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ENTROPIC CURVATURE ON GRAPHS
ALONG SCHRODINGER BRIDGES AT ZERO TEMPERATURE.

PAUL-MARIE SAMSON

ABsTRACT. Lott-Sturm-Villani theory of curvature on geodesic spaces has been extended to discrete graph
spaces by C. Léonard by replacing W,-Wasserstein geodesics by Schrodinger bridges in the definition
of entropic curvature [23, 25, 24]. As a remarkable fact, as a temperature parameter goes to zero, these
Schrodinger bridges are supported by geodesics of the space. We analyse this property on discrete graphs
to reach entropic curvature on discrete spaces. Our approach provides lower bounds for the entropic
curvature for several examples of graph spaces: the lattice Z" endowed with the counting measure, the
discrete cube endowed with product probability measures, the circle, the complete graph, the Bernoulli-
Laplace model. Our general results also apply to a large class of graphs which are not specifically studied
in this paper.

As opposed to Erbar-Maas results on graphs [27, 10, 11], entropic curvature results of this paper im-
ply new Prékopa-Leindler type of inequalities on discrete spaces, and new transport-entropy inequalities
related to refined concentration properties for the graphs mentioned above. For example on the discrete
hypercube {0, 1}" and for the Bernoulli Laplace model, a new W, — W, transport-entropy inequality is
reached, that can not be derived by usual induction arguments over the dimension n. As a surprising fact,
our method also gives improvements of weak transport-entropy inequalities (see [28, 15]) associated to
the so-called convex-hull method by Talagrand [38].

The paper starts with a brief overview about known results concerning entropic curvature on discrete
graphs. Then we introduce a specific entropic curvature property on graphs derived from C. Léonard
approach [23, 25, 24], and dealing with Schrédinger bridges at zero temperature (see Definition 1.1).

The main curvature results are given in section 2, with their connections to new transport-entropy
inequalities. The concentration properties following from such transport-entropy inequalities are not
developed in the present paper. For that purpose, we refer to [15] by Gozlan & al, where the link
between transport-entropy inequalities and concentration properties are widely investigated.

The strategy of proof, presented in section 3, uses the so called slowing-down procedure for Schrodinger
bridges associated to jump processes on discrete spaces pushed forward by C. Léonard. The key propo-
sition of the present paper, Proposition 3.5 (with Lemma 3.1), is derived from this procedure, which
consists of decreasing a temperature parameter y to O in order to construct W;-Wasserstein geodesics
on the set of probability measures on the graph. All the curvature results of this paper are derived from
Proposition 3.5. Our strategy also applies for many other graph spaces which are not considered in
this paper. The main goal of this work is to push forward Leonard’s slowing-down procedure to reach
entropic curvature on graphs through few significant new results.
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1. INTRODUCTION : SCHRODINGER BRIDGES FOR ENTROPIC CURVATURE

For any measurable space YV, we note M(Y) the set of all non-negative o-measures on Y and P(Y)
the set of all probability measures on Y.

Let (X, d) be a geodesic space equipped with a reference measure m € M(X). According to Lott-
Strum-Villani theory of curvature on geodesic spaces [26, 36, 37, 40], a lower bound K € R on the
entropic curvature of the space (X, d,m) is characterized by a K-convexity property of the relative
entropy along constant speed geodesics of the Wasserstein space (P2(X), W>). Let us precise this
property for the non specialist reader. By definition, the relative entropy of a probability measure g on
a measurable space Y with respect to a measure r € M(Y) is given by

H(qlr) := L log(dq/dr) dg € (00, 0],

if ¢ is absolutely continuous with respect to r and H(g|r) := +oco otherwise. We refer to [22] for more
details about this definition. The space £»(X) is the set of probability measures with second moment
and W, is the Wasserstein distance of order 2 on X: namely, for any vg, v; € P»(X),

1/2
(1) Wa(vo, v1) :=( inf f f d(x,y>2dn<x,y>) ,

nell(vp,vy)

where I1(vg, v1) is the set of all probability measures on the product space X X X with first marginal
vo and second marginal v (also called transference plans from vq to vi). A path (v;)o,17 in P2(X) is
a constant speed Wy-geodesic from vy to vy if forall 0 < s < ¢ < 1, Wa(vs,vy) = (t — s)Wa(vp, v1).
The K-convexity property of the relative entropy H(-|m) is expressed as follows: for any vg, v; € P»(X)
whose supports are included in the support of m, there exists a constant speed W>-geodesic (v;):e(0,1]
from v to vy such that for all ¢ € [0, 1],

K
(@3] H(vilm) < (1 = 0) H(volm) + t H(vilm) = = (1 1) W3 (vo, v1).
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If such a property holds, one says that the Lott-Sturm-Villani entropic curvature of the space (X, d, m)
is bounded from below by K.

Property (2) with K = 0 has been discovered by McCann on the Euclidean space (X, d) = R4, - )
endowed with the Lebesgue measure [29]. More generally, as a remarkable fact, when X is a Rie-
mannian manifold equipped with its geodesic distance d and a measure m with density e™" with respect
to the volume measure, property (2) is equivalent to the so-called Bakry-Emery curvature condition
CD(c0, K): Ricc + Hess(V) > K (see e.g. [3]). As a consequence, due to the wide range of impli-
cations of this notion of curvature, property (2) has been used as a guideline by Lott-Sturm-Villani to
define curvature on geodesic spaces (see also [1, 2]) and then by different authors to propose entropic
definitions of curvature on discrete spaces : Bonciocat-Sturm [6], Ollivier-Villani on the discrete cube
[34], Erbar-Maas [27, 10, 11], Mielke [30], Léonard [23, 25, 24], Hillion [17, 18] and Gozlan-Roberto-
Samson-Tetali [14].

This paper concerns Léonard entropic approach of curvature in discrete setting, from which we also
recover results from [14] and [17]. In discrete spaces, several other notions of curvature have already
been studied which are not considered in this paper : the caorse Ricci curvature [32, 33], the Bochner-
Bakry-Emery approach with the (Bochner) curvature [7, 19] and the curvature dimension or exponential
curvature dimension inequality [4].

As m is the unique invariante probability measure of a Markov kernel on a discrete space X, a first
global entropic approach has been proposed by M. Erbar and J. Maas [27, 10, 11]. The core of their
approach is the construction of an abstract Wasserstein distance ‘W, on P(X), that replaces the Wasser-
stein distance W in (2). This distance ‘W, is defined using a discrete analogue of the Benamou-Brenier
formula for Wy, in order to provide a Riemannian structure for the probability space £(X). Unfortu-
nately, there is no static definition of ‘W% as a minimum of a cost among transference plans 7 as in the
definition (1) of W22. Erbar-Maas entropic Ricci curvature definition satisfies a tensorisation property
for product of graphs that allows to consider high dimensional spaces [10]. This definition has been
used to get lower bounds on curvature for several models of graphs : the discrete circle, the complete
graph, the discrete hypercube [27, 10], the Bernoulli-Laplace model, the random transposition model
[12, 13], birth and death processes, zero-range processes [13], Cayley graphs of non-abelian groups,
weakly interacting Markov chains such as the Ising model [9]. The main strategy of all this papers is
to prove an equivalent criterion of Erbar-Maas entropic curvature given in [10], by identifying some
discrete analogue of the Bochner identity in continuous setting.

Finding a minimizer in the definition of W(vg, v;) is known as the quadratic Monge-Kantorovich
problem. By the so-called slowing down procedure, T. Mikami [31] and then C. Léonard [21, 23,
24, 25] show that the quadratic Monge-Kantorovich problem in continuous, but also the W;-Monge-
Kantorovich problem in discrete, can be understood as the limit of a sequence of entropy minimization
problems, the so-called Schrodinger problems.

In this paper, the slowing down procedure, described further, is used to prove entropic curvature
properties of type (2) as X is a graph, endowed with its natural graph distance d = d., and with a
measure m, reversible with respect to some generator L. More precisely, in property (2), constant
speed W>-geodesics (vy)spo,17 are replaced by constant speed W;-geodesics where W is the Wasserstein
distance of order I given by

Wilvo,v1) :== inf ffd(x,y) dn(x,y), vo, V1 € P(X).
nell(vg,vy)

As explained below, each of these constant speed W;-geodesics, denoted by (@)te[o, 17 throughout this

paper, is the limit path of a sequence of Schrodinger briges (Qy )iefo,1] indexed by a temperature param-

eter y > 0, as y goes to zero. We call it Schrodinger brige at zero temperature. In property (2), the

curvature term W22(v0, v1) is also replaced by some transport cost C;(vg, v1) that may also depend on the
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parameter ¢ € (0, 1). Let £,(X) denotes the set of probability measures on X with finite support. The
analogue of property (2) on discrete graphs at the focus of this work is the following.

Definition 1.1. On the discrete space (X, d, m, L), one says that the relative entropy is C-displacement
convex where C = (Cy)elo,1), Iif for any probability measure vy, vi € Pp(X), the Schridinger bridge at

zero temperature (@)te[o,l] from vq to vy, satisfies for any t € [0, 1],

©) H(QYm) < (1 = HH(volm) + t H(vilm) - ’(12‘ 2

C:(vo, v1).

For some of the graphs studied in this paper, the cost C;(vg, v;) is bigger than K W;(vo, v1)? for any
t € [0, 1] with K > 0. In that case one may say that the W;-entropic curvature of the space (X,d,m, L)
is bounded from below by K. Such a property is also a consequence of Erbar-Maas entropic curvature
since ‘W, > W but their property deals with different constant speed geodesics on P(X). Let us
introduce another discrete analogue of the W,-distance:

1/2
4 Wetvo, v1) :=( inf f f d(x,y>(d<x,y)—1)dn<x,y)) L Vv € PAX).

nell(vg,v

For some graphs in this paper, we also get
Ci(vo,v1) = K (Walvo, vi)* = Wi(vo, 1)) = K'W5(v0, 1)’

with K’ > 0. In that case, one may say that the Wé’-emropic curvature, of the space (X,d,m, L) is
bounded from below by K’.

In the definition (4) of W¢, the cost d(x, y)(d(x, y) — 1) is zero if x and y are neighbours. Therefore the
optimal transport-cost Wg does not well measure the distance between probabilities with close supports.
Observe that such type of costs also appear in the paper by Bonciocat-Sturm [6] in their definition of
rough (approximate) lower curvature.

In this paper, a C-displacement convexity property is proved for the following discrete spaces : the
lattice Z" endowed with the counting measure (see Theorem 2.2), the discrete hypercube endowed with
product probability measures (see Theorem 2.4), the discrete circle endowed with uniform measure (see
Theorem 2.5), the complete graph (see Theorem 2.3), the Bernoulli-Laplace model (see Theorem 2.6).
For all these graphs, one gets a non-negative lower bound for their W or Wé’—entropic curvature. In a
forthcoming paper one will also consider some cases of spaces with “negative” entropic curvature.

For more comprehension, let us briefly explain the slowing down procedure in its original continuous
setting before considering discrete spaces. Let R” be the law of a reversible Brownian motion with
diffusion coefficient > 0 on the set Q of continuous paths from [0, 1] to X = R?. The coefficient
v can be also interpreted as a temperature parameter. The measure R” € M(Q) is a Markov measure
with infinitesimal operator LY = yA (where A denotes the Laplacian), and initial reversible measure
dm = dx, the Lebesgue measure on RY.

In all the paper, we use the following notations. For any ¢ € [0, 1], X; is the projection map
X[ZO)EQ'—)L()ZEX.

Given Q € M(Q), the measure Q; := X#Q on X denotes the push-forward of the measure Q by X;, and
forany 0 < r < s < 1, the measure Qg := (X;, X,)#0 on X x X denotes the push forward of the measure
Q by the projection map (X, X;). For any integrable function F' :  — R with respect to 0, one notes

EolF] := fg FdQ.
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The informal result by T. Mikami [31] or C. Léonard [21] is the following: for any absolutely contin-
uous measures vy, v; € P,(X), for any sequences (yy)ren Of temperature parameters going to zero,

2 o _ _
W5(vo,v1) = Qég{m {EQ[C] |Q0 =v0,01 =V }

= i in {H(QIR"
lim, [yk QL%){ (QIR™)

Qo =vp, 01 = Vl}],

where c(w) = fo | w, [2dt, if the path w = (wy)efo,17 1s absolutely continuous (w denotes its time
derivative), and c(w) := +oo otherwise. The first equality is known as the Benamou-Brenier formula
(see [5]). The second equality therefore relates W to the so-called dynamic Schrodinger minimization
problems. As a convex minimization problem, for any fixed y > 0, it admits a single minimizer Q7,
namely

5) min, {H(QIR)| Qo = v0.01 = 1} = HQ"R".

As interpretation, the measure Q7 is the law of the process with configuration Q’; =ypattimer =0
and Q = y; at time ¢t = 1, which is the closest one for the entropic distance, to a reversible Brownian

motion with diffusion coefficient y. As a result (see [31, 21]), the sequence of minimizers (é”f Ve
converges to a single measure Q\O € P(Q). For any t € [0, 1], let v) := Qy and v; := @ . By definition,
("Nieo.1) is a Schrodinger bridge from v to vy at fixed temperature vy, and as a main result, as y; goes
to zero, the limit path (v;).[o,17, is a W-geodesic from vg to v; (see [23]). Therefore, it is natural to
consider a relaxation of the curvature definition (2) by replacing the geodesic (vi)«o,17 by the bridge
(v;y)te[o,l] and by replacing sz(vo, v1) by yYH (Q\V |[R”). This idea has been explored in continuous setting
by G. Conforti in [8].

Let us present the discrete analogue of this approach due to C. Léonard [23, 25, 24]. From now on,
the space X is a countable set endowed with the o-algebra generated by singletons. The set Q c X0
denotes the space of all left-limited, right-continuous, piecewise constant paths w = (w;)ef0,17 on X,
with finitely many jumps. The space Q is endowed with the o-algebra ¥ generated by the cylindrical
sets.

According to C. Léonard’s paper [24], the discrete space X is equipped with a metric distance d. This
distance is assumed to be positively lower bounded: for all x # yin X, d(x,y) > 1. The space X is also
the set of vertices of a connected graph G = (X, E) where E C X X X denotes the set of directed edges
of the graph. G is supposed to be an undirected graph so that for all (x,y) € E, one has (y, x) € E. Two
vertices x and y are neighbours and we note x ~ y if (x,y) € E. We assume that any vertex x € X has a
finite number of neighbours d, and that sup, .y dy = dmax < ©0. The length £(w) of a piecewise constant
path w = (wy)seo,17] € Q is given by

lw) = ) dwr,w).
O<t<1
In C. Léonard’s paper, the distance is assumed to be intrinsic in the discrete sense (see [24, Hypothesis
2.1]), this means that for any x,y € X,

d(x,y) := inf {é’(w) | wE Wy=Xx,w = y}.

In this paper, we only consider the simple case where d = d. is the graph distance for which the above
assumptions are fulfilled: d.(x,y) = 1 if and only if x ~ y.

A discrete path « of length { € N joining two vertices x and y is a sequence of £ + 1 neighbours
a = (20,...,2¢) so that zg = x and z, = y. In the sequel, we note z € « if there exists i € {0,..., ¢} such
that z = z;, and we note (z,7') € a if there exists 0 < i < j < £ such that z = z; and 7’ = z;. The distance
d(x,y) is also the minimal length of a path joining x and y. A discrete geodesic path joining x to y is a
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path of length d(x,y) from x to y. We note G(x,y) the set of all geodesic paths joining x to y, and we

note [x, y] the set of all points that belongs to a geodesic from x to y,

[x,y] := {zeX|z€a,aeG(x,y)}.

At fixed temperature y > 0, as reference measure on €, we consider a Markov path measure R” with
generator LY defined by
L(xy) = y"Lxy,  xyeX,

and initial reversible invariante measure Rg = m. More precisely, we assume that m is reversible with
respect to L, which means that for any x,y € X
m(x)L(x,y) = m(y)L(y, x).

It implies that m is reversible with respect to L” for any y > 0, and therefore R} = m for all ¢ € [0, 1].
We also assume that the Markov process is irreducible so that m(x) > O for all x € X. Recall that from
the definition of a generator, for any ¢ > 0 and any x,y € X, one has

R}, (6 y) = R (0)(6x() + L (x, p)h + o(h)),

where 0, is the Dirac measure at point x. We note P;,¢t > 0, the Markov semi-group associated to L,
and P!, t > 0, the Markov semi-group associated to L,y > 0. By reversibility, one has for any x,y € X

RY (x,y) = m(x)P] (x,y) = m(y)P] (v, %),

and since the process is irreducible, P!(x,y) > 0 for all 7 > 0 and all x,y € X. For any integrable
function f : X — R with respect to P! (x, -), we set

PLF(x) = ) FO) P, ).
yeX
In this paper we only consider generator L satisfying :
(6) L(x,y)>0 ifandonlyif x~y,
so that P] = Py, for all y,7 > 0, but also for any x # y,

d(x,y) = min {k € N | L*(x,y) > 0} .

Let vy, vi € P(X) with respective densities /iy and h; according to m. In Léonard’s paper [24], The-
orem 2.1 ensures that under some assumptions (see [24, Hypothesis 2.1]), at fixed temperature y > 0,
the minimum value of the dynamic Schrédinger problem (5) is reached for a single probability measure
Q7 which is Markov. This Markov property implies that the measure Q” has density f7(Xp)g”(X;) with
respect to R”, where f7 and g” are measurable positive functions on X satisfying the following so-called
Schrodinger system

(7

Y(x) =
{ Y P{g" (%) = ho(), Vxy € X,

FOPI =m0,
Since f7 is non-negative and f” # 0, by irreducibility one has P} ¥ > 0 for all ¢ > 0, and for the same

reason, P/g” > 0 for all # > 0. As a consequence, if vy and v; have finite support, then the Schrodinger
system (7) implies that f” and g” have also finite support.

According to [25, Theorem 6.1.4.], from the Markov property, the law at time ¢ of the Schrédinger
bridge at fixed temperature v, Qy , is given by: for any z € X,

) 0)(2) = P/ f' ()P _ 8" ()m(2) = Z m(2)P) (z, )P]_ (. y) [T (g ).

x,yeX
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Let us present another expression for Qy . First, by reversibility, one has

D m@P! (2, 0P]_@y) = m()P](x,y) = R} | (x,).

zeX

Therefore, setting

m@P] (2, OP\_(zy) Pl(x,DP{_(zy) P (2P ()

hED) -
) T P ey Py Plow
and
7 (x,) = Oy (x3) = R (£, )7 (07 ),
we get

0@ =Y M@ Ty, zeX

x,yeX
Actually, for any x,y € X, (v;yx’) '),E[o, 11 is the Schrodinger bridge joining the Dirac measures 6, and 6.

The path (Qy )i0.17 is therefore a mixing of these Schrodinger bridges, according to the coupling measure
e H(V(), v 1).

Using the Schrodinger system (7), the measure 777 can be rewritten as follows,

&P (x,y) ") FYOP](y, %)

2 L oy () —
Plg"(x) PIf ()

For any v € P(X), let supp(v) denote the support of the measure v, supp(v) := {x € X|v(x) > 0}. The
measure 777 admits the following decomposition,

T(x,y) = vo() 7 (%) = vi 7 (xly),
where 77 and 77 are the Markov kernel defined by, for any x € supp(vp),
()P (x.)

P g(x)

T(x,y) = vo(x)

() =

and for any y € supp(vy),
S ()P (y, x)
Pl

In order to fulfil this presentation, recall that the static Schrodinger minimization problem associated
to Ry is to find the minimum value of H (7r|R ) over all = € I1(vo, v1). Theorem 2.1. by C. Léonard
[24] ensures that under Hypothesis 2.1 of its paper this minimum value is the same as the one of the
dynamic Schrodinger minimization problem. Moreover it is reached for 77 = Q0,1 € P(X x X) and
therefore

(10) 7l (xly) =

inf H(rR] ) = HEIRG ) = H(Q"IR).
nell(vo,vy) >
As in the continuous case, let us now apply the slowing down procedure. As the temperature y
decreases to zero, the jumps of the Markov process are less frequent, and the reference process is
therefore a lazy random walk according to C. Léonard’s terminology. In order to justify the behaviour of
the Scrodinger bridge as the temperature goes to zero, for computational reasons, we need the following
not so restrictive additional assumptions.

e The measure m is bounded,

(11) sup m(x) < oo, and inf m(x) > 0.
xeX xeX
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e The generator L is uniformly bounded : there exists § > 1 such that

(12) sup |L(x, x)| < S,
xeX
and there exists I € (0, 1] such that
(13) inf  L(x,y)>1.
x,yeX,x~y

e For any x € X, there exists yg € (0, 1] such that
(14) D™ < oo,

yeX
Hypothesis (12) implies that the semi-group (P}).¢ is given by

k

Y ._ L _ (y)" Lk

(15) Pli=e" =y Lk
keN

Let us now consider the behaviour of the Schrodinger bridges (@ )ie[0,1] @S ¥ goes to zero. Assume
vo and vy have finite support. As condition (12) holds, Lemma 4.3 (iv) gives the limit of the path
(v;yx’y )iefo,1] defined by (9): namely, for any z € X,

. Ly 5 d(x,y
(16) lim VI (2) = v (@) 1= L@ r(x 2,2, 0) 0 (d(x, 2),
where for any x,z,v,y € X,
LY (x, )LV (v, y)
LI, y)

and pf denotes the binomial law with parameter t € [0, 1], d € N :

17) r(x,z,v,y) =

’

k) = (i)tk(l —0¥k kelo,... k),
with the binomial coeflicient (i) = #lk), This limit Schrodinger bridge (v?x’y )ief0,1] s supported
by [x,y], the set of points on discrete geodesics from x to y. Therefore Schrodinger bridges at zero
temperature are consistent with the metric graph structure. This is not surprising. Indeed, roughly
speaking, V?x’y can be interpreted as the law of a process going from x to y which is closest to a lazy
random walk (since y goes to 0). Therefore this process is forced to follow the geodesics of the graph
from x to y.

For fixed x # y, the law v?x’y on [x, y] can be described as follows. Let S denote a binomial random
variable with parameters r € [0,1] and d = d(x,y) € N, and let I' be a random discrete geodesic in
G(x,y) whose law is given by

L(ag, @)+ L(ag_1,
BT = a) = (@, 1) - - L(ag-1, @q)

L7 (x, y)

IfSandI' = (T,...,I ;) are independent then V?x’y is the law of I'y.

, for all @ = (ag, ay,...,aq) € G(x,).

Let us come back to the behaviour of the Schrodinger bridges at low temperature. C. Léonard [24,
Theorem 2.1] proves that given a positive sequence (yi)ren With limg_,. v = 0, the sequence of op-
timal Schrodinger minimizers (@’k )ren converges to a single probability measure @O € P(Q) for the
narrow convergence, provided Hypothesis 2.1 holds. In this paper, the measure Q" is named as the limit
Schrodinger problem optimizer at zero temperature, between vy and vy. In the framework of this work,
choosing two probability measures vy and v; with finite supports, Hypothesis 2.1 in [24] is reduced to
the following assumption (see condition (1) in Hypothesis 2.1): for any x,y € X and for any y > 0

ERY [€|X() =x,X] :y] < 00.
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According to Lemma 4.3 (6), this assumption is fulfilled thanks to (12) since PT(x, y) > 0 for any
x,y € Xandy > 0.

As a main result of [24, Theorem 2.1], the measure QO
Monge-Kantorovich problem :

inf {Eol[€1| Q € P(Q), Qo = o, Q1 = pu1| = ElL].

The sequence of coupling measures (777%)en also weakly converges to

is also a solution of the following dynamic

-0 ._ 0

o= QO,I‘
Moreover, similarly to the continuous case, 7° is a W;-optimal coupling of vy and v, it means a mini-
mizer of Wy(vg, v1),

Wi(v, 1) = f f d(x,y) dr’(x,y) = Eg(0).

The weak convergence of (@”f Vken to @O also provides the convergence of (’:”)keN to @? , and one
has

(18) () = f f VW (@) dal (x, y).

The path (@),6[0,1] is joining vg to v;. According to its construction, this bridge is called Schrodinger
bridge at zero temperature from v to vi. As a main result, C. Leonard proves that with hypothesis (6),
the path (@)te[o, 17 is a constant speed W;-geodesic (see [24, Theorem 3.15]): forany 0 < s <t < 1,

Wi(QP, Q%) = (1 — $)W;(vo, v1).

2. MAIN RESULTS : EXAMPLES OF ENTROPIC CURVATURE BOUNDS ALONG SCHRODINGER BRIDGES ON GRAPHS

The main purpose of this section is to present Wy or Wg -entropic curvature bounds for several discrete
graph spaces (X,d,m, L), in the framework of the first section. As explained before, these bounds
follows from C-displacement convexity properties (3) of the relative entropy along Schrddinger bridges
at zero temperature (@? )ief0,1]> derived from the slowing down procedure.

As in the paper [14], C-displacement convexity properties imply a wide range of functional inequali-
ties for the measure m on X, such as Prékopa-Leindler type of inequalities, transport-entropy inequali-
ties, and also discrete Poincaré or modified log-Sobolev inequalities.

To avoid lengths, discrete Poincaré and modified log-Sobolev inequalities are not considered in the
present paper. However, we push forward new transport-entropy inequalities to emphasize the efficiency
of the Schrédinger approach. Indeed, optimal transport costs derived from this method are well suited
to get new concentration properties, using known connections between transport-entropy inequalities
and concentration properties pushed forward in [15]. Observe that Erbar-Mass approach [11] does not
allow to recover such concentration properties on discrete graphs.

New Prékopa-Leindler type of inequalities are also a straighforward dual consequence of the C-
displacement convexity properties (3). Theorem 2.1 below is a general statement that applies for each
of the discrete spaces (X, d, m, L) studied in this paper and presented next.

Theorem 2.1. On a discrete space (X,d, m, L), assume that the relative entropy satisfies the C-displacement
convexity property (3) with C = (C;)e0,1] given by : for any vo,vi € Pp(X)

C/(vo,v1) = f f c(x,y) drn’(x, y),
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where T = @61, and éo is the limit Schrodinger problem optimizer between vy and vy. Then, the next

property holds. If f, g, h are measurable functions on X satisfying
(1 -1t
(1 -1)f(x) +1g(y) < fhdv?” L X 5 )

(fefdm)l_t(fegdm)ts fehdm.

The proof of this result is an easy adaptation of the one of Theorem 6.3 in [15]. It is left to the reader.

ci(x,y), Vx,y e X,

then

For each of the discrete spaces (X, d, m, L) presented below, we describe the Schrodinger path at zero
temperature and, as a main result, we give a C-displacement convexity property (3) satisfied by the
reversible measure m by specifying the family of costs C = (Cy)seqo0.17- The strategy of proof of these
results is explained in section 3.

2.1. The lattice Z" endowed with the counting measure. Let m denote the counting measure on
X =7Z". The graph structure on Z" is given by the set of edges

E:= {(Z’Z +¢€),(z,2—€) | zeZ"ie [n]},

where [n] :={1,...,n}and (ey,...,e,) is the canonical base of R". The graph distance is given by
n
dey)= Y lyi-xl,  xyez"
i=1

The measure m is reversible with respect to the generator L defined by, for any z € Z", for any i € [n],
L(z,z+e) =Lz, z—¢) = 1, L(z,z) = —2n.

.....

coefficient. Since

Ld(x,y)(x, y) = #G(x,y) = ( )’
|)’1 —X1|,---,|)’n—xn|

the Schrodinger bridge at zero temperature (@)re[o,l] joining two measures vg, vi € Pp(X) is given by
(18) with, according to (16),
d(x,z) d(z,y)
(|21—X1| ,,,,, Izn—xnl)(lyn—ml ,,,,, |yn_Zn|)

( d(x.y) )
|)’1—x1| sssss |yn_xn|

- X - X ,
= ]l[x,yJ(z)(ly : ll) s ('y " ”') HOA -, ezl
lz1 — x1l |2 — Xyl

VW (2) = 1y @) 0N (d(x, 2))

Observe that (v?x’y),e[o, 17 is a binomial interpolation path as in the paper by E. Hillion [17].

Theorem 2.2. On the space (Z", m, d, L), the relative entropy H(-|m) satisfies the O-displacement con-
vexity property (3). In other words, for any Schridinger bridge at zero temperature (@)te[o,l] joining
any two measures vy, vy € Pp(Z"), the map t — H (@ |m) is convex.

Therefore the space (Z",d, m, L) has positive W or Wg-entropic curvature. It is a flat space. This
convexity property along binomial interpolation paths has been first obtained by E. Hillion [17]. To
compare with Hillion’s method, the main interest of our approach is its simplicity. As explained in the
next section, we first work at positive temperature y > 0 so that the second derivative of the function
t— H (Qy |m) can be easily computed using I, calculus. Then we analyse the behaviour of the second
derivative of this function as temperature goes to 0, and get a positive lower bound at zero temperature
on Z". This provides the convexity property of ¢ H(@Im). In Hillion’s paper, one may say that
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computations are done directly at zero temperature. It leads to harder computations and the construction
of the optimal coupling, related to a cyclic monotonicity property, is rather difficult to handle.

In the paper [16] by Gozlan & al., another kind of convexity property of entropy has been proposed
that generalizes a new Prekopa-Leindler inequality on Z by Klartag-Lehec [20]. There convexity prop-
erty is of different nature, it is only valid for + = 1/2. More precisely, given vy, v| € Pp(Z) they define
two midpoint measures

v_ =m_#n and Ve = mi#m,
where 7 is the monotone coupling between vy and v; (which is a W-optimizer), and for all x,y € Z,
xX+y xX+y
it ot
Gozlan & al. result [16, Theorem 8] states that

(i) = | meey) =

1 1 1 1
EH(V_lm) + EH(V+|m) < EH(volm) + EH(vllm).

As a main difference, the measures v, and v_ are only concentrated on the midpoints m_(x, y), m4(x, y),
for x € supp(vp) and y € supp(vy). Since v, and v_ are much more concentrated than Q? 1 their result
directly implies a Brunn-Minkovsky type of inequality. Unfortunately it seems that their approach do
not extend to any values of ¢ € (0, 1).

2.2. The complete graph. Let X be a finite set and u be any probability measure on X. The set of
edges of the complete graph G = (X, E) is E := X x X and the graph distance is the Hamming distance
d(x,y) := 1,4, for any x,y € X. The measure y is reversible with respect to the generator L given by :
for any z,7 € X with z # 7,

L(z,7) := u(@), L(z,2) = =(1 — u(2)).

The Schrodinger bridge at zero temperature (’Q\?),E[O’l] given by (18), is the same as the bridge used in
[14] for the complete graph (see section 2.1.1): for any x,y € X one has

(19) W@ = (1 -06.(2) +16,(z), zeX.

Theorem 2.3. On the finite space (X, u,d, L), the relative entropy H(-|u) satisfies the C-displacement
convexity property (3), with C = (Cy)0,17 given by: for any vo,vi € P(X) with associated limit
Schrodinger problem optimizer Q‘o € P(Q),

Clvoum) = f h ( f ﬂwixcffr*j(w|x))dvo<x)+ f s ( f 11w¢ycﬁr*;<w|y))dv1<y>,

tt(u) — (tu)

=y (@ =0-wlgd-uw,uel0,D.

where ¥ = é?n and hy(u) :=2

The inequality A,(u) > w* forallue[0,1],t € (0, 1), provides
Ci(vo, v1) = To(vo, v,
with
_ 2 2
T (vo,v1) = f(fhm dr (WIX)) dvo(x) + f( Lyzy in(WIy)) dvi(y).
From this estimate, since @ = (1 — H)vy + tv, one recovers a first convexity property of the relative
entropy obtained by Gozlan & al. [14, Proposition 4.1].
Let us now compare C,(vg, v;) with a function of the total variation distance ||vy — vi||7y. Recall that

by Kantorovich duality

(20) lvo = villry := 2 sup [vo(A) = vi(A) =2 inf fﬂxiydﬂ(x, y) =2Wi(vo, v1).
AcX

nell(vo,vy)
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For any x,y € X, let A (x) = f]lw;&xd'ﬁg (wlx) and A_(y) = f]lw;&yd?r{l (wly). Define also
D_, = {x € supp(vo) | A (x) # 0}, and D._ = {y € supp(vy) | A_(y) # 0}.

Observe that, using Lemma 4.2 (ii), since 7¥ is a W;-optimal coupling of vy and v1, the sets D and

D_, are disjoints. Since
fA_}dVO = fA<—dV1 = WI(V()’VI)’

and /4, is convex, Jensen’s inequality provides

Ci(vo,v1) =f hi (AS) dVo+f hi— (Ac) dvy
D, D

Wi(vo,v1)
W) +vi(De) hi; (

From (20), Wi(vg, v1) = vo(D-) — vi(D), and therefore
vo(D=) +vi(De) < Wi(vo, vi) + vi(Ds) + vi(De )+ < Wi(vo, vi) + 1.

As a consequence, one gets the following result

ZVMDﬁﬂh( EQQ&KQ)

Vl(D<—)

1) qmmma+mme4 W%m)y

I+ Wi(vo,v1)
where for all v € [0, 1/2]

. v v
KO = poipe {“h’(a) Hh (/_3)} .

In this definition, one needs to set /,(u) = +co forall u > 1 and ¢ € (0, 1).

The function k; can not be computed explicitly, however it can be estimated as follows. According to
the proof of Theorem 2.3, for all # € (0, 1) and v € [0, 1],

1 V2
h(v) = f Ki(u) du,
0 1—uv

with

2u 2(1 —u
22) K= 21+ 20, we o)
As a consequence, since Kj_,(u) = K,(1 — u), one gets for any v € [0, 1/2],

V2 2

1
hmzf inf " K, (0)du.
0 apa>vpva+p<sl (a—uv  B— (1 —u)y

Easy computations provide

. 1 1 ) 1 1
inf + = inf — + =
aBa>v,p>v,a+B<1 | @ — Uy ﬁ — (I —uyv o B >(1-uyw,f >uv,a +5'<1-v | @’ ﬂ’

) { 1 1 } 4
> inf + =7 = .
@ BLa>0p>00+8<1-v | B 1-v
Since fol K (u)du = 1, it implies

4?2
1-v

and therefore
Ci(vo,v1) = 4W1(vo, v1)* = IIvo = Vil -

This lower estimate together with Theorem 2.3, also provides the second convexity property of the
relative entropy given in [14, Proposition 4.1] with a different W;-constant speed geodesic.
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An improved version of the Csiszar-Kullback-Pinsker inequality follows from (21). Indeed, since
by Jensen’s inequality H (@?Iy) > 0, the displacement convexity property (3) and (21) imply, for any
te(0,1),

Wi(vo, v1)

1
5+ Wivo, v ki |
2( + Wi(vo, v1)) t(l + Wl(vo,Vl)

1 1
) < " H(volu) + 15 H(v|w), Yvo,v1 € P(X).

The well-known Csiszar-Kullback-Pinsker inequality is obtained using (23) and then optimizing over
all € (0,1) (see [14, Remark 4.2]):

1 2
o =villry < (VEGok) + VHOIR) . Yvo.v1 € PX).

2.3. Product measures on the discrete hypercube. In this section, the reference space is the discrete
hypercube X = {0, 1}" equipped with a product of Bernoulli measure

M= @y,
with for any i € [n], y;(1) = 1 — ;(0) := ;, @; € (0, 1).

For any z = (z1,...,z,) € {0, 1}" and any i € [n] let 0;(z) denotes the neighbour of z according to the
i’s coordinate defined by

o-i(z) = (Zl’ o ’Zi—lazia Zitls - ’Zn)’
where 7; := 1 — z;. The set of edges on {0, 1}" is

E = {oi@)|z € 0.1}, i € [n]],

and the graph distance is the Hamming distance :
n
dx,y) = ) ey, Hyel0 1)
i=1

The measure u is reversible with respect to the generator L given by: for all z € {0, 1}",
Lz, oi(2) == (1 —@)zi + aiZiy, Vi€ [n],
and L(z,z) := — X', L(z, 07(2)). Observe that setting
Li(zi,zi) = (1 —ai)zi + iz, z €{0, 1},
and L;(z;, z;) = —Li(z;, 7;), the Bernoulli measure y; is reversible with respect to L; and one has

L=L&---®L,.

Easy computations give that for any x,y € {0, 1}",
n
LU, y) = doe )t | (1= el
i=1

and one gets that the Schrodinger bridge at zero temperature ( @ )ief0,1] joining two probability measures
vp and vy is given by (18), with according to (16)

W) = L@ @91 =@ ze {0, 1)

This path has exactly the same structure as the one used in [14] to establish entropic curvature bounds
on the product space ({0, 1}", i) (see section 2.1.2).
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Theorem 2.4. Let u = p; ® -+ ® u, be a product probability measure on the discrete hypercube
X = {0,1}". On the space ({0,1}",u,d, L), the relative entropy H(-|u) satisfies the C-displacement
convexity property (3), with C = (C)(0,1] defined by: for any vo,vi € P({0, 1}*) with associated limit
Schrodinger problem optimizer Q‘o € P(Q),

Ci(vo,v1) = max | f > b (T, (0) dvo(x) + f D (M) ) . 4 ary’,
i=1 i=1 i=1

2C, f f d(x, w)(d(x, w) — 1) dr°(x, w)],

where
L0 = | Ly dr® wlx), L) 1= | Dy dr? (wly), T = f Ly, d7(x, ),
tl(u) — €(t
and @ = Q) |, C, = —log(l = 1/n) > 1/n, hy(u) := 2%, and {(u) := (1 — u)log(l — u),
u€|0,1).
Comments. e By the Cauchy-Schwarz inequality, one has

n
: 1
DY >~ Wi, ).
. n
i=1
As a consequence Cy(vy,vy) is bounded from below by 4W12(v0, v1)?/n, and the Wi -entropic
curvature of the discrete hypercube {0, 1}" is bounded from below by 4/n.
As in the previous part to recover the Csiszar-Kullback-Pinsker inequality, the well-know Wi-
optimal transport inequality on the discrete cube for product probability measures follows from
the displacement convexity property (3), using H (@? 1) = 0 and optimizing over all t € (0, 1) :

2
=W o,v1) < (VHO) + VHGID) . Vvo,m € PAO, 1Y,

Actually, Theorem 2.4 provides the following improvement of the Wi-optimal transport inequal-

ity

inf ( Y[ 1t y)) < (VAo + VAG ) -

nEH(vo v1)

e By bounding from below the cost Cy(vg,vy) by
_ n 2
Tr(vp,vi) = ner}%}}g"/l)[‘[; (f ]lw,-;r':x,-dﬂ_,(w|x)) dvo(x)
n 2
+ f 3 ( f Ly . (wly)) ),
i=1

one recovers a similar convexity property as the one obtained for the discrete cube in [14,
Corollary 4.4]. The only difference is in the expression (18) of the path (@)te[o, 17, the coupling
measure T is replaced by an optimal Knothe-Rosenblatt coupling.

Marton’s transport entropy inequality on the discrete hypercube is a consequence of the last

lower bound on Cy(vy, v1): for any vy, vy € P({0, 1}"),

1~
STa00.m) < (VOO + VHO )
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e The cost Cy(vy, vy) can be also bounded from below by
2
2C, (W3 (vo, v1) = Wi, v1)) = 2C, W5~ (vo, v1).

with Wzd defined by (4). Therefore the discrete hypercube has also Wg—entropic curvature
bounded from below by 2C,, > 2/n. From this estimate, Theorem 2.4 provides the following
new transport-entropy inequality, for any vg,vi € P{O0, 1}"),

(24) CaWv0,v1)* < Co (W20 v1) = W10 v1)) < (VG0 + VHOAIR) -

As opposed to Marton’s transport inequality or to Wy-Talagrand’s transport inequality on Eu-
clidean space, inequality (24) on the hypercube does not tensorize. Nevertheless, it can be in-
terpreted as a discrete analogue on the hypercube of the Wy-Talagrand’s transport inequality.
Indeed, from (24), applying the central limit theorem, one recover, up to constant, the well-
known W-transport entropy inequality for the standard Gaussian probability measure y on R,
due to Talagrand [39). Namely, for any absolutely continuous probability measure v € P»(R),

(25) W3(v,y) < 2H(y).

For a sake of completeness, the proof of this implication is given in Appendix (see Lemma 4.1).
Unfortunately, to recover (25), the constant 2/n is expected, instead C, in the left-hand side
of (24), like in the W -transport entropy inequality. Improving the transport-inequality (24) in
order to recover (25) is a remaining problem.

2.4. The circle Z/NZ endowed with a uniform measure. Let N € N and X be the space Z/NZ,
endowed with the uniform probability measure u, u(x) = 1/N. The measure u is reversible with respect
to the generator L given by ,

L(z,z+ 1)=L(z,z— 1) =1, L(z,z) = -2,

for any z € Z/NZ. One always have d(x,y) < |[N/2] = n where | -] denotes the floor function.

If N is odd then for any x,y € Z/NZ, L**(x,y) = 1 and therefore the Schrodinger bridge at zero
temperature (Q\?),E[o,l] joining two probability measures vy and v| on Z/NZ is given by (18), with
according to (16)

5 d(x,
VW (2) = Lepey 07 (d(x, 2)).

If N is even then for any x,y € Z/NZ such that d(x,y) < N/2, LYY (x,y) = 1 and LY (x, x +n) =
2. The Schrodinger bridge at zero temperature (’Q\?),E[o,l] is given by (18), with according to (16) : if
d(x,y) < N/2 then

W) = Loepey o (d(x, 2)),
and if d(x,y) = N/2 (y = x + n), for any z € Z/NZ\ {x, x + n},

0X.Xx+n

1
W@ = 3 L P (d(x, 2)),

and V0" (x) = (1 = e WO (x4 = gdem),

Theorem 2.5. On the space (Z/NZ,u,d, L), the relative entropy H(-|u) satisfies the O-displacement
convexity (3).

Therefore the space (Z/NZ,d, u, L) has positive entropic curvature, it is a flat space.
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2.5. The Bernoulli-Laplace model. Let X = X} denotes the slice of the discrete hypercube {0, 1}" of
order k € [n — 1], endowed with the uniform probability measure y, namely

Xy = {x=(x1,...,x,,)€{0,1}|x1+...+xn=k}.

For z € X}, we note Jy(z) := {i € [n]|z; = 0} and Ji(z) := {i € [n]|z = 1}. For any i € Jy(z) and
J € J1(2), one notes 07;;(z) the neighbour of z in X} defined by

(03@),= 1. (3j62), =0
and for any ¢ € [n] \ {i, j}, (O’i j(z))€ = z¢. The set of edges of the graph is

E = {(z,04j(2) |z € Xi fi, j} € [l 7 = 0,25 = 1,

and the graph distance is given by
1 n
d(x,y) = 5;]1)(#),1., x,y € Xg.

The measure u is reversible with respect to the generator L given by L(z, 07;(z)) := 1 for any i, j such
that z; = O and z; = 1, and L(z,2) := —k(n — k).

Since LYY (x, y) = (d(x, y)!)?, the Schrédinger bridge at zero temperature (@)te[o,l] is given by (18),
with according to (16),

-1
Y d(x,y)
V?M(Z) = ]l[x,y](z)(d(x }Z))) 14D = ey z€Xs

Theorem 2.6. On the space (Xy,u,d, L), the relative entropy H(-|u) satisfies the C-displacement con-
vexity property (3), with C = (Cy)«o,1] defined by: for any vo,vi € P(Xi) with associated limit
Schrodinger problem optimizer Q‘o € P(Q),

Wi(ro.v1). &@), 2C,. 6@

Ci/(vg,v1) = max[

min(k,n — k)
=0 _ 70 o 1 1
where " = Qg , Cog 1= —log (1 - min(k,n—k)) > mntan and

@) := f f d(x, w)(d(x, w) — 1) dr®(x, w),

@)= max| [ 3w @)dvco. [ o (110o0) o]

zeJo (%) = (x)
+ max fZ hi- t I _(y) dvl(y)f hlt ;_(y))dvl(y)],
ieJo(y) i€y (y)
with
ML) = | Ly dr’ W), ()= | Ly dal (wly),

and h(u) :=2 % C(u) := (1 —w)log(l —u), u €[0,1).
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Comments. o Let

n 2
T2(vo,v1) = ﬂer}gf )[fZ(f]lw#x,- de(WIX)) dvo(x)
0-71 i=1
n 2
4:[21jimmeWW»dw@ﬂ
i=1
One has

G2 e > 5 [ 3 h(i)an+ 3 [ 3 mo (M) dno)

i€[n] i€[n]

> To(vo, v1).

As a consequence, since H (QO |1) = 0, optimizing over all t € (0, 1), Theorem 2.6 implies the
following weak transport-entropy inequality, for any vy, v, € P(Xy),

1~
3 Ta0n.v0) < (VO + VHG1T)

This inequality has been first surprisingly obtained in [35, Theorem 1.8 (b)] by projection of
a transport-entropy inequality for the uniform measure on the symmetric group, but with the
worse constant 1/8 instead of 1/2. Our approach is much more natural to reach such a result.
e Since Ci(vy,v1) > m le(vo,vl), the Wi-entropic curvature of the space (Xy,d, L) is
bounded from below by m Observe that this constant is optimal since for k = 1 or
k = n—1, Xy is the complete graph and one recovers its optimal lower curvature bound 4.

Similarly since
e@®) = Wavo, vi)* = Wi(vo, v1) = Wi (vo,v1)?,
the Wg-entropic curvature of the space (X, d, L) is bounded from below by m

3. PROOF OF THE MAIN RESULTS

This section is divided into two parts. We first present general statements to prove displacement
convexity property (3) along Schrodinger bridges at zero temperature. Then we show how it applies for
each involved discrete space of the last part.

3.1. Strategy of proof, general statements to get entropic curvature results. As in the paper by G.
Conforti [8] in continuous setting, the first step is to decompose the relative-entropy using the product
structure given by (8): for any ¢ € [0, 1],

H(QJIm) = ¢,(1) + (1),

where
@y(1) := f log(P] f")P] fY P{_g’dm and (1) := f log(PY_g")P]_g" P} fYdm.

As recalled below, it is known that the function ¢, is non-increasing and the function i, is non-
decreasing (see [25, Theorem 6.4.2]).

Then, the strategy is to analyse the behaviour of the second order derivative ¢ and ¢ as y goes to 0,
in order to apply the next Lemma.
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Lemma 3.1. Let vy and vy in Pp(X) and assume that hypothesis (11), (12), (13) and (14) hold. Let
(Yr)ken be a sequence of positive numbers that converges to 0. If for any t € (0, 1)

(26) ligl _i)r&f go;,’k(t) > @y (1), and li){kn ir(}f :,l/;’k(t) > Yl (D),

where @o and W are continuous functions on [0,1], twice differentiable on (0, 1), then the displacement
convexity property (3) holds with

| (1= g0 (0) + t0(1) = o) + (1 = OWo(0) + o(1) — ro(0)].

2
Ci(vo,v1) := -0

Observe that if ¢ = K, and ¢j = Ky, are constant functions, then
Ci(vo.v1) = (Ky + Ky).

The proof of this lemma is postponed in Appendix B.

In order to apply Lemma 3.1, we need first to compute ¢/, /’, and ¢/, ¢’] in a suitable form so as to
get (26). For any real function u on X, we note

Vu(z,w) = u(w) —u(z), z,weX,

and

Lu(z) := Z u(w) L(z,w) = Z Vu(z, w) L(z, w).

weX w,w~z

The expressions of ¢,y and ¢,y are given by the next lemmas. These expressions can be found
in Léonard’s paper [25, section 6.4] in a more general framework (for stationary non-reversible Markov
processes). For completeness, the proof of the next result is recalled in Appendix B.

Lemma 3.2. Foranyt € (0, 1), one has
@) = - f DU U, ) dQ) ),
7,7~z
and

W) = f DU ") (2,7 d0) (),

7~z

where {(s) := slogs— s+ 1,5 > 0, and G and F} are the so-called Schrédinger potentials according
to Léonard’s paper terminology [25],

G! :=log PT_tgy, and F’ :=log P! f7.

Since { > 0, the function ¢, is non-increasing and the function ¢, is non-decreasing.
Lemma 3.3. Foranya > 0,b > 0, let

p(a,b) := (logh —2loga—1)b,
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and let p(a, b) = 0 if either a = 0 or b = 0. For any t € (0, 1), one has

o [1L 5, w0

’ ot

5,8~

+ Z (1+VF(z.2)) ™" Z(Z’Z')(Ly(z, - L. )

7,7~z

+ Z 0 (eVFZ(z,z’)’ eVFZ(z,z”)) LY(z,7)L(Z, Z”)] d@(z),

’

Z ,Z//,ZNZ/NZ//
, 2
w0 = f I Z VN1 (2, 2))
7.7~z
+ Z (1+VG)(@.2)) " (L (2, 2) - (2, 2)) L (2.7)
7.7~z

+ Z 0 (eVG,y(z,z’), eVGZ(z,z”)) LY(z, )L (7, Z”)] d@(z).

7.7 1~ ~7"

Let us now analyse the behaviour of ¢/ (2), Y7/ (f) as temperature y goes to zero. For any z, w € X, we
set

Pl f(w) P]_g"(w)
Pl @)’ Pl 8@
The next key lemma gives Taylor expansions as y goes to zero of the quantities AY(z, w), B! (z, w) if

z ~worif d(z,w) = 2. Its proof is postponed in Appendix B. For any z,y € X, and any ¢ € (0, 1), one
notes

(27) azy) == O°X, = 2X; = y) = f V0" (2) d7® (wly),

Y Y
AV(z,w) = VFT @) = and Bl(z,w) =" 0 M =

and

bu(z, %) := O°X, = 21X, = x) = f VO (2) d7® (wl).

Lemma 3.4. Assume that conditions (12) and (13) are fulfilled. Let (y;)ien be a sequence of positive
numbers converging to 0, and let @ denote the weak limit of the sequence of probability measures
(@k)keN. Let 7 € X, y € supp(vy), x € supp(vy) such that a,(z,y) # 0 and bs(z, x) # 0.

e Forany 7 € X such that 7/ ~ z, define

d(y,w)—1
(z.7,Y) = Dex el F0 225 w) dy, w) pf O (d(z, w) = DR (wly),

and

d(x,w)—-1
D220 = e eneion] F0 22 w)d(x w) ol (d(x, 2) 70 (),

where the function r is given by (17). It holds
(28) lim (1Al @.2)) = Adz2'y) and  lim (B} (z.2) = Bi(z.2, %),

with / X ’
! AR ’ Z,7,X
Az 2, y) = 1z2,)) and B((z,7',x) := M
a(z,y) by(z, x)
e Forany z,7" € X with d(z,7"") = 2, define

22,77, )
= > rnad oW dyonde.w) — D pf 2 d(w) - 27 (wly),

weX,(z,27)ely,w]
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and
b(z,7”, x)
= Z r(x, 2,77 w)d(x, wyd(x, w) = 1) pf 72 d(x, ) 7 (wl).
weX (2,2 )elx,w]
It holds
(29) kll—)nolo (’)/szglk(Z, ZN)) — At(z, Z”’y) and kll)r{;l() (YkZBZk(Z’ Z’,)) = IB;(Z, Z’/’y),
with

(2,77, y) ’ by(z, 2", x)
—— = and Biz,7’,x) = ——=
a(z,y) o ) b(z, X)

Remark. (1) Foranyte (0,1), z€ X andy € supp(vy), according to the definition (27), a,(z,y) #
0 if and only if there exists w € supp(vo) such that (w,y) € supp(#@°).
Identically, for any t € (0,1), z € X and x € supp(vy), bz, x) # 0 if and only if there exists
w € supp(vy) such that (x,w) € supp(ﬁo).
(2) Foranyte€ (0,1), z€ X andy € supp(»1), if a,(z,7',y) # 0 for some 7’ ~ zor if a,(z,7”,y) # 0
for some 7" with d(z,7"") = 2 then a,(z,y) # 0. The same property holds with b,,b,, b,.

Az,7",y) =

Lemma 3.4 provides the following Taylor estimates for the functions ¢ and /’; as y goes to 0.

Proposition 3.5. Assume that conditions (12), (13) and (14) are fulfilled. Let (yi)ien be a sequence of
positive numbers converging to 0 and @) denotes the weak limit of the sequence of probability measures
(Qy “Yren. According to the notations of Lemma 3.4, for any t € (0, 1), one has

o [[I( 3 it

7,7~z

+ > p(Az. 7 y). Ae. 2" ) LE 2L D)D) . y),

2,7 o~ ~g,d(2,7)=2

imintus. 0> [[[1( Y, Bezontes)

7,7~z

+ > p(Biz.2, %), Bi(z. 2", 1)) L(Z, 2 )L(z,2)|[d @y, (x, 2).

7,7, 2~ ~7,d(z,7)=2

Proof of Proposition 3.5. We only prove the lower bound of lim infy, o ¢ (#) since by symmetry, iden-
tical arguments provides the lower bound of liminf,, dx;’k(t). We start with the expression of <p;’ (0,
t €(0,1), given by Lemma 3.3,

(30) (1) = f (M} +R)) dQ],

with for any z € X,

’ 2
M (z) = ( Z eVny(Z’Z)Ly(Z, Z'))
7,7~z
+ Z 0 (eVFZ(z,z’)’ eVF,’(z,z”)) LYz, 2 )L, 7",
7, Z”, 7~z ~7"
and
R (2) := Z (1 +VF)(z, z’)) EN (D (2,2 - (7, 2)) L (2, 7).

7,7~z
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We will get the behaviour of go ’(t) as y goes to zero by applying Fatou’s Lemma. Let us first bound

|M? (z)| and |R!(z)| uniformly in 7y, for y sufficiently small. According to the definition of A” and from
hypothesis (12), for any z € X

IM] @1 < ¥°S g max AT I + 7S M, max oA} (2,2, A] @ 2.

ZI,Z”,Z”"ZI"Z
Using the convexity inequality log b — loga < (b — a)/a, one easily check that

IP(A] (2,2), A) (2, )| < max (A} (2, 20, 247 (2, 2)).
Applying inequality (51), it follows that

(d?(x0.2) + 1) K202 0(1)

(31 M) ()] < 5

Similarly, from (12) and (51), one may show that

lylo gvl

(32  IR@l<= [1og(i) + d(x0,2)| d(x0,2) K“9 O(1) < =52 d(x0, 2) K409 0(1),

Lemma 4.3 (vii) therefore implies for any z € X and any 0 <y <y,
IM](2) + R] () Q) (2)

< O(1) (]lB(z) +Lxs@n (7 KZ)[2d<xwz>—4D—m) (

d*(x0,2) + 1) K2d002),

It remains to choose y; such that (y;K>)? < vy so that hypothesis (14) implies

Z (]IB(Z) + Lxs@n (lez)[Zd(x‘)’Z)“‘D—lL)(
zeX

d*(x0,7) + 1) K202 < oo,

Now, conditions for Fatou’s Lemma are fulfilled and one has

lim (1) > ) liminf (M) + K @) 0" (@)
ex 7

Yk—0

The weak convergence of (ka) to QO implies lim,, o Qy Kz) = Qo(z), and the inequality (32) gives
lim,, 0 R;yk (z) = 0. As a consequence,

limiinf [(M}*(2) + R*(2)) 0)*(2)] = lim inf M}*(2) O (2).
Ye—0 Yk—0

Since

DM@ = Y Mr@ay)n),

eX yesupp(vi)

in order to complete the proof Proposition 3.5, it remains to bound from below liminfy, o M}*(z) for
any z,y such that a,(z,y) # 0. One has

M* = E]* — F]* + GJ*,
where for any z € X,
2
Ef@ = ( ) mAl @) L) F@ =2 Y vAMG ) Lz DLE, ),
7,2~z 7,2z~ ~

and
Gl'@D= > vlp(Al@ A ) + 240 )| L LE L ).

2,7, 2~~~
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Since a,(z,y) # 0, Lemma 3.4 implies

2

lim £ () = ( ). Alz 2,0 L)),

Ye—0 =
7,7~z

and since limyk_>() (’)/I%Aglk (Za Z”)) =0if d(Z, ZN) < 1 and limyk_>() (y,%AZk (Z, ZN )) - A;’k (Z, Z/I) if d(Z, ZN) —
2, it also implies

lim F*(z) =2 Z Afz,7",y) L(z, 2L, 7).
vk—0

ZI, Z’l, ZNZ, NZH, d(Z’ZII):z
Observing that p(a, b) + 2b > 0 and y*p(a, b) = p(ya,y*b) for any a > 0,b > 0,y > 0, one gets
liminf G)*(z)
v —0
> > liminfp (Al ) 7A@ ) + 20AT (@ )| Lia UL ).
ZI, Z,/9Z~Z,~Z,/9d(Z9Z,/):

Let 7,7,z € Xsuch that z ~ 2’ ~ 77 and d(z,2”) = 2. If limy,,0 ¥4A}*(z, ') # O, then by continuity of
the function p on the set (0, o) X [0, 00), Lemma 3.4 provides

(33) lim [p ()’kAty"(z, ), vi Az, z”)) +2y7 AV (s, z”)]
Yk—0
= p(Ad2.7.3), Bi(z. 2", )) + 28422, ).

If limy, 0 xA)*(z,2') = Ai(z,Z’,y) = 0, then according the definition of A,(z,z’,y) in Lemma 3.4, one
has, for any w € X such that (z,7") € [y, w], E(i(wly) = 0. Therefore, observing that if (z,z”) € [y, w]
and z ~ 77 ~ 7" with d(z,7”) = 2 then (z,7') € [y,w], one also gets A;(z,z”,y) = 0 or equivalently
lim,, 0 (VI%A;”(Z, Z")) = 0. By convexity arguments, for any a, b,y > 0
0<p (ya, yzb) +2y°b < (ya)* + 2y%b.

It follows that

lim (A} (2,20, v;AT (2.2) + 27AY 2. 2)] = 0 = p(0,0).

Yi—

Therefore, (33) holds in any cases and

liminf G*(z)
vk —0
> > (A2 y) Az 2 0) + 2802 2" )| Lz 2L ).
7,7, 2~ ~7,d(z,77)=2
The proof of Proposition 3.5 is completed. O

3.2. Application to specific examples of graphs.

3.2.1. The lattice Z" .

Proof of Theorem 2.2. For any z € Z" and any i € [n], we note 0;4(z) = z+ ¢; and 0;-(2) = z — ¢;. One
has oy 0. =id and for j # i,04,0 )4 = 0j40i4, 00 =00y, 00 ;- = 0j_0;-. We note

Ai(z,y) = A(z,014(2), ), Airjr(z,y) = Az, i+ 0 j1+(2),¥), zeZ".
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We define similarly A;_,A;_;_, A;_ ;. Applying Proposition 3.5, by symmetrisation one gets
lim inf ¢ (¢
mip ©y, (1)

fo(Z(Ai++Ai—))2d§21+fpr(A,-+,Ai+i+)+p(A,-_,Al-_l-_) a0?,

f f D7 (P(Ais Ajiin) + p(A 1, A i) + (p(Ain Aji) + p(Aj, A i)

i, Ji#]
+ (A, Aji) + p(A - A i) + (P(Ai, A i) + p(Aji, A jrin)) dOY

Recall that p(a,b) = 0 as soon as a = 0 or b = 0, and p(a, b) = (logb — 21loga — 1)b. Therefore, easy
computations give for any a,a’ > 0,

(34) ggp(a, b) = -
and
(35) })rzlg (p(a, b) + p(a ,b)) = —2aa’.

It follows that

. 7 2 2
11$13f%k(z)>ff Z(A,++A ) de ffz A% +A2)dQ,
f f D (AnAj + AL+ ALA; + ALAL) DY,

L Ji#]

Identically one may prove that lim ir(}f :,l/;’k(t) > 0. Applying then Lemma 3.1 ends the proof of Theorem
Vi
2.2.

3.2.2. The complete graph.

Proof of Theorem 2.3. Since for any x,y € X, d(x,y) = 1, Proposition 3.5 provides for any ¢ € (0, 1)
hmlnfgo (1) = ff Z Az, 7, y) L(z, 7 )) dQ,I(Z,y)

7,7~z
From the expression (19) of v?x’y , one easily check that for any z,y € X,

a(z,y) = (1 = 7 (2ly) + 1 6,(2),
and for any 7’ € X with 7/ ~ z,
7 (' ly)
a(z,7,y) = Loy———.
ey You@)

As a consequence one gets

[[(X aezore)a@ien =Y Y 22=ue)at.mo

7,7~z veX 7. 7#y

(1-7 o)) )
) )GZX 70 (ly) + t(l —ﬁl(yly)) vi(y) = ¢y (0,
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where we set
o(1) 1= f FE )+ =70 061) dvi ),
for any ¢ € [0, 1], with f(s) := slog s — s, s > 0. One may similarly show that for any ¢ € (0, 1),
liyrfl inf g, (0 = g (0),

with Y(t) = f f (ﬁg (xlx) + (1 = 1)(1 —TT(l(xlx)) dvo(x). The proof of Theorem 2.3 ends by applying
Lemma 3.1 and since

1 —
(1= p0(0) + 10(1) — golt) = = : L f hiet ( f 1w¢ydﬁg(W|Y))dV1(Y),

and

1 _
(1 = D00(0) + (1) ~ o) = -2 f h ( f 1w¢xcfzr*j<w|x>)dvo<x).

3.2.3. Product probability measures on the discrete hypercube.

Proof of Theorem 2.4. According to Lemma 3.4, one has for any i, j € [n] with i # j, for any y,z €
{0, 1} such that a,(z, y) # 0,

a(z,0(2),y) a(z, 0 j0i(2),)

Az, 0i(2),y) 1= ————==, and  Ny(z,0,0i(2),y) =
al(z,y) pYEe
with
Ly Laimy d(y,2) d(zw)-1=0
Hen Ly A0 IETw wly),
W,(Z,O’,‘(Z))e[y’w] 1 Zl’ Z[
and

Ly Loy, Ly Loy, |
D, —EES TR () - 0270 (),

2z, 050z y) = LG L5

w,(z,00 j(2)Ely.w

For any y € supp(v;) and z € {0,1}", let I~ (z,y) be the possibly empty set of indices such that
ai(z,i(2), y) # 0,

17Gy) =i ln]|3v e 0,1}, . 0i() € [y, wl, 7, y) > 0
= {i e 1|z = i, and Av € (0, 11", v; # yi, 2 € [y, v, 7, 3) > 0).
Since for any i # j, 0;0°j = 0 jo;, and observing that
Lj(zj.%)) = L(01(2), 004(2) = L (z.074(2)).
Proposition 3.5 provides after symmetrization,

timint 0> [ ( D A Litz 7)) 0, (2. )

+ % ffz [p(At(Z, i(2),y), Az, o-j(r,-(z),y)) +p(Af(Z’ 7i(2),3), Pz, (rjai(z),y))]

i), i
(36) Lj(zj,zj) Li(zi, z;) d@?,l(z, y).
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By applying identity (35), one gets

hmlnfgo () > ffz Az, 0i(2), y)L(Zth)) thl(Z,y)

:ff Z (AI(Z’O-i(Z)’y)Li(ZiaZ_i)) dégl(z,y)

i€l (z,y)

—Z f N L @Az 023 L ) arlzy) dvi),

ze{0,1}"

where in the last inequality, for any y € supp(v1), the set E7(y) is defined by

i€ I‘_(z,y)}

= {c € {0, 11"| i = yi, and Fv € {0, 1)", vi # yi.z € [y, ], 70, 3) > 0},

E; () = {z€ {0, 1)"

From the definition of a;(z, y), one has

5 tiotoaten = A0
E-m\2) a2, y) = s
(0.1} i)

and simple computations give
D A @ Y L@ DaE) = Y a o),y Liz, %) = M),
(0,1} ze{0,1)

Therefore Cauchy-Schwarz inequality provides
n Hi 2 2
(37) lim inf ¢}, () > ) (y: 710)
" ot O (Ec o) x )

At this level, a first lower bound is obtained using the fact that

Q\ (E- () x iy})
ey s&%‘f}nnz,:y,.at@,y):l— () + I (y).

This inequality implies (as in the last section) for any ¢ € (0, 1)

(38) li;(n inf ¢l (1) 2 95 (),

where

pol) = fo (1 =TT () + 11T () dvi )

with f(s) := slogs — s. One may identically show that that

(39) lim igf dx;’k(t) >y (1),

Y=
where

b0 = f D1+ (1 =0T o)

A second lower bound can be reached from (37) applying again Cauchy-Schwarz inequality. Setting

ain:=0)( | (Erexbh)).

yesupp(vi)
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one gets, for any ¢ € (0, 1)

n

lim inf ©”’ (f) > Z L le (y)dv (y) 2 3 an (Hi)Z
o0 = L) . 1 CLai)’

i=1

where IT' := 7y ({(x,y) € {0, 1}" | x; # y;}). By symmetry, one may identically show that for any ¢ € (0, 1)

N - (IT)?
h;n_l}r(}fgl/w{(t) > 2 m,
with
B =00 | (WxE”W)).
xesupp(vo)
and

E7(x) = {z € {0, 1}"| 2 =x, and Iw € {0, 1", w; # x;,2 € [x, W], 7(x, w) > O},
Observe that for any x € supp(vy),y € supp(vp), one has
EZ(x)NE(y) =0.

Indeed if z € E;”(x) N El‘._(y) then there exist v and w in {0, 1}" such that z € [x,w], z € [v,y] and
7(x,w) > 0,7(v,y) > 0. According to Lemma 4.2 (i), it follows that z € [v, w]. But since v; = w; and
z; # Vj, this leads to a contradiction. As a consequence, one gets

a+pi0 = )] > WoREy <1

x,y€{0,1}" zEEf (x)UEf »)

Since ming g>0,0+8<1 {é + é} = 4, this property implies
n
C 7 . 77 i\2
(40) 11}1/‘}{1 _1)13f @, (1) + hgl _1)13f Y, (0 =4 ;(Hl) .

Let us now suggest another type of lower bound for lim i(I)lf go’y' (1) starting again from (36). For that
s
purpose, we define
(23 = {(i, ) € [n] x [1] | 3v € (0, 1)", (2, 0073(2) € [y, V1. R0, 3) > O]
= {(i, J) € [n] X [n] |Zi =yi,2;=y;, AV €{0, 1}, v; # yi,v; # yjz € [y, v, 7T (v, y) > 0},

By symmetry, since o jo; = 00, if (i, j) € " (z,y) then (j,i) € I” (z,y). We also note

[Ty =fielnl|jelnl,Gj) eI@y} ={ieml|3)je G eI @)

and given i € I{"(z,y), we note

5z y) = {j € [n] | (i,)) € ]I‘—(z,y)},
One may observe that for any y, z, I7(z,y) € I (z,y) and for any i € [(z,y), I;3(z,y) € I"(z,y) \ {i}.
To simplify the notations, let L;(z) := Li(z;, z), Ai(z,y) := Ai(z, 0i(2), y) and A;j(z,y) = Ay(z, 0 joi(2), y).
Observing that (,O(Ai,Aij) +p(Aj,Aij)) LiL; = p(A;L;, A;;L;Lj) + p(A;Lj, A;L;L;), one gets that (36) is
equivalent to

41) liyf?i{}f‘*’;’k(t) > ff [( Z A, Li)2 + Z P(AiLi’AijLiLj)] dég1-

iel— (i, j)el=
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The idea is now to minimize the expression inside the integral in the right-hand side over all A;L;,
i € I”. For any fixed g;; := A;;L;L;, (i, j) € I, and let

2 «—
FBier) = (D B + > pBBii)  Bi>0icl™.
il (i, j)€l=
Since ]I‘l_ c I, one has
. 2
. ol-n1f<— - F((Bier) = (Z,Bi) + Z Z P(ﬁi,ﬁzj).
Piz0el AL, i€l iely jels;
Observe that if I;” = 0 then infgs0,ic7- F((Bi)ier-) = 0. We assume now that I7™ # (. The function of

(Bi)icr,~ € (Ri)'ﬂﬂ on the right-hand side is convex. By differentiating, its minimum value is reached at
the point (B;);er satisfying for all i € I,

2Zﬂl _2ZﬁU:

el Jeeks;

2 jers; Bij . . .
Therefore, one has §; = Zi I;; ﬂi - Summing the last equality over all i € I{", one gets
I"e. 1 r

( Zﬁﬂ)z = Z Bij =S,

el (i, Hel—

ZJ EZ:

and it follows that 8; = \/E Flnally, setting S; = 2, jels: B, one gets

1 Si
inf  F((B)ics-) = _( Bij (logﬁlj 2log ) Bij
Bi>0,iel S l;g 5 %b 'S
> Bij(log(8;$) — log(s:S )
(i, ))el=
/3’
= > > Bilog
i€l jely;
By convexity of the function H : t — tlogt, applying Jensen inequality, one gets
1 BijS
f F == > S; Hl——]S;
pnf F((Bier) = Zﬂ‘: JZH; ( 55,5
1 i
> 5 2SN SN, se) = Y Sitoe ()
i€l e jerg ! €l 2 i€l Je; 2
S
> —ZS,-log(l - ?)
i€l

where the last inequality holds since )} jels: §; <8 —S;. Applying Jensen’s inequality with the convex
increasing function s € (0, 1) = —log(1 — s) and using Cauchy-Schwarz inequality, one gets

S; Zieﬂfsf 1
—ZSilog(l—?)Z—Slog 1= == =S og (1~ 5 ).
Site 1

and therefore

f F <)>C,S,
B> 1()11161“ ((ﬁl)lE[ )
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with C,, = —log (1 - l). Observe that this inequality also holds for I~ = 0 since S = 0 in that case.

n

Finally, (41) provides,
lim inf ¢, (1) > C, ffs dov,.
Y= ’

Simple computations give for any (i, j), i # J,
Z A[(Z, U-jo-i(Z), )’) Li(Zia Z_l) Lj(Zj’ Z) a[(Z, )’) = f]]-y#wi]]-yj;&WJ d}?{i(wb))a
z€{0,1)"
and therefore
f f S dQj, = f f D Ty Ty, A7, 3) = f f d(y, w)(d(y, w) = 1) dz°(w, ).
(@i#]

Identically, one may prove that
lim ir&f tﬁ;,’k(t) >C, ffd(x, w)(d(x, w) — 1) da’(x, w).
Ye—

The proof of Theorem 2.4 ends as the proof of Theorem 2.3, by applying Lemma 3.1 using the last
estimates together with (38), (39) and (40). |

3.2.4. The circle Z/NZ.

Proof of Theorem 2.5. Let us note n’ = [N/2] where [-] denotes the ceiling function. Let y,z € Z/NZ.
We observe that if {w € Z/NZ|(z,z— 1) € [y,n]} # 0 then necessarily (z — 1,z) € [y + n’,y] and if
{weZ/NZ|(z,z+ 1) € [y,n]} # 0 then necessarily (z,z+ 1) € [y,y + n]. As a consequence, since the
sets {z € Z/NZ|(z,z+1) € [y,y+n]}and {z € Z/NZ|(z—1,z) € [y+n’, y]} are disjoints, according to the
definition of a,(z, z+ 1, y) and a,(z, z+ 1, y) in Lemma 3.4, the two following sets {z € Z/NZ|a;(z, z+ 1, y)}
and {z € Z/NZ|a,(z,z — 1,y)} are also disjoints. It follows that

ff(A[(Z,Z-‘r Ly)+Az,z— l,y))2 d@fl(z,y)

- f f (A2 + Ly) + Al ez - 1.)) dQY, 2. ).
Therefore Proposition 3.5 together with (34) provide

liminf ¢’ (¢
im inf ¢y, (1)
2 2
> ﬁ(At(z,z-Ir Ly)+A;(z,z— l,y)) +P(Az(z,z+ Ly), Az, z + 2,)’))

+p(Azz = 1,3), Az, 2= 2,7)) A0}, 2. 3)
>0

Identically one proves that lim igf w’y’k(t) > 0. The proof of Theorem 2.5 ends by applying Lemma
Yk
3.1 O

3.2.5. The Bernoulli-Laplace model.

Proof of Theorem 2.6. According to Lemma 3.4, one has for any y € supp(v;),z € X such that

a;(z,y) # 0, for any i,k € Jo(z) and any j,/ € Ji(z) withi # kand j # [

a,(z, 0j(2),y)
al(Z9 )’)

(2, oo j(2),y)
a[(Z, y)

Az, 0i(2),y) = , and Az, on0(2),y) =
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with

r(y, 2,02, W) dy, w) p O dzow) = DR (wly),

WX, (z,07(2))Ely,w]

a,(z,0(2),y)

and

(2, ooij(2),y)

= Z r(y,z, O—klo—ij(z)a w)d(y, w)(d(y,w) — l)pf(}’,w)—Z(d(Z’ W) — 2)%3(W|y)

WXk, (2,001 (2))Ely,w]

To simplify the notations, let us note A,(z,0(2),y) = A;j(z,y) and Az, 010j(2),y) = Awij(z,y).
Observe that o;0j(z) = 0y;(2) so that d(z,040;;(z)) = 1 and similarly d(z,0;0(z)) = 1. As a
consequence, Proposition 3.5 provides

liyrfligf¢§k(t)2ff (2 Aij(zy) A0,z y)

(i.)eJo(2)x]1(2)

+ f f >, (A V), A2, 7)) O, (2, ).

(i), (k. DEJo ()X (2),ik, j#1
For y € supp(v;) and z € X}, let us define

17G,y) = |G, ) € Jo X Ji | Aij(z.y) > 0]
= (e doxJi|z=yi=0z7=y;=1,TveXvi = Ly =0,z€ [, 7,y > 0},
I3 1= (G ). (k. D) € (Jo@) X 12 |i # k. j # 1 Atz y) > 0],

I}y = (i ) € Jo@) x 11| 3k, D) € Jo(2) x 112, (G, ), (kD) € 17,0,

and for (i, j) € I (z, ),

I5(2.y) 1= {(k.D) € Jo(2) X J1 () | (. ). (k. D) € 17 (z. ).

If the indices k, 1,1, j all differ, then o0;j(z) = 0jow(z), and therefore Ay;j(z,y) = Aiju(z,y) and
(@@, ), (k, D)) € I (z,y) implies ((k, 1), (i, j)) € " (z,y). Moreover, one may easily check that I{"(z,y) C
I (z,y). As a consequence, by symmetrisation it follows

(42) liminf ¢, () 2 f f (> Ay) adb,

(i.pel=

1
*3 ff Z (,O(Aij,Akz,ij) +p(Akl’Akl,ij) df??,l-

(@), kD)l
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Let us compute a first lower bound of the right hand side of this inequality. Applying identity (35)
yields

liminf ¢, 1) > f f (> A= > Al

(@ )el= ((WXC) Sy

IS ar 5 (Saf - 5 alaa,

i€y je jeay iedy (i, )EJoxJ1

2max[ffZ(ZAij)zd@)l,ffZ(ZAij)zd@Zl]

ieJy jEJ] jEJl ieJy

= max | f f Z Z ( Z Aij(Z’Y)]la,j)el*(z,y))z Ao, (z.y),

z€X i€[n]  je[n]

f f Z Z (ZAii(z’y)ﬂ(i,j)er(z,y))zdf??, 1(z,y)].

2€Xy jeln)  i€ln)

We will now bound from below the right hand side of this inequality using Cauchy-Schwarz inequal-
ity. For any y € supp(v1), and i € Jy(y) we note

Efo0) 1= {z € X 3j € 116), v € Xi, (2, 031@) € [y, 700, 0) > 0),
and for j € J1(y)
E; ()= {z € Xk| Ji € Jo(y), Av € Xy, (z,0(2)) € [y, v, 70(v,y) > O}.

Since (i, j) € I(z,y) implies z € E;',_o )and z € E;_l (), one has

f f Z Z ( Z Aif(z’y)]l(i,j)el(z,y))z d@g 1z, y)
z€Xy i€[n]  jeln]
- f Z Z ( Z Aij(Z’y))zat(z,y)dvl(y),

ieJo(y) zEf((v)  j€i ()

and therefore by Cauchy-Schwarz inequality,

ff Z Z ( Z Aij(z, y)]l(i,j)el‘_(z,)’))z d@1(z’y)

z€X;ieln]  jeln)
2

>

f Z (Zjefl(}’) ZZGEEQ')Aij(Z’y)at(Z’y)) dvi(y).

) Leckgg (%)
For (i, j) € Jo(y)x J1(y), one may compute the quantity ;. ES0) A;i(z,y)a;(z, y) using the two following
observations. First (z,0;j(z)) € [y, w] holds if and only if one has yi=zi=w;j=0,y;=z;=w; =1and
z € [y,0j(w)]. Secondly, the generator L is translation invariant which implies that r(y, z, 07(2), w) =
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Ld(»ffij(W))(% a.ij(w)) L.
r(y, 2,2, 0(w)) — G Therefore, one gets for any (i, j) € Jo(y) X J1(y),

DL A aiy) = ) Ay ay)

€E; () 2€Xk
d(y,oij(w)) Ld(y,o'ij(w)) (y, O-U(W))
= Z ]]-yi=Wj:0]]‘)’j:Wizlz Z r(y’ %%, O-U(W)) Ld(y,w)( W)
weXi s=0  ze[y,oi(w)]d(,2)=s Y

d(y, ! d(y, w) = 1 = 97 (wly)

Ld(}’ao'ij(w))(y, aii(w))
= 2 Lm0l B 7 )

o)

. LAOW)(y, w)
=, ]lyl—Wj Oy L7 (wly).

WEXk d(y’

Since for i € Jo(), | Lymwy=ollymmt = d, W) Ly, it follows that

JeJ1(y)
DD A azy) = ) T 7 (wly),

Jeh () zeE(v) weX

and therefore

ffz Z Z Aij@ YL J)EIH(Z))) A0} (z.)

z€Xy i€[n]  je[n]

—0 2
g f » (Zex, Ty 72 wly) o,

ity ek 4@

With same computations, by exchanging the role of i and j, (35) finally implies

2
(S, Lo, T2 (1)
hmlnfgoy ®) > max[f Z weR e ) avi(y),
Yi— ZzEE;I)(y) al(z,y)

i€eJo(y)
2
DiweX ﬂw-#yﬁ(i(wa)
(43) fz (Swe Loz, )dVI(y)]
Gty Zeergo @@y

Working on ¢ (1), on may identically show that

(Swex, Ty, 72 (01)
lil’ninfll/ (t) > max[f Z weXy Tx ) (o,
o i€ly(x) ZZGEH (x) bt(Z, .X)

(44)

—0 2
f 5 (Zwex, Tz, 70 (Wl)) o]

Jjel(x) ZZEE;] (x) bi(z, x)
where for any i € Jy(x) we note
E;5(x) = {z € Xk| Jj € [1(x), Aw € X, (2, 74j(2)) € [x, w], 70(x, w) > 0}’

and for any j € Ji(x)

E(0) = {2 € X 3i € o, 3w € Keo (072 € [y v]. 7w w) > 0,
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From this two estimates, we will derive two different lower-bounds. A first strategy is to apply again
Cauchy-Schwarz inequality, (43) and (44) implies

liminf ¢ (#) + liminf /) (1
im inf @y, (£) + Lim inf gy, (7

1 2 5
Zmax[iez[n][ai,o(t) (ff Lt L0 475y ))+ B (ff Ly =0 4" (x,y>) |
1 2 )
j;r;][%‘,l(t) (ff Ll Jﬂ{)(x’y))Jr Bia (1) (ff ﬂx,»;ey,lx,:ld'ﬁo(x,y)) ”

@io(®) = On (1@ i = 0,2 € EgON),  Bio(®) := Qo (1(x,2) | xi = 0,z € E;j(n)),

with

and
@i = 0n (1@ yi = Lz e EqON).  Bua(® = Qo ({(x.2) 1% = 1,z € E;;(x)}).

Observe that the sets {(x,z,y)|z € [x,y],y; =0,z € E;I)(y)} and {(x,z,y)|z € [x,y]x; =0,z € Ei’_(’)(x)}
are disjoint. Indeed, if it is not the case, there exists x, z,y, v, w € X such that z € [x,y] N [v,y] N [x, w],

xi=z=yi=0,vi=w; = 1,7, y) > 0and 7°(x, w) > 0. Lemma 4.2 (i) implies that z € [v, w]. This
leads to a contradiction since z; = 0 and v; = w; = 1. It follows that

ao®+Bom< > D W@y < 0z € Xelz = 0D,
x,yeX| zeE;I)(y)UEJ)(x)
Similarly one proves that
@1 (1) + i1 (1) < OV({z € Xi |z = 1)).

. . . 2 2
As a consequence, from the identity inf,-0 g0 .0+5<1 {> + &t = u? + V2
q y 0,6>0,0+p<

R , u,v >0, one gets

. . 173 . . 7
hgl _1}{)1f ©, (1) + hgl _1}{)1f ¥y, (1)

2
> max[z ! 5 (f ﬂx,»;&yiﬁo(x,y)) ,

ielnl @({Z €Xilzi=0

1 2
Z 0%z e Xilzj=1}) (f ﬂxﬂ’f'd"rﬂ(x,y)) ]

Jjeln]

Applying again Cauchy-Schwarz inequality and since e[y 0%z € Xilz i = 1) =k Yiem 0%z €
Xilzi = 0}) = n—kand 2d(x,y) = X je[n] Lx;2y;» On€ obtains

(45) lim inf ¢] (1) + lim inf VAGE W2(vo, v1).

vk—0

min(k,n — k)
Let us start again from (43) and (44) to reach another lower-bound. For any i € Jy(y), one has

D a@y =), Y et @R ()

ZEEiTJ(y) weXy z€[y,w]

< Z Z ]lz,~=yi=0v?w’y(2)’7?(i(w|y)

weXj z€[y,w]

= > Lm0 ) + D Dy Y Loy @R (0.

weXy weX} z€[y,wl]
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Since for y; = 0and w; = 1,

dg.w)-1 k d(y,w)—k
oWy (1- t) A
Z Lamy=ovi (@) = Z ( Z ]ld(y’Z)=k) do)
z€ly.w] k=0 z:z€[y.w].zi=0 ( k )
o (d(y, w))(d(y, w) - 1)(1 — ko
B T (dow)\
k=0 k k ( (}](,W))

=1
one gets for any i € Jy(y)
> ay <1--0 f Ly 7 (1),
2€E7,(v)
One identically shows that for any i € J{(y),
> ay <1-a-n f Ly 7 (1),
ZEE:](y)
As a consequence, setting Hf_(y) = f ]lyi;&wid'ﬁg (wly), (43) provides
(46) 11%1 inf @y (1) = ¢ (1),

where

ooty i=max| [ 31, 08(1 = (1= 01T 0) im0,
i=1

=1
J

with f(s) := slog s — s. One may identically show from (44) that
47) lim igf w;'k(t) >y (1),
Y™

where
wo(r) := max | f D Lamof(1 = 1L () dvo(), f D Lo f(1 =T, 00) dvo()-
i=1 j=1

As in the case of the hypercube, another lower bound for lim infy_,g ¢7/(7) can be reached by estimating
differently the right-hand side of inequality (42).

For any fixed positive reals Ag;i(z,y), (i, j), (k,)) € I(z,y), let us define the convex function F :
(R*)@) — R defined by

2 1 *
F(Bij)i.jel) = ( Z ﬂij) +3 | Z (P(ﬂij,Akl,ij) +P(ﬁk1,Ak1,ij)), Bij € RY
(. pel (@), (k.D))el
(the dependence in z, y is omitted to simplify the notations). As in the proof of Theorem 2.4, after some
computations, its minimum value is given by: if [~ = (), then
inf  F((Bij)ijper-) =0,
Bijijer€®i)!

and if I # 0

) A,ijS
inf  F((Bij)iper) = Z Apijlog S5
(ﬁl/)(l,j)EIe(R:)l ((l,]),(k,l))E]IH l_] kl
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where §;; = Z Ajjand S = Z Sij. Let W := Z SijS 1. Assume that I~ # 0. By
(kDel; (@ pely (@), (k. D)el—
convexity of the function H : ¢ — flogt, applying Jensen inequality, it follows that

inf F(Biipe) = = H(A”‘”S)S,-Skl
By S il \SiSu) "
w AijuS W
> —H :—Slog(—).
5 (((i,j),(k,l))dl“ ) s?
For any (i, j) € I, one has
et (@ aufan|remnmju{w.plr e mal),
and therefore
w= > S; > Su
(i,j)e]I‘l_ (k’l)GHZj
< Sl S s (3 s % )
(i,j)E]IT (k,l)E]IT l’,(i,l’)E]IT k/,(k’,j)EJIT
=52+ 823 Y s -0 Y sa)

iely . el Jedi i el

where we set S2 := Z S IZJ By Cauchy Schwarz inequality, since |Jo| = n — k and |J;| = k, one has

(i, )eh
2 2 ), g2
SR s me (3 st
o J()EL Jely i pely

, 2 = 2 =
As a consequence, since e, (Zj,(i,j)e]l‘l_ Sij) > S2 and el (Zi’(i’j)eﬂi— S,-j) > §2, we get
1 1
w<S?(1- —. -],
<5 (1-max| L.
and therefore

inf  F(Bij)ijper-) = CniS.
B per— €@

This lower estimate also holds if I~ = () since S = 0 in that case. As a consequence (42) imply

liminf ¢ (1) > Co f D, AuydQ),
Tk (i, (D)l

~cu [ 3 > Al e,y dniy)

@G kDeJo (XTI )ik, j#L z€X

Observing that for (i, j), (k,]) € Jo(y) x Ji(y) with i # k and j # [, (z,on0;(z)) € [y,w] if and
only if one has y; = w; = yx = w; = 0, y; = w; = yy = wy = 1 and z € [y,oo;j(w)], and
using the fact that LATuiiQW) (107, i(2),w) = LA@ouTiiW) (7 07 (W), one gets for any y € Xj, and
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@, j), (k, D) € Jo(y) X Jy(y) with i # k and j # 1,
> Auiz ) iz, y)

ZEXk
d(y,opoij(w))
= Z Z Z r(y, 2, 2, 0o j(w))

weXwi=wi=0wi=w=1  s=0  z€ly,onoij(w)].d(y.z)=s

d(y, w)d(y, w) = 1) o 2 (d(y, w) = 2 = )7 (wly)

Z 1 1 LI (y, a(w))
= Yi=w=yg=w=0Ly;=w;=y=wi=1 d(y.w)
weXy Lo (y, W)

d(y, w)(d(y,w) = DT (wly)

Ly ==y =y =0 Ly ==y =y, =
Yi=wj=yk=wi=0Ly=wi=y=wr=1
= > 7 (wly).

weXy d(ya W)(d()/a W) - 1) <
From the identities
IL)’FO,WFl]lyk=0,Wk=1 = d(ya W)(d(y, w) — l)a
ieJo(y) keJo\{i}
and
D0 ymtmolymtm=0 = Gy WG, W) = 1),
JES1 () leJy()\{J}
we finally obtain

ligl_i)gfap’y’k(t) > Cu f Z d@y, w)(d(y, w) = D7 (wly) dvi(y)

welX| k

= Cuk f f d(y, w)(d(y, w) = 1) dr° (y, w).

By symmetry the same estimate holds for lim infy_,o ¥ (#). The proof of Theorem 2.6 ends by applying
Lemma 3.1 and using the last estimates together with the other ones (45),(46) and (47). m|

4. APPENDIX A : BASIC LEMMAS

Lemma 4.1. The transport-entropy inequality (24) implies the W, transport-entropy inequality (25) for
the standard Gaussian measure with the constant 4 instead of 2.

Proof. The result follows from the transport-entropy inequality (24) for the uniform probability measure
u on the hypercucube (a; = 1/2 for all i € [n]), by using the central limit Theorem with the projection

map
n

2 n
T,(x) := Tﬁ(;xi — g), x,y € {0, 1}".

Let v € $»(R) with continuous density f with respect to y. Let v" denotes the probability measure on
{0, 1}"* with density f,, with respect to u given by
(Ty(x))
fil) = LD
f foTydu

Applying (24) with v := g and vy := V", one gets

x € {0, 1}".

(48) %WS(]J, V'Y < HO').



36 PAUL-MARIE SAMSON
By the weak convergence of T),#u to the standard Gaussian law 7y, one has

(49) Jim HO ) = Hy).

Easy computations give for any x,y € {0, 1},

1 1 )
— d(oy)d(x,y) = 1) 2 2 1Ta(x) = TaOY)] (|Tn<x) - T,()| - W)’

and therefore

1 d ny\2 1 .
W > — dr
n 2 )" 2 4 nnEII(TInI#;ft‘,Tn#V") @ W) (2, W),

where ¢,(z,w) = |z — w| (|Z —w| - \%) Let € > 0. Since T, #u weakly converges to y and T,#v" weakly

converges to v, one checks that any sequence m,, € II(T,#u, T,,#v") is relatively compact, there exists a
compact set K. such that

supf (Iz| + W) drp(z,w) < e.
neN JR2\K,

Let ¢(z, w) := |z — w|*. The cost ¢, uniformly converges to the quadratic cost ¢ on K. It follows that for
n sufficiently large

ffcndﬂnszcdﬂn—f |C_Cn|d7rn_ff (C—Cn)dﬂ'andeﬂ'n—28.
K, R2\K,

and therefore

1 1

SWH V') 2 g WA T - g

n
From the weak convergence in »(R) of the sequences (7, #u) and (T,,#v") and then letting € goes to 0,
one gets

1 1
liminf — W4 (u, v")* > 1 W2(v, 7).

n—+o0o n

Finally, (48) and (49) imply sz(v, v) < 4H(v|y) as n goes to +oco. m]

Lemma 4.2. Let X be a graph with graph distance d. Let vy, vy € P(X) and assume that 7w € P(X x X)
is a Wi-optimal coupling of vo and v,

Wi (o, v1) = f f d(x,y) dF(x,y).

(i) Let x,y,z,v,w € X such that 7 € [x,yl,z € [x,w], z € [v,y] and 7 (v,y) > 0, w(x,w) > 0. Then
one has z € [v, w].

(ii) On the complete graph X, the graph distance is the Hamming distance d(x,y) = 1,4, x,y € X.
Setting for any x,y € X, A (x) = f 1,exdm  (wlx) and A_(y) = f 1yysydi_(wly), the two sets

D= fresupptn| a0 20] and Do =[vesuppon]a %0
do not intersect.
Proof. (1) In order to get the property, z € [v,w], or equivalently, d(v,z) + d(z,w) = d(v,w), it
suffices to show that
dv,z) +d(z,w) < d(v,w).

and the equality follows from the triangle inequality. The assumption z € [x,y] N [v,y] N [x, w]
implies

(50) dv,z) +d(z,w) = (d(v,y) —d(z,y)) + (d(x,w) —d(x,2)) = dv,y) +d(x,w) — d(x,y).
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It is well known that the support of any optimizer of Wi(vy, v) is d-cyclically monotone (see
[40, Theorem 5.10]. By definition, it means that for any family (x1,yy),..., (xy,yn) of points

in the support of 7
N N
Z d(x;,yi) < Z d(xi, yi+1),
i=1 i=1

with the convention yy,; = y;. Therefore assumptions 7(v, y) > 0 and 7w(x, w) > 0 imply
d(v,y) +d(x,w) <d(v,w) + d(x,y),

and the expected inequality follows from (50).

(ii) If the two sets D_, and D_ intersect, then there exists x,w’,w € X such that x # w, x # w’
7(x,w) > 0 and T(w’, x) > 0. As above, since the support of 7 is d-cyclically monotone, one
should have

2=d(x,w)+dw,x) <d(x,x) +dw,w) <1,

which is impossible.

Lemma 4.3. Let vy and vy some probability measures in P(X) with bounded support.

(i) If (12) holds, then for any x,y € X and any integer k, L*(x,y) < (2S)*.
(ii) If (13) holds, then for any x,y € X, LYY (x,y) > 7%,

(iii) If (12) and (13) hold, then for any x,y € X, any t € [0, 1], and any y € (0, 1), one has
LI (x,y)
d(x,y)!

where K :=2S /1 and O(1) denotes a quantity uniformly bounded in x,y and t.
(iv) If (12) holds then for any x,y,z € X and for any t € [0, 1]

. 5 ,y d(x,y
lim v/ (@) =7 @) = L@ .22 0 (A, 2)

P)(x,y) = " (1+yK o)),

(v) If (12) holds then for any x,y € X,

LAY (x, y) )

(vi) If (12) holds then Egy[€]1 Xy = x, X1 = y] < Pngy)‘
1 9,

(vii) Assume (12) and (13) hold. Let D := max (d(xg, x), d(x0,y)). For any x € supp(vp)
xesupp(vo),yesupp(vi)

and y € supp(vy), one has

@) < 0 (L@ + (1 = 1n@) ¥ (vK>

where K := 25 /1 and O(1) denotes a constant that does not depend on x,y,z,y,t and K :=2S/1.
As a consequence, if B denotes the finite set

)[Zd(xo,z)—4D—1]+)

’

B:={zeX | z € [x,], x € supp(v0), y € supp(r)},
then
[2d(x0.2)-4D—1],
0)(2) < 0y (yK?) " . VzeX\B.
(viii) Assume (12) and (13) hold. For any w,z,7' € X with d(z,7') < 2 and w € supp(vg) one has
PY(Z,w) _ max (1, d(xo, 9)%) K402 O(1)

Pl(z,w) ~ (y1)de)

>
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where K := 2S /I and O(1) is a positive constant that does not depend on z,7’,y,t. It follows
that

() PIf() _ max (1, d(xo, 2)7E0) K902 O(1)
max (1’ d(xo, Z)d(z,z/)) Kd(x0,2) o) ~ Pny(Z') = (yt)d(z,z/)

(ix) Let (yx)ken be a sequence of positive numbers converging to zero. If (11), (12), (13) and (14)
hold, then for any t € [0, 1]

(D

lim H(Q*Im) = H(QV|m).
Yk—

Proof. (i) Given (12), we want to show that for any x € X, S(y) := sup .y ILF(x, y)| < (2S)F. Tt
follows by induction on k from the inequality

&mw=mummﬁmw+Eﬁm@ﬁmﬂsn%wmmsmy

xeX 2%

(i) For x =y, one has LY0Y)(x,y) = 1 and by definition for x # y,

LU y) 1= ) L,
(3

where the sum is over all path @ from x to y of length d(x,y), @ = (zo, ..., Z4(xy) With zo = x
and z4(y,y) =y, and

Lo = L(20,21) (21, 22) - - - L(Zd(xy)-15 Zd(xy)-

Such a path « is a geodesic. Since we assume in this paper that L(x,y) > 0 if and only if x and
y are neighbour, one has L, > 0. By irreducibility it always exists at most one geodesic path
from x to y, and from assumption (12), for such a path a, L, > I/, As a consequence we get
L&) (x, y) >[40,
(iii) According to (15), for any x,y € X,
d(x.y)
Pl y) = Y d(x’(y);’!y) (yr)*

k
L*(x,y) d(x,y)! tk_d(x’y)yk_d(x’y)_l).

1+ L (x,y) k!

kk>d(x,y)+1
Applying Lemma 4.3 (i) and (ii), we get
LI (x, y)

P (xy)— )
1 (%) dry)! (yt) |
L) (1)) dixyy (28) 71
d(x.y)! I N e E )]
LAY (x, y ’
(0 D) gyt gedle) 25

d(x,y)!
from which the expected result follows.
(iv) Let x,y,z € X and € [0, 1]. If (12) holds, according to (15), the Taylor expansion of Pty(x, y)
as 'y goes to zero is given by
LA(x,y)
d(x, y)!

As a consequence, the Taylor expansion of v;yx’y (z), defined by (9), is

PZ(X, y) = (yt)d(x,y) + O(Yd(x,y))’
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x’y
vI™(2)

d(x, d(z,
_ leayrdy-don E “I@ L @y)  dxy)! (A1 = e
LAY (x, y) d(x,2)ld(z, y)!

T o(y G-y

The expected result follows since one has y4(*-*+d@y)=d(xy)

0 otherwise.
(v) On some probability space (Q', A, P), let (N;);>0 be a Poisson process with parameter yS and
(Y,)nen be a Markov chain on X with transition matrix Q given by

L, S + LG,
Oz, w) = S W), forw#ze X, and Q(z,2) := L(ZZ)
¥S VS

We assume that (Y),),en and (Ny)>0 are independent. It is well known that the law of the process
(X))r=0 under R given Xy = x is the same as the law of the process (Xt)t>0 under P given Xo =x
defined by X, = Yy,. As a consequence, one has for any y € X,

= lifz € [x,y], and lim,_oy

P)(x,y) = R (X, = y|Xo = x) = P(X, = y| Xp = x).
Letn = d(x,y) and N, denotes the number of jumps of the process X,, one has
PZ(x,y) > P(f(, :y,ﬁ, = nl)?() = x)
= P(Yl, ..., Yy, are all differents, ¥,, = y, N; = nlfo = x)
= P(N, =n)P(Yy,...,Y, are all differents, Y¥,, = ylfo = x)

oIS s
n!

O(x0, x1) - -+ O(xp—1, Xp)

a=(xp,...,Xn), @ geodesic from x to y

p e VS L) (x, y).

(vi) The length {(w) of a path w € € represents the number of jumps of the process X; between
times 0 and 1. Therefore according to the definition of the process (X;);>¢ above,

Er[€|Xo=x,X1=y] = EP[ﬁl | Xo = x. X Zy]

Be Mg 1 Xo =3 Ep ]

SEP[NHXO:)C’Xl:y] P(X1:y|X0=X) _PT(x,y)’

which ends the proof since Ep [N;] = ¥S.
(vii) From (iii) and (v), one gets for any x,z,y € X,

P](x,2)P](z,y)
P](x,y)
PN (2 2, 3) o (d(x, 2)) €

(52) (1+yK"20(1) (1 +yK“0(1)).

x’y
v (2)

IA

If z € [x,y] then thanks to (i) and (ii), the right-hand side of this inequality is bounded from
above by

§\dxy)
(7 ) ) p7S 4 g2d(xy) o),

d(x2)+d(zy)-d(xy) —
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and the maximum of this quantity over all x € supp(vp) and y € supp(v) is a constant O(1),
independent of x, z, y and .
If z ¢ [x,y], then d(x,z) + d(z,y) — d(x,y) > 1, and the right-hand side of (52) is bounded by

S d(x,2)+d(z,y)

d(x,2)+d(z,y)—d(x,y S d(x,2)+d(z,y
YA = d(x, )1 S 4K I O(1)

S 2d(x0,2)+2D

14+[2d(x0,2)~4D~1], S 4 w2d(x0,2)+2D
< yH2d(0.2) ] e d(x,y)! e¥S 4K2d00-0+2D o1,

The maximum over all x € supp(vy) and y € supp(v;) of the right-hand side quantity is bounded
by O(1) y!*12d(x0,9-4D-1]s g4d(x0.2)  Thjs ends the proof of the first inequality of (vii). The second
inequality easily follows since

0/(2) = >, v @) T ().
xesupp(vo),yesupp(vi)

(viii) Using (iii) and (v), one gets for any z,z’ € X and any w € supp(vy),

PI.w) _ LYW w) dzw)! (l)d(z/’w)_d(z’w)

— S (1 +yK?MOo(1
Pl(z,w) — Li&EW(z,w) d(Z,w)! \yt ‘ ( 7 ())

d(z.7)
< K4@)+dx0)+d(xow) oy ( 1,d(z, W)Z) (lt) 265 K@) +d(@x0)+d(xo.w) o)
Y

K24(zx%0) max (1, d(z, x0)2) o)

- (y1)?=<) ’
where one maximizes over all w € supp(vp) to get the last inequality. Inequality (51) follows
since

PIf(@) _ 3 P&, w) fY(W)P] (z,w)
P;’f)’(z) wesupp(vo) PZ(Z’ W) P’tyfy(z)
Pl(z,

with h@w

wesupp(vo) PrfY@)

(ix) Recall that
Hm = S 1 01" S
(@) = ), log =< 01'(2).

zeX\B

Let us consider the finite set B defined in Lemma 4.3 (vii). From the weak convergence of the
sequence (Qy ") to @) and since supp(@to) C B, one has

lim Zlo E 07" (z) = H(Q"|m)
70 & & m(z) ' Y= !

Therefore it remains to prove that
. @k(z) —,
1 E 1 “() = 0.

0
Y zeX\B

From Lemma 4.3(vii) and hypothesis (11) one has, for any z € X'\ B,

2\[2d(x0,2)—4D~1]+
0l _ Oy ()

m(z) inf e x m(z)
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infrexm(z) 1 )
o °k2)

Using the inequality [v1logv| < /v for v € (0, 1], we get for 0 <y < min(

Yk
2d(x,2)-4D-1],/2
Z log ; (2) ’Wk()<0(1)supm(z)\/_z Kz[ (02)=4D~11./2

zeX\B m(Z) zeX zeX

Hypothesis (14) then implies that there exists y; > 0 such that for any 0 <y <y,

> log ( L 5@ < o) v,

zeX\B
and the expected result follows.

5. AppenDIX B : Proors or LEmMas 3.1, 3.2, 3.3, 3.4

Proof of Lemma 3.1. Let € € (0,1/2). We first prove that if (12), (13) and (14) hold then |<p (1)| is
uniformly bounded over all # € [g,1] and y € (0,7y;) for some y; € (0,1). According to (30) and
inequality (31) and (32), for any ¢ € [g, 1] and y > O,

I ()]
< 0(1)[@ f dz(xo,z)Kd(x‘)’Z)de(z)+é f (d*(x0.2) + I)KZd(xO’Z)de(z)]

<o) f d*(x0, DKV Q] (2).
Using Lemma 4.3 (vii) and the fact that vy and v; have bounded support, it follows that
/()]

<oy ) max (d(xo, DK*%9) + 0(1) )" d*(x0,2) (yK
z€[x.y]
xesupp(vo),yesupp(v1 ) z€X

= 0(1) + )" d*(x0,2) (yK°

zeX

)Zd (x0,2)

)[Zd(xo,z)—4D—1]+

Using hypothesis (14) and choosing y; > 0 so that (y;K>)? < y(, one gets

sup gy (0] < O().
ye(0,y1).1€(e,1]

One may similarly proved by symmetry that if (12), (12) and (14) hold, then |¢/ (1)| is also uniformly
bounded, namely

sup e (O] < O(1).
v€(0,y1),t€[0,1-€]

Lete € (0,1/2), and for y € [0, 1), let
— Y4
F5(t) = HQ)\_yypui_plm). 1€10,11.

We will first prove a convexity property for the function Fj from a convexity property of F, Yk as the
sequence (yy) goes to zero. We use the identity, for any ¢ € (0, 1)

Hl-1

1
(53) (1= )F2 (0) + tF2 (1) - FE (1) = fo K(s)(F2)(s)ds,

where the kernel K; is defined by (22). Observe that

1 1-&
fo K(s)(FE )" (s)ds = (1 = 2¢) f Kt )(son(u)ﬂﬁ'y'k(u))
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The above uniform bounds on go;’ and go;’k allow to apply Fatou’s Lemma. Together with Lemma 4.3
(ix) it implies, for any € € (0, 1/2)

(54) (1 =0F§0) +tFy(1) — F§(1)

1(1—-1) e tu-eN. ., ,
> > (1-2e¢) fs K, (1 — )hikn_l)gf (apw(u) + l//yk(u)) du.

For any ¢t € [0, 1] the support of the measure @ is finite, included in the set B defined Lemma 4.3

(vii). As a consequence, the function ¢ € [0, 1] - H (Q?Im) is continuous as a finite sum of continuous
function. It follows that for any 7 € [0, 1],

1%m@:m@m.
E—
Consequently, using hypothesis (26) and applying Fatou’s Lemma as & goes to zero, equality (54)
provides
(1 = DH(volm) + tH(v1|m) ~ H(Q}|m)
(1

- t) ! P ” I 17
> fo K, (u) ( hgl —%lf @, (u) + 11%1 —IBf :,l/w(u)) du

1 - 1
> 0 fo Ko () (¢ o) + 0] 1)) du

[(1 = Deo(0) + tpo(1) — ()] + [(1 = Hro(0) + to(1) — o ()]

were the last equality is a consequence of identity (53) applied with ¢ and . O

Proof of Lemma 3.2 and Lemma 3.3. To simplify the notations, the dependence in the temperature pa-
rameter y is omitted. Let us note f; := P,f and g, := P_,g and recall that F;, := log f;, G, := log g,
and

¢(t)=thft8tdm, l,l/(l‘)=fG,f,g,dm.

The proof is based on I';-calculus by using backward equations, d,f; = Lf;, d;8; = —Lg;, and integration
by parts formula : for any functions 7 : X - R, k: X - R,

thkdmszLhdm.

We only present the proof of the expression of ¢’(¢) and ¢”’ (). Same arguments provide the expression
of ¥/ (r) and ¥ (r). We start with a general statement that we will apply twice. Let (1,z7) — Vi(z) be
some differentiable function of ¢, then for any 7 € (0, 1),

o, ( f Vifi g dm) - f @V frg1 + Vi (L) g — Vi fi (Lgr) dm
= f(atvt)ftgt + Vi (Lf) g — L(Vift)g:r dm

(55) - [foviar- Y, e e )@@ dn),

7,7~z
The first equality is due to the backward equation and the last equality holds by integration by part
formula.

Applying (55) with V; = F;, and since
OF@) = ), L) = Y (D 1)L, ze X,

7eX 7,7~z
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one gets the expected result

(1) = f D (T — 1 = VF(2, e D) Lz, ) fi2)gi () dm(2)

5,3~

_ _f Z {(eVF’(Z’Z/))L(z,z’)d@(z).

Applying again (55) with Vi(z) = >/ .. { (eVF f(z’zl)) L(z,7), z € X, and using
Lf(Z') ft(Z')Lft(Z)) ' ( VF(27) ,
atVt = — (& L ,
— Z eVF,(z,z') (Lﬁ(zl) _ Lﬁ(Z)
RS
Z VFi(z,7) PALIICED (eVFr(z/,z”) _ 1) L(z,7)L(Z,7")

2,7, 2~ ~7"

- Z VF(z,7)e &) (eVF oW _ 1) L(z,Z) L(z,w),

7w, ~z, W~z

7,7~z

) VF(z,7)L(z,7)

and
Z eVF,(z,z’)VVt(Z’ Z’) L(Z, Z’) _ Z eVF,(z,z/)é« (eVF,(z/,z”)) L(Z, Z/) L(Z’, Z”)
7,7~z 7,7, 2~ ~7"
- Z Vi@ (eVF ’(Z’W,)) L(z,7) L(z,w"),
w7~z W~z
one gets

7

¢ (1)
f Z [{ (eVF,(zw) —VF,(z Z/) (eVF,(z,w’) _ 1) :IeVF,(z,z/)L(Z’ Z')L(Z, w’)

’ . ’

T, WL ~LW T

+ Z [VFt(z, ) (7 — 1) = £ (7Y [V Lz, ) L z”)]d@ )

Z Z ZNZ ~Z
f[ (VF[(Z, Wl) _ VF[(Z, Zl)) _ 1) eVFt(Z,W’)‘FVF{(Z,Z’)L(Z, Z/) L(Z, W,)
Z W Z ~Z, w! ~Z
(VFz,2) + 1) """ DLz, 7)) Lz, w')

Z ,W ,Z ~Z,W ~Z

- D (VEGEDH+ )DL ) LR )
Z/,Z,/,ZNZ,NZN

- Z P (eVF’(Z’Z’), €VF’(Z’ZN)) L(z,7) L(Z, z")]d 0! (2)
Z/,ZN,Z"Z”‘ZN

The expected expression of ¢”(¢) follows by symmetrization of the first sum in z” and w’, and since
Zw’, W~z L(z,w") = =L(z,2). O

Proof of Lemma 3.4. Letz, 7’ € X such thatz ~ z’. One will only compute the expression of lim,, o (ykAty" (z, z’))

and similar calculations provide lim,, o (kaZk (z, z’)). For any y > 0, let

azy) =0 X =7X = y) = f V" (@) d7 (wly),
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and

P_, 0, )P] (', w)
P, w)

Using equality (10) and since PT f7(y) > 0 for any y > 0, one easily check that for any y > 0,

PIf(Z)  yal(zZ.y)

PIf@ @@y

al(z,7,y) = f ya,(v.z, 2, wydn’ (wly), with @] (y,z,2',w) =

yAl(z,Z) =y

From the expression (27) of a;(z, y) and since supp(”(:ly)) C supp(vy), one has

| @y -a@y|< s Y@=+ Y [y - Ty

wesupp(vo) wesupp(vo)
Therefore, the weak convergence of (777 )gen to 7° and Lemma 4.3 (4) imply

(56) lim a’*(z,y) = a,(z, y).
vk—0

Let us now consider the behaviour of yka;yk(z, Z',y) as y; goes to zero. Lemma 4.3 (3) provides the
following Taylor expansion,

¥a)(,2,2 ) = 0D dO)

d(iy,w)!
dy,2)ld(Z ,w)!
where O(1) is a quantity uniformly bounded in t,vy,z,7’, x,y. By the triangular inequality and since

z ~ 7', one has d(y,w) < d(y,z) + 1 +d(z’, w), with equality if and only if (z,z’) € [y, w]. Therefore, one
gets

' (r<y, 27, w) (1 = @0 y0(1>) ,

g% ya! (y, 2,2, w) = a2y, 2,7, w),
with
0 (12,2 w) 1= Lzpepym 705 2.2 whp; O d(z, w) = 1),
Moreover, Lemma 4.3 (1) and (2) ensures that for any w € supp(vp) and y € supp(vy),
ya,y(y, 2.7,w) < yd(y,2)+1+d(2',W)—d(y,W)

d(yw)
. ( (28100 w)=d(rw max @5)PdG. wit 0(1))

wesupp(vo).yesupp(vy) [400w)
< 0( 1) (,)/25 )d(y,z)+d(z’ w)+1-d(y,w) ,

where O(1) is a constant independent of ¢,y,z,z’,w. Therefore ya/gl(y, z,Z/,w) < O(1) as soon as y <
1/(28). As a consequence, for any y; < 1/(25), it holds

|yl (27, y) - a2 2 y)|
< swp |wal'0inZow—afoinZwm |+ o) Y[Ry -7 |

wesupp(vo) wesupp(v)
As y; goes to 0, this inequality with the weak convergence of 7% to 77’ implies
}imo Vi azlk (Z’ Z” y) = at(Za Z/9 y)9
k—)

Together with (56), it completes the proof of (28).
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We now turn to the proof of (29). One will compute lim,, o (y,%AZk(z, z”)) for z,7”” € X such that

d(z,7”") = 2 and the expression of lim,, o (y]%BZk(z, z”)) follows from similar calculations. For any
y € X and any ¢ > 0, one has
2,Y ’7
L YAz’ y)
VA = LEEE D
a;(z,y)
with
PY_ (3, 2P] (", w)
Ploow)

It remains to compute lim,, y]%aglk (z,7”,y) to prove (29). Lemma 4.3 (3) implies

y*a)(z,7',y) = f Y al(y, 2,2, w)dr (wly) and @) (v, 2,2, w) =

72(}53/()), 2, Z” s W) = yd(y,z)+2+d(z’,w)_d(y’w)
d(y, w)!
d(ya Z)'d(z” s w)'

where O(1) is a quantity uniformly bounded in t,v, z,z”, x, y. Since d(y, w) < d(y, z) + 2+ d(z”, w) with
equality if and only if (z,z”) € [y, w], it follows that

| (’(y, 2" w) (1 = 0Dl 4 y0<1>) :

lim Y207 (3,2,2",) = 00,527, W) 1= Lcanetyn 70552, w) o2 (d(z,w) - 2),

Moreover, Lemma 4.3 (1) and (2) gives that for any w € supp(vy) and y € supp(v;),
,yzal't}’(y, Z Z”, W) S 0(1) (y2S )d(y,z)+d(z/,w)+2—d(y,w)’

where O(1) is a constant independent of ¢,y,z, 7", w. As above, the proof ends as y; goes to 0 from the
inequality

|veal (2.2, y) - anz.2".) |

< s |Rel e w -l w0 Y[Ry 7wy |

wesupp(vo) wesupp(vo)

for all y; < 1/(29). m|
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