ax(—%,O))—CZC

unlv

Finally, note that (230) and A > A¢ imply that A*R' — 1 > %R’ > 2R > R +1.

Defining R” := 2R’ and using {x : R” < |x| < AT”“R”} C A, we see that the above
estimates readily give the desired conclusion. O
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Bearing in mind (265), the energy estimates (264), (270) and Calderén-Zygmund esti-
mates for the pressure, the following Lemma is obtained as an immediate corollary to
the above Proposition. Note that (265), (264) and (270) are shown in the proof of Lemma
7.3. We also use the known fact that mild solutions to the Navier—Stokes equations in
Li, / (R3 x (0, T)) are suitable weak solutions on R3 x (0, T'), which can be seen by using
a mollification argument along with Calderén-Zygmund estimates for the pressure.

Lemma 6.6 (annulus of regularity, Type ). Forall i > 0 there exist My(u), c(i), C (i)
> 1 such that the following holds true. For all M > M{(u), R > 1 and for every mild
solution (u, p) of the Navier-Stokes equations on R3 x [—2, 0] satisfying

Nl oo p 30 3 (—2,09) = M (231)
and
ue Ly, (R x (=2,0)), (232)
there exists R" (u, p, M, i, R) with
2R < R" < 2Rexp (C(u)M'0W+2)) (233)

and universal constants C_'j € (0,00) for j =0, 1,2 such that for j =0, 1
] ~ -3
”vj””L°°({R”<|x\<c(u)M10/LR”}><(—%,0)) < C]C(/.L)M s (234)

and
IV Low (k< <eomionrryx & oy < C2CGOM . (235)

A simple rescaling gives the following corollary, which is directly used in the proof
of Proposition 2.1.

Corollary 6.7 Let S € (0, 00). Forall u > 0, let M{(w), c(n), C(n) > 1 be given by
Lemma 6.6. For all M > M;(n), R > 2 and for every mild solution (u, p) of the
Navier—Stokes equations on R x [—S, 0] satisfying

||l/l ”L?OL?[’OO(R3><(75,O)) S M (236)
and

ue Ly, (R x (=5,0)), (237)

there exists R"(u, p, M, w, R) with (233) and universal constants C_'j for j =0,1,2
such that for j =0, 1

g+l
2

j = — _ gt
”Vju”Loo R <|x|<c()MO”RM x(— 3 0 =< 2 C]C(/.L)M 3MS 2 (238)
« x| <c() }x(=33.0))

and
2 = _ _3
IVOU Lo <paf <equnon e 0 = 2 C2CM™S™2. (239)

Bearing in mind (293), the energy estimate in footnote 12 (see also Lemma 3.3) and
Calder6n-Zygmund estimates for the pressure, the following Lemma is obtained as an
immediate corollary to Proposition 6.5.
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Lemma 6.8 (annulus of regularity, time slices). For all i@ > 0 there exists M>(u) > 1
such that the following holds true. For all M > M>(i), R > 1 and for every suitable
finite-energy solution® (u, p) of the Navier—Stokes equations on R> x [—1, 0] satisfying

luC, =Dlig3wsy =M (240)
and with M" defined by (17), there exists R” (u, p, M, w, R) with
2R < R” < 2Rexp (C(w)(M)10H+2)) (241)

and universal constants (_?j for j =0, 1,2 such that for j =0, 1
j ~ by—3
”v]““L°°({R”<\x|<(Mb)10”R”}x(—%,O)) S C] (M ) " (242)

and

~ by—3
||Vw||LOQ({R//<|X|<(MD)10”’R”}X(—I%,O)) E C2(M ) ,LL. (243)

A simple rescaling gives the following corollary, which is directly used in the proof
of Theorem B.

Corollary 6.9 Let S € (0, 00). For all u > 0, let Mr(n) > 1 and M" be given by

Lemma 6.8. For all M > M>(u), R > 3 and for every suitable finite-energy solution
(u, p) of the Navier-Stokes equations on R x [—S, 0] satisfying

lul, =l3ws) = M, (244)
there exists R" (u, p, M, v, R) with
2R < R” < 2Rexp (C(w)(M)10H+2)) (245)

and universal constants C_’j for j =0, 1,2 such that for j =0, 1

. Py _ _ i
”Vju”LDO({R”<|x|<(Mb)lO/"R”}X(—%,O)) <27 C](Mb) 3/LS 2 (246)

and

3 - _ _3
”Vw”LOC({R”<\)C|<(Mh)10#R”}><(— S O)) S 22C2(Mb) 3MS 2, (247)

32>

Remark 6.10. According to Remark 6.3, in Proposition 6.5-Corollary 6.9 we have that
w, J;,w, Vw and V2w are continuous in space and time on the annuli considered. This
remark is needed to apply the first Carleman inequality, Proposition B.1, in Sects. 3
and 4.

39 See Sect. 1.4 ‘Notations’ for a definition of ‘suitable finite-energy solutions.’
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7. Main Tool 3: Quantitative Epochs of Regularity

In this section, we prove that a solution satisfying the hypothesis of Propositions 2.1-2.2
enjoys good quantitative estimates in certain time intervals. In the literature, these are
commonly referred to as ‘epochs of regularity’. Such a property is crucially used in ‘Step
1’ of the above propositions, when applying a quantitative Carleman inequality based
on unique continuation (Proposition B.2).

To show the existence of such epochs of regularity, we follow Leray’s approach
in [27]. In particular, we utilize arguments involving existence of mild solutions for
subcritical data and weak-strong uniqueness. We provide full details for the reader’s
convenience.

We first recall a result known as ‘O’Neil’s convolution inequality’ (Theorem 2.6 of
O’Neil’s paper [33]).

Proposition 7.1 Suppose 1 < p1, po,r <ocand 1 < q1, q2, s < 00 are such that

1 1 1

T2ttt (248)
r Pt D2
and 1 1 1
—— >, (249)
q1  q2 s
Suppose that
feLM®’) and g € L2 (RY). (250)
Then
fxge L™ (RY) with (251)
[l f 8||Lm(Rd) = 3r||f||Ll>1vq1(Rd)||g||Lszqz(Rd)- (252)

We will also use an inequality that we will refer to as ‘Holder’s inequality for Lorentz
spaces’. The statement below and its proof can be found in [18, Theorem 4.5, p.271];
see also [33, Theorems 3.4-3.5, page 141].

Proposition 7.2 Suppose that 1 < p,q,r < ocoand1 < s1, 50 < 00. Let Q2 be a domain
in RY. Furthermore, suppose that p, q, r, s\ and s> satisfy the following relations:

1 1 1

—_— 3 - = -

p q r
and

1 1 1

—_—t — = —.

s1 S2 S

Then the assumption that f € LP*1(Q) and g € L1°2(Q) implies that fg € L"*(RQ),
with the estimate

I fgllLrs@) < C(p,q,st, ) fllrrsi@llgllLes (- (253)

Below we apply Proposition 7.1 and Proposition 7.2 to obtain a quantitative epoch
of regularity for a solution to the Navier—Stokes equations with Type I bound, let us
mention that the application of such inequalities to the Navier—Stokes equations was
pioneered by Kozono and Yamazaki [22,23,52].
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Lemma 7.3 (epoch of regularity, Type I). There exists a universal constant C3 € [1, 00)
such that the following holds. Suppose u : R? x [to — T, to] — R3 is a mild solution™
of the Navier—Stokes equations. Furthermore, assume for some M > 1 that

M (254)

||I/£ ||L’O<>L)3(’°C(R3 x(to—T,tp)) =

and
ue L} (R x (o — T, t)). (255)

Then for all intervals I C [tog — %, to] there exists a subinterval I’ C I such that the
following holds true. Namely,

—(+D
2

IVl oo p ooy < C3M 1| (256)

for j =0,1,2and
1) = ¢y ' M1, (257)

Remark 7.4 (estimates for applying Carleman inequalities (Type I)). Let I” C I’ be
such that

136
11" = 5|1
4C3
Then
1 —3 1
1= = WU”F :
3

Using (254)—(256), together with the fact that C3 and M € [1, co), we see that

=G+

”Vju“L,OOL)?O(R?’XI”) < 2j+l |1//| 2 (258)
for j =0,1,2 and
—48
1" > 1]. 259
|7 = 4C3 7] (259)

Proof. The first part of the proof closely follows arguments in Tao’s paper [47]. The
only difference in the first part of the proof is that we exploit the above facts regarding
Lorentz spaces. For completeness, we give full details.

As observed by Tao in [47], (254)—(257) are invariant with respect to the Navier—
Stokes scaling and time translation. So we can assume without loss of generality

I=10,11Clwo— %, t0l = [=1, 11 C 1o = T, to] (260)
Step 1: a priori energy estimates. Clearly we have from the standing assumptions that

”M”L?OLE;OO(RSX(_LI)) = M. (261)

40 See Sect. 1.4.4.



Quantitative Regularity for the Navier—Stokes Equations... 783

OnR3 x (=1, 1) we have
t
u=e™V2 ¢ —D+w, w:i=- f TIAPY L (u @ u)(-, 5)ds. (262)
—1

It is known that ¢/2PPV- has an associated convolution kernel K. Furthermore, from
Solonnikov’s paper [44], this satisfies the estimate

C(m, j)

0" VIK (x,1)] £ —————
(|X|2 + t)2+§+m

, for jym=0,1... (263)

Thus we may apply O’Neil’s convolution inequality (Proposition 7.1) withr =5 = 2,
qr =p1 = g, P2 = % and ¢g» = oo. This and Holder’s inequality for Lorentz spaces
(Proposition 7.2) gives that for t € [—1, 1]

t

ut. oz = ¢ |

-1

llu ®u("s)”L%°°

3
(rt—s)4

ds < CM>(t + 1)7.

Thus,
il 2 @35 (-1.17) < CM?. (264)

Using O’Neil’s convolution inequality once more gives

CM

le™D%uc, =D 10 < ——, (265)
L (t+1)w
CM
le®™D3uc, =1llzs < T, (266)
(t+1)38
and M
le™DAu(, =1l 62 < (267)

ST G+ i

By utilizing (266) for % + % instead of 1 + ¢, together with standard heat semigroup
estimates, one can also obtain

cCM
le™ VAU, 1)L < o (268)
(r+1)2
Next, we see that w satisfies
oow—Aw+u-Vu+Vp=0, V.-w=0 w(,—1)=0. (269)

Using (255), (268) and (266) we infer the following. Namely, w € C([0, 1]; LZ(R*)N
L%(0, 1; H'(R?)) and satisfies the energy equality*! for 7 € [0, 1]:

t

1
Slwt.oi,+ [ [ 1vwidsar

0 R3

41 This can be shown by utilizing arguments in [26] (Lemma 7.2 in [26]) and [43] (Theorem 2.3.1 in [43]),
for example.
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1 , ,
= 5 lwC, 0l +//e(’“mu(-, D ® (w+ ey, —1)) : Vwdxdr'.
0 R3

Using Holder’s inequality followed by Young’s inequality we see that

1 t
fwe.oi,+ [ [ vwlarar < e 0, +c [ [ 108, ~ntdxar

0 R3 0 R3

+C/ lw. )7 Ne D 2ut, —Dlfdr"

Using this, together with (264)—(266) and the fact M > 1, we obtain

1

/ / [Vw|?dxdt’ < CupivMP. (270)
0 R3

Here, Cy,,,; 1S a universal constant.

Step 2: higher integrability via weak-strong uniqueness. From (270), the pigeonhole
principle, the Sobolev embedding theorem and (267), there exists ¢; € [0, %] such that

(1) o3y < CunivM?. 271)

This, (254) and the interpolation inequality for the Lorentz spaces (see Lemma 2.2 in
[30] for example) implies that u(-, #1) € L4 (R3). This and (271) allows us to apply
Proposition A.1 and Remark A.2. In partlcular there exists C/ . € (0, 00) and a mild

univ

solution U : R3 x [11, 1 + C””“’] — IR3 to the Navier-Stokes equations, with initial data
u(-, t1), which satisfies the1¥ ollowing properties. Specifically,

U ;< CM? 272
[ IIL?OLQ(RM[MKWD (272)
and
C/
UeL®LYR? x [11, 1 + A;';’;]) (273)

Let W:R3 x [#1, 1] + ”"“’] — R3 be defined by

t
/

C
Wi=u-U=— / C=DAPY. (uQu—UQU)(-, s)ds for t € [t;, 1+ 1&’;’;] (274)

n

Using (255) and (273), we see that

/

c c
W e C([rl f+ Aj{”’”] L2(R3))0L2<t1 f+ AZ’;’;,HI(R3)) (275)
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!

Cc
and W satisfies the energy equality for ¢ € [t1, t1 + Aﬁ;’””]

1 t
W, D37, +2// VW |?dxdt’ =2//U®W - VWdxdt'. (276)
. 1 R3 1 R3
Using this, (272) and known weak-strong uniqueness arguments from [27], we infer

that W = 0 on R3 x [11, 1] + iﬁ’[’}"z” ]. Using this together with (272), we get that for

T(s) =1 + i/[‘”’“’:
3
el oo L6 (R3 x (2 (0),z(1))) = CM”. 277)
Using that the pressure is given by a Riesz transform acting on u ® u, we can apply

Calder6n-Zygmund to get that the pressure p associated to u satisfies

6
1PN g0 13 @3 (r0),z (1)) < CM. (278)

Step 3: higher derivative estimates. Here, the arguments differ from those utilized in

[47]. Fix any xeRlandr € [r( ), T(1)]. Take any r € (O, “"”’] which ensures
that 1 — r% € [t (0), T(1)]. Using this and (277)—-(278) we see that

1 3
= / u® + | pl2dxdi’ <c;;mvrzM9 c;[mv(rm)%. (279)
Qx,n(r)
Taking
1 C’ 6%
r =rp:= — min Zuniv ﬂ
0= 376 el
(Cunlv)

where ecg n 18 88 in [38, Lemma 6.1], we can then apply the Caffarelli-Kohn-Nirenberg
theorem [9] and [38, Lemma 6.1] to get that for j =0, 1, ...

sup IV u(x, 0] < o ~ C(j) (MO,

(x.neR3x[T($),7(1)] o
This concludes the proof. O

Lemma 7.5 (epoch of regularity, time slices). There exists a universal constant Cy4 €
[1,00) such that the following holds. Suppose u : [—1,0] x R> — R3 and p :
[—1,0] x R?® — R is a suitable finite-energy solution to the Navier—Stokes equations.
Furthermore, assume for some M > 1 and ty € [—1, 0) that

luC, 10)llp3 =M (280)

and u satisfies the energy inequality (43) starting fromt' =
We define M as in (17). Fix any o > M and let

o o
o< % )
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Define
S0
=[50 7] 282
50 (282)
There exists a subinterval I' C I such that the following holds true. Namely,
. —(j+1)
IV ull oo poo iy < Caa™H 1172 (283)
for j =0,1,2and
1) > c; a7 291 (284)

Remark 7.6 (estimates for applying Carleman inequalities, time slices). Let I"” C I’ be
such that

—648
1" = 4c? 1]
Then
|1/|—1: _648”//'—1_
4C3

Using (283)—(284), together with the fact that C4 and M € [1, c0), we see that

. 1 —(j+D
”VJMHL?OL)?O(R?’XI”) < W'I//l 2 (285)
for j =0,1,2 and
—864
11" = 5 1. (286)
4C;
Proof. Define,
N t
=2
50
Note that (281) implies that
fe, 4™ —1). (287)

By appropriate scalings and translations, we can assume without loss of generality that
u:R3x (0,7) > R3, for some T € (0, 00)** and

luC, 0l 33y < M, (288)
t
||u(-,r)||iz+2//|Vu<y,s)|2dyds < uC, 03, (289)
0 R3
and
= [f, Fe 1] ca, 7). (290)
2

42 The time 7 is the image of 0 by the scalings and translations. Its precise value does not matter at all, since
the proof is carried out on the time interval [0, 7 + %].



Quantitative Regularity for the Navier—Stokes Equations... 787

On R3 x (0, T) we have

u=eu(,0)+w. (291)
Using O’Neil’s convolution inequality once more gives for all r € (0, 00),
le"u(-, 0)ll,3 < CM, (292)
cM
le®ut 0l 0 = =, (293)
L3 £20
A cM
e Zu, 0)llp4 = ——» (294)
X tg
and oM
e u(, 0l 62 < —. (295)
X tZ
Furthermore, arguments from [17] imply that
le 1, 0 153 x 0,00 < CM. (296)

Moreover, similar arguments as those used in Proposition 2.2 of [40] yield that for
te(0,7),

1
.ol + [ [ 1vuldndr

0 R3

t t
<C / / le'2u(-, 0)[*dxdt’ + C / lw(, )22 lle" A ut, 0|3 sdr’.
0 R3 0
Note that the energy inequality for w, which is used to produce this estimate, can be
justified rigorously using (296) and similar arguments as those used in Proposition 14.3
in [25].
Using (292)—(296) and Gronwall’s lemma, we infer that

P

sup w07, + //|Vw|2dxdﬂ < (Mb)4(f+%)% < 2%, (297)
0

[N}

Al
O<t<t+;

R3

Here we used (287). Nowlet X C [O, f"] be such that (43) is satisfied forall ¢ € [¢/, f] and
' € X. Since u is a suitable finite-energy solution we have that || = 7. Furthermore,
% can be chosen without loss of generality such that

/ IVw(x, t")?dx < oo forall /' € ¥.

R3
Using (297), the Sobolev embedding theorem, the pigeonhole principle and (295), we
see that there exists #; € [f, 7 + 41'1] N X such that

luG )76 < Ca'®. (298)

Making use of the fact that u satisfies the energy inequality starting from ¢; and (298),
we can utilize similar arguments to those used in Lemma 7.3 replacing M by «'®. 0
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Appendix A: Auxiliary Results
We first state the existence result of mild solutions with subcritical data.

Proposition A.1 ( [17,51]). Let n € (3, 00). There exists ko(n) € (0,00), Ko(n) €
[1, 00) such that the following holds. For all ug € L7, (R3), we define

_
Smita (o) == kolluoll .+~ € (0, 00).

There exists a unique mild solution of (1), a € C ([0, Siia); L™) N L0, Spiiq); L"),
with initial data ug such that

3 1 1,3
sup  (laC, Dl + 12 flaC, Dlige +2|VaC, Ol + 1255 | Va(-, 1)l =)
1€(0,Smita)
+|la|l sn < Kolluo|| . 299
Il % o5 < Kolluollz (299)

Remark A.2. Here n = 6. For U, V : R? x (0, T) — R? define
t
B, V)(-, 1) = /Paie“*”AU,-(-, S)V; (-, 8)ds. (300)
0

Using (263), one has the estimate
1B, V)llLeepa w3 xpo.ry + 1BV, Ul oo 14 w3 xgo,77)

1
= cTH|Ulipeers@sxpo.rpllVIlLers®3xo, -
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Using this, one can show that for uy € LS(R3) N Lﬁ (R3) and ko sufficiently small
the following persistency property holds true. Namely, with n = 6 the mild solution in
Proposition A.1 satisfies

sup  la(, Dllg+ = 2lluoll 4 (301)
1€(0,Smita)
in addition to (299). This is utilized in the proof of Lemma 7.3.

The next result is the local energy bound for local energy solutions.*?

Proposition A.3 ( [19, Lemma 2.1], [25]). There exist two universal constants k| €
(0, 00), K1 € [1, 00) such that the following holds. For all M € (0, 00), we define

Stocen(M) :=ky min(M~*, 1) € (0, 00).

For all uy € Lgloc(R3) with uoll 2. (1)) M:)oo 0, for all local energy solution (u, p)

to (1) with initial data uo, if

sup / luo(x)|* dx < M?,

XeR3
Bz (1)
then
2 Slacen
u(x,s
sup  sup / ud)c+ sup / |Vu(x,s)|2dx ds < KiM>. (302)
5€(0,S870cen) xeR3 2 xeR3
Bx(1) 0 Bz(l)

Moreover, we have the following decomposition of the pressure: for all X € R3 and
t € (0, Sjpcen), there exists Cz (1) € R such thar**

1
plx, 1) — Cz(t) = _§|u('x5 t)|2 + Pioc(X, 1) + Puonloc(X, t) (303)

forall (x,1) € Be(3) x (0, Siocen), with

Dloc(x,1) = — / Kij(x = y)o(ui(y, Hu;(y, )dy (304)
R3

and

Pnonloc(X, 1) = — /(Kij(x =) = Kij(x = ) —oO))ui(y, Duj(y, )dy. (305)
R3

Here, ¢ € C3°(Bx(4)) (with ¢ = 1 on By (3)) and Kij(x) := d; 3]'(&7)-
Moreover, we have the estimate

2
”ploc” + ”p”‘mloc”L°°(B;(%)><(O,Sloce,,)) <KiM". (306)

3 3
L3 (B)E(j) x(0,S10cen))

43 For a definition of ‘local energy solutions’, see Sect. 1.4.
44 This decomposition is also valid for pj,. defined in B;(%) % (0, Sjpcen) instead of By (%) x (0, Sjocen)
as stated here. The constant Cx (¢) has to be adapted.



790 T. Barker and C. Prange

Appendix B: Carleman Inequalities

The two statements below are taken directly from [47]. The first Carleman inequality in
Proposition B.1 corresponds to a quantitative backward uniqueness result.

Proposition B.1 (first Carleman inequality [47, Proposition 4.2]). Let Ccqr1 € [1, 00),
S € (0,00), 0 < r_ < ry and we define the space-time annulus

A={(x,)) eR*xR: 1€[0,S], r_ < |x| <r.}.
Letw : A — R3 be such that w, 8;w, Vw and V*w are continuous in space and time
and such that w satisfies the differential inequality
1 1 -3 ]
[(3; + Mw| < Cgppy S lwl+Cppry ST 2IVW| on A. (307)

Assume
2 > 4CcarlS. (308)

Then we have the following bound

22

3

_ T+ ¥
f / (STHw? + |[Vw|?) dxdt < CZe” eart (X +eCeaSY),  (309)
0 10r_<|x|<%

where

21x2
X = //eiccﬂr/S(S*]|w|2+|Vw|2)dxdt, Y = / [w(x, 0)|> dx.
A r-<|x|<ry

The second Carleman inequality in Proposition B.2 below corresponds to a quanti-
tative unique continuation result.

Proposition B.2 (second Carleman inequality [47, Proposition 4.3]). Let Ccqr €
[1, 00), § € (0, 00), r > 0 and we define the space-time cylinder

C:={(x,1) eR*xR : r€[0,S8], x| <r}.

Let w : C — R3 such that w, orw, Vw and V2w are continuous in space and time
and such that w satisfies the differential inequality

1

_1
[(0; + Nw| < CEaerS_l|w| + CC;rlS_7|Vw| onC. (310)
Assume
% > 4000S. (311)
Then, forall0 <s <5 < ﬁ one has the bound
25
—1y.,02 2, —bE2 _r2 e\
(S~ w? + [VwPe™ 5 dxdr < e 500sX+(s)2<—) Y, (312)
S
5 olxl<5 -

where
S

—1y,.12 2 2, 0—3 _li
X = (S7 |w|” + |Vw|7) dxdt, Y = lw(x,0)]“(s) " 2e * dx.

0 |x|=r lx|=<r
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Propositions B.1 and B.2 are proved in [47] for smooth functions. The proof works

under the weaker smoothness assumption stated here. This is used in Sect. 4 in particular,
where the results are stated for suitable finite-energy solutions.
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