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ENTROPIC CURVATURE ON GRAPHS
ALONG SCHRODINGER BRIDGES AT ZERO TEMPERATURE.

PAUL-MARIE SAMSON

AssTRACT. Lott-Sturm-Villani theory of curvature on geodesic spaces has been extended to discrete graph
spaces by C. Léonard by replacing W,-Wasserstein geodesics by Schrodinger bridges in the definition
of entropic curvature [23, 25, 24]. As a remarkable fact, as a temperature parameter goes to zero, these
Schrddinger bridges are supported by geodesics of the space. We analyse this property on discrete graphs
to reach entropic curvature on discrete spaces. Our approach provides lower bounds for the entropic
curvature for several examples of graphs spaces: the lattice Z" endowed with the counting measure, the
discrete cube endowed with product probability measures, the circle, the complete graph, the Bernoulli-
Laplace model.

As opposed to Erbar-Maas results on graphs [27, 10, 11], entropic curvature results of this paper im-
ply new Prékopa-Leindler type of inequalities on discrete spaces, and new transport-entropy inequalities
related to refined concentration properties for the graphs mentioned above. For example on the discrete
hypercube {0, 1}" and for the Bernoulli Laplace model, a new W, — W, transport-entropy inequality is
reached, that can not be derived by usual induction argument over the dimension n. As a surprising fact,
our method also gives improvements of weak transport-entropy inequalities (see [28, 15]) associated to
the so-called convex-hull method by Talagrand [38]. It could also apply to other graphs.

The paper starts with a brief overview about known results concerning entropic curvature on discrete
graphs. Then it focuses on a particular entropic curvature property on graphs derived from C. Léonard
approach [23, 25, 24], and dealing with Schrodinger bridges at zero temperature (see Definition 1.3).

The main curvature results are given in section 2, with their connections to new transport-entropy
inequalities. The concentration properties following from such transport-entropy inequalities are not
developed in the present paper. For that purpose, we refer to [15] by Gozlan & al, where general
connections between entropy inequalities and concentration properties are widely investigated.

The strategy of proof, presented in section 3, uses the so called slowing-down procedure for Schrédinger
bridges associated to jump processes on discrete spaces pushed forward by C. Léonard. General state-
ments, Proposition 3.11 and Lemma 3.1, are obtained by this procedure, which consists of decreasing
a temperature parameter y to 0. The curvature results for the different studied graphs are all derived
from Proposition 3.11 and Lemma 3.1. Our strategy also apply for many other graphs which are not
considered in this paper. The main goal of this paper is to push forward Leonard’s approach for entropic
curvature on graphs with few significant results.
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1. INTRODUCTION : SCHRODINGER BRIDGES FOR ENTROPIC CURVATURE

For any measurable space Y, we note M(Y) the set of all non-negative o-measures on Y and P(Y)
the set of all probability measures on Y.

Let (X, d) be a geodesic space equipped with a reference measure m € M(X). Following the Lott-
Strum-Villani theory of curvature on geodesic spaces [26, 36, 37, 40], a lower bound K € R on the
entropic curvature of the space (X,d,m) is characterized by a K-convexity property of the relative
entropy along constant speed geodesics of the Wasserstein space (P2(X), W>). Let us precise this
property for the non specialist reader. By definition, the relative entropy of a probability measure g on
a measurable space Y with respect to a measure r € M(Y) is given by

H(qlr) := fy log(dq/dr)dq € (—00, 0],

if g is absolutely continuous with respect to r and H(g|r) := +oo otherwise. We refer to [22] for more
details about this definition. The space £»(X) is the set of probability measures with second moment
and W, is the Wasserstein distance of order 2 on X: namely, for any v, v| € P2(X),

1/2
(1.1) Wa(vg, v1) ::( inf ffd(x,y)zdﬂ(x,y)) ,

nell(vo,vy)

where I1(vg, v1) is the set of all probability measures on the product space X X X with first marginal vg
and second marginal v; (also called transference plans from vy to vi). A path (vf)ic0,17 in P2(X) is a
W, constant speed geodesic from v to vy if for all s,t € [0, 1], Wa(vs, vy) = |t — s|Wa(vg, v1). The K-
convexity property of the relative entropy H(-|m) is expressed as follows: for any vg, vi € $»(X) whose
supports are included in the support of m, there exists a constant speed W»-geodesic (v;)«[0,1] from vg
to v; such that

K
(1.2) Hm) < (1 — 1) H(volm) + t H(v1|m) — 0l (1-19 sz(vo,vl).
If such a property holds, one says that the Lott-Sturm-Villani entropic curvature of the space (X, d, m)
is bounded from below by K

Property (1.2) with K = 0 has been discovered by McCann on the Euclidean space (X, d) = R4, - |n)
endowed with the Lebesgue measure [29]. More generally, as a remarkable fact, when X is a Rie-
mannian manifold equipped with its geodesic distance d and a measure m with density e~" with respect
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to the volume measure, property (1.2) is equivalent to the so-called Bakry-Emery curvature condition
CD(c0, K), Ricc + Hess(V) > K (see e.g. [3]). As a consequence, due to the wide range of implica-
tions of this notion of curvature, property (1.2) has been used as a guideline by Lott-Sturm-Villani to
define curvature on geodesic spaces (see also [1, 2]) and then by different authors to propose entropic
definitions of curvature on discrete spaces : Bonciocat-Sturm [6], Ollivier-Villani on the discrete cube
[34], Erbar-Maas [27, 10, 11], Mielke [30], Léonard [23, 25, 24], Hillion [17, 18] and Gozlan-Roberto-
Samson-Tetali [14].

This paper concerns Léonard entropic approach of curvature in discrete setting, from which we also
recover results from [14] and [17]. In discrete spaces, several other notions of curvature have already
been studied which are not considered in this paper : the caorse Ricci curvature [32, 33], the Bochner-
Bakry-Emery approach with the (Bochner) curvature [7, 19] and the curvature dimension or exponential
curvature dimension inequality [4].

As m is the unique invariante probability measure of a Markov kernel on a discrete space X, a first
global entropic approach has been proposed by M. Erbar and J. Maas [27, 10, 11]. The core of their ap-
proach is the construction of an abstract Wasserstein distance ‘W, on P(X), that replaces the Wasserstein
distance W, in (1.2). This distance W, is defined using a discrete analogue of the Benamou-Brenier
formula for W», in order to provide a Riemannian structure for the probability space P(X). Unfortu-
nately, there is no static definition of ‘W% as a minimum of a cost among transference plans 7 as in the
definition (1.1) of W%. Erbar-Maas entropic Ricci curvature definition satisfies a tensorisation property
for product of graphs that allows to consider high dimensional spaces [10]. This definition has been
used to get lower bounds on curvature for several models of graphs : the discrete circle, the complete
graph, the discrete hypercube [27, 10], the Bernoulli-Laplace model, the random transposition model
[12, 13], birth and death processes, zero-range processes [13], Cayley graphs of non-abelian groups,
weakly interacting Markov chains such as the Ising model [9]. The main strategy of all this papers is
to prove an equivalent criterion of Erbar-Maas entropic curvature given in [10], by identifying some
discrete analogue of the Bochner identity in continuous setting.

Finding a minimizer in the definition of W(vg, v;) is known as the quadratic Monge-Kantorovich
problem. By the so-called slowing down procedure, T. Mikami [31] and then C. Léonard [21, 23,
24, 25] show that the quadratic Monge-Kantorovich problem in continuous, but also the W;-Monge-
Kantorovich problem in discrete, can be understood as the limit of a sequence of entropy minimization
problems, the so-called Schrodinger problems.

In this paper, the slowing down procedure, described further, is used to prove entropic curvature
properties of type (1.2) as X is a graph, endowed with its natural graph distance d, and with a measure
m, reversible with respect to some generator L. More precisely, in property (1.2), W, constant speed
geodesics (Vy)seq0,17 are replaced by W, constant speed geodesics where W) is the Wasserstein distance
of order 1 given by

Wilvg,v1) := inf ffd(x,y) dn(x,y), v, V1 € P(X).

nell(vo,vy)

As explained below, each of these Wi-constant speed geodesics, denoted by (Qo)ze[o,l] throughout this
paper, is the limit path of a sequence of Schrodinger briges (@ )ief0,1] indexed by a temperature param-
eter y > 0, as y goes to zero. We call it Schrodinger brige at zero temperature. In property (1.2), the
curvature term Wg(vo, v1) is also replaced by some transport cost C,(vy, v1) that may also depend on on
the parameter ¢ € (0, 1). Let £,(X) denotes the set of probability measures on X with finite support.
The analogue of property (1.2) on discrete graphs at the focus of this work is the following.

Definition 1.3. On the discrete space (X, d, m, L), one says that the relative entropy is C-displacement
convex where C = (Cy)seqo.1), If for any probability measure vy, vi € Pp(X), the Schrodinger bridge at
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zero temperature (@)ze[o,l] from vg to vy, satisfies for any t € [0, 1],

t(1 - 1)

(1.4) H(QVm) < (1 — )H(volm) + t H(v1|m) — >

CI(VO7 Vl)'

For some of the graphs studied in this paper, the cost C(vo, v1) is bigger than K W, (vo, v1)? for any
t € [0, 1]. In that case one may say that the Wi-entropic curvature of the space (X, d, m, L) is bounded
from below by K. Such a property is also a consequence of Erbar-Maas entropic curvature since W5 >
W but their property deals with different constant speed geodesics on £(X). Let us introduce another
discrete analogue of W;-distance,

1/2
(1.5) Wg(vo,vl) = ( inf ffd(x,y)(d(x,y) - l)dﬂ(x,y)) , Vo, V1 € P2(X).

mell(vo,v1)

For some graphs, we also get
C:(vo,v1) 2 K’ (Wz(Vo,Vl)2 - Wl(Vo,V1)) > K'We (vo, v1)*.

In that case, one may say that the Wg-entropic curvature, of the space (X, d, m, L) is bounded from
below by K’.

In the definition (1.5) of W<, the cost d(x, y)(d(x,y)—1) is zero if x and y are neighbours. Therefore the
optimal transport-cost Wé’ does not well measure the distance between probabilities with close supports.
Observe that such type of costs also appear in the paper by Bonciocat-Sturm [6] in their definition of
rough (approximate) lower curvature.

In this paper, a C-displacement convexity property is proved for the following discrete spaces : the
lattice Z" endowed with the counting measure (see Theorem 2.2), the discrete hypercube endowed with
product probability measures (see Theorem 2.9), the discrete circle endowed with uniform measure
(see Theorem 2.12), the complete graph (see Theorem 2.4), the Bernoulli-Laplace model (see Theorem
2.13).

For more comprehension, before considering discrete spaces, let us briefly explain the slowing down
procedure in its original continuous setting. Let R” be the law of a reversible Brownian motion with
diffusion coefficient y > 0 on the set Q of continuous paths from [0, 1] to X = R4, The coefficient
v can be also interpreted as a temperature parameter. The measure RY € M(Q) is a Markov measure
with infinitesimal operator LY = yA (where A denotes the Laplacian), and initial reversible measure
dm = dx, the Lebesgue measure on R4,

In all paper, we will use the following notations. For any ¢ € [0, 1], X; denotes the projection map
X;:a)EQI—)a)tEX.

For any Q € P(Q), let Q; := X#0Q € P(X) denote the push-forward of the measure Q by X;, and for
any 0 <t < s <1, let Qg i= (X5, X)#O € P(X X X) denote the push forward of the measure Q by the
projection map (X, X;). For any integrable function F : 2 — R with respect to , one notes

EolF] := fg Fdo.

The informal result by T. Mikami [31] or C. Léonard [21] is the following: for any absolutely contin-
uous measures vy, v € P»(X), for any sequences (yi)ren of temperature parameters going to zero,

2 _ _ _
W5(vo,v1) = Qég(fm {EQ[C] ’Qo =v0,01 =V }

= lim min H(Q|R
Jim' min {yH(QIR™)

Qo =7y, 01 = Vl},
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where ¢(w) := fol |, |2dt, if the path w = (wy)eqo.1] is absolutely continuous ( w is its time derivative),
and c(w) := +oo otherwise. The first equality is known as the Benamou-Brenier formula (see [5]).
Moreover the sequence of minimizer (Q”)keN of the sequence of the so-called dynamic Schrodinger
minimization problems indexed by v,

(1.6) Jmin, {H(QIR™)

Qo =0, Q1 =i} = H(Q™R™),

converges to a single measure 0° € P(Q). For any t € [0, 1], let v?' = Q;/ and v; := Q? By definition,
("Nieo.1) is a Schrodinger bridge from vy to vy at fixed temperature v, and as a main result, as yy goes
to zero, the limit path (v)scqo,17, 1s @ Wa-geodesic from vg to vy (see [23]). Therefore, it is natural to
consider a relaxation of the curvature definition (1.2) by replacing the geodesic (v;)«[0,1] by the bridge
(v?'),e[o,l] and by replacing sz(vo, v1) by yH (O?|RY). This has been explored in continuous setting by
G. Conforti [8].

Let us present the discrete analogue of this approach due to C. Léonard [23, 25, 24]. From now on,
the space X is a countable set endowed with the o-algebra generated by singletons. The set Q c X%l
denotes the space of all left-limited, right-continuous, piecewise constant paths w = (w;)e[0,17 on X,
with finitely many jumps. The space Q is endowed with the o-algebra ¥ generated by the cylindrical
sets.

The space X is assume to be the set of vertices of a connected graph G = (X, E) where E C X X X
denotes the set of directed edges of the graph. G is supposed to be an undirected graph so that for all
(x,y) € E, one has (y, x) € E. Two vertices x and y are neighbours if (x,y) € E. We assume that any
vertex x € X has a finite number of neighbours d, and that sup .y d, = dmax < o0. The discrete length
{(w) of a piecewise constant path w € Q is the number of finite jumps along w = (wy)seqo.17

l(w) = Z Loy, 40
O<t<1

For any x,y € X, the graph distance between x and y is given by
d(x,y) :=inf {f(a)) | weE wy=X,w = y}.

A discrete path « of length £ € N joining two vertices x and y is a sequence of £ + 1 neighbours
a = (20,...,2¢) so that zo = x and z, = y. In the sequel, we note z € a if there exists i € {0, ..., £} such
that z = z;, and we note (z,7") € a if there exists 0 < i < j < £ such that z = z; and 7’ = z;. The distance
d(x,y) is also the minimal length of a path joining x and y. A discrete geodesic path joining x to y is a
path of length d(x,y) from x to y. We note G(x,y) the set of all geodesic paths joining x to y, and we
note [x, y] the set of all points that belongs to a geodesic from x to y,

[x,y] := {zeX‘zea,aeG(x,y)}.

At fixed temperature y > 0, as reference measure on €2, we consider a Markov path measure R with
generator L defined by

(1.7) L'(x,y) = y"L(x,y),  xyelX,

and initial reversible invariante measure Rg = m. More precisely, we assume that m is reversible with
respect to L, which means, for any x,y € X

m(x)L(x, y) = m(y)L(y, x).

It implies that m is reversible with respect to L” for any y > 0, and therefore R} = m for all ¢ € [0, 1].
We also assume that the Markov process is irreducible so that m(x) > 0 for all x € X. Recall that from
the definition of a generator, for any r € R* and any x,y € X, one has

R, (x.9) = R ()(6:() + L7 (x, »)h + o(h)),
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where ¢, is the Dirac measure at point x. We note P;,¢t > 0, the Markov semi-group associated to L,
and P!, t > 0, the Markov semi-group associated to L,y > 0. By reversibility, one has for any x,y € X

R (x,y) = m()P](x.y) = m(y)P) (v, x),

and since the process is irreducible, P!(x,y) > 0 for all # > 0 and all x,y € X. For any integrable
function f : X — R with respect to Ply(x, -), we set

PLF(x) = ). FO) PL(x,).

yeX

Let us note x ~ y if L(x,y) > 0. In this paper we only consider generator L satisfying L(x,y) > 0 if
and only if d(x,y) = 1, so that P;y = P, forall y,¢ > 0, but also for x # y,

(1.8) d(x,y) = min {k € N| L*(x,y) > 0}.

Let vg, vi € P(X) with respective densities /g and /1 according to m. In Léonard’s paper [24], Theo-
rem 2.1 ensures that under some assumptions (see [24, Hypotheses 2.1]), at fixed temperature y > 0, the
minimum value of the dynamic Schrédinger problem (1.6) is reached for a single probability measure
Q" which is Markov. This Markov property implies that the measure Q" has density f7(Xo)g”(X1) with
respect to R”, where f7 and g7 are measurable positive functions on X satisfying the following so-called
Schrodinger system: for any x,y € X,

fY(x) P1gY(x) = ho(x),
(1.9) )
WP =mh®).

Since f” is non-negative and f” # 0, then by irreducibility P} ¥ > 0 for all # > 0, and for the same
reason, P)g” > 0 for all r > 0. As a consequence, if vy and v; have finite support, then the Schrodinger
system (1.9) implies that f7 and g” have also finite support.

The Markov property implies that @ , the law at time ¢ of the Schrodinger bridge at fixed temperature
v, is given by (see [25, Theorem 6.1.4.])

(1.10) 0)() = P f*())P)_,8"(2)m(z) = Z m)P) (2, )P]_znf (0" ),  zeX.
x,yeX
Let us give another expression for Qy . By reversibility, one has

D m@P @ 0P (zy) = mx)P](x,y) = R} (x,).
zeX

Therefore, setting
m@)P)(z, OP{_(zy) P/(x,2P]_(zy) P|_,2P](zx)

yxy -
(1D T P ey P(x,) P, %)
and
(%) = Oy, (x3) = R (. )7 (087 ),
we get

/@)=Y QT (xy) zeX.

x,yeX
Actually, for any x,y € X, (v?'x’y)te[o,” is the Schrodinger bridge joining the Dirac measures ¢, and 0,.
Therefore, (Qy )[0.1] is @ mixing of these paths, according to the coupling measure 7 € I1(vo, v1).
From the Schrédinger system (1.9), the measure 777 can be rewritten as follows,
FWPI(xy) ST(OP](y, x)

Ay =
T =0® =S Plf7()
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For any v € P(X) let supp(v) denote the support of the measure v, supp(v) := {x € X|v(x) > 0}. The
measure 777 admits the following decomposition,

(%, y) = vo() T (lx) = i) 7T (xly),

where 77 and 7Y are the Markov kernel defined by, for any x € supp(vo),

g MP(x,y)
1.12 7 (ylx) 1=
(1.12) 7 (ylx) PTe()

and for any y € supp(vy),
S ()P} (y, x)

=y —
(1.13) 7’ (xly) : P?fy(y)

To complete, recall that the static Schrodinger minimization problem associated to Rgl is to find the
minimum value of H (ang ) over all € T(vp, v1). Theorem 2.1. by C. Léonard [24] ensures that under
Hypotheses 2.1 of his paper, this minimum value is the same as the one of the dynamic Schrodinger
minimization problem. Moreover it is reached for 77 = Qz | € P(X X X) and therefore

inf H(nlR) )= H®R} ) = H(Q"IR").

nell(vo,v1)

As in the continuous case, let us now consider the slowing down procedure. As the temperature y
decreases to zero, the jumps of the Markov process are less frequent. Such a process at low temperature
is also called lazy random walk by C. Léonard.

For computational reasons, in order to justify the behaviour of different involved quantities as the
temperature goes to zero, we need the following not so restrictive additional assumptions.

e The measure m is bounded,

(1.14) sup m(x) < oo, and inf m(x) > 0.
xeX xeX

e The generator L is uniformly bounded : there exists § > 1 such that

(1.15) sup |L(x, x)| < S,
xeX
and there exists I € (0, 1] such that
(1.16) inf  L(x,y)>1.
X,yeX,x~y

e For any x € X, there exists yg € (0, 1] such that

(1.17) D 7™ < co,
yeX

Hypothesis (1.15) implies that the semi-group (P)).0 is given by
k
Y ._ tyL _ ()"«
(1.18) Pl = = Z L
Let us now consider the behaviour of the Schrédinger bridges (@' )icl0.1] @s ¥ goes to zero. Assume

vo and v have finite support. As condition (1.15) holds, Lemma 4.6 (4) gives the limit of the path
77" )ef0.17 defined by (1.11) :

, . L4x2) , L4@y) , d(x,
(1.19) lim V@) =" (@) = 1) (x,2) ) ( (x Y)) {2 (] Z ),
s

LA (x, y) d(x,z)
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where for any integers 0 < k < d, (Z) = k,(j' ol is the binomial coefficient. This limit Schrodinger

bridge (v?x’y )iero.17 1s supported by [x, y], the set of points on discrete geodesics from x to y. Therefore
Schrodinger bridges at zero temperature are consistent with the metric graph structure.

For fixed x # y, the law VO * on [x, y] can be interpreted as follows. Let S denote a binomial random

variable with parameters r € (0,1) and d = d(x,y) € N, and let I" be a random discrete geodesic in

G(x,y) whose law is given by

L(ag, a1) - - - L(ag-1, aq)
LA (x, y)

IfS andI' = (T, ...,[y) are independent then v?x’y is the law of I'g.

Pl =a)=

, for all @ = (ag, ay,...,aq) € G(x,).

Let us come back to the behaviour of the Schrédinger bridges at low temperature. C. Léonard [24,
Theorem 2.1] proves that glven a positive sequence (yx)ren With limg_, yx = 0, the sequence of optimal
Schrédinger minimizer (ka)keN converges to a single probability measure Q € P(Q) for the narrow
convergence, provided Hypotheses 2.1 holds. In this paper, the measure Q is named as the limit
Schrodinger problem optimizer at zero temperature, between vy and v;. In the framework of this work,
choosing two probability measures vy and v; with finite supports, Hypotheses 2.1 in [24] is reduced to
the following assumption (see condition (u) in Hypotheses 2.1): for any x,y € X and for any y > 0

ERy [€|X() =xX :y] < 00.
According to Lemma 4.6 (6), assumption (1.15) implies (1) since PT(x, y) > 0 for any x,y € X and
y > 0.

As a main result of [24, Theorem 2.1], the measure QO

Monge-Kantorovich problem :
inf {Eol€]] Q € P(Q), Qo = o, Q1 = pui} = EgolL].
The sequence of coupling measures (777% )y also weakly converges to

(1.20) 7 =00,

is also a solution of the following dynamic

Moreover, as in the continuous case (but with W), 7° is a W;-optimal coupling of vo and vy, it means a
minimizer of Wi(vg, v1),

Wi(vo,v1) = f f d(x,y) d’(x,y) = Eg(0).
Ok o : Yk 30
The weak convergence of (Q")en to QV also gives the convergence of (Q;" )ien to Q;, and one has

(1.21) QV(z) = f f VW (@) d7’(x, ).

The path (’Q\?),e[o,l] is joining vg to vi. According to its construction, this bridge is called Schrdodinger
bridge at zero temperature from vg to vy.

2. MAIN RESULTS : EXAMPLES OF ENTROPIC CURVATURE BOUNDS ALONG SCHRODINGER BRIDGES ON GRAPHS

The main purpose of this section is to present W or Wé’—entropic curvature bounds for several discrete
graph spaces (X, d, m, L), in the framework of the first section. As explained before, these bounds fol-
lows from C-displacement convexity properties (1.4) of the relative entropy along Schrodinger bridges
at zero temperature (’Q\?),e[o,l], derived from the slowing down procedure.

As in the paper [14], on discrete spaces, C-displacement convexity properties imply a wide range of
functional inequalities for the measure m on X, such as Prékopa-Leindler type of inequalities, transport-
entropy inequalities, and also discrete Poincaré or modified log-Sobolev inequalities.
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To avoid lengths, discrete Poincaré and modified log-Sobolev inequalities are not considered in the
present paper. However, we push forward new transport-entropy inequalities to emphasize the efficiency
of the Schrodinger approach. Indeed, optimal transport costs derived from this method are well suited
to get new concentration properties, using known connections between transport-entropy inequalities
and concentration properties pushed forward in [15]. Observe that Erbar-Mass approach [11] does not
allow to recover such concentration properties on discrete graphs.

New Prékopa-Leindler type of inequalities are also a straighforward dual consequence of the C-
displacement convexity properties (1.4) obtained in this paper. Theorem 2.1 below is a general statement
that applies for each of the discrete spaces (X, d, m, L) studied in this paper and presented next.

Theorem 2.1. On a discrete space (X, d, m, L), assume that the relative entropy satisfies the C-displacement
convexity property (1.4) with C = (Cy)seo.17 given by : for any vo, vy € Pp(X)

Ci(vo,v1) = f f c(x,y) dr°(x, y),

where 70 = Q\gl, and QO is the limit Schrodinger problem optimizer between vy and vi. Then, the next

property holds. If f, g, h are measurable functions on X satisfying

t(1-t
( 5 )c,(x,y), Vx,y e X,

(1= Df(x) +180) < f ha™ +

(fefdm)l_t(fegdm)[Sfehdm.

The proof of this result is an easy adaptation of the one of Theorem 6.3 in [15]. It is left to the reader.

then

For each of the discrete spaces (X, d, m, L) presented below, we describe the Schrodinger path at zero
temperature and, as a main result, we present a C-displacement convexity property (1.4). The strategy
of proof of these displacement convexity results is explained in section 3.

2.1. The lattice Z" endowed with the counting measure. Let m denote the counting measure on
X = Z". The graph structure on Z" is given by the set of edges

E:= {(z,z +e),(zz—e)|zeZie [n]},

where [n] :={1,...,n}and (ey, ..., e,) is the canonical base of R". The graph distance is given by
n
dxy)= Y lyi—xl,  xyez"
i=1

The measure m is reversible with respect to the generator L defined by, for any z € Z", for any i € [n],

Lz,z+e) = L(z,z—e) = 1, L(z,z) = —2n.

.....

coeflicient. Since

d(x,y)

Ld(x,)')(x, y) = #G(x,y) = ( ),
|)’1 —x1|,---,|)’n — Xpl
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the Schrodinger bridge at zero temperature (é?),e[o,]] joining two measures vy, v; € P»(X) is given by
(1.21) with, according to (1.19),

d(x,2) d(z,y)
(|z1—x1| ,,,,, \zn—xn|)(|y1—m| ..... |yn—zn|) d(x,y)
(o2 ) d(x,2)
|)’1—X1| sssss |yn_xn|

- X - X ,
= (|y1 1|) e ('y” ”I) 1A - " I ), zeZ
|z — x1l |2, — Xnl

0.y
V; (Z) =

) [d(x,z)(l _ l)d(z,y )]l[x,y](Z)

Observe that (v?x’y )refo.17 1S a binomial interpolation path as in the paper by E. Hillion [17].

Theorem 2.2. On the space (Z",m,d, L), the relative entropy H(-|m) satisfies the 0-displacement con-
vexity property (1.4). In other words, for any Schrodinger bridge at zero temperature (/Q\lo),e[o, 1] joining
any two measures vy, vy € Pp(Z"), the map t — H (QO |m) is convex.

Therefore the space (Z", d, m, L) has positive W or Wg -entropic curvature. It is a flat space.

This convexity property along binomial interpolation paths has been first obtained by E. Hillion [17].
To compare with Hillion’s method, the main interest of the use of the slowing down procedure with
the Schrodinger approach is its simplicity. As explained in the next section, we first work at positive
temperature y > 0 so that the second derivative of the function ¢t — H (@ |m) is easy to compute using
I'; calculus. Then we analyse the behaviour of the second derivative of this function as temperature goes
to 0, and get a positive lower bound at zero temperature on Z". This provides the convexity property
of t — H(Qolm). In Hillion’s paper, as regards to our strategy, on may say that computations are
done directly at zero temperature. It leads to harder computations and the construction of the optimal
coupling, related to a cyclic monotonicity property, is rather difficult to handle.

In the paper [16] by Gozlan & al., another kind convexity property of entropy has been proposed that
generalize a new Prekopa-Leindler inequality on Z by Klartag-Lehec [20]. There convexity property is
of different nature, it is only valid for ¢+ = 1/2. More precisely, given vg,v; € Pp(Z) they define two
midpoint measures

v_ =m_#n and Vi = mi#tn,
where 7 is the monotone coupling between v and v (which is a Wi-optimizer), and for all x,y € Z,
| x+y xX+y
m‘(x’y)'_{ 2 J 2 W
Gozlan & al. result [16, Theorem 8] states that

() =

1 1 1 1
EH(V_WL) + EH(V+|m) < EH(volm) + 5H(V1|m).

As a main difference, the measures v, and v_ are only concentrated on the midpoints m_(x, y), m4(x,y),
for x € supp(vp) and y € supp(vy). Since v; and v_ are much more concentrated than @f /2 there result
directly implies a Brunn-Minkovsky type of inequality. Unfortunately it seems that their approach do
not extend to any values of 7 € (0, 1).

2.2. The complete graph. Let X be a finite set and u be any probability measure on X. The set of
edges of the complete graph G = (X,E) is E := X X X and the graph distance is d(x,y) := 1.z,
x,y € X. The measure u is reversible with respect to the generator L given by : for any z,7' € X with
2#7,

L(z,7) = p(@),  Lz2):=-(1-pu@).
The Schrédinger bridge at zero temperature (QO),E[O, 17 given by (1.21), is the same as the bridge used in
[14] for the complete graph (see section 2.1.1): for any x,y € X one has

(2.3) W@ = (1 -16(2) +16,(2), zeX.
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Theorem 2.4. On the finite space (X, u,d, L), the relative entropy H(-|u) satisfies the C-displacement
convexity property (1.4), with C = (Cy)sei0,1] given by: for any vo,vi € P(X) with associated limit
Schrodinger problem optimizer QO € P(Q),

Ci(vo,v1) = fht(f]lw;txdﬁg(wlx))dl’o(x)'Ffhl—t(f]lw;&ydﬁ(i(wb’))d"l(w,

) — ¢
and@® = QY. h(u) := 2 % ) = (1 - wylog(1 —u), u € [0, 1).

The inequality /,(u) > u?, forallu € [0,1],1 € (0, 1), provides

Ci(vo,v1) = Ta(vo, v1),

2 2
T2(v0. v1) 1=f(f]1w¢xd’f_>(wlx)) dVo(X)+f(f]1w¢yd5T1(W|y)) dvi(y).

From this estimate, since QO = (1 — H)vg + tvy, one recovers a first convexity property of the relative
entropy obtained by Gozlan & al. [14, Proposition 4.1].

with

Let us now compare C;(vg, v1) with a function of the total variation distance |[vg — v{||7y. Recall that
by Kantorovich duality

(2.5) Ivo = villry := 2sup vo(A) —vi(A) =2 _inf f]lx;tydﬂ(xa y) =2Wi(vo, v1).
AcX HEH(V(),V])

Forany x,y € X, let AL (x) = [ Lyysxdm® (Wlx) and Ac(y) = [ Lyyzyd7® (wly). Define also
D, = {x € supp(vo) | A~ (x) # 0}, and D = {y € supp(r) | A () # 0}-

Observe that, using Lemma 4.4, since the coupling 7 is a W, optimal coupling of vy and vy, the sets
D, and D_, are disjoints. Since

fAﬁdvo = fA&dvl = Wi(vo, v1),

from the convexity property of the convexity property of /4, Jensen’s inequality provides

Ci(vo,v1) =f hi (AS) dV0+f hi—s (Ac) dvy
D, D

Wi(vo, v1)
VO(D—))
From (2.5), Wi(vo, v1) > vo(D_) — v1(D_), and therefore

> vo(D-) ht(

) + vl(thl_t(M).

VI(D<—)

vo(D=) +vi(De) < +vi(De) + vi(Ds) + Wilvo, vi) < 1+ Wilvo, v1),
where the last inequality holds since D_, N D = (. As a consequence, one gets the following result

Wi(vo, v1) )

(26) CI(VO’ Vl) 2 (1 + Wl (VO’ Vl)) kt (m

where for all v € [0, 1/2]

. v v
kt(v) = a,ﬂ,01<rzlf+ﬁ§1 {aht (5) +ﬂh1_t (B)} .

In this definition, one needs to set #,(u) = +oo forallu > 1 and r € (0, 1).
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The function k; can not be computed explicitly, however it can be estimated as follows. According to
the proof of Theorem 2.4, for all r € (0,1) and v € [0, 1],

L2
h(v) = f Ki(u) du,
o 1—uv

with
2u 21 —u
@7 K = 2+ 20

As a consequence, one gets for any v € [0, 1/2],

1,54, uel0,1].

1 V2 V2
ki(v) > f inf + Ki(u)du.
0 aB.a>vp>v.a+p<l | @ — uy ,3 — (1 - M)V
Easy computations provide
1 1 1 1
inf + = inf - 4=
aB,a>v.p>v,a+6<1 | @ — Uy ,3 - (1 - I/L)V o B >(1—uw,f>uv,a’ +8'<1-v | @’ ﬂ’

v

. { 1 1 } 4
lnf — 3+ — = )
a,,ﬁ,,a’,>0,ﬁ'>0,Q”+,8/S17v a/ ﬁ’ 1 —v
Since fol Ki(u)du = 1, it implies
4y?

b

(2.8) ki(v) > ]

and therefore
Ci(vo,v1) = 4Wi(vo,v1)* = llvo — vill3y-

This lower estimate together with Theorem 2.4, also provides the second convexity property of the
relative entropy given in [14, Proposition 4.1] with a different W;-constant speed geodesic.

An improved version of the Csiszar-Kullback-Pinsker inequality follows from (2.6). Indeed, since by
Jensen’s inequality H (@? |) = 0, the displacement convexity property (1.4) and (2.6) imply, for any
t€(0,1),

1 1
< — H(volp) + 1= H(vilw), Yvo, vi € P({0, 1}").

1 W b
5(1+W1<VO,v1)>kt( 100 v1) )_t

1+ Wi(vp,v1)

The well-known Csiszar-Kullback-Pinsker inequality is obtained using (2.8) and then optimizing over
all r € (0,1) (see [14, Remark 4.2]):

1
SIvo =11y < (VAR + VHG 1)

2.3. Product measures on the discrete hypercube. In this section, the reference space is the discrete
hypercube X = {0, 1}" equipped with a product of Bernoulli measure

M= Q- ® Up,
with for any i € [n], u;(1) = 1 — w;(0) := @;, @; € (0, 1).

For any z = (z1,...,2z,) € {0, 1}" and any i € [n] let 0;(z) denotes the neighbour of z according to the
i’s coordinate defined by
O-Z(Z) = (Zl’ e 9Zi—l,zia Zi+la oo 9Zn),
where z; := 1 — z;. The set of edges on {0, 1}" is

E ={(z.012)|z€(0.1)",i € [n]},
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and the graph distance is the Hamming distance :
n
d(x,y) = Z ]lx,':#y,-’ x,y € {0, 1}".
i=1

The measure u is reversible with respect to the generator L given by: for all z € {0, 1}",
L(z,0i(2) = (1 —@i) zi + @izi, Vi€ [n],
and L(z,z2) := — 2\, L(z,07i(2)). Observe that setting
Li(zi,zi)) = (1 — @) zi + 2izi,  zi €{0, 1},
and L(z;, z;) = —Li(zi, z;), the Bernoulli measure y; is reversible with respect to L; and

L=L®---®L,.

Since for any x,y € {0, 1}",
n
Ld(x’y)(x, y) — d(x, y)! 1_[(1 _ ai)[Xi_Yi]+ai[yi—Xi]+’
i=1

one gets that the Schrodinger bridge at zero temperature (@))ze[o,l] joining two probability measures vg
and vy is given by (1.21), with according to (1.19)

W@ = 190 ="M@, ze (0,

This path has exactly the same structure as the one used in [14] to establish entropic curvature bounds
on the product space ({0, 1}", i) (see section 2.1.2).

Theorem 2.9. Let u = pu) ® --- ® u, be a product probability measure on the discrete hypercube
X = {0,1}". On the space ({0,1}",u,d, L), the relative entropy H(-|u) satisfies C-displacement con-
vexity property (1.4), with C = (C))sej0,1] defined by: for any vy, v1 € P({0, 1}") with associated limit
Schrodinger problem optimizer QO € P(Q),

C/(v0, ) = max [ [ Yin(r)anco+ [ Y ae(mim)ano 4y ary.
i=1 i=1 i=1

20, f f d(x, w)(d(x, w) — 1) dr®(x, w)] ,
where

M0 [Lwdo. 0= [ Lo, 1= ([ 1w,

f(u) — €(tu)

and 7 = Q) C, = —log(l — 1/n) > 1/n, h(u) := 2 =0

uel0,1).

,and L(u) = (1 —u)log(1 — u),

Comments :

e By the Cauchy-Schwarz inequality, one has
S o ]
2,07 =~ Wi, ).
i=1

As a consequence Cy(vg,v;) is bounded from below by 4W12(V(), v1)?/n, and the W, -entropic
curvature of the discrete hypercube {0, 1}" is bounded from below by 4/n.

As in the previous part to recover the Csiszar-Kullback-Pinsker inequality, the well-know
Wi-optimal transport inequality on the discrete cube for product probability measures follows
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from the displacement convexity property (1.4), using H (@? ) = 0 and optimizing over all
te0,1):

2
“Wivo.v) < (VEHOol) + VAGID) . Vo € PO, 1)),

Actually, Theorem 2.9 provides the following improvement of the Wj-optimal transport in-
equality

2
 retibnon 2 (ff (. y>) < (VHOol) + VHO 1)

e By bounding from below the cost C;(vg, v1) by

n 2 n 2
Ta(vo,v1) = ﬂEITi(I}/f )le(f]lwiixidﬂﬁ(wlx)) dvo(x)+fZ(f]lwﬁﬁyidﬂk(wly)) dvl(y)],
0Vl i=1 i=1

(2.10)

2.11)

one recovers a similar convexity property as the one obtained for the discrete cube in [14, Corol-
lary 4.4]. The only difference is in the expression (1.21) of the path (@)te[O,l]a the coupling
measure 7° is replaced by an optimal Knothe-Rosenblatt coupling.

Marton’s transport entropy inequality on the discrete hypercube is a consequence of the last

lower bound on C(vg, v1): for any vp, vi € P({0, 1}"),

1~ 2
5 T200.v1) < (VHOol) + VHO )
The cost C;(vp, v1) can be also bounded from below by
2
2C,, (W3(v0, 1) = Wi(v,v1)) = 2C, W§~ (vo, v1).

with Wg defined by (1.5). Therefore the discrete hypercube has also Wg—entropic curvature
bounded from below by 2C,, > 2/n. From this estimate, Theorem 2.9 provides the following
new transport-entropy inequality, for any v, v; € P({0, 1}"),

CaWE 0, < C (War0v1) = Wilvo, 1)) < (VEG0I) + VA1) -

As opposed to Marton’s transport inequality or to W)-Talagrand’s transport inequality on Eu-
clidean space, inequality (2.10) on the hypercube does not tensorize. Nevertheless, it can be in-
terpreted as the discrete analogue on the hypercube of the W,-Talagrand’s transport inequality.
Indeed, from (2.10), applying the central limit theorem, one recover, up to constant, the well-
known W,-transport entropy inequality for the standard Gaussian probability measure y on R,
due to Talagrand [39]. Namely, for any absolutely continuous probability measure v € P>(R),

W3(v,y) < 2H(vly).

For a sake of completeness, the proof of this implication is given in Appendix (see Lemma 4.1).
Unfortunately, to recover (2.11), the constant 2/n is expected, instead of the constant C,, in the
left-hand side of (2.10), like in the W) -transport entropy inequality. Improving (2.10) to exactly
recover (2.11) is a remaining question.

2.4. The circle, Z/NZ. Let N € N and X be the space Z/NZ, endowed with the uniform probability
measure u, u(x) = 1/N. The measure u is reversible with respect to the generator L given by,

Lz,z+1)=L(z,z—1) =1, L(z,2) = —

for any z € Z/NZ. One always have d(x,y) < |[N/2] = n where | -] denotes the floor function.
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If N is odd then for any x,y € Z/NZ, LY (x,y) = 1 and therefore the Schrodinger bridge at zero
temperature (Q?),E[O,l] joining two probability measures vy and v; on Z/NZ is given by (1.21), with
according to (1.19)

d(x,y)
d(x,z)

If N is even then for any x,y € Z/NZ such that d(x,y) < N/2, LYY (x,y) = 1 and LY (x, x +n) =
2. The Schrodinger bridge at zero temperature (@),e[o,l] is given by (1.21), with according to (1.19) :
if d(x,y) < N/2 then

X,y
V@) = ey ( )td(“(l ) el

, d(x.y)
V@) = Deetay) ( dx g )) (A1 = e,

and if d(x,y) = N/2 (y = x + n), for any z € Z/NZ\ {x, x + n},

0X.x+n 1

d(x,x +n)
v (Z) = E]lzé[x,xﬂl] ( d(x Z)

and Y0 () = (1 = A WOV (x4 gy = gl

) td(x,z)(l _ t)d(z,x+n),

Theorem 2.12. On the space (Z/NZ,u,d, L), the relative entropy H(-|u) satisfies the 0-displacement
convexity (1.4).

Therefore the space (Z/NZ,d, u, L) has positive entropic curvature, it is a flat space.
2.5. The Bernoulli-Laplace model. Let X = X} denotes the slice of the discrete hypercube {0, 1}" of
order k € [n — 1], endowed with the uniform probability measure y, namely
Xy = {x:(xl,...,xn)e {0,1}|x1 + ...+ X, =k}.

For z € X, we note Jo(z) := {i € [n]|z; = 0} and Jy(z) := {i € [n]|z; = 1}. For any i € Jy(z) and
J € J1(2), 04(z) € X is the neighbour of z defined by

(U'ij(z))i =1, (O'ij(Z))j =0,
and for any ¢ € [n] \ {i, j}, (o-,-j(z))g = z¢. The set of edges of the graph is

E :={(z.04(2) | 2 € Xio fi. j} €[] 2 = 0,2; = 1,
and the graph distance is

1 n
d(%)’) = 5 Z ]lx,-;tyl-’ xay € Xk*
i=1

The measure u is reversible with respect to the generator L given by L(z, 07;(z)) := 1 for any i, j such
that z; = 0 and z; = 1, and L(z,2) := —k(n — k).

Since L4*Y)(x, y) = (d(x, y)N?2, the Schrodinger bridge at zero temperature (Q\to),e[o,l] is given by
(1.21), with according to (1.19),

, d(x,y)\™
0X-y _ d(x,2) d(z,y)
= t 1—1¢ 111(2), € Xy.
v, () ( dx.2) (I-1 [xy1(2) 7 € Xx
Theorem 2.13. On the space (X, u,d, L), the relative entropy H(-|u) satisfies the C-displacement con-
vexity property (1.4), with C = (Cy)wpo,1] defined by: for any vo,vi € P(Xy) with associated limit
Schrodinger problem optimizer ’Q‘O € P(Q),

C/(vo,v1) = max[ Wi(vo,v1), &@°), 2C, 4 e@Y)

4
min(k, n — k)
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where T° = @81, Cug = —log(l — 1/ mink,n — k)) > 1/ min(k,n — k), and

@) := f f d(x, w)(d(x,w) — 1) da’(x, w),

&#@°) := max [f h[ H’ (x) dvo(x), f h, H’ (x)) dvo(x)

ieJo(x) ieJ1(x)
+maX{f Z hi- t H (y) dvi(y), f Z hi- z <_(y) dvi(y)|,
ieJo(y) i€J1(y)
with
ML) i= | Lyendr wlx),  TL@) = | Lye,da’ wly),
t(u)—¢
and h,(u) := 2 % and {(u) := (1 — u)log(1 —u), u € [0, 1).
Comments :
o [et
. n 2 n 2
T>(vo, V1) = . Hi(ry;m[ f ;( f Lyyyx, dﬂﬁ(WIx)) dvo(x) + f ;( f 1y, dﬂk(WIy)) dVl()’)l-
One has
Cilvo,v1) 2 &) = 5 f D (T, () dvo() + > f D (ML) i) = Ta(vo, ).
ie[n] i€[n]

As a consequence, since H (Qt |t) > 0, optimizing over all ¢ € (0, 1), Theorem 2.13 implies the
following weak transport-entropy inequality, for any v, vi € P(Xy),

1 -
> Tat0 ) < (VHOo) + VHOR)

This inequality has been first surprisingly obtained in [35, Theorem 1.8 (b)] by projection of
a transport-entropy inequality for the uniform measure on the symmetric group, but with the
worse constant 1/8 instead of 1/2. The Schrodinger approach of this paper is much more
natural to reach such a result.

e Since C;(vg,vy) > m le(vo,vl), the Wi-entropic curvature of the space (Xj,d, L) is
bounded from below by 4/min(k, n — k). Similarly since

e@®) > Wa(vo, vi)* = Wi(vo,v1) = Wi(vo,v1)?,
the Wg—entropic curvature of the space (X, d, L) is bounded from below by 2/min(k, n — k).
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3. PROOF OF THE MAIN RESULTS

This section is divided into two parts. We first present general statements to prove displacement
convexity property (1.4) along Schrodinger bridges at zero temperature. Then we show how it applies
for each involved discrete space of the last part.

3.1. Strategy of proof, general statements to get entropic curvature. As in the paper by G. Conforti
[8] in continuous setting, the first step is to decompose the relative-entropy using the product structure
given by (1.10): for all ¢ € [0, 1],

H(Q}Im) = ¢y(1) + ¢, (0),
where
@y(1) = flog(P;yfV)Ptyfy Py _g¥dm, and (1) := flog(P’I'_th)PLth P! fYdm.
As recalled below, it is known that the function ¢, is non-increasing and the function ¢, is non-
decreasing (see [25, Theorem 6.4.2]).

Then, the strategy is to analyse the behaviour of the second order derivative go’y’ and tﬁ’y’ asy goes to 0,
in order to apply the next Lemma.

Lemma 3.1. Let vy and vy in Pp(X) and assume that hypotheses (1.14), (1.15), (1.16) and (1.17) hold.
Let (vi)ren be a sequence of positive numbers that converges to 0. If for any t € (0, 1)

(3.2) li;? _i)gf @y (1) > ¢y (1), and liikn _i>13f Wl (0 = gy (@),

where @ and Y are continuous functions on [0, 1], twice differentiable on (0, 1), then the displacement
convexity property (1.4) holds with

2 2
=D [(1 = Do(0) + too(1) — o(D)] + =D

[(1 = Dpo(0) + tro(1) — Yo (1)] -

CZ‘(VO7 Vl) =

Observe that if ¢ = K, and ¢/ = K, are constant functions, then
Civo.v1) = (K + Ky).
The proof of this lemma is postponed in Appendix B.

In order to apply Lemma 3.1, we need first to compute ¢/, ’, and ¢/, ¢ in a suitable form so as to
get (3.2). For any real function # on X, we note
Vu(z,w) = u(w) —u(z), z,weX,

and

Lu(z) := E u(w) L(z,w) = E Vu(z, w) L(z, w),
weX w,w~z
where w ~ z is a notation for L(z, w) > 0.

The expressions of ¢, /’, and ¢, ) are given by the next lemmas. These expressions can be founded
in Léonard’s paper [25, section 6.4] in a more general framework (for stationary non-reversible Markov
processes). For completeness, the proof of these results is recalled in Appendix B.

Lemma 3.3. Forallt € (0,1), one has
&) = f DU TTEN D (2,2)d0) ), W) = f > U@ (2,240 @),
7,7~z 7/,7~2

where {(s) := slogs— s+ 1,5 > 0, and G} and F! are the so-called Schrodinger potentials according
to Léonard’s paper terminology [25],

G :=logP] g, and  F) :=logP!f".
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Since > 0, the function ¢, is non-increasing and the function ¢, is non-decreasing.
Lemma 3.4. Foranya > 0,b > 0, let
(3.5) pla,b) .= (logh —2loga—1)b,
and let p(a,b) = 0 if eithera =0 o0r b = 0. Forall t € (0, 1), one has

2
@ (1) = fl( Z eVny(Z’Z')LV(z,z’)] + Z (1 +VF!(z, z’)) eVFry(Z’Z')(LV(z,Z)—Ly(z’,z’)) L’(z,7)
77~z

77~z
+ Z 0 (eVF:/(z,z')7 eVF,y(z,z”)) Lz, )L, 7" d@(z),
7.7 o~ ~7
2
VAOE f [[ Z VO @Y (g, z’)] + Z (1 + VG (z, z’)) eVGZ(Z’Z')(LV(Z, 7) - LV(Z',Z')) LY(z,7)
7,7~z 77~z

> p(eMEN, T D, U, z")} dQ; ).

7,7z~ ~7

Let us now analyse the behaviour of ¢/ (¢), Y7/ (¢) as temperature y goes to zero. For any z,w € X, we

set
%

PLITOD sy e o¥6H G = D100
Plfr@ Pl 8"(2)
The next key lemma gives Taylor expansions as y goes to zero of the quantities AY(z, w), B} (z, w) when
z ~ word(z,w) = 2. Its proof is postponed in Appendix B. For any z,y € X, and any ¢ € (0, 1), one
notes

(3.6) az,y) = O°X, = 21Xy = y) = f VO () dr° (wly),

and

AY(z,w) = eV FT@W =

bt(Z, .X) = QD(X, = ZlXo = x) = fV?x’w(Z)dﬁ(l(WM).

Lemma 3.7. Assume that conditions (1.15) and (1.16) are fulfilled. Let ('yi)ren be a sequence of positive
numbers converging to 0, and let @) denote the weak limit of the sequence of probability measures
(Qy")keN. Let z € X, y € supp(vy), x € supp(vg) such that a,(z,y) # 0 and b,(z, x) # 0.

e Forany 7 € X such that 7’ ~ z, define

: LD, )L w)
a(z,2,y) := Z L)
weX,(z,2)Ely,w) ’
diy,w)—1 ' _
a0, W)( (>, w) )(1 _ 0D ZO (1)
d(y,z)
and
Ld(x,z) X,z Ld(z’,w) Z/,W
b= ) Sl AL

LAGEW)(x, w)

weX (2,2 )e[x,w]

d(x, w) (d(fl,(‘;’)z; 1) (1 - t)d(z,w)—ltd(x,z);(i(wu).
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It holds
(3.8) kh—glo (')’kAZ"(Z, z’)) = Az, z”y), and klgg, (kaZk(Z’ Z’)) = Bz, Z. X),
where
Aoty = BODD g B = 2D
Clz(Z, y) b[(Z, x)

e Foranyz,7” € Xwithd(z,7") = 2, define
LD, LM w)
LAGW(y, w)
d()’, W) - 2
d(y,z)

a(z,7",y) =
weX,(z,2”)ely,w]

d(y, w)(d(y,w) — 1) ( ) (1 = 0D A@=270 (yly),

and
LI, LI w)

bi(z,7", x) := LACW) (x, w)

weX,(z,2”)elx,w]

dx,w)d(x,w)—1) (

d(x, w) = 2) (1 = =270 ().
d(x,z) )

It holds
3.9  lim (%A@ ) = Az 2".y), and Jlim (%*B*(z.2") = Bz 2" y),

with 2y by(z. 2. )

al 252 ay ’7 \Z, 2 s X

————, and B(z,7",x) = ————
al‘(Z’y) ! bl‘(Z’ x)

Remark 3.10. (1) Forany t € (0,1), z € X and y € supp(vy), according to the definition (3.6),
a)(z,y) # 0 if and only if there exists w € supp(vo) such that (w,y) € supp(@°).
Identically, for any t € (0,1), z € X and x € supp(vy), bi(z,x) # 0 if and only if there exists
w € supp(vy) such that (x,w) € suppﬁo).
(2) Foranyt e (0,1), z€ X andy € supp(vy), if a/(z,7’,y) # O for some 7 ~ z or if a,(z,7”,y) # 0
for some 7" with d(z,7”") = 2 then a,(z,y) # 0. The same property holds with b,,b;, b;.

Az,7",y) =

Lemma 3.7 provides the following Taylor estimates for the functions ¢}, and ¥’ as y goes to 0.

Proposition 3.11. Assume that conditions (1.15), (1.16) and (1.17) are fulfilled. Let (yi)ren be a se-
quence of positive numbers converging to 0 and Q? denotes the weak limit of the sequence of probability
measures (@ een. According to the notations of Lemma 3.7, for any t € (0, 1), one has

2
ligl inf ¢l (1) > f f l[ Z Az, 2 y) Lz, z’)]

7,7~z
+ Z p(At(z, 2,3, Az, 2", y)) L(Z, 7Lz 2)|dO% (2, y),
Z/7 Z//7 ZNZ,NZI,7 d(Z,ZH):2
2
timintu 0> [[ [[ > Bl ))
I, ~%
+ f > p(Bi(z.2, %), Bu(z, 7, 1)) L(Z, 2" )L(z,2) | A, (x, 2).
Z/’ Z/,7ZNZ,~Z/’5 d(z’z//)zz
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Proof of Proposition 3.11. We only prove the lower bound of liminf,, 0 ¢}, (f) since by symmetry,
identical arguments provides the lower bound of liminfy, oy (7). We start with the expression of
@y (1), 1 € (0, 1), given by Lemma 3.4,

(3.12) <p’{(t)=f(M3+R?) dgy,

with for any z € X,

2
24 ’ ’ Y ’ Y 7" ’ ’
M (2) 2=( eI )) > (TN TE) e L,

7,7~z 7,7, 2~ ~7"

and
R@:= Y (1+VF@) T - D)) D).
7,7~z
We will get the behaviour of ¢/ (7) as y goes to zero by applying Fatou’s Lemma. Let us first bound

|M;y(z)| and |RZ(z)| uniformly in vy, for y sufficiently small. According to the definition of AZ and from
hypotheses (1.15), for any z € X

M (2)| SyzSZdﬁlaxzrlnzglzgz ATz ) +¥*S?da,,  max ZIp(Aty(z,z'),A;y(z,z"))l.

Z 1Z”yZ”~Z’~

Using the convexity inequality log b — loga < (b — a)/a, one easily check that
lo(A](z,2'), A (z,Z"))] < max (Aty(z, )24z, z”)),

Applying inequality (4.7), it follows that

(d?(x0,2) + 1) K202 0(1)
2 '

(3.13) M (2)| <
Similarly, from (1.15) and (4.7), one may show that

ly ljg 04 7

(3.14) IR (2)| < % (log ( ! ) + d(xo,z)) d(x,7) K09 O(1) < (x0,2) K909 O(1).

Y
Item (7) of Lemma 4.6 therefore implies for any z € X and any 0 <y < 1,

M@+ R/ 8@ < 0 (15 + L@y (1K) ™7 (o, 204 1) K209,

It remains to choose ; such that (y;K>)? < vy so that hypotheses (1.17) implies

Z (]IB(Z) +1xp@) 7 (71K2)[2d(’“0’z)—40—1]+)<
7€eX

d*(x0,2) + 1) K009 < oo,

Now, conditions for Fatou’s Lemma are fulfilled and one has

. ” B Yk Vi Nk
ylklglo @y > Z;\,h;? _1)51f [(Mt () +R] (z)) ; (Z)],

The weak convergence of (ka) to QO implies lim,, o A,yk(z) = Q\?(z), and the inequality (3.14) gives
lim,, o R’ (z) = 0. As a consequence,

liminf [(M}*(z) + R}*(2)) 0)*(z)| = liminf M}*(z) 0 (2).
Yk—0 Yk—0

Since

D M@= ), MI@ayio),

7eX YEsupp(vi)
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in order to complete the proof Proposition 3.11, it remains to bound from below liminf,, o M}*(z) for
any z,y such that a,(z,y) # 0. One has

Ye _ ¥ _ gV o Yk
M* =E* -F/*+G/,

where for any z € X,

2
El'@) =] > mAl' @) Lz, z’)] . Fr@=2 ) MArMGI)LELE.D),
7,7~z 7,7, 2~ ~7"
and
Glr@D= > v|p(Alr@ Al ) + 240 )| L HLUEL ).
Z,, Z//’ ZNZ/NZ”
Since a,(z,y) # 0, Lemma 3.7 implies
2

. Yk _ ’ /

}:210 E]'(z) = [ ,Z Az, 2, y) Lz, 2) |
,T~2

and since limy, o (y2A]*(2.2)) = 0if d(z,2”) < 1 and limy, o (Y2A)*(z.2")) = Al*(z.2") if d(z.2") =

2, it also implies

lim FJ'(2) = 2 > A(z.2"y) Lz, 2L, 2").
Yk 7.7~ ~7 d(2,7)=2

Observing that p(a, b) + 2b > 0 and y?p(a, b) = p(ya,y*b) for any a > 0,b > 0, > 0, one gets
liminf GY*(z) > > liminf [p (veA* (2. 2), VAl (2. 7)) + 277 Al (2. 2)| Lz, L 2).
7k—0 Yk
Z’,Z,,, ZNZINZ,,, d(z,zll)zz
Let7',7”,z € X suchthatz ~ 7/ ~ 7 and d(z,z”) = 2. If lim,, 9 ykAl*(z,7’) # 0, then by continuity of
the function p on the set (0, c0) X [0, 0), Lemma 3.7 provides
(3.15) i [p (nA]" ), 7347 (@ 2) + 27741 @.2)] = plAi(e 2 Az ) + 2045 2 ).
k!

If lim,, o ykA;”' (z,7") = A(z,7',y) = 0, then according the definition of A;(z,7’,y) in Lemma 3.7, one
has, for any w € X such that (z,7’) € [y, w], 'ﬁg(wly) = 0. Therefore, observing that if (z,z”) € [y, w]
and z ~ 7 ~ 7" with d(z,7”) = 2 then (z,Z') € [y,w], one also gets A,(z,z”’,y) = 0 or equivalently
limy, o (y]%Atyk (z, z”)) = 0. By convexity arguments, for any a, b,y > 0

0<p (ya, yzb) +2y?b < (ya)* + 2y%b.
It follows that
lim |o(na?* @ 2), AT @ 2) + 27747 2] = 0 = p(0,0).
g
Therefore, (3.15) holds in any cases and
liminf G7*(2) > > |p(Aiz 29, Bz, 9) + 24z, 9) | Lz 2L, 7).
vk—0

7,7 2~ ~2", d(z,277)=2

The proof of Proposition 3.11 is completed. O



22 PAUL-MARIE SAMSON

3.2. Application to specific examples of graphs.

3.2.1. The lattice Z" .

Proof of Theorem 2.2. For any z € Z" and any i € [n], we note 04+(z) = z+ ¢; and 0;_(2) = z — ¢;. One
has O 0 = id and fOI'j * i, 0i+0j+ =010y, 040 j- =004, 0i-0j =0;-0j. We note

Ais(2,y) 1= A2, 04(2),Y),  Airjr(2,Y) i= Az, 0ip01(2), ), zeZ".
We define similarly A;_,A;_;_, A;_j;. Applying Proposition 3.11, by symmetrisation one gets

llmlanD (t)> ff{ (Az+ +A; )] dQ;] ffZP(AH,AHH)"',O(Az JAisio )dQﬂ

J]WEJ;mmhAﬁH>+MAﬁ¢%Hn) (P(Ai Ajoin) + p(Aj, Ajio))

L, Ji#]
0
+ (P(Ai+,Aj—i+) +P(Aj—sAj—i+)) + (p(Ai—’AjH—) +P(Aj+,Aj+i—)) o,

Recall that p(a,b) = 0 as soon asa = 0 or b = 0, and p(a,b) = (logb —2loga — 1)b. Therefore, easy
computations give for any a,a’ > 0,

(3.16) irzlgp(a, b) = -
and
(3.17) inf (0(a,b) + p(a’, b)) = ~2ad’.

It follows that

hmmfgo (t)>ff(Z(A,++A )] dQb - ffz A% +A2 o’
f f D (AnAj +ALA; + AL A + A A ) dD

i, Ji#]

Identically one may prove that hm 1nf w (1) > 0. Applying then Lemma 3.1 ends the proof of Theorem
2.2.

3.2.2. The complete graph.

Proof of Theorem 2.4. Since for any x,y € X, d(x,y) = 1, Proposition 3.11 provides for any ¢ € (0, 1)

2
hmlnfgo (1) = ff

Ai(z,7,y) L(z,2) d@?l (z,¥).
From the expression (2.3) of v?x’y , one easily check that for any z,y € X,

7,7~z

az.y) = (1 = 7 (2ly) + 1 6,(2),
and for any 7 € X with 7/ ~ z,
7 (Z']y)

az,z,y) =1, ——.
A y) 7=y (@)



ENTROPIC CURVATURE ON GRAPHS. 23

As a consequence one gets

2 2
f f ( 2 Az(z,z’,y)L(z,Z’)] Q) (z.y) = Z[ 2 %u(Z’)J a(y, ) vi(y)

7,7~z veX \Z’ .7/ #y
2
(1 -7 (yly))

Vi
7o) + (1 -7 1)
= ¢ (1),

)

where we set
eoyi= [ 00+ =7 0) d
for any ¢ € [0, 1], with f(s) := slog s — s, s > 0. One may similarly show that for any ¢ € (0, 1),
liynji}}f Wl (0 = gy (),

with Y(?) = f f (’7?‘1 (xlx)+ (1 -0 —'ﬁg(xlx)) dvo(x). The proof of Theorem 2.4 ends by applying
Lemma 3.1 and since

1—
(1 = Do) + t0(1) ~ oty = "7 f Iy ( f 1w¢ycfr?‘i<w|y>)dvl<y>,

and

1-—
(I = Dpo(0) + 1po(1) = ¥o(1) = i 5 ) fht (f]lw;exdﬁ(i(wlx))dVo(X)-

3.2.3. Product probability measures on the discrete hypercube.
Proof of Theorem 2.9. According to Lemma 3.7, one has for any i, j € [n] with i # j, for any y,z €
{0, 1}" such that a,(z,y) # 0,

a;(z,0(2),y) a(z, 0 j0i(2),)

Az 0i(d),y) = ===, and - Az 0504(2),) =
R al(z,y)
with
Ly Loy, )
@ o@ =) % (1 = D12 (10
W’(Z,O'i(Z))E[y,w] i\Zi» Zi
and

]lyiiwi]lZF)’i 1)’j¢Wj]le=Yj
Li(zi»zi)  Lj(z),2))

a(z, 0 j0i(2),y) =
w,(z,00 j(2))Ely,w]

(1 = 0270 (wly).

For any y € supp(v;) and z € {0,1}", let I"(z,y) be the possibly empty set of indices such that
al(z, oi(2),y) # 0,

I17G,y) =i € ]| 3v € (0, 1", (@) € [y, w], v, 3) > 0]
=fien ‘Zi = yi, and Av € {0, 1Y", v; # yi, 2 € [y, v, 7(v,3) > O},
Since for any i # j, 0;0°j = 0 jo;, and observing that

Li(zj,zj) = L(o',-(z), 0'j0',-(z)) = L(z, O'j(z)) ,
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Proposition 3.11 provides after symmetrization,

n 2
imintel; 0> || (;A,<z,ai(z>,y>Li(zi,z—i)>] TONER)
1
(18)  +5 f f (i;qtj(p(A,(z,ai(z),y),zA,(z,o-,-a,(z),y))+p(At(z,m(z),w,A(z,a,m(z),y)))
Lj(zj, %)) Li(zi ) Q) (2. ).

By applying identity (3.17), one gets

timint > ([ D (e it ) e

= f f Z (Az(z,(Ti(z),y)Li(zi,z_i))2 dov (z,y)

i€l (z,y)

= f 3 L ) @Az 02,3 Lz ) arlzy) dvi (),
i=1

ze{0, 1)
where in the last inequality, for any y € supp(vy), the set E7(y) is defined by

EF ()= {ze (0,17 e Iy

= {c €10, 1}"]ci = yi, and Av € {0, 11", vi # yi,z € [y, v}, 7, 3) > 0).

From the definition of a,(z, y), one has

B

Q(E- o) x )
D lep@alzy) =
oy vi(y)

and simple computations give
> AGE@Y LG G = Y a0l Lz ) = Y Ty, 7 (wly) = ML),
z€{0,1) z€{0,1} weX
Therefore Cauchy-Schwarz inequality provides

n T (v)2 2
(3.19) liminf g/ () > — <O"Vib)F
70 i=1 ye(0.1)r Q,I(E;_(Y) X {y})
At this level, a first lower bound is obtained using the fact that
0N (Er ) x () . _
Al ) < > Lempai(zy) = 1-TIL () + T ().
vi(y) "
z€{0,1}
This inequality implies (as in the last section) for any ¢ € (0, 1)
(3.20) lim ir&f @y (1) = ¢y (1),
Vi
where

n
eo0i= [ 3 7(1= 10+ 1T ) i
i=1
with f(s) := slog s — 5. One may identically show that that
(3.21) liminf ¥’ (1) > y( (0),
-0
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where

Yo(r) := f DA =T () + (1 = DT (3))dvo(0).
i=1

A second lower bound can be reached from (3.19) applying again Cauchy-Schwarz inequality. Setting

ai(1) = 6?1L g (Eﬁ(y)x{y})},

esupp(vi)
one gets, for any 7 € (0, 1)

lim inf "(z)>Zn]L fH" M) dvi(y) Z—Zn:(ni)z
o0 = Ly D - i oai(t)’

i=1

where IT' := 7y ({(x, ) € {0, 1} | x; # y;}). By symmetry, one may identically show that for any ¢ € (0, 1)

L, o (IT)?
11}1/*,1{1 _1)51’[“ vy, (1) = 2 50
with
Bilt) = @8,[ g ({x}fo(x))},
xesupp(vo)
and

E7(x) = {z € (0, 1}"|z,- = x;, and Iw € {0, 1), w; # x;,2 € [x, W], 7 (x, w) > O},
Observe that for any x € supp(vy),y € supp(vg), one has
EZ(x)NE(y)=0.
Indeed if z € E;”(x) N E{ (y) then there exist v and w in {0, 1}" such that z € [x,w], z € [v,y] and

’ﬁo(x, w) > 0, ’7?0(\/, y) > 0. According to Lemma 4.4, it follows that z € [v, w]. But since v; = w; and
Z; # v;, this leads to a contradiction. As a consequence, one gets

aO+pi = )] > WeoREn <1

xyel0.1)"  zeEP (DUES ()

Since ming g>0,0+p<1 {é + }3} = 4, this property implies
n
. 77 s ’” iN2
(3.22) lim inf 7, (1) + lim inf 7 (1) > 4 ;(Hz) .

Let us now suggest another type of lower bound for lim i(I)lf <p’y’ () starting again from (3.18). For that
’y—)

purpose, let us define
I(y) =G, )) € I X [n]| 3v € (0, 11", (2.0 jers@)) € [y, v, 700, 9) > 0
= {(i, J) € [n] X [n] ‘z,- =yizj=yjand v € {0, 1}",v; # y;,v; # yjz € [y, v],ﬁo(v,y) > 0},
By symmetry, since o jo; = 00}, if (i, j) € [T (2, y) then (j, i) € I (z,y). We also note
[Ty =i e nl|3j € lnl, G, ) e TGy} = fie 0] |3 j € n], (i) €T,
and given i € I{"(z,y), we note

L5y = {j e ] |G ) € 1 w)).
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One may observe that for any y, z, I{7(z,y) € I} (z,y) and for any i € I (z,y), IS (z, y) Iy (z,y) \ i}

To simplify the notations, let L;(2) := Li(z;,7:), Ai(z,y) := Ai(z, 0i(2),y) and A;j(z,y) = Ay(z, 0joi(2), y).
Observing that (p(A;, Aij) + p(A}. Aij)) LiL; = p(AiLi, AijLiLj) + p(A;Lj, AjLiLj), (3.18) is equivalent
to

(3.23) lim inf 7, (1) 2 f f [[ZA L) + > p(AiLi, AyLiL;) | dOY.

iel< (i,))el=

The idea is now to minimize the expression inside the integral in the right-hand side over all A;L;,
i € I”. For any fixed g;; := A;;L;L;, (i, j) € I, and let

2
F((Bier-) = (Z,Bi) + Z p(ﬁi,ﬂij), Bi>0,iel".

el (i, )l

Since I{” c I, one has

g0l <(ﬁl),e,>—[2ﬂ,] + ST o(BiBi):

i€l i€l jely;

Observe that if ]I‘l_ = ( then infg,>jc;— F((Bi)ies~) = 0. We assume now that ]I‘l_ # (. The function of

(Bi)ic1,~ € (Rj)ﬂlﬂ on the right-hand side is convex. By differentiating, its minimum value is reached at
the point (8);er- satisfying for all i € I,

2Zﬁ1_2ZBl]:

el JeEL;

e B
Z/elzl. :811

Therefore, one has B8; =
’ ﬁl Zi’e]lf ﬂi’

. Summing the last equality over all i € I, one gets

[Zﬁr]: >, Bu=S.

el (i.)el=

Z jelss ﬂl . .
and it follows that 8; = % Finally, setting S; = jels; Bji» one gets

i€l (i, )€l

gl FBer) = ‘[Zs] * 2, polosns=2os- )

Z Bij (IOg(:BijS) - log(SiSj))

(ioj)el=

= Z Zﬁu IOg ﬂ”

i€l jely;
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By convexity of the function H : t — tlogt, applying Jensen inequality, one gets

ﬁl>10nl£1HF((,Bl)le1~)— ZS Z ('Bu )Sj

i€l jely;
BijS S
—| = Silog
Z sze]I‘z_iSj Z Z]G]I‘—S

e

i€l jels: JEL; i€l
> - Z Silog (l - —)
i€l

where the last inequality holds since ), jels §; <8 —S;. Applying Jensen’s inequality with the convex
increasing function s € (0, 1) — —log(1 — s) and using Cauchy-Schwarz inequality, one gets

—ZS~10 (1—§)>—s10 1—M —S Io 1—i
el o S/ £ S? g 1)
1

and therefore

f F <) >C,S,
B> 1()11161“ ((Bl)lel )

with C, = —log (1 - —) Observe that this inequality also holds for I~ = @ since S = 0 in that case.

Finally, (3.23) provides,
11m1nf<p ) =>C, ffS thl

Simple computations give for any (i, j),i # J,

Z At(Z,O'jO'i(Z)e)’)Li(Zi,Z_i)Lj(Zj,Z_j)at(Z’y):fﬂyiiwiﬂ)*jiwjﬁg(W|Y),

ze{0,1}

and therefore

[fs- 11 5

Identically, one may prove that

Ly, Ly, AT (0, y) = f f d(y, w)(d(y,w) = 1) dr’(w, y).

@Di#]

hmmfw (1 >C, f f d(x, w)(d(x, w) — 1) dr°(x, w).

The proof of Theorem 2.9 ends as the proof of Theorem 2.4, by applying Lemma 3.1 using the last
estimates together with (3.20), (3.21) and (3.22). O

3.2.4. The circle, Z|NZ.

Proof of Theorem 2.12. Let us note n’ = [N/2] where [-] denotes the ceiling function. Let y,z € Z/NZ.
We observe that if {w € Z/NZ|(z,z — 1) € [y,n]} # 0 then necessarily (z — 1,z) € [y + »’,y] and if
{weZ/NZ|(z,z+ 1) € [y,n]} # 0 then necessarily (z,z + 1) € [y,y + n]. As a consequence, since the
sets {z € Z/INZ|(z,z+1) € [y,y+nl}and {z € Z/NZ|(z—1,z) € [y+n’,y]} are disjoints, according to the
definition of a,(z, z+ 1, y) and a;(z, z+ 1, y) in Lemma 3.7, the two following sets {z € Z/NZ|a;(z,z+1, y)}
and {z € Z/NZ|a,(z,z — 1, y)} are also disjoints. It follows that

ff(A,(z,z+ Ly) + Az, z— l,y))zdé?l(z,y) = ff(A,z(z,z+ Ly) + A}z 2 - 1,)) A0 (2. ).
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Therefore Proposition 3.11 together with (3.16) provide
liminf ¢ (¢
imin @, (1)

> ff(A,z(z,z+ 1.y) + A7 (2.2 — l,y)) +P(Ar(z,z+ Ly), Az, z+ 2,)’))

+p(Az.z = 1.3). Ailz.z — 2.9)) AP (z.y)
>0
Identically one proves that hm 1nf 1// (#) = 0. The proof of Theorem 2.12 ends by applying Lemma
3.1. O

3.2.5. The Bernoulli-Laplace model.

Proof of Theorem 2.13. According to Lemma 3.7, one has for any y € supp(vi),z € X such that
a;(z,y) # 0, for any i,k € Jo(z) and any j,/ € Ji(z) withi # k and j # [

a(z,04(2),y) a(z, o1oj(2),y)

(3.24) Ay(z,0i(2),y) = bl hiak e , and Az, 00(2),y) = ! Y

al(Zv y) al‘(za Y)
with

( - Ld(y,z)(y’ Z)Ld((fij(z),w)(o-ij(z)’ w)
4(z,04(2), y) := d(y,w)
WeXe, (20 ()Elyw] Ly, w)
diy,w) -1
d(y, w)( 0. w) )(1 — 1) d0A@=TZ0 (yyy,
d(y,z)
and
LA09(y, 2) LYTuTi QW (g 0m15(z), w)

(2, ooij(2),y) =

LIy, w)

weXy, (2,00 11(2)Ely,w]

d(y, w)(d(y, w) = 1) (d(% )Z; 2) (1= p0DAEI270 (1),

To simplify the notations, let us note A,(z,07;(z),y) = A;j(z,y) and A,(z,0x0i(2),y) = Aw,ij(zy).
Observe that o;0j(z) = 0% j(z) and o ;07 j(z) = 07(z) so that d(z, o4;0;j(z)) = 1 and d(z, 0 j;07;(z)) = 1.
As a consequence, Proposition 3.11 provides

11m1nfgoy (t) > ff[

2
Az, y)] dQv (z,y)

@, I)EJO(Z)Xfl ()

+ f f D, A ), An (2 1) A (2, ).

(i, )),(k,DeJo(2)xJ1(2),i#k, j#I
For y € supp(v;) and z € X}, let us define
17G,y) = {6, ) € Jo x 1 | Aijiz ) > 0]
={.pedoxh|a=yi=0z=y;=1,FveXevi=12=0z€ 7 >0},
TGy = (G, ) (s D) € Jo@) X 1@ [i # &, j # 1, Auijiz, ) > 0),

[T @) = (i, ) € Jo@) x 1| 36k, D € Jo@) X 11, (G ), (k, D) € 17z, ),
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and for (i, j) € I (z,),

I3,z y) = (k1) € Jo(2) X J1(2) | (G, ), (k. 1)) € I7(z, ).

If the indices &, 1,1, j all differ, then o0;j(z) = 0;jo(z), and therefore Ay;j(z,y) = A;ju(z,y) and
(@, ), (k, 1)) € I (z,y) implies ((k, 1), (i, j)) € " (z,y). Moreover, one may easily check that I{"(z,y) C
I (z,y). As a consequence, by symmetrisation it follows

2

s ” 1

(3.25) liminfe, (1) 2 ff[ Z Aij} dQl, + Eff Z (P(Aij,Akz,ij)+P(Ak1,Akz,ij) dQy.
& (i, pel= (@), kD)l

Let us compute a first lower bound of the right hand side of this inequality. Applying identity (3.17)
yields

[ 2
lim inf ¢f, (1) > f f [ > A,-j] - D AijAu|dO)
e e (kD)L
- ) )
2 0
D5z 5z~ 3, o)
7i€]0 JjeJ1 jeJi \iedy (i,))eJoxJ1
- ) )
> max ffZ[ZA’J] dé?l,ffZ[ZAij] dé?l
| ieJy jGJ] j€J1 ieJy
[ 2
- ff 2, Z[ZAi/(zyy)ﬂa,j)emz,y)] d0} ).
| 7€X; i€[n] \ je[n]

2
(3.26) ff Z Z [Z Aij(Z,Y)]l(i,j)eI‘—(z,y)] d@?l(z,y)}.

z€X jeln] \ie[n]

We will now bound from below the right hand side of this inequality using Cauchy-Schwarz inequal-
ity. For any y € supp(vy), and i € Jo(y) we note

El(,_()(y) = {Z (S Xk|3_] S Jl(y)eav € Xk9 (Za O-IJ(Z)) € [y7 V]’ﬁo(vny) > 0}’
and for j € J1(y)
EG0) = {z e Xifi € Jo(), Bv € X, (2,075(2) € [y, v}, 70, 3) > 0

Since (i, j) € I(z,y) implies z € E;I)(y) and z € E;_] (y), one has

2 2
f f Z Z[Z Aij(Z’y)]l(i,j)el(z,y)] Q) (z,y) = f Z Z [Z Aij(z,y)] a(z,y) dvi(y),

zeXy i€[n] \ jeln] i€Jo(y) zeE7, () \je1(y)

and therefore by Cauchy-Schwarz inequality,

2
2jeny) RzeEsy) Aij(z Y)arz, y))

2
f f ZZ[ZAij(z,y)ll(,-,qu,y)] d0;(z.y) = f >, ( Zze;;@)az(z,y) dvi(y).

zeXy i€[n] \jeln] i€Jo(y)

For (i, j) € Jo(y) X J1(y), one may compute the quantity ZZeEf—O(y) A;i(z,y)a;(z,y) using the two fol-
lowing observations. First (z,0(z)) € [y, w] holds if and only’ ifonehasy, =z =w; =0,y; =
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zj = w; = land z € [y,o;j(w)]. Secondly, the generator L is translation invariant which implies that
LT (;i(z), w) = LY&Ti) (7, o i(w). Therefore, one gets for any (i, j) € Jo(y) X J1 (),

Z Aij(z,y) ai(z,y) = Z Aij(z,y) ax(z,y)

ZGE;.B(” 7€Xk
O = R L0y, LIV, 7,5(w)
= yi=w;j=0Ly;=w; d(y,w)
WeXy =0 zelyoimld(y=s L0, w)
d(ya W) - 1 N—1—
d(y, w)( 5.2 )(1 ) A (1))
LAy, ij(w))
= > Tymw=olymuet L d(y, w7 (wly)
Yi=wj Yj=Wi d(y,w) —
weXy Liow (y’ W)
]ly,—w,—O]ly,—w[ 1’\0
= Z T (W|)’)
WEXk ’

Since for i € Jo), Y Lymw=0lymwi=t = Ay, W) Ly, it follows that

JeS1(y)
DT Ay atzy) = ) T 7 (wly),

JE1(Y) Z€E{ () weXy

and therefore

wexe Ly 72 O41y))
ffZ Z[Z Aij(z, y)]l(,J)ele(Zy)] thl(z,y)>f Z Z X #y; T WY) dvi(y).

zeX; i€[n] \ jeln] i€Jo(y) ZzEEﬁ)(y) a,(z,y)

With same computations, by exchanging the role of i and j, (3.17) finally implies

2
ZWEXk ]lW,'iyfTT(i(Wb}))

hmlnfcp (t)>maxf dvi(y),
lem) LecEry(y ()
2
Twex Lz, T (WD)
(3.27) f > (Zers )dvl(y)
Rty 2B aia)
Working on w’y’k(t), on may identically show that
Z x Lz, 70 (W)
hmlnflﬁ (1) > max f Z ety Lt ) dvy(x),
i€ly(x) Leek; i) bi(z, x)
2
Swexe Lz, 0. (Wlx)
(3.28) f > (Zvers W"”’b )dvo(x)
Aty ZeeEpeo bi(@X)

where for any i € Jo(x) we note
Erg(0) = {z € Xe[3j € (0, 3w € X, (2, 05(2)) € [x, w], 2, w) > 0},
and for any j € Ji(x)

E;(x) = {Z € Xk‘3i € Io(x), Aw € Xy, (2, 074j(2) € [y, v], T (x, w) > 0}.
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From this two estimates, we will derive two different lower-bounds. A first strategy is to apply again
Cauchy-Schwarz inequality, (3.27) and (3.28) implies

.. " .- 17
11%1 _1)51f @ (1) + 11%1 _1){)1f ¥y, (1)

1 2 1 2
= max {iez[n](ali’()(t) (ff ﬂx#y”]ly’:o Jﬁo(x,y)) + ﬁi,o(t) (ff 1Xi¢}’i]IXi:0 d;T\O(X,)’)) ),
1 2 1 2
Z (Q’i,](l‘) (ff ]lxﬂty[]ly’:] d;T\O(x,y)) + ﬁi,l(t) (ff]lxﬁty[]l)ﬁ:l dﬁo(x,y)) ﬂ

Jjeln]
aio(®) = On (I |y = 0,2 € ER0Y),  Bio(®) = Qo ({(x,2) | xi = 0,z € E;j(x)}),

with

and
@i = 0n (@ lyi= Lz EGON), B0 := Qo ({(x.2)|xi = 1,z € E;;(0)}).

Observe that the sets {(x,z,y)|z € [x,yl.y; = 0,z € E{;(»)} and {(x,z,y) |z € [x,ylx; = 0,z € E}((x)}
are disjoint. Indeed, if it is not the case, there exists x, z, y, v, w € X} such that z € [x, y] N [v, y] N [x, w],
xi=z=yi=0,vi=w; = 1,7,y) > 0and 7%x,w) > 0. Lemma 4.4 implies that z € [v, w]. This
leads to a contradiction since z; = 0 and v; = w; = 1. It follows that

wo®+piom< Y > ATy < 0z € Xilzi = 0.
x,yeXk zEE;I)(y)UE[Y)(x)
Similarly one proves that
@1 (1) + i1 (1) < OV({z € Xilzi = 1}).

. . . 2 2
As a consequence, from the identity inf,-0850,048<1 {% + VF} =u® +v, u,v >0, one gets

liminf ¢!/ (¢) + liminf ¢/’ (¢
1;1133 @, (1) 1;:1;3 ¥y, (1)

1 2 1 )
> ]lx..d’*),), (f]lx.,.d’*),)
P T [ ). 3. OOz e Xalsy = 1) \JJ Homm

i€[n] J€ln]

Applying again Cauchy-Schwarz inequality and since } je(, 0%z € Xelzj = 1)) = ky Diepn QV(fz €
Xi|zi = 0}) = n—kand 2d(x,y) = ie[n) Lx;#y;» One obtains

(3.29) nﬁl inf @ (1) + li}I/}(l inf vl () = Wi(vo, v1).

min(k, n — k)

Let us start again from (3.27) and (3.28) to reach another lower-bound. For any i € Jy(y), one has

Day =), Y Lot @F (wly)

2€E7, () weXy z€[y,w]

<Y Lo @7 (ly)

weXy z€[y,w]

= > Dycwm0 B ) + ﬂy,.iw,.[ > ﬂzi:yi:ov?w’y<z>]7r*j<w|y).

weXy weXx z€[y,w]
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Since for y; = 0 and w; = 1,

diyw)—1 _ Akdyw)—k

z€[y.w] k=0 \zzely,wl,zi=0
R (d(y, w))(d(y, W)= 1)<1 = ok
=N k (“4")
=t

one gets for any i € Jy(y)

alz,y) < 1-(1 _t)f]ly,-#w,'d;io_(wly)-

2€E7, ()

One identically shows that for any i € J{(y),

Y aen $1=0=0 [ 1udi o),

€ES ()
As a consequence, setting IT._(y) := f ]lyﬁﬁwl.d’ﬁg (wly), (3.27) provides
(3.30) lim igf ga;’k(t) > ¢ (1),

Y=

where

¢o(1) := max [ f D Ao (1= (1= DL ) dvi (), f dayaf(i-a —r)HL(y))dw(y)}
i=1 j=1

with f(s) := slogs — s. One may identically show from (3.28) that
3.31) lim igf w;’k(t) > Y (1),
Y™

where

’

wo(f) = max { f 2 Lo f(1 =111, (0)) dvo(), f D Lai (1= 1T, () dvo()
i=1 j=1

and 1, (x) = f 1,07 ().

As in the case of the hypercube, another lower bound for lim inf, o ¢/ (7) can be reached by estimating
differently the right-hand side of inequality (3.25). For any fixed positive reals Ay ;(z,y), (G, j), (k,])) €
I(z,y), let us define the convex function F : (]R’jr)’ @) - R defined by

2
1 "
F((Bij),jel) = [ Z /J’ij] +5 Z (p(ﬂij’Akl,ij) +P(,3k1,Ak1,ij)) , Bij € R}
(i, )el (@ (kD)el
(the dependence in z, y is omitted to simplify the notations). As in the proof of Theorem 2.9, after some
computations, its minimum value is given by: if [ = 0, then
inf  F((Bij)i,jer-) = 0,
Bipijper R
and if I # 0
A,ijS

inf F((Bij)i.jer) = Ayijlog i
Bij)aper €@ ((i,.i),(kz,l))e% SijSu
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where §;; 1= Z Ajjand S = Z Sij. Let W := Z SijS 1. Assume that I # 0. By
(kDels; (i j)ely (@) k.)€l
convexity of the function H : ¢ — tlogt, applying Jensen inequality, it follows that

. 1 AijuS w w
inf F((Bijiper) = 5 Z H( )SijSkl > ?H = —S log (ﬁ)

Biiper <@ Gpyas \SuSK

AijuS ]
((@@,.)),(k,)el—

For any (i, j) € I}, one has

i e f{epjulan|remnpyu{w, K ema)).

and therefore

W= > Sy > Su

(el (kDELs,

< Z Sij Z Swu|+Sij— Z Sir |- Z Skj

(i el (kDEL™ I GELT k(K el
2 2
SRS I Iy IR
iedo i pers jen i jexrs

where we set S2 := Z S 12] By Cauchy Schwarz inequality, since |Jo| = n — k and |J;| = k, one has
(i, )el

2 SQ 2 SZ
Z Z S,‘j Zn_k and Z Z S,’j 27.

iedo (i el Jjen i pers

. 2 —~ 2 —
As a consequence, since ey, (Zj’(i,j)e]pl— S,-j) > S2 and 2jel, (Zi,(i,j)e]l‘]_ S,-j) > §2, we get

and therefore

inf  F(Bij)iper) = CniS,
B, jer— ERE)!

with C,x = —log(1 — 1/ min(k, n — k)). This lower estimate also holds if I = ( since S = 0 in that
case. As a consequence (3.25) imply

liminf ¢}, (1) > Cy f > Aujddl
Yk (G ),k ))el—

_Cot f 3 > Auiiy) az ) dvioy.

(@) (kDeJoXT1 (V) ik, j#l - z€X

Observing that for (i, j), (k,]) € Jo(y) X Ji(y) with i # k and j # [, (z,on0(2)) € [y,w] if and
only if one has y; = w; = yv = w; = 0,y; = w; =y, = wy = 1 and z € [y,ono;j(w)], and
using the fact that LYW (g0 i(z), w) = LAGTuTiD) (7 oy0m;(w)), one gets for any y € X, and



34 PAUL-MARIE SAMSON

@, J), (k, D) € Jo(y) X J1(y) withi # kand j # [,
> Az y) aiz.y)

7€Xk
d(y,onoij(w))
= Z ]].yizwjzykzwlzo]].yjzwizylzwkz1
weXy s=0 z€ly,ouoij(w))d(y.2)=s

diy,w) -2
d(y. w)(d(y. w) - 1)( 0 w)

d(y,2)
LAy oy i(w))
o =0
) Z by ooy oo e d@y, w)d(y,w) — D)m_(wly)

WEXk

LIy, ) LU0 (2, oo (w)
LIy, w)

) (1= 0yt 70 (wly)

_ Z ]lyi=Wj=yk=Wz=0]1yj=wi=y/=Wk=1 -0 Wly).
o= dewdo.w) - 1) -
From the identities
S LycometLyomet = do.w)do.w) — 1),
i€Jo(y) keJo(m)\{i}
and

Ly=1w;=01y=1,m=0 = d(y, w)(d(y,w) = 1),
Jjehy) leim\{j}
we finally obtain

timint 0> ot [ ) doowndon) = D7 ) 1) = Co [ [ dswdrn =1 @),

weXy

By symmetry the same estimate holds for lim inf, o ¢/ (7). The proof of Theorem 2.13 ends by applying
Lemma 3.1 and using the last estimates together with the other ones (3.29),(3.30) and (3.31). O

4. APPENDIX A

Lemma 4.1. The transport-entropy inequality (2.10) implies W,-Talagrand’s transport-entropy in-
equality (2.11) for the standard Gaussian measure with the constant 4 instead of 2.

Proof. The W,-Talagrand’s transport-entropy inequality for the standard Gaussian measure will follow
from the transport-entropy inequality (2.10) with the uniform probability measure u on the hypercucube
(a; = 1/2 for all i € [n]), using the central limit Theorem with the projection map

2 & n n
T,(x):= %(;xi—z), x,y €{0, 1}".

Let v € $»(R) with continuous density f with respect to y. Let v" denotes the probability measure on
{0, 1}" with density f,, with respect to u given by

J(Tn(x))
f foTydu ,

Applying (2.10) with vy := g and v; := V", one gets

Ja(x) = x € {0, 1}".

4.2) %Wg(/.t, VY2 < HO' ).
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By the weak convergence of T),#u to the standard gaussian law vy, one has

4.3) lim HO|) = HOV ).

Easy computations give for any x,y € {0, 1}",

1 1 )
—d(xy)(d(x,y) = 1) 2 7 [Ta(x) = Ta () (IT,,(x) —T,(»)| - W)

and therefore

1 d 2 1 :
Z W2 (ll’ v") z Z nneH(Tl,,r#;[;,Tﬂ#v") ff Cn(Z, W) dﬂ'n(Z, W)’

where c¢,(z,w) = |z —w| (|z —-w|— %ﬁ) Let & > 0. Since T, #u weakly converges to y and T, #v" weakly

converges to v, one checks that any sequence n, € II(T,,#u, T,#v") is relatively compact, there exists a
compact set K. such that

supf (2l + W) dry(z,w) < e.
neN JR2\K,

Let c(z, w) := |z — w|*. The cost ¢, uniformly converges to the quadratic cost ¢ on K. It follows that for
n sufficiently large

ffcndnnszcdnn—f |c—cn|dﬂn—ff (c—cn)dﬂnszcdnn—Zs.
K R2\K,

and therefore
1 1
—WH(u V) = 3 WAT, i, T = 2.
n

From the weak convergence in $>(R) of the sequences (T, #u) and (T,#v") and then letting € goes to 0,
one gets

R T

I}E}Jlgof - W5, v')* > 7 W5, y).
Finally, (4.2) and (4.3) imply WZZ(V, v) < 4H(v|y) as n goes to +oo. O
Lemma 4.4. Let X be a graph with graph distance d. Let vy, vy € P(X) and assume that 7 € P(X x X)
is a Wy-optimal coupling of vo and v,

Wi (ro,v1) = f f d(x,y) d7(x,y).

(1) Let x,y,z,v,w € X such that 7 € [x,y],z € [x,w], z € [v,y] and 7(v,y) > 0, W(x,w) > 0. Then
one has z € [v,w].

(2) On the complete graph X, the graph distance is the Hamming distance d(x,y) = 1,4, x,y € X.
Setting for any x,y € X, A_(x) = fﬂwixd’fﬁ (W|x) and A (y) = f]lwqtyd'fk (Wly), the two sets

D, = {x e supp(v0)|AL(x) 0} and Do ={y € supp(r) | A () # 0}
do not intersect.

Proof. (1) In order to get the property, z € [v,w], or equivalently, d(v,z) + d(z,w) = d(v,w), it
suffices to show that
d(v,z) +d(z,w) < d(v,w).
and the equality follows from the triangle inequality. The assumption z € [x,y] N [v,y] N [x, w]
implies

(4.5) d(v,2) +d(z,w) = (d(v,y) = d(z,y)) + (d(x,w) = d(x,2)) = d(v,y) + d(x,w) — d(x, y).
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It is well known that the support of any optimizer of Wj(vp, v1) is d-cyclically monotone (see
[40, Theorem 5.10]. By definition, it means that for any family (x1,y1),..., (xn,yn) of points

in the support of 7
N N
D diy) < ) d(xi,yin),
i=1 i=1

with the convention yy,; = y;. Therefore assumptions 7(v, y) > 0 and 7w(x, w) > 0 imply
d(v,y) +d(x,w) <d(v,w) +d(x,y),

and the expected inequality follows from (4.5).

(2) If the two sets D_, and D_ intersect, then there exists x,w’,w € X such that x # w, x # w’
7(x,w) > 0 and (W', x) > 0. As above, since the support of 7 is d-cyclically monotone, one
should have

2=d(x,w)+dWw,x) <d(x,x) +dw,w) <1,

which is impossible.

Lemma 4.6. Let vy and v some probability measures in P(X) with bounded support.

(1) If (1.15) holds, then for any x,y € X and any integer k, L*(x,y) < (2S)*.
(2) If (1.16) holds, then for any x,y € X, LYCY(x,y) > 196
(3) If (1.15) and (1.16) hold, then for any x,y € X, any t € [0, 1], and any y € (0, 1), one has
Ld(X»y)( X, )
d(x,y)!
where K :=2S /I and O(1) denotes a quantity uniformly bounded in x,y and t.
(4) If (1.15) holds then for any x,v,z € X and for any t € [0, 1]

Ld(x,z)(x’ Z)Ld(Z,y)(Z, y) d(x, Z) ld(x’z)(l _ Z)d(z’y)
LA (x, y) d(x,y) '

P(x.y) = 0" (1 + 9KV 0)),

1im 7@ = 7@ 1= @)
(5) If (1.15) holds then for any x,y € X,
LI (x,y)
Py : > ’ t d(x,}‘) —’)/Z‘S.
((6y) 2 dy)! ()" e
(6) If (1.15) holds then Bgy[€1Xo = x, X1 = y] < bl

Pl(xy)

(7) Assume (1.15) and (1.16) hold. Let D := ' max  (d(xo,%),d(x0,y)). For any x €
xesupp(vg),yesupp(v)

supp(vo) and y € supp(vy), one has

v (z) < O(1) (]l Ley](2) + (1 = Lo (Z)) 4 (YKZ

where K := 25 /1 and O(1) denotes a constant that does not depend on x,y,z,y,tand K := 2S /L.
As a consequence, if B denotes the finite set

B

)[2d(xo,z)—4D—1]+)

B:={z e X|z € [x,y], x € supp(v),y € supp(v1)},

then
[2d(x0,2)-4D-1].
0/(2) < o)y (yk*) " . VzeX\B

(8) Assume (1.15) and (1.16) hold. For any w,z,7' € X with d(z,7’) < 2 and w € supp(vp) one has
PI(Z,w) _ max (1, d(xo, 2)%) K402 O(1)
Pl(z,w) — (ynds)

B
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where K := 2S /I and O(1) is a positive constant that does not depend on z,7’,7y,t. It follows
that

i (yt)d(z,z’) pg’ fr(z) ~max (1, d(xy, z)d(“/)) K03 O(1)
. < < ;
4.7) max (1, d(xg, z)4@)) K402 O(1) Pny(Z/) (yt)d@z)
(9) Let (yi)ren be a sequence of positive numbers converging to zero. If (1.14), (1.15), (1.16) and
(1.17) hold, then for any t € [0, 1]
lim H(Q)*|m) = H(QCm).
Yk—0
Proof. (1) Given (1.15), we want to show that for any x € X, Si(y) := sup,cx IL*(x, )| < 2S)K. Tt
follows by induction on k from the inequality
Ske1() = sup | L(x, OLA(x,3) + D L(x, LAz, ¥)| < 25up L(x, ¥)| ().
xeX 22X xeX
(2) For x =y, one has L¥*)(x,y) = 1 and by definition for x # v,
LV(x,y) = ) Las
a
where the sum is over all path @ from x to y of length d(x,y), @ = (zo, ..., Z4(xy) With zo = x
and z4(x,y) = y, and
Lo := L(z0,21)L(21,22) - - - L(Za(x,y)-1> Zd(x,y))-
Such a path « is a geodesic. Since we assume in this paper that L(x, y) > 0 if and only if x and
y are neighbour, one has L, > 0. By irreducibility it always exists at most one geodesic path
from x to y, and from assumption (1.15), for such a path @, L, > I4*Y. As a consequence we
get LYY (x,y) > [,
(3) According to (1.18), for any x,y € X,
Plx,y) = LYY (x, y) ()t [1 +y L(x,y) d(x,y)! () fmdxy)=)
b d 3 .
d(x,y)! e LIy R
Applying item (1) and item (2) of Lemma 4.6, we get
dx, d(x, k—d(x,y
Plx,y) LY (x, y) (y1) )| < LY (x, y) (y gyl Z Ky (28 k)
d(x.y)! d(x.y)! e T k= dGey))!
d(x,y
LA (1, y) ()1 () 28
d(x,y)! ’
from which the expected result follows.
(4) Let x,y,z € X and ¢ € [0,1]. If (1.15) holds, according to (1.18), the Taylor expansion of
P! (x,y) as y goes to zero is given by
L4xy) ,
Py = E D gyl 4 oyt
d(x,y)!
As a consequence, the Taylor expansion of v/ (z), defined by (1.11), is
d(x.2) d(z.y)
YIE (2) = ylemdydeen TWILTEY) AW aayg _ pydey

Ld(x,y)(x’ y) d(x,2)!d(z, y)!

+ O(Yd(x,z)+d(z,y)—d(x,y))'
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The result follows since y4&ItEN=d0)) = 1 if z € [x,y], and lim,_, y®&I+dEN=dx) = (
otherwise.

(5) On some probability space (', A, P), let (N,)s>0 be a Poisson process with parameter yS and
(Y,)nen be a Markov chain on X with transition matrix Q given by

L7 (x, S+
(x W)’ forw#zeX, and Q(z,2) = 7—(ZZ)
¥S s

We assume that (Y,,),ex and (Ny),»0 are independent. It is well known that the law of the process

(X1)>0 undez RY given X = x is the same as the law of the process ()?t)zzo under P given )70 =x
defined by X, := Yy,. As a consequence, one has for any y € X,

Oz, w) :=

PY(x,y) = R (X, = y|Xo = x) = P(X, = y|Xo = x).
Letn = d(x,y) and N, denotes the number of jumps of the process X;, one has
Pl(x,y) > P(;(, =y,N; =n|Xp = x)
= P(Yl, ..., Yy are all differents, ¥,, = y, N; = n|)~(0 = x)
= P(N, =n)P(Yy,...,Y, are all differents, Y,, = ylffo = x)

y1S)' s
= T e vt Z Q(x09 xl) e Q(xn—l’ xn)
: a=(xg,...,xp), @ geodesic from x to y

p e VS LI (x, y).

(6) The lenght {(w) of a path w € Q represents the number of jumps of the process X; between
times 0 and 1. Therefore according to the definition of the process (X;);>o above,

Erpl€|Xo=x,X; =y]=Ep [ﬁl | Xo = x, X ZY]
SEP[Nl 1 Xo = x. X =Y]

Ex[Milg_ 1Xo =1
P(fl :y|§0 = x)
< Ep [N1]’
Pl(x,)

which ends the proof since Ep [N1] = ¥S.
(7) From items (3) and (5), one gets for any x,z,y € X,

P! (x,2)P)(z,y)
Pi(x,y)

d(x, d(z,y
dxyrd(ey)-dey LUV DL @ y)  dxy)! 15 (1 — 1)@y
LA (x, y) d(x,2)!d(z, y)!

(1+yK@20) (1 +yK*E o).

v (@) =

4.8) <y

If z € [x,y] then thanks to items (1) and (2), the right hand side of this inequality is bounded
from above by

sy )
( 7) 40 78 4 gD (1),
and the maximum of this quantity over all x € supp(vp) and y € supp(vy) is a constant O(1),

independent of x, z,y and .



Y

()

(€))

d(x,2)+d(z,y)—d(xy)
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If z ¢ [x,y], then d(x, z) + d(z,y) — d(x,y) > 1, and the right-hand side of (4.8) is bounded by

S d(x,2)+d(z,y)

Id(xsy) d(x’ y) ! eys 4Kd(x,z)+d(z,y) 0( 1 )

S 2d(x0,z)+2D

1+[2d(x0,2)-4D—1]+ S 2d(x0,2)+2D
< y R ATD I = d(x, )1 S 4K 2PO(1),

The maximum over all x € supp(vp) and y € supp(vy) of the right-hand side quantity is bounded
by O(1)y!+[2d(x0.9=4D=-11: g4d(x0.3) " This ends the proof of the first inequality of item (7). The
second inequality easily follows since

o= >, 0P,
xesupp(vo).yesupp(v1)
Using items (3) and (5), one gets for any z,z € X and any w € supp(vp),

PIE.w) _ LEM W) dzw)! ( 1 )d<z w)=d(zw) 5 (1 K00
Pl(zow) ~ LIz, w) d(@,w)!

d(z,7)
< Kd(z,z’)+d(z,xo)+d(x0,w) max (1, d(Z, W)Z) (ll) Zes Kd(z,z')+d(z,x0)+d(x0,W)O(1)
Y

K24@x0) max (1, d(z, xO)z) o)

(ynd)
where one maximizes over all w € supp(vp) to get the last inequality. Inequality (4.7) follows
since

’

PIf(E) _ y Pl w) [T (W)P] (2, w)

PIf@) o PI@w) P
P! (z,
B LA
wesupp(vo) Py 1@
Recall that

H(Q)m) = ) log (()) 0" (2).
zeX\B
Let us consider the finite set B defined in item (7) of Lemma 4.6. From the weak convergence
of the sequence (’:” ) to QO and since supp(@) C B, one has

( )
lim Zl 0)(z) = H(QPm)
¥—0
Therefore it remains to prove that

. (Z) ’*y
lim lo k) =
Jim, D, log = o 01" =
From item (7) of Lemma 4.6 and hypotheses (1.14) one has, for any z € X \ B,
[2d(x0,2)-4D~-1]+
@k(z) . o)y (yKZ) 0

m(z) inf.cx m(z)

Using the inequality lvlogv| < vvforv e (0,1], we get for 0 < y < min(inf,cx m(z)/O(1), 1/K?),

Kz [2d(x0,2)—4D—-1]+/2

Z log —/—— ( ) Ay"(z) < O(l)supm(z)\/_z

zeX\B ( ) zeX
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Hypotheses (1.17) then implies that there exists y; > 0 such that for any 0 <y < y;

> log == 0 Gy < o0ty 3,

zeX\B ( )

and the expected result follows.

5. ArpenDIX B

Proof of Lemma 3.1. Let € € (0,1/2). We first prove that if (1.15), (1.16) and (1.17) hold then Igog,’(t)l
is uniformly bounded over all # € [g,1] and y € (0,7;) for some y; € (0,1). According to (3.12) and
inequality (3.13) and (3.14), for any ¢ € [g, 1] and y > O,

I} ()] < 0(1)[@ f dz(xo,z)Kd()‘O’Z)d@(z)+é f (d*(x0.2) + I)KZd(XO’Z)de(Z)]

<0() f d?(x0, 2)K*4024 QY (7).

Using item (7) of Lemma 4.6 and the fact that vy and v have bounded support, it follows that

2d(x0,z)
wol<ony max (¢2(xo, DK*02) + 0(1) ) dP(x0,2) (K]
xesuplD(Vo),yesupp(w)Z [xy] zeX
[2d(x0,2)-4D—1].+
=0()+ ) d*(x0,2) (vK?) "

zeX

Using hypotheses (1.17) and choosing y; > 0 so that (y;K>)? < vy, one gets

sup gy (0l < 0().
v€(0,y1),t€le,1]

One may similarly proved by symmetry that if (1.15), (1.15) and (1.17) hold, then |w ’(#)| is also uni-
formly bounded, namely

sup ey (O] < O(1).
ye(0.1),1€[0,1-]

Lete € (0,1/2), and for y € [0, 1), let
F5(0) = HQY_pyasipim)>  1€10,1].

We will first prove a convexity property for the function F§ from a convexity property of F| Yk as the
sequence (yy) goes to zero. We use the identity, for any ¢ € (0, 1))

5.1) (1= DFE (0) + 1F5 (1) = FZ (1) = ’(12_ )

1
fo K(s)(F5)"(s)ds,

where the kernel K; is defined by (2.7). Observe that

1 1-¢
f K/(s)(F3,)"(s)ds = (1 - 28)f Kt
0 e -2¢

From Proposition 3.11, we know that for any u € (0, 1), cpyk(u) + ww(u) admits some limit as y; goes to
zero. The above uniform bounds on ¢ and ¢ allow to apply Fatou’s Lemma. Together with item (9)
of Lemma 4.6 it implies, for any € € (0, 1/2)

1-¢
(1 D~ 2¢) K, 23) timinf (¢, () + 05, () du

) (¢7k(“) + Wylk(u)) du.

(5.2) (1 -DFZ(0) + tF(1) - F3() >
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For any ¢ € [0, 1] the support of the measure @ is finite, included in the set B defined in item (7) of
Lemma 4.6. As a consequence, the function ¢ € [0, 1] — H(@Im) is continuous as a finite sum of
continuous function. It follows that for any ¢ € [0, 1],

lim F5(r) = H(QV|m),
E—
and from hypotheses (3.2) and Fatou’s Lemma, as & goes to zero, equality (5.2) provides

(1= DH(volm) + tH(vi|m) — HQm) > L=

f K, (1) hmlnfgoyk(u)+11m1nfgbyk(u))

> (1 —t)

f K o) (4 0) + 9 @) d
0

= [(1 = D¢o(0) + oo (1) = o] + [(1 = Do(0) + tro(1) — Yo (1)]
were the last equality is a consequence of identity (5.1) applied with the functions ¢g and . O
Proof of Lemma 3.3 and Lemma 3.4. To simplify the notations, the dependence in the temperature pa-

rameter y is omitted. Let us note f; := P,f and g; := P;_;g and recall that F; := log f;, G; := log g;
and

SD(I):thftgtdmv w(t)=szftgtdm.

The proof is based on I'>-calculus by using backward equations, 9, f; = Lf;, 0;g: = —Lg;, and integration
by parts formula : for any functions 2 : X > R, k: X - R,

thkdm:kahdm.

We only present the proof of the expression of ¢’(¢) and ¢”'(#). Same arguments provide the expression
of /() and "' (f). We start with a general statement that we will apply twice. Let (t,z) — Vi(z) be
some differentiable function of ¢, then for any ¢ € (0, 1),

at( f Vifi g dm) - f @V fr 80+ Vi (Lfy) g1 — Vi f; (Lg) dm

= f(atvt)ftgt + Vi (Lf1) & — L(Vif)g: dm

(5.3) = f

The first equality is due to the backward equation and the last equality holds by integration by part
formula.

Vi = Y eEIVI(e, ) L, 2)| fi2)gi@) dm(2).

7,7~z

Applying (5.3) with V; = F;, and since
8;F[(Z) — Z eVF[(Z,z/)L(Z’ Z/) — Z (eVFr(Z,z’) _ l)L(Z, Z’), ze X,
7eX 7,7~z

one gets the expected result

¢ = f D (7D —1 = VFi(2, )¢ ) Lz, 2) fi2)gi(2) dm(2)

7,7~z

f D 2(e7 ) Lz, 2 d0) (2).

7,7~z
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Applying again (5.3) with Vi(z) = X\, .. { (eVFf(Z’Z')) L(z,7'), z € X, and using

= Lfi) _ fLAG)) VFi(z.2) ’
Vi(2) = MNZ( ER—T )g (V) Lz, )
_ V) (Lf;(z’) _ Lfi2)

(@) fi@

Z VF,(z, Zl) eVFr(z,z') (eVF,(z’,z”) _ 1) L(z, Z’) L(ZI, ZH)
Z/g Z”,ZNZ,NZ,/

=D, VEGDEED (VD 1) 1, 2) Lz w),

7w, ~, W~z

) VF(z,7) L(z,7)

7,7~z

and

VDL = ) (T 1@ L

7,7~z 2,7, 2~ ~7

~ Z ALY (eVF t(ZaW')) L(z,7) Lz, w"),

W~z W~z

one gets

o't =~ f l Do (¢ (7Y = VE(z, 2 (€7 < 1)) eV Lz, ) Lz, W)

W, 7~z W~z

v (VRG(ETED - 1) =g (D)) O L |40 )

2,7, 2~ ~7

=_f l 2 (VEGw)=VE @) = 1) D16 ) e w)

W~z W~z

b (VR + DL ) L)
7w, ~, W~z

- D (VEGEDH+ 1)L ) LE )

’

7,7 2~ ~T

3 Z 0 ( VFED), eVF;(Z,Z”)) L(z.7)L(Z,7")|dQ) (2)

’

7,7 2~ ~7"

The expected expression of ¢”(¢) follows by symmetrization of the first sum in z’ and w’, and since
Zw’, W~z L(z,w") = =L(z, 2). O

Proof of Lemma 3.7. Let z,z’ € X such that z ~ z’. We only consider lim,, o (ykA;”‘ (z, Z’)) and similar

computations give lim,, o (VkBZk (z, z’)). Since P}y f7(y) > 0 for any y > 0 easy computations give

PIf(Z)  val(z7.y)
Plfr  alzy)

YAl (z,Z) =y

where

P03 DPYE ) FOn)PY (3, w)
Y ’ o 1-¢ t 1
W Gzy) = WZ;( Pl(ow) PIPG)
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Using the expression (3.6) of a,(z, y) and since supp(”*(:[y)) C supp(vo), one has

| @y —a@y|< sip PO+ YL R -7 o).

wesupp(vo) wesupp(vo)
Therefore, the weak convergence of (77" )iy to 7° and Lemma 4.6 (4) imply

5.4) lim a’*(z,y) = a/(z,y).
vk—0
Let us now consider the behaviour of yka?"‘ (z,7’,y) as yx goes to zero. According to (1.12), one has

yal(z,Z,y) = f ya] (v, 2,2, w) dr’ (wly),

Py (3. 2P, w)
Py, w)

with @] (y, 2,2, w) = . Lemma 4.6 (3) provides the following Taylor expansion as y

goes to 0

ya! (y,z,7,w)

= YOI w)=d () LDy, )LYEW (@ w) — d(y, w)!
LAOW) (y, w) dy,2)\d(z’,w)!

where O(1) is a quantity uniformly bounded in #,7y,z,z’, x,y. By the triangular inequality and since
z ~ 7', one has d(y,w) < d(y,z) + 1 +d(z’,w), with equality if and only if (z, ") € [y, w]. Therefore, one
gets

lin(l) ya!(y, 2.7, w) = &) (y, 2.2, w),

s

with

L9y, LY w)  d(y, w)!
LAOW)(y, w) d(y,2)ld(Z’,w)!

LD, DL ) o ) =1 (g i,
LAO.w) (y7 W) ’ d(y, Z)

Moreover, Lemma 4.6 (1) and (2) ensures that for any w € supp(vp) and y € supp(vy),

(1 _ t)d(y,z)td(z',w)

0
a, (y,2,2,w) == L yepym

= Lz )erym

’ ) , 28 d(y,w)d w)!
yaz’(y, 2 Z” w) < 'yd(y’Z)Jer(z o ((25 )d(y,z)+d(z w)=d(y,w) max (25) " (y,w) + O(1)
wesupp(vo),yesupp(vy) J4Ow)
< O(1) (y28 )0+ wyt1=diw)

where O(1) is a constant independent of ¢,y,z,z, w. Therefore ya/;y(y, z,7,w) < O(1) as soon as y <
1/(2S). As a consequence, for any y; < 1/(25), it holds

|yl (2.2, )) — 2z, 7, y) |

< s [welnndow) -l w0y Y [Py 7wy |

wesupp(vo) wesupp(vo)
As 7y goes to 0, this inequality with the weak convergence of 7% to 77° implies
lim 2" (z,2,y) = a(z.7. y),
vk—0

Together with (5.4), it completes the proof of (3.8).
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We now turn to the proof of (3.9) and more specifically the computation of lim,, o (yI%A;”' (z, z”)) for
7,7 € X'such that d(z,z") = 2. Similar computations give the expression of lim,, o (yﬁB,” (z, z")). For
any y € X and any 7 > 0, one has
y*al(z.2",y)

247 17
YA (z,7) =
! al(z,y)

with
Pl (2P w)
Ply,w)

Yl (2.2 y) = f YV al(y, 2,2, wydn” (wly), and o] (y,z.2",w)=
It remains to compute lim,, o y,%a;” (z,7”,y) to prove (3.9). Lemma 4.6 (3) implies

Y2l (v,2,7",w)
d : d //’
_ yd(y,z)+2+d(z’,w)—d(y,W) LAOA(y, ) LYW (2 w) diy,w)!
LAOW)(y, w) d(y,2)!d(z", w)!

where O(1) is a quantity uniformly bounded in #,v, z, 7", x, y. Since d(y, w) < d(y, z) + 2+ d(z”, w) with
equality if and only if (z,z”) € [y, w], it follows that

(1= 09 4 70(1)),

lim y*a? (,2,77,w) = (v, 2,77, w)
y—0

LA0A(y, LA W (77 ) d(y,w) -2 : -
= Lo yeyon] O dy,w)(d@y,w) — 1)( S )(l - t)d(y,z)td(z,w) 2

LAOW)(y, w) d(y,z)
Moreover, Lemma 4.6 (1) and (2) gives that for any w € supp(vy) and y € supp(v;),

,yzalg’(y’ z, ZN, W) < 0( 1) (,yzs )d(y,Z)+d(z”W)+2—d(y,W),

where O(1) is a constant independent of #,y, z,z”/, w. As above, the proof ends as y; goes to 0 from the
inequality

| vial* (@ 2"y — a2, y)|
< sup |7,%a/;”(y, 2,7 w) - af?(y, 27", w)| +0(1) Z |717k(wly) —70(wly) | ,
wesupp(vo) wesupp(vo)
for all y, < 1/(25). O
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