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AN AVERAGING PRINCIPLE FOR STOCHASTIC FLOWS AND
CONVERGENCE OF NON-SYMMETRIC DIRICHLET FORMS

FLORENT BARRET AND OLIVIER RAIMOND

ABSTRACT. We study diffusion processes and stochastic flows which are time-
changed random perturbations of a deterministic flow on a manifold. Using
non-symmetric Dirichlet forms and their convergence in a sense close to the
Mosco-convergence, we prove that, as the deterministic flow is accelerated, the
diffusion process converges in law to a diffusion defined on a different space.
This averaging principle also holds at the level of the flows.

Our contributions in this article include:

e a proof of an original averaging principle for stochastic flows of kernels;

e the definition and study of a convergence of sequences of non-symmetric

bilinear forms defined on different spaces;
o the study of weighted Sobolev spaces on metric graphs or “books”.

INTRODUCTION

Let X" be a diffusion process on a Riemannian manifold M with generator
A" = A + gV, where A is a second order differential operator, V is a vector field
on M and k is a large positive parameter. The diffusion X*, after an appropriate
time change, is a random perturbation of the dynamical system % = V().

Averaging principles for such diffusions X* in R? have been studied by Freidlin
and Wentzell in [9]. They were mostly interested to the particular case where
d = 2 and where the vector field is given by V = (—doH,0:H), with H : R? > R
(sometimes called an Hamiltonian) a sufficiently regular function. More precisely,
they first construct a mapping 7 : R — G, with G a metric graph. Each point of G
corresponds to an orbit of V' (or equivalently to a connected component of a level
set of H) and for a generic point € R?, 7(z) = (H(x),i) where the index i labels
the orbits of V. Then they show that as kK — o0, the process w(X") converges in
distribution towards a diffusion on the metric graph G. The scheme of their proof
was, after having checked that the family of the distributions of 7(X*) is tight, to
prove that every limit point for this family solves a well-posed martingale problem,
whose unique solution is a diffusion on G.

An alternative proof for this result was proposed by Barret and von Renesse in
[2]. The main tool used in their proof is the convergence of non-symmetric Dirichlet
forms. The assumptions (on the Hamiltonian H and on the generator A) of the
theorem stated in [2] are weaker than the ones in [9]. But there is an inaccuracy in
their proof (more precisely the proof of Lemma 3.1 in [2] is not correct).
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In this paper, we will follow (and correct) the approach initiated by Barret
and von Renesse. Our results will permit to state averaging principles in higher
dimension and at the level of flows. Let us explain this in more details.

We will suppose that the vector field V' is such that

e V is complete and generates a flow ¢;

e the flow ¢ has an invariant measure m having a C! positive density with
respect to the volume measure on M;

e there is an increasing sequence (M,,) of compact sets, invariant for ¢, and
such that M = |J,, M,.

The flow ¢ generated by V can be viewed as a shear flow. We denote by P(M)
the set of Borel probability measures on M, equipped with the topology of narrow
convergence. Then (see Proposition 4.6) there is a measurable map P : M — P(M)
such that for m-almost all x € M, P(x) is a probability measure on M, ergodic for
¢ and with x € Supp(P(x)).

In this introduction, for sake of simplicity, we will suppose that M = R? A = %A
is the generator of a Brownian motion on M and m is the Lebesgue measure on M.
Then, the process X" can be constructed as a solution of a stochastic differential
equation (SDE)

dX[ = kV(X[)dt + dB; (0.1)

with (B;); a Brownian motion in R%. For large &, the process Y/ := X;H is a
random perturbation of the flow ¢. Indeed, Y* satisfies the SDE:

dY) = V(YS)dt + k~Y2dBY, (0.2)

where B} = \/EBt/,{ is also a Brownian motion in R¢.

Suppose also that one is able to construct a metric space M , a continuous map-
pingm: M — M and a measurable mapping p : M — P(M) such that for m-almost
all z € M, P(x) = pon(x). Then the drift term xV (which explodes as x — o0 in
(0.1)) disappears in the SDE satisfied by the M-valued process )N(t" :=7m(X/). Note
that if P is continuous, one can simply take m = P and for M , the set of ergodic
probability measures. Our first main result is Theorem 4.12 in Section 4, whose
statement is the convergence in law of X* as k — o0 towards a diffusion process X
in M.

Theorem 4.12 extends Theorem 2.2 in [9], Chap. 8, where Freidlin and Wentzell
consider the case M = R? and V = (—02H,0,H), with H : R? — R a regular
function. Theorem 4.12 also extends, corrects and gives a correct formulation of
Theorem 3.11 in [2].

Let us now consider n particles X(")# = (X5* ..., X™") in a turbulent fluid
with a shear flow generated by V. For some 1 > 0 (a viscosity parameter), X (%)%
solves an SDE on (RY)": for 1 <k <n

AX{" = kV(X[5)dt + ndBf + Y Ui (X}") 0 W], (0.3)

iel
where (I being a countable set) {W?, i € I} is a family of independent Brownian
motions, {U*, i € I} is a family of vector fields on M such that >}, , U;(U; f) = Af
for all f € C*(RY) and {B', B%,..., B"} is a family of n independent Brownian
motions in R? independent of {W? i € I}. The n particles X% ... X™* are n
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diffusions with generator 3(1+n?)A + kV and are correlated through the common
noise W =3, UW?.

The process X (")# is also a time-changed perturbation of the flow ¢®", which
is generated by V®". In order to apply Theorem 4.12 to X(™-* we will have to
assume in addition that for m®"-almost all z € M", @, P(x;) is ergodic for ¢®".
This allows to prove Theorem 7.10 in Section 7, whose statement is the convergence
in law as & — o0 of (r(X5*),..., 7(X™")) to a diffusion X(™ on M™.

By construction, the family of processes (X () > 1) is a consistent and
exchangeable family of Feller diffusions (see Section 7.8). Using Theorem 2.1 from
[16], X(™)* is the n-point motion of a stochastic flow of kernels (SFK), K" =
(K% ,)s<t- This SFK solves the following SDE: for all f € CZ(M), x € M and s <t

K:f(x J S E)A+ V) f( du+f LW f(du))(x), (0.4)

with W = Y. ;U;W* a vector field-valued white noise, {W? i € I} being a
family of independent white noises (we use the notation Sz KZ,(Wf(du))(z) =
Yier Si K§ (Ui f)(x)W*(du)). The covariance of W is given by C = ¥, U; @ Uj,
and (following [16]) the SDE (0.4) is called the ((1 + 7?)A + &V, C)-SDE. Under
the condition that for all n, the diffusion XM g Feller, the family of processes
(X (") 'n > 1) is consistent and exchangeable and is associated to a SFK K on M.
We then prove Theorem 7.12 that states that the SFK K" converges in the sense
of finite dimensional distributions to K as x — 0.

In order to prove Theorem 4.12, we had to revisit the framework of convergence
of non-symmetric closed forms of [14], in which Hino only considers convergence of
forms all defined on the same space. This is done in Section 3, where Theorems
3.8 and 3.9 are proved. These two theorems extend Theorem 2.4 in [15] to non-
symmetric closed forms.

In Sections 1 and 2 the standard objects of the theory of non-symmetric Dirichlet
forms are introduced and the correspondence with Markov processes is given. In
Section 3, we recall and extend the notion of convergence (called Mosco-convergence
by analogy to the symmetric case) of non-symmetric closed forms and show that this
convergence entails the convergence of their associated semigroups. The main result
of these sections is Theorem 3.15 where the convergence of the finite dimensional
distributions of the Markov process associated to the regular Dirichlet form £% is
proven.

In Section 4, afer recalling some notions of ergodic theory, Theorem 4 12 is
proved, i.e. we prove the convergence of 7(X") to a diffusion process X in M. To
prove Theorem 4.12, we prove the Mosco-convergence of the Dirichlet forms £ on
L?(m) with domain H'(R9) towards a Dirichlet form on L?(), where i = mym.
The Dirichlet form €% := € + k€Y is such that for f,g e H'(R?),

S0 =5 | VEVpAm, (g == | Vigam.  (05)

Since m is invariant for ¢, the form £V is anti-symmetric: £V (f,g) = =€V (g, f).
Using Theorem 3.8 of Section 3, Theorem 3.13 shows that £ converges to a bilinear
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form € with a domain H as k — co. This limiting form is defined on M by:
H={f:M—>R, foreH} E(f.g)=E(fomgom).  (0.6)

(€,H) can be viewed as a contraction of the Dirichlet form (£, ) by «. Proposition
4.11 states that the contracted bilinear form (5 ’H) is itself a regular Dirichlet form
and thus associated to a process X in M. In particular, the regqularity (5 ’H) of the
form is non-trivial (this is the difficulty overlooked in [2]).

In Section 5 and Section 6, two examples inspired by the literature are studied.
In Section 5, we consider the classic example of [9] of a complete vector field in
R? given by an Hamiltonian. In Section 6, we analyze a specific example on R?,
based on a previous analysis by Mattingly and Pardoux in [20] and describe the
limiting diffusion process and its generator. In Section 5, M is a metric graph (i.e.
a gluing of segments) and in Section 6, Mis a gluing of four cones in R2. In each
case, proving the regularity of the form & is a difficult task. This has required a
careful analysis of the space 7—7,, which can be viewed as a weighted Sobolev space
on M. This study is conducted in the Appendix and we believe it is of independent
interest.

In Section 7, an averaging principle for SFKs is proved. Finally, the two examples
of Section 5 and Section 6 are studied at the flow level.

NOTATION

For M a topological space equipped with a positive Radon measure m,

o C(M), Co(M), Cp(M) and C.(M) denote respectively the spaces of con-
tinuous functions, continuous functions vanishing at oo, bounded continu-
ous functions and compactly supported continuous functions on M. These
spaces will be equipped with the uniform norm ||-|| ..

e For p = 1, LP(m) is the usual LP-space associated to m and its norm is
denoted |1 1,

e The inner product on L?(m) will be denoted by (-, VL2 (m)

And when M is a smooth manifold,

e for r < oo, C"(M) denotes the spaces of r-times continuously differentiable
functions on M, and C (M) denotes the subspace of C"(M) of compactly
supported functions.

For an operator S on a Banach space £ with norm denoted by ||| -, set ||S| . :=

suppe £l =13 15 f |l -
1. BILINEAR CLOSED FORMS, SEMIGROUPS AND RESOLVENTS

1.1. Resolvents and semigroups. Let £ be a Banach space, with norm denoted
by |||l ;- A strongly continuous contraction resolvent (Ga)asay, With ag € R, is a
family of operators on £ such that:

o Go,—Gg+(a—B)G,Gg =0 for all o, 5 > ap;

e Forall fel, [[(a—a)Gafll, <|fl;

e Forall fe L, limy o aGyf = fin L.

A strongly continuous semigroup (T;)i=0 on L is a family of operators on £ such

that,

e Tof =fand Tsyyf =TT f for all fe L and s,t > 0;
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e Forall fe L, lim_oT;f =fin L.
From [19], Propositions 1.1.5, 1.1.10 and Theorem 1.1.12, we have

Proposition 1.1. If (T}) is a strongly continuous semigroup such that for some
o, e Ty, <1 for all t > 0, then (Ga)a>a,. defined by

+o0
Gafzf e T, fdt, VfeLl, (1.1)
0

is a strongly continuous contraction resolvent. Reciprocally, if (Ga)a>a, S @ strong-
ly continuous contraction resolvent then there exists a unique strongly continuous
semigroup (Ty) satisfying |le=*"T;||, <1 for allt > 0 and such that Equation (1.1)
holds.

Let (T) be a strongly continuous semigroup such that for some ay, [le”*'T}|| . <
1 for all ¢ > 0. Let A be the infinitesimal generator of (7;) with domain D(A), i.e.
the set of all u € £ such that Au := limy o %(Ttu — u) exists in L.

Lemma 1.2. (i) For all & > ag, D(A) = Go(L).
(ii) For fe L, AGof = aGuf — f.
(iii) D(A) is dense in L.

Proof. The resolvent equation implies that for o, 8 > ag, Go (L) = Gg(L). Using
(1.1), we prove that G, (£) € D(A) and (ii). And we prove that D(A) € G, (L) by
taking for u € D(A), f = au — Au. Then it holds that u = G f. O

1.2. Bilinear closed forms. Let £ be a real separable Hilbert space, with inner
product denoted by (:,-), and norm ||-||,. Let £ be a bilinear form on £ with
domain H, a dense linear subset of £. We denote by £° and £® respectively the
symmetric and antisymmetric parts of £. For a € R, set E,(+,-) = E(+, ) + o+, ).
Note that £2 = £. The bilinear form & is said closed if there is some oy € R such
that

(€.1) (&5,,H) is a positive definite symmetric bilinear form and, equipped with
the inner product {-,-)3 := &, .1, H is a Hilbert space. The associated

norm will be denoted by |||,

(£.2) (€,H) satisfies the following weak sector condition: there exists K > 1

such that
1Eant1(t,0)] < KEapy1(t,u)/?E0yy1(v,0)2, for all u,v e H. (1.2)

Note that for u e H, ||ull, < ||ully-
Following [23] (Theorem 1.1.2) or [19] (Theorem 1.2.8), we have

Proposition 1.3. There exist two unique strongly continuous contraction resol-

~

vents on L, (Ga)a>ae 01d (Ga)a>ag, Such that for all a > ag, Go(L) € H,
Go(L) cH and

Ea(Gufou) = Ea(u,Gof) ={fiude  foral feLl, ueH. (1.3)

Moreover, for a > ayg, Gy is the adjoint of G, i.e. {Guf,gyr = {J, C:'ag>£ for all
f,ge L.

Let ©(u) = supy,ey; o]l =1} Eap+1(v,u) for u e H.

Lemma 1.4. Forue H, |lull,, < O(u) < K |ull,-
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Proof. The sector condition (£.2) implies that ©(u) < K [|ul|;, and since

2
[ull3 = Eapr1(u,w) = [lull3; Eag 1 (v, ),

with v = u/ ||ul|,,, we have ||ull,, < O(u). O
We thus have that ©(:) is a norm on H equivalent to ||-||,,.

Lemma 1.5. For f € £ and o > ag, O(Gof) < Clfllz, with C =1+ [2=2e=L|,

a—Qq

Proof. It holds that, for v € H with |v[|;, = 1, Eap11(v, Gof) =, r+(ao+1—
a)(v, Ga frr and [Eagr1(v, Ga f)l < [Ifll + 2525 111l - U

a—Qq
For 3 > ag, define the bilinear form £/ on £ by
EB (u,v) =ﬁ<u—BG5u,v>L, u,v € L. (1.4)
The form £ approximates the form &£ as shows the following proposition.

Proposition 1.6. (1) £®)(u,v) = E(QG,Bu, v), forue L, veH.
(il) E(BGsu, BGau) = EP (u,u) — B ||lu — BGgul|%, forue L.
(iii) If imsupg_,.. EB) (u,u) < 0, then u e H.

(iv) limg e EP (u,v) = E(u,v), for u,v e H.

Proof. Assertion (i) follows from the fact that
S(Gﬁua v) = Eﬁ(Gﬁua v) — ﬁ<G5uv vy = <u — BGgu, ’U>£. (1.5)

Assertion (ii) is a consequence of (i):

E(BGsu, BGau) = EP) (u, BGu) = Blu — BGu,uys — B llu — BGgul.  (1.6)

Proof of (iii): Let w € L. Using (ii) and that (8 — ag)Gp is a contraction,
we obtain that (5Ggu)g=ae+1 is bounded in H. Therefore, using Banach-Saks
Theorem, there is a sequence (8, Gg, u) with 3,, — 0 whose Cesaro mean converges
in % to a v e H. We also have that (8,Gg, u) converges to v in £. Thus u = v e H.

Proof of (iv): Let @« > ap and f € L. For u = G, f, ve H and 8 > «p, using
the definition of G, and the resolvent equation,

EPNGof,v) — E(Gaf,v) = BGaf — BGEGaf,v)e —{f —aGaf,v)z
= %<—O¢Gaf + ﬁGﬂﬂ U>£ - <f —aG.f, U>L
= ﬁ<f - O‘Gafz U>L - 55%<f - /BGBf7 U>£

which converges to 0 as § — 0. To conclude, we prove that G, (L) is dense in H.
Let u € H. As in the proof of (iii), using Banach-Saks Theorem, there is a sequence
(BnGg,u) with 8, — oo whose Cesaro mean converges in H to v € H. Since
Go(L) = G, (L) for all n (by the resolvent equation) this implies the result. O

By Proposition 1.1, there exists a unique strongly continuous semigroup (7})
such that [le”*'T}| ., < 1 associated to (Ga)a>a,- One then says that (T3) is
associated to (€, H).
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Lemma 1.7. Let A be the infinitesimal generator of (T}) the semigroup associated
to (E,H), with domain D(A). Then for ue D(A) and v e H,

E(u,v) = —(Au,v).. (1.7)

Moreover, u belongs to D(A) if and only if the mapping v — E(u,v) is a continuous
linear form on L.

Proof. Fix a > ag, u € D(A) and v € H. Using Lemma 1.2, there is an f € £ such
that u = G, f. Since Au = oG, f — f, we easily obtain (1.7) by using the definition
of G f. The second part is Proposition 1.2.16 p.23 in [19]. |

2. DIRICHLET FORMS

2.1. Dirichlet forms and Markov processes.

2.1.1. Definitions. Let M be a locally compact separable metric space. Let m be a
positive Radon measure on M such that Supp[m] = M. Let £ be a bilinear closed
form on £ := L?(m), with domain H. In particular, there is some ag > 0 for which
(£.1) and (£.2) are satisfied. If the bilinear form & also satisfies

(E3)forallueHanda>0,uraeH and E(una,u—unra)=0

then (£,H) is called a Dirichlet form on L.
Note that, if (T}) is the semigroup associated to &, then (Theorem 1.1.5 in [23])
(€.3) is equivalent to

(€.3a) (T;) is sub-Markov : if f € L%(m) satisfies 0 < f < 1 m-a.e., then 0 < T, f < 1
m-a.e.

So, when (€.3) is satisfied, the restriction of T} to L?(m) n L™ (m) can be extended
to an operator T;* on L*(m) which satisfies |T;"|;x,,) < 1. Then (1*) is a
strongly continuous contraction semigroup and if we set G¥ f = S(;/ e OUT fdt for
feL”(m)and a > 0, (G¥)a0 is a strongly continuous contraction resolvent on
L*(m), i.e. such that [[aGT || (., < 1 for a > 0. Moreover, for f € L%(m) n
L*(m) and o > ag, Go f = GZ f m-a.e.

The Dirichlet form & is said regular if H n C.(M) is dense in H with respect to
||-l3, and is dense in C.(M) with respect to |||, .

Theorem 2.1 (Theorem 3.3.4. in [23]). For any given regular Dirichlet form &
on L*(m) with domain H, there exists a Hunt process whose resolvent R f is a
quasi-continuous modification of GX f for any f € L*(m) and o > 0.

We say that a Dirichlet form (€,H) possesses the local property if £(u,v) = 0
whenever u, v € H have disjoint supports.

Theorem 2.2 (Theorem 3.5.12 in [23]). Let (£,H) be a regular Dirichlet form,
then the following conditions are equivalent to each other:

(i) (E,H) possesses the local property;
(ii) the Hunt process associated to (£,H) is a diffusion process.



8 FLORENT BARRET AND OLIVIER RAIMOND

2.1.2. Dirichlet form associated to a diffusion on a manifold. Let M be a smooth
connected oriented Riemannian manifold. Let m be a positive Borel measure m
on M equivalent to the volume form on M, with a C* density we also denote by
m. For V a Cl-vector field, set div,,V = m~tdiv(mV) € C(M), where div is the
divergence operator on M. Then we have the following integration by part formula

<V.f7 g>L2(m) = _<fa Vg>L2(m) - JM fg div,,, Vidm. (21)
Let S be a second order differential operator on M, with S1 = 0. Suppose also
that
(i) Sfe L?(m) for all fe C*(M).
(ii) S is symmetric on L%(m), i.e. {Sf, Dr2my = {f,89)12(m), for all f,g €
CF(M).
(iii) S is nonpositive, i.e. (Sf, f)r2(m) < 0 for all f e CF(M).
Let T" be the carré du champ operator of S defined by

1
L(f.9) = 5[5(f9) = fSg — 95Tl (2.2)
Then, one has that —(Sf, g>r2(m) = §,, T'(f, g)dm.
Let V be a Cl-vector field on M and define
£0.9) = [PUg)im =V oy FgeCrOD. (23)

Remark 1. The symmetric and antisymmetric parts of £ are given by: for u,v €
Cr (M),

c

E(f,q9) = Jf(f, g)dm + % Jfg div,,V dm (2.4)

£(1.9) =3 |1V~ gV Fydm. (25)

It may be convenient to take for m the volume form on M, in which case div,, = div.

Proposition 1.3.3 in [19] and Theorem 1.2.1 in [23] imply the following proposition
Proposition 2.3. Assume that for some constant c; € R,

div,,V = 1 (2.6)

and that for some constant K < o0 and for g := —%, the weak sector condition

|<Vf7 g>L2(m)| < Kgao+1(f7 f)1/25a0+1(gvg)1/27 for all f, g€ ch‘(M)v (27)
holds. Then
(i) (&,CL(M)) is closable and its smallest closed extension (E,H) is a closed
form satisfying (£.1) and (£.2) with ag = —5-.
(ii) (&,H) is a regular Dirichlet form that possesses the local property.

Proof. 1t is straightforward to check that £ is positive definite. Then the fact that
(Eay, CF(M)) is closable follows from Proposition 1.3.3 in [19], which is applied with
S replaced by S +V — ag. And we can conclude the item (i) by using Theorem
1.2.1 in [23]. By construction, (ii) is satisfied. O

The Dirichlet form (€,H) will be called the Dirichlet form on L?(m) associated
to T (or S) and V.
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Remark 2. Denote by H'(m) the Hilbert space obtained as thelcompletion of
CZ (M) with respect to the norm | f| 1 () = (f(f2 + |Vf|2)dm) 5. Then
e 1 D H*'(m) as soon as there is a positive constant ¢y such that
D(f,f) < co|Vf]?, forall feCX(M); (2.8)

e H < H'(m) as soon as I' is uniformly elliptic, i.e. if there is a positive
constant c3 such that

s |VfI2 <T(f, f), for all feCT(M). (2.9)

We now give sufficient conditions ensuring that the weak sector condition (2.7)
holds.

Proposition 2.4. Assume that (2.6) is satisfied and that there is a measurable
function v : M — R such that for all f € C*(M), |Vf|*> < v*T(f,f). Then
the weak sector condition (2.7) holds for all f,g € CX(M) as soon as one of the
following conditions is satisfied:
(1) ve L*(m).
(2) For some g > 2, v € LY(m) and (I',m) satisfies a Sobolev inequality with
dimension q > 2 (or of exponent p := (12_—’12 > 2) and constants A € R and
C >0, ie. forall feCF(M)

11y < Al + € T S
(3) Sexp(v?)dm < oo, m is a probability measure and (I',m) satisfies a loga-
rithmic Sobolev inequality with constants C > 0 and D = 0, i.e. for all

feCr(M)

Ent,, (f?) < 2C f T(f, f)dm + DI f[2m

where Ent,, (f) = J f1n fdm — J fdmln (j fdm>.

Proof. Tt is straightforward to check that (2.7) holds under condition (1).
To prove the weak sector condition (2.7) for all f,g € CZ (M) under condition
(2) or (3), we use

| ngdm\ < [lls VTG gam

<(J |v|2|f|2dm>§ (J r<g,g>dm)é

< ( | v2|f|2dm)2 s (g9).

When condition (2) is satisfied, Holder inequality and Sobolev inequality imply
that, for some constant K < oo,

Nl

2

[1p1spam < ([loteam)" ([151am) " < K€z, 005,
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When condition (3) is satisfied, we use the entropic inequality (5.1.2) p 236 in
[1] and the logarithmic Sobolev inequality :

[P 1sam < B () + [ amn ([ expiiolam) < ke, ar.5)
for some constant K < oo. O

Note that when I is uniformly elliptic, then condition (1) is satisfied as soon as
V' is bounded.

Example 1. Let {V;: 0 < ¢ < L} be a finite family of C*-vector fields. Define

L
Su=> Vi(Vou) + Vu (2.10)
=1

with V = ZZL:l(divng)Vg. Then S is symmetric on L*(m) and

L
(u,v) = Y (Veu) (Vo). (2.11)
(=1

Suppose that Vi satisfies (2.6) and condition (1). Then there is a (unique) Dirichlet
form on L%(m) associated to T and V.

In the two following examples, M = R%, T'(f,g) = £(V f,Vg) and m = eV )4,

where W e C?(M) and )4 is the Lebesgue measure on R,

Example 2. Suppose that d > 3, W = 0 and that V is such that §|V]%dm < oo.
Then (T',m) satisfies a Sobolev inequality with exponent p = dQ—fQ and condition (2)

is satisfied.

Example 3. Let us assume that (I';m) satisfies a curvature-dimension condition
CD(p, ) with p > 0 (for instance, CD(p, 0) holds as soon as HessW = p). Sup-

pose also that Je*Wd)\d =1 and lfexp(HVHz)e*Wd)\d < . Then (I',m) satisfies
a logarithmic Sobolev inequality (see [1] p.268) and condition (3) is satisfied.

Example 2 can be found in [19] or in [23]. But Example 3 is new up to our
knowledge.

3. CONVERGENCE OF BILINEAR CLOSED FORMS

Let us given for all integer n = 0, a bilinear closed form (£™,H,,) on a separable
Hilbert space £,, and let (£,H) be a bilinear closed form on a separable Hilbert
space L. We assume that there is ap € R such that the bilinear forms (€, H) and
(E™, Hn)nso satisfy (£.1) and (€.2) with an eventually different constant in (£.2)
for each n, K, > 1.

For each n, let (G)a>a, be the resolvent associated to (€™, H,,) (by Proposition
1.3) and let T}* be its associated semigroup on £, (by Proposition 1.1). Let also
(Ga)a>ap be the resolvent associated to (£, H) and T} be its associated semigroup

on L.
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3.1. Convergence of Hilbert spaces. Assume that £, converges to £ in the
sense that there are linear operators ®,, : £L — L,,, such that

L, = llull - s ue L. (3.1)

lim || ®,ul
n—a%L
Let (u,) be a sequence with u,, € £,,, and let u € L.
Definition 3.1. We say that (u,) strongly converges to u if
T}er}/ [®nu —unll, =0. (3.2)
We say that (u,) weakly converges to u if
lim (g, vpye, = {u, vy (3.3)
n—od
for any sequence (v,) with v, € L, strongly converging to a v € L.

Note that the strong convergence do imply the weak convergence, and that these
convergences correspond to the usual strong and weak convergence in £, when for
all n, £, = L (and ®,, is the identity on L).

Lemma 3.2. Ifsup, |unll,, < oo and if for all ve L,
lim (up, @pv)e, = {u,v)e,
n—w

then (u,) weakly converges to u.

Proof. Let (vy,) be strongly converging to v. The lemma follows from the fact that

Qv —vnll,, (3.4)

|<un, Vnyc, — (Un, (I)nv>£n| < lua| Lo

converges to 0, by definition of the strong convergence of (v,) towards v. O

Lemma 3.3. If sup,, [[unl|l; < o0, then there exists a weakly converging subse-
quence (U, ).

Proof. See Lemma 2.2 in [15]. O

Lemma 3.4. (i) If un weakly converges to u, then sup, ||unll, < o0 and
lull , < liminf,, . ”“"”ﬁn
(ii) uy, strongly converges to u if and only if w, weakly converges to u and
HU”L = limy, ||un||£n
(iil) u, strongly converges to u if and only if

lim (up, vp)e, = {u, v)e,
n—ao
for any sequence v, weakly converging to v € L.
Proof. It is lemma 2.3 (for (i) and (ii)) and Lemma 2.4 (for (iii)) in [15]. O

3.2. Convergence of bounded operators. For each n, let A, be a bounded
operator on L,, and let A be a bounded operator on £. Denote by A% and by A*
respectively the dual operators of A, in £, and of A in L.

Definition 3.5. We say that (A4,,) strongly (resp. weakly) converges to A if
A, uy, strongly (resp. weakly) converges to Au, for any sequence (u,,) with u,, € £,
strongly (resp. weakly) converging to a u € L.

It should be noted that the strong convergence do not imply the weak conver-
gence in general.



12 FLORENT BARRET AND OLIVIER RAIMOND

Proposition 3.6. A, strongly converges to A if and only if A weakly converges
to A*.

Proof. Suppose A,, strongly converges to A. Let (u,) be weakly converging to a u
and (v,) be strongly converging to a v. Then, as n — o

<A::un7 /Un>£n = <un7 Anvn>lln - <u7 AU>£ = <A*’LL, ’U>£

which proves that A* weakly converges to A.
On the converse, suppose that A% weakly converges to A*. Let (uy,) be strongly
converging to a u and (v,) be weakly converging to a v. Then, as n — o

(Aptn, Ve, = {un, Akvp e, — (u, A*v) e = (Au,v)e.
We then conclude using Lemma 3.4 (iii). O

A consequence of this proposition is that the strong convergence and the weak
convergence are equivalent for symmetric bounded operators.

3.3. Mosco convergence. In this section, a convergence of bilinear closed forms
is defined. Since this convergence and the Mosco convergence are equivalent for
symmetric Dirichlet forms, it will be also called the Mosco convergence. We follow
and adapt [14] to our framework (in [14], we would have £,, = L for all n). Following
the notation before Lemma 1.4, set O™ (u) = sup{veﬂn;llv\lﬂn:l}5£0+1(U,u) for

u € Hy.

Definition 3.7. We say that £" Mosco-converges to & if (F1) and (F2) hold, with

(F1) If (up) weakly converges to u and if liminf, _,, ©™(u,) < 00, then u € H.
(F2) For any sequence (up) with w, € H, weakly converging to a u € H, and
any v € H, there exists a sequence (v,) with v, € H,, strongly converging
to v such that
nli_r)rolo E™ (U, up) = E(v,u). (3.5)

We introduce also the two following conditions

(F2’) For ng 1 o0, up € Hnp, such that u, weakly converges to a u € H which
satisfies sup;, ©™* (uy) < 00, there exists a dense subset C' in H such that for
all v € C, there exists a sequence (vg) with v, € H,, strongly converging
to v with

lim inf £ (vg, ug) < E(v,u). (3.6)

k—o0

(R) G?% strongly converges to Gy, for a > ayp.

Theorem 3.8. We have

(i) E™ Mosco-converges to € if and only if (F1) and (F2’) hold.
(il) €™ Mosco-converges to € if and only if (R) holds.

Proof. This theorem corresponds to Theorem 3.1 in [14], whose statement is:
(F2) = (F2"),(F1)(F2') < (R) & (F1)(F2). We follow the proof of this theorem.

Proof of (F2) = (F2'): We prove (F2’) with C = H. Taking u,, = u = 0
n (F2), for w € H, there exists (w,) with w, € H, strongly converging to w.
Let ng 1 o, ur € Hyp, such that u, weakly converges to a v € H which satisfies
supy, ©™ (uy) < . There exists (wy,) with w,, € H,, strongly converging to u. By
taking u;, = wy, for n ¢ {ng, : k = 0} and u;,, = ug for k > 0, we have that (u,)
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weakly converges to u. Condition (F2) implies that for v € H, there exists (v,)
with v,, € H,, strongly converging to v, and now (3.5) easily implies (3.6).

Proof of (F1)(F2') = (R): Fix a > ap. Let (f,,) with f,, € £,, weakly converging
toa feL. Setu, =GY*f,. Then if u, weakly converges to G¥ f, then G'*
weakly converges to G which implies (R) (using Proposition 3.6).

First, since || (& — ao)unll, < [[fallg, Suby [unll, < (@—a0) *supy [fullz, <
o0 (using Lemma 3.4-(i)). Thus, Lemma 3.3 implies that there is a subsequence
(un, ) weakly converging to a u € £. Using Lemma 1.5, sup,, ©"(u,) < 0. There-
fore, (F1) implies that u € H.

From (F2’), there exists C' dense in H such that for all v € C, there exists a
sequence (vg) with vy € H,, strongly converging to v with

li;ninfé'"’“ (Vk, Un,, ) < E(v,u). (3.7
00

Now, EX*(vi, Uny,) = {Vk; fny ), Which converges to (v, f),. As a consequence we
have that for all v e C,

Ea(vyu) =<, Hr. (3.8)
Using the fact that C' is dense in H, this inequality also holds for all v € H. Then,
using this inequality with —v instead of v, we get &y (v,u) < (v, fHr for v € H.
Therefore, Eq(v,u) = (v, f) for all v € H, and thus u = G% f. The sequence (uy,)
has a unique weak accumulation point therefore it converges weakly to u = G¥ f.

Proof of (R) = (F1): Let (u,) with u, € L, be weakly converging to u € £
such that M := liminf,,_,,, ©"(u,) < 0. From Proposition 1.6-(iii), to prove that
u € H, it suffices to prove that limsupg_,, EP) (u,u) < . Set v, = ®,u, then
(vp,) strongly converges to u. Fix f > agp v 0. On one hand, since Gjvy, strongly
converges towards Ggu,

em ) (vn, un) = B{vn — BGHVR, Un)L, — Blu — BGgu, uy, = &w) (u,u). (3.9)
On the other hand, using Proposition 1.6-(i),

P (v, un) = EM(BCHVR, un) = EX 41 (BGHUR, Un) — (0 + 1){BCRvn, un)e,,
< 0" (un) [|BGEvnll,, — (a0 + D{BGEvn, un)e, (3.10)

Then, let us proceed as in Equation (3.9) to get
EM(BG RV, BGRU) — E(BGau, fGau).

This entails that lim,,_,., Hﬂvan

o |8Ggul|,, which implies that (using that
(8 — ap)Gp is a contraction) !

EP (u,u) = lim P (v, un) < M||BGgully, — (a0 + 1){BGsu, ),

n—oL
lag + 1|8 12
< M ||Ggull,, + ——— ||u|| . 3.11
1BG gully, (B—ao) [ullz (3.11)
Proposition 1.6-(ii) and that (8 — ao)Gp is a contraction imply that

foo £ 1B oy
(B —ao) ‘
Equations (3.11) and (3.12) easily imply that limsupg_, . EB) (u,u) < 0.

18Ggully, < €P) (u,u) + (3.12)
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Proof of (R) = (F2): Let (uy) with u,, € H, be weakly converging to a u € H,
and let v € H. Set w, = ®,v, then (w,) strongly converges to v. Thus (the
convergences below being strong convergences),

lim li Bw, = 1i = 1
im lim BGjw ﬁl_rgcﬁva v (3.13)

B—L N—>AL
Since (by definition) £ (wy,, u,) = B{w, — BGEwy, un)r,, , we have that
lim lim &% (w,,u,) = ﬁlim EB (v, u) = E(v,u). (3.14)
—0

B—an—L

This implies the existence of a sequence 3, T o such that vy, := 8,G}; wy strongly
converges to v and

lim ™6 (wy,, u,) = E(v, u). (3.15)
n—>a
Since E™(Un, ) = £ (wy,, u,) (Proposition 1.6-(i)), we have that
lirroloé’"(vn,un) =E(v,u). (3.16)

]

3.4. Convergence of semigroups. The next theorem proves the equivalence be-
tween the convergence of the resolvents (G%) (condition (R)) and the convergence
of the semigroups (7;*). Using Theorem 3.8 (i), this proves that the Mosco-
convergence is also equivalent to the convergence of the semigroups (7}").

Theorem 3.9. Denote ||y = supser.p) =1 [|®nfll;, and let us assume that
SUP,, >0 ||Pn|| < 00. Then, the following statements are equivalent:
(1) For some o> ap, G2 strongly converges to Go;
(2) T} strongly converges to Ty for all t = 0;
(3) T} strongly converges to Ty uniformly on bounded intervals i.e. for all
T > 0 and all sequences (fy,) strongly converging to f,
lim sup [T} fn — ®uTifll,, = 0. (3.17)
=% ¢ef0,7] )
Proof of Theorem 3.9. (3)=(2) is immediate. We prove (2)=>(1) and (1)=(3).
Proof of (2)=(1): Fix some o > «g. Let (f,,) with f,, € £, be strongly converg-
ing to a f € £ and let (g,) with g, € £,, be weakly converging to a g € £. Then,
for all ¢ = 0, limy, oo} froy Gy, = {Ttf,g)c. Using Lemma 3.4 (i), there exists
M > 0 such that KT} fn, gnye, | < e | fullz, llgnllz, < Me® for all n. We also
have: [(Tif, g)c| < e ||f]l. |lgll .- By the dominated convergence theorem,

+o0
Um {G% fr, gnyc, = J e " Hm (TV fr, gnoc,, dt
n—% 0 n—oo

+00
_ j T, £, g>cdt = (G fg)c. (3.18)

Lemma 3.4-(iii) implies that G% f,, strongly converges to G, f. This proves (1).

Proof of (1)=(3): We follow Kato (p.504, Theorem IX.2.16). Set for each n,
K" = G3®, — ®,G,. Then for f € L, limy, o K" f|; = 0 and, using that
(0 — ap)G? and (o — )G, are contractions respectively on £,, and L,

K :=sup ||K"|| < sup ||| < 0, (3.19)

o —
with [[K" || := sup pe gy =1 1K™ fllz,-
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Let (f,) with f,, € L, be a sequence strongly converging to a f € L. For T > 0
and ¢ € [0,T7,

HTtnfn - (DnTtﬂ L, < HTtnfn - Ttnq)nf“z:n + HTtn(I)nf - (I)nthHﬁn ' (3-20)
Since
sup ||Ttnfn - Ttnq)anLn < e .fn — (I)nfllgn m’ 0 (3.21)

te[0,T]

To prove (3), it remains to prove that for all f € L,

lim sup ||T}'®,f— @, Tif||, =0. (3.22)
n=%L 4el0,T] "

Suppose first that f = G,g for some g € £ and o > «. For t € [0,T]

Tr®,Go — By TiGo = ~TPK™ + JI + KT, (3.23)
with JP = GUTI®, — G, T},
sup [|=T7' K"gll;, < e |K"gll;, —— 0. (3.24)
te[0,T1] " "onoL
We also have, for t € [0,T7], limy, o, [[K"Tyg| . = 0. For s,t € [0,T],
|K"Tyg — K"Tygll ., < K |Tig — Togll (325)

Therefore, since t — T}g is uniformly continuous on [0, 7], the family of functions
t — K"Tig is uniformly equicontinuous on [0,7]. This permits to prove that
limy . supyero 77 1K Tegll , = 0

We now prove that || J{'g||, ~converges to 0 uniformly on [0,T]. Suppose first
that g = G,h for some h € L.

Lemma 3.10. For allhe L, n>0 andt >0,
t
Go(T]®, — ©,T;)Goh = J " (Ghd, — D,G,)Tshds (3.26)
0

Proof. Let us denote F(s) = T{* .G"®,G,Tsh. We denote the generators (4,)
(resp. A) of T™ (resp. T). We have

%F(s) =T (—A,GL®, + 0, AG,)Tsh (3.27)

Then using the fact that AG, = —I + aG,, we have
d%F(S) =T (9,Gq — GLP,)Tsh (3.28)
which implies the result when one integrates from 0 to ¢. (]

With this Lemma, we have that
t
1T Gahll,, <J =) | K" T bl ds < Te™™ s[lépT] K" Tl ., (3.29)
0 se|0,

which converges to 0. We have thus obtain (3.22) for f € G,Go(L). Lemma 1.2
implies that G,Go (L) is dense in L. Let f € L. For all € > 0 there is g € G,Go(L)
such that [|g — f||, < e. Now, for ¢t € [0, 7]

T3 @0 f — @uTifll,, <2ee sup|@n]| + || T7 0 f — 2 Tifll,, (3.30)
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and thus for all € > 0,

limsup sup [|T7'®,f — @, Tif|, < 2ee®T sup |, (3.31)
no®w  te[0,T] " n
and therefore, we obtain (3.22) for all f € L. O

3.5. Main Application. Let M be a locally compact separable metric space and
m a positive Borel measure on M with full support. Let (£,H) be a Dirichlet form
on L?(m) with domain H. In particular, £ satisfies (£.1) for some constant ag € R
and, equipped with the inner product (-, )3 := Eu,+1, H is an Hilbert space. Let
£ be an antisymmetric bilinear form on H. Suppose that there is K < oo such
that for all u,v e H

€%, 0)] < K Eagir (u,0) 20 (v,0) 72, (3.32)

Then, for all k € R, (€% := € + kE*,H) is a Dirichlet form on L?(m).
Let M be also a locally compact separable metric space and 7 : M — M be a

measurable mapping. Set m := m,m and suppose that Supp[m] = M.
Set

H={tel*m): GoreH} (3.33)
and equip H with the inner product (@, Uy =<om,vom)y. Note that f for
defines an isometry from L2(m) onto L?(m).

Lemma 3.11. H is an Hilbert space.

Proof. The fact that H is prehilbertian is quite obvious. Let us now prove it is
complete. Let (@,) be a Cauchy sequence in H. Then it is also a Cauchy sequence
in L?(M) which thus converges in L%(h) to some % € L%(m). We also have that
(U, o m) is a Cauchy sequence in H, hence it converges to some u € H. Then it
must hold that u = % o 7. Thus % € H and 7, converges in H to 4. O

Let € be the bilinear form on H defined by

EW,D) =E[@om,Tom), for 4,5 € H. (3.34)
Proposition 3.12. Assuming that H is dense in L2(m), then (g, ﬁ) s a Dirichlet
form on L%(1h).

Proof. Let ag be such that (£.1) and (€.2) are satisfied by (£,7). Then (£.1) and
(€£.2) are satisfied by (€, H) with this oy (and with the same K > 1). It is also
straightforward to check that (£, H) satisfies (£.3). O

Set, for k € R, L, = L?(m), and £ = L*(m). Then, if &, : L — L, is
the linear operator defined by @Kf = fo 7, then L, converges to L. Note that
sup,, [|®x|| < oo, thus Theorem 3.9 can be applied in this setting: if (£, H) Mosco-
converges as kK — 00, then the corresponding resolvents and semigroups strongly
converge.

Theorem 3.13. If one assumes that for all u € H,
Eu,v) =0, YveH <«  3ueH suchthatu=7iom (3.35)

then, as k — o0, (€%, H) Mosco-converges to (£, H).
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Proof. We recall that, for u € H, ©"(u) = supg,ey; (5 (v0)=1} EL +1(v,u). Using
Theorem 3.8, to prove the Mosco-convergence, it sufﬁces to prove that
(1) For all k, £5;° is a positive definite closed form and the weak sector as-
sumption is satisfied (with this ap, but with a constant K, > 1).
(2) If (u,) weakly converges to @ and if liminf,_,,. ©%(u,) < 00, then & € H.
(3) For any sequence (u,) with w, € H weakly converging to a u € H such that
sup,, 0" (u,) < o0 and for any ¥ € H, there is a sequence (v,,) with v, € H
strongly converging to ¥ with
lim inf £% (v, un) = E(T, ¥). (3.36)

n—xL

(1) is immediate since £%° = £%%. Before proving (2) and (3), let us state a
short lemma

Lemma 3.14. Let (uy,) be weakly converging to @ such that liminf, ., O%(u,) <
o0, then U belongs to H and (uy) weakly converges in H to %o .

Proof. Let (u,) be weakly converging to u such that liminf,_,,. ©"(u,) < 0o0. Then,
for all ¥ € L2(m), {u,, o Tyr2(m) — U, V)2 () and sup, ||u,§||L2(m) < o0. There
is also a sequence (u,) with u,, € H, K, — o0 and such that sup,, ||ux, |l;, <
sup,, O (uy, ) < © by Lemma 1.4. This implies that there is a subsequence, we
also denote (uy, ), weakly converging in H (and in L?(m)) to a u € H.

This shows that for all ¥ € L2(m), (u, Vo T)r2(m) = WO T, VO MYr2(m), 1.6, UOT
is the orthogonal projection of u onto {¥o 7 : ¥ € L?(m)}.

Note also that lim, ,, E%(v,u,,) = £%w,u), for all v € H. However, since
sup,, O (uy, ) < 00, it must holds that lim,, ., £%(v,u,, ) = 0, and thus £%(v,u) =
0 for all v € H. This shows that u = @wo . d

Proof of (2): It is a direct consequence of the preceding Lemma.

Proof of (3): Let (u,) with w, € H be weakly converging to a @ € H such that
liminf,, ., ©%"(u,) < . The Lemma implies that for all v € L?(m),

Ji_?}L<v,un>L2(m) = <7T’U,’aO7T>L2(m). (3.37)

Let ¥ € H and set Un,

= v o for all n. Then (v,) strongly converges to .
Moreover, £ (vy,up,) = E(V 0
" (vn

m,U,). By Lemma 3.14, u,, weakly converges in H
up) = E@om, lion) = E(D, ). O

to w o . Thus lim,_,, £

Suppose that (£,H) and (£, H) are regular. Then (£%,%) is also regular for all
k € R. Applying Theorem 2.2, for all k € R, to the Dirichlet form (€%, H) (resp.

(€,H)) is associated X* (resp. X), a Hunt process on M (resp M) with life time
¢~ (resp. () taking its values in M U {A} (resp. My {A}), with A (resp. A) a
cemetery point we adjoin to M (resp. M) We extend 7 to M u {A} by setting
7(A) = A. The processes m(X*) and X are random variables taking their values
in D(R*, M U {A}), the set of cadlag functions from R+ to M U {A}, equipped
with the Skorohod topology.
Theorem 3.15. Assume that

o (&,H) and (E,H) are regular and that £ satisfies (3.32) and (3.35);

o T(X§) converges in law to Xo;
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e For all k, the law of X§ (resp. )~(0) has a density with respect to m (resp.
to m) and this density belongs to L?>(m) (resp. to L*(m)).

Then the finite dimensional distributions of w(X") converges to those of)? as K
goes to +00.

Proof. 1t is a consequence of Theorem 3.13, Theorem 3.9 and of the definition of
strong convergence. ([l

Let us finish this section by pointing out some properties of the Dirichlet form
(E,H).
Lemma 3.16. Suppose that 7 : M — M s continuous and that (E,H) possesses
the local property, then (E£,H) possesses the local property.

Proof. Straightforward after having remarked that for all o € 7—7, Supp(u o 7) =
71 (Supp()). O

Remark 3. Let us consider o(7) the smallest complete o-algebra on M such that
7 is measurable. Then u : M — R is o(7) measurable if and only if u is Borel
measurable and there is # measurable on M such that u = @om m-a.e. Then, one can
introduce the space L?(m,o(r)) of functions in L?(m) which are o () measurable.
For u € L?(m), we denote ITu the orthogonal projection of u onto L?(m,o(n)) (i.e
the conditional expectation E(u|o (7)) if m is a probability measure). Assumption
of Proposition 3.12 and Assumptions (2) and (3) of Theorem 3.15 can be formulated
using this orthogonal projection:
(1) If one assumes that for u € H, there is a version of Ilu in H and that
u — ITu is a bounded operator from H to H (i.e. ||II||;, < o) then H is
dense in L?(m). This is equivalent to: there exists C' < oo such that for all
u € H, ITu € H and

E(Mu, Mu) < CE(u,u). (3.38)

(2) Additionally, suppose that (£,H) is regular. Assume also that for u €
C.(M) there is a version of ITu in C.(M), that u — Ilu is a bounded
operator from C.(M) to C.(M) (i.e. there is ¢ > 0 such that ||ITul|, <
cllul,, for all ue C.(M)), that 7 : M — M is continuous and that for all
compact K in M, 7=1(K) is compact in M. Then (€, H) is regular.

(3) Condition in Equation (3.35) is equivalent to L?(m, o(m)) nH is the kernel
of £4.

Proof of (1). Let i € L?(m) and set u := tiow € L?(m). Since H is dense in L?(m),
there exists a sequence (u,) in H converging to u in L?(m). Let @, € L?(m) be
defined by ,, o m = ITu,. Then, by assumption, Ilu, € H and that entails @, € H.
Using that @ o 7 = ITu and that the orthogonal projection II from L?(m) onto
L?(m,o(r)) is bounded,

18 = Ul 2y = T(w = un) | 20y < 0= unllp2, - (3.39)
Thus (i,) converges to & in L2(#). This proves that # is dense in L2(). O

Proof of (2). Let us first prove that C’C(M) AH is dense in CC(M). Let @ € Cc(ﬁ),
then u := Gom € C.(M) and there is a sequence (u, ) in Co(M) NH converging to u
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in C.(M). Define @, by @, 0m = IMu,,. Then u,, € C(M)mﬁ since U, om = Ilu,, € H.
Thus ||@, —u|., < cllu, —ull,, and (u,) converges to @ in C.(M).

Let us now prove that CC(M) AH is dense in H. Let & € H, then set u := fiow €
H, there is a sequence (u,,) in C.(M) N H converging to w in H. Again, define u,
by @, om = lu,,. Then @, € CC(M) AH and ||, — tlly < ITIf]4; [|un — ully,, which
implies that (i,) converges to @ in H. O

4. AN AVERAGING PRINCIPLE FOR DIFFUSIONS

In this section, M is a smooth oriented Riemannian manifold. Denote by B its
Borel o-algebra, by M(M) (resp. M (M)) the set of signed (resp. nonnegative)
Borel measures on M, and by P(M) the subset of M (M) of probability measures.
We equip these sets with the narrow topology (i.e. the weak-# topology with respect
to continuous bounded functions on M).

Let m € M, (M) be equivalent to the volume form on M, with a positive C*
density also denoted m for the sake of simplicity. We will say that a set N is
negligible if it is m-negligible i.e. if m(N) = 0.

4.1. Ergodic decomposition. Let V be a C'! vector field on M. Suppose that V/
is complete, i.e. V generates a flow of diffeomorphisms ¢ = (¢;)ter on M.
Let us recall the following definitions.
e A set Ae Bis called invariant if ¢, '(A) = A for all ¢.
Let e My (M).
e 4 is called invariant if for all A € B, u(¢; (A)) = u(A) for all t (i.e.

e = for all t).

e 4 is called ergodic if p is an invariant probability measure such that for
all invariant set A € B, then either u(A) =0 or pu(A) = 1.

e A Borel function u is called p-almost invariant if, for all ¢, u = wo ¢

j-a.e.
Henceforth, we denote by F the set of ergodic probability measures.

Using the fact that for u € C}H(M), §,, Vudm = —§, udiv,,V dm, one can
prove

Proposition 4.1. m is invariant if and only if div,,V = m~1div(mV) = 0.
We have the following proposition (see [12] Section 3.6.a)

Proposition 4.2. An invariant probability measure u is ergodic if and only if every
p-almost invariant function f is p-essentially constant, i.e. there is a constant ¢
such that f(z) = ¢, u(dz)-a.e.

Proposition 4.3. Let C be the subset of P(M) of invariant probability measures.
Suppose that C is non empty. Then

(1) C is convex and the set of its extreme points is E.

(2) E is a Gs-subset of P(M) and therefore is a Polish space (metrizable, com-
plete, separable) with the same topology as P(M).

(8) Moreover for any invariant probability measure u, there is a unique proba-
bility measure i on E such that

() = | plae)iap)



20 FLORENT BARRET AND OLIVIER RAIMOND

Proof. The first item is a consequence of Proposition 4.2 (see [12], Theorem 4.2.4 or
[24], Proposition 12.4). Item (2) and existence in (3) are consequences of Choquet’s
Theorem on the structure of convex subsets of locally convex topological linear
spaces (Theorem 4.2 in [4]). The uniqueness is a consequence of Choquet’s Theorem
given in [24] p.60 Section 10, see also Theorem p.77 in Section 12, using item (2). O

Assumptions 4.4. m is invariant and there is an increasing sequence of compact
invariant sets (Mp)n>1 with (5, Mp = M.

Note that this assumption is satisfied as soon as there is a C'-function H : M —
R, such that VH = 0 and that for all n > 1, M,, := {x € M : H(z) < n} is compact
(i.e. lim, o H(x) = ).

Suppose that m is an invariant probability. Let us denote by Z, the o-field
generated by the invariant sets of B and completed by the negligible sets of B. For

€ [1,0], let L? (m) be the space of m-almost invariant functions in LP(m), or
equivalently of Z-measurable functions in LP(m). For f € L*(m), denote by IIf the
conditional expectation E,,[f|Z] of f with respect to Z and m. Then ILf € L} . (m),
and when f € L?, IIf is the orthogonal projection on L, (m).

From [22] (corollary of Proposition V-4-4), there is a function P : M x B — [0, 1],

called a regular conditional probability with respect to Z and m, such that
e for all z € M, P(xz,-) is a probability measure on B
e for all A€ B, P(-,A) is a Z-measurable version of E,,,[14]Z] (in the proba-
bility space (M, B, m)).
If P is a regular conditional probability with respect to Z and m, then for any
feLYm), z— Pf(x):=F§,, f(y)P(z,dy) is a version of E,,[f|Z].

Theorem 4.5. Assume that m is an invariant probability measure, then there is a
reqular conditional probability P with respect to Z and m such that

(1) P is a measurable map from M to E;
(2) For f e L'(m), we have

Pf(z) = lim E

tow t

Jo f(ds(x))ds m(dz) — a.e. (4.1)

The convergence (4.2) holds in LP(m) for f € LP(m) and 1 < p < o0;
(3) Let m be the unique probability measure on E such that m = SEpﬁ%(dp),

We have Pym = i and P induces a bijection between L?, (m) and L*(m).

Proof. Let us recall Birkhoff’s Theorem ([12] Theorem 3.5.2): if x4 is an invariant
probability measure and f € L'(u), then

B, 1T)0) = Jim ; [ fGu@)ds (o) - ac. (42)

Item (1): using (4.2) with u = m, the construction of a regular conditional
probability P with respect to Z and m given by Neveu ([22], corollary of Proposition
V-4-4) can be modified such that P : M — P(M) defined by P(z)(A) = P(z, A) is
Z-measurable and P(x) is invariant for all x € M. Using again (4.2) with yp = P(z),
we obtain that, m(dx)-a.e., P is also a regular conditional probability with respect
to Z and P(x). Thus, using [25], Proposition 3.3, it proves that P(x) is ergodic
m(dx)-a.e, and P can modified such that P(z) € F for all x € M.

Item (2) follows from (4.2) with g = m and P defined in item (1). The conver-
gence in L? is von Neumann’s ergodic Theorem (see [12] Theorem 3.5.1).
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Item (8) is a consequence of the uniqueness of Mm from Proposition 4.3. The
bijection between L? (m) and L?(m) is then defined by u — 4, with a(p) = pu

muv
and then when u is invariant, o P = u. [l

Remark 4. Note that if P and @ are regular conditional probabilities with respect
to Z and m then for all f € L', m(dz)-a.e., Pf(x) = Qf(x).

Proposition 4.6. If Assumption 4.4 holds, then there is a measurable map P :
M — E such that for all f € L*(m), we have

Pf(z) = lim E

t—w t

Jo f(os(x))ds m(dz) — a.e. (4.3)

Moreover, for all f € L?*(m), Pf is the orthogonal projection of f in L?(m) onto
the space of T-measurable functions. In particular, {Pf,g)r2(m) = {Pf, Pg)r2(m)
for all f,g in L*(m).

Proof. If m is an invariant probability measure, this proposition is just Theorem 4.5.
Suppose now that Assumption 4.4-(2) is satisfied. Then, m,, = mas, /m(M,,) is an
invariant probability measure on M,, to which we apply Theorem 4.5. Let P, be a
corresponding regular conditional probability satisfying the statement of Theorem
4.5 and let us define P(z) = P,41(x) for x € My, 1\M,, so that P : M — E is
measurable. Note that for all f € L'(m) and n > 1, f,, := fl,, € L*(m,) and for
mp(dx)-a.e., Pf = Pf, = P, fn.

Let now f € L?(m) and g a Z-measurable function in L?(m), and set for all n,
fn = f]]'Mn and gn = g]]'Mn' Since ”PfHLz(m) = hmn_,yv ”]]-annfn”Lz(m) and
since for all n, [Lag, Puful2smy < mOL)IPafalZaon,y < ML) |fal2s ., <
HfHZLQ(m), we have Pf e L?(m) and

<Pf7 g>L2(7n) = T}E)I\}L<anagn>[/2 (m)

= nlgrclc m(Mn)<Pnfn7 gn>L2(mn)
= nh—l;réc m(Mn)<fnvgn>L2('rnn) = <f7 g>L2(m)7
where we have used that P, f,, is a version of E,, [f»|Z]. O

4.2. Main Results. Let I" be a carré du champ operator associated to a second
order differential operator S as in Section 2.1.2 and let V; be a C'-vector field. Sup-
pose that I and Vj are such that (2.6) and (2.7) are satisfied. Applying Proposition
2.3, set (€,H) the Dirichlet form on L?(m) associated to I and Vj.

Let V be a C' complete vector field on M. Suppose that

e m is invariant for the flow (¢.) associated to V, i.e. div,,V = 0;
e the weak sector condition (2.7) is satisfied by V;
o fopreH forall feCF(M)andallteR.
Note that this last condition is satisfied for example if V' is C™ or if M is an open
subset of R? and if H > Hj, (M) (which is satisfied when T is uniformly elliptic).
For k € R, define the bilinear form £% := £ + k€Y, with £ the form defined by

EV(f,9) =~V I, 912(my.  for f,g€H. (4.4)

£V is antisymmetric. Then, by Proposition 2.3, it holds that (£¥,H) is a regular
Dirichlet form on L?(m), for all x € R.
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We denote by A (resp. A*) the infinitesimal generator of (73) (resp. T}*) asso-
ciated to &€ (resp. to £%). Then, for all x, it holds that A and A" have the same
domain (i.e. D(A*) = D(A)) and A" = A + kV. Note that CF (M) c D(A) c H,
and for f e CP(M), Af =(S+W)f.

We suppose

Assumptions 4.7. There is a C?-function H : M — [0, +oo[, such that

o VH =0;
e There is A > 0 such that for all x € M, AH(z) < M1+ H(x));
e Foralln>1, M, := {x € M : H(z) < n} is compact.

Note that this assumption ensures that Assumption 4.4 holds. We also suppose

Assumptions 4.8. There is a continuous application 7 : M — M , with M a
locally compact, separable, metric space, and a measurable application p: M — FE
such that P := po 7 is a regular conditional probability with respect to Z and m.

Note that this assumption is satisfied when P is continuous, by simply taking
7r=P,MzEandp(u)z,uforaH,uEE.

Let us now apply the results of Section 3.5 with 7 : M — 1\7, define H as in
(3.33), and set m = 7, m a measure on M. Finally, we suppose

Assumptions 4.9. (i) CC(M) A H is dense in L2().

(ii) Ce(M) nH is dense in H.
(ili) There is a vector space C subset of {t € H,%ome C*(M)} dense in C.(M).
Proposition 4.10. Let u € H. Then the following items (i), (ii) and (iii) are
equivalent.

(i) w is invariant;

(ii) There is w € H such that u =T om m-a.e.;
(iii) For allveH, £V (u,v) = 0.
Proof. Fix u € H and define @ € L?(M) by 4(Z) = p(¥)u (note that 1l 2y =
[ull 12 (my)- We then have that m(dz)-a.e., G om(z) = pom(z)u = Pu(z).

(i) = (ii): If u € H is invariant, then Pu = u by (4.3), Tor = u and @ € H.

(i1) = (i3i): If u € H is such that there is & € H for which u = o7 m-a.c. then
for all v e CP (M),

5V(u, U) = —<u, V’U>L2(m) = —<Pu, VU>L2(m) = —<PU7PV’U>L2(m).

Since m(dz)-a.e.,

va(x):tnlg% (;’le(gbs(x))ds:tliﬁrg % O %v((bs(:ﬂ))ds (4.5)
= Jim § (0(64(w)) — v()) ds = . (1.6)

Therefore £V (u,v) = 0 for all v € C* (M) and by density of C*(M) in H we prove
(ii).
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(#3i) = (it): Note that for all u € CF (M) and v € CL (M) it holds that for all
t>0,

¢
U0 Gy, V) 12(my — (U, VY 12(m) = ,[ Vo ¢g, v)12(m) ds (4.7)
0
t
= J(J(Vu, Vo ¢ Y p2(m) ds. (4.8)
Since vo ¢ ! € H, we get that for all u e H and ve CL (M),
¢
o b1 0dragm) = sy = [ €V (w w00 ds, (4.9
0
Equation (4.9) implies that if (iii) holds for some u € H, then for all v € CF (M),
(U0 Gt V)12(m) = (U, V)L2(m), and therefore that u is invariant. O

Remark 5. When condition (1) of Proposition 2.4 is satisfied, then for all u € H,
Vu e L?(m) and u € H is invariant if and only if Vu = 0.

Proposition 4.10 proves that £V satisfies (3.35).
Let (€,H) be the Dirichlet form on L?(f) obtained by contracting (&,

H) o
M using Proposition 3.12. To apply Theorem 3.15 we need to prove that (€ 7—~l)
regular.

Proposition 4.11. The Dirichlet form (g,ﬁ) s reqular and possesses the local
property. Moreover, (E£,H) is a contraction of (€%, H) for all k.

Proof. Assumption 4.9 ensures that (577-7) is regular. By Lemma 3.16, (g,ﬁ)
possesses the local property. Then, since for all w € ‘H, u o7 € H is invariant and
thus £%(TWom, v om) = 0 for all ¥ € H, the contraction of (%, H) is (£,H) for all
K. ([

Note that Assumption 4.7 ensures that the Dirichlet forms (£%,H) are conser-
vatives for all k (i.e. the life times of their associated Hunt processes are infinite
a.s.). Denote by A the infinitesimal generator of the semigroup associated to (5 , 7;2)
Denote by H the mapping on M defined | by H(%) = p(¥)H. Then Assumption 4.7
implies that How = H, H € D(A) and AH < A1 + H), which implies that (£, H)
is also conservative.

By Theorem 2. 2, for all x, there is X" a diffusion on M associated to £ and
X a diffusion on M associated to £ The processes w(X") and X are random
variables taking their values in C(R*, M ) equipped with the topology of uniform
convergence on compact sets. Our main result is

Theorem 4.12. Assume that
o T(XE) converges in law to Xo;
e For all k, the law of X§ (resp. Xo) has a density with respect to m (resp.

to m) and this density belongs to L?>(m) (resp. to L*());
o sup, E[H(X{)] < .

Then, ©(X})i=0 converges in law to (Xt)t>0 as Kk — 0.

The proof follows usual technics: we prove first the tightness and then apply the
convergence of the finite dimensional distributions (proved in Theorem 3.15).
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Proposition 4.13. {r(X*), k> 0} is tight in C(R*, M).

Proof. Note that, 7 being continuous, we have m(M,,) is compact for all n.
To prove this proposition, we apply Theorem 9.1 of [8], which states that the

collection {m(X"), x = 0} is tight in C(RT, ]\7) as soon as for all T' > 0,

lim supP[n(XY) ¢ w(M,,) for some s € [0,T]] =0 (4.10)

n—L
and {@ o m(X*), > 0} is tight in C(R*,R) for all % € C.
Note that (4.10) holds when M is compact (and so w(M) is compact). When M

is not compact. By applying the Ito Formula, Y;* := e M(H(Xf) + 1) is a positive
supermartingale. Set 77 = inf{¢t, H(X[) = n}. Then, 77 is a stopping time and

E[Y5] 2 B[YF e ] 2 E[YSiLrzrs] = (n+ 1D)e M P[T = 77] (4.11)
Thus

Plsup H(X") > n] = P[T > 7] < © HHAXE)]

4.12
t<T n+1 ( )

Using that sup,, E[H (X{§)] < +00, we get that

lim supP[sup H(XY) = n] = 0.

n—wL t<T
Note that H(z) < n implies that m(x) € 7(M,,). Therefore (4.10) is proved.

Let % € C. Then fiom = 7u € C2(M) c D(A) by Assumption 4.9, A®(lio7) =
A(u o), and

MY :=ﬁo7‘r(Xf)—17071'(X6“)—J0 A(Tom)(XE)ds (4.13)

is a continuous local martingale with quadratic variation given by

(M"y = J,o T(@omom)(XE)ds. (4.14)

Fix T > 0. Using that %o m € C?

Z, using Burkholder-Davies-Gundy inequality, for
v>2and forall 0 < s <t < T,

E[|(@om(X{) —Tom(XD)'] < Cor(t —9)*

where C, 1 is a constant depending only on 7, T and on % o 7. Using Theorem
12.3 (and the remark that follows this theorem) of Billingsley [3], we get that {u o
m(X"), k = 0} is tight in C(R",R). This finishes the proof of the proposition. O

Proof of Theorem 4.12. We use Theorem 8.1 Chap. 2 of [3], which states that if
a family of laws of processes is tight and converges in the sense the finite dimen-
sional distributions, then this family converges. Tightness is proved in Proposition
4.13. Convergence of finite dimensional distributions is proved in Theorem 3.15.
Therefore (w(X")) converges in law in C(R, ]\7) O
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5. RANDOM PERTURBATIONS OF HAMILTONIAN SYSTEMS IN R?

In this section, we recover results from [9] and [2]. We noticed that the proof
of the regularity of the Dirichlet form & in [2] is incorrect (in particular, there is a
mistake in the proof of density of continuous functions with compact support in the
domain of & ). In order to correct this mistake, we had to modify the assumptions
on the Hamiltonian H.

In this section, we set M = R? and m the Lebesgue measure on R2. Let S be a
second order differential on R?, with S1 = 0 satisfying conditions (i), (ii) and (iii)
as in section 2.1.2. Denote by T' its associated carré du champ operator. Let V be
a C' vector field on R?. We assume that (2.6), (2.7), (2.8) and (2.9) hold. Recall
that a sufficient condition for (2.7) to hold is that Vj is a bounded vector field.

Let (£,H) be the regular Dirichlet form on L?(m) associated to I and V;, defined
in Proposition 2.3. Then H = H!'(R?). This Dirichlet form is associated to the
diffusion on R? with generator A = S + V5.

Let H : R? » R* be a C? function and set V = (—0,,H,d,, H). We suppose
that |VH||,, < oo so that condition (1) in Proposition 2.4 is satisfied. Since divV =
0, Proposition 2.3 permits to define (€%, H*(R?)) the Dirichlet form on L?(m)
associated to I' and Vg + kV for all k € R.

Note that VH = V10, H + V0., H = 0. Set S the set of stationary points of V'
(or equivalently the set of critical points of H). We will assume that

e Assumption 4.7 holds and that the stationary points of V' are non-degene-
rate.

This assumption implies that S is locally finite. The vector field V' is complete and
generates a flow we denote by ¢ = (¢;)er. Assumption 4.7 implies that the orbits
of ¢ are compacts, and since divlV” = 0, the measure m is invariant for this flow.

Our results improve the one obtained by Freidlin, Wentzell and their coauthors
(exposed in [9], Chapter 8) in the sense that, with our setting, the Hamiltonian H
needs only to be C2?, S can be infinite and it is possible to add a drift V. The
description of the limiting process is also easier with the framework of Dirichlet
forms.

In order to apply the results of Section 4, we need to construct a set M mappings

. M — M and D M - E satisfying Assumption 4.8. We then show that

Assumptlon 4.9 holds. With this in hand, the averaging principle of section 4 can
be used. In Section 5.5, we describe the Dirichlet form E.

5.1. Description of FE, the set of ergodic measures. The Poincaré-Bendixson
Theorem (Theorem 14.1.1 p.452 in [13]) states that the recurrent orbits of ¢ are
periodic, and thus that the support of an ergodic measure is a periodic orbit.

Let h > 0. Then H'(h) = Usern)vi(h), where I(h) is a finite set, v;(h) is
connected and compact for all ¢, and ~v;(h) N ~;(h) = & if ¢ # j. Then ;(h) is
a periodic orbit provided ~;(h) € S or v;(h) n S = . On the converse, if v is a
periodic orbit, then there is ¢ and h such that v = ~v;(h).

Let v be a periodic orbit of ¢, with period denoted T,. Note that there is ¢ and
h such that v = 7;(h). When T), = 0, then v = {z} c S and we set u, = J,.
When T, > 0, for all z € v, the measure T% Sg” 4, (z) dt does not depend on x, and
we denote this measure 11, Then E consists of all ., with v a periodic orbit.
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5.2. Construction of 2\7, 7 and p. The set M. For z € S, denote by F, the
connected component of {y € R? : H(y) = H(z)} containing x. Let F = UzesFy.
Then Q := F¢ is the union of all periodic orbits v, with ', > 0, and there is
an at most countable partition (€2;);e; of Q into open connected sets. For i € I,
set m; := mq,, l; := inf{H(z) : x € Q;} and r; := sup{H(z) : v € Q;}. Then,
H(Q;) =]l;,r;[, with r; = 400 for at most one i € I. Note that H=1(l;) n Q; c F,
for some = € S, and if r; < +00, H=1(r;) nQ;  F, for some 2’ € S. For h € [I;, ],
set y(h,i) := H '(h) n Q; and T;(h) = Ty, then v(h,i) is a C' periodic orbit
when h €]l;,r;[ and T;(h) is the associated period. For v a C! curve and f a
bounded measurable function on 7y, denote by §’v fdl the curve integral of f on 7.

Proposition 5.1. Fiz i€ I.
(1) For all f e L'(my), §o fdmi =§"§ , . frimdh.

VH]
(2) For all h €]l;,ri[, setting v = 'y(h i), we have T, —§ W and
1 de
dl) = ———. 5.1

(3) Forl; < h < k < r; and f a C'-function on ;, setting Q?’k = ;N
“L(Jh, k[), we have

§ fIVH|dl — § fIVH|dl = f . div(fVH)dm. (5.2)
Qb
v(k,0) v(hyi) !

(4) For all continuous function f on Q;, h — Sv(h 0 fIVH|dC is continuous on

i, ri[. If in addition f is bounded continuous on Q;\S, then this function
has finite limits at l; and at r; (when r; < o0).

(5) For all C*-function f on , h — §7(h7i) fIVH|dl is CY on I, ri], with
derivative at h given by:

% §§ FIVH|de = fﬁ div(fVH)——

v(h,i) v(h.i)

de

V| (5.3)
Proof. (1) follows from the coarea formula. (2) follows from the change of variable
formula. (3) is a consequence of Stokes formula applied to the vector field U =
fVH. When f is C1, (4) follows from (3), and this can be extended to continuous
functions with a density argument. To prove (5), it suffices to use (5.2), the coarea
formula given in (1) applied to the right hand side of (5.2) and (4) applied to the

function $VUVH) O

A first consequence of Proposition 5.1 is that, for h €]l;, r;[

d VH al
L1h) = ) [ I
an ) 3€ d”<|VH|2> V|

v(h,i)

Set M := Ujesr[ls, 5] x {i} (using the abuse of notation [I, +00] = [, 4+00[) and
define the equivalent relation (h,4) ~ (k,j) if (h,i) = (k,j) or if h =k € {l;,r;} 0
{lj,r]} and there is z € S such that Q; n 7, and Q; n F, are both non empty. Set
M =M / ~. By abuse of notation, an (h,4) € M will be identified to its equivalent
class in M. For i e I, set E; =]l;,r;[x{i}. Then M = u;E; UV, with V being
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the sets of the equivalent classes of (I;,i) and of (r;,i), for all i € I. Then M is
a connected metric graph (see e.g. Hajri and Raimond [11]). The set of edges
is {E; : i € I}, the set of vertices is V and the distance d on M is such that if
(h, k) € [li,7:]%, d((h, i), (k, i) = |h = k|.

Construction of = and p. Let us define 7 : M — M by n(z) = (H(z),i(z))
where i(z) = min{i € I,z € Q;}. To construct p : M — E, fix po € E. If ¥ € V,
we set p(T) = po. If T = (h,i) € E; for some i € I, set p(T) the ergodic measure
associated to the periodic orbit y(h, ).

Proposition 5.2. ]\7, w and p satisfy Assumption 4.8.

Proof. By construction, Mis a locally compact separable metric space. Note that
x — i(x) is constant on ;. The fact that 7 is continuous is a simple consequence
of the fact that H is continuous and that for (z,y) € Q; x Q;, d(n(y),w(x)) =
|H(y) — H(x)|. Note that Proposition 5.1-(4) implies that Z — p(Z) is continuous
in E; for all i € I. The set of vertices of M being at most countable, p is measurable.

It remains to check that pow(z) = P(z) m(dx)-a.e. Note that, for z € Q;, por(x)
is ergodic and that = belongs to the support of pow(z), which is H {H(z)} n Q;.
This implies that p o w(x) = P(z) for all z € Q@ = U;e1Q;. Since m(Q°) = 0, we get
that p o w(x) = P(x) m(dz)-a.e. O

Note that M is a tree i.e. there is no self-intersecting closed path (or cycle) in M.
Each edge E;, i € I, is given an orientation by the function H. For v € V), a vertex,
set I7 ={iel (i) =v}, I ={iel(r,i) =v}and I, = I} uI; . Choose
i€ I, and set h, = ; if v = (1;,7) or h, = r; if v = (r;,4). Remark that h, does not
depend on the particular choice i € I,,. For v e V, we define y(v) := U i)~V (h, 1),
the connected level set associated to the vertex v. Set d(v) := |I,|, the cardinal of
the set I,,, which is the degree of v in the graph M.

Proposition 5.3. For i € I, set m;(dh) := H,m;(dh). Then, we have that
m;i(dh) = T;(h)1y, r,1(h)dh is a finite measure on [l;, 7] if r; < 00 and is o-finite
on [l;, [ if r; = co.

Proof. Follows from Proposition 5.1. (]

5.3. The space H and Assumption 4.9. For a function f : M > Randie 1,
define f; :)l;,ri[— R by fi(h) = f(h,i). Set m := mym. If f € L'(m), then
§ fdm =, § fidm;. For i€ I and h €]l;, r;[, define
as(h) = J IV H|dr. (5.4)
v(hyi)
For (h,i) € E;, set a(h,i) = a;(h) and T'(h,i) = T;(h).

Lemma 5.4. Let f € H. Then, for each i, the map f; is weakly differentiable on
1li, [ and we have that

15 =5 [ G ama+ X [ (pw)Tman 69

Proof. The fact that f; is weakly differentiable follows from the fact that on €;,
VH # 0 and form = f;o H. Now, since on Q;, V(fom) = (fi o H)VH, | fllgz =
[/ o |l g1 (rey easily yields (5.5). O
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Proposition 5.5. Set V; :={veV: d(v) =1}. A function f : M — R belongs
to H if and only if f is continuous on M\Vy, the mappings (u;, i € I) are weakly
differentiable, and | f|z < .

Proof. This will be explained in the appendix. ([

For a measurable function f : M — R such that for all i € I , [i is differentiable
(or weakly differentiable), define a measurable function f* : M — R such that

f'(h,i) = fi(h), m;(dh)-a.e.
Proposition 5.6. Assumption 4.9 is satisfied.

Proof. Let C be the space of all f € C.(M) such that f; € C?(Yli,ri]) for allie I
and such that f/ and f” are continuously extendable by continuity at all v € V.
ThenCNZ'c{f'foweCQ( )}C7-l

The fact that C is dense in C, (M ) follows from the Stone Weierstrass Theorem:
C is an algebra and it is a simple exercise to show that C separates the points in
M. This proves that 4.9-(iii) is satisfied.

Since C' < C’C(M) A H, to prove that 4.9-(i) is satisfied, it suffices to check
that C is dense in L2(/). Note that (V) = m(F) = 0. Let f € L*(Mm). Fix
6 > 0. Since ||f||ig(;\n«) = el ‘|f]lE7:||i2(ﬁ) < o0, there is a finite set J such that
lf—es f]lEi”Lz(m) < 6/2. Denote by n the cardinality of J. For each i € J,

there is a function g; € C' with support in E; such that |g; — fill L2y < 6/(2n).
Then g := ., 9: € C and || f — gl| 25 < 6/2 +nd/(2n) = 6.
The proof of 4.9-(ii) is more complicated and is given in the Appendix. O

5.4. Application of Theorem 4.12. Let (£, H) be the Dirichlet form on L2(7)
obtained by contracting (£,H) on M using Proposition 3.12. By Proposition 4.11,
(g , 7—7) is regular possesses the local property. Moreover, (g' , 7—7) is a contraction of
(€%, H) for all k, where £F = £+kEY. Then we can apply Theorem 4.12, recovering
results of [9] and [2]

5.5. The Dirichlet form € and its generator. The aim of this sectlon is to give a
more comprehensive descrlptlon of the limiting diffusion process X on M associated
to the regular Dirichlet form (8 , ’H) by computing the infinitesimal generator of the
associated semigroup.

Proposition 5.7. Forie I and h €]l;,r;[, set

Then, for (f,q) € H?,

Zf ol figiTidh =}, f cifigiT; dh (5.7)

el el



AVERAGING OF STOCHASTIC FLOWS AND CONVERGENCE OF DIRICHLET FORMS 29

Proof. Let (f,g) € H2. Then
E(f,9) =E(fomgom)
— [r(tomgomin— [Vas o m)g o mdm

_Z(J (fioH,g;o H) dm; — JQ‘VO(fioH)gioHdmi>

icl
_ZU () fit) o 1 i = [ (Vo) 5i) o 7 i

and then one can conclude using Proposition 5.1-(1), and the definition of p(h,1).
O

Using the notation o(h,i) = o;(h) and c(h,i) = ¢;(h), Equation (5.7) can be
written in the shorter form:

1
8.9) = | o7 dim — [ er'gain (53)
For i € I, set b; := %Ti(ofTi)’ + ¢;. Since %
R?\S, Proposition 5.1-(4) implies that the limits o;f := limj_, 4 $(0?T;)(h) and
o; :=limp_,— 3(c?T;)(h) (when r; < 00) exist and are finite. Moreover, if i € I

with v € V such that d(v) = 1, then of = 0.

is bounded continuous on

Proposition 5.8. A function f belongs to ’D(;f) if and only if f € H and for all
1el,
(1) f! is continuous and is weakly differentiable;
(i1) If i€ I} (resp. I ) with d(v) = 2, then f] has a finite limits at l; (resp. v; if
< OO),’
(i) If i € I} (resp. I,) with d(v) = 1, then limy_;, 4 o2T;f/(h) = 0 (resp.
limp s, — Jz2TZfz/(h) = 0);
(iv) Aif; := S0 fI' + b, f! belongs to L*(m;);
and for allveV,
D) al filli) = ), ap filr-). (5.9)
ielf iely

Moreover, if f € D(A) and if ¥ = (h,i) € E;, then Af(h,i) = A; fi(h).

Proof. Let f € H be such that (i), (ii), (iii) and (iv) are satisfied. Then Af defined
such that on E;, Af(h,i) = A;fi(h), belongs to L?(m). Let now g € H n C.(M),
then

ZJ A fl ng dh+ & Z[U?Tllegl]g

icl ze[
~[@pgam+ ¥ o) | X arfino) - X el s
veV:d(v)=2 iely ielt

If (5.9) is satisfied, then £(f,g) = — S(ﬁf)g din. Therefore £(f,-) is a linear form
on 7—7, continuous with respect to || - | z2(7), which implies that f € D(ﬁ)
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On the converse, let f € D(A). Then f € H and E(f,g) = (Af, 9)12() for all
g € H. This implies that for alli € I, f; € HE (Jli,ri]) and so f; satisfies (i) (choose
g € CX(]l;,ri[))- This also implies that for all i € I, \ﬁ( o?T; f1) € L2()l;, ri[), thus
o?T; f! is uniformly continuous on ]l;,7;[. Using the asymptotics of T; as h — [;
and as h — r; given in Lemma 8.4, it can easily be proved that f satisfies (ii), (iii)
and (iv). To conclude, since (i), (ii), (iii) and (iv) are satisfied, the fact that £(, -)
is a linear form on H, continuous with respect to | - |27y, implies that (5.9) is
satisfied for all v e V. g

Proposition 5.8 shows that the Markov process on M associated to & evolves as
a diffusion with generator A; on E; with reflecting boundary conditions at a vertex
v given by (5.9) with transmission parameters (o )icr, at a vertex v.

Proposition 5.9. Letv eV andi€ I,. Then, for the diffusion on E; of generator
A;, v is an entrance boundary point if d(v) = 1 and is a regular boundary point if
d(v) = 2.

Proof. Let us fix hg €]l;,7;[. The 1-dimensional diffusion with generator A4; on
1l;, ;[ has scale function u and speed measure p(h)dh given by

=L oo (- B0 - e (- )

(5.10)

o9 (s
p(h) := m = T;(h)exp (Jho 37621((3)) ds) . (5.11)

7 K3

Let us assume that v = (I;,4), we need to compute the asymptotics of the two
functions u and p as h — [;+. Since Equations (2.8) and (2.9) hold, Lemma 8.4
ensures that o27T satisfies the same asymptotics as a. Thus, as h — lj

o if d(’U) = 1, O’?(h)Tz(h) ~ Co(h — lz) and Tl(h) ~ C1,

o if d(v) =2, 02(h)T;(h) ~ co and T;(h) ~ c1|log(h —L;)|,
where ¢y and ¢; are two finite positive constants. Note that by Stokes’ Theorem,

1 VH 1 .
ci(h) = 0] (;f) Vo - mdﬁ = 0l ,[Q? div(Vp)(z) dx (5.12)

where QF is the compact set enclosed by the orbit v(h,4). Since V; is a C! vector
field, by the same arguments as Lemma 8.4, ¢;(h)T;(h) = O(1) as h — [; and
furthermore, if d(v) = 1, ¢;(h)T;(h) = O(h — li).
This gives the asymptotics of u and p as h — lj : for some positive constants
cp, ¢l
e if d(v) =1, u(h) ~cfIn(h —1;) and p(h) ~ d,
o if d(v) = 2, u(h) ~ ¢ and p(h) ~ ;| In(h —1;)|.
Therefore (see e.g. [5] pp. 369),
o if d(v) = 1, u(l;+) = —o0, Sl,; |u(h)|p(h)dh < 400, and v is an entrance
boundary point;
o ifd(v) = 2, u(l;+) is finite, §, (u(h)—u(li+))p(h)dh < +o0, and §, p(h)dh <
+00, and v is a regular boundary point.
O



AVERAGING OF STOCHASTIC FLOWS AND CONVERGENCE OF DIRICHLET FORMS 31

6. AN EXAMPLE ON R?

In this section, we set M = R? and m(dx) = e~ "V(*) dzx, where W € C%(R?). For
feC?(R?) and x € R?, set

Sf(x) = divi (Vf)(z) = Af(z) = (VW(2), V(). (6.1)

Then S is a symmetric operator on L?(m) and its associated carré du champ oper-

ator is given, for f € C*(R?), by I'(f, f) := |V f|?. Applying Proposition 2.3, there

is a unique (symmetric) Dirichlet form (£,H) on L?(m) associated I and V; = 0.

Moreover, H = H*'(m). This Dirichlet form is associated to the diffusion on R?

with generator S.
Let V be the vector field defined for = = (21,22, 73) € R?

ZL2I3
V(l’) = 123 . (62)
—2$1$2

The flow (¢¢)ier generated by V leaves invariant the quantities |z|? and z? — 23.

Suppose that W is such that

(i) W is strictly convex, i.e. HessW > p > 0;
(ii) W(z) = W(|z|) for some function W : Rt — R*;
(iii) §elV@IFe=W@) gz < oo,
For example, one can take W(z) = (1 + ||z|?)%, with o > 2.

Condition (ii) ensures that div,,V = 0, and thus that the measure m is invariant
for the flow (¢)ier generated by V. Note that Assumption 4.7 holds for the function
H defined by H(z) := |z|? = 22 + 23 + 22.

Conditions (i) and (iii) ensures that I' and V satisfy condition (3) in Proposi-
tion 2.4. Proposition 2.3 permits to define (£%,H) the Dirichlet form on L?(m)
associated to I" and Vg + sV for all k € R.

This example is a variant of a model studied by Mattingly and Pardoux in
[20]. Their primary interest is the limit as x — o0 of the invariant measure of
the diffusion X* in R?® with generator (0%, + 03,) + V. In order to obtain the
limiting measure, they prove the convergence in law towards a diffusion in R3 of
(w(X7),v(X")) where u(z) = 222 + 2% and v(z) = 223 + 23 .

Significant differences exist between our models. In order to use the Dirichlet
form approach, we need a confinement potential W that the authors in [20] do not
need, and we require that the diffusion be uniformly elliptic (Equation (2.9)). In
[20], S = 0%, + 03, and the authors could not add noise on the z3-coordinate.

To avoid the use of a confinement potential W, one could also replace the vector
field V by Vy(z) := g(|z|)V (z) with a well chosen C! function g. Then, (iii) could
be replaced by the assumption that Vj is bounded ((1) of Proposition 2.4) and m
could be taken as the Lebesgue measure.

We slightly adapt their notations and computations to our framework.

6.1. Construction of M and 7. The set of stationary points S is {x; = xy =
0} U {ze = 23 =0} U {3 = &1 = 0}. Set
My ={zeR)\S: x1 > |z2}; M ={zeR\S: z; < —|2al};
M2={$ER3\SI To > |$1|}; M4={1’ER3\SI .’£2<—|£L'1|}.
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Then, we get R* = u?_; M; and M;, My, M3 and M, are invariant for ¢.

Denoting ry (21, x2, 23) = (22,1, 23) and ra(x1, T2, 23) = (=21, —22,x3), r1 and
ro commute with ¢ (in the sense that r; o ¢y = ¢, or; for i € {1,2} and t € R). We
have that My = r1(M1), M3 = ro(M7) and My = ry o ro(M7).

The set M. Set now

For i € {1,2}, define s; : R? — R? by s1(y) = (y2,y1) and s2(y) = —y. Then
81(01) = 027 81(03) = 04, 52(01) = Cg and 82(02) = C4. Set M = u?le’i. For
y € D := [0,00[, we identify (y,y) € C; n Cy and (—y,—y) € C3 n Cy with y. Set
also D* =10, 00[, C} = C;\{0,0} for i € I and C* = C\{(0,0)}.

We equip M with the distance d induced by the euclidean distance on each C;

(setting |y| := \/yT +¥3):
ly — /| if y,y’ e CruCyorify,y € CsuCy
d(y,y') == 1 ly — s2(y)] if (y,y') € Co x C3 or if (y,y') € C1 x Cy
ly —s10s2(y")] i (y,9/) € Ch x Cs or if (y,y') € Ca x Cy.

Recall that when ¢’ € C3 (resp. Cy), then so(y’) € C; (resp. Ca) and s10s82(y’) € Co
(resp. C1). Then, M = u;C; is a 4-pages book, with D being the binding. Set
I:={1,2,3,4}.

The function . Let us define m : R? — M by

2 2 —_—
\/x§+’;,\/x§+’;> if x € My U My,

2 2 e —
_\/x%+m;,—\/$§+z23) if 2. € M3 U My,

m(x) =

We then have that

Proposition 6.1. The mapping 7 : R? — M defined above is continuous. More-
over, for each i€ I, n(M;) = C;.

6.2. Description of FE, the set of ergodic measures. We first describe the
orbits of the flow generated by V. For each i € I, let ®; : C; x [0, 27[— u; M; be
the C''-diffeomorphism defined by

D (y,0) = (1/ — y2sin® 0, yo cos 0, \/2y» sin9> if (y,0) € Cy x [0, 2x[;
Do(y,0) =110 P1(s1(y),0) if (y,0) € Cs x [0, 2n;
D5(y,0) = r2 0 D1(s2(y),0) if (y,0) € Cg x [0, 27[;

Dy(y,0) =r10r9 0 D151 052(y), ) if (y,0) € Cy x [0, 2n].

Then, for i € I and y € C, vy 1= {Pi(y,0); 6 € [0,27[} is a periodic orbit living in
M;. We also have that for i € I, m o ®;(y,0) =y for all (y,0) € C; x [0, 27, so that



AVERAGING OF STOCHASTIC FLOWS AND CONVERGENCE OF DIRICHLET FORMS 33

For i e I and (y,0) € C; x [0,2x[, set & = ®;(y,0). The Jacobian matrix of ®;
is,

Y1 Y2 sin? 0 _ yg sin 6 cos 0

1 T1 1
Jac(®1)(y,0) = | 0 cosf —yo sin 6

0 +/2siné 2y cos @

and the Jacobian of ®; is Ji(y,0) = ﬂ%” Similarly, the Jacobian Js, J3 and Jy
of @y, 3 and P4 are given by:

Ja(y,0) = Y Jy(y,0) = Y gu(y,0) = Y
xTo T To
Therefore for all f € L*(m),
fdm = ZJ fo®(y,0)|Ji(y, 9)|e_W(”y”)dyd6. (6.3)
R3 T JCix[0,2m)

Set m := mym and for i € I and y € C;, set h;(y) = gﬁ |J:(y,0)|df. Then, (6.3)

yields that
4

A(dy) = > Lo, (y)hi(y)e™ WD ay. (6.4)
i=1

Let us denote, for ¢ € [0, 1],

/2 do /2
K=" =2 wa m0= [ Vi

Then
hi(y) = 42u2K (2) 5 haly) = 42|yl K (2 );
ha(y) = 42 K (2 )5 haly) = 42| | K (2
For all y € M \D, let v, be the probability measure on R3 defined by
1 27 o
hi(y) Jo

Vy = 0y, 0,0) if y2 =0 and vy = (g, 0 if y1 = 0.

Then (Proposition 7 in [20]), the set of ergodic measures is E = {0,,z € S}u{y, :
y e U, C;}. Moreover if y € U, C; converges to (yo,yo) € D, then vy narrowly
converges to %(6(0707\@/0) + 6(0,0,—v/3yo)) (Proposition 6 in [20]).

For f € L'(m), it may be useful to use the change of variable formula (6.3)
written in the form

| r@mids) = v, (pma). (6.5)

6.3. Assumptions 4.8 and 4.9. It can easily be checked that Assumption 4.8 is
satisfied with the map p : M — FE defined by

v if y e M\D
p(y) = v . 6.6
(y) { 5(0’0’0) if Y€ D. ( )

Proposition 6.2. Assumption 4.9 is satisfied.
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Proof. Let C be the set of all f € C.(M) such that 0 ¢ Supp(f), f is C2 on C; for
all 7 and such that D f(y) and Hess(f)(y) are continuously extendable at all y € D.

If f € C, then fore C2(R?). Indeed, f o7 is continuous with support included
in R3\{z; = 23 = 0 or 22 = 23 = 0} and since the mappings = — Jac(r)(z) and
x ~ Hess(7)(z) are continuous on R*\{z; = 23 = 0 or x5 = x3 = 0}, we have that
fome C3(R3).

Ttems (i) and (iii) of Assumption 4.9 can be proved with this set C' in the same
way as in the proof of Proposition 5.6. The proof of item (i7) of Assumption 4.9 is
more complicated and is given in the appendix. ([

6.4. Application of Theorem 4.12. Let (£, ) be the Dirichlet form on L2(i)
obtained by contracting (£, H) on M using Proposition 3.12. By Proposition 4.11,

(5~ , 7—7) is regular possesses the local property. Moreover, (g , 7—7) is a contraction of
(%, H) for all k, where €% = £ + k€Y. Then we can apply Theorem 4.12.

6.5. The Dirichlet form & and its generator. The aim of this bectlon isto give a
more comprehensive descrlptlon of the limiting diffusion process X on M associated
to the regular Dirichlet form (5 7-[) by computing the infinitesimal generator of the
associated semigroup.

Recall that m(dz) = e~V ®) dz, that the carré du champ is given by I'(f, f) =
|Vf?, for f e C(R3), and that Vy = 0. Recall also that, H = H'(m).

Proposition 6.3. Forye | G, set a(y) := vy (Vr @ V). Then

iel
f a* o fopg din,  for all (f,g) € H. (6.7)
M 1<k,e<2
Proof. Let (f,g) € H2. We get
&9 = [rremgoman= [ 31 (Ve Vr) ((0uforg) o) dm. (65)
1<k, z<2
Then (6.7) follows from the change of variable formula (6.5). O
The matrix a is given in the Appendix (Equation (8.6)) and takes the form:
2 2 2
all(y) =1 — Vy(x3)’ a2(y) = a2l (y) = ’/11(953)7 a22(y) =1 — Vy(x?,).
) =1- "% ) = a?'(y) = 2y =1

As y goes to (yo,y0) € D, using the remark at the end of section 6.2, v, (x3)
converges to 2y2. Thus a'l, a'? = a®! and a?? all converges to %

For y € M, set W(y) := W(|ly|) and for k € {1,2}, define b* : |J,; C; — R such
that for each i € I,
Z h 1 Wa -W kl) (69)

1=1,2

Let f: M — R. Foriel,set f; = fic;- For y € 0CF, set ni(y) € R? the unit
outward normal vector at y.
For y € C*, set t(y) = 22122l p(y) = |y and 6(y) = arctant(y). Then

[yalvlyz2|
(t(y),r(y),0(y)) € [0,1]x]0,c0[ x[0,7/4]. Note that the mapping y — (r(y),6(y))
is a C'-diffeormorphism from C; onto ]0,0[x]0,7/4[. As noticed in the appendix,
for ¢ € I and y € C;, the eigenvalues of a;(y) are 1 and A(¢(y)). For 0 € [0, 7/4], set
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Xg = A(tan#) and hy = 42K (tanf)sinf. Then, using the coordinates (r,6) on
Cy, mi(dy) = her?e=V ) drdf and for (f,g) € H>,

/4
(f.9) ZJ J (6 fi0rgi + gﬁefiaegz) hor®e™" ") drdo.

el

For t € [0,1] and 0 = arctant, set ny(t) = (—siné, cosh), na(t) = (cosd, —sin ),
ns(t) = —n1(t) and nya(t) = —na(t). Note that if i € I and y € D*, then n;(y) =

For i e I, y € C; and f such that Vf; is defined at y, set d, fi(y) = v- Vfi(y)
for all v € R?. Note in particular that dafi(y) = O, fi(y) (with t = (y)) and
Orfi(y) = Oufi(y), with v = £,

For (i,t) € I x [0,1], set D! :={y € C; : t(y) = t} and denote by p! the isometry
between D and D!.

Proposition 6.4. A function f belongs to D(A ) if and only if f € H and

(i) For all i € I, fi € H2.(Cy) and Aifi == Y\ oppen aF03 fi + iy o bEOLS:
belongs to L?(;);

(ii) For all i € I, we have that as t — 1, (On,1)fi) © pt converges weakly in
L?(e=WMdr). Denoting this limit 0, f;, we have:

Do fi=0. (6.10)

il
Moreover, if f € D(A) and if y € C;, then Af(y) = Aif;(y).

Proof. Suppose first that f € D(ﬁ) Then by definition, f € H and there exists
u = Af € L?(m) such that for all g € H,

E(f,9) = ~Cu 912G (6.11)
(i): Fix some i € I and an open set B € C;. Then (6.11) implies that for all
g; € H}(B), we have that
f (ak0r fi0eg)hie™" dy = —J wigihie=V dy. (6.12)
B B

Since hye=Wa; € CY(C;) and is elliptic, we have (following the proof of C; p185 in
[6]) that the restrlctlon of f; to B belongs to H2(B). This shows that f; € H2_(C})
and that u; = Zkl ; le 6l(h eV a¥*o, f;). This proves (i).

(i) : Forie Tand 0 < s <t < 1set CF" := {ye C;: s <t(y) <t}. We have
that for all g € EL

g ; = lim J afea 16 ihieiwd .
(fg)= 0’1); e (04O i00) y

Using on each C; the polar coordinates (r,#), setting #; = arctans and 6y =
arctant,

~ 92 v el
J (a¥“0y, f:00g:)hie™" dy = J J <5rfi@rg¢ + )\gaefi@egl) hor2e=W () drdo.
ot 0, Jo r
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Integrating by parts, we obtain that for all g € ﬁ

Zj (a¥0) f,00g:)hie Zf Uigihieiwdy (6.13)

el el
+ Ao, ho, ZJ (Oa fi)gi e W gy (6.14)
el
- /\91 h91 ZJ a@fl gi € Wir) dr. (615)
el

Since

lim J wigihie™ dy = (u, )12,
(s,t)—»(O,l)l_eZI ot (u, 91 (m)

the equality (6.11) implies that both (6.14) and (6.15) converge to 0. Using Lemma
8.6, we get that limg_, /4 Aehy = 4. Hence, (i) holds.

Suppose now that f € 7 is such that (i) and (ii) are satisfied. Let g € Co(M)H.
As in the proof of (ii) above, we integrate by parts. Since (ii) is satisfied, (6.14)
converges to 0 as t — 1, and since g € Co(M), (6.15) converges to 0. Therefore,
(6.11) holds for all g € C,(M) nH and since C,(M) nH is dense in , (6.11) holds
for all g € H. O

When f € D(ﬁ), using the polar coordinates (r,8), we have for all i € I,
Aifi = 172005, (12700, ) + (o) 30 (ho oo )

=02 fi+ ( —W'(r )) orfi + % [030.fi + boda fi] ,

where by := 0p log(Mghg). Note that as 6 goes to 0, then by ~ 6! and as 6 goes to

T, bg ~ —log(m/4 —0) and \g ~ m.

7. AN AVERAGING PRINCIPLE FOR STOCHASTIC FLOWS

In Section 4, for all kK, X" is a diffusion in a manifold M with generator A" =
A+kV, with V a vector field, and we have proved the convergence in law as Kk — o0
of 7(X*) towards a Markov process X in M, where m : M — M is a measurable
mapping determined by V.

We extend in this section this result to the convergence of K" the stochastic flow
of kernel (SFK) solution to the following SDE on M

K2 (o fK (W £ (du)) J ()du,  (T1)

where W is a vector field white noise of covariance C' (see Section 5 in [16]). The
main result of this section is Theorem 7.12 which states that K* converges in law (in
the sense of the finite dimensional distributions) to a stochastic flow on M , where
I?;tf(%) = p(Z)K§,(f o) (recall that p(¥) is an ergodic probability measure for
the vector field V).

The law of a SFK is described by a consistent and exchangeable family of n-
point motions, which can be a system of n particles solving a given SDE. Using
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the framework developed in Section 4, we prove that the n-point motion of K*
converges to the n-point motion of I~(, a SFK on M.

In Section 7.1, the one point motion (X*) of K* is described. From Section 7.2
through 7.5, we recall the notion of the covariance for a vector field valued white
noise on M and define the n-point motion of K*. In Sections 7.6 and 7.7, we
apply Theorem 4.12 to prove the convergence of the n-motions, and therefore to
prove Theorem 7.10. In Sections 7.8 and 7.9, we recall the definition of a SFK and
use Theorem 7.10 to prove Theorem 7.12. We finish this section by revisiting the
Examples of Section 5 and Section 6.

7.1. The one-point motion. We use the framework of the Section 4. That is :

e M is a smooth oriented Riemannian manifold and m € M (M) is equiva-
lent to the volume form on M, with a C* density.

e ' is a carré du champ operator associated to a second order differential
operator S, symmetric on L?(m), as in section 2.1.2.

o V5 and V are C'-vector fields.

We suppose that Vp satisfies (2.6) and that there is a measurable function v : M —
R such that |Vo f|?+|V f|? < v*T'(f, f) and that one of the three following conditions
is satisfied
(1) ve L*(m).
(2) For some ¢ > 2, v € L™(m) for all n > 1, m is probability measure and
(T, m) satisfies a Sobolev inequality of dimension ¢ > 2.
(3) Se”z dm < oo for all A > 0, m is a probability measure and (I",m) satisfies
a logarithmic Sobolev inequality.
Then Proposition 2.4 implies that Vj satisfies (2.7). Applying Proposition 2.3, set
(€,H) the Dirichlet form on L?(m) associated to I' and Vj.
We suppose that V' is complete and that

e m is invariant for the flow (¢.) associated to V, i.e. div,,V = 0;
o fopseH forall feCF(M)andall teR.

For all € R, define the bilinear form £~ := £ + k€Y, with £ the antisymmetric
form defined by (4.4). The vector field V satisfies (2.7) and by Proposition 2.3, it
holds that (£%,H) is a regular Dirichlet form on L?(m), for all k € R.

We denote by A (resp. A*) the infinitesimal generator of (73) (resp. T}°) asso-
ciated to € (resp. to £¥). Then, for all &, it holds that A and A" have the same
domain (i.e. D(A*) = D(A)) and A" = A + kV. Note that C¥ (M) c D(A) c H,
and for fe CF(M), Af =(S+W)f.

We suppose that Assumptions 4.7 and 4.8 are satisfied. The results of section
3.5 are applied with 7 : M — M. Define H as in (3.33), set m = m,m a measure

on M. Finally, we suppose that Assumption 4.9 is satisfied.

7.2. Vector field valued white noises.

Definition 7.1 (Definition 5.1 in [16]). C is a covariance function on the space of
vector fields on M, if C: T*M x T*M — R is a symmetric map whose restriction
to Ty M x T, M is bilinear and such that for any n-uples (§1,...,&,) € (T* M),

>0, &) = 0.

,J
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For (f,g) € CH{M) x CL(M), define C(f,g) : M x M — R by C(f,9)(z,y) :=
C(df(x),dg(y)). The covariance C is assumed to be continuous in the sense that
C(f,g) is continuous for all (f,g) € CL(M) x C}(M).

In Definition 5.3 of [16], a vector field valued white noise of covariance C is
defined as a two-parameter family W = (W, ,, s < t) satisfying (b) and (c) (with
K replaced by W), such that for s <t <u, Wy, = W, + W, and for all s <t,
{Ws,8),€ € T* M} is centered Gaussian with covariance function given by

E[(We,t, )XW, £)] = (t = 5)C(E, &), for &, e T*M. (7.2)
Following Section 1 in [17], the covariance C' can be written in the form C =
> Uk ® Uy, with (Ug) a family of vector fields. Thus, a vector field valued white
noise W of covariance C' can be constructed out of an independent family (W)
of standard white noises by W = >, W*Uj.
Let C be a continuous covariance such that C' is dominated by the carré du
champ T" in the sense that

C(f, f)(x,z) <T(f, f)(x), for all fe C*(M) and x € M. (7.3)

When (7.3) is an equality, we will say that there is no pure diffusion, and that there
is a pure diffusion otherwise. We will say that there is a uniformly pure diffusion if
there exists § > 0 such that

C(f, )z, z) < (1 =8)T(f, f)(x), for all fe CY(M) and z € M. (7.4)

7.3. The generator A%, For x € M", we identify T, M and T, M respectively
to linear subspaces of T, M™ and T* M™. For f e CX(M™) and x € M™, let d, f(x)
be the restriction of df (x) to T,,, M. Then d; f(x) € T} M and df (z) = Y., d; f(x).
For u € T, M and & € T;)M, denote the dual pairing (u,§) := &(u) or, in local
coordinates, (u,§) = >, uFéy.

For n > 1, let A% be the second-order differential operator on M" defined by
(with A, = A+ kV)

AW f (@) = 3 Anfilwa) [ [ fuler) + 35 CUi f) (i ag) TT fulen),  (75)
i ki i#£j k#i,j

for all f e C2(M™) of the form f(z) = [[;—, fi(z;), with f; € C*(M).

Set A = A0 and note that A+ = A 4 xV(™) where V(™ is the
complete C'-vector field on M™ defined by

n

V) f(z) = 3 (V(x), dif (x)), for fe CP(M™). (7.6)

i=1
For 1 <i,j < n, define d;d; f(z) € T;; M ® T;} M. Again, we identify T M ®
T M to a linear subspace of T M™ @ T M™. Then the Hessian of f is d*f(z) =

Zi,j dldjf(l’)
The covariance function C can be extended to a function
c: |J TEMTLM >R, (7.7)
z1,r26M

Then, for f € C*(M?), one can define Cf(x1,22) := C(didaf(z)). For i # j,
define C; ; : U, T M ®TFM — R by

Cij(d* f(z)) = C(did; f(x)), for fe CF(M™). (7.8)
In the following, we set C; ; f(z) := C(d;d; f(x)).
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Lemma 7.2. For f e C*(M) and x € M"™, we have

M:

A f (g (V(@:),di f(x)) + Y, Cij (=) (7.9)

z:l i#£j

with A f such as Aif(x) = Afi(2i) | [;,; [x(xr) when f can be written in the form
f@) = Tlk=1 felae).

Remark 6. Consider the case M = R?. Let V be a vector field on R%. Let (Uy) be a
family of vector fields such that C' = % > Ur®Uy, suppose that I'(f, g) = %Vf-Vg
and let m be a measure absolutely continuous with respect to the Lebesgue measure
on R?, with density denoted e="V. Suppose that the assumptions given in subsection
7.1 and suppose that C(f, g)(z,z) = (1 —€®)I'(f,g)(z). Then A = 3A +Vy — VW.
and A is the infinitesimal generator of the diffusion X = (X1,...,X,) on M"
solution of the SDE

dX;(t) = edB;(t) + 2 Ur(Xa(£)dWF () + (Vo — YW + &V)(X;(t))dt  (7.10)

where (B;); and (W*) are independent families of independent Brownian motions
respectively in R? and in R.

7.4. Integration by parts formulas and the carré du champ I'™. A C'-
vector field U on M™ can be written in the form U = " | U;, where for 1 <i <n
and x € M™, U;(x) € T, M is defined by

(Ui(z),d;if(z)) = (U(x),d; f(z)), for fe CL(M™"). (7.11)

Set U, f(z) := (U(zx),d; f(z)). Fixing z;, j # 4, U; can be viewed as a vector field
(depending on x;, j # ) on M. One can define divergence operators d;, 1 < i < n,
depending on m, by:

We then have the following integration by parts formula, which is a direct con-
sequence of (2.1):

Lemma 7.3. for f,ge CF(M"™) and 1 <i < n,

Uif, @ r2meny = —f,Uig)r2(meny — Ny f9(8:U)dm®". (7.13)
Note that }}, 0; = div,,en, and we obtain the integration by parts formula (2.1)
on M™ by taking the sum in 7.

To the vector field V on M, define vector fields V;, 1 < i < n, on M™ such that
Vilz) =V(z;) € Ty, M < T, M".

When the covariance function C' is Ct (i.e. C(f,g9) € CY(M?) for all f,g €
C”*(M)), the vector fields on M™, 6;C; ; and 6;C; ;, are well-defined. For i # j,
note that 6;C; ;(v) = 01C (x4, 25) € Tp,;M and 0;C; j(x) = 62C(xs,15) € Ty, M.
Note also that 6;0;C; j(x) = 6102C(x;, xj) = 0162C(x;,x;) depends only on z; and
z; and is symmetric. In the case where §;C; ; = 0 for ¢ # j, the covariance C' will
be said m-divergent free. Note that in this case the stochastic flow generated by a
Brownian vector field of covariance C' preserves the measure m.
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Writing C' = 3}, Up ® Uy, so that C; j(x, ;) = X, Up(x;) ® Ug(x;) and setting
Dk = diVmUk7

6;Cyj(x) = > Dila) Un(a;) € To, M, (7.14)

k
5,;C; 4(x) = Z Uk(2:) Di(z;) € T, M, (7.15)
0:0;C i (x Zpk (i) Dy (). (7.16)

The integration by parts formula yields

<Ci,jf7 g>L2(m®”) = - C(dzfa djg)dm®n - <(5j0i»j)f7 g>L2(m®") (717)

Mn

Lemma 7.4. Assume that C is C'. Then, for f,ge CF(M™),

—(A™ £, 52 (meny = f T (£, g) dm®" — (V™M f, 9D L2 (m®n) (7.18)
with
™ (f,9) = D T(dif.dig) + Y. C(dif,d;g), (7.19)
i=1 i#j
Ve f(a) = VE @) + Y (Volas), dif (x)) (7.20)
1=1

where Vc(,n) = —=>...0,C; ; is a vector field on M™.

i ]
Proof. Recall that A f can be written in the form

n

i=1 i£]

The operator S; are symmetric in L?(m®"), and

_Z<S /s g>L2 m®n) ZJ d if,d lg dm®n (7'22)
Using (7.17), we get that
= SUCi o @1y = f S Cldif. djg)dm® =V £y, (7:23)

i#] 1#£]

and this implies the lemma. (Il

Lemma 7.5. Suppose that C is such that there is a uniformly pure diffusion, i.e.
(7.4) is satisfied with § > 0. Then for all f € CX(M™),

T (f, 1) =6 Z D(dif,dif). (7.24)
1=1

In particular, if T is uniformly elliptic, i.e. satisfies (2.9), then '™ s also uni-
formly elliptic.
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Proof. This simply follows from the following calculation

n

TON(f, f) = Y, (T(dif,dif) = C(dif di f)) + D, C(dif,ds f) (7.25)
i=1 2]
> 6 ) T(dif, dif), (7.26)
where we have used in the last inequality (7.4) and that C' is nonnegative. (]

7.5. The Dirichlet form £()* associated to T'™ and VO(") +xV ™. From now
on, we assume that there is a uniformly pure diffusion, i.e. (7.4) holds for some
0 < 6 < 1. We also suppose that C is C?, that there is a constant ¢ < oo such that

|(62C (21, 22), df (x1))]* < cL(f, f)(x1), for all 2z € M? and f e CL(M). (7.27)
and that
[6102C] . < o0. (7.28)

Remark 7. Suppose that I' is uniformly elliptic, i.e. that (2.9) holds and that
C =Y, Ux®Uj, with (Ug)y, a family of C'-vector fields. For all k, set Dy, = div,,Uy,.
Then, (7.27) and (7.28) are equivalent to the existence of a finite constant ¢ such
that

6105C ZDk 2<ec forallze M. (7.29)

Condition (7.28) is simply obtamed by using Cauchy-Schwartz inequality and (7.27)
is obtained by using also (7.3) and (2.8).

Lemma 7.6. T™ and Vo(n) satisfy (2.6) and (2.7).
Proof. We compute

d1Vm®nVO 25 VO ZlemVo x;) Z 0:0;C; j(x;, x;)
i#]

= nep —n(n — 1)H61§QCH% > —0
and (2.6) is satisfied.
Recall that there is a measurable function v : M — R such that (Vjf)?

v20(f, f) for all f € CY(M). To check (2.7), we use Proposition 2.4. For all
f e CY(M™), we have

n 1
Vo f(@) = Y (Volwi), dif (@) = 5 26,0 (@i, ;). dif (@)).
i i#]
and so for some constant K,

(V3" f)? ( v (@) T(dif, di f)(x) + Y. D(ds f, dif)(a?)>
i#j
K, (Z v () +nc) (Z I'(d;f, dif)(@)
<u2l™(f, f)

1/2
with v, (z) = (K,6 )2 (Zj v2(x;) + nc) and using Lemma 7.5 for the last

inequality.
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Therefore, if condition (1) in Section 7.1 holds, then v,, € L*(m®") and (2.7) is
satisfied by I'™ and Vo(n) )
Suppose now that I and Vj satisfy condition (2) in Section 7.1. By tensorization,

we have the following Sobolev inequality of dimension ng (see Section 6.5 in [1]):
For all fe CZ(M™),

1 sy < Al Bgom + Co [ TS i f)am®,
i=1

with p, := %, A, € Rand C, > 0. Lemma 7.5 then implies that (F(”),m®")
satisfies a Sobolev inequality of dimension ng. Since v € L™(m) and since m is a
probability measure, v, € L™(m®") and (2.7) is satisfied by T\ and VO(").

Suppose finally that I and V} satisfy condition (3) in Section 7.1. By tensoriza-
tion, we have the following logarithmic Sobolev inequality (see Section 5.2.3 in [1]):
For all f e CX(M™),

Entpen (%) < 2C, j D T(dif, di f)dm®™ + Do f[72men)
=1

with C,, > 0 and D,, > 0. Lemma 7.5 then implies that (I'(™) m®") satisfies a
logarithmic Sobolev inequality (with constants C,,6 ! and D,,). Since Se’\”2 dm < o0
for all A > 0, {e*"dm® < oo and (2.7) is satisfied by T™ and V™. O

Applying Proposition 2.3, set (£, H(™)) the Dirichlet form on L?(m®") as-
soctiated to T'™ and Vo(n). Note that H(™ = H®". Note also that when C is
m-divergent free and when Vy = 0, the dirichlet forms £ are symmetric for all n.

The vector field V(™ is C! and complete. If ¢ denotes the flow generated by V.
The flow generated by V(™ is ¢(") := ¢®" and m®" is invariant by ¢(™. As for
Vo(n), it can be checked that T and V(") satisfy (2.7) and that fo (btn) € H®" for
all fe CX(M™) and all t € R.

Still following Section 4, one defines the Dirichlet form (€)%, H®") on L?(m®"),
with £ = £0) 4 gV,

7.6. Assumptions 4.7, 4.8 and 4.9. It is straightforward to check that Assump-
tion 4.7 is satisfied with H(") defined by H™ (z) = 3" | H(x;).

Denote by E (respectively E(™) the set of ergodic probability measure of the
flow ¢ (respectively ¢(™). Denote by T (respectively Z(™)), the o-field generated
by the invariant sets of B(M) (resp. of B(M™)) and completed with the negligible
sets of B(M) (resp. of B(M™). Note that Z(™ may be different from Z®", the
n-product of one point invariant o-field, as is shown in the following example:

Example 4. Let V be the vector field on M := R? defined by V (21, 12) = (—x2,21).
The orbits of the flow ¢ generated by V' are the concentric circles with center (0,0).
All orbits have the same period T = 2. In this case, T is generated by the orbits
of ¢ and when n = 2, T?) is generated by the sets A, po = {(v,y) € M? :
(z,y) = (re'?, Re'0+2)) with 6 € [0,27]}, where (r, R, ) € [0,00[?x[0,2x[. The
set E? consists of uniform measures on Ay r.o and are not product measures. In
this example, one can take M = R, and M? = {(r,R),0<r <R} xSl # (]\’Z)2
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Recall that Assumption 4.8 is satisfied by V, i.e. there are 7 : M — M a
continuous mapping and p : M — E a measurable mapping such that P :=por is
a conditional regular probability with respect to Z and m.

We will suppose that the following assumption is satisfied:

Assumptions 7.7. m®"(dz)-a.e., @, P(x;) is ergodic.

Remark 8. Note that the converse of this assumption is always true: for any p €
E() an ergodic measure, the marginal projections (pi),i = 1,...,n of p defined by
pi(A) = p(M*=' x A x M"™%) for A € B(M) are ergodic measures. Assumption
7.7 entails that essentially all ergodic measures for ¢ are products of ergodic
measures for ¢.

A measure p is said weakly mizing for the flow (¢;); if for all f, g € L?(u)

fim, 5 | K6 0 000n200 = (27 09)| ds = (7.30)

Every weakly mixing measure is ergodic. We have the following lemma.
Lemma 7.8. If P(x) is weakly mizing m(dx)-a.e., then Assumption 7.7 is satisfied.

Proof. Tt is easy to check that if y; for a flow ¢! on M; and po for a flow ¢ on
My are weakly mixing then pu; ® po is weakly mixing (and thus ergodic) for the
flow (¢ ® ¢7); on My x My. The lemma follows by repeated applications of this
property. (I

Remark 9. Note that if (¢(x)); is periodic then P(z) is ergodic but not weakly
mixing. For (x1,...,x,) € M™, if each (¢¢(z;)); is periodic with positive minimal
period T;, then ®?_, P(x;) is ergodic if and only if the periods (T4,...,T,) are
rationally independent.

Lemma 7.9. If Assumption 7.7 is satisfied, then Assumption 4.8 is satisfied with
Mn = (M)n, 7 = 78" gnd p(™ : M — E™ o measurable such that m®"(d¥)-
a.e., p™ () = @ 1p(T:)-

Proof. Note first that Z®" = Z("), Indeed, if A € 7" then 14 = E,,0n (14]Z) =
P (.)(14). Thus since the latter is Z®" measurable, we have that 1, is Z®"
measurable and A € Z®". The inclusion Z®" < (" is obvious.

Let N = {Z € (]\7)” : @ ,p(Z;) is not ergodic}. We have that (7(™)~1(N) =
{re M"™: @ por(x;) is not ergodic} is negligible. Thus m®*(N) = 0. Let us fix
o € E™ and define p(™ by letting p{™ (%) = po for ¥ € N and p(™(F) = @, p(F;).
Then p(™ : M" — E(™ is measurable.

Let us now prove that P(™ := p(® o 7(") ig a regular conditional probability
measure with respect to Z(" and m®". Recall that Z(") = Z®"  Therefore, it
suffices to prove that

P, 9yr2men) = {F, 912 (men) (7.31)
for all f = @™, f; and g = ®[,g;, where for all i, f; € L?(m) and g; € L*(m)

is Z-measurable. Since (P f, IL2(mon) = H?:1<Pfi,gi>Lz(m), we easily prove
(7.31). O

Define H(™ as in (3.33) and m(™ := M m® . Then H™ = H® and M) =
me", ThenN it is straightforward that Assumption 4.9 is satisfied by H (™ ang m(),
by taking C'™) the vector space spanned by {®,f; : with (fi,..., f.) € C"}.
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7.7. Application of Theorem 4.12. Let (£(™ H®") be the Dirichlet form on
L2(M®") obtained by contracting (€™, #®") on M" using Proposition 3.12. By
Proposition 4.11, (g (n), ";q@”) is regular and possesses the local property. Moreover,
(EM) O is a contraction of (£ H®") for all k.

By Theorem 2.2, for all x, there is X(")* a diffusion on M™ associated to £(™)*
and X(") a diffusion on M" associated to £™. The processes 7™ (X (™)*) and
X (™ are random variables taking their values in C’(R*,J\?f/ ™) equipped with the
topology of uniform convergence on compact sets. Theorem 4.12 implies that

Theorem 7.10. Assume that
o (™ (Xén)"i) converges in law to )Afén),'
e For all k, the law of Xén)’K (resp. )N(én)) has a density with respect to m®m"
(resp. to m®") and this density belongs to L?(m®") (resp. to L*(m®")).

Then, W(")(Xt(n)’ﬁ)t;() converges in law to ()~(t(n))t>0 as K — .

7.8. Consistent and exchangeable family of Dirichlet forms. For n > 1, let
Sp, be the group of permutations on {1,2,...,n}. For o € S,, by abuse of notation,
we denote by o : M™ — M" the mapping defined by o(x); = 2,(;) for all i. Denote
by II,, : M™*! — M™ the mapping defined by IL,,(z1,...,Zns1) = (T1,...,Tn).
We will say that a family of regular Dirichlet forms (£, %) on L?(m(™) is
consistent and exchangeable if (setting Pércl) the set of probability measures on M™
absolutely continuous with respect to m(™)
(1) Foralln > 1 and o € Sp,, um™ =m™ and £ (foa,goo) = EM(f,g)
for all f,ge H™.
(2) Forallm =1 and pi11 € Pégﬂ), = (IL,) s ptnt1 € 73((1?) and if X"t ig
a Hunt process associated to (£(+1) # (1)) with Xénﬂ) distributed as
i1, then X (™ = I, (X (®+1) is a Hunt process associated to (£, H (™)
with X(gn) distributed as fiy,.

Remark 10. If for all n > 1, the semigroup associated to (£, #(™)) can be modified
into a Feller semigroup P{™, then the family of regular Dirichlet forms (& (n), "H("))
on L?(m(™) is consistent and exchangeable if and only if the family of Feller semi-
groups (P(™),>; is consistent and exchangeable as defined in [16].

By construction, the family of regular Dirichlet forms (£, H(™) on L?(m®")
defined in Section 7.5 is consistent and exchangeable. Moreover if I' is uniformly
elliptic, this family is associated to a consistent and exchangeable family of Feller
semigroups.

Theorem 7.10 implies that the family of regular Dirichlet forms (EN (n), 7—7(”)) on
L?(m®") is also consistent and exchangeable.

7.9. Averaging of flows. Recall first the definition of a stochastic flow of kernels
on M, a locally compact metric space, as it is defined in [16]:

Definition 7.11 (Definition 2.3 in [16]). On a probability space (€2, A, P), a family
(K 1, s < t) measurable mappings from M x Q onto P(M) is called a (measurable)
stochastic flow of kernels on M (SFK) if for all t € R, K, ;(z,w) =, and if

(a) Forall s <t <wand ze M, Pas. K,,(x)=1,, K.(x,dy)K;.(y).
(b) For all s <t, K5 and Ky, have the same law. (stationarity)
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(c) For all tg < t1 < -+ < tp, the family {K;, ,;,1 < ¢ < n} is independent.
(independent increments)

(d) For all f € Co(M), (s,t,x) — K, f(x) is continuous in L?(P).

(e) For all fe Co(M) and s < t, K f(x) converges to 0 in L*(P) as x — 0.

The mapping K, ; can be viewed as a random kernel, i.e. as a random variable
w— K, (-, w) taking its values in the space of measurable mappings from M onto
P(M).

Let us suppose in this section that for all n > 1 and s € R the Dirichlet forms
(x4 ™)) and (£, H™) defined in Sections 7.5 and 7.7 are associated re-
spectively with Feller semigroups we denote P(™ and P Then as is noticed in
Section 7.8, the families of Feller semigroups (P(™)),5; and (P(™), 5, are consis-
tent and exchangeable. By Theorem 2.1 in [16], for all s, (P{™)*), >, (respectively
(P™M),~1) is associated to a (unique in law) stochastic flow of kernels K* on M
(respectively K on M ) and satisfying for all n > 1

E[(K&t)(@”] = Pt(n)"{ (respectively E[(f(o,t)®"] = ﬁt(n))_ (7.32)

Proposition 5.2 in [16] shows that, for all x € R, to the SFK K*, there is W a
vector field valued white noise of covariance C' such that (K", W) is a solution of
the (A”, C)-SDE if for all f € C2(M), z € M and s < t,

K", f(x jK (W f(du)) fK (A+kV)f(x)du.  (7.33)

When W = ¥, WkU}, the stochastic integral S K¢, (W f(du))(z) can be written

in the more usual form ), Ss K¢ (Ui f) () Wy (du). Smce there is a pure diffusion,
the SFKs K* are diffusive.

Let us suppose also that T is elliptic and that A maps C?(M) onto C.(M).
These conditions ensures that for all n > 1, kK € R and x € M", the martingale
problem associated to A" and x € M" is well posed. This ensures that the
(A", C)-SDE has a unique solution and that this solution is Wiener (i.e. for all
s<to(Ky,,s<usv<t)co(Wyy,s<u<sv<i)).

Set P,.(M) the set of probability measures p on M, absolutely continuous with
respect to m.

’Eheorem 7.12. As k — o, the family of SFKs K" converges in distribution to
K in the sense that for all n = 1, for all {(si,t;), s, fi : 1 <@ < n} with s; < t;,
i € Poe(M) and f; € Co(M ) for all i,

Jim B [H wiKS 4, (fio W)] =E lll ﬁz’f(si,tifi] (7.34)

i=1

where [l; 1= Ty b;-
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Proof. Using properties (a), (b) and (c) of a SFK, it is enough to prove (7.34) only
when (s;,t;) = (0,¢) for all 1 < ¢ <n. Then,

lim E ln wilKg 4 (fi 077)] = lim E ln W*(uiK{it)f,;}

K—0 il K—>0 il
lim E[(75). (@) (K5)®") (@11 f1)]
lim (797, (@) P™™) (@11 f2)

= (@1 /u) P (@1 fi)

n
=E [H ﬁz‘KO,tfi] :
i=1

O

Let pu be a probability measure on M. Then ui = pK{, is a probability measure

on M. Set i = myep, Of = meuy and [ = ﬁf(o)t. Theorem 7.12 implies that
{ff, t = 0} converges in law in the sense of the finite distributions towards {fi;, ¢ >
0}.

Suppose now that pf is absolutely continuous with respect to m and that uf =
% € L?(m). Then u” is a weak solution (in L?(m)) of the linear SPDE

duy =A ugdt — (div,, Vo)uydt + Wug (dt) — (div,, W (dt))uy, (7.35)

where W = >, U,WF and div,,W = Dk div,,, Uy W*.

Set uf := Cg‘—m‘ € L2(m) and Uy = % € L?(m). With these notations, Theo-
rem 7.12 implies the convergence in law of 4" towards @ in the sense that for all
(ti, fi)1§i§n> with ti = 0 and fl € Cb(M),

Jim I ll—[@ﬁfﬁw(ﬁ)] =E ln<ativ fi>L2(m)] : (7.36)
i=1 i=1

The process % may be interpreted as a weak solution (in L?(1)) of a linear SPDE

on M that will take a form similar to (7.35). We will not do this in general but
only on the examples in Section 7.11 and 7.12. Our work is related to a recent work
by Cerrai and Freidlin [7], where the authors prove the convergence in L?, p > 1,
of u" towards %, where u" and % are respectively solutions of a SPDE on R? and
on a metric graph. Note that the framework of [7] does not include our framework
since in their SPDE, there is no term of the form (Wwuj (dt)) (which corresponds to
the transport of the particles by a vector field-valued white noise).

7.10. The Dirichlet form (£, #®"). We have for (f, g) € HE" x H®",
E0(f.9) = [0 (7,9) dm®" — (V™ £, ) 12m0n
with T and V" defined by (7.19) and (7.20). Define the bilincar form £™ by

M (f.g) = J-F(di f,dig)dm®® — J(Vo(:m-), d; f(x))g(x)dm®".
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Note that the form (3", EZ , H®") is the Dirichlet form associated to n indepen-
dent Hunt processes associated to (€, H). For this reason, this form will be denoted

(E®™ HO™). Define also the bilinear form 5(n) on L?(m®") by

= 3 [t digam® — (VE 1. gy
1#£]
so that £(") = £&n 4 Sén)

By definition, for (f,g) € H®" x H®" EM(f,g) = EM(f o 7®" go7®). We
then have that £ = £®n 4 gén), where £87 is the Dirichlet form associated to n
independent Hunt processes associated to (£, H) and where

ESV(f,9) = ESV(f on®, g o 1®™).

Note that a case of interest would be when the covariance is m-divergent free, i.e.
when the flow directed only by the Brownian vector field is m-incompressible (the

measure m is preserved by the flow). In this case, 5(Cn) and gén) are symmetric and
take a simpler form since 0;C; ; = 0.

For f,g € 7-l®", we define, for y € M™ the different averaged quantities (using
for a function F on M™, the notation p®"(y)F = §, .. F(2)p(y1,dx1) ... p(yn, dzy))

T (f,9)(y) = p2"(y)I ™ (f o 7®", g o 7®"),
Ti(f,9) = P2 (y)D(di(f 0 7®"), di(g 0 7)),
Cii(f. 9)(y) = PP (y)C(di(f 0 7®"), d;(g 0 7®™)), for i # j.

Define also, for V(™ a vector field on M™ and f € HE",

VO f(y) = p2 (y)V O (f 0 2®).

Then for f,g € H®" | we have

E(1.9) = 3 [ Gyl 90 = T naaiony.

1#£]

Also, we have
E0(f.9) = [T (£, 9)dm®" — V3™ £, ) satmvon

and T (f, g) = S f‘l(ﬁ 9+ s C'ij(f, g). Moreover, we get that the generator
A™M) is given on D(A)®" as

A f(y) = pPr(y) A (fon®") = Z Aify) + ), Ciify) (7.37)

where /Lf is such as Ezf(y) = ﬁfl(yz) [ 5z f(yx) when f can be written in the
form f(y) = [ Tp—y fr(yx), and Ci; f(y) = p®"(y)C(did;(f o 7®")).

To go further, we need to explicitly compute the averaged quantities f("), C and
VO("). We express them for the two examples of Section 5 and Section 6.
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7.11. Example: random perturbations of Hamiltonian systems in R?. In
this subsection, we use the framework of Section 5. We suppose that the vector
field V satisfies Assumption 7.7 and we let C' be a continuous covariance function
on M :=R? such that (7.4) is satisfied for some § > 0, i.e. there is a pure diffusion.
We assume also (7 27) and (7.28).

Recall that M is a metric graph and that to every y € M\V (with V the set
of vertices) is associated a periodic orbit of the flow generated by V and that its
period is given by T (y).

Remark 11. Remark 9 entails that Assumption 7.7 is satisfied if T is C! on each
edge and that the set {y € M\V,T'(y) = 0} is m-negligible (in order to avoid the
situation of Example 4).

In Section 5, we have already given the Dirichlet form (g’ ) H). Let us now describe
the Dirichlet form (£, H®"). Recall that £ = £&" 4 5 ") We have (using the

notation x = (z1,...,%,) € (RQ)n and x; = (z},22) for 1 <i < n)
s @)oo =3, St )C%i,m%m,
J
0 0
(501 = 3, q{;u) aar ).

Recall that m is the Lebesgue measure and that m(dy) = T'(y)dy on each edge.

As in Section 5.5, we define the averaged quantities. For y € M , recall from
Section 5.5 that I'(y) := 20%(y) = p(y)T(H, H), c(y) = Vo(y) := p(y)(VoH). For
(y1,y2) € ]\72, set

Clyr,y2) =(p(y1) ®p(y2))(C(H, H)),

3C(y1,12) J (Z OpH(z1) 7 ($17$2)> p(y1, dz1)p(y2, das).
Then we have
E(£.9) = 3} | Clun 1) 2: 1) 2s9(0)" )
i#]
+ 3 [@tnass )i @)
i£]
and
9 =3 [ Fwosf0)ag@m® ) + 3, [ Clur, )01 )2s9(0)72" )
) i#£]
£y f Vo) g )T ) + 3 | 5001 2:F D) ().
7 1#£]
The generator A(™ of (£ ") is given for f € D(A(M) = D(A)®" by

,H®
ﬁ(" Z ) + Z é(yivyj)aiajf(y)a

i#E]
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with A; f such as A; f(y) = Afi(y;) [ [ fx(yr) when f can be written in the form
F) =11, fulyx) and A is given in Proposition 5.8.

For all n > 1, (£, H®") is associated to a Hunt semigroup P(™ on the metric
graph M. Admitting that these semigroups are fellerian, the family of Dirichlet
forms (£(™), is associated to a SFK K on M. We didn’t find a simple argument
to prove this Feller property. We postpone the proof of such Feller property to a
future paper.

In Section 7.9 we have seen that that for all x € R, to the SFK K" on R?
associated to the family of Dirichlet forms (™)),  there is W a vector field valued
white noise of covariance C' such that (K", W) is a solution of the (A", C)-SDE.

Formally, the SFK K solves a SDE: There is W a vector field valued white noise
of covariance C' and for all f € D(A), y € M and s < t,

Roify) = fy) + j Ry (W F(du))(y) + j R Af@)du,  (7.38)

with W f(y)(du) = P Ur(y) f'(y)dW*(u) and where W, W?2, .. are independent
white noises and Uy (y) = p(y)(UyH), i.e. W is a vector field valued white noise on
M of covariance C, since Dk Ur(y1)Ux(y2) = C(y1,y2).

In other words, the n-point motion (Y'!,..., Y;*) of K are n correlated diffusions
on M solution of the SDE:

dYy = 5(Y)dB] + 3 Ur (Y)W + b(Y)dt,
k

where BY,...,B", W' W? ... are independent Brownian motions and $5(y)? =
I'(y) — C(y,y), and b is given Proposition 5.8 as b(y) = ﬁ(fT)’(y) +Vo(y). The

particle Y being reflected at each vertex v on each edge E adjacent to this vertex,
with transmission parameters a;—r, k € I*. Note that & is well defined since we have
assumed the uniformly pure diffusion (Equation (7.4)).

The process @ defined at the end of Section 7.9 is a weak solution (in L?(#)) of

the linear SPDE on M

ity =Atiydt — (divi Vo )iipdt + Wiy (dt) — (divi W (dt)) i, (7.39)
with W = Dk ﬁka, div%w =D div,Aﬁ(ﬁk)Wk, and for a vector field U on ﬂ,
div(U)(y) = T~ (y)(TU)".

7.12. Example: on R3. In this subsection, we use the framework of Section 6.
We let C be a continuous covariance function on M = R? such that (7.4), (7.27)

and (7.28) are satisfied. Recall that M= u;C; is a gluing of four leaves along the
half-line D.

Lemma 7.13. Assumption 7.7 is satisfied.

Proof. Forie I and y € é’i, the period associated to the orbit 7, (see Section 6.2)
is

T(y)

_fae :Jzﬂ [06®:(y, 0)| do = hi(y)_
VI Jo o [V(®i(y,0))l 2y1y2

Yy
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For example, when y € ¢y, T(y) = 27‘{51( (%) Thus, for all y € UserCi, we have
that VT'(y) # 0. This entails that Assumption 7.7 is satisfied. O

In Section 6, we have given the Dirichlet forms £ and £. We now describe the
Dirichlet form (™), H®m),

We have (using the notation z = (z1,...,2,) € (Rd)n and x; = (z},22,23) for
1<i<n)

Ol diola) =, I 2y M (s, ) 2 ()

ozt o’

(0;Ci ) f Z C)* (@i, ),

k

where (02C)F (1, 22) = V@2 Y, aze (e7W@2) O (11, 35)).
2
Recall that in Section 6, we have considered I'(f) = |Vf|? and Vy = 0. For
(y1,92) € M? and r,s € {1,2}, from Section 6.5, we have I'"*(y;) = a"(y1) =

p(y1)(D(x", 7%)) and set
C™(y1,y0) = = (p(y1) ® p(y2))(C (7", 7))

6C" (y1,12) : J(Z Opm" (21)(620) (3317332)> p(y1, da1)p(y2, das).

Note that 6C' = 0 when 02C =0, i.e. when C' is m-divergent free.
We then have:

2 JZ CTS yu J a; ( )aa?j]s (y) ﬁl®n(dy)

i#£]
# 3% [ 300 o) 5 o) ).
1#£] )
and
ZJZF’”S o (fyg (4) %" (dy)
rs 6f ag m®n
+§JJZO i 15) 3, )3, ) 7" ()
# 30 [ 300 o) £ o) ).
i#E]

We obtain that the generator A of (£(M) H®") is given for f € D(AM) =
D(A)®" by
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with A; f such as A; f(y) = Afi(y;) [ [ fx(yr) when f can be written in the form
F) =1T1e—; frelyr), A is given in Proposition 6.4, and

dy; 0y

2

C(did; )(y) = Y, C™ (i, v)) ( 7 ) (v).

Assume that for all n > 1, (£, H®") is associated to a Feller semigroup P™
on M. Then, the family of Dirichlet forms (g("))n is associated to a SFK K on M.

This SFK K will also solve a SDE of the form given by Equation (7.38) with
W) (du) = ., (Uef)(y)W*(du) with U7 = p(-)(Upn") and where W W2, ...
are independent white noises.

In other words, the n-point motion (Y!,...,Y;") of the SFK K are n correlated

diffusions on M and is solution of the SDE:
dYy = 3(Y))dB; + Y, Up(Y;) AW, +b(Y;)dt,
k

where B, ... B" W' W?2, ... are independent Brownian motions and %&'T&(y) =
I'(y) — C(y,y) and b is given in Equation (6.9). The particle Y being reflected at
each point y € D on each leaf C; uniformly at random. Note again that due to the
uniformly pure diffusion assumption (Equation (7.4)), & is well-defined.

The process @ defined at the end of Section 7.9 is a weak solution (in L?()) of

the linear SPDE on M
iy =Atidt — (dives Vo)liedt + Wik (dt) — (dive W (dt))iy, (7.40)

with W = 3, UyW*, divigW = Y, dives (Ux)W* and for V a Cl-vector field on M
(i.e. the restriction of V to a domain C is a C-vector field on this domain) and

-

for y € UeCl, we have div(V)(y) = M~ (y) X, 25 (M(y)V" (1)

r oy

Remark 12. If U is a C' vector field on M, then set the “vector field” U on M,
U” := p(-)(Un"). On an open subset of M\D, we have that U is C'! and

p(-)(div,, U) = divizU. (7.41)

This property is the key to do an integration by parts on EM to recover A
directly. Here, we have just described A™M from AM using Equation (7.37).

To prove Equation (7.41), let f € C(C;) and prove that {U(fox)dm = (U fdmn
directly using the chain rule on U(f o m), and integrate by parts each side.

8. APPENDIX
Notation: In a topological space A € B means that A Band 4 is compact.
8.1. Weighted Sobolev spaces. For k > 1, the class of Muckenhoupt weights As

consists all mappings w : RF — [0, 0], for which there is a constant C' such that
for all ball B in R¥, we have

mn (o) o (], ) <

For m > 2, set By, 1 1= (U210, 0[x{i}) u {0}, equipped with the distance d;
defined by dl((xvi)v(yai) = |:L' - y| and if i # j, dl(($7l)7(ya])) = x +y, and
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di((x,1),0) = . Let i1 : Byy1 — {0,...,m} be defined i1 (z,%) = ¢ and 41 (0) = 0.
Then B, is a metric graph constituted of m half lines joined at 0. Set also B,, 2 :=
R X By,1, equipped with the distance dg defined by da((z,1), (y,7)) = |z — vy,
da((2,1), (y,7)) = Hx_y/H if i # j and where y' = (y1, —y2), and da((z,1),y) = |z —
y||if y = (y1,0), where ||-| is the Euclidean norm on R?. Then B, » is a metric space
constituted of m half planes joined along a line. Let also iz : By, 2 — {0,...,m} be
defined by is(z1, z2,7) = ¢ and ia(x1,0) = 0. To simplify the notation we will simply
denote d; and dg by d. For 1 < i < m, we will use the notation (0,4) = 0 € By, 1
and for z1 € R, (21,0,4) = (21,0) € By 2.

For m =1 and k € {1,2}, set By = R*.

Let w : By, i — [0,00] be such that w € L}, (B k), i.e. such that for all A € (,
p(A) == §,w(x)dr < o, with dz the measure on B, that coincides with the
Lebesgue measure on E; := {x € By, : ix(x) = i} for each i. For i # j, set
E; ;= E; u E; U Ey (which is isometric to R¥, and will be thus identified to R¥).

In the following, we fix k € {1,2} and m > 1 and we let Q2 be an open subset
of By . Fori e {1,---,m}, set Q; = Qn E; and for 1 < i # j < m, set
Qi ; =Qn E; . Then Q; and €; ; are open subsets of R¥. Denote by L?(2,w) the
space of all measurable functions f on By, j, such that §, f?(z)w(z)dz < c0. For a
function f € L?*(Q,w), weakly differentiable on €, ; for all 1 < i # j < m, define
the norm of f by

111 0 = j (2 + IV F?) (2wl (8.1)

Let W'(Q,w) be the completion with respect to the norm | - |1 (q.) of the
vector space of the functions f € L?(2,w), that are weakly differentiable on €; ;
for all 1 < i # j < m and with ||f|w1(0,.) < . Suppose also that L e L} ().
Then, for all i € {1,...,k} (resp. all 1 <i # j < k), the restriction of f € W(Q,w)
to Q; (resp. to £; ;) belongs to Wllocl(Ql) (resp. to Wllocl(Q”)

We also define H'(Q,w) (resp. H}(Q,w)) to be the completion of C(Q) N
WHQ,w) (resp. of Ce(Q) n W(Q,w)), with respect to | - [w1(qw). Define also
Wi(Q,w) to be the set of all f € W!(Q,w) such that the function F = flg €
WY(Bp.k,w). Equipped with the inner product

foomwr@ = | (Fa+ VS - Vo) ala)da, (32)

WHQ,w), WH(Q,w), HY(Q,w) and H}(Q,w) are Hilbert spaces.
Lemma 8.1. Let m > 1 and O € Q be open subsets of By, . Then there is § > 0
such that K5 := {x € B : d(z,0) < 8} is a compact set with O < K5 < Q.
Suppose that there is @ : By, 1, — [0, 0] such that @ = w on Q and such that

o when m = 2, for all i # j, the restriction w; ; of w to E;; belongs to the

class As.

e when m =1, w belongs to the class As.
Then if f € Wi(O,w), there is g € L?*(O,w) such that g = 0 on O\Ks and such
that for all (z,y) € O?,

[f(@) = f()l < d(z,y) (9() + g(y))-
Moreover, there is a sequence of lipschitzian functions f, € W3 (O,w) such that
limy, o ”f - fn“Wl(O,w) =0.
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Proof. We only consider the case m > 2, the case m = 1 being simpler.

The existence of § and K is a standard exercise.

Let f € W3(O,w) and denote by f;; the restriction f to E;;, and set O; ; :=
ONnE,; Then f;;e€ W(}(Oi’j,wi,j). Set F':= flp and Fj ; the restriction of F' on
E; ;. Then F; ; € Wl(EiJ,CDi,j). Recall that E; ; is isometric to R¥. Note that for
meOi=OmEi7wehaveforallj;éz’,f() fij(x) = F; j(x).

Since € Ay, we have (see [10]) G; ; € L*(E; j,@; ;) such that for all (z,y) € E?,

|Fij(2) = Fij(y)] < d(z,y)(Gij(x) + Gij(y)).
For z € Q, define g(z) := 3, , Gy j(z) if € ;. Then g € L?*(Q,w), and we have
for all (x,y) € Q2,
[f(@) = f()] < d(z,y)(9(2) + g(y)).
Set now gs := glk, + 3 1|f|. Then, we have that for all (z,y) € €,

[f(@) = fW)l < d(@,y) (95(x) + 95(y))-

Indeed, this inequality is straightforward to check if (z,y) € KZ orif (x,y)
If (z,y) € O x (Q\K;), we have d(z,y)(g5(x) + gs(y)) = d(z,y)0~"|f ()]
f(y)|- This shows the first part of the lemma.

For the second part, it suffices to follow the proof of Theorem 5 of [10] (with
the function g5, and since f = f) on F) and that E) 2 Q\Kj, we have f) = 0 sur
O\Ks). O

€ (2\0)2
> |f(x) -

For an open set U c (), define the capacity of U by
Cap(U) := inf{| A1) : h=1onU and he WH(Q,w)}.

Lemma 8.2. Letm = 1, Q an open subset of By, 1 andw :  — [0, 0] a measurable
mapping. For R > 0, set Qr := {x € Q : |z|| < R}. Suppose that, for all R > 0,
there exists a nondecreasing sequence of open subsets (Qr.n)n=1 such that

(Z) Un}lﬂR,n = QR;i

(’LZ) Hmnﬁm Cap(QR\QR}n) = O,
(iii) for allm =1, W (Qpn,w) = H} (DR n,w).
Then we have W(Q,w) = H}(Q,w).

Proof. Let f € WY(Q,w) and € > 0. For R > 1, define fr : © — R defined by
fr(e) = f(@)it 2] < R—1, fa(z) = (R—|l) () if |s] € [R—1, ] and fn(x) = 0
if ||| > R. Then we have that fr € Wi (g, w) and it is easy to check that there
is an Ry > 0 such that for all R > Ry, |f — frlw1@.w) <€

From now on, we fix R > Ry. Applying Theorem III.2.11 in [19], conditions (%)
and (ii) ensures that there is a sequence of functions fr., € W} (Qr.n,w) such that
lim,, —, ”fR - Wi(Qgr,w) — 0.

And we conclude using (447). O

Let now G be a connected metric space, and fix k € {1,2}. Suppose that there
is a locally finite covering () of G, with open sets and and with £ a countable
set. Suppose also that this covering is such that for each ¢, €, is isometric to an
open subset of By, j, for some m > 1. Suppose that there is a sequence of functions
(¢e)eec such that g : G — [0,1], w¢ = 0 on G\, @y restricted to QF is C!, with
bounded derivatives, for each i € {1,...,m} and such that »,, . ¢, = 1.
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Let w: G — [0, 0] be a measurable mapping. For each ¢, then there is m > 1
such that Qy < Bk, we let wy : By — [0,00] be such that w, = w on Q.
Suppose that wy € L},.(Bum,k) and - € L,.(Q).

Define W(G,w) to be the set of all measurable functions f : G — R such that
for each ¢ there is f, € W' (Qq,wy) with f = f; on Q with | fw1(g.w) < 00 where

e = [ (72 + IVSP) @htalde.
Then W(G,w) equipped with the innner product

G- = | o+ VS - Vo) @hla)da

is a Hilbert space. Define also H} (G, w) as the completion of C.(G) n W(G,w).
Note that if f € W1(G,w), we have that for each ¢, fo, € W1 (Qy,wp).

Lemma 8.3. Suppose that for all ¢ and all R > 0 there exists a nondecreasing
sequence of open subsets (g, r.n)n>1 Such that

(Z) Un;1 QZ,R,n = Qé,]z

(”) limnﬂx Cap(Ql,R\QE,R,n) = O;
(iii) for allm =1, Wi (Q. g, we) = HE (. pon,we).
Then we have WG, w) = H} (G, w).

Proof. The proof of this lemma is almost identical to the one of Lemma 8.2. We
write f = >}, f¢, where fi := fop. For each € > 0 there is a finite £y < £ such
that |f — Xscr, felwi(@w) < € And then we can follow the proof of Lemma
8.2, for Q = Qy and f = f;, and to find, for all ¢ € Ly, an integer n > 1 and a
function gy € CC(QE,RJL) N Wl(Qg,Wg) such that |f, — g[”wl(G’w) < ﬁ Then

If - Zeezﬂ 95HW1(G7w) < 2e. -

8.2. Regularity for Section 5. In this paragraph, we complete the proofs of
Proposition 5.5 and of Proposition 5.6.

Let us first recall some notation of Section 5. The space M = V U User i is
a metric graph, with E; =]l;,r;[x{i}. There is a continuous map 7 : R? — M
such that if z € Q;, n(z) = (H(x),i) € E;. Forve V, It = {ie I, (i) = v},
I; ={ie I, (ry,i) =v}and I, = I UI;. Let d(v) be the cardinal of the set
I,, which is the degree of v in the graph M. Choose i € I, and set h, = [; if
v = (l;;4) or hy, = r; if v = (ry,4). Remark that h, does not depend on the
particular choice i € I,. For v € V, we define y(v) := J, ;~, %i(h), the connected
level set associated to the vertex v. Then for all x € y(v), H(z) = h,,.

The space H = {f : for € H'(R2)} equipped with the inner product (f, 955 =
(fom gomyyi(r2) is a Hilbert space. Let now f € H. Forie I, let f; b, ri[— R
be defined by f;(h) = f(h,i7). Then (see Lemma 5.4), for all i € I, f; is weakly
differentiable and we have

11 =35 [ ePatian + 3 [ Gy ricnan

iel iel
where a;(h) = 4} |VH|d¢ and T;(h) = § |Vdif| For & = (h,i) € E;, set a(T) =

Yh,i Yh,i

a;(h) and T(Z) = T;(h).
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In the following lemma we recall asymptotics given in chapter 8 in [9].

Lemma 8.4. Let v € V and i € I(v). Then v = (hy,i) and as h — h,, with
(h,Z) € Ei;

(1) Ifd(v) =1,
a;(h) ~ aju|h —hy|  and  T;(h) ~ t;,
(2) If d(v) = 2,
ai(h) ~a;p and T;(h) ~ t;,|log|h — hy|
where a; ., and t; , are two finite positive constants.

Proof. By definition of v, either v(v) contains exactly one extremum of H and
d(v) = 1 or y(v) contains a saddle point of H and d(v) > 3 (d(v) # 2 since the
stationary points of H are non-degenerate).

Suppose first that d(v) = 1. Then y(v) = {z*}, with «* a local extremum of
H. If H is quadratic at z* then, the computation of a(z) and T'(Z) can easily be
done explicitly and gives the stated asymptotics. In the general case, one can use
an asymptotic expansion or the Morse Lemma to conclude.

Suppose now that d(v) > 2. Let & = (h,i) — v. Since |VH| is continuous
and that y(v) is compact with finite length, a(Z) converges to a constant a;, =
§7hm VH|dl as & — v. The main contribution for T'(h) comes when the orbit vy ;

is near a stationary point x* € y(v) because otherwise |V H]| is bounded away from
0. Note that there could be several such stationary points, each is a saddle. If H is
quadratic in a small neighborhood V of z* then, the computation of an asymptotic
can easily be done explicitly and gives §vh,mV W—lHldﬂ ~ C*|log|h — hy|| for some
C* > 0 which only depends on the number of times the orbit comes near z* (one
or two times since z* is not degenerated) and on the Hessian matrix of H at x*.
In the general case, one can use the Morse Lemma to obtain the same asymptotics.
Since each saddle point of «v(v) gives an asymptotic term of the same order, we
obtain the stated result. (]

Proof of Proposition 5.5. Let f € H. Let v € V with d(v) = 2, and 7 € [,. Let
A; be an open set of ]l;,7;[ such that A; c]l;,r;[U{h,}. Note that there is ¢ > 0
such that T; > a; > ¢ on A;. Thus f; restricted to A; belongs to H?(A;) and as
a consequence f; can be extended to a continuous function on |l;, 7;[U{h,}. Set
Diy = 0Q n H-'(h,). Since fon(x) = f; o H(x), we have fir, | = fi(hy).

Let now j € I, with j # . Suppose first that I'; , n T’ # ¢, then filhy) =
filhy). If T, n T, = &, then there is (ig,i1,...,%) € I+ such that ig = i,
ip=jandforall 1 < k< T;_, , NI, # & and so fi(hy) = fi,(hy) =+ =
fie_i(hy) = fj(hy). This proves that f is continuous on ]\7\])1, and completes the
proof of the first implication of the Proposition 5.5.

Let now f : M — R be a measurable map such that f is continuous on M \V1, fi
is weakly differentiable for all i € I and | f|; < 0o. Then, for all i, fom e H'(;)
and f o is continuous on M\I'1, where I'; is the set of local extrema of H. Since
I'; is a finite set, f o m € H'(R?). This proves that f € A. |

Proof of Proposition 5.6. To complete this proof, it remains to check that Assump-
tion 4.9-(ii) is satisfied, i.e. that C.(M) n H is dense in H.
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Let ¢ and j in I be such that d(E;, E;) = 0. Denote by v; ; the unique vertex
in V such that Vi € 6E1 N 6E] Set Ei,j = E1 V) Ej v {vi,j} and fi,j = f‘EL_/
Let A; ; be an open subset of E; ; such that v; ; € A; ; € E; ;. Then (since there
is ¢ > 0 such that T'(%) > a(Z) = ¢ in a neighborhood of v), f; ; € H'(A; ; n E;)
and u;; € H'(A;; n Ej). Since f;; is continuous, we have that f;; is weakly
differentiable.

For each i, let k; :]l;,7;[—]0, L;[ be defined such that k;(I;) = 0 and dk;(h) =

T
W/Tf(z) dh. Then k; is properly defined (in particular J ()
al( ) i+ al(h)

T Ti(h
L, = J’ azgh; dh < o0 only for the unique 7 for which Q; is unbounded). Define

a new metric graph with edges EY :=]0, L;[x{i} with the same adjacency rules

dh < oo and

as for M. Denote this new metric graph by G. By abuse of notation, The set of
vertices of G will also be denoted by V.

For v e V, let I(v) be the set of all ¢ such that EZG is an edge adjacent to v. For
i€ I(v), set O := {x € EF : d(z,v) < %} and O, = {v} U Ujer()Os. When
d(v) =1 set OY = O,\{v} and when d(v) > 2, set 0% = O,. Then 09 is on open
subset of By, 1 with m = d(v) = [I(v)].

Let G° be the metric graph obtained out of G by taking out of G the vertices
of degree 1, and denote by VO the set of vertices of G°. Then it is easy to check
that (O9),eyo is a covering of GV and that there are functions ¢, v € V°, such
that ¢, : GY — [0,1], ¢, = 0 on G\OY, ¢, restricted to OV is C*!, with bounded
derivatives, for each i € {1,...,d(v)} and such that >, 0, = 1.

For f € 7—7, let g : GO — R be defined by g(v) = f(v) if v € VO and such that
g(ki(h), i) = f(h,1) if (h,) € E.

Let i # j such that d(E1G7E]G) = 0 and set EZGJ =E%uy E]G U {x; ;}, we then
have that g; ; := g ES, is weakly differentiable. This holds because f; ; is weakly
differentiable and g; ; = fi joh; j, where h; ; : Ef] — E; ; is the continuous function,
differentiable on EX and on EJG, defined by h; j(k,i) = (k;'(k),q) if (k,i) € EF,
hij(k, ) = (k; ' (k), §) if (k,5) € E and hy j(w; ;) = i ;.

Then we have that f € H if and only if g defined above belongs to W (G?, w)
with w a measurable function on G° such that if (k,i) € EY, w(k,i) = w;(k) =
a;T; o k;l(k‘)

Lemma 8.5. For 7€ G° andve V. We have as ¥ — v,

(1) If d(v) = 1, w(T) ~ c,d(Z,v)

(2) 1 d(v) > 2, w(F) ~ co/Tlog(d(F, 0))] — o
where ¢, > 0.
Proof. The case d(v) = 1 is straightforward. For the case d(v) = 2, we let
7 = (k,i) € G° and assume v = (0,7), then k = d(,v) and h := k; (k) with
Ei(h) =4/ Zlgzg ~ Cy+/|logh| as h — 0. An integration by part yields that k(h) ~
Ch+/|log h| and thus |log(k)| ~ |log h|. Then, since w(Z) = \/a;T;(h) ~ C+/|logh|,

O

we get the result. The same result holds if v = (L;, 7).

To prove that CC(M) A H is dense in H, we will now use Lemma 8.3,
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Fix R > 0. Forve Vandn > 1, set Oy rpn = Oy if d(v) > 2 and set
Ou.rn = {x € Oy : d(z,v) > n~'} if d(v) = 1. Then (i) of Lemma 8.3 is
satisfied.

Let us now check that (i) is satisfied. This has only to be checked for v € V
with d(v) = 1. Let EX be the unique edge adjacent to v. Without loss of generality
we will suppose that v = (0,i). We then have that O, r\Oy rn =]0,n"[x{i}.
To prove that Cap(O, r\Oy r.n) — 0. In this case, fix A > 0 such that A < R

and A < 2L and take (for n > A7Y), g,(k) = 1if k < n~! and gu(k) = 0

if K > A and g,(k) = % if n7! <k < A. Then Cap(Oy . g\Ouv.pn) <

2
:,1 de""s:—l (lo(gl(ozz;;(ﬁ(gg()n;ig(k) dk which converges to 0 as n — 0.
This proves (i)

To check (%ii), we shall use Lemma 8.1. for the open sets Oy g, © Bp,1, with
m = d(v). For each v, R,n, we define an extension @ of WOy, 5.+ defined on By, 1.
By a slight abuse of notation, we set identify v as 0 in the definition of B,, ; and
keep the labels of I(v) to identify the branches of By, 1.

If m = d(v) =1 then recall that By ; = R. O, g, is an open interval ]I, [ and
we let w(k) = w(l) €]0,00[ if ¥ <! and @(k) = w(r) €]0,0[ if & > r. The @ is
continuous and positive, and it thus belongs to the class As.

If m = d(v) =2, for i € I (v), Oy pn N EF is an open interval ]0,r[ (with
r = (2L;/3) A R) and for k > r, we set w(k,i) = w(r,i) €]0, 0] and @(v) = 0. For
i€ I7(v), Op.rn 0 ES is an open interval |, L;[ (with | = L; — (2L;/3) A R) and
we set

(ki) w(L; — k,i) €]0,00[ for0<k<L;—1
WK, ) = .
w(g,1) €]0, 00 for k> L;—1

and @(v) = co. This defines @ on By, ;. It remains to check that for ¢ # j in I(v),
we have that w; ; belongs to the class Ay. Note that lim,_,, @; j(x) = . Since
wi j(x) ~ cv/log(k) as k := d(xz,v) — 0, it is a simple exercise to show that @; ;
belongs to the class As.

Then Lemma 8.3 can be applied. This proves that W (GY,w) = H}(G",w). Let
feH and g e W(G° w) defined as above by g(k,i) = (k71 (K),4) if (k,i) € ES
and g(v) = f(v) if v € G°. Since W(G%,w) = H}(G",w), for all € > 0 there is
ge € Co(G®) n W(G°,w) such that lg — gellw (o) <€ Set fe(h,i) = ge(ki(h), i) if
(h,i) € Ei, f.(v) = ge(v) if ve VO and f.(v) = 0if v € V\Vy. Then f. € Co(M) nH
and |f = feliz = |9 = gelw(cow) <e O

8.3. Regularity for Section 6. To prove the regularity we can apply directly
Lemma 8.2 since our state space will already be an open subset of Bss. Set I :=

{1,2,3,4}. Recall that M = U;e;C; is constituted of four cones glued along one
edge. Set My :={ye M : yyo > 0}.

8.3.1. The space H. Recall that for t €]0, 1[
/2

E(t) = f V1 — 2sin? 0df (8.3)
0

a(t)(1+t2)
22

/2 do
k() = J;) \/1—tQSiH26"
alt)=1- [E('((i)) and At)y=1-—
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For y € UierCh, let t(y) = % Then t(y) = £ for y € CruCsand t(y) =&

<
)

for y € 60'2 U Co'4.
For i € I, set m; the measure on C; with density hi(y)e*W(”y") with respect to
Lebesgue measure on C;, where

hi(y) = hs(y) = AV2|ya| K (t(y)):  ha(y) = ha(y) = 42| |K (t(y)).  (8.5)

For y € UicsCy, set a(y) = vy(Vr @ Vrr). We have that v, (23) = 2y?a(t) for
Y E Co’l, then,

10 —t2 )\ . o o
aly) = 0 1 + ‘;S;) ¢ 1 ifyeCi uCsandt = z—f; )
1 0 o -1 . ° ° ’
aly) = 01 + 25;) PR ifye Co vy andt=Z—;.

The eigenvalues of a(y) are 1 and A(t), with corresponding eigenvectors (y1, y2) and
(—y2,y1). lfie I and y € Cj, set a;(y) = a(y).
Let us now collect some asymptotics.

Lemma 8.6. Ast— 0",

s t2 4 . U t2 4 .
E(t)—2<1—4+0(t )), K(t)—2<1+4+0(t )), (8.7)
£ 2 3 2
ot) = 5 (1+0(?)); A(t) = 7 +0(8). (8.8)
Ast— 17,
E(t) = 1+ o(1); K(t) = —% log(1—1) +O(1):  (8.9)
2 —2
Proof. Asymptotics for F and K are standard, the others are simple consequences.
O

Let f e H. Forie I, the map f; := f|¢, is weakly differentiable on C; and, using
the change of variable formula (6.5), we have that

4 4
1£1% = Zf fPdin; + Zf al oy f,00 fidins. (8.11)
i=17Ci i—1YC:
Set Q :=]0,+00[xBy1 € Byz2, ; := Qn E; for i f Iand Q;; == Qn E;; for
d
1 # j € I. Let us remark from Lemma 8.6 that Z := J B < +00. Set
0 (14 u?)\/A(u)
¢ = 57 and define ¢ : [0,1] — [0, 5] by
1
d
p(t) = Cf —_— (8.12)
¢ (1 +u?)y/A(u)

Define z : UL & -0, +00[2 by
2(y) = ly| (cos p(t(y)), singp (i(y))) - (8.13)

Note that for all i € I, z; = 2¢, is one to one.
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For g : © — R define F(g) : My — R by F(g)(y) = g(z(y),i) if y € C; and
F(9)(y) = g(y,0) if y € D*. For f : M — R (or for f : My, — R), define
G(f) : © — R such that if (z,i) € Q;, then G(f)(z,4) = fi oz *(z) and if z > 0,
then G(f)(#,0) = f(z). Then, Go F(g) = g and we have that g € C.(Q) if and only
if F(g) € Ce(Mo).

Define k : [0, 2[— RT U {00} by k(0) = 0 and, for ¢ €]0, 5[ and ¢ = ¢~ '(¢),

42K (1)A/A(t)
eV1+t2
For z = r(cos ¢, sin ¢) with (r, ¢) €]0,0[x [0, T [, set w(z,i) := re~V (I k(4) and

’ 2

bz i) = ((2052(;5—1-02 sin?¢  (1—¢?) sinqbcos¢) _ Ry (1 0> R,

(1—c?)singcosp sin® ¢ + c? cos? ¢ 0 c?

k(¢) := (8.14)

where Ry is the matrix associated to the rotation of angle ¢,

Ry = (c9s¢ —sin¢> -

sing  cos¢

Let f € H and g = G(f). The change of variable z = z;(y) on each C; yields

HfH2 = ZJ (z,1)w(z,7)dz + ZJ (2,9)0kg(2,1)009(z,1)w(z,1)dz. (8.15)

Recall that the norm on W1(Q,w) is given by

4
gl o,w) = ZJ (9°(2,0) + |Vg(z,1)*)w(z,1)dz. (8.16)
i=1Y%

We thus get that
(1 A gl w < 115 < Qv Aglivi @ (8.17)
Lemma 8.7. f € H if and only if G(f) € WH(Q,w).

Proof. In this proof, we fix f : M — R and we set g := G(f). If f € H, then for each
i, f; is weakly differentiable on C; and gja, is weakly differentiable on €2;. And (8.17)
show that g; := g|q, € WL(Q;,w;), where w; = Wi, Moreover, if O be a bounded
open set in ; ;, then g0, € H'(0;), gj0, € H'(O;) and coincide on O n Ey. Since
w is bounded from below on O, this implies that g0 € H'(0) > W'(O,w; ;). We
thus have that g|q, € W9, j,w; ;), which proves that g € W (Q,w).

On the converse, if g € W(Q,w), then using that fom = F(g) o and (8.17),
WehavefoweHl(m)andsofeﬁ. O

Lemma 8.8. H}(Q,w) = W(Q,w)

We use Lemma 8.2 to prove this lemma.

This lemma shows the density of C.(M) n H in H. Indeed, F : H — WH(Q,w)
and G : Wl(Q w) are continuous mappings and if g € C.(Q) n WHQ,w) then
F(g) € Co(M )m H. Therefore, if f € H and g = G(f), there is a sequence
gn € Cc(2) N Wl(Q ) approximating ¢ in Wl(Q,w) and so f, = F(gn) is a
sequence in C.(M ) nH approximating f in H.
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Proof of Lemma 8.8. For R > 0, recall that Qr = {z € Q : |2| < R} and define, for
n=1, Qpy:={(rcos¢,rsing,i): (r,¢,i) €0, R[x[0, 5 — %[XI}.

In order to apply Lemma 8.2, we have to check that (3), (i) and (%ii) are satisfied.
Item (i) is clearly satisfied.

To prove (ii), we construct a sequence of non negative functions (g,) on 2, such
that gn(2) = 1 in Qr,\Qr and lim, 4 ”971”%/1/1(9,“;) = 0. Let us first obtain

asymptotics for w.

Lemma 8.9. We have, as ¢ — 3, k(¢) ~ 2%(3 — ¢).

Proof. Using Lemma 8.6 and Equation (8.12), we have that I — ¢(t) ~ 2%t as

V3
t — 0%. Thus, since ¢ = (t), we have t ~ g(g —¢) as ¢ — 5. From Lemma
8.6 and Equation (8.14), we obtain k(¢) ~ T3¢ ~ 3T(T _ ¢) as ¢ — I~ O

Using this Lemma, we can fix 0 < ¢o < 5 and c¢o > 0 such that 0 < k(¢) <

co(5 — @) for all ¢ € [¢o, 5]. Then we define f; :]0, +oo[— R, fo,, : [0, F[— R by

1 forr < R
filr)={2-% for R<r<2R, (8.18)
0 for2R<r
0 for 0 < (]5 < (b()
In(§ —¢)—In(§—¢o) x
Fan(®) = T ey frde<e<i-g (8.19)
1 for 2 —1<¢

For i € I and z = r(cos(¢),sin(¢)) €]0, +o0[?, set gn(2,i) = f1(r)fan(¢). We
then have

1902100y = 4 L (62(2) + [Vau(2) Pw(2)dz. (8.20)
Since [Vga ()2 = (F)2(r) f2.(6) + = F2(r) (fh.n)2(6), we have
2R z
fQ G = [ e e | 13, @)k (3.21)
1 2R 0 g
f Vg (2) P (2)dz = f 22V Odr (7 12 (9)k(6)dd
(o 0 b0
2R z
| e ar L o (@)2k(S)dd. (8.22)

The integrals involving f; are finite and does not depend on n. For f,,,, we have

s
2

"ok <[ 2.0 (5 -0)do (5.23)
®o %o
~ ( | @G -o)der | (5-9) d¢> (8.24)

F (In(§ —¢) ~In(5 —60)\* (7
<<J< 1n<;>—1n<;—¢0>0) (2‘(‘5)6’“271#)'
(8.25)

_1
n
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Thus, lim,, 1 2 f3,,(6)k(¢)dé = 0. We also have

o
2

3=

[[ oo <e [ w070 (5 -0) a0 (5.36)
_ co F=n dg

~ (In(n-1) — In(Z — ¢g))2 JO T4 (8.27)

T (8.28)

< .
|In(n=") —In(5 — ¢o)|

Thus, lim,,—, 4o Sfﬂ (f3.,(¢))?k(¢)d¢ = 0 and then lim,,_, Hg"”%/[/l(ﬂ,w) = 0. Item
(i) is proven.

To prove (iii), we apply Lemma 8.1. Let us first define an extension @, g to
By of w which coincide with w on Qg ,,. We define &, : [-m, 7] = RT U {0} by

k(l#]) forgbe[_g_i_%’g_%]

hn(9) = {kz(g — 1) elsewhere, (8:29)

and define the weight @, p : Byo — RT by @, p(2,i) := re"W Bk, (4) where
z = (rcos¢,rsing) with (r,¢,7) € RT x [—m, 7] x I. Then, @, r coincide with
w on Qg,. Note that for ¢ # j, the restriction of @, r to E;; (identified with
R?) does not depend on i and j. Denote this common measure wn,r and set
wy, : R?2 > RT U {+ow0}, defined by w,(z) = 7k, (¢) where 2z = r(cos ¢,sin ¢) € R?.
Since, 0 < inf,~ge WA < SUup,.-g eW(rnR) wn,r belongs to the class Ay if and
only if w,, belongs to the class A,.
Define for p > 0, z € R?,

1 1
C(z,p) = —J, w f .
20t Jpe) B Wn

where B(z, p) is the ball at center z and radius p.
Let us first obtain asymptotics for w,,.

Lemma 8.10. We have, as ¢ — 0+, k(¢) ~ 2% [log (¢)|1/2.
Proof. For ¢ > 0 close to 0 and t = ¢~ !(¢), set § := 1 —t. We have

1 du 0 du
= CJH (11 a?)/hu) Cfo RSN

As u — 07T, using Lemma 8.6, we get /(1 —u) ~ ‘;/5( ) and thus as ¢ — 07,
n{u

by integration by parts

C 6 C
b ~ ﬁJ; VITog(uldu ~ 3555/ Tog (8] (8.31)

This entails that log(d) ~ log(¢). It is straigthforward, using Lemma 8.6 again,

that K(t)A/A(t) ~ %4/|10g(5)|. Then we obtain that k(¢) ~ 5+/|log(0)] ~
52/ 1og(@)]- D

Let us now prove the condition A2 for w,.

Lemma 8.11. w, satisfies the Ay-Muckenhoupt condition: sup, ,C(z, p) < +00.
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Proof of Lemma 8.11. Note that k,, is a continuous positive function on [—m, 7]\{0}.
Lemma 8.10 shows that k;,(¢) ~ 5+/|log[¢[|(1+0(1)) as ¢ — 0. Thus the integrals
§" _kn(¢)do and §" k() 'd¢ are finite and w,, and w,* are locally integrable on
R2. Therefore (2,p) — C(z,p) is a continuous function. Note also that for A > 0
and 2z € R?, w,(A2) = A\w,(2), then C(Az,A\p) = C(z,p). This leaves two cases to
investigate: z=0,p=1or|z| =1, p>0.

For z =0, p =1, we have

1
C(0,1 =—J wnJ f J 8.32
©.1) U B(0,1) B(0,1) Wn " 32 -7 ( )

Obviously, C(0,p) = C(0,1) = C,, < 40 does not depend on p.

For the second case, fix p > 0 and z = (cos ¢, sin ¢), with ¢ € [—m,7]. If p > ;
since B(z,p) € B(0,p + 1), we get C(z,p) < W;#Cn < 31C,. If p < 3, we set
0 = arcsin(p) €]0, [. We have B(z,p) c T(z,p) := {z = r(cost,siny); (r,¢) €
[1—p,1+p] x[p—0,¢+ 0]} We obtain

1+p ¢+0 9 »+0
f Wn < J Wy = J rzdrf kn==0Bp+ pg)J kn, (8.33)
B(z.p) T(z.p) 1-p 60 3 60

1 1 P+0
oz = 2l i 3
B(z,p) Wn T(z,p) Wn $—0 kn
Then we get (setting co = 52 )
AB+p%) (o0 o0 1 P I
C(va) < o 2.3 kn ((bv ) . - 5 k., il
3mep Jo—o ¢—0 En sin(6)? Jy_g o0 kn

(8.35)
The function (¢, 0) — D(#,0) is continuous on [—m, 7] x]0, §]. Let us now show
that D is bounded in a neighborhood of § = 0+. Note that
2 q k’l’L 3 _ k-n
Acot” SUPg—0.9+0] Fn _ o SUP9—0.6+0]

D(6,0) < — : < 8cp-
( ) sm(9)2 1nf[¢,g,¢+g] kin 0 lnf[¢,9’¢+9] kn

(8.36)

since ﬁ <2 forall § € [0, T].
Fix 6y €]0, §[. We have sup(g g\e[xx]x[00, 2] D(#,0) < 0. From Lemma 8.10,
we get that there are 0 < ¢; < C7 and 0 < ¢ < C5 such that

C1 Skn(gb) < Cl, for ¢ € [—71'77'(']\[—90, 90] (837)

c2v/|1og(|oD)] <kn(¢) = k() < Ca/|log(|8])], for ¢ € [=300,300].  (8.38)
Let 0 < 6. Without loss of generality, we assume that ¢ € [0,7]. If ¢ — 60 = 0y,
we get [¢ —0,¢ + 0] < [0, ™ + Op] and we get, using (8.37), D(¢,0) < %.
If $—0 < Oy, then [¢—0, p+60] = [—0p, 30p], and we consider again two subcases.
First subcase: ¢ > 20, let u:= ¢ + 6 > 30,

D(6,0) < S0 (10g(“ - 29)>é < 8002 (1 s =5 29)) (8.39)

C log(u) C2 log(u)

1 1
< 8coCo L+ log(1 — %) 2 < 8coCo 1+ log(%) 2 .
Co log(u) o log(36p)

(8.40)
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In the second subcase we have ¢ < 26. We start back from (8.35):

o ¢+0 o+0 q 30 36 1
< — n = . 41
D(¢.9) Sin(ﬁ)QL k JO ko < Go(0) sin(0 J J (8.41)

(s is a continuous function on ]0,6y] and as # — 07, we get (using Lemma 8.10
36

kn(o)do ~ 30 —log(30) (8.42)
0 2c
k()" Ldp ~ 66— 8.43
[ttt ~ et (5.43)
Thus limg_,g+ Co(0) = 18. Finally, this gives us the result. O

With Lemma 8.11, conditions of Lemma 8.1 are satisfied and condition (¢ii) of
Lemma 8.2 holds. Therefore, W(Q,w) = H}(Q,w). O
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