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Abstract

We consider minimizers of the energy

[ 1 a2z — 12 1 .
E-(u) .—/Q [2]Vu| +4€2(|u| 1)}dw—|—2€$ (mW(u,g)ds, u:Q—->C,0<s <1,

in a two-dimensional domain €2, with weak anchoring potential

1
W(u.g) == 5 (luf = 1) + ((u.9) — cosa)*, 0 < @ < Z.

This functional was previously derived as a thin-film limit of the Landau-de Gennes energy, assum-
ing weak anchoring on the boundary favoring a nematic director lying along a cone of fixed aperture,
centered at the normal vector to the boundary.

In the regime where s [a? + (7 — «)?] < 7% /2, any limiting map u, : 2 — S! has only boundary
vortices, where its phase jumps by either 2« (light boojums) or 2(7 — «) (heavy boojums).

Our main result is the fine-scale description of the light boojums.

1 Introduction

In this paper, we consider minimizers of the following two-dimensional variational functional of Gin-
zburg-Landau type:
B.(u) = /Q B|Vu\2 + 4—;@\2 _ 1)2} d + % [ W) as L)
Here,
1. Q C R?isasmooth bounded domain, supposed for simplicity simply connected.
2. u: Q — R? ~ C belongs to the energy space H*(2; C).
3. W(u, g) is of the form

1
W (. g) i= 5 (ul* = 1)* + ((u,9) — cosa)’ 12

with g : 92 — S' is smooth, a € (0, 7/2) and (, ) the scalar product in R?.
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4. 0 < s < 1lisaparameter indicating the strength of the “anchoring term” W (u, g).

This problem was derived in [2] as a thin-film limit of the Landau-de Gennes (Q-tensorial) model of
nematic liquid crystals. Assuming the physical sample occupies a very thin cylinder over a planar do-
main ) C R?, and restricting to Q-tensors with a fixed eigenvalue in the vertical direction, Golovaty,
Montero, & Sternberg [7] proved that the three-dimensional Landau-de Gennes energy Gamma con-
verges to a two-dimensional Ginzburg-Landau functional. While the connection between nematics and
the Ginzburg-Landau energy has been well established, the allure of (1.1) arises from the boundary con-
dition imposed on minimizers, via energy penalization (or “weak anchoring”, in the parlance of liquid
crystals). Instead of imposing a Dirichlet condition on the Q-tensor which forces the nematic director to
align with the normal vector to the boundary, we may instead assume that it is energetically favorable
for the director to lie along a cone of prescribed aperture to the normal. This may be modeled at the
Landau-de Gennes level via a Rapini-Papoular surface energy [15], which in the thin-film limit appears
as the boundary integral present in E.. The given function g : 9Q — S!, which may be chosen arbitrar-
ily in the mathematical analysis of minimizers of E., in the physical derivation of the model is given by
the square g = 1% of the complex representation of the outward unit normal vector v = v + 115 to 9.
As W (u, g) > 0, with equality precisely when u = g e***, energy minimization favors u’s which lie, on
09, in the cone of aperture « around the vector g, and we expect to have u ~ ge**® on 92 “most of the
time”.

The asymptotic analysis of the energy of minimizers of E. was undertaken in [2]. Using the bad discs
construction as in [3, 14], adapted to problems with boundary penalization (see also [12, 1]), the authors
derived a uniform upper bound on the energy of the minimizers u. in the complement of a finite number
of small discs containing the defects. It follows from this preliminary analysis that any weak limit u,, of
u, is smooth away from a finite defect set &, and satisfies |u,| = 1in Q \ & and u, = ge*™on 99 \ &.

The novelty of this problem is that there are four classes of defects ( € & which might occur. As in
the Dirichlet problem for Ginzburg-Landau, one may observe interior vortices, of integer degree. For
boundary defects, there are three possibilities. First, u, may jump from u, = ge™* to u, = ge " (or
from ge™** to ge***) across a defect ( € 99, by following the shortest path on S', of length 2a. This
type of defect is termed a “light boojum” in [2]. Around (, minimizers u,. satisfy, in a fixed annulus
Arr(€) = [Br(¢) \ B,(¢)] N1, the estimate

E.(ue: A, g(0)) > 2 (%)2 ln§ +O(1). (1L3)

Here and in what follows, we set, for any open set G C €2,

1 1
E.(u;G ::/ l—Vzﬂ—i—— u2—12]dx+
(wiG)i= [ |51+ oy u =12 do o [

The second class of boundary defect are “heavy boojums”, for which w, jumps from u, = ge™ to
u, = ge™ by following the longer route on S', of length 2(m — «). The energy cost of such a defect is
estimated by

W (u, g) ds.

a2, R
E.(us; Arr(Q)) > 27 (1 - —> In—+ O(1). (1.4)
T r
By topological considerations, such heavy (or even heavier) boundary defects have to exist when the
boundary datum ¢ has non zero winding number (degree).
The third possibility is that of a boundary vortex for which the phase of u., jumps by an integer mul-
tiple of 2. However it is easily shown that one of these vortices are more costly than a pair of boojums,
one light and one heavy, and so these defects are never present in energy minimizers.

Define, for each o € (0,7/2),

C, = <%>2 + (1 — %)2 < 1.

The value of s C,, governs the nature of defects: there are only interior defects when s C,, > 1/2 and
only boundary defects when s C,, < 1/2. In particular, we have the following



Theorem 1. [2, Theorem 1.1 (b)] Assume s C, < 1/2and D := deg(g,92) > 0. Let u. minimize E. in
H'(Q; C). Then

E.(u.) =27sC,D|lne| + O(1), (1.5)
and there exist a subsequencee = ¢,, — 0and 2D points (1, . . ., (op € OS2, ordered along the boundary
curve, such that:

1 .
1. Forevery( < o < 3 H;éln (i — (|, there exists K, such that
i#]

Ea (ua; Q \ UEU(C])) S Ka~ (1-6)

2. u. — u, weaklyin H. (Q\ {C1,...,Gp}), where u, € CHQ\ {Ci,. .., Cp};S) is a harmonic

map satisfying W (u., g) = 0on9Q \ {(1,...,Cp}-
3. Each (y;_ isalight boojum jumping from ge™ to ge~**, and each (; is a heavy boojum jumping

from ge ™" to ge™.
In particular, we may write u, = ¢'**, where the phase ¢, is smooth in Q \ {(;,...,(p}, and its
restriction to 00\ {(, . . ., (op } hasjump discontinuities of amplitude 2« at light boojums and 2(7 — a)

at heavy boojums.

Remark 1. A word about degree of g and the jumps at the boojums. We choose on 0f2 the positive,
conterclockwise, orientation. The degree and the jumps are considered with respect to this orientation.
Atalight boojum ¢, the limit of u, 5, on the left of ¢ (with respect to the positive orientation) is g({)e™;
on its right, g(¢)e™**. As we will see in the proof of Lemma 2, on small arcs Cz(¢) N Q, . essentially
increases, linearly in the polar angle, from 6, — a + o(1) to 6y + a + o(1), for an appropriate constant
0o = 0o(C) such that e = g(¢). Similarly, at a heavy boojum, the limits of .5 are respectively
g(¢)e ™ on the left of ¢ and ¢g(¢)e™* on the right of {, and the phase . essentially increases on small
arcs Cr(¢) N Q, linearly, from 6y + a + o(1) to fy + 27 — o + o(1). This monotonicity is determined by
our assumption deg g > 0. If deg g < 0, then the phase decreases on small arcs, and the side limits are
reversed. If deg g = 0, then there are no boojums at all.

A natural question concerning the boojums is to describe the local behavior of minimizers u. in a
neighborhood of each defect. From the analysis in [2], the natural scale of boundary defects seems to
be £°, determined by the strength of the penalization appearing with the boundary energy term. (Intu-
itively, the scale of a defect is the smallest scale at which one sees, after blowup, non constant functions.)
This suggests that boundary defects are significantly larger than interior vortices, which (as always) have
characteristiclength e. The goal of this paper is to confirm this intuition, via a fine-scale asymptotic anal-
ysis near a singularity. More specifically, our main result identifies the profile of . in a suitable O(¢)
blowup limit around a light boojum. As we will show in Theorem 2 below, to each choice of the aperture
a € (0,7/2) corresponds a unique non constant profile function, which satisfies an elliptic boundary
value problem in the half-plane.

To state the result, we first describe the blowup procedure. For any y € Q2and » > 0 we denote
w(y) = B,(y) N Q" L.7)
so that, for small r, we have r(y) = B,(y) N . Since J is smooth, there exists ry > 0 such that,
for every point y € 012, there exist a smooth diffeomorphism
U=U,: w,(y) — B, (0) :={z = (21,2) € Bi(0): z > 0} (1.8)
and a rotation R = R, such that:

L. ¥U(y)=0.

2. DU(y) = .

3. W is orientation preserving, and thus SR = (1,0), Rv = (0, —1), where 7 is the unit tangent to
02 at y for the direct orientation on 02 (respectively v is the unit outward normal at y to 2).

4. [|[D¥(z) —R|| < C|z —y|,V 2 € w.(y), uniformly in y.

3



Using ¥, we may blowup a map u : Q — C around a point y € 9 ata scale A\ < 1 by setting
(u)¥*(2) == u (\Ifl()\z)) ,Vze EIL/)\(O) ={z=(21,22) € El/,\(O); 29 > 0}. (1.9)
We may now state our main result.

Theorem 2. Let u. be minimizers of E. in H'(2;C) such that u. — wu, (possibly along a sequence
e = g, — 0), and assume that { € 992 is a light boojum defect of u.. Then there exists y. € 0 with
Y. — (¢ such that (with the notation in (1.9))

Ve 1= (%)ys,gs = g(Qwv (1.10)

locally uniformly on compact sets of RZ, where v := ¢", and ¢) € C(R2;R) is the unique (up to a
horizontal translation) locally minimizing solution of

A =0 in R?
g—qf = sin¢ (cosyh —cosa) onR ~ IR? (-1
satisfying
zll—igl:loow(ml’ 0) = Fa. (1.12)

Here, “locally minimizing” means

[ 9@+ = 0P+ [ (coste +) — cosa)? — (coss — cosa)?] 2 0
R2 R (1.13)
V¢ e CP(RY).
Equivalently, v minimizes, with respect to its own boundary value, the “local energy”, defined on
bounded open sets U C R? by

E(y;U) = %/UHVWQ] —i—%/R ~(cosy) — cosa)?. (1.14)

nU
The uniqueness statement in Theorem 2 is due to Cabré & Sola-Morales [6, Theorem 1.2, Theorem

1.5]: the system (1.11)—(1.12) has, up to horizontal translations, exactly one locally minimizing solution.

The idea of the proof is the following. We first show that |u.| is bounded away from zero in a neigh-
borhood of a light boojum. In order to prove this, we rely on the minimality of u.. More specifically, for
light boojums (, the total oscillation of the phase around ( is expected to be strictly less than 7; this is
verified along appropriate circular arcs in Lemma 2. The fact that u. does not vanish in a neighborhood
of ( is then obtained by means of a projection of the image of u.; see Lemmas 4 and 5.

Writing u. = p.e'¥*, we derive uniform a priori estimates near the boundary for the rescaled maps
u¥=<", the crucial estimate being
p. — 1 uniformly near ( ase — 0. (1.15)
These estimates rely on a variant of Boyarskii’s regularity theorem for elliptic systems (see [4, 5, 11]
and Lemma 6). They enable the passage to the limit after blowup. The limiting map is of the form e,

with 1 as in (1.11). The existence of blowup points y. such that (1.12) holds requires some work (see
Lemma 11.) The proof of Theorem 2 is then completed in Section 4.

Once the existence of a boundary “bad half-disc”, of characteristic size €%, as above, is proved, natural
questions concern its uniqueness, and the possible existence of interior bad discs. It turns out that, at
the characteristic scale €%, there are no other bad half-discs, and no interior bad discs.

Theorem 3. Let u,, ¢ and y. be as in Theorem 2.
1. Letz. € 002 be such that z. — ( and |2. — y.| > £°. Then there exists t € {—1, +1} such that, up
to a subsequence,

(1) — g(Q) e
uniformly on compacts of R%.

! Here and in what follows, B,.(y) (respectively C..(y)) is the open disc (respectively circle) of center y and radius .



2. Let z. € Qbe such that z. — ¢ and dist (z., 9) > £°. Then there exists a constant £ € S' such

that, up to a subsequence,
1 .
ue(e%(- — z¢)) = = (Q — 2°) — C converges to & uniformly on compacts of R,
(With more effort, it is possible to improve the conclusion of item 2 and obtain the convergence to a
constant at scales A\°, with ¢* < \° < dist (z.,002) < 1; however, we do not follow this route here.)

Corollary 1. Let u. and ¢ be as in Theorem 2. Consider a small fixed neighborhood V" of . For small ¢,
V contains exactly one bad disc, which is a boundary bad disc.

As was the case for Ginzburg-Landau with S'-valued Dirichlet conditions, one expects that Theo-
rem 1 gives the first term in an asymptotic expansion [3, 14] of the energy near its minimum, revealing a
renormalized energy which determines the locations of singularities. A recent result of Ignat & Kurzke
[8] proves such a lower bound expansion for a similar Ginzburg-Landau functional with boundary penal-
ization, arising in thin film ferromagnetism. These authors work within the context of I'-convergence
and weak Jacobians, and their method applies more generally to families with bounded energy rather
than minimizers, and with a more flexible relation between the boundary penalization and the length
scale parameter . However, their work also assumes that the energy cost of boundary defects is of a
much smaller scale than interior vortices, and hence it is complementary to our analysis. Moreover, our
primary interest in this paper is in the fine structure of solutions in the neighborhood of a singularity.

Our methods are limited to the analysis of light boojums. We do not know what happens near a heavy
boojum. As explained above, our proof relies heavily on a projection method (Lemma4), whose conclusion
is that |u.| is far away from zero near a boundary defect ¢, and whose proof requires that the phase turns
by less than 7 around (; this is indeed the case when ( is a light boojum. If we take for granted that |u.|
is far away from zero near ¢, then actually |u.| — 1 uniformly near ( (see (1.15)) — this part of the proof
does not see the difference between light and heavy boojums. In a neighborhood of a heavy boojum, the
phase turns by 2(m — «) > 7, and hence our method of proof does not apply. Topologically, there is
no need for u. to vanish at a heavy boojum, and indeed the upper bound construction in [2] is achieved
with S'-valued maps for both species of boojums. However, numerical evidence in [2] suggests that |u,|
may not tend to 1 uniformly near a heavy boojum, by contrast with the case of light boojums. If this is
indeed the case, then, as explained above, u. gets close to 0 near a heavy boojum, making life inside the
heavy boojums of a different nature...
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2 Refining the convergence u. — wu,

In this section we re-examine some of the convergence arguments in [2] to obtain a more precise de-
scription of ..

2.1 Basicfacts

First, we review some basic estimates and constructions related to minimizers. For fixed ¢ > 0, mini-
mizers of E. in H'(Q); C) exist and satisfy the Euler-Lagrange equations

—Au+l2(|u|2—1)u:0 in Q

£ . (2.1)
ou 1
5y, =5 ((Jul® = Dut [(u,9) — cosalg) =0 on 00



We next recall some a priori bounds obtained in [2, Lemma 3.2] for minimizers of F. and, more
generally, for solutions of (2.1) satisfying the natural energy bound E.(u.) < K|lne|. Forany 0 < s <
1, such u.’s satisfy:

lim ||uel|oo = 1, (2.2)
e—0

3C4 > 0such that |Vu.(z)] < %, VeeQ,V0o<e<l. (2.3)

2.2 Refined bad discs construction

For 0 < ¢ < 1, minimizers u. will satisfy |u.| ~ 1in Q and W (u,., g) ~ 0 on 0f), except for a finite
number of “bad discs”, which converge to the defects which are observed in the ¢ — 0 limit. Following
the classical n-compactness techniques [3, 14] for the Ginzburg-Landau functional, for any a € (0,1/2)
one constructs a finite disjoint collection { B’} ,_; . of open discs, whose number N. < Ny(a, g, s, )
is uniformly bounded, satisfying

{x € |u(x)]* < 1— a\/_} U {z € 09 W (u.(x) )>a’} C U B, (2.4)

The “interior” bad discs, centered at points in €2, have radius ke, for a constant k = k(a, g,92) >
0. The remaining, “boundary” bad discs, centered at points on 0f), are larger, with radius kc*; see [2,
Lemma 4.4] for details.

By including the interior bad discs at distance ~ ¢ from the boundary into (artificial) boundary bad
discs, merging the interior bad discs at relative distance = ¢, respectively merging the boundary bad
discs with the other (interior or boundary) bad discs at distance = £° and increasing the value of k, we
may also assume that:

1. The distance from an interior bad disc to the boundary is > °.

2. The distance between any two interior bad discs is > «.

3. The distance from a boundary bad disc to any other (interior or boundary) bad disc is > &°.

4. Possiblyup toasubsequencee, — 0, the number ofbad discs B7 and their type for fixed j (interior
or boundary) is the same for each ¢.

We now briefly revisit the construction in [2] in order to define the topological invariants associated

with the bad discs.

We first consider an interior bad disc B/ = By (5), for which we set d; := deg(u., OB’). Let us
note that d; is invariant in the following sense. If r > ke, B,(75) C 2 and B, (z5) does not intersect
any bad dlSC except BY, then d; = deg(u., dB,(x5)). By (2.3), d; is uniformly bounded and thus, up to
a subsequence, it does not depend one.

The case of a boundary bad disc B/ = By..+(25) is more involved. To such a disc, we associate two
invariants, n; € Nand 7; € {-1,0, 1}, as follows. Assume that 25 — ( € 9. Locally on 02 near
¢, write g = €7, with smooth 7. Fix 0 < r < R such that B/ C B,(5) and such that the closed
annularregion A, r(z5) is disjoint from any of the other bad discs. When Ris sufficiently small, A, z(z5)
is simply connected and 9Q N A, z(z¢) %) consists of two arcs, FiR, with T}, “on the right” of 25 with
respect to the direct orientation of 8(2 By deﬁmtlon of bad discs and the choice of r and R, We have
lue| > 1 —+/2a > 0in A, g(25) ¢)and W(uc,v) < a® on Ff . Thus we may write u. = fe'¥ in A, g(2%) %),
with f >0, f,1 € C'. Set 1/1* Qz}‘riR Then, by [2, Lemma 5.1], for a sufficiently small, for each of the
two boundary arcs FiR, we may find integers t* € {—1,1} and m* € Z such that

‘wi—fy—ti 27rmﬂ<C’aonFrR; (2.5)
this is equivalent to u. ~ ge"* on FiR If a is sufficiently small, then C,a < /2, and then t* and m*
in (2.5) are unique. We may then setn; ;== m*™ —m~ € Zand 7; := (1/2) [tT —t7] € {—1,0, 1}; these
integers describe the winding of the phase of u. around a boundary bad disc centered at 25 € 950.

It is not clear at this stage that the integers n; are uniformly bounded. However, the analysis in [2]



(see the proof of Theorem 1.1 there) shows that this is indeed the case, and thus we may assume that n;
and 7; do not depend on ¢.

We now introduce the ad hoc notion of “essential” bad discs: these are either interior bad discs with
d; # 0, or boundary bad discs with (7;, ;) # (0, 0).

Lemmal. Let g, D, u., u,, (1, ..., (op be as in Theorem 1. Then
1. Foreverysmallo > 0and forevery ¢ = 1,...,2D, B,({;) N Q contains exactly one essential bad
disc.
2. This bad disc is a boundary bad disc, of the form B? = B, (z5), with 5 € 99, 25 — (.
3. If (; is alight boojum, then 7; = —1and n; = 0.
4. 1f (; is a heavy boojum, then 7; = 1and n; = 1.

In other words, the limiting defects (; are “simple”, in the sense that each one is the limit of a single
essential bad disc, which carries the same topological type. Thus, one cannot have interior discs with
nonzero degree colliding with 02 as ¢ — 0, nor can one observe the merging of essential boundary
defects in the limit. In particular, the bad disc in Corollary 1 is an essential bad disc.

This phenomenon is not specific to our particular problem, and the above lemma can be adapted to
similar situations where the number of bad discs is bounded and the upper bound on the energy matches
the lower bound up to terms of order one.

Proof. The conclusion of the lemma essentially follows from the method of discs expansion and fusion
in [9, 13]. Such a procedure is followed in the proof of Lemma 7.1 of [2]: the bad discs (centered at 5 € %))
are expanded in time ¢ > 1, with radii R,(¢), from a “seed size” R;(1), which is initially equal to the bad
disc radius ke® (for boundary discs) or ke (for interior discs), by setting
Ri(t) = t'/5ke  for an interior bad disc
7 Ytke  for aboundary bad disc |

The expansion phase yields a lower bound, depending on ¢, for the energy of u. in the union of the
annuli Ag;(1),r;(+)(25). This lower bound is obtained by applying the adapted analogues of the lower
bounds (1. 3) (1.4) around each bad disc B’ (see [2, formula (6.1)] for the precise lower bound). The (first
step of this) process stops when either two expanded bad discs collide, or an expanded interior bad disc

touches 0f2. By the assumption on the mutual position of the bad discs, the collision time #(¢) goes to
coase — 0.

At the end of this expansion phase, the lower bound for the energy is

5(“67UAR D ) |:ZQ7T (n] T;> +y = dﬂ Int(s) — K 06

>21Cy D Int(e) — K,
where the first sum on the right-hand side of (2.6) is over the boundary bad discs, and the second one
over the interior bad discs (see [2, formula (7.5)] for the first inequality in (2.6), and [2, Lemma 6.3] for
the second one). Furthermore, by investigating the equality case in

ZQ?T(TLJ—T]W> Z d2>27rC’ D,

(see [2, proof of Theorem 1.1]), we ﬁnd that the conclusion of (2.6) can be improved to

E. (us; UARj(l),Rj(t(e))(ij)) > 27 Cy D +9) Int(e) — K, (2.7)
J

for some constant § > 0, unless there are exactly 2D essential discs, each on the boundary, satisfying items 1-4
of the lemma.

The next step is fusion (merging). This is explained in [2, proof of Lemma 7.1] when an expanded
bad disc hits an expanded boundary bad disc. When an expanded interior bad disc B, (c))(«5) hits



the boundary at some point y5. We then replace it by Bag, (1(c)) (¥;), that we treat in the next steps as a
boundary bad disc. (The fusion of interior bad discs was already described in [9, 13].)

Once the touching expanded bad discs are merged, we start a new expansion phase, then a fusion
one, and so on; we end up with a single bad disc around each singularity. Assuming that Lemma 1
does not hold, we may keep the extra term § In¢(¢) during all steps and improve the conclusion of [2,
Lemma 7.1] from

_@<%ijgg@gmm>22mzlnng—h; 2.8)

to K
&(%iﬂ&ﬂ@ﬂ@)22ﬂgDm§+6md@—K@ 2.9)
However, foér small ¢ the lower bound (2.9) contradicts the global upper bound (1.5). This contradic-
tion shows that items 14 hold and completes the proof of the lemma. O

Remark2. Using a similar argument, one may prove that the boundary vortices considered in [10] satisfy
the conclusion of [10, Theorem 4.2]. The final estimate in [10, proof of Theorem 4.2] seems too optimistic.
However, a weaker estimate, in the spirit of the above lemma, suffices to derive that result.

2.3 Variation of the phase

From the convergence stated in Theorem 1, along a sequence ¢ = ¢, — 0, we have u. — u. weakly in
HE(Q\A{¢, ..., Cp}), whereu, € CHQ\{{, ..., (p}; S is an S'-valued harmonic map in ), and,

on 0f), we have u, = ge**™ except at the defects (;, j = 1,. .., 2D. In particular, we may write
Uy = el ll’lﬁ\ {Clv ce ,CQD}), with Vs € Cl(ﬁ\ {(1, ce ,CQD}). (2.10)
Atany point ¢ € 0f), we may define the jump of ¢, at { by
J(Q) = $7(0) — 97 (), where p¥(C) i= lim . (2); Eh)

€N

as discussed in Remark 1, the side limits are calculated with respect to the positive orientation on 9f2.

If ¢ is not a boojum, then we have J({) = 0. By Theorem 1 item 3, across a light boojum we have
J(¢) = —2a and thus |J({)| < 7, while J({) = —2(7m — «) and |J({)| > 7 at a heavy boojum.

Away from fixed small neighborhoods of the boojums, we have, for small ¢, |u.| > 0, and thus we
may write, locally (and actually globally), u. = p.e*?<, with p. := |u.|and ¢. € C.

Lemma2. Let ( € 9 andlet §, € R be such that g(¢) = e%.

1. Forall sufficiently small 0 > 0, there exists R = R, € (0/2, o) such that, possibly along a further
subsequence € = ¢,, — 0, we have u. — u, uniformly on Cr(¢) N Q.

2. Lete = &, — Obeasinitem 1. For every § > 0, there exist @ > 0 and € > 0 such that, foroc < &
and £ < &, we may write u, = p.e**c on Cg,(¢) N, with

1 - 1 _
IOl =0 < max_|p. =0 — 2k7| < S|J(Q)] +9, (2.12)

R, (C)N

for some appropriate integer k = k. € Z.

Proof. 1. Choose o > 0 for which the annulus A,/ ,(¢) does not contain any of the boojums (j,, with
k = 1,...,2D. By the global bound (1.5) on the energy, Tonelli’s theorem and Fatou’s lemma, there
exists R = R, € (0/2,0) with

1 1
limsup/ - |:§|VUE‘2 + 4—2(|U€|2 — 1)2:| dSR S limsup
Cr(()NQ &

e—0 e—0

/ Ec(us; Aya0(Q)) < C, 2.13)
Cr(¢) )

nQ /2
along a sequencee = ¢, — 0.



Hence, w. is uniformly bounded in H'(Cr(¢) N ©2) and thus, along a further subsequence, we have
ue — uy uniformly on Cr(¢) N €.
2. In view of item 1, it suffices to prove that, with ¢, as in (2.10), there exists some fixed integer k € 7Z
such that
lim max_|@, — 2km — 0| ——|J( )], V¢ € 00 (2.14)
R=0 Cr((ONQ
When ( is not a defect, this is clear. Assume next that ( is a defect. For the sake of concreteness,
we consider the case of a light boojum; the case of heavy boojums is similar. With no loss of generality,
we may assume that ( = 0 and that the oriented unit tangent to 92 at ( = 0is 7 = (1,0). Denote
J = J(0) = —2a. Let ®(r,0) := (r cosd,r sinf). For sufficiently small o, we have
B,(0)NQ = w,(0) =P (w,(0)), withw,(0) :={(r,0); 0 <r <o, 0_(r) <0 <0.(r)}; (2.15)
here, 0. (r) are differentiable and satisfy

0_(r)=0(r), 0.(r) =7+ O(r). (2.16)
For0 <r <o,0_(r) <0 <6,.(r)andz := ®(r,0) € w,(0) \ {0}, set
M@::—£0+¢ﬂ®amhh:¢*—h. (2.17)
T
We next note that ¢ has the following properties.
¢ is harmonic in w, (0) and continuous in w,(0) \ {0}, (2.18)
1 restricted to [Ow,(0)] \ {0} has a continuous extension (still denoted 1)) to dw, (0), (2.19)
and this extension satisfies ¢/(0) = 0. (2.20)

(Property (2.19) follows from the fact that, thanks to the definition (2.17), h makes the same jump across
¢ =0as,.)

We will see below that, under the assumptions (2.18)—(2.19), ¥ has a removable singularity at the
origin, i.e., ¢ can be extended as a continuous function to w, (0). Assuming this, we conclude the proof
of item 2 as follows. On the one hand, since e (0) — g(0)e "*(see Theorem 1), there exists some k € Z
such that ¢} (0) = 6y + 2km — «, and therefore (again, by Theorem 1) ¢, (0) = 0y + 2k7 + . We next
observe that h is increasing in 6 for fixed r, and, by (2.16), (2.17) and the (granted) continuity of ¢, the
restriction of b to Cr(¢) N € takes values in an interval of the form

[0 (0) + o(1), 0, (0) + o(1)] = [0y + 2km — a + 0(1), 0y + 2kT + o + o(1)]

1 1
0o + 2km + §J+o(1),90 + 2km — §J+0(1) as R — 0.

This implies (2.14) and thus (via item 1) (2.12).

It remains to show that the function v above is continuous at the boundary point ¢ = 0. First, we
observe that, by Corollary 7.2 of [2], there exists a constant ¢y = ¢((g, a, 2) such that for, all fixed r,
0 < r < o, we have the upper bound

1

— Vu,|? < liminf E.(u.; A, (0
3 1T S it (s 4,.(0)

_ 1
< lim iglf Eo(ug; 2\ U;B(¢5)) < 2msCyIn — + ¢. (2.21)
E— T
Note that, by (2.21), (2.17) and the fact that |[V0| = 1/r, the function ¢ satisfies an upper bound of the
same form,

1
/ IVY|? < epln = + ¢y, (2.22)
Ar.o(0) r

with constants ¢y, ¢, which are independent of r € (0, o).

_ Consider a conformal bi-Lipschitz transformation = : Q — Z(Q), which maps the origin into itself,
{2 into a region contained in the upper half plane, and straightens the boundary near the origin. With
no loss of generality, we may assume that Z(0Q2 N B,(0)) C R x {0} ~ R. Choose r; > 0 such that



B (0) := B, (0) N {Imz > 0} C ZE(w,(0)). Since Z is bi-Lipschitz, there exists a constant ¢ < 1,
independent of r < ry, such that

=Y (B (0)\ By (0)) C A (0) C wy(0). (2.23)

Forz € = (wa( )> \ {0}, define v(2) := ¥(Z7'(2)). Using (2.18)-(2.19), (2.23) and the conformal
invariance of the Dirichlet integral, we find that

v is harmonic in B;’ (0) and continuous in B+( )\ {0}; (2.24)

v restricted to [0B; (0)] \ {0} has a continuous extension to 9B, (0); (2.25)
1

/ Vo] < coln = + cs, (2.26)
+ \B+ T

with c3 independent of r.

In order to complete the proof of the lemma, it suffices to show that, under the assumptions (2.24)-
(2.26), v has an extension continuous up to the origin.

By (2.26), there exists a sequence {p; } such that 0 < p; <,V j, p; = 0and

2
/ Vo2 < 22 v (2.27)
Cp,; (0)n{Im z>0} Pj

((2.27) is easily obtained, via (2.26), by arguing by contradiction.) By (2.27) and Cauchy-Schwarz, the
oscillation osc of v on C,,,(0) N {Im 2 > 0} satisfies

1/2
osc (v, Cp, (0) N {Im z > 0}) < / V| < (mp;)"/? / |Vol?
' Cp, (0)N{Im 220} Cp, (0)N{Im 220} (2.28)

§ (277'02)1/2.
Combining (2.28) with the fact that v is uniformly bounded at the endpoints of C,, (0) N {Im z > 0},
we find that v is uniformly bounded on €, (0) N {Im z > 0}. The maximum principle applied to v in

B (0)\B,,(0) implies that v is bounded in the closure of this set, with bounds independent of ;. Letting
Jj — 00, we find that v is bounded in B+( )\ {0}.

Next, let v be the continuous function on 0B; (0) which agrees with v outside the origin, and let
w be the harmonic extension of v to B, (0) (so that w is continuous up to the boundary). In order to

conclude, it suffices to prove that V' := v — w vanishes everywhere in B (0 B (0)\ {0}. In turn, the equality
V' = 01is a consequence of the following straightforward properties of v

V is harmonic in B’ (0) and continuous and bounded in B+( )\ {0}, (2.29)
V vanishes everywhere on 9B; (0) \ {0}. (2.30)
Indeed, let 6 > 0 and set

Vo(z):=V(z) =6 In lri|’ Va e B/ (0)\ {0}.

By (2.29)-(2.30), V? is harmonic in B} (0) and continuous in B} (0) \ {0}, lim, o V?(x) = oo and

V> 00ndB;!(0)\ {0}. By the maximum (or rather minimum) principle, we have V° > 0in B;: (0) \
{0}. By letting 6 — 0, we find that V' > 0. Similarly, by considering

x— V(x )—|—5ln| il , Vo e B} (0)\ {0}, Vd >0,

we find that V < 0in B+( )\ {0}, whence the conclusion V = 0in B, (0) \ {0}.
The proof of Lemma 2 is complete. O

Remark 3. The argument used to establish item 2 proves a property of u, near the defects which is com-
mon in the Ginzburg-Landau theory. More specifically, assume e.g. that ( is a light boojum. Assume
moreover that the unit tangent vector to J2 at { is (1, 0). Then the proof of Lemma 2 implies that, near
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¢, we may write

2a

Uy = etl=70-a] gl0o+v) ( T=6 ) e
|z — (] ’
where 6 is the polar angle as in (2.17) and ¢ is harmonic in w, (¢) and continuous in w, (¢), with ¥(¢) =
0o. This is the analogue of the canonical harmonic map in [3]. While we have only stated an estimate on
the oscillation of the phase . on circular arcs around a defect, in fact we have shown that the minimizer
u. closely resembles (up to a constant multiplicative factor) e, which interpolates the phase linearly
around the jump.

3 Blowup analysis

In this section, we derive the sharp estimates needed to justify the blowup at scale £° near a light boojum

C.

3.1 Localizing the image of . near a light boojum

Our first task in the proof of Theorem 2 will be to show that . is bounded away from zero in a neigh-
borhood of (. This is achieved by constructing, in Lemma 4, a convenient projection II which reduces
the energy inside wg((), for some convenient small R. We start with a preliminary remark.

Lemma3. Let ) C R™, U C R* 11 : U — R* be an L-Lipschitz function? and u € H. (€, U). Then
[Mou e HL.(Q,R¥)and
\V(IIow)| < L|Vu|a.e.in Q. 3.D)

Proof. We extend Il toan L-Lipschitz function on R", still denoted II. We are then in position to smooth
both v and IT (without increasing the Lipschitz constant of IT) and thus it suffices to prove (3.1) when both
wand IT are smooth. In this case, we have, with (e;) the canonical basis of R™,

2

Vu(e Zm“ —h Z\um—i—hej — u(x) |

and similarly for H ou. We ﬁnd that
(Mo w)(z + he;) — (Mo wu)(x)|?

V(e u)(z)” = flfi% h?
|u(z + he;) — u(z)? -
+ he; u(x
<121 ulr ] _ 72 2
L }HOZ L2 Vu(z))|
Lemma4. Consider o, 3,7, 0 > 0 such that

a+5<5<7<g, (3.2)

cosy +sind < cosa. (3.3)
Let

S§ := {e"; || < 6}. (3.4)
For0 < A < 1, set

U=Uy:={2€C; |2| <1+ A}, V=Vig:i={pe?1-A<p<14+\ |0 <5} (3.5

W =Wy, :={z=pe? €U; Rez >cos, || <7} C {2z €C;|z| > cosv}. (3.6)

2 Here and in what follows, Lipschitz constants are calculated with respect to the standard Euclidean norms.
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Then, for sufficiently small A (depending on «, 3, v and 6), there exists a function II : U — W such
that:

ITis 1-Lipschitz, (3.7)

I[I=IdonV, (3.8)

((w,T1(2)) — cosa)?® < ({w,z) —cosa)?, Vz € U, weES;,? 3.9

(1—|I(2)*)? < (1—2)* Vz € U. (3.10)
Proof. Set

Ul .= {z € U; Rez > 0}, U? .= {pew; 0<p<1+\|0<~v}C U'.

We will constructIT; : U — UYL, I, : Ut — U?, 113 : U? — W satisfying (3.7)-(3.10), for small A and

for z in the respective domain of definition for each map II;, j = 1, 2, 3. Then clearly IT := II3 o II, o I}
has all the required properties.

x + 1y, ifz >0

.Clearly, II; : U — U!
—r 4y, ifz <0 i

Step 1. Construction and properties of I1;. Welet IT; (x41y) := {

satisfies (3.7), (3.8) and (3.10).
We claim that (3.9) holds for IT; provided
(1+ A) sind < cosa (3.11)
(which, for small ), follows from (3.3)).

Indeed, we have to check (3.9) only for z = x4y € U, withz < 0. For such z and for w = w;+wws €
S;, we have

((w, =7 + 1) — cosa)? — ((w, x +1y) — cosa)® = —2w,x [2wyy — 2cos a], (3.12)
g
and thus (3.9) amounts to the following:
[+ e U <0 = wey < cosa. (3.13)
In turn, (3.13) follows from
woy < |wsl |z +2y| < (14 A) sind < cos a (by (3.11)).
Step 2. Construction and properties of I1y. If z+1y € U', then we may write z+1y = pe”, with0 < p < 1+
and —7/2 < 0 < 7/2. Set
6, if|f] <,
O [—nw/2,7/2] = [—7,v], PO):= <7, ify<6<m/2
—y, if —7w/2<0< —.
We let II (pe?) == pe®@, V0 < p <1+ \V —71/2/ < 60 < /2. Clearly, Il maps U" into U? and
satisfies (3.8) (since v > (3, by (3.2)) and (3.10).
We check (3.7) (for I1,). We actually claim that

‘pe@(e) — 7‘6@(“’)‘2 < |p619 - rew|2, Vrop>0,10] <7/2, |¢| <7/2. (3.14)
Indeed, with 6, © as above, (3.14) amounts to
cos(f — ) < cos (P(0) — P(p)) . (3.15)

Assuming, with no loss of generality, that § > ¢, (3.15) follows from
0<P(0)—P(p) <O—¢p <.
We next turn to the proof of (3.9) for II,. We have to prove that, for small \, we have
(pcos(®() — ) —cosa)® < (pcos(f—p)—cosa)®, VO < p < 14+, v < |0 < 71/2, |p| < 4. (3.16)
(Note that (3.16) becomes an equality when |#| < ~. We may thus assume that |0 > ~.)

3> Here and in what follows, (, ) denotes the real scalar product of complex numbers.
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With p, 6, ¢ as above, we have ®(p) = ¢ (since < 7, by (3.2)), and thus
(pcos(®(0) — ) — cosa)? — (pcos(f — @) — cosa)® = p[cos(P(A) — ) — cos(d — ¢)]

-~

>0, by (3.15)

X [pcos(P(0) — @) + pcos(d — ¢) —2cosal.

Therefore, (3.16) will follow from
pcos(P(0) — )+ pcos(f —p) <2cosa, VO< p <1+ A v <0 <7/2, |p] <. (3.17)
In turn, (3.17) is, via (3.15), a consequence of
pcos(P(0) — ) + pcos(d — ) < 2pcos(P(f) — ) <2(1+ A) cos(y —9)
< 2cos a for small A (by (3.2)).
In conclusion, I1, satisfies (3.7)—(3.10).

Step 3. Construction and properties of I13. If z + 1y € U?, we set [I3(x +1y) := {m ), fo - o8 7
cosy +y, ifx < cosy
Then I13 is 1-Lipschitz, since it is the nearest point projection on the convex set V.
On the other hand, we note that
r+wy €V = x> (1—\) cosf > cos~y for small A (by (3.2)),
and thus (3.8) holds for small \.
We check (3.10) for IT5. It suffices to consider z + 1y € U?, with x < cos~y. We write z + 1y = pe®?,
with0 < p <1+ Xand |f| < 7. Since x < cosy, we have p < 1, and thus
|z + | = 2 +y? <|IIs(z +1y)|* = cos® v + p* sin? 6 < cos® v +siny =1, (3.18)
whence (3.10).

Finally, we check (3.9) for IT3. Again, it suffices to consider z + 1y € U?, with z < cosy (and thus, by
the above, |y| < 1). Arguing as for (3.12), it suffices to have

wy (T + cosy) + 2wy < 2cosa, Yw = wy + 1wy € S%. (3.19)
In order to prove (3.19), we note that
w(z + cosy) + 2wy < 2wy cosy + 2|ws| < 2cosy + 2sind < 2cos a (by (3.3)).
The proof of Lemma 4 is complete. O
As a consequence of Lemma 4, a minimizer u. of E. which “lives” on the boundary of a domain D C

Q, “near” an arc of S' of length < 7 is far away from zero in all the domain. More precisely, we have the
following result.

Lemmas5. Let o, (3, v and ¢ satisfy (3.2)—(3.3). Let A > 0 be such that (3.7)—(3.10) hold.
Let D C €2 be a Lipschitz domain. Assume that:

u = U, 1s a minimizer of (1.1), (3.20)
00N D #Band 0D NQ # 0, (3.21)
D is simply connected, (3.22)
900N D) c {e?; 6] < 5}, (3.23)
w(@DNQ) C {pe?; 1 -X<p<1+ X\ 0] <B}. (3.24)

Then, for sufficiently small &, we have
u(D) C {pe?; 0 < p < 14\, 0] <7, pcos > cosy} C {pe?; cosy < p < 1+, 0] <~} (3.25)
In particular, we may write u = pe'? in D, with
p€ H'(D)NC(D), cosy < p <1+ A, (3.26)
o € H(D)NC(D), |p| <. (3.27)
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Proof. Recall that u is continuous, and even C', in €; see (2.3). We consider, as a competitor in (1.1),
u, inQ\ D
v Howu, inD
from (3.8) and (3.24).)
Writelly oIl ou = f = fi1 +1fyand [} o w = h = hy + thy. By Lemma 3, (3.7)-(3.10) and the
minimality of u., we have
IV(ITouw)| = |V(Ilzo f)| = |[Vf| = |V(Ilyoh)| = |Vh| = |[V(Ilyou)| = |[Vu|a.e. in DNSL. (3.28)
We claim that
fi > cos~in D (and thus in D). (3.29)
Indeed, consider the open setw := {z € D; f1(z) < cosv}. A.e. inw, we have [V(TIz 0 f)|> = |V f2|%,
while [V f|? = |V f1|? + |V f2|>. We find that V f; = 0 a.e. in w, which implies V[(cosy — f1)1] = 0 a.e.
in D. Since D is connected, we find that (cosy — f}) is constant a.e. (and thus everywhere) in D, and

therefore also constant in D. Since, on the other_ hand, (cosy — f1); = 0 on the non empty set 9Q N D
(by (3.21) and (3.24)), we find that f; > cos+yin D, as claimed.

By (2.2) Eld (3.29), for small £ we have cosy < |h| < 1 + ); thus, thanks to (3.22), we may write
h = pe*? in D, with

, with IT as in the proof of Lemma 4. (The fact that v is a competitor follows

p€ H'(D)NC(D), cosy < p <1+ A, (3.30)

o€ H(D)NC(D), —m/2 < ¢ < /2. (3.31)
By (3.8), and (3.24), we have

(0D NQ) C [-4,5]. (3.32)
We claim that

¢(D) C [=7,7]- (3.33)

Indeed, we prove e.g. that ¢ < ~in D. For this purpose, we consider the open set @ := {z € D; ¢(z) >
v}. A.e. in w, we have

[Vh* = [Vpl* + p* [V|* and [V f[* = |Vp|*. (3.349)
By (3.28) and (3.34), we obtain Vp = 0 a.e. in &. Combi_ning this with (3.32), we obtain (as above) that
(¢ — )+ = 0in D. Similarly, we have (¢ + v)_ = 0in D, whence (3.33).
By (2.2), (3.29) and (3.33), for small ¢ we have h(D) C W (with IV as in (3.6)), and thus
u(D) C Z = (I1;) " (W). (3.35)
Now Z has two connected components, one of which is 1. Since u(D) is connected and, by (3.21) and
(3.24), u(D) intersects W, we find that u(D) C W, i.e., (3.25) holds.

The proof of Lemma 5 is complete. O

3.2 Uniform estimates at the <° scale

Lemma 7 below improves the conclusion p > cos~y to p — 1 locally uniformly. This, in turn, leads to a
number of uniform estimates at the ¢® scale.) This relies on the following variant of Boyarskii’s regularity
result for elliptic systems in divergence form in the plane [4], [5], in the form presented in Meyers [11].

Lemma 6. Let D be the unit disc. Let \, M € (0, o) be fixed. Let A : D — M, (R) satisfy
(A(2)€) -€ > ¢, Vo e D, VE € R ! (3.36)
|A(x)]] < M, Vz € D. (3.37)

* Here and in what follows, - denotes the standard scalar product in R2.
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Then there exists some 2 < p < 4 (depending only on A and M) such that the problem

div (AVo) =0 inD
(3.38)
v=fe H(S'") onS!
admits a (unique) solution v € WP(D), and in addition we have
HVUHLF(]D) < C||f/HL2(Sl)- (3.39)
Proof. We have H'(S') — W3/44(S!), and thus there exists w € W4(D) such thatw = f on S' and
IVwllLawy < Cllf |2y (3.40)
Writing v = w + u, u then solves,
div (AVu) =divF inD
: (3.41)
u=0 on St
with F' := — AVw satisfying (by (3.37) and (3.40))
1F| 2@y < Cllf e sy (3.42)

By [11, Theorem 1], there exists some 2 < p < 4 (depending only on A\ and M) such that (3.42) has a
solution in W17 (D), satisfying the estimate

IVull ey < CllF || Lr(wy- (3.43)
The conclusion of the lemma follows from (3.40), (3.42) and (3.43). O

Lemma?7. Lets € (0,1) and A € (0, 00).
Considery = y. € 082 Setr =1, := Ae®, U = U: = w,(y) = B,(y) N w = w. = wya(y) =

B, j2(y) N

Assume that u = w, is a critical point of E_, satisfying
0<C<|ul<Cy<xinl, (3.44)
u = |ule?, where p = ¢. € H'(U) N C(U) satisfies |p| < Cs < oo, (3.45)
|Vu| < % for some C,; < oo, (3.46)
é (1= JuP)* < O n| + 1) for some Cs < oc, (3.47)

Then, for sufficiently small &, we have
IVl 2w < Cs < o0, (3.48)
IV o) < Cre®P=D | for some 2 < p < 4and C; < o0, (3.49)
|<p|co,1_z/p(w) < Cge*@P= for some Cy < o00. (3.50)

The above constants Cy, C7, Cs depend on (', . . ., C'5 and A, but not on small .

Moreover,
|u| — 1 uniformlyinwase — 0. (3.51)

Proof. SetI' =T.:=00QNU.

In what follows, C, (,..., denote generic finite positive constants independent of (possibly small) ¢,
whose values may change in different calculations.
If welet p = p. := |u|, then p and ¢ satisfy

div (p*Vp) = 0in U, (3.52)
1 .

—Ap = ?p(l —p?) — p|Ve|?inU, (3.53)
8—90 < g onl, (3.54)
v e’
9| € onr (3.55)
v e’
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(for (3.54) and (3.55), we use (3.44)).

Step 1. Proof of (3.48). Choose a cutoff function ¢ € C°°(R?; [0, 1]) such that

¢(=1inV =V, := B3, u(y), (=00n0U \I"'and | V(| < 5—6;

Multiplying (3.52) by %, we obtain (via (3.44), (3.45), (3.54) and (3.56))
[atver= [cregt =2 [ rvevese-a [ giveeve

SO’+§/C2p2|V¢!2+2/p V¢l sc”+§/<2p2|wl2,
U U u

and therefore
/ PP Vel? < / Cp?lVel* < C.
1% U
Applying (3.44) once more, we obtain (3.48).
Step 2. Proof of (3.49) and (3.50). Consider some R = R. € (r,3r/4) such that

c
/ Vp]? < = < —
C(y,R)N r R
(the existence of such R follows from (3.57)).
We consider the “conjugate” 1 of p, defined in U, up to a constant, by

Oy = p*0pp, Ot = —p*0yp

(3.56)

(3.57)

(3.58)

(3.59)

(the existence, for small ¢, of 1), is a consequence of (3.52) and of the fact that U is simply connected).

In view of (3.54), (3.58) and (3.59), ¢ satisfies
div (%w) —0inT,

o
<
‘87‘ s sonly
Cl
Vy* < —
/c<y,R> Velbs g
Set

W =W, :=wr(y) = Br(y) N
We consider a bi-Lipschitz homeomorphism ® = @, : W — D such that

%]1: —y| < |P(z) — P(y)| < %|x —y|, Vo,y € W, with0 < ¢’ < C < <.
Set&(z) ;=1 o ®1(2),V 2z € D. Using (3.60)-(3.64), we find that ¢ satisfies

div (fV¢) = 0in D for some f = f. such that
c<fr<c,

/ ‘é—/ ’2 S C//.

Sl

By (3.65)-(3.67) and Lemma 6, we find that for some 2 < p < 4 we have
V€l < C.

Set i := p o ® 1. From (3.68), (3.59) and (3.44), we find that
IVullzem < C.

By the Morrey embedding, we also have
|1l goa—2/mpy < C.
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(3.61)

(3.62)

(3.63)

(3.64)

(3.65)
(3.66)

(3.67)

(3.68)

(3.69)

(3.70)



Combining (3.69) and (3.70) with (3.64), we obtain
IVl Loy < Ces?P7D), (3.71)
|l coa-2imy < Ce¥PP7Y; (3.72)
in particular, (3.49) and (3.50) hold.

Step 3. Proof of (3.51). Let ¢ be a cutoff function as above. We multiply (3.53) by (?(p — 1) and find (using
(3.57), (3.55) and (3. 56)) that

/U<2|Vp|2 /@ 1+ p)(1—p /42 |Vso|2—2/<1— PV V¢
—/FC(l—p)%

gc—2/U<<1—p>Vp-vc

1 (3.73)
<Cy [ @IV +2 [ 1= pPvee
U U
1 C’
<cg [ eNvol+ S [a-pp
U € U
1
<c"+ 3 [ ¢k,
2 )y
where in the last line we have used (3.47) and the assumption 0 < s < 1.
Combining this with(3.44), we find that
1
/ GVl + _2/ Cl-p?<C (.74)
U & Ju
In particular, with W as in (3.63), we have
1
[veks 5 [ a-ep<c 679
w e Jw
If @ is as in (3.64), then (by (3.75)) = 1. := p o ®~! satisfies
1
2 2 /4
/D’Vm +m/ﬂ)(1—ﬂ) <, (3.76)
and thus
n— lin Hl(]D)) ase — 0, (3.77)
/ 1 —n| —0ase — 0. (3.78)
Sl
Using (3.44), we obtain from (3.77) that
/]1—77]‘1—>0ass—>0,V1§q<oo. (3.79)
D
Going back to p, (3.78) and (3.79) imply (via (3.64))
/ |1 —p| =o0(c®)ase — 0, (3.80)
8NBR(y)
/ 1= pl? = 0(e>) ase — 0, ¥1 < q < oo. (.81
w
Let A € C*°(R?; [0, 1]) be a cutoff function such that
/\:1inw,)\:OinU\Wand\V)\|§€—6;. (3.82)

Let 2 < p < 4 be asin (3.49) and let ¢ be the conjugate exponent of p/2. We multiply (3.53) by
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A?(p — 1) and obtain (by (3.80)-(3.82) and (3.49)):
1
/ N|Vpl? + —2/ Np(1+p)(1 = p)? =/ Np(1 = p)| Vel - 2/ A1 =p)Vp- VA
U e Ju U U

Y BTN
/FA (1=r)3,
_ / Np(1 — )|Vl — 2 / AL = p)Vp - VA +o(1)
U U
1/q 2/p
<C (/ !1—/)!"> (/ !VsO\p)
w w
_2/ M1 = p)Vp- YA+ o(1) (3.83)
U
=o(1) — 2/ M1 —=p)Vp-VA
U
<o(l)+ 1 / NIVl + 2 / (1— pIVAR
2 U U
<o)+ 5 [ NI+ 5 [ 1= pp
2 Ju e Jw

1
<o(1) + 5/ M|Vp|?, ase — 0.
U

Combining (3.83) with (3.44), we find that

= (1—p)*—=0ase—0 (3.84)

-2 - .
On thewother hand, by (3.46) we have

Vp| < g (3.85)
We thus obtain (3.51) from (3.84) and (3.85).
The proof of Lemma 7 is complete. O

For further use, we note the following “interior” version of Lemma 7.

Lemmas8. Lets € (0,1)and A € (0, 00).
Setr = r. := Ae® and consider some y = y. € Q suchthatU = U, := B,(y) C .. Letw = w, =

B, ja(y)-
Assume that v = u, is a critical point of E., satisfying
0<Ci<|ul<Cy<xinl, (3.86)
u = |ule'?, where p = ¢. € H'(U) N C(U) satisfies |p| < C3 < oo, (3.87)
Vu| < % for some Cy < o0, (3.88)
512 U(l — Jul*)? < C5(|Ine| + 1) for some C5 < oco. (3.89)
Then, for sufficiently small €, we have
IVellzew) < Cs < o0, (3.90)
IVl rw) < Cre*®PD ] forsome 2 < p < 4and C; < o0, (3.91)
|0l coa-2/p() < Cge® /P~ for some Oy < oc. (3.92)
The above constants C, C7, Cg depend on C1, . . ., C5 and A, but not on small €.
Moreover,
|u| — 1 uniformlyinwase — 0. (3.93)

The proof of Lemma 8 is similar to the one of Lemma 7 and is left to the reader.
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3.3 First properties of the limit profiles

The results from the previous section allow us to pass to the limits at the ¢ scale, either at the boundary
(Lemma 9), or inside €2 (Lemma 10).

We will perform a blow up analysis of critical points u. of E. satisfying, near a boundary point y.,
uniform bounds on the energy and the modulus. For simplicity of the statements, we assume that

Y. >y € 0ase — 0, (3.94)
the unit tangent vector to 02 at y is (1, 0), (3.95)
9(y) = 1. (3.96)

Lemma 9. Assume (3.94)—(3.96).
Consider constants 0 < A = A, < oo such that

lim A, = coand lim A.e® = 0. (3.97)
e—0+ e—0+

Letr =r.,U = U, T' =TI, and u = u. be as in Lemma 7 (with variable A). Assume that (3.44)—-(3.47)
hold.

Set R := {z = (21,22) € R? x5 > 0}. Consider also a family of C'-diffeomorphisms ® = ®. :
U. — R2 N Ba_(0) such that:

®(y) =0, (3.98)

D® = é(l +o(1))l;ase = 072 (3.100)
Set

v(2) = v.(2) = uo®7H(2), Yz € R2 N B4 (0). (3.101)

Then, possibly up to a subsequence, v. converges, locally uniformly on compacts of @ and weakly
in H'(Y), for each bounded open set Y C R?, tov = ¢, where ¢ € C*°(R%; R) solves

Ay = 0inRZ (3.102)
oy
o sinty (cos¢ — cosa)onR x {0} ~ R. (3.103)
v
If, in addition, u. is a minimizer of F. in U with respect with its own boundary conditions, i.e.,
E.(u.) < E.(w), Vw € H(Q) such that w = u. on Q \ U, (3.104)

then ¢ is a locally minimizing solution of (3.102)-(3.103), i.e.,

/2 IV (@ +x)? = VY| +/ [(cos(1p+x) —cos a)? — (cosp —cos a)?] >0, Vx € C°(R%). (3.105)
R2 R

Proof. We write v, = |v.|e’¥s = n.e'¥=. By (3.51), 7. — 1 uniformly on compacts of R2. Setb := 1 —2/p,
with p as in (3.49)—(3.50). By (3.50) and (3.100), ). is bounded in C%*(K), for each compact K C R2,
and thus possibly up to a subsequence we have ¢). — 9 uniformly on compacts, for some v such that
1 € C*(K),V K. Moreover, by (3.49), (3.100) and the uniform bound of 1, in C%*(K), 1. is bounded
in H'(Y'), for each bounded open set Y C R2. Combining this with the uniform convergence of 1. to
) on compacts, we find that ¢). — 1 in H'(Y"). Using, in addition, (3.44), (3.51) and (3.75), we deduce
that v. — v uniformly on compacts and weakly in H'(Y'), VY.

We next determine the equation satisfied by 1. Let y € C°(R2) and set x.(z) := y o ®.(x),
Vx € U.. Since p = . satisfies (3.52) and the boundary condition

0 1 1
a—f =3 [(ew, g) — p oS (1/:| (g1sinp + go cosp) on I, (3.106)
he

> Existence of ® follows from assumption (3.94), (3.95) and (3.97).
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we have, for ¢ sufficiently small such that supp x. C Ba_(0),

/ ,OEV(,OE “VXe = _/ he X (3.107)
U e

Going back to ]R%r and using (3.100), (3.51), (3.94), (3.96) and the convergence of 9. to 1) weakly in H*(Y")
and uniformly on compacts, we find that

V- Vyx =— / sintp(cos ¥ — cos ), ¥V x € C2(R2), (3.108)
R% R

i.e., 1 satisfies (3.102)—(3.103).
Finally, assume that u, satisfies (3.104). Then, for small &, we have

1
| AUVt = Vel % [ (el ) —cosa) = (pufe', g) —cosa)?] 2 0. G109
Ue

€

Transferring (3.109) to R? and arguing as above, we find that (3.105) holds. O
Similarly, we have the following “interior” blow up analysis result.

Lemma10. Consider some 0 < A = A, < oo such that

lim A, = cocand lim A.e® = 0. (3.110)
e—0+ e—0+

Letr = r., U = U, and u = u. be as in Lemma 8 (with variable A). Assume that (3.86)—(3.89) hold.
Set
v(z) =v.(2) == u <Z — y) = u, (z ;%) ,Vz € R*suchthat 2| < A = A.. (3.111)

58

Then, possibly up to a subsequence, v. converges, locally uniformly on compacts of R? and weakly
in H'(Y), for each bounded open set Y C R?, to a constant £ € S'.

Proof. Repeating the proof of Lemma 9 (and using Lemma 8 instead of Lemma 7), we find that, up to
a subsequence, v converges, in Cj,. and H. , toamap w € H} .(R*S"). Write v. = p.e*¥<. Using
(3.90) and the conformal invariance of the Dirichlet integral, we find that w is of the form w = ¢, with
¢ € H'(R?). On the other hand, (3.52) implies, after rescaling, applying (3.93), and passing to the weak
limits, that v is harmonic. Now a harmonic function v in R? with finite Dirichlet integral is constant.

Thus w is constant, whence the conclusion. O

3.4 Boundary limit profiles

In the proofs of Theorems 2 and 3, we will be in position to apply Lemma 9, having at our disposal more
information than the assumptions of Lemma 9. Under these better assumptions, it is possible to identify all
the solutions of (3.102), (3.103), (3.105) which can arise as limits of v.’s.

Lemma 11. We use the same notation as in Lemma 9. Assume (3.44)—(3.47) and (3.94)—(3.97).
Assume, in addition, that

the constant (5 in (3.45) satisfies C5 < 7; (3.112)
u = u, 1s a minimizer of F. in ). (3.113)
Let i) € C*°(RZ;R) be such that, possibly up to a subsequence, we have v. — ¢* locally uniformly

on compacts of RZ and weakly in H'(Y"), for each bounded open set Y’ C R2.
Then:

1. Eithervy = a.
2. Ory = —a.
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3. Oris (up to an isometry of R?) the unique (up to an isometry of R?) locally minimizing solution

of
Ay = 0inRZ (3.114)
oy
o sinty (cosy — cosa)onR x {0} ~ R (3.115)
lirf P(x) = +a. (3.116)

Proof. Step 1. Identification of constant profiles. Assume that ¢ is constant. Since we have |¢)| < 7 (by
(3.112)), we find, via (3.103), that either ) = «a, ) = —a, or ¢ = 0. It remains to rule out the possibility
that ¢» = 0. This is achieved by arguing by contradiction. If we write (as in the proof of Lemma 9)
u. = p.es and v, = n.e*¥=, then (possibly up to a subsequence) 1), — 0 uniformly on compacts of R.
Set 'y, := 0Q N Bye:(y.), for every constant £ > 0. Going back to ¢. and using (3.98)-(3.100), we have
. — O uniformly on I'y ., for every ¢. Combining this with the fact that p. — 1 uniformly on I';. (by
(3.51)), we find that
W (ue, g) — (1 — cos a)? uniformly on T'y. as e — 0. (3.117)
Fixnow some () < a < 1—cos «and consider corresponding bad discs B? as in Section 2.2, satisfying
(2.4), of radii < ke® and such that the mutual distance of two distinct boundary bad discs is > °. Note
that
W(u.(x),g(z)) <a* < (1 —cosa)’ Ve, Vo €00\ UBj. (3.118)
J
For fixed ¢ > 2k and small ¢, I'; . is not contained in the union of the boundary bad discs, and thus,
by (3.118), (3.117) cannot hold. This proves that any constant profile is either a, or —a.

Step 2. Asymptotic behavior of non constant profiles. Let 1) be a non constant limiting map. Then v is locally
minimizing (Lemma 9) and, by assumption, non constant, so that

. 0 — 0 —
either —1/}(:151,352) >0, V(x1,22) € R%, or —w(xl,xg) <0, V(zy,20) € RY; (3.119)
8:131 axl

see Cabré & Sola-Morales [6, Theorem 1.5].

Combining (3.119) with the bound || < C3 < 7, we find that
there exists V4, := hlil (xq,0) € (=7, m), and V_ o 7 Yoo- (3.120)
Tr1—>LT0o0

Possibly by considering —1) instead of 1), we may assume that
Voo < Yoo (3.121)
and then, in order to conclude, it suffices to prove that
Voo = —aand v, = . (3.122)
Indeed, granted (3.122), v is alocally minimizing solution of (3.114)—(3.115) satisfying (3.116), and thus
1) is unique up to a translation in x; [6, Theorem 1.2, Theorem 1.5]. Since we also allow replacing ¢ by —¢
(exploiting the reflection symmetry in x4, [6, Theorem 1.2]), we find that ¢ is unique up to an isometry
of RZ.
In turn, (3.122) is proved as follows. Using |¢)| < 7, (3.102)—(3.103) and standard elliptic estimates,
we find that
¢ is bounded in C*?(K) for every 0 < 3 < 1and compact K C RZ. (3.123)
Set now
Up(1, x0) = Y(21 + h,xa), ¥V (21, 29) € }RT?H VheR.
Clearly, each 1, is a locally minimizing solution of (3.102)-(3.103). By (3.123) and (3.120), there exist
sequences hj — 00, h; — —00 and locally minimizing solutions 1., of (3.102)—(3.103), satisfying
whji — 4 locally uniformly on compacts of @, (3.124)

Vioo(21,0) = Y100, Yy € R. (3.125)
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By (3.125) and [6, Theorem 1.5], we have ¢, = Y1o0. Asin Step 1, we have 7., € {—a,0,a}. In
order to conclude, it suffices to rule out the possibility 1., = 0. Argue by contradiction and assume
e.g. that ), = 0. Fix some small number § and some large number ¢. Then there exists some j such
that Whj (x1,0)] < 9 for |z,| < £. Asin Step 1, by going back to . and u. we obtain a contradiction.

The proof of Lemma 11 is complete. O

4 Proofs of Theorems 2 and 3

We consider a sequence ¢ = ¢, — 0 such that Theorem 1 applies and we let { € 02 be a light boojum.
With no loss of generality, we assume that ( = 0, g(¢) = 1 (and thus, in Lemma 2 item 2, we may take
0p = 0) and the tangent at (is 7 = (1, 0).

Our proof relies on Lemma 2 used in conjunction with the blowup analysis in Section 3. Here we
make the following observation concerning the subsequence ¢ = ¢,, — 0. In Theorem 1, it is necessary
to extract a subseqence of ¢, — 0 for which each of the bad disks converge to a particular choice of
limiting defect sites {(; }. In order to obtain the conclusion of Lemma 2, it may be necessary to extract a
further subsequence ¢,, — 0. However, as the conclusions of Theorem 2 and Lemma 2 do not depend on
the particular subsequence, by a standard argument the conclusion of Theorem 2 holds for the original
sequence ¢, — 0. This being noted, we work from now on with ¢ = ¢,, satisfying the conclusions of
Lemma 2.

Step 1. Preliminary analysis of u. near ¢. Consider some § > 0 such that
Bi=a+d<m/2 (4.1)
Let 6, v satisfy (3.2) and (3.3).
By taking o > 0 sufficiently small, we may assume that (2.12) holds, and also that
g(0Q N B,(0)) C S;. (4.2)
Using (2.12), (4.1), Lemma 2 item 1, the minimality of u and the smallness of o, we find that the as-
sumptions of Lemma 5 are satisfied in D := Bg_(0) N2, and thus, for small £, we have (3.26) and (3.27).

Step 2. Proof of Theorem 3 item 2. By(3.26), (3.27), (2.3) and (1.5), the assumptions (3.86)—(3.89) of Lemma 8
are satisfied. We obtain Theorem 3 item 2 by invoking Lemma 10.

Step 3. Proof of Theorem 2. Write, in a small fixed neighborhood of ¢, u = pe'?, with ¢ € C* and || < 2«
(see Step 1 and (3.27)). Consider the essential bad disc By.s(w.) (with w. € 0f2) converging to (; see
Lemma 1. By (2.5) and Lemma 1 item 3, for sufficiently small ¢ > 0 and small ¢ we have, with r := ke*,
R .= 2ke?,

lp—tTa —2rmT| < aonly,
lp —t"a—2rm™| <aonT g,
tfe{-1,1},tT —t-=—-2, m" € Z

Since, for small ¢, |p| < 2aand |¢| < v < 7/2 (see Step 1), this leaves only the possibility t* = F1,
m* = 0. It follows that

v < 0on F:R, respectively ¢ > 0 on F:R. (4.3)
We now let y = y. € 02 N By.s(w,) be such that
e(y) = 0. (4.4)

Using (4.3) and (4.4) in conjunction with Lemma 11 and (3.119), we find that (1.10)-(1.12) hold.

Step 4. Proof of Theorem 3 item 2. Let p, o, y. and w. be as in the previous step. Consider any z = z. € 0f)
such that 2. — ¢ and |z. — y.| > e°. We know that, up to a subsequence, (u.)** — ¢ for some
1 as in Lemma 11. Argue by contradiction, assuming that ¢ is nonconstant. By Lemma 11, there exists
some zy € R such that ¢)(x¢,0) = 0, and thus (going back from v to u. and using the local uniform
convergence) there exists some z = z. € Q2 such that |z, — z.| < Ce® and u.(z.) — 1. With no loss of
generality, we may assume that z. = z., and then ¢(0,0) = 0.
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We have W (u.(z.), g(2.)) — (1 — cos )? and thus (provided we choose a sufficiently small a) there
exists some boundary bad disc containing z.. With no loss of generality, we may assume that the disc
is centered at z.. Since |z. — w.| > €7, for small € this bad disc is not essential (see Lemma 1), and in
particular, with r := ke®, R := 2ke®, we have

o —t*
[
tte{-1,1}, m* € Z.

Since |p| < v < /2, we find that m* = 0, and either ¢t* = 1, and then ¢ > 0 on F;fR UT g, or

tt = —1,and then ¢ < O on F:R U T, . This implies that either ¥(x1,0) > Owhen k < |z1] < 2k, or
¥(x1,0) < Owhen k < |z1| < 2k. However, this contradicts (3.119) and the fact that ¢(0,0) = 0.

The proofs of Theorems 2 and 3 are complete. O

+ +
a—2mrm"| <aonl g,

- + -
—tTa—=2mm"| <aonTl 4,
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