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Abstract
High-temperature superconducting materials have remarkable current-carrying capabilities, even
when operated under high magnetic fields. Since long rare earth–barium–copper oxide
(REBCO)-coated conductors are now available (thanks to improvements in the fabrication
process) this material has become an attractive option for high field magnet applications.
However, such extreme operating conditions require an efficient quench protection system to
prevent the coil from developing damaging hot spots, which greatly depends on the winding
used. We focus here on the protection of insulated HTS coils against thermal runaways that can
locally destroy the magnet. We developed a transient two-dimensional (2D) axisymmetric model
using a volume integral formulation based on generalization of the partial element equivalent
circuit method to compute the local current density distribution inside REBCO-insulated coils
and account for local performance variations. Indeed, the most interesting property of integral
methods is the requirement that only active regions are meshed, which leads to a significant
reduction in the size of the problem. The formulation is introduced for general 3D cases and its
adaptation to 2D axisymmetric problems is detailed. The formulation has been validated thanks
to a bulk magnetization benchmark, the results of which (obtained with the finite element
method) were compared with our integral formulation solution. The model has also been
compared with experimental data obtained on a double pancake coil. The objective is to study
the effects of magnetization on the transient voltage due to dynamic current distribution when
ramping up the magnet so as to be able to determine some key parameters associated with coil
protection. Such an approach is developed on a small-scale test case and the transient behaviours
observed are discussed.
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1. Introduction

Superconducting materials are widely used for applications in
magnetic field generation as they are able to carry current
without any dissipation under specific operating conditions.
Low-temperature superconducting (LTS) materials such as
NbTi or Nb3Sn are classically used, but due to the decrease in
their current-carrying capabilities with increase in magnetic
field and temperature they cannot generate fields higher than
22 T, and only then if maintained at a very low temper-
ature [1].

Due to better performance in terms of both critical cur-
rent and critical field (Hc2), high-temperature superconducting
(HTS) magnets are in principle capable of reaching a much
higher field, making them a cost-effective alternative to
resistive magnets for very high magnetic field generation [2].

Several projects have been carried out recently with the
aim of developing high field magnets realized partially or
totally with rare earth–barium–copper oxide (REBCO) tapes .
In France, the National High Field Magnet Laboratory is
about to test a 10 T HTS insert into an already existing
resistive magnet generating 20 T so as to test its ability to
operate with 30 T in its centre [3]. A full superconducting
32 T magnet has been developed at the National High
Magnetic Field Laboratory at Tallahassee, USA [4, 5]. This
hybrid LTS–HTS magnet is composed of a LTS outsert
generating 15 T and a HTS insert made of a set of double
pancake coils generating the additional 17 T. Recently tested,
it has achieved the highest magnetic field generated by a fully
superconducting magnet to date, with a central field value of
27 T [6]. At the same time, another project developed by the
Chinese Academy of Science aims to design a 25 T super-
conducting magnet made of NbTi and Nb3Sn coils and
a REBCO insert at the Extreme Condition Experimental
Science Facility (ExCES) for studying the properties of
condensed matter [7–9]. In Japan, the High Field Laboratory
for Superconducting Materials at Tohoku University has
developed a 25 T cryogen-free superconducting magnet with
a 11.5 T REBCO insert, which was later replaced by an
equivalent BSCCO insert [10].

Although these magnets exhibit very promising perfor-
mance and an improved fabrication process able to produce
sufficiently long REBCO tapes, HTS magnets are not yet very
widespread. Some key points are still being studied, espe-
cially with regard to their behaviour close to their critical
current, particularly when operating under a very high current
density. HTS coil protection strategies are of prime impor-
tance to ensure safe operating conditions, and have to be
chosen carefully depending on the specificities of each
magnet, such as its winding principle, which will greatly
influence the final protection design.

In the past few years new winding techniques have
emerged to deal with protection issues. In non-insulated coils,
the insulation is removed in order to allow the current to flow
from one turn to the next in case of initiation of a local
transition, thus bypassing the dissipative regions. Highly
thermally stable, they may recover after a quench without any
additional protection system [11, 12]. Another alternative is to

use a metal-as-insulation winding, in which the coil is co-
wound with a metallic layer to increase the turn-to-turn
contact resistance. Nearly self-protection behaviour has also
been reported for this kind of coil [13]. The main drawback of
these designs is their slower dynamics, which may be an issue
in some applications.

More classical insulated coils always require an efficient
active protection system, like heaters as in [5] or the use of a
dump resistance as in [10]. In this work, only the case of
insulated coils is considered.

Quench ignition is characterized by a rapid increase in
voltage, meaning that quench detection techniques are usually
based on monitoring the coil voltage. Because of inhomo-
geneities of the critical current density Jc along the tape
associated with slow normal zone propagation velocities (a
few cm s–1) [14, 15], early detection is necessary to prevent
the coil from damaging hot spots [16]. The main issue with
this strategy is the requirement to detect a small variation of
the voltage signal (in this case the dissipative component of
the total voltage) that is embedded in a much higher-magni-
tude signal (the transient component due to the current var-
iation when ramping up the coil) which is also very noisy due
to the coil’s large inductance.

In order to make the voltage measurement clearer, it is
possible to add compensation coils so as to compensate the
inductive behaviour of the HTS coil and obtain more accurate
measurements [17]. However, this solution does not perfectly
cancel the inductive voltage of the HTS coil, as the com-
pensation coils have a constant inductance value while the
actual inductance of the HTS coil depends on the current
density distribution in the conductor, which evolves with time
[18]. Early quench detection might become difficult if the
transient voltage due to inductance variations is of the same
order of magnitude as the desired voltage threshold value.

Another major issue is the magnetization phenomenon:
current distribution greatly depends on the operating condi-
tions previously experienced by the coil. For instance, when
ramping up the coil, discharging it and then ramping it up
higher, a fast increasing voltage will appear when the pre-
vious maximum current is overcome. This transient behaviour
is only due to current redistribution and must not be confused
with the appearance of a dissipative zone.

Modelling of magnetization currents in REBCO coils is a
problem that has been widely studied in superconducting
applications, especially for computation of AC losses [19–23]
as they have a significant impact on the quality of the
magnetic field or the refrigeration requirements for instance.
However, we propose here to investigate these transient
behaviours for protection purposes. We thus developed a
numerical model using a volume integral formulation in order
to evaluate the transient behaviour of insulated REBCO coils
submitted to successive current ramps.

The paper is organized as follows. Firstly, the general
volume integral formulation coupled to a circuit approach is
presented, and its adaptation to two-dimensional (2D) axi-
symmetric problems is detailed. Next, the model is applied to
a benchmark test case dealing with the HTS bulk magneti-
zation problem for validation. A sensitivity analysis is then



done, followed by a comparison of the simulation results with
experimental data obtained on a double pancake coil tested at
low temperature and self-field conditions. Finally, an appli-
cation of the model is presented for a small-scale test case and
results regarding protection are discussed.

2. J-formulation presentation

Analytical models can be derived from constitutive equations
to compute the transient behaviour of superconducting
applications under specific conditions and on simple geome-
tries such as tapes [24, 25] or cylinders [26]. However, the
critical state model [27] used as constitutive law in analytical
models is not very well adapted to HTS materials which start
to dissipate before the current density reaches Jc because they
exhibit a smoother transition from superconducting to normal
states. Besides, the variation of Jc with magnetic field and
orientation cannot be taken into account in analytical models.
Therefore, modelling of complex geometries and/or complex
constitutive laws accounting for physical properties (variation
with the magnetic field, the temperature, etc) require the use
of numerical methods. Of all the numerical tools available,
the most widespread method for electromagnetic computa-
tions is certainly the finite element method (FEM), which has
already been successfully applied to many superconducting
problems [28]. However, depending on the formulation cho-
sen, some important issues can arise: current conservation
which is not strongly ensured, the high aspect ratio of HTS
tapes which requires an extensive mesh for the nonlinear
algorithm to converge, and so on. We propose an original
approach using a volume integral formulation based on a
generalization of the partial element equivalent circuit method
to compute the local current density distribution inside a HTS
magnet while taking into account the effects of local perfor-
mance variations.

2.1. Volume integral methods

Volume integral methods (VIMs) started to be seriously
considered and developed for electromagnetic computations
after the introduction in the 1980s [29] of first- and second-
order Whitney elements, also known as edge and facet ele-
ments, respectively. Their intrinsic properties are perfectly
suited to H and E field representation as edge elements
conserve the tangential component, and to B and J fields for
facet elements whose conservation of the normal component
is ensured by definition. However, the main issue when using
such an approach is the generation of full matrices, instead of
sparse ones as for the FEM (the latter being much more
convenient for storage and computations). Indeed, integral
methods account for all interactions of elements of the
domain on each other, which also results in better approx-
imations than considering only the closest interactions as the
FEM does. Nevertheless, this class of methods is of interest
again with the development of new powerful numerical for
tools dealing with matrix compression [30] and issues of full
matrix integration. The main advantage of using VIMs over

the FEM is that only active regions need to be discretized: no
mesh is required for air regions, which consequently reduces
the final problem size. Although superconductor modelling
mostly refers to the FEM, variational principles, which share
with VIMs the advantage of meshing active regions only,
have already been used successfully for 2D [31–35] and 3D
[36, 37] superconducting problems.

The J-formulation for modelling superconducting pro-
blems can be quite convenient as the current conservation
condition is automatically enforced, contrary to the
H-formulation (FEM) which requires some sophisticated
modifications to avoid current diffusing to the air [38]. The
formulation presented here is based on a generalization of the
partial element equivalent circuit method (the PEEC method)
[39] which is already used for computation of the current
distribution inside superconducting coils [40]. It combines the
circuit approach (based on Kirchhoff’s law) with a magnetic
field problem to be solved on a physical domain (with a
specific meshed geometry) as impedances of the equivalent
electrical circuit are dependent on magnetic field. The
J-formulation enables automatic generation of the equivalent
electrical circuit from any meshed physical domain thanks to
the use of facet elements for the interpolation of current
density. Each node of the equivalent electrical circuit is
defined by the barycentre of each element. Therefore, con-
nections of the physical domain to external circuit branches
are particularly easy to implement.

2.2. Continuous equation

An arbitrarily shaped superconducting domain is considered.
The magneto-quasistatic approximation is assumed, meaning
no displacement currents are considered and the divergence-
free current density condition has to be satisfied.

From Maxwell’s equations, the electric field E can be
expressed anywhere in the domain by

E
A
t

V 1= -
¶
¶

-  ( )

where A represents the magnetic vector potential and V is the
electric scalar potential. The constitutive law of any super-
conducting material is such that

E B J JT, , 2r= ( ) ( )

where ρ is the electrical resistivity, which depends on the
temperature T, the magnetic flux density B and the current
density J. On the other hand, the magnetic vector potential A
can be divided into two different terms, depending on its
origin: an A0 vector potential due to a background magnetic
field, which can be uniform or not, and an Asc vector potential
induced by the current flowing through the superconducting
device

A A A J . 30 sc= + ( ) ( )



As superconductors have no magnetic properties, the
magnetic vector potential originating from the physical
domain, Asc, can be computed at any point using the 3D Biot–
Savart law
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where μ0 represents the vacuum permeability, P is the source
point, Q is the field point (r is the vector from the source point
to the field point) and Ωc is the conducting domain. The
J-formulation is then derived from equations (2)–(4):
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2.3. Discretization and circuit coupling

Equation (5) cannot be solved in its continuous form but it
can be approximated using numerical methods. A mesh is
generated based on the geometry of the physical domain. The
unknown J is interpolated with facet shape functions as fol-
lows (the sum is taken over all the elements constituting the
mesh)

J w I 6
k

fk kå= ( )

where wfk is the shape function associated with the kth facet
of the mesh and Ik is the current flux through this facet.
Therefore, degrees of freedom (DoF) are related to the facets
of the finite element mesh. Facet shape functions have been
computed for various types of elements such as tetrahedra,
hexahedra or prisms [41]. As mentioned in section 2.1, such
shape functions are very well suited to divergence-free vector
field interpolation as their main property is that the normal
component of each shape function wfk is conserved through
each facet [29]. The conservation properties of first-order
facet shape functions are described by equations (7) and (8):
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where Sk refers to the surface of facet element k, n is its
normal vector and Ve corresponds to the volume of the ele-
ment to which the kth facet belongs. The sign depends on the
orientation of the facet element.

In order to convert the continuous operator problem of
equation (5) into a discrete problem, the Galerkin method is
applied, meaning the weighting functions are chosen as equal
to basis functions defined here by first-order facet shape
functions. The weak formulation can be written as
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This matrix expression of the weak formulation enables
us to introduce the circuit coupling which results straight-
forwardly from the use of facet elements. Each term of
equation (9) defines an equivalent electrical component that
can be interpreted using circuit theory: [IB] is the branch
current vector (a branch is related to the equivalent electrical
circuit and associated with a facet; it is built based on the dual
mesh of the primal mesh, i.e. it connects barycentres of two
adjacent elements); [R] refers to the resistance circuit and is
called the resistivity matrix; [L] gathers both self and mutual
inductances and is referred to as the inductive matrix; vector
[ΔV] is related to branch voltages and represents the average
voltage drop between two adjacent elements sharing the same
facet; and vector [A0] corresponds to an external magnetic
field source, like a surrounding coil for example [32]. It has to
be pointed out that the resistivity matrix is by definition a
sparse matrix because Rij is non-zero only if facets i and j
belong to the same element: the [R] matrix is thus computed
thanks to the FEM assembly process. By contrast, the
inductive matrix is a full matrix assembly representative of
integral methods: each term Lij is computed by integrating the
3D Green kernel defined by
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The Green kernel integration can be realized by numer-
ical or semi-analytical integration methods for close to very
close interactions, and correction techniques are required for
self-integration (r=0) [42]. To improve computational per-
formances, integration of far interactions can be estimated
using matrix compression methods such as the fast multipole
method [30], the adaptive cross approximation [43] or the
hybrid cross approximation [44].

This problem is solved using a circuit solver based on the
determination of independent loops adapted to arbitrarily
shaped 3D conducting devices [45]. It results in the genera-
tion of an incident matrix, [M], computed thanks to the
independent loop search algorithm also described in [45] and
composed of 0 and ±1 values only. The determination of [M]
is based on Kirchhoff’s circuit laws and has the following
properties:

M V 0 M I I 15t
L BD =  =[ ][ ] [ ] [ ] [ ] [ ] ( )

where [IL] is an independent loops-based current vector
defined as a combination of the branch currents [IB], and [M]t

is the transpose of matrix [M]. Therefore, equation (9)
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If no external branch is connected, a Neumann boundary
condition is applied to all external faces of the conducting
domain (intrinsic to equation (16)).

2.4. Voltage-driven devices

The equivalent electrical circuit approach enables us to add
external circuit branches to the main circuit built out of the
dual mesh. In this section, a voltage generator is considered,
which imposes a voltage constraint on one of the two nodes
related to the facets directly connected to that source. To take
into account this additional boundary condition, the incident
matrix [M] is divided into two submatrices: [MRL] related to
the physical domain and [MS] to account for the additional
voltage drop added by the source:
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where ΔVs is the value of the voltage source. Combining
equations (16) and (17) leads to the weak J-formulation
adapted to a voltage generator
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2.5. Current-driven devices

Most of the time superconducting magnets are connected to a
current generator which imposes a transport current to control
the value of the magnetic field. Such a constraint is expressed
by

J wdS I dS I 19
S p S
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where IS is the value of the transport current and the subscript
p refers to all the facets directly connected to the current
generator. From the point of view of an electrical circuit,
connection of an external current source is straightforward as
it just adds a new branch defined by the circuit equation
which has to comply with Kirchhoff’s circuit laws. Using the
same definition of [MRL] and [MS] as in section 2.4, the
constraint expressed in (19) can thus be rewritten in terms of
an electrical circuit (see equation (20)), meaning that the sum
of the current at each node connected to the external branch
must be equal to the transport current value imposed by the
source:
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Such an additional constraint (applied on facets directly
connected to the source only) is then imposed by combining
equations (20) and (18), the latter still being verified for a
current-driven problem although the source voltage drop
becomes an unknown instead of an imposed value:
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3. Numerical modelling of HTS coils using the
J-formulation

3.1. Coil modelling: from 3D to 2D

The objective is to compute the current distribution inside an
insulated REBCO coil. We consider here an axisymmetric
problem, which means that the source must generate a per-
fectly axisymmetric field, as in the case of a surrounding
cylinder, where the magnetic field is oriented along the
z-direction only, or at least the source complies with a circular
approximation so as to extend it to closely packed coils which
are actually spirals [37, 38]. Thus the current density J flows
perpendicularly to the cross-section and the vector potential A
is also directed along θ:

J uJ r, z 22= q( ) ( )
A uA r, z . 23= q( ) ( )

Under such assumptions, the problem itself can be con-
sidered axisymmetric: all the physical quantities are inde-
pendent of θ and the problem is completely defined by a
cross-section of the coil containing its central axis.

The reduction of the dimension of the problem has to be
accounted for properly in the J-formulation by adapting the
3D Green kernel introduced in equation (14) to a 2D axi-
symmetric geometry. Indeed, because of the integral
approach, interactions between elements of the cross-section
and other elements of the coil that are no longer represented
have still to be taken into account in order to properly
assemble the 2D inductive matrix [L2D]. The 2D axisym-
metric Green kernel, G2Daxi, computed for vector fields is
defined by
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This relation can be expressed by an analytical formula in
the cylindrical coordinate frame (r,θ,z) as follows:
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J1 and J2 are the complete elliptic integrals of the first and
second kind, respectively, and the geometrical parameters are
described in figure 1.

Equations (16), (18) and (21) do not change, but the
computation of the vectors and matrices is affected as follows:

w wR J 2 r dS 28ij
S

i j iò r p= · ( ) · · ( )

w wL G dS 2 r dS 292Dij 0
S

i
S

2Daxi j iò òm p= ¢· ( )

w AA 2 r dS 300i
S

i 0 iò p= - · · ( )

wV V 2 r dS. 31Si
S

i S iò pD = - D· · ( )

3.2. Nonlinear behaviour

The formulation described so far can be applied to conductive
materials with any constitutive equation. In the case of
superconducting materials, which exhibit a highly nonlinear
voltage–current relation, several models of the constitutive
law E–J have been developed, the most famous ones being
the Bean model [27] and the power law model [46, 47]. For
our specific problem, which is related to current distribution
in a HTS coil during ramping up, the power law model
(equation (32)) has been selected because it is very con-
venient for current variations to be considered, ranging from 0
to around Ic:
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The n-value quantifies the stiffness of the transition. The
variation of Jc with magnetic field (both magnitude and
orientation) is of prime importance for coil problems [48]
because each turn experiences a different local magnetic field
generated by the coil itself, which may be combined with a
background field (if any). The Jc(B) curve can be determined
by characterization measurements for a given temperature and
under several magnetic field conditions.

To deal with E–J nonlinearity, Newton’s method, which
is a powerful iterative root-finding algorithm particularly
adapted to stiff problems, has been implemented. The power
law model, which has a continuous first-order derivative, can
actually be used by such an algorithm. We used a backward
Euler differentiation method for time discretization so as to
ensure stability whatever the time step value is (this is par-
ticularly convenient in the case of the auto-adaptive time
stepping method). The overall system to be iteratively solved
is
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The index p refers to time domain iterations while the
index k refers to nonlinear iterations.

4. Model validation

The formulation has been implemented in a multi-level and
multi-method platform dedicated to low and average fre-
quency computational magnetism. This platform is called
Mipse [49] and was developed by the Grenoble Electrical
Engineering Laboratory (G2ELab). It uses the Java language
and offers many numerical tools particularly adapted to int-
egral methods.

Figure 1. Integration of the 3D Green kernel (azimuthal direction).



In order to validate the 2D axisymmetric J-formulation, a
HTS bulk magnetization problem has been chosen to compare
our results with a trustworthy solution obtained thanks to the
H-formulation. The problem is defined in benchmark #4 and
proposed by the HTS Modelling Workgroup [50] (results are
available online).

4.1. Test case description

Benchmark #4 deals with a HTS bulk cylinder subjected to
zero field cooling (ZFC) magnetization, meaning that the bulk
is cooled to its particular operating temperature (below its
critical temperature Tc) before any magnetic field is applied.
The bulk is 10 mm high and its radius is 12.5 mm. Geometric
considerations enable us to use an axisymmetric model. A
uniform external magnetic field is applied along the
z-direction, perpendicular to the top–bottom surface of the
cylinder. The geometric specifications are displayed in
figure 2, as well as the magnetic field ramp profile (with
Bmax=1 T and [t1; t2; t3]=[5; 10; 15] s). The critical cur-
rent density is set to be homogeneous over the domain: Jc=
3×108 A m−2. The E–J curve is modelled by a power law
relation with an n-value equal to 20.

The problem was solved using the commercial finite
element software Comsol Multiphysics. The bulk region is
meshed using a mapped mesh of 800 elements (40 across, 20
down) while the air region has 1723 triangular elements.

4.2. Bulk magnetization modelling using the J-formulation

Although the presentation of the formulation in sections 2 and
3 was mainly focused on the current distribution problem
inside HTS coils, it can of course handle other 2D axisym-
metric problems such as cylinder bulk magnetization with just
minor considerations.

From the point of view of an electrical circuit, the bulk
can be seen as a voltage-driven device with a null voltage
constraint: ΔVs=0 V. In other words, the electrical
equivalent circuit generated based on the 2D physical domain
has to be short-circuited in order to allow the current density
to flow along the θ-direction. In that specific case (no current
generator and the magnetic field source represented by an

electromotive force), equation (18) is to be solved with
nonlinear terms using equation (33), where
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4.3. Results

With regard to mesh considerations we kept the same mapped
mesh as that defined in Comsol® for the bulk region, except
that no air region has to be defined in the J-formulation
model. In Comsol®, the problem was solved using an
H-formulation with second-order elements (15 102 DoF). The
J-formulation resolution uses a piecewise constant approx-
imation (often used for simple mapped meshes [51, 52])
which results in 799 DoF.

Figure 3 displays the normalized superconducting loop
currents induced by the uniform external magnetic field: (1)
once the external field has reached 1 T (t1=5 s), (2) after a
relaxation of 5 s still with a background field of 1 T
(t2=10 s) and (3) at the end of the magnetization process,
i.e. when the external field has been completely removed
(t3=15 s).

The magnetic field produced by the current distribution
can be derived at any point using the Biot–Savart law. The
total magnetic field (i.e. the sum of the external induction and
that induced by the bulk’s superconducting currents) map is
computed over the bulk region at the same moments, that is to
say t1, t2 and t3 (see figure 4).

The trapped magnetic field profile along the radial
direction, Btrap, is computed 2 mm above the bulk top surface.

Figure 2. Bulk geometry (left) and magnetic field profile (right).



Comsol and Mipse solutions are compared in figure 5. It can
be seen that the results are in quite good agreement, the
maximum difference between the two codes being less than
1.12%, which validates the formulation implemented in
Mipse.

As expected when using a ZFC magnetization techni-
que, Btrap(r=0 mm, z=7 mm) is much lower (around
76 mT), once the external field has been removed, than the
maximum induction value applied (Bmax=1 T). The flux-
trapping ability of the bulk is analytically estimated [53] to

be Btrap,th(r=0 mm, z=7 mm)≈1.1 T. This theoretical
value assumes that the magnetization process has induced a
homogeneous current over the cross-section which flows at
its critical value; this is absolutely not the case with the
magnetization scenario represented here, as shown in
figure 3.

The formulation has thus been successfully validated by
comparison with a reference benchmark solution, although a
more detailed comparison between both methods in terms of
performance and accuracy would be interesting.

Figure 3.Normalized current distribution J/Jc over the 2D domain representing the cylinder bulk computed at t=5 s (top left), t=10 s (top
right) and t=15 s (bottom).

Figure 4. Induction B over the 2D domain representing the cylinder bulk computed at t=5 s (top left), t=10 s (top right) and t=15 s
(bottom).



5. Sensitivity analysis

Once validated by comparison with a reference benchmark
solution, the model is ready to be used for the current dis-
tribution computation inside a HTS insulated coil. Prior to the
study, a characterization of the HTS tape is needed to set
proper parameters of the tape’s E–J curve, which in our case
is modelled by a power law. The values of n and Jc can be
estimated experimentally, but the accuracy depends greatly on
the characterization method and the level of accuracy of the
measurement devices, and can also vary from sample to
sample. Thus, a sensitivity analysis has been carried out in
order to investigate the influence of each parameter on the
current distribution and the resulting voltage.

5.1. Test case presentation

For reasons of computation time, we defined a small-scale
single pancake coil made of 25 turns with a deliberately small
inner radius of 5 mm in order to generate a magnetic field that
is not too small despite the reduced number of turns. For such
geometry, the axisymmetric condition is satisfied.

The tape is 12 mm wide and the superconducting layer is
2 μm thick (the total thickness of the tape is 139.5 μm plus
20 μm thick insulating layers on the top and bottom).

In this approach, no current sharing between the con-
ducting layers of the tape is considered, otherwise thermal
coupling should be added to account for the proper current
distribution among layers. Therefore, current is assumed to
flow only through the superconducting layer. This assumption
is correct as long as the critical current value is not exceeded.
As the superconducting layer is the only active one there is no
need to mesh others. Furthermore, due to the very high aspect

ratio (6000) between the thickness and width of the super-
conducting layer, a thin regions approximation is used to
represent the tape. Therefore, proximity effects are neglected
(the distance between turns being around 90 times larger than
the represented turn’s thickness) and the current density is
assumed to be uniform over the superconducting layer
thickness. The mesh is thus considerably reduced: each turn is
represented by a line in the 2D domain which is divided in
that case into 100 elements. The geometry is displayed in
figure 6.

5.2. n-value and Jc(B,θ) variations

In this section, the impact of the n-value parameter as well as
variations in Jc are investigated over the coil’s voltage, which
is the quantity of interest for practical measurements
with regard to the quench detection. A constant n-value,
n(T,B)=n, is assumed here.

The gradual penetration of current from the edges to the
centre of each turn creates an inductance variation and a
voltage increase is observed even for a constant current ramp
rate. In order to quantify the impact of both parameters on the
current distribution, we chose to compare the interpolated
voltage slope (the voltage computed corresponds to the total
voltage of the coil) due to current penetration for several
n-values and Jc(B,θ) characteristics for the same current ramp
rate of 1 A s−1.

5.2.1. n-value sensitivity. In the first scenario, the n-value of
the power law varies between 20 and 50, which is a typical
range of variation for HTS materials [54], while the Jc(B,θ)
curve does not change and is set to a reference curve,
Jc(B,θ)ref, corresponding to data reported in [55]. V–I curves
obtained for several n-values are displayed in figure 7. The
ripples observed are due to the piecewise constant
approximation and have of course no physical meaning.
Indeed, the current starts to flow very close to the edges and
gradually penetrates towards the centre: for a given turn, once
the current density of an element gets closer to its critical
value, current begins to flow through the next element,
explaining the staircase-like appearance of the V–I curve. It

Figure 5. Trapped magnetic field along the radius computed 2 mm
above the top surface of the bulk (z=7 mm). Comparison of the
J-formulation results (implemented in the Mipse platform) with the
solution of benchmark #4 (solid lines) solved in Comsol Multi-
physics using the H-formulation.

Figure 6. Simplified coil geometry represented in a 2D axisym-
metric view.



tends to become smoother with an increased number of
elements and the gradual penetration of the current.

5.2.2. Jc(T,B,θ) sensitivity. The critical current depends on
the temperature and the magnetic field (magnitude and angle)
experienced locally by the tape, as well as the tape’s local
performance. That performance is usually estimated by the
supplier in terms of local critical current at 77 K and under
self-field Ic s.f. 77K, obtained by continuous contactless
measurement [56].

For a given sample, we can thus define the lift factor LF
as the ratio between the critical current Ic(Top, B, θ) measured
at a given operating temperature in a given magnetic field and
its value at 77 K self-field:
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The lift factor is very dependent on the manufacturing
process, but for practicality we will first assume that it
remains identical for lengths of tape produced by the same
supplier production line at roughly the same period.

Characterization measurements to obtain Ic(4.2 K,B,θ)
were previously carried out on SuperOx samples [55]. We
then added the variation with temperature by using an
analytical formula derived in [57] from experiments on
similar tapes from SuperOx, in order to obtain a reference lift
factor LFref(T,B,θ).

In order to study the impact of the variation and/or
uncertainty on the input data for the lift factor value, a second
sensitivity analysis was carried out, this time keeping the
n-value constant at 25. We let the lift factor vary from 0.5 to
1.2 times the reference value. Figure 8 shows the V–I curves
obtained depending on the LF parameter: the interpolated
slope decreases significantly as the performance increases
(higher LF). Indeed, the penetration speed of the current

density from the tape edges to the centre is higher at lower Jc
as the edges become ‘saturated’ for smaller current densities.

5.2.3. Sensitivity analysis: conclusions. Figure 9 displays an
overview of the sensitivity analysis based on its impact on the
V–I interpolated slope. It can be concluded that the model is
quite robust regarding variations in the n-value. The
equivalent V–I slope depends much more on fluctuations in
the lift factor, which makes it difficult to predict the behaviour
of a given coil as lift factor values are not usually known with
a good level of confidence. For instance, if the tape
performances are overestimated in the model, the simulated
V–I curve will increase more slowly compared with
experimental data.

However, that high sensitivity may have an unexpected
positive consequence: the comparison between the voltage
variation during the ramp-up of an actual coil and the
expected values derived from simulation could be a good way
to evaluate the practical Ic of that given coil without having to

Figure 7. V–I curves computed for several n-values. Figure 8. V–I curves computed for n=25 and several α-values.

Figure 9. Sensitivity of the model to the n-value (left) and the Jc(B,θ)
curve (right)—the same scale on y-axis is used for both plots.



get sufficiently close to it for dissipation to appear, thus
enabling a safe check of operational limits (see section 6.3).

6. Comparison with experimental data

6.1. Experimental case and simulation setup

A double pancake coil made of 12 mm insulated REBCO tape
from SuperOx has been tested in self-field conditions. The
average critical current of the tape was evaluated based on
SuperOx data from Tapestar characterization (77 K, self-field)
and was found to be 370 A. Its inner radius is 96 mm, the top
pancake has 150 turns and the bottom pancake has 168 turns.
The superconducting layer is 2 μm thick for a total tape
thickness of 139 μm (without insulation). Once cooled down
to 4.2 K (in a liquid helium bath), the coil is ramped up at a
rate of 1 A s−1. The objective is to compare simulation results
obtained with the model presented in this paper with exper-
imental data on the current distribution in HTS REBCO coils.

The model geometry is built based on a thin-strip
approximation applied to the superconducting layer (as in
section 5). Each turn is divided into 50 elements of the same
width, leading to a final mesh made of 15 900 elements.

Regarding the tape properties, the n-value of the power
law is set to 25. Variation of Jc with the magnetic field is
defined using the lift factor derived from SuperOx data and
introduced previously in the sensitivity analysis (38), with
Ic(Top,B,θ)sample the critical current map measured in [55]
for several operating conditions on a 4 mm sample,
Ic(77 K,sf)sample=135 A is its critical current at 77 K, self-
field. Ic(77 K,sf)tape=370 A is the critical current of the
12 mm tape used for the double pancake coil.

The simulation is run at the same speed as for the real
experiment, with a 1 A s−1 current ramp, starting from a
homogeneous initial current density of zero. Because this
problem deals with full matrices whose size is quite important
(15 583 by 15 583) and the code has not been optimized for
fast computation purposes it took several days to reach few
hundred amperes on a desktop computer. This is the reason
why the computation was stopped at only 350 A in both
cases, although experimental data are available for higher
current values.

6.2. Comparison results: influence of the lift factor

Figure 10 displays the experimental values of total coil
voltage (grey curve, solid line) along with the simulation
results based on tape characterization (simulation 1, black
curve, broken line). The simulated coil voltage shows a trend
similar to the experimental data, with an identical starting
point and quasi-linear rise.

However, the slope of the voltage rise is underestimated
by 36.3% compared with the voltage measurements. This
might be explained by an overestimation of the lift factor of
the tape. As mentioned in section 5.2.2, we assumed that the
lift factor remains constant for a given manufacturer’s pro-
duction. This is an over-simplification, even in the case of

REBCO tapes without artificial pinning. Accumulated data
from SuperOx samples characterized by different laboratories
around the world show that the evaluated lift factor may have
a non-negligible spread (±30% at most) [58]. Another reason
for that discrepancy may be that the operating temperature
during the experiment was not exactly 4.2 K. An operating
temperature of 5 K instead of 4.2 K leads to a 5% reduction in
Ic. Such a slight increase in temperature could happen locally

Figure 10. Voltage–current characteristic of a double pancake coil
ramped up at 1 A s−1. Comparison between experimental data (solid
line) and simulation results (broken and dotted lines).

Figure 11.Magnetic field distribution (amplitude and incident angle)
inside the double pancake computed for an input current of 795 A
(magnetostatic study).



at the junction of the current leads or in the middle of the coil
where there is less exchange with the cooling bath due to the
mechanical structure.

Considering all the possible errors just mentioned,
simulations have been launched with reduced lift factors. A
good agreement is obtained with a lift factor reduced by 28%,
as shown in figure 10 by the V–I curve labelled ‘Simulation
2’ (black, dotted line).

6.3. Discussion

Firstly, this study demonstrates that the model is able to
simulate a full-sized 318-turn double pancake coil made of
more than 300 m of tape. The model provides an explanation

for the quasi-linear voltage rise observed experimentally
during ramp-up. Quantitatively, the results are not in perfect
agreement if we rely on tape characterization from the lit-
erature, but that was to be expected considering the spread
observed in such measurements. Perfect agreement, however,
is obtained for lift factor values that are plausible, which give
us confidence in the validity of the model.

As was mentioned in section 5.2.3, high sensitivity of the
simulation results to the input critical current performances
could be an effective way of evaluating the critical current
without risk. In the case of the studied pancake coil, a rough
estimation of that critical current was made by a magneto-
static study with the hypothesis of homogeneous current
distribution to get the local magnetic field amplitude and
orientation (see figure 11), and then evaluating the critical
current based on the expected lift factor, as shown in
figure 12. It has to be noticed that both single pancake coils
(top and bottom ones) do not have exactly the same outer
radius or the same number of turns due to practical winding
constraints. This introduces an asymmetry of the magnetic
flux distribution with respect to the medium plane and thus
results in a slight difference in the Ic value per turn for each
coil. Using that technique the coil’s limiting critical current
was estimated to be around 1545 A.

Assuming a 28% reduction in the lift factor, the revised
critical current would be around 1112 A. The next step will be
to go up to that value experimentally to corroborate this new
estimate.

Finally, this pancake was made in the framework of a
SMES project [17] for which several identical pancakes will
be made and tested, with increasing tape performances. We
intend to compare the voltage slope on each of them in order
to see if a variation of the voltage rise can indeed be observed
and correlated with the tape performance.

Figure 12. Estimated critical current per turn Ic
turn with the initial

Jc(T,B,θ) curve. Top and bottom pancakes results are displayed in
the top and bottom plots, respectively. The dotted red line shows the
smallest value obtained at turn number 14 (starting from the
innermost turn).

Figure 13. Magnetization effect observed on a double pancake coil.
The blue curve (A) corresponds to the first current ramp (1 A s−1

until 600 A) and the red curve (B) corresponds to a second ramping
up at the same rate but to a higher current value.

Figure 14. Current generator (top), total coil voltage (middle) and
Joule losses (bottom) versus time.



7. Application of model to coil current density
distribution hysteresis

In this section, the model is applied to the small-scale test case
previously introduced in section 5 to study the evolution of
the coil current density distribution when several charges and
discharges of the coil are performed without warming up. The
resulting behaviour is hysteretic and can be interpreted as
‘magnetization’ or ‘shielding current’. Our point of view here
is focused on the resulting voltage, but the same model could
be used without any change to obtain the temporal variation
of field homogeneity for example.

7.1. Motivation and experimental results

As already said in the Introduction, the concept of early
detection for quench protection may be difficult to implement
if transient voltages with similar dynamics and amplitude to
that of a transition is observed on the coil voltage due to

magnetization. Such a transient voltage depends not only on
the current ramp rate as it would for normal coil, but also on
the ‘magnetization state’ of the coil, i.e. on the previous
current distributions the coil has experienced since it has been
cooled down. Figure 13 displays the V–I curve obtained
experimentally for the double pancake coil presented in
section 6 when submitted to a first current ramp of 1 A s−1,
then discharged to zero current and ramped up again at the
same rate but to a higher current value than the first time.

The voltage variation observed around 600 A during the
second ramp (red curve) could easily be misinterpreted as the
onset of a transition, although it is only due to magnetization
effects as the voltage increase slows down from 650 A until
recovering the same slope as for the first ramp. Thus, such
dynamic behaviour is to be estimated beforehand if one wants
to be able to identify if the voltage variations observed during
experiments originate from dynamic current distribution or
from dissipation. This information is of prime importance to
enable early detection and to automate the protection system
with a criterion based on a dissipative threshold voltage value
while avoiding false quench detection.

7.2. Small-scale insulated coil

The model can help to estimate such a transient behaviour
provided that accurate data related to the tape characterization
are available, as demonstrated in section 6. In this sub-section,
the small-scale test case defined by the 25-turn single pancake
coil introduced in the sensitivity analysis is used to reduce the
number of DoF and thus decrease significantly the compu-
tation time to enable the study of more complex scenarios
than the one in section 6. Therefore, the coil is submitted to a
typical current profile that could be followed when testing a
HTS magnet. Once the coil is cooled to its operating temp-
erature of 4.2 K, a first current ramp of 2 A s−1 is applied until
500 A (from 0 to t1), followed by a discharge to zero current
(t1 to t2). The current is increased again at a same rate until it
reaches 800 A (t2 to t4), then a plateau lasting 200 s is
simulated (t4 to end). The total simulation lasted for a few

Figure 15.Normalized current density distribution along the tape width for the 25-turn coil (not to scale: the turn thickness has been enlarged
for visibility reasons).

Figure 16. V–I curve computed for the 25-turn coil (with zoom on
the voltage increase due to magnetization effects only).



hours on a desktop computer. Figure 14 shows the time
evolution of the current generator, the coil’s voltage end-to-
end and the Joule losses inside the coil. These plots have to be
connected to the normalized current distribution (J/Jc) dis-
played in figure 15 for several time values ti referenced in
figure 14.

The first magnetization slope appears from 0 to t1: it has a
linear behaviour due to the gradual penetration of the current
from the edges to the centre. The negative voltage due to the
decrease in current between t1 and t2 is not displayed in order
to zoom in on the voltage range of interest, i.e. positive
voltages. Negative current densities penetrating the tapes are
observed, resulting in a different current distribution at the
end of the discharge stage at t2 compared with the initial one,
although in both cases there is no transport current. Due to the
magnetization effect, the slope observed between t2 and t3 is
almost halved compared with the one between 0 s and t1 even
if the ramp rate is the same. Just before reaching t3 (around
480 A), the voltage increases significantly until 530 A where
the initial slope of the V–I curve is recovered: current con-
tinues to penetrate more deeply inside each turn. Such a
magnetization effect, represented in figure 16, follows closely
the one observed during experiments (figure 13). It is worth
noticing that almost no Joule losses are generated during such
a voltage increase (see figure 14, bottom plot), which defi-
nitely differentiates it from a quench signal.

The relaxation starting at t4 until tend=900 s is char-
acterized by a near-zero voltage value (transport current
variation no longer present). Current continues to penetrate
but at a slower rate so as to tend to a homogeneous dis-
tribution after a very long time. It has to be noted that a non-
zero voltage value during relaxation can be observed because
of a non-zero resistance. This is a side effect of using a power
law model, in which the dissipative voltage is never truly
zero. The use of an alternative power law, such as the one
proposed in [59], would lead to a strictly 0 value.

8. Conclusion

This paper deals with the current distribution problem in
insulated HTS coils wound with REBCO tape, using an ori-
ginal approach based on a volume integral formulation. The
so-called J-formulation is introduced for general 3D cases and
is then detailed for the more specific case of HTS coils by
adding a 2D axisymmetric condition and introducing non-
linearities. Such a choice was motivated by the specificity of
the volume integral formulation to mesh only active regions,
reducing the size of the problem significantly. This is parti-
cularly attractive for REBCO HTS coil geometries as the
active regions are actually represented by the thin film
superconducting layer only, resulting in large air gaps
between two conducting regions. Moreover, the use of facet
elements straightforwardly leads to circuit coupling, enforcing
strictly the current conservation, which is very convenient for
convergence considerations.

The model was successfully validated by firstly com-
paring results with a reference benchmark solution dealing

with HTS bulk magnetization. It was then applied to a real-
scale double pancake coil for comparison with experimental
data. Results showed the high sensitivity of the model to Jc
values, which could actually allow for an original way of
evaluating safely the limiting Ic of a coil without the need to
ramp it all the way to the limit. Finally, the model was applied
to a small-scale example so as to study the hysteretic beha-
viour of the current density distribution within each turn. The
complex voltage variations experimentally observed have
been successfully reproduced. The model is thus able to
estimate the transient behaviour of the coil, which is of prime
importance for designing efficient protection systems and to
automate them. Model improvements are still ongoing with
regard to computation times in order to be able to simulate
bigger coil geometries within reasonable computation times.
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