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Abstract

This paper deals with the numerical simulation of time-dependant flows in partially saturated
porous media modelled by Richards equation. A Discontinuous Galerkin method together
with an implicit scheme are used to approximate the solution. The mathematical framework
and a procedure for solving this nonlinear equation are presented. In particular, treatment of
seepage boundary condition and adaptive time step are underlined. An adaptive mesh refine-
ment technique is also outlined in order to capture wetting front efficiently. Some numerical
simulations are performed to illustrate the performance of the method.

Keywords: Richards equation, Discontinuous Galerkin method, seepage boundary condition,
adaptive time step, adaptive mesh refinement.

1 Introduction

Many problems involve numerical simulation of flows in variably saturated porous media. They
range from oil industry and geotechnical engineering to agriculture and earth science. Lots of
models are used to study groundwater dynamics in such systems, but Richards equation-based
models are widespread for saturated/unsaturated flows. As a consequence, subsurface hydrogeology
community has good numerical experience about solution of Richards equation [1, 2]. The present
work is the continuation of a first paper [3] and enters into a long-term research project aiming to
provide insight into the groundwater circulation due to wave action on sandy beaches.
Richards equation holds strong non-linearities due to boundary conditions and constitutive laws.
The latter can exhibit steep gradients or almost-zero values. Moreover, Richards equation is a
parabolic equation which degenerates into an elliptic equation under complete saturation. Sharp
wetting fronts can also happen according to initial and boundary conditions. Typically, designing
a robust and general numerical tool can be troublesome for the solution of Richards equation [1].
First attempts to solve Richards equation go back to the early 1970s with Rubin [4] or Cooley [5]
for example. Then, from 1980s, Richards equation was studied extensively, both from theoretical
and numerical point of view. Results of existence, regularity and uniqueness were found [6] and
solution was assessed through simulations involving different numerical methods. One of the points
of interest was nonlinear solver [7, 8]. Since 2000s, works focus mainly on Richards equation
stability and development of coupled and general simulations [9]. In recent years, research consists
in Richards equation with hysteresis and advanced spatial/temporal discretizations [10, 11] with
adaptive approximations in size and/or in order.
A discontinuous Galerkin method is chosen in this work. It is based on a variational formulation
in an element-wise fashion. So, it is locally conservative which is crucial in fluid dynamics [12].
Moreover, it enables to change the degree of polynomial approximation and to use non-conforming
mesh (hanging node). This is an important benefit since it is possible to handle high-order accuracy
and hp-adaptation [13].
The first part of the paper introduces the Richards equation and constitutive laws along with the
seepage boundary condition. Then, Richards equation is discretized with a Discontinuous Galerkin
method together with a backward Euler scheme. The linearization and adaptive techniques for
time and mesh are also outlined. The last part of the paper is devoted to the validation of the
numerical methods, through infiltration and water table depletion simulations.
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2 Problem formulation

2.1 Richards equation and constitutive laws

Richards equation is a classic nonlinear parabolic equation to describe flow occurring in the un-
saturated zone of an aquifer [1, 14]:

∂t(θ(ψ))−∇ · (K(ψ)∇(ψ + z)) = 0 (1)

where ψ denotes the pressure head (m), K the hydraulic conductivity tensor (m/s), z the elevation
(m) and θ the water content. Equation (1) is called the mixed form of Richards equation because
it involves both variables, θ and ψ. This form was chosen because it is mass conservative and it is
applicable to a wide range of porous media [1]. To close this system of equations, two constitutive
laws are needed for water content and hydraulic conductivity. To describe these relations, it exists
several models which depends on hydraulic properties of the porous medium. In this paper, the
model used for the simulations [15, 16] is:

(K(ψ); θ(ψ)) =


(

AKs

A+ |ψ|B
;
C(θs − θr)

C + |ψ|D
+ θr

)
, if ψ ≤ 0 (unsaturated zone),

(Ks; θs), if ψ > 0 (saturated zone),

(2)

where A, B, C and D are dimensionless empirical parameters, Ks (m/s) is the hydraulic conduc-
tivity at saturation, θs is the saturated water content and θr is the residual water content.
Throughout this paper, hydraulic head h (m) and flux q (m/s) are also used: h = ψ + z and
q = −K(ψ)∇h. Equation (1) is rewritten as:

∂t(θ(h− z))−∇ · (K(h− z)∇h) = 0. (3)

2.2 Seepage boundary condition

The seepage boundary condition is specific to subsurface model [17]. It models the interface between
porous medium and atmosphere. If the porous medium is saturated and outflow occurs, then
water pours out at atmospheric pressure (ψ = 0). Otherwise, the interface acts as an impervious
boundary. The difficulty is that the length of seepage face is unknown a priori. It can be seen as
a non-linear Robin boundary condition:

a(h)h− b(h)K(h− z)∇h ·n = c(h) where


a(h) = H(h)

b(h) = 1−H(h)

c(h) = H(h)z

with H(h) =

{
1 if ”seepage”,

0 otherwise.
(4)

Sometimes, the Heaviside function H is regularized [18] to overcome convergence difficulties. The
seepage boundary condition is also taken into account as a Signorini’s type:

ψ ≤ 0, −K(h− z)∇h · n ≥ 0, (−K(h− z)∇h · n)ψ = 0. (5)

In this work, the seepage boundary condition is not regularized and is treated like in [17] by
switching between Dirichlet and Neumann boundary condition for each degree of freedom within
the weak formulation of the next section. Therefore, where the seepage boundary condition applies,
it is written: {

h = z if ψ ≥ 0 and −K(h− z)∇h · n > 0,

−K(h− z)∇h · n = 0 otherwise.
(6)

Paniconi and Putti [8] reported that seepage condition can cause oscillations leading to convergence
problems if rapid changes of saturation state occur near the seepage face. This holds no matter
convergence requirements are relaxed or not for the nonlinear solver. Therefore, seepage boundary
condition resolution is fully integrated into the nonlinear iterations for this study.
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3 Discontinuous Galerkin method

3.1 Discretization

First of all, some definitions are set for the discontinuous Galerkin formulation. More careful
developments can be found in Rivière [12] or Doleǰśı and Feistauer [13]. Let Ω be a space of R2

with ∂Ω = ΓD ∪ ΓN if no seepage boundary condition is considered. From equation (3) and by
adding initial and boundary conditions, the model problem is:

∂tθ(h− z)−∇ · (K(h− z)∇h) = 0, in Ω× [0, T ],

h = hD, on ΓD × [0, T ],

−K(h− z)∇h · n = qN , on ΓN × [0, T ],

h = h0, in Ω× {0},

(7)

with T the total duration of the simulation and h0 the initial condition. Ω is subdivided into
elements E which form the partition denoted by Eh. Elements are made of faces F . FI

h stands for
the set of interior faces, FD

h for the set of Dirichlet boundary faces and FN
h for the set of Neumann

boundary faces.
Let be two neighbouring elements El and Er sharing one face F . There are two traces of a function
u along F denoted by ul and ur. The jump across a face is denoted by JuK = ul−ur, the mean by

⦃u⦄ =
1

2
(ul + ur) and n is the unit normal vector oriented from El to Er.

Several discontinuous Galerkin methods are possible, see [12, 13]. Here, the incomplete inte-
rior penalty Galerkin (IIPG) method is chosen to avoid the addition of stabilization terms from
symmetrization [13]. Penalization terms are added to enforce Dirichlet boundary condition and
continuity constraint through respectively, the boundary penalty σb and the interface penalty σi.
Let Hs(Eh) =

{
v ∈ L2(Ω) : ∀E ∈ Eh, v

∣∣
E
∈ Hs(E)

}
be the broken Sobolev space with Hs the clas-

sic Sobolev space and s > 3/2. Problem (7) is multiplied by a test function v ∈ Hs(Eh), integrated
on each element E. After using Green’s theorem, summing over all elements and performing some
calculations, the space semi-discretization is obtained:

Find h ∈ Hs(Eh) such that ∀v ∈ Hs(Eh),
∑
E∈Eh

∫
E

∂tθ(h− z)v dx + ah(h, v) = lh(v) with (8)

ah(h, v) =
∑
E∈Eh

∫
E

K(h− z)∇h · ∇v dx−
∑

F∈FI
h

∫
F

⦃K(h− z)∇h · nF⦄JvK ds+
∑

F∈FI
h

∫
F

σF
i

|F |
JhKJvK ds

−
∑

F∈FD
h

∫
F

K(h− z) (∇h · nF ) v ds+
∑

F∈FD
h

∫
F

σF
b

|F |
hv ds, (9)

lh(v) =
∑

F∈FD
h

∫
F

σF
b

|F |
hDv ds−

∑
F∈FN

h

∫
F

qNv ds. (10)

Contrary to the Finite Elements method, there is no continuity constraint between elements for the
test functions. Therefore, any polynomial basis functions is suitable which makes discontinuous
Galerkin method flexible. Even if a nodal basis can be chosen, this paper works with a modal
basis, the monomial basis, because it is simple and can be extended easily to higher orders.
To get the full discretization, the first term of the weak formulation (8) is approximated by a
backward Euler scheme which gives:

Find h ∈ Hs(Eh) such that ∀v ∈ Hs(Eh),

Rh(hn+1, v) =
∑
E∈Eh

∫
E

θ
(
hn+1 − z

)
− θ(hn − z)
δt

v dx + ah(hn+1, v)− lh
(
v; tn+1

)
= 0, (11)

where δt is the time step, n is the number of time iteration and hn denotes h at time tn.
The choice for backward Euler scheme is quite natural because its implicit nature provides nat-
ural stability properties. Together with its simple implementation, this scheme is widespread for
Richards equation where good convergence behaviour is observed in [8].
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3.2 Nonlinear solver with adaptive time stepping

Solving equation (11), which represents the residual R, can be challenging because of strong non-
linearities. Newton-Raphson methods converge quadratically but they often fail for parabolic
degenerate problem where the Jacobian matrix might become singular and because of poor initial-
izations [7, 8, 19]. Therefore, fixed-point iteration methods are robust and popular techniques for
Richards equation even if they converge linearly. Let m be the number of the nonlinear iteration
and J the Jacobian matrix computed from (11). Both Newton-Raphson and fixed-point iteration
schemes read: {

J
(
hn+1,m

)
δh = −R

(
hn+1,m

)
,

hn+1,m+1 = hn+1,m + δh.
(12)

In this study, the fixed-point iteration method is chosen and constructed like in [7] by avoiding the
first derivative terms inside the Jacobian matrix. The stopping criterion is ‖R(h)‖L2(Ω) < ε where
ε is a user-defined tolerance.
Time adaptation is motivated by the convergence of the nonlinear solver. Indeed, solution takes
too many iterations or even fails to converge by oscillating because of stiff initialization or severe
boundary conditions. On one hand, transient simulations have difficulties to converge if the time
step is too large but, on the other hand, shorter time steps mean more time steps and so, a longer
computational time. That is the reason why time adaptation is very attractive and common for
Richards equation. However, it exists different strategies to adjust the time step [1]: first ones are
heuristic and mainly based on convergence performance of the nonlinear solver; second ones are
rational and based on error control. The latter are generally much more efficient than the former.
Yet, heuristic methods may outperform them in regards of their simple implementation.
For this study, the time step is adjusted heuristically according to the previous number of iterations
Nit from the nonlinear solver such as [9, 20]. The simulations begins with a time step δt0. The next
time step δtn+1 is calculated from the previous one δtn according to the time-stepping scheme:

δtn+1 =


λampδt

n if Nit ≤ infIt,
δtn if infIt < Nit ≤ supIt,
λredδt

n if supIt < Nit ≤ maxIt,
δtn = λredδt

n if maxIt < Nit or if the solver has failed (time step is started again).

(13)

The factors 0 < λred < 1 and 1 < λamp as well as the threshold values 0 < infIt ≤ supIt < maxIt
are prescribed by the user. A minimum time step is defined to avoid excessive small time step.
With this approach, the nonlinear solver is more robust. Indeed, whatever δt0, the time step is
adjusted until the nonlinear solver succeeds to converge. Then, thanks to the coefficients, the time
step is adjusted smoothly. Nevertheless, the method depends on empirical parameters and does not
provide an optimal time step because the amplification/reduction coefficients restrict the possible
size of the new time step. It is difficult to assess if computational time is saved for the simulation
in regards of convergence due to balance between nonlinear iterations and time iterations.

3.3 Adaptive mesh refinement

Solution of Richards equation holds sharp wetting fronts which are moving dynamically through
the domain among smooth regions [11]. They arise typically from boundary conditions and dis-
sipate over time by coming across the saturated zone. Mesh adaptation is a technique which can
handle these particularities to reach the desired accuracy. Recent strategies involve both size and
order adaptation, based on a posteriori errors [10] or interpolation error [18]. In this study, an h
adaptation based on a simple a posteriori error is performed like Miller et al. [11]. Yet, whereas
they use changes in effective saturation, that’s directly changes in the solution, the gradient of
hydraulic head h, which serves as error indicator. The latter has the advantage of working both
for the saturated and unsaturated regions.
Mesh adaptation is a 2D block-based technique adapted from Altazin et al. [21]. The process of
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mesh adaptation begins with the evaluation of the criterion defined by:

CE =
1

max
E∈Eh

(
1

|E|‖∇h‖L2(E)

) 1

|E|
‖∇h‖L2(E). (14)

The criterion is normalized so that 0 ≤ CE ≤ 1. The second step consists in deciding to refine,
coarsen or do nothing thanks to user-defined threshold values 0 < βmin ≤ βmax < 1 for the
criterion. Elements are merged or split according to the scheme described in Figure 1. A quadtree
graph-based numbering is used to define easily neighbouring elements of faces. To avoid excessive
refinement and coarsening, minimum and maximum levels are set up. Then, the mesh is smoothed
by checking that each neighbouring block of elements cannot have a difference of refinement level
greater than one.

Figure 1: Refinement and coarsening process for one triangular and quadrangular element

In the last step, the solution is projected from the previous mesh to the new one by solving
a local discontinuous Galerkin problem. The element-wise weak formulation corresponding to
hEnew

= hEold
reads: ∫

Enew

hEnew
v dx =

∫
Enew

hEold
v dx. (15)

This strategy of adaptation is simple but the a posteriori indicator requires empiric parameters to
balance computational performance and accuracy. This forces to calibrate βmin ans βmax for each
simulation. These limits are described in [22] as well as a procedure to overcome them.

4 Numerical results

4.1 One-dimensional infiltration numerical test case

This numerical test-case was firstly introduced by Celia et al. [23] on the basis of an experiment
from Haverkamp et al. [15]. It was taken afterwards by others [24] and corresponds to a class of
classical test cases, for example, see [11]. This problem deals with an 1D-infiltration into a soil
column of 40 cm height and 8 cm width. K and θ are taken from (2) with A = 1.175 × 106,
B = 4.74, C = 1.611 × 106, D = 3.96, Ks = 0.00944 cm/s, θs = 0.287 and θr = 0.075. The
initial condition is h0 = −61.5 + z cm. On the top and bottom, Dirichlet boundary conditions for
hydraulic head are prescribed: htop = 19.3 cm, hbottom = −61.5 cm which results in downward
infiltration. Sides are impervious. Simulation parameters are p = 1, σi = σb = 100 and T = 600 s.
Threshold values for adaptive mesh refinement are : βmin = βmax = 0.5.
The solutions are in very good agreement to one another as seen for pressure head in the Figure
2a. Moreover, h adaptation is capturing the wetting front efficiently as it is shown in Figure 2b.

4.2 Comparison with water table drainage experiment

Vauclin et al. made a drainage experiment of a slab of soil in which experimental details and
positions of water table can be found [16]. A water table depletion occurs after an instantaneous
drop of the imposed hydraulic head. The box is 200 cm × 300 cm. K and θ are taken from (2)
with A = 359720.49, B = 4.5, C = 40000, D = 2.9, Ks = 40 cm/h, θs = 0.3 and θr = 0. This
experiment is used as a test-case to show a transient simulation with seepage boundary condition.
The domain is initially in hydrostatic equilibrium: h0 = 145 cm. Boundary conditions at the
bottom, at the top, on the right and on the left for z > 145 cm are ∇h · n = 0. On the left, the
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level is kept constant in the ditch for z ≤ 75 cm, h = 75 cm, and, the seepage boundary condition
is prescribed for 45 cm < z ≤ 145 cm.
Numerical simulation is performed with p = 1, σi = σb = 100 on a mesh with ∆x = 10 cm and
∆z = 5 cm. Water table location matches ψ = 0. Numerical positions of water table are displayed
in Figure 3 together with the experimental data from [16].

(a) Pressure head profiles adapted from Manzini et
al. [24]

(b) Adaptive mesh refinement around the wetting front

Figure 2: Results for the one-dimensional infiltration numerical test case

Figure 3: Numerical simulation of two-dimensional drainage with water table position compared
to experimental data from Vauclin et al. [16]

Results presented in the Figure 3 show that the model is able to reproduce satisfactory the
transient water table dynamics. However, disagreements near the seepage boundary are found be-
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tween numerical and experimental profiles. Two reasons can explain it. One is in relation with the
experimental set-up because water should not pour out completely freely through the experimental
device in such a way that seepage boundary condition does not model it properly. Another reason is
the determination of hydraulic properties which was done by correlation from measurements with
some fairly important dispersion, due to natural heterogeneity and by neglecting hysteresis[16].
This would explain some discrepancies. In every instance, it is not linked to discretization because
results does not change whatever the mesh and order approximation are chosen. Other numerical
studies based on this experiment are reported [9, 16, 25]. They also struggle to match water table
profiles near the seepage.

5 Conclusion

In this paper, Richards equation is discretized: a discontinuous Galerkin method associated with
a backward Euler scheme is able to simulate variably saturated flows in porous media for a wide
range of problems, including seepage boundary condition. Richards equation gives rise to some
issues concerning non-linearities and convergence behaviour. In order to provide a computationally
simple but efficient algorithm in terms of solution accuracy and robustness, the nonlinear solver is
based on a fixed-point iteration method with adaptive time stepping. Besides, an adaptive mesh
refinement technique is employed to deal with steep gradients. Finally, simulations illustrate how
the method performs for numerical and experimental test-cases.

Further research is underway to extend adaptive mesh refinement to an efficient hp-adaptation,
assess more carefully the convergence behaviour of seepage boundary condition and make time
step adaptation less heuristic.
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