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Abstract

We consider minimizers of the energy

Eg(u):=f
Q

in a two-dimensional domain Q, with weak anchoring potential

1 2 1 2 2
§|VU| +E(|u| -1)

1
dx+—f W(u,g)ds, u:Q—C,0<s<1,
2¢e% Jon

1
W(u,g):= E(Iul2 1%+ (u,g)—cosa)?, 0<a< g

This functional was previously derived as a thin-film limit of the Landau-de Gennes energy, assum-
ing weak anchoring on the boundary favoring a nematic director lying along a cone of fixed aperture,
centered at the normal vector to the boundary.

In the regime where s[a? + (m — a)?] < 7%/2, any limiting map u. : Q@ — S! has only boundary
vortices, where its phase jumps by either 2a (light boojums) or 2(x — a) (heavy boojums).

Our main result is the fine-scale description of the light boojums.

1 Introduction

In this paper, we consider minimizers of the following two-dimensional variational functional of Gin-
zburg-Landau type:

Eg(u)::f
Q

Here,

1 2 1 2 2
§|Vu| +4—€2(|u| -1)

1
d+ —— f W(u,g)ds. LD
2¢e5 Joq

1. Q cR?is a smooth bounded domain, supposed for simplicity simply connected.
2. u:Q— R?%=C belongs to the energy space H(Q;C).
3. W(u,g)is of the form

._1 2 2 2
W(u,g).—2(|u| -1)"+({u,g) —cosa)’, (1.2)

with g : 0Q — S' is smooth, a € (0,7/2) and (, ) the scalar product in R2,
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4. 0 <s < 1isaparameter indicating the strength of the “anchoring term” W(u, g).

This problem was derived in [2] as a thin-film limit of the Landau-de Gennes (Q-tensorial) model of
nematic liquid crystals. Assuming the physical sample occupies a very thin cylinder over a planar do-
main Q < R?, and restricting to Q-tensors with a fixed eigenvalue in the vertical direction, Golovaty,
Montero, & Sternberg [7] proved that the three-dimensional Landau-de Gennes energy Gamma con-
verges to a two-dimensional Ginzburg-Landau functional. While the connection between nematics and
the Ginzburg-Landau energy has been well established, the allure of (1.1) arises from the boundary con-
dition imposed on minimizers, via energy penalization (or “weak anchoring”, in the parlance of liquid
crystals). Instead of imposing a Dirichlet condition on the Q-tensor which forces the nematic director to
align with the normal vector to the boundary, we may instead assume that it is energetically favorable
for the director to lie along a cone of prescribed aperture to the normal. This may be modeled at the
Landau-de Gennes level via a Rapini-Papoular surface energy [14], which in the thin-film limit appears
as the boundary integral present in E .. The given function g : 0Q — S?, which may be chosen arbitrarily
in the mathematical analysis of minimizers of E., in the physical derivation of the model is given by the
square g = v2 of the complex representation of the outward unit normal vector v = v + 1vg to 4Q. As
W(u,g) = 0, with equality precisely when u = ge*'*, energy minimization favors u’s which lie, on 0Q,
in the cone of aperture a around the vector g, and we expect to have u =~ ge*'® on 0Q) “most of the time”.

The asymptotic analysis of the energy of minimizers of E, was undertaken in [2]. Using the bad discs
construction as in [3, 13], adapted to problems with boundary penalization (see also [11, 1]), the authors
derived a uniform upper bound on the energy of the minimizers u in the complement of a finite number
of small discs containing the defects. It follows from this preliminary analysis that any weak limit u ., of
u is smooth away from a finite defect set &, and satisfies |u .| = 1in Q\Gand u, = ge*'® on 90\ &.

The novelty of this problem is that there are four classes of defects { € & which might occur. As in
the Dirichlet problem for Ginzburg-Landau, one may observe interior vortices, of integer degree. For
boundary defects, there are three possibilities. First, v, may jump from u. = ge™** to u, = ge™** (or
from ge™'* to ge™'%) across a defect { € dQ, by following the shortest path on S?, of length 2a. This
type of defect is termed a “light boojum” in [2]. Around ¢, minimizers u, satisfy, in a fixed annulus
A, g(0):=[BR(\B.(]INQ, the estimate

E (ue;Arp(0) =21 (%)2111? +0(1). (1.3)

Here and in what follows, we set, for any open set G < Q,
1
dx+2— _W(u,g)ds.

E.(u;G):= f
G €% JoonG
The second class of boundary defect are “heavy boojums”, for which u . jumps from u. = ge™% to

u. = ge™ by following the longer route on S!, of length 2(x — @). The energy cost of such a defect is
estimated by

1 2 1 2 2
§|Vu| + 4—82(|u| -1)

2 R
EelucArp@)227(1-5) n= +0(D). (L.4)
T r
By topological considerations, such heavy (or even heavier) boundary defects have to exist when the
boundary datum g has non zero winding number (degree).
The third possibility is that of a boundary vortex for which the phase of u . jumps by an integer mul-
tiple of 27. However it is easily shown that one of these vortices are more costly than a pair of boojums,
one light and one heavy, and so these defects are never present in energy minimizers.

Define, for each a € (0,7/2),

a2 a2
Cy:= (;) +(1—;) <1.
The value of s C, governs the nature of defects: there are only interior defects when s C, > 1/2 and only

boundary defects when s C, < 1/2. In particular, we have the following

Theorem 1. [2, Theorem 1.1 (b)] Assume sC, < 1/2 and D := deg(g,0Q2) > 0. Let u, minimize E, in



HY(Q;C). Then

E (u;)=27sC,D |Ine|+0(1), (1.5)
and there exist a subsequence ¢ = ¢, — 0 and 2D points (1, ...,{2p € 0Q, ordered along the boundary
curve, such that:

1 .
1. Forevery0<o < 3 n;m I{i —{l, there exists K, such that
i£]

E. (uE;Q\UEU((j) <K,. (1.6)

J

2. ue — u, weakly in HZIOC(Q \{(1,...,lop)), where u, € CHQ\{(1,...,{op}; S is a harmonic map
satisfying W(u.,g) =00n 0Q\{(1,...,{2p}.

3. Each{g;-1 isalight boojum jumping from ge
from ge™'* to ge™'®.

+ia -l

to ge '%, and each {; is a heavy boojum jumping

In particular, we may write u, = e'?*, where the phase ¢. is smooth in Q\{¢q,...,¢9p}, and its
restriction to 0Q \ {{1,...,{2p} has jump discontinuities of amplitude 2« at light boojums and 2(x — a)
at heavy boojums.

Remark 1. A word about degree of g and the jumps at the boojums. We choose on dQ the positive,
conterclockwise, orientation. The degree and the jumps are considered with respect to this orientation.
Atalight boojum ¢, the limit of u 5 on the left of { (with respect to the positive orientation) is g({)e™*%;
on its right, g({)e™**. As we will see in the proof of Lemma 2, on small arcs Cr({) N Q, ¢, essentially
increases, linearly in the polar angle, from 0y — a + 0(1) to 6y + a + o(1), for an appropriate constant 6y =
00(0) such that ' = g(¢). Similarly, at a heavy boojum, the limits of u. 10q are respectively g({)e™** on
theleft of { and g({)e*** on the right of {, and the phase ¢, essentially increases on small arcs Cg OnQ,
linearly, from 6y + @ + o(1) to 6y + 27 — a + o(1). This monotonicity is determined by our assumption
degg > 0. If degg < 0, then the phase decreases on small arcs, and the side limits are reversed. If
degg =0, then there are no boojums at all.

A natural question concerning the boojums is to describe the local behavior of minimizers u, in a
neighborhood of each defect. From the analysis in [2], the natural scale of boundary defects seems to
be €°, determined by the strength of the penalization appearing with the boundary energy term. (Intu-
itively, the scale of a defect is the smallest scale at which one sees, after blowup, non constant functions.)
This suggests that boundary defects are significantly larger than interior vortices, which (as always) have
characteristiclength . The goal of this paperis to confirm this intuition, via a fine-scale asymptotic anal-
ysis near a singularity. More specifically, our main result identifies the profile of u, in a suitable O(&*)
blowup limit around a light boojum. As we will show in Theorem 2 below, to each choice of the aperture
a € (0,7/2) corresponds a unique non constant profile function, which satisfies an elliptic boundary
value problem in the half-plane.

To state the result, we first describe the blowup procedure. For any y € Q and r > 0 we denote
wr(y):=B(y)NQ,’ (1.7)
so that, for small r, we have w,(y) = B,(y) n Q. Since 0 is smooth, there exists ro > 0 such that, for
every point y € €, there exist a smooth diffeomorphism
Y=Y,: m—»gi(O)::{z:(zl,zz)€§1(0);2220} (1.8)
and a rotation R = R, such that:
1. Y(y)=0.
2. D¥(y)="R.
3. ¥ is orientation preserving, and thus $it = (1,0), Rv = (0,—1), where 7 is the unit tangent to 0Q2
at y for the direct orientation on 0Q) (respectively v is the unit outward normal at y to Q).
4. |IDW¥(2)-R| <C|z-yl, Vz € w,(y), uniformly in y.



Using W, we may blowup a map u : Q — C around a point y € dQ at a scale A < 1 by setting
WPMz2):=u (¥ (12)), Vz e EIM(O) :={z = (21,22) € B1/2(0); 22 = 0}. (1.9)

We may now state our main result.

Theorem 2. Let u. be minimizers of E, in H*(Q;C) such that u, — u. (possibly along a sequence ¢ =
en — 0), and assume that { € 0Q is a light boojum defect of .. Then there exists y. € 0Q with y, — (
such that (with the notation in (1.9))

ve = (et — g(Ov (1.10)

locally uniformly on compact sets of IRT%, wherev:=e',and yw € Cm(@; R) is the unique (up to a hori-
zontal translation) locally minimizing solution of

Apy=0 in R2
{ % =siny(cosy —cosa) onR=oR? (110
satisfying
Jim (61,00 = Fa. (1.12)
Here, “locally minimizing” means
fm& [IV(y + é)l2 - Ilez] + fR[(cos(l/J +¢&)—cos a)? - (cosy —cos )’ = 0,Vée CSO(IRT%). (1.13)

Equivalently, ¢ minimizes, with respect to its own boundary value, the “local energy”, defined on
bounded open sets U c R2 by

E(y;U):= 1 f [|vu/|2]+1 f _(cosy —cos a)?. (1.14)
2Ju 2 JrnU

The uniqueness statement in Theorem 2 is due to Cabré & Sola-Morales [6, Theorem 1.2, Theorem
1.5]: the system (1.11)—(1.12) has, up to horizontal translations, exactly one locally minimizing solution.

The idea of the proofis the following. We first show that |u,| is bounded away from zero in a neigh-
borhood of a light boojum. In order to prove this, we rely on the minimality of u,. More specifically, for
light boojums ¢, the total oscillation of the phase around ( is expected to be strictly less than 7; this is
verified along appropriate circular arcs in Lemma 2. The fact that u, does not vanish in a neighborhood
of ¢ is then obtained by means of a projection of the image of u,; see Lemmas 4 and 5.

Writing u, = p.e'?:, we derive uniform a priori estimates near the boundary for the rescaled maps
S . . .
u”s®  the crucial estimate being

pe — 1 uniformly near { as € — 0. (1.15)

These estimates rely on a variant of Boyarskii’s regularity theorem for elliptic systems (see [4, 5, 10]
and Lemma 6). They enable the passage to the limit after blowup. The limiting map is of the form e*¥,
with v as in (1.11). The existence of blowup points y. such that (1.12) holds requires some work (see
Lemma 11.) The proof of Theorem 2 is then completed in Section 4.

Once the existence of a boundary “bad half-disc”, of characteristic size €%, as above, is proved, natural
questions concern its uniqueness, and the possible existence of interior bad discs. It turns out that, at
the characteristic scale €%, there are no other bad half-discs, and no interior bad discs.

Theorem 3. Let u,, { and y, be as in Theorem 2.

1. Letz, € 0Q be such that z, — { and |z, — | > €°. Then there exists ¢ € {—1,+1} such that, uptoa
subsequence,

(uE)ZE,ES N g(()etlaf

uniformly on compacts of R2.

1" Here and in what follows, B,(y) (respectively C,(y)) is the open disc (respectively circle) of center y and radius r.



2. Letz, € Qbe such that z, — ¢ and dist(z,, Q) > €. Then there exists a constant ¢ € S! such that,
up to a subsequence,

1 .
ue(e®(-—2¢)) : — (@~ 2%) — C converges to ¢ uniformly on compacts of R2.
€

(With more effort, it is possible to improve the conclusion of item 2 and obtain the convergence to a
constant at scales A%, with £° « 1¢ <« dist(z,,00) <« 1; however, we do not follow this route here.)

Corollary 1. Let u, and { be as in Theorem 2. Consider a small fixed neighborhood V of {. For small ¢,
V contains exactly one bad disc, which is a boundary bad disc.

Our methods are limited to the analysis of light boojums. We do not know what happens near a heavy
boojum; this is an open question. Numerical evidences in [2] suggest that |u | may not tend to 1 uniformly
near a heavy boojum, by contrast with the case of light boojums (see (1.15)). If this is indeed the case, then
life inside the heavy boojums is of a different nature...
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2 Refining the convergence u. — u.

In this section we re-examine some of the convergence arguments in [2] to obtain a more precise de-
scription of u..

2.1 Basicfacts

First, we review some basic estimates and constructions related to minimizers. For fixed ¢ > 0, mini-
mizers of E in H*(Q;C) exist and satisfy the Euler-Lagrange equations

1 .
—Au+—2(|ul2—1)u:0 n Q
€
ou

1 .
—+—((|u|2—1)u+[(u,g>—cosa]g)=0 on 0Q)
ov &$

We next recall some a priori bounds obtained in [2, Lemma 3.2] for minimizers of E, and, more
generally, for solutions of (2.1) satisfying the natural energy bound E.(u,) < K|lne|. Forany0 <s < 1,
such u’s satisfy:

(2.1)

lim luelloo =1, (2.2)
e—0

C _
3C; > 0 such that |Vu.(x)| < —, Vx e Q,V0<e< 1. (2.3)
E

2.2 Refined bad discs construction

For 0 < ¢ < 1, minimizers u, will satisfy |u.| = 1in Q and W(u,,g) = 0 on 0L, except for a finite num-
ber of “bad discs”, which converge to the defects which are observed in the € — 0 limit. Following the
classical n-compactness techniques [3, 13] for the Ginzburg-Landau functional, for any a € (0,1/2) one
constructs a finite disjoint collection {B’};_;_n, of open discs, whose number N, < Ny(a,g,s, ) is
uniformly bounded, satisfying

N,
{£e0; P <1-av2} uir €00 W(uew),g) > a? < U B/, (2.4)
j=1



The “interior” bad discs, centered at points in Q, have radius k¢, for a constant 2 = k(a,g,Q) > 0. The
remaining, “boundary” bad discs, centered at points on 0Q, are larger, with radius ke®; see [2, Lemma
4.4] for details.

By including the interior bad discs at distance = € from the boundary into (artificial) boundary bad
discs, merging the interior bad discs at relative distance = ¢, respectively merging the boundary bad
discs with the other (interior or boundary) bad discs at distance ~ ¢° and increasing the value of &, we
may also assume that:

1. The distance from an interior bad disc to the boundary is > &°.

2. The distance between any two interior bad discs is > «.

3. The distance from a boundary bad disc to any other (interior or boundary) bad disc is > &°.

4. Possibly up to a subsequence €, — 0, the number of bad discs B’ and their type for fixed j (interior
or boundary) is the same for each ¢.

We now briefly revisit the construction in [2] in order to define the topological invariants associated
with the bad discs.

We first consider an interior bad disc B/ = Bkg(xj.), for which we set d := deg(u,,0B’). Let us note
thatd ; isinvariantin the following sense. If r > ke, Br(xj) cQand Br(xj) doesnotintersect any bad disc
except B/, then d; = deg(u,, aBr(xj)). By (2.3), d; is uniformly bounded, and thus, up to a subsequence,
it does not depend on ¢.

The case of a boundary bad disc B/ = Bkgs(xj) is more involved. To such a disc, we associate two
invariants, nj € Nand 7; € {-1,0,1}, as follows. Assume that xj — ( € 0Q). Locally on 0Q near ¢, write
g = e'7, with smooth y. Fix 0 < r < R such that B/ Br(xj) and such that the closed annular region
A r(x%) is disjoint from any of the other bad discs. When R is sufficiently small, A, r(x?) is simply
connected and 00N A, r (xj) consists of two arcs, Fri,R, with F:’R “on the right” of xj with respect to the
direct orientation of Q. By definition of bad discs and the choice of » and R, we have |u¢| = 1-v/2a >0
in Arr(x%) and W(u,,y) < a®on Fri,R. Thus we may write u, = fe'¥ in Arr(x), with £ =0, f,y e CL.
Sety® := Virs,- Then, by [2, Lemma 5.1], for a sufficiently small, for each of the two boundary arcs Ff’R,
we may find integers t* € {—1,1} and m* € Z such that

lw* —y—tTa—2mm*| < CoaonT}p; (2.5)

thisis equivalent to u, = ge”i“ on F;—fR. If a is sufficiently small, then Cya < @/2, and then t* and m™ in
(2.5) are unique. We may then set nj:=m* —m~ € Zand 7 := (1/2)[¢" —¢t"]€ {-1,0, 1}; these integers
describe the winding of the phase of u, around a boundary bad disc centered at x% € 0Q).

It is not clear at this stage that the integers n ; are uniformly bounded. However, the analysis in [2]
(see the proof of Theorem 1.1 there) shows that this is indeed the case, and thus we may assume that n ;
and 7; do not depend on &.

We now introduce the ad hoc notion of “essential” bad discs: these are either interior bad discs with
d; #0, or boundary bad discs with (7,7 ;) # (0,0).

Lemmal. Letg, D, ug, u+,{1,...,{op be as in Theorem 1. Then
1. For every small o > 0 and for every ¢ = 1,...,2D, B,(;) N Q contains exactly one essential bad
disc.
2. This bad disc is a boundary bad disc, of the form B/ = Bkgs(x;), with xj €09, xj —{y.
If {, is alight boojum, then 7; = -1 and n; = 0.
. If {s is aheavy boojum, then7;=1and n; =1.

How

In other words, the limiting defects {, are “simple”, in the sense that each one is the limit of a single
essential bad disc, which carries the same topological type. Thus, one cannot have interior discs with
nonzero degree colliding with dQ as € — 0, nor can one observe the merging of essential boundary
defects in the limit. In particular, the bad disc in Corollary 1is an essential bad disc.



This phenomenon is not specific to our particular problem, and the above lemma can be adapted to
similar situations where the number of bad discs is bounded and the upper bound on the energy matches
the lower bound up to terms of order one.

Proof. The conclusion of the lemma essentially follows from the method of discs expansion and fusion
in [8, 12]. Such a procedure is followed in the proof of Lemma 7.1 of [2]: the bad discs (centered at xj €0)
are expanded in time ¢ = 1, with radii R j(¢), from a “seed size” R j(1), which is initially equal to the bad
disc radius ke® (for boundary discs) or ke (for interior discs), by setting
Rt)= tVske for an interior bad disc
77 | tkes  foraboundary bad disc

The expansion phase yields a lower bound, depending on ¢, for the energy of u. in the union of the

annuli AR;(1),R;(5)(x5). This lower bound is obtained by applying the adapted analogues of the lower

bounds (1.3), (1.4) around each bad disc B/ (see [2, formula (6.1)] for the precise lower bound). The (first
step of this) process stops when either two expanded bad discs collide, or an expanded interior bad disc
touches 0Q). By the assumption on the mutual position of the bad discs, the collision time #(¢) goes to co
ase— 0.

At the end of this expansion phase, the lower bound for the energy is

a\2 %
E. (ug; L}JARj(l),Rj(t(a))(xj)) =) 27 (nf_Tj;) +Z;d?

=>2n1CyD Int(e)-K,

where the first sum on the right-hand side of (2.6) is over the boundary bad discs, and the second one
over the interior bad discs (see [2, formula (7.5)] for the first inequality in (2.6), and [2, Lemma 6.3] for
the second one). Furthermore, by investigating the equality case in

2
ZZn(nJ-—Tj%) +Z§d? =2nC,D,

(see [2, proof of Theorem 1.1]), we find that the conclusion of (2.6) can be improved to

Int(e)-K

(2.6)

E. (u‘g; UARj(l),Rj(t(E))(xj)) >2nCyD +9)Int(e)-K, (2.7)
J

for some constant § > 0, unless there are exactly 2D essential discs, each on the boundary, satisfying items 1-4 of
the lemma.

The next step is fusion (merging). This is explained in [2, proof of Lemma 7.1] when an expanded
bad disc hits an expanded boundary bad disc. When an expanded interior bad disc BR (t(e)(x%) hits
the boundary at some point y5. We then replace it by Bor;uen(vs), that we treat in the next steps as a
boundary bad disc. (The fusion of interior bad discs was already described in [8, 12].)

Once the touching expanded bad discs are merged, we start a new expansion phase, then a fusion
one, and so on; we end up with a single bad disc around each singularity. Assuming that the conclusion
the conclusion of the lemma fails, we may keep the extra term § In#(¢) during all steps and improve the
conclusion of [2, Lemma 7.1] from

E, uE;U(B(,(Q)nQ)) >27Co D 1ng ~K,, 2.8)

to ‘
E.lug; LZJ(BU(Q) N Q)) >21nCyD In g +6Int(e) - K. (2.9)
However, for small € the lower bound (2.9) contradicts the global upper bound (1.5). This contradic-
tion shows that items 14 hold and completes the conclusion of the lemma. O

Remark 2. Using a similar argument, one may prove that the boundary vortices considered in [9] satisfy
the conclusion of [9, Theorem 4.2]. The final estimate in [9, proof of Theorem 4.2] seems too optimistic.



However, a weaker estimate, in the spirit of the above lemma, suffices to derive that result.

2.3 Variation of the phase

From the convergence stated in Theorem 1, along a sequence ¢ = ¢, — 0, we have u, — u. weakly in

H} (Q\{(1,...,{op}), where u, € CHQ\{(1,...,{2p};S?) is an S'-valued harmonic map in Q, and, on
0Q, we have u, = ge™'® except at the defects {j, j = 1,...,2D. In particular, we may write
uy =" in Q\{(1,...,0op}), with ¢, € CLQ\{(1,..., ap)). (2.10)
At any point { € 0Q), we may define the jump of ¢, at { by
J(0) = () - ¢, (), where 93 () := }1}(2 @ (x); (2.11)

x€0Q)
as discussed in Remark 1, the side limits are calculated with respect to the positive orientation on 6Q).

If ¢ is not a boojum, then we have J({) = 0. By Theorem 1 item 3, across a light boojum we have
J({) = —2a and thus |J({)| < 7, while J({) = —2(7 — a) and |J({)| > 7 at a heavy boojum.

Away from fixed small neighborhoods of the boojums, we have, for small ¢, |u.| > 0, and thus we may
write, locally (and actually globally), u, = p.e'?¢, with p, := |u,| and ¢, € C*.

Lemma2. Let { € 0Q and let 6 € R be such that g(¢) = .
1. For all sufficiently small o > 0, there exists R = R, € (6/2,0) such that, possibly along a further
subsequence ¢ = €, — 0, we have u, — u . uniformly on Cr({) nQ.
2. Lete =&, — 0 be as in item 1. For every & > 0, there exist & > 0 and £ > 0 such that, for o <& and
€ <€, we may write u, = p.e'¥c on Cg,({) N Q, with
1|J(c)|—55 max |, — 0o — 2k7| < 1|J(c)|+5, (2.12)
2 Cr, (ONQ 2
for some appropriate integer k =k, € Z.

Proof. 1. Choose o > 0 for which the annulus A,z +({) does not contain any of the boojums {3, with
k=1,...,2D. By the global bound (1.5) on the energy, Tonelli’s theorem and Fatou’s lemma, there exists
R =R, €(0/2,0) with

1

limsup f _
e—0 Jerona | 2

along a sequencee =¢, — 0.

1
Vi, |+ 4—(¢:2(|u£|2 ~1)?| dsg <limsup <C, (2.13)

e—0

o/2

f EE(uE;AU/2,U(())
CrRNQ

Hence, u, is uniformly bounded in H LCr(0) N Q) and thus, along a further subsequence, we have
ue — u, uniformly on Cr({) N Q.

2. In view of item 1, it suffices to prove that, with ¢, as in (2.10), there exists some fixed integer k € Z
such that

lim max I(p*—an—Q()I:lIJ(()I, V(€ 0Q. (2.14)

E=0 crn0 2

When ¢ is not a defect, this is clear. Assume next that { is a defect. For the sake of concreteness, we

consider the case of a light boojum; the case of heavy boojums is similar. With no loss of generality, we
may assume that ¢ = 0 and that the oriented unit tangent to 0Q at { = 0 is 7 = (1,0). Denote J := J(0) =
—2a. Let ®(r,0) := (r cos 6, r sinf). For sufficiently small o, we have

B,(0)NQ = 0,(0) = ®(@,(0)), with @,(0):= {(r,0):0<r<a,0_(r) <0 <0,(r)}; (2.15)
here, 6.(r) are differentiable and satisfy
0_(r)=0(r), 0.(r)=7m+0(r). (2.16)

ForO<r<o,0_(r)<0<0,(r)and x := ®(r,0) € w,(0) \ {0}, set
h(x):= —£0+<pf[(0) and v := . —h. (2.17)
T



We next note that y has the following properties.

w is harmonic in w4(0) and continuous in w,(0) \ {0}, (2.18)
w restricted to [0w,(0)]\ {0} has a continuous extension (still denoted ) to dw,(0), (2.19)
and this extension satisfies w(0) = 0. (2.20)

(Property (2.19) follows from the fact that, thanks to the definition (2.17), A makes the same jump across
(=0as@..)

We will see below that, under the assumptions (2.18)—(2.19), ¥ has a removable singularity at the
origin, i.e., ¥ can be extended as a continuous function to w,(0). Assuming this, we conclude the proof
of item 2 as follows. On the one hand, since e!#+© = g(0)e "*(see Theorem 1), there exists some k € Z
such that ¢ (0) = 09+2k7—a, and therefore (again, by Theorem 1) ¢ (0) = 09 +2k7+a. We next observe
that 4 is increasing in 6 for fixed r, and, by (2.16), (2.17) and the (granted) continuity of v, the restriction
of h to Cr({) N Q takes values in an interval of the form

[pf(0)+0(1),p,(0)+0(1)] =[Oy + 2km — a + 0o(1),00 + 2k7 + a + 0(1)]

1 1
= 00+2kn+§J+o(1),60+2kn—§J+0(1) asRkR — 0.

This implies (2.14) and thus (via item 1) (2.12).

It remains to show that the function ¥ above is continuous at the boundary point { = 0. First, we
observe that, by Corollary 7.2 of [2], there exists a constant ¢g = co(g,a,Q) such that for, all fixed r,
0 < r < g, we have the upper bound

1

- f IVu |2 <liminf E(ug; A, 5(0)
2 JA,4(0) e—0

— 1
< limiglf E (ug;Q\U;B((;) <2nsCyIn—+cp. (2.21)
£— r

Note that, by (2.21), (2.17) and the fact that |[VO| = 1/r, the function vy satisfies an upper bound of the
same form,

1
f IV <coln=+cq, (2.22)
Aro(0) r

with constants c¢1, cg which are independent of r € (0, 0).

Consider a conformal bi-Lipschitz transformation Z : Q — Z(Q), which maps the origin into itself,
Q into a region contained in the upper half plane, and straightens the boundary near the origin. With
no loss of generality, we may assume that Z(0Q N B,(0)) € R x {0} = R. Choose 1 > 0 such that B} (0):=
B, (0)n{Imz > 0} € E(wy(0)). Since E is bi-Lipschitz, there exists a constant ¢ < 1, independent of
r <ri, such that

27YB; (0)\ B, (0) € Ay 6(0) € 0y (0). (2.23)

Forze = (wU(O)) \ {0}, define v(2) := (2~ 1(2)). Using (2.18)(2.19), (2.23) and the conformal invari-
ance of the Dirichlet integral, we find that

v is harmonic in B;"I(O) and continuous in B;,(0) \ {0}; (2.24)

v restricted to [GB,TI(O)] \ {0} has a continuous extension to 0B, L(0); (2.25)
1

f |VU|2 <coln—+ecg, (2.26)
B} \B; r

with c3 independent of .

In order to complete the proof of the lemma, it suffices to show that, under the assumptions (2.24)-
(2.26), v has an extension continuous up to the origin.

By (2.26), there exists a sequence {p;} such that0 < p;j <ry, Vj, p; = 0and

2 2co .
Vol <= —=, V. (2.27)
ij(O)ﬂ{ImZEO} Pj

((2.27) is easily obtained, via (2.26), by arguing by contradiction.) By (2.27) and Cauchy-Schwarz, the

9



oscillation osc of v on Cp;(0)N{Imz = 0} satisfies

1/2
0sc(v,Cp,(0)N {Imz zO})sf V| < (p )2 f Vo
Cp,(ON{Imz=0} Cp,;(0)n{Im 220} (2.28)

< (27[02)1/2.

Combining (2.28) with the fact that v is uniformly bounded at the endpoints of C, (0) N {Imz = 0},
we find that v is uniformly bounded on C,(0) N {Imz > 0}. The maximum principle applied to v in
B (0)\B,,(0) implies that v is bounded in the closure of this set, with bounds independent of j. Letting

J — 0o, we ﬁnd that v is bounded in B}, (0) L(0)\{0}.
Next, let ¥ be the continuous function on dB;", (0) which agrees with v outside the origin, and let w be
the harmonic extension of 7' to B}, (0) (so that w is continuous 1S up to the boundary). In order to conclude,

it suffices to prove that V := v — w vanishes everywhere in B}, (0) ,(0)\{0}. In turn, the equality V =01is a
consequence of the following straightforward properties of V:

V is harmonic in BJr (0) and continuous and bounded in B L0\ {0}, (2.29)
V vanishes everywhere on OB;“l(O) \ {0}. (2.30)
Indeed, let 6 > 0 and set

VO(x) ::V(x)—élnm, Vx €B} (0)\1{0}.

By (2.29)-(2.30), V? is harmonlc in B/, (0) and continuous in By, (0) \ {0}, lim, .o VO(x) = oo and
V% >0o0n 0B, (0)\ {0}. By the maximum (or rather minimum) principle, we have V9 >0in Br+1(0) \{0}.

By letting § — 0 we find that V' = 0. Similarly, by considering

x*—»V(x)+6lnm, VxEB;rl(O)\{O},V6>O,
ri

we find that V' < 0 in B}, (0) \ {0}, whence the conclusion V = 0 in B;,(0) \ {0}.
The proof of Lemma 2 is complete. O

Remark 3. The argument used to establish item 2 proves a property of . near the defects which is
common in the Ginzburg-Landau theory. More specifically, assume e.g. that { is alight boojum. Assume
moreover that the unit tangent vector to 0Q at { is (1,0). Then the proof of Lemma 2 implies that, near
{, we may write

2a
B R T 3
lx =l
where 0 is the polar angle as in (2.17) and vy is harmonic in w,({) and continuous in w,(0), with w(() = 6y.
This is the analogue of the canonical harmonic map in [3]. While we have only stated an estimate on the
oscillation of the phase ¢, on circular arcs around a defect, in fact we have shown that the minimizer
ue closely resembles (up to a constant multiplicative factor) e, which interpolates the phase linearly
around the jump.

3 Blowup analysis

In this section, we derive the sharp estimates needed to justify the blowup at scale €° near a light boojum
C.
3.1 Localizing the image of u, near alight boojum

Our first task in the proof of Theorem 2 will be to show that u, is bounded away from zero in a neigh-
borhood of ¢. This is achieved by constructing, in Lemma 4, a convenient projection IT which reduces
the energy inside wg({), for some convenient small R. We start with a preliminary remark.

10



Lemma3. Let Q c R™, U c R, I1 : U — R* be an L-Lipschitz function? and u € H}OC(Q,U). Then
MoueH, (Q, R*) and
IV(ITow)| < L|Vu|a.e.in Q. (3.1

Proof. We extend I to an L-Lipschitz function on R”, still denoted I1. We are then in position to smooth
both u and IT (without increasing the Lipschitz constant of IT) and thus it suffices to prove (3.1) when
both u and IT are smooth. In this case, we have, with (e ;) the canonical basis of R,

3 & +hej)— 2
Vu@)2 =Y 10;u(x)? =lim }_ |u(x eJZ) uGf*
Jj=1 h—»OJ.=1 h

and similarly for ITo u. We find that

m o A ° 2
V(ITow)@)? = lim §t [Mow)w +he,) — (Mow))

] A2 .
m +he;)—ulx)?
TN Sia bl LTS
Lemma4. Consider a, 8,7, > 0 such that
a+5<ﬁ<y<g, (3.2)
cosy +sind < cosa. (3.3)
Let
Sy :=1{e'; gl <6} (3.4)
ForO<A<1,set
U=Up:={zeC;lz|=1+A}, V=V, ::{pele; 1-A<p=<1+A1,|0|=<8}, (3.5)
W=Wy,:={z= pe‘g eU;Rez =cosy, |0] <y} c{z€C;|z| = cosy}. (3.6)

Then, for sufficiently small A (depending on a, B, y and §), there exists a function IT: U — W such
that:

I11is 1-Lipschitz, (3.7)

[I=IdonV, (3.8)

(w,T(2)) — cos @)? < ((w,2) —cosa)?, VzeU,weS},> (3.9)

A-E)%2 <1 -2»)?, Vzel. (3.10)
Proof. Set

Ul:={(zcU;Rez=0}, U2 :={pe?;0<p=<1+A, IHISY}CUI.

We will construct Iy : U — UL, Ty : U — U2, TI3 : U% — W satisfying (3.7)—(3.10), for small A and
for z in the respective domain of definition for each map I1;, j = 1,2,3. Then clearly IT := I3 o [Ty o [Ty
has all the required properties.

x+1y, ifx=0

Step 1. Construction and properties of T1;. We let IT;(x + 1y) := { . Clearly, IT; : U — U*!

—x+1y, ifx<0
satisfies (3.7), (3.8) and (3.10).

We claim that (3.9) holds for Iy provided
(1+A)sind <cosa (3.11)
(which, for small A, follows from (3.3)).

2 Here and in what follows, Lipschitz constants are calculated with respect to the standard Euclidean norms.
> Here and in what follows, (, ) denotes the real scalar product of complex numbers.
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Indeed, we have to check (3.9) only for z = x+1y € U, withx < 0. For such z and forw = w1 +1wq € Sé,
we have

Kw,—x+1y) —cos a)? —((w,x+1y) —cos a)? = —2w1x[2woy —2cosal, (3.12)
——

>0
and thus (3.9) amounts to the following:

[x+1yeU,x<0] = woy<cosa. (3.13)
In turn, (3.13) follows from
wey < |lwallx+1yl <(1+ 1) sind < cosa (by (3.11)).

Step 2. Construction and properties of Tlp. If x +1y € U, then we may write x +1y = pe’?, with0 < p<1+2
and —71/2 < 0 < 7/2. Set

0, if|fl<y,
O:[-n/2,7/2] = [-y,y], ®O):=<5y, ify<0=<n/2,
-y, if—m/2<0<-—y.
We let Ip(pe?) := pe!®® V0 <p <1+, V —n/2/ <0 < n/2. Clearly, ITs maps U into U? and satisfies
(3.8) (since y > 3, by (3.2)) and (3.10).
We check (3.7) (for I1p). We actually claim that

2 2
pel0) _ relq)("’)‘ < ‘pele —re®|", Vr, 020,101 < /2, gl < 1/2. (3.14)
Indeed, with 0, ¢ as above, (3.14) amounts to
cos(0 — ) < cos (D(O) — D(¢)) . (3.15)

Assuming, with no loss of generality, that = ¢, (3.15) follows from
0<®PO)-DP(p)<O—-p=m.
We next turn to the proof of (3.9) for ITy. We have to prove that, for small A, we have
(p cos(D(O) — ) —cos a)? < (pcos( —p)—cosa)®, VO<p<1+A,y<|0|<u/2,|p| <. (3.16)
(Note that (3.16) becomes an equality when |0 < y. We may thus assume that [6| = y.)
With p, 6, ¢ as above, we have ®(¢) = ¢ (since § <y, by (3.2)), and thus
(p cos(P(B) — ) —cos a)? - (pcos(0 — @) —cos a)? =p [cos(P(O) — ) — cos(O — (p)l

>0, b;(3.15)
x [pcos(P(O) — @)+ pcos(f — ) —2cos al.

Therefore, (3.16) will follow from

pcos(P(@)— ) +pcos(@—p)<2cosa, VO<p<1+A,y<I10|<n/2,|p|l<6. (3.17)

In turn, (3.17) is, via (3.15), a consequence of
p cos(®(0) — @)+ pcos(8 — @) < 2pcos(P(B) — @) < 2(1 + A) cos(y — 6)
< 2cosa for small A (by (3.2)).

In conclusion, I1s satisfies (3.7)—(3.10).

x+1y, if x > cosy

Step 3. Construction and properties of 3. If x+1y € U2, we set ITg(x +1y) := { . Then

cosy+iy, ifx<cosy
I3 is 1-Lipschitz, since it is the nearest point projection on the convex set W.
On the other hand, we note that
x+1y€eV = x=(1-21)cosf > cosy for small A (by (3.2)),
and thus (3.8) holds for small A.

We check (3.10) for ITs. It suffices to consider x + 1y € U?, with x < cosy. We write x + 1y = pe'?, with
0<p<1+Aand|f|<y.Sincex <cosy, we have p <1, and thus

| + zyl2 = x> +y2 < |Ig(x+ Ly)l2 = cos2y+ p2 sin0 < cos2y+ sin2y =1, (3.18)
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whence (3.10).

Finally, we check (3.9) for IT3. Again, it suffices to consider x + 1y € U?, with x < cosy (and thus, by
the above, |y| < 1). Arguing as for (3.12), it suffices to have

wi(x+cosy)+2way < 2cosa, Vw:w1+Lw2€§§. (3.19)
In order to prove (3.19), we note that
w1(x +cosy) +2way < 2wicosy + 2|lwa| < 2cosy +2sind < 2cos a (by (3.3)).
The proof of Lemma 4 is complete. O
As a consequence of Lemma 4, a minimizer u, of E, which “lives” on the boundary of a domain

D cQ, “near” an arc of S of length < 7 is far away from zero in all the domain. More precisely, we have
the following result.

Lemmas. Let @, §, y and § satisfy (3.2)—(3.3). Let A > 0 be such that (3.7)-(3.10) hold.
Let D < Q be a Lipschitz domain. Assume that:

u = ug is a minimizer of (1.1), (3.20)
0QND # @ and 0D N Q # @, (3.21)
Dis simply connected, (3.22)
2(0QnD)c{e?; 1] <5}, (3.23)
u@DNQ)c{pe?;1-A1=p=1+A,10]<ph (3.24)
Then, for sufficiently small ¢, we have
u(D) c {pele; O0<p=<1+A,l0l<y,pcosl =cosy}c {pe‘e; cosysp<1+A41,10|<y}. (3.25)
In particular, we may write u = pe'” in D, with
pe H(D)NCD), cosy<p=<1+2, (3.26)
peH(D)nCD), gl <. (3.27)
Proof. Recall that u is continuous, and even C?, in Q; see (2.3). We consider, as a competitor in (1.1),
vi= {;_L[’o ‘. 2 %\D , with IT as in the proof of Lemma 4. (The fact that v is a competitor follows from

(3.8) and (3.24).)

Write [Igolljou = f = fi+1fgand [Iyou = h = h1+1hgy. By Lemma 3, (3.7)-(3.10) and the minimality
of u,, we have

IV(ITow)| = |V(Igo )| =|Vf|=|V(Igoh)| = |Vh|=|V(I1ou)| = |Vu|a.e.in DN Q. (3.28)
We claim that
f1=cosyinD (and thus in D). (3.29)

Indeed, consider the open set w := {z € D; f1(z) < cosy}. A.e. in w, we have |V(II3 o f)|? = |Vf3|?, while
IVF12 = |Vf1|2 +|Vfal?. We find that Vf; = 0 a.e. in w, which implies V[(cosy — f1)+]1=0a.e. in D. Since
D is connected, we find that (cosy — f1)+ is constant a.e. (and thus everywhere) in D, and therefore also
constant in D. Since, on the other hand, (cosy — 1)+ = 0 on the non empty set 8Q N D (by (3.21) and
(3.24)), we find that f; = cosy in D, as claimed.

By (2.2) and (3.29), for small e we have cos y < |h| < 1+ A; thus, thanks to (3.22), we may write A = pe'?
in D, with

pe H(D)NCD),cosy<p=<1+2, (3.30)

pe H(D)nC(D), -n/2 < ¢ < 7/2. (3.31)
By (3.8), and (3.24), we have

(0D N Q) < [-B,Bl. (3.32)
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We claim that
o@D)c[-y,y]. (3.33)

Indeed, we prove e.g. that ¢ <y in D. For this purpose, we consider the open set @ := {z € D; ¢(z) > y}.
A.e.in @, we have

VA [? = VpI* +p? |Vg[* and V£ = [Vp[*. (3.34)
By (3.28) and (3.34), we obtain V¢ = 0 a.e. in @. Combining this with (3.32), we obtain (as above) that
(¢ —7)+ =0in D. Similarly, we have (¢ +y)- = 0in D, whence (3.33).
By (2.2), (3.29) and (3.33), for small € we have h(D) =W (with W as in (3.6)), and thus
u(D) < Z := (1) (W), (3.35)

Now Z has two connected components, one of which is W. Since u(D) is connected and, by (3.21) and
(3.24), u(D) intersects W, we find that u(D) c W, i.e., (3.25) holds.

The proof of Lemma 5 is complete. O

3.2 Uniform estimates at the ¢° scale

Lemma 7 below improves the conclusion p > cosy to p — 1 locally uniformly. This, in turn, leads to a
number of uniform estimates at the £° scale.) This relies on the following variant of Boyarskii’s regularity
result for elliptic systems in divergence form in the plane [4], [5], in the form presented in Meyers [10].

Lemmaé. Let D be the unit disc. Let A, M € (0,00) be fixed. Let A : D — My(R) satisfy
(A@)E)-Ez ME?, YaeD, VEeR:* (3.36)
A<M, VxeD. (3.37)

Then there exists some 2 < p < 4 (depending only on A and M) such that the problem

div(AVv)=0 inD
1/l 1 (3.38)
v=feH(S") on$S
admits a (unique) solution v € W1P(D), and in addition we have
IVulliLem) < CIF' L2y (3.39)

Proof. We have HY(S') — W¥44(S1), and thus there exists w € WH*(D) such that w = f on S! and
||VLU||L4([D) < C"f,“LZ(gl). (340)
Writing v = w + u, u then solves,

div(AVu)=divF inD
- (3.41)
u=0 on$S
with F := —AVw satisfying (by (3.37) and (3.40))
||F||L4([D>) = C||f’||L2(§1)~ (3.42)

By [10, Theorem 1], there exists some 2 < p < 4 (depending only on A and M) such that (3.42) has a
solution in W1P(D), satisfying the estimate

IVullLr@) < CIF | L (D). (3.43)
The conclusion of the lemma follows from (3.40), (3.42) and (3.43). O

Lemma?7. Lets€(0,1)and A €(0,00).
Consider y =y, €0Q. Setr =r, := A&, U = U, := w,(y) = B (y)NQ, 0 = w¢ := wr2(y) = Brja(y)N Q.

* Here and in what follows, - denotes the standard scalar product in R2.
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Assume that u = u, is a critical point of E, satisfying
0<C'1S|u|SCQ<OOinU,

u =|ule'?, where p = @ € HYU)nC(U) satisfies lp| < C3 < oo,

Cy
|IVu| < — for some Cy4 < oo,
€

1
—2f (1-1u%? < C5(|Ine| + 1) for some C5 < co.
&2 Ju
Then, for sufficiently small ¢, we have
||V(P”L2(w) < C6 <00,
IVollLr(w) < C7e°?P=V for some 2 < p <4and C; < oo,

[Pl coi-2p () < Cse® P~V for some Cg < co.

The above constants Cg,C7,Cs depend on C1,...,C5 and A, but not on small €.

Moreover,
lu| — 1 uniformly in w as e — 0.

Proof. SetI' =T, :=0QnU.

(3.44)
(3.45)

(3.46)

(3.47)

(3.48)

(3.49)
(3.50)

(3.51)

In what follows, C, C’,..., denote generic finite positive constants independent of (possibly small) ¢,

whose values may change in different calculations.
If we let p = p; := |ul, then p and ¢ satisfy
div(p?Ve)=0inU,

1 .
~Ap=p(1-p")-plVel* inU,

C
—|<—onT

(for (3.54) and (3.55), we use (3.44)).
Step 1. Proof of (3.48). Choose a cutoff function { € C*°(R?;[0, 1]) such that

(=1inV =V, :=B3,4(y), (=00noU \T and |V{| < ggs
Multiplying (3.52) by {2¢, we obtain (via (3.44), (3.45), (3.54) and (3.56))

9
f(zpzlvthQ:fézp%a—(p—Zf szWp-stC’—Zf (p*Ve-V{
U r v U U

1 1
sc’+—fc2p2lv<pl2+2f p2IV(|2sC”+—f o IVol?,
2Ju U 2Ju

and therefore
f P2 Vel? < f PVt <C.
v U
Applying (3.44) once more, we obtain (3.48).
Step 2. Proof of (3.49) and (3.50). Consider some R = R, € (r,3r/4) such that

, C
Vol" = —=—
C(y,R)NQ r R

(the existence of such R follows from (3.57)).
We consider the “conjugate” v of ¢, defined in U, up to a constant, by

Oyy = PZOx(P, Oxy = _p2ay(/)

(3.52)

(3.53)

(3.54)

(3.55)

(3.56)

(3.57)

(3.58)

(3.59)

(the existence, for small ¢, of v, is a consequence of (3.52) and of the fact that U is simply connected).
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In view of (3.54), (3.58) and (3.59), v satisfies

div(p—12Vw) —0inU, (3.60)
(;—If < ggs onT, (3.61)
C/

f Vy|? < —. (3.62)

C(y,R)NQ R
Set

W =W, := wr(y) = Br(y») N Q. (3.63)

We consider a bi-Lipschitz homeomorphism ® = @, : W — D such that
!

%Ix -y < |P(x) - D(y)| < }%Ix —yl, Vx,ye W, with0< C' < C < co. (3.64)
Set é(z) := w o ® (), Vz € D. Using (3.60)(3.64), we find that ¢ satisfies

div(fV¢) =01in D for some f = f, such that (3.65)

C=<f=C, (3.66)

fgl &2 <c". (3.67)
By (3.65)-(3.67) and Lemma 6, we find that for some 2 < p < 4 we have

IVElLe@y = C. (3.68)
Set p:=po® L. From (3.68), (3.59) and (3.44), we find that

IVulLrm@) = C. (3.69)
By the Morrey embedding, we also have

|,U|CO,1—2/p(|D) <C. (3.70)
Combining (3.69) and (3.70) with (3.64), we obtain

IVollLeaw) < 083(2/17_1), (3.71)

|(/)|Co,1—2/p(W) < CESQ/p_l); (3.72)

in particular, (3.49) and (3.50) hold.

Step 3. Proof of (3.51). Let { be a cutoff function as above. We multiply (3.53) by ¢2(p — 1) and find (using
(3.57), (3.55) and (3.56)) that

1
| 9ok [ Eoaspa-pP= [ 2oa-pivpl-2 [ ca-pvp-vg
U et Ju U U

210
fr((l p)av

<c-2 [ ca-pvp-wt
U

1 (3.73)
<cs [ vol ez [ a-prive?
2Ju U
1 C’
<C+s [ vele o [ a-pp
2Ju £ U
1
sc”+—f 2\Vpl?,
2Ju
where in the last line we have used (3.47) and the assumption 0 < s < 1.
Combining this with(3.44), we find that
1
| ewors 5 [ ¢a-pr<c .74)
U e~ Ju

16



In particular, with W as in (3.63), we have

1
f |v,o|2+—2f (1-p)2<cC. (3.75)
w = Jw
If @ is as in (3.64), then (by (3.75)) = 1 := p o ®~ ! satisfies
1
2 2 li
f[DIVnI +g2(1_s) fD(l—n) =C’, (3.76)
and thus
n—1lin H'D)ase—0, (3.77)
f [1-n|—0ase—0. (3.78)
§1
Using (3.44), we obtain from (3.77) that
fll—nlq—>0ase—>0,V1Sq<oo. (3.79)
D
Going back to p, (3.78) and (3.79) imply (via (3.64))
f |I1-pl=o0(e’)ase— 0, (3.80)
0QNBR(y)
f |1—p|q:0(828)ass—>0,‘v’lSq<oo. (3.81)
w

Let A € C*°(R?;[0, 1]) be a cutoff function such that
. : C
)Lzlmw,)L:OmU\WandIWLIS—S. (3.82)
€

Let2 < p <4 beasin (3.49) and let ¢ be the conjugate exponent of p/2. We multiply (3.53) by A2(p—1)
and obtain (by (3.80)—(3.82) and (3.49)):

1
fAQIVp|2+—2f A2p(1+p)(1—p)2=f A2p(1—p)|V(p|2—2f A1 - p)Vp-VA
U &2 Ju U U

0
_f A2(1- p)_,D
T ov

:f A2p(1—p)|V(p|2—2f A1 - p)Vp-VA+o0(1)
U U

el oo (o]

—2[ A1 —-p)Vp-VA+o0(1) (3.83)
U
:o(l)—2f A1-p)Vp-VA

U

1
50(1)+—f A2|Vp|2+2f(1—p)2|m|2
2Ju U

1 2 2 C, 2
S0(1)+—f A%IVpl +73f (1-p)
2 Ju 4“8 Jw

1
50(1)+—f A%|Vpl?, ase—0.
2Ju
Combining (3.83) with (3.44), we find that
1
—2f(1—p)2—>0 ase — 0. (3.84)
&% Jow
On the other hand, by (3.46) we have
C
Vpl=—. (3.85)

We thus obtain (3.51) from (3.84) and (3.85).
The proof of Lemma 7 is complete. O

17



For further use, we note the following “interior” version of Lemma 7.

Lemmas8. Lets€ (0,1)and A € (0,00).
Setr =r.:= A&’ and consider some y = y, € Q suchthat U = U, := B,.(y) € Q. Let w = w, := B, j5(y).
Assume that u = u, is a critical point of E, satisfying

0<Ci<|ul=sCy<o0oinU, (3.86)
u=|ule'?, where p = @ € HYU)NnC(U) satisfies lp| < C3 < oo, (3.87)
C
IVu| < =2 for some C4 < oo, (3.88)
€
1
—2f (1-[u*)? =< C5(|Ing| + 1) for some C5 < co. (3.89)
&2 Ju
Then, for sufficiently small ¢, we have
||V(P”L2(w) = C6 <00, (390)
Vol Lr(w) < C7e°?PV for some2< p <4and C; < oo, (3.91)
[Pl coa-2p () < 0883(2/1’_1) for some Cg < 0. (3.92)
The above constants Cg,C7,Cs depend on C1,...,C5 and A, but not on small €.
Moreover,
lu| — 1 uniformly in w as € — 0. (3.93)

The proof of Lemma 8 is similar to the one of Lemma 7 and is left to the reader.

3.3 First properties of the limit profiles
The results from the previous section allow us to pass to the limits at the ° scale, either at the boundary
(Lemma 9), or inside Q (Lemma 10).

We will perform a blow up analysis of critical points u, of E satisfying, near a boundary point y,,
uniform bounds on the energy and the modulus. For simplicity of the statements, we assume that

Ye—~>y€0Qase—0, (3.94)
the unit tangent vector to 0Q at y is (1,0), (3.95)
gly)=1. (3.96)

Lemma9. Assume (3.94)—(3.96).
Consider constants 0 < A = A, < oo such that

lim A =ocoand lim A.e°=0. (3.97)

e—0+ e—0+
Letr=r., U=U,, T =T, and u = u, be as in Lemma 7 (with variable A). Assume that (3.44)—(3.47)
hold.
Set R? := {x = (x1,%2) € R?; x9 > 0}. Consider also a family of C*-diffeomorphisms ® = @, : U, —

IRT?F N Ba,(0) such that:
d(y.) =0, (3.98)
O =[-A,A]x{0} ~[-A,A], (3.99)
D®= gisu +o(1)gase—0.° (3.100)
Set o
v(z)=ve(2):=u oCD_l(z), Vze [RZ_% HEAE(O). (3.101)

> Existence of @ follows from assumption (3.94), (3.95) and (3.97).
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Then, possibly up to a subsequence, v, converges, locally uniformly on compacts of RT% and weakly
in HY(Y), for each bounded open set Y c R, to v = e'¥, where ¢ € C®(R%;R) solves

Ay =0inR2 (3.102)
0
6_15 =siny (cosy —cosa) on R x {0} ~ R. (3.103)

If, in addition, u, is a minimizer of E, in U with respect with its own boundary conditions, i.e.,
E.(u;)<E.(w), Ywe HY(Q) such that w = u, on Q\ U, (3.104)
then v is a locally minimizing solution of (3.102)—(3.103), i.e.,

fz [IV(y + )()I2 - Ilez] + f [(cos(y + y) —cos a)? - (cosw — cos a)?1=0, Vye C‘C’O(IRT%). (3.105)
R2 R

Proof. We write v, = |v.|e'¥¢ = n.e'¥¢. By (3.51), n. — 1 uniformly on compacts of R2. Set b := 1 - 2/p,
with p as in (3.49)(3.50). By (3.50) and (3.100), v, is bounded in C%?(K), for each compact K c R2,
and thus possibly up to a subsequence we have v, — v uniformly on compacts, for some v such that
v € C%°(K), VK. Moreover, by (3.49), (3.100) and the uniform bound of v, in C%?(K), v, is bounded
in HY(Y'), for each bounded open set Y c RZ. Combining this with the uniform convergence of v, to v
on compacts, we find that v, — v in H(Y). Using, in addition, (3.44), (3.51) and (3.75), we deduce that
ve — v uniformly on compacts and weakly in H(Y), VY.

We next determine the equation satisfied by w. Let y € CSO(IRT%) and set y.(x) := yo @ (x), Vx € Uk.
Since ¢ = @, satisfies (3.52) and the boundary condition
op 1

1
— |(e'?,g)——cosa|(g1sing +ggcosp) on T, (3.106)
ov € [y
he
we have, for ¢ sufficiently small such that supp y. < B,(0),
f pqu)s'v?(s = _f hexe. (3.107)
U T,

Going back to R% and using (3.100), (3.51), (3.94), (3.96) and the convergence of v to y weakly in H1(Y)
and uniformly on compacts, we find that

fz Vy-Vy = —f siny(cosw —cosa)y, Vy € C‘g"([r\T%), (3.108)
R2 R

i.e., y satisfies (3.102)—(3.103).
Finally, assume that u, satisfies (3.104). Then, for small ¢, we have

1
fU PelIV(pe + I = 1Vgpel]+ — fr [(pe(e"P*1, g) — cos @)® = (pe (€', g) —cos @)*] = 0. (3.109)
Transferring (3.109) to R? and arguing as above, we find that (3.105) holds. O
Similarly, we have the following “interior” blow up analysis result.

Lemma10. Consider some 0 < A = A, < oo such that
lim A =ocoand lim A.€° =0. (3.110)

e—0+ e—0+
Letr=r,, U =U, and u = u, be as in Lemma 8 (with variable A). Assume that (3.86)—(3.89) hold.
Set

v(2)=ve(2):i=u (zg—sy) =u; (ﬂ), VzeR?suchthat|z| <A =A,. (3.111)

ES

Then, possibly up to a subsequence, v, converges, locally uniformly on compacts of R? and weakly
in H(Y), for each bounded open set Y c R?, to a constant ¢ € S*.

Proof. Repeating the proof of Lemma 9 (and using Lemma 8 instead of Lemma 7), we find that, up to
a subsequence, v converges, in Cj,. and H}, , to a map w € H;, (R%;S'). Write v, = pee'?s. Using
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(3.90) and the conformal invariance of the Dirichlet integral, we find that w is of the form w = ¢*¥, with
v € H'(R?). On the other hand, (3.52) implies, after rescaling, applying (3.93), and passing to the weak
limits, that v is harmonic. Now a harmonic function v in R? with finite Dirichlet integral is constant.
Thus w is constant, whence the conclusion. O

3.4 Boundary limit profiles

In the proofs of Theorems 2 and 3, we will be in position to apply Lemma 9, having at our disposal more
information than the assumptions of Lemma 9. Under these better assumptions, it is possible to identify all
the solutions of (3.102), (3.103), (3.105) which can arise as limits of v,’s.

Lemma11. We use the same notation as in Lemma 9. Assume (3.44)—(3.47) and (3.94)—(3.97).
Assume, in addition, that

the constant C3 in (3.45) satisfies C3 < 7; (3.112)

u = u, is a minimizer of E, in Q. (3.113)

Lety € Cﬂﬂ@; R) be such that, possibly up to a subsequence, we have v, — ¢*¥ locally uniformly on
compacts of R? and weakly in H'(Y), for each bounded open set Y c R2.

Then:

1. Eithery =a.

2. Ory =—a.

3. Or 1y is (up to an isometry of R2) the unique (up to an isometry of R?) locally minimizing solution

of
Ay =0in R2 (3.114)
oy _ .
Pl siny (cosw —cosa) on R x {0} ~R (3.115)
lirP v(x) = ta. (3.116)

Proof. Step 1. Identification of constant profiles. Assume that v is constant. Since we have |y| < 7 (by (3.112)),
we find, via (3.103), that either ¢ = @, w = —a, or ¥ = 0. It remains to rule out the possibility that ¢ = 0.
This is achieved by arguing by contradiction. If we write (as in the proof of Lemma 9) u, = p.e'¥s and
ve = nee'Ve, then (possibly up to a subsequence) w, — 0 uniformly on compacts of R. Set I'y . := 0Qn
Byes(ye), for every constant £ > 0. Going back to ¢, and using (3.98)-(3.100), we have ¢, — 0 uniformly
onT'y,, for every ¢. Combining this with the fact that p, — 1 uniformly on I’y , (by (3.51)), we find that

W(ug,g) — (1—cosa)? uniformlyon Ty, as e — 0. (3.117)

Fix now some 0 < a < 1—cos & and consider corresponding bad discs B/ as in Section 2.2, satisfying
(2.4), of radii < ke® and such that the mutual distance of two distinct boundary bad discs is > ¢°. Note
that

W(ue(x),g(x)) < a?<(1-cos a)z, Ve, VxeoQ\ UBj. (3.118)
J
For fixed ¢ = 2k and small ¢, 'y, is not contained in the union of the boundary bad discs, and thus,
by (3.118), (3.117) cannot hold. This proves that any constant profile is either a, or —a.

Step 2. Asymptotic behavior of non constant profiles. Let ¢ be a non constant limiting map. Then v is locally
minimizing (Lemma 9) and, by assumption, non constant, so that

. 0 — 0 _
either a—w(xl,xg) >0, V(x1,x9) € IR%, or a—w(xl,xz) <0, V(x1,x9) € R_%; (3.119)
X1 X1

see Cabré & Sola-Morales [6, Theorem 1.5].
Combining (3.119) with the bound || < Cg < 7, we find that
there exists Y400 := 1in+1 W(x1,0) € (—7,7), and Y—oo # Yoo- (3.120)
x1—+00
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Possibly by considering — instead of v, we may assume that
Y =00 < Yoos (3.121)
and then, in order to conclude, it suffices to prove that
Y-0o = —aand yo = a. (3.122)
Indeed, granted (3.122), w is alocally minimizing solution of (3.114)—(3.115) satisfying (3.116), and thus
wisunique up to a translation in x; [6, Theorem 1.2, Theorem 1.5]. Since we also allow replacing v by —y
(exploiting the reflection symmetry in x4, [6, Theorem 1.2]), we find that v is unique up to an isometry
of R?.
In turn, (3.122) is proved as follows. Using |¢| < 7, (3.102)—(3.103) and standard elliptic estimates, we
find that
v is bounded in C%P(K) for every 0 < < 1 and compact K ¢ IRTQF (3.123)
Set now
w1, 29) := w1 + A, x9), ¥ (x1,%9) ERZ, VR ER.
Clearly, each vy, is a locally minimizing solution of (3.102)—(3.103). By (3.123) and (3.120), there exist
sequences b’ — oo, h; — —oo and locally minimizing solutions v .o of (3.102)-(3.103), satisfying

Y+ — Voo locally uniformly on compacts of IRTZH (3.124)
J

W 100(%1,0) = Y100, V1 ER. (3.125)

By (3.125) and [6, Theorem 1.5], we have ¥/ 400 = Y+00. As in Step 1, we have y., € {-a,0,a}. In or-

der to conclude, it suffices to rule out the possibility .o, = 0. Argue by contradiction and assume e.g.

that ¥, = 0. Fix some small number § and some large number ¢. Then there exists some j such that
Iwh; (x1,0)| <6 for |x1| < ¢. As in Step 1, by going back to ¢, and u, we obtain a contradiction.

The proof of Lemma 11 is complete. O

4 Proofs of Theorems 2 and 3

We consider a sequence € = ¢, — 0 such that Theorem 1 applies and we let { € 0Q be a light boojum.
With no loss of generality, we assume that { = 0, g(¢) = 1 (and thus, in Lemma 2 item 2, we may take
0p = 0) and the tangent at { is 7 = (1,0).

Our proof relies on Lemma 2 used in conjunction with the blowup analysis in Section 3. Here we
make the following observation concerning the subsequence ¢ = ¢, — 0. In Theorem 1, it is necessary
to extract a subseqence of ¢, — 0 for which each of the bad disks converge to a particular choice of
limiting defect sites {{;}. In order to obtain the conclusion of Lemma 2, it may be necessary to extract a
further subsequence ¢, — 0. However, as the conclusions of Theorem 2 and Lemma 2 do not depend on
the particular subsequence, by a standard argument the conclusion of Theorem 2 holds for the original
sequence &, — 0. This being noted, we work from now on with ¢ = ¢, satisfying the conclusions of
Lemma 2.

Step 1. Preliminary analysis of u. near . Consider some & > 0 such that
Bi=a+d<nl2. (4.1)
Let §, y satisfy (3.2) and (3.3).
By taking o > 0 sufficiently small, we may assume that (2.12) holds, and also that
g(0QNB,(0) cS;5. (4.2)

Using (2.12), (4.1), Lemma 2 item 1, the minimality of u and the smallness of o, we find that the
assumptions of Lemma 5 are satisfied in D := Bg_(0)n (2, and thus, for small ¢, we have (3.26) and (3.27).

Step 2. Proof of Theorem 3 item 2. By(3.26), (3.27), (2.3) and (1.5), the assumptions (3.86)—(3.89) of Lemma 8
are satisfied. We obtain Theorem 3 item 2 by invoking Lemma 10.
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Step 3. Proof of Theorem 2. Write, in a small fixed neighborhood of {, u = pe'?, with ¢ € C* and |¢| < 2a
(see Step 1 and (3.27)). Consider the essential bad disc Bj.s(w,) (with w, € dQ) converging to ; see
Lemma 1. By (2.5) and Lemma 1 item 3, for sufficiently small @ > 0 and small € we have, with r := ke®,
R :=2ke5,
lp—t"a—27rm*|<aonl}p,
lp—t"a-2rm"|<aonT, p,
tTe{-1,1},t" -t =-2, m* €.
Since, for small ¢, |¢| < 2a and || < y < 71/2 (see Step 1), this leaves only the possibility t* = F1,
m™* = 0. It follows that
¢ <0onT, p, respectively p >0onT} 5. 4.3)
We now let y = y, € 0Q2 N Bys(w,) be such that
@(y)=0. (4.4)
Using (4.3) and (4.4) in conjunction with Lemma 11 and (3.119), we find that (1.10)-(1.12) hold.

Step 4. Proof of Theorem 3 item 2. Let p, ¢, v and w, be as in the previous step. Consider any z = z, € 6Q
such that z, — ¢ and |z, — y,| > £°. We know that, up to a subsequence, (u.)?* — e'¥ for some ¥ as
in Lemma 11. Argue by contradiction, assuming that ¥ is nonconstant. By Lemma 11, there exists some
x0 € Rsuch that w(x,0) = 0, and thus (going back from v to u, and using the local uniform convergence)
there exists some z = Z, € 0Q such that |Z; — z.| < Ce® and u.(Z;) — 1. With no loss of generality, we
may assume that Z, = z,, and then ¥(0,0) = 0.

We have W(u.(z,),g(2,)) — (1 —cosa)? and thus (provided we choose a sufficiently small a) there
exists some boundary bad disc containing z,. With no loss of generality, we may assume that the disc
is centered at z.. Since |z, — w,| > €°, for small ¢ this bad disc is not essential (see Lemma 1), and in
particular, with r := ke’, R := 2ke®, we have

lp—tTa—2nm*|<aonl p,
lp—tTa—2nm*|<aonl, g,
tre{-1,1}, m* € Z.

Since |¢| <y <n/2, we find that m* = 0, and eithert* = 1,and thenp >0on T}, UT, , ort* = -1,
and then ¢ <0on I}, UT . This implies that either y(x1,0) = 0 when % < |x;| < 2k, or y(x1,0) < 0
when & < |x1| < 2k. However, this contradicts (3.119) and the fact that ¥(0,0) = 0.

The proofs of Theorems 2 and 3 are complete. O
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