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LOCAL WELL-POSEDNESS FOR THE QUASI-LINEAR HAMILTONIAN SCHRODINGER
EQUATION ON TORI

ROBERTO FEOLA AND FELICE IANDOLI

ABSTRACT. We prove a local in time well-posedness result for quasi-linear Hamiltonian Schrodinger equa-
tions on T? for any d > 1. For any initial condition in the Sobolev space H®, with s large, we prove the
existence and unicity of classical solutions of the Cauchy problem associated to the equation. The lifespan of
such a solution depends only on the size of the initial datum. Moreover we prove the continuity of the solution

map.
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1. INTRODUCTION

In this paper we study the local in time solvability of the Cauchy problem associated to the following
quasi-linear perturbation of the Schrédinger equation

iug — Au+ P(u) =0, u=u(t,x), z=(21,...,24) € T := (R/27Z)* (1.1)

with
d
P(u) := (0zF)(u, Vu) — Z O, ( Ous, F)(u,Vu), (1.2)
Jj=1
where we denoted 0y, := (Ore(u) — 101m(u))/2 and Oz := (ORe(u) +10m(u))/2 the Wirtinger derivatives. The
function F'(yo, y1, .. . ,yd) is in C>°(C4*+1 R) in the real sense, i.e. F'is C° as function of Re(y;), Im(y;).
Moreover we assume that F' has a zero of order at least 3 at the origin. Here Vu = (0, u, . .., 0z, u) is the

gradient and A denote the Laplacian operator defined by linearity as
AT T = —]j]2eij"r, Viezs.
Notice that equation (I.1) is Hamiltonian, i.e.

ug = iVgH (u,w), H(u,) ::/ |Vu|* + F(u, Vu)dz, (1.3)
Td

Key words and phrases. quasi-linear Schrodinger, Hamiltonian, para-differential calculus, energy estimates, well-
posedness.
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where Vg := (VRe(u) — 1Vim(u))/2 and V denote the L?-gradient. In order to be able to consider initial
data with big size we assume that the function F', defining the non-linearity, satisfies following ellipticity
condition.

Hypothesis 1.1. (Global ellipticity). We assume that there exist constants c1, co > 0 such that the following
holds. For any € = (&1,...,&3) € RL y = (yo, ..., ya) € C one has

d
> & (0 + 0,0 F (1)) = calef?, (1.4)
J,k=1
d 2 d 2
(14167 Y 660,05 F W) — 1€ Y €650 F )| = ca. (1.5)
J,k=1 J,k=1

where 0j; = 1, ;3 = 0 for j # k.
The main result of this paper is the following.

Theorem 1.2. (Local well-posedness). Let F' be a function satisfying the Hypothesis[I.1} For any s > d+9
the following holds true. Consider the equation (T.1) with initial condition u(0,z) = ug(z) in H*(T%; C),
then there exists a time 0 < T' = T'(||ug|| irs) and a unique solution

u(t,z) € C°([0,T), H¥(T% C)) n CY([0,T), H*~3(T% C)).

Moreover the solution map ug(x) — u(t,x) is continuous with respect to the H® topology for any t in

[0, 7).

In the following we make some comments about the result we obtained.

e In the case of small initial conditions, i.e. ||ug| s < 1, one can disregard the global ellipticity
Hypothesis Indeed for “u small” the non-linearity F' is always locally elliptic and one can
prove the theorem in a similar way.

e We did not attempt to achieve the theorem in the best possible regularity s. We work in high
regularity in order to perform suitable changes of coordinates and having a symbolic calculus at a
sufficient order, which requires smoothness of the functions of the phase space. One could improve
the “para-differential” calculus we give in Section [2| and replace in the statement d by d/2 in the
lower bound for s (see Remark[2.2). We preferred to avoid extra technicalities in such a section and
keep things more systematic and more simple.

e We prove the continuity of the solution map, we do not know if it is uniformly continuous or not.
Unlike the semi-linear case (for which we refer to [4]), it is an hard problem to establish if the flow is
more regular. These problems have been discussed the paper [[19] about Benjamin-Ono and related
equations by Molinet-Saut-Tzvetkov. We also quote the survey article [24] by Tzvetkov.

To the best of our knowledge this theorem is the first of this kind on a compact manifold of dimension greater
than 2. For the same equation on the circle we quote our paper [8] and the one by Baldi-Haus-Montalto [1]].
In [1]] a Nash-Moser iterative scheme has been used in order to obtain the existence of solutions in the
case of small initial conditions. In our previous paper [8] we exploited the fact that in dimension one
it is possible to conjugate the equation to constant coefficients by means of para-differential changes of
coordinates. This techniques has been used in several other papers to study the normal forms associated to
these quasi-linear equations we quote for instance our papers [9,[10]], and the earlier one by Berti-Delort [2]
on the gravity-capillary water waves system. The proof we provide here is not based on this “reduction to
constant coefficients” method which is peculiar of 1-dimensional problems. Furthermore we think that this
proof, apart from being more general, is also simpler than the one given in [§].

The literature in the Euclidean space R? is more wide. After the 1-dimensional result by Poppenberg [21]],
there have been the pioneering works by Kenig-Ponce-Vega [[12, 13} [14] in any dimension. More recently
these results have been improved, in terms of regularity of the initial data, by Marzuola-Metcalfe-Tataru in



WELL-POSEDNESS FOR QUASILINEAR NLS 3

[15} 16, [17]. We mention also that Chemin-Salort proved in [5] a very low regularity well posedness for a
particular quasi-linear Schrodinger equation in 3 dimensions coupled with and elliptic problem.

We make some short comments on the hypotheses we made on the equation. As already pointed out, the
equation (1.1]) is Hamiltonian. This is quite natural to assume when working on compact manifolds. On the
Euclidean space one could make some milder assumptions because one could use the smoothing properties
of the linear flow (proved by Constantin-Saut in [7]) to somewhat compensate the loss of derivatives intro-
duced by the non Hamiltonian terms. These smoothing properties are not available on compact manifolds.
Actually there are very interesting examples given by Christ in [6] of non Hamiltonian equations which are
ill-posed on the circle S' and well posed on R. Strictly speaking the Hamiltonian structure is not really
fundamental for our method. For instance we could consider the not necessarily Hamiltonian nonlinearity

P(u) = g(u)Au+if(u) - Vu+ h(u),

where g : C = R, f : C — R% h : C — C are smooth functions with a zero of order at least 2. Our method
would cover also this case. We did not insist on this fact because the equation above is morally Hamiltonian
at the positive orders, in the sense that f and g are not linked, as in an Hamiltonian equation, but they enjoy
the same reality properties of an Hamiltonian equation.

The Hypothesis [I.1]is needed in order to cover the case of large initial conditions, this is compatible with
the global ellipticity condition we assumed in [8]] and with the ones given in [13}[17]. As already said, this
hypothesis is not necessary in the case of small data.

We discuss briefly the strategy of our proof. We begin by performing a para-linearization of the equation
a la Bony 3] with respect to the variables (u, ). Then, in the same spirit of [8]], we construct the solutions
of our problem by means of a quasi-linear iterative scheme a la Kato [11]. More precisely, starting from
the para-linearized system, we build a sequence of linear problems which converges to a solution of the
para-linearized system and hence to a solution of the original equation (I.T)). At each step of the iteration
one needs to solve a linear para-differential system, in the variable (u, %), with non constant coefficients
(see for instance (4.93)). We prove the existence of the solutions of such a problem by providing a priori
energy estimates (see Theorem [4.1)). In order to do this, we diagonalize the system in order to decouple
the dependence on (u,%)” up to order zero. This is done by applying changes of coordinates generated by
para-differential operators. Once achieved such a diagonalization we are able to prove energy estimates in
an energy-norm, which is equivalent to the Sobolev norm.

The paper is organized as follows. In Section[2]we give a short and self-contained introduction to the para-
differential calculus that is needed in the rest of the paper. In Section 3| we perform the para-linearization
of the equation. In Section 4| we give an a priori energy estimate on the linearized equation by performing
suitable changes of coordinates. In Section[5 we give the proof of Theorem [I.2]

2. FUNCTIONAL SETTING

We denote by H*(T%; C) (respectively H*(T¢; C?)) the usual Sobolev space of functions T¢ > z
u(z) € C (resp. C?). We expand a function u(z), z € T¢, in Fourier series as

u(zx) = ! i Z i(n)e™?®, u(n) = ! ri / u(z)e " dx . (2.1)
(2m)2  pa (2m)z J1d
We also use the notation
ul = u, = u(n) and Uy =y = u(n). (2.2)
We set (j) := /1 + [j|? for j € Z. We endow H*(T%; C) with the norm
G 1Frs = Y () sl (2.3)

jezZ
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For U = (u1,us) € H*(T% C?) we just set |U||grs = ||u1l|zrs + ||uz||ms. Moreover, for r € RT, we
denote by B, (H*(T% C)) (resp. B,(H*(T%;C?))) the ball of H*(T%; C)) (resp. H*(T%; C?))) with radius
r centered at the origin. We shall also write the norm in (2.3)) as

lulffrs = (D)*u, (D)*u)p2,  (D)e™ = (j)e™, ¥j ezt (24)

where (-, ) ;2 denotes the standard complex L?-scalar product
(u,v)r2 = / u - vdx Vu,v € L2(Td; C). (2.5)
Td

Notation. We shall use the notation A < B to denote A < C'B where C'is a positive constant depending
on parameters fixed once for all, for instance d and s. We will emphasize by writing <, when the constant
C depends on some other parameter q.

2.1. Basic Paradifferential calculus. We introduce the symbols we shall use in this paper. We shall con-
sider symbols T¢ x R? 5 (z,£) — a(x, £) in the spaces N, m, s € R, defined by the norms

lalyp = sup  sup (&) H9 0% a(w, €))L - (2.6)
lal+8|<s (§)>1/2

The constant m € R indicates the order of the symbols, while s denotes its differentiability. Let0 < ¢ < 1/2
and consider a smooth function x : R — [0, 1]

{1 if|¢] < 5/4
x(§) =

0 ifl¢] > 8/5 and define Xe(€) = x(I¢]/e) - 2.7)

For a symbol a(z, ) in N we define its (Weyl) quantization as

1 lJ— kN~ . J+ ki

Toh= —— ij-e (Y A YN 28

g 2 7 3 w57 Jal — k)R @8
JEZ keZ

where @(n, ) denotes the Fourier transform of a(z, £) in the variable z € T?. Thanks to the choice of x. in
(2.7) we have that, if j = 0 then x.(|j—k|/|j+k|) = 0 forany k € Z?. Moreover, the function T, i depends
only on the values of a(z, £) for |{| > 1. Therefore, without loss of generality, we can always assume that
the symbols are defined only for |£| > 1/2 and we write a = bif a(x, &) = b(x, &) for |{] > 1/2.

Notation. Given a symbol a(z, £) we shall also write
Tul] = Op™W(a(z, €)1, (2.9)

to denote the associated para-differential operator.
We now recall some fundamental properties of paradifferential operators.

Lemma 2.1. The following holds.
(i) Let my,ma € R, s > d/2and a € N™, b € N"2. One has

|ab] ymi+mg + ]{a,b}lNﬁ11+m2—1 + \U(a,b)]/\/ﬁym& S lafpma bl poma (2.10)
where .
{a,0} =3 ((0,0)(02,0) — (22,0) (0,D) ) @.11)
d ~
CLEDY (96, 6.0)(Drj2b) = 2(02,6,0) Oeya) + (Ory, )Py )) . (212)
=

(7i) Let so > d/2, m € Rand a € ./\/;0” Then, for any s € R, one has
| Tahllgzo-m S lalnmlbllas,  Vh e H(TYC). (2.13)
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(iii) Let so > d/2, m € R, p > 0and a € N7, . For0 < e3 < ¢; < 1/2 and any h € H*(T%;C), we

so+p
define
1 J =K\~ R

hi= —— S e o — e ( ) A RLATNOAS 2.14
Roli= i 32 €7 7 (e = xe) ([ JaU = o 25 h(k) 2.14)

jezd kezd

where X, , Xe, are as in (2.7). Then one has
IRah || grsto-m S IPlllalag, . ¥h e H(TC). (2.15)

(iv) Let s9 > d/2, m € Rand a € N}J. For R > 0, consider the cut-off function X € C*(R"™;R) defined
as

‘“@*:1‘XO§)’ (2.16)

where x is given in [2.7) and define the symbol ag (x,€) := (1 — Xg(€))a(x, ). Then, for any q € R, one
has
I bl mrsva Sqam BRI IRl|melalnn . VR € HY(T%C). 2.17)

Proof. (i) For any |a| 4+ |3] < s we have
020 (alw, b(x,6)) = Y. Cap(050020)(w,€)(922020) (. )

al1toas=a

B1+P2=p
for some combinatoric coefficients C, 3 > 0. Then, recalling (2.6),
(05706 a) (, ) (0220¢0) (w,€) [ S lal s [blea ()™ +2 7
This implies the (2.10) for the product ab. The (2.10) for the symbols {a, b} and o(a, b) follows similarly

using (2.11)) and 2.12).

(é4) First of all notice that, since a € N[, s9 > d/2, then (recall (2.6))

la(-,&)llzre0 S (€)™ lalnn , VE €27,

which implies

@G )| S (&)™ lalnz (), Vi€ e 2. (2.18)
Moreover, since 0 < € < 1/2 we note that, for {,n € Z,
\f—n!) (1=l < (1 +é)n|
€ 0 N N 2.19
* <\§+n! 707 \a-am<a+olk, =19

where 0 < € < 4/5, and hence we have (£ + 1) < (). Then, using the Cauchy-Swartz inequality, we have

e3 - N
bl S 3 (€% 5 xe ([0 ) ate = 0 S5 Do

A nezd ]{ + 77‘ 2
€18, 219 mo 2
S L0 ( X gl alhmln) ok (220
ez neza
~ 1
S 2 P 2 e raglalig < Ihlelaliey -
nezd ceczd K

This is the (2.13).

(7i7) Notice that the set of £, 7 such that (x¢, — Xe,)(|€ — 17|/ + 1) = 0 contains the set such that

8 5
m—ngqm+m or K—m§1@K+M-
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Therefore (xe, — Xe,)(I€ — n[/§ + 1) # 0 implies
5 8
qeletnl <lg—nl < calt+nl. (2.21)

For ¢ € Z% we denote A(¢) the set of 7 € Z such that the (Z.21)) holds. Moreover (reasoning as in (2.18)),
since a € N, . we have that

so+p’
~ . m
a5, )1 < &)™ laln.

()=, Vj¢ezt. (2.22)
To estimate the remainder in (2.14) we reason as in (2.20). By (2.21)) and setting p = s — s¢ we have

€3 _ -
Rl 5 S0P = x) (20 ) e = 0 S5 Dt

fEZd ’f+77| 2
222 o —VPE £ ) ~ 2\ 2
SYem(x © <§”_> <fp+5?> R m)*) lalien (2.23)
gezd neA(&) g
~ 1
SROROESY m\amggﬂ S Inlpelafen
nezd cezad "

which is the 2.13).

(7v) This item follows by reasoning exactly as in the proof of item (¢ii) and recalling that, by the definition
of Ay in (2.16), one has that az (z, ) = 0 for any |£| > 3R. O

Remark 2.2. The estimate (2.13) is not optimal. By following the more sophisticated proof by Metivier in
(18] one could obtain the better bound with |a|nm instead of |al N on the right hand side. We preferred to
keep things simpler.

Remark 2.3. Irem (iii) of Lemma shows that the definition in (2.8)) does not depend (up to smoothing
remainders) on the parameter € appearing in the cut-off function.

Proposition 2.4. (Composition). Fix sy > d/2 and my, my € R. Then the following holds.
(i) Fora € N\ y and b € N3, we have (recall .11)), (2.12))
1 1
TooTy="Tu + ET{a,b} - éTa(a,b) + R(a,b), (2.24)
where R(a,b) is a remainder satisfying, for any s € R,
| R(a,b)h|| gs—mi-mots S ”h”H5|a|NS’81+4|b|N§gi4 . (2.25)
Moreover, if a,b € HPT50(T?; C) are functions (independent of ¢ € R") then, Vs € R,
I(TaTy — Tap)hllrs+e S 0l s llall zroeso 0]l oo - (2.26)
(7i) Let a,b as in item (i) and, for R > 0, define ag(x,§) := Ar(§)a(z, €), br(z,&) = Xr(&)b(z, §) where
X (&) is defined in 2.16)). Assume that my + mg — 2 < 0. Then
1 1
TaR o Tbn - aRbR + ET{aa,bR} - gTO'((lR,bR) + R(G’R) bR) 9 (227)
where R(ag, bg) is a remainder satisfying

-1
HR(aR,bR>h”Hsfm17m2+2 S R Hh”HS‘a|N;;3.4|b‘N;gi4 . (228)

Proof. We start by proving the (2.26). For £, 0,1 € Z% we define

_ 1€ — 0 10 — 1| . € —n
7’1(579777) = Xe(‘§+0|)Xe<‘9+m) , 7”2(5”7) = X€<’§+T7|> . (2.29)
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Recalling (2.8) and that a, b are functions we have
Roh = (TaTb — Tab)h,
NN _3d ~
(Roh)(€) = (2m) 72 D" (11 —12)(&,0,m)@(& — 0)b(0 — n)h(n).
1,0€Z4

Let us define the sets
= {0 ez : (n—r)(&.0.m) =0},
0 € — e 60— €
ST e <10 el = 1)
0] S leul 8 ol Sy

>77 jl ) -
§+00 = 57 |&+n— 5 |0+n — 5

—{Eomez

—{omer
We note that
DD>DAUB = D°CA°NB°.
If (£,0,n) € D€ it can happen (for instance) that

€01 5e [€—ml _5e |0—nl
|€+9!_4 \€+n\‘4 !9+77!_4

We now study this case. The indexes satisfying ([2.34) verify
O sm o (SE+HO+(E-0)SE-0).

d * . . .
For fixed { € Z¢ we denote -, the sum over indexes such that (2.34) is satisfied. Then we get

[Boh ey < 3 (S [l — O)B6 — ) ) l()*)

€ez n0
Therefore, using (2.34), (2.35), we deduce (using the Cauchy-Swartz inequality)
[ RohllFs 40 < Z [R2(€)% D (€ = ) A@(E — 0)2(0 — m) > [b(6 — )

0,n

S HhHHS||a”H50+ﬂ||b||HSO :

(2.30)

(2.31)

(2.32)

(2.33)

(2.34)

(2.35)

This implies the (2.26)) in the case (2.34). All the other possibilities when (£, 0,7) € D¢ C A° N B¢ can be

studied in the same way. Let us check the (2.23). We first prove that

1
TuoTy=Tup+ 5 Tiasy + R(@8), IR D)l —izes S [llrslal s, [byma
First of all we note that
— B 1 S S Ay PR /N
(TuTyh)(€) = ( m)wn%dn@,e,mu(s 0,25—=)b(0 —n, —=)h(n),
Tah)(€) = (s 3 r&male — 0. 55 b0 - S ko),
n,0€Z4
L EE1) G S
5 (Tlanyh)(€) = 2( m)gd QEE:def?? (0ea) (€ — 0,221 - (0,6) (6 =, >=TY(n)
n,
1 — — ~
- W Z 7“2(5#7)(@&)(6 -0, 6%) : (8£b)(‘9 -1, %)h(n)

n,0€Z4

(2.36)

2.37)

(2.38)

(2.39)
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In the formule above we used the notation 0, = (0,,...,0s,), similarly for 0c. We remark that we
can substitute the cut-off function r9 in (2.38)), with 71 up to smoothing remainders. This follows
because one can treat the cut-off function r1 (£, 0,1) —r2(£, ) as done in the proof of (2.26). Write { +6 =
&+ n+ (6 — n). By Taylor expanding the symbols at £ + 7, we have

~ 0 . 0 —
i 0.5 —ae 0.5 L Gaae 0. 41 0 (2.40)
1Lt — + 0 —
*4;1/0 (1 - 0)@ga) (€ — 0. 55 4 "2 (0~ ) (01— mi)do
Similarly one obtains
> O+ny_+ £+n E+ny 0-¢
b(0 =, —5—=) =b(0 =n,>5=) + (O) (0 —n,>5—) - —= (2.41)
14 — + 6 —
33 | 0= )@eeh 6 =0 57 + 05550 - )0 - 6o
By (2.40), (2.41)) we deduce that
1 6
T.Tyh = Tuph — Tiapyh = D Rph.,
: p=1 (2.42)
(Rph)(f) = (\/%)3(1 Z 7‘1(5»9,77)912(579a77)h(77)7

n,0€Z4

where the symbols g; are defined as

Z/ (1 = 0)(Orya,a Do) (€ — 0, €4”7)(8% b)(0 — §+n+aB)da, (2.43)

2 2
7,k=1
+ 0—n, —— +
Z/ (1 0)(Dere,a) (€ — 65 n 4 T")(awjb)(e n,£2n)da, (2.44)
7,k=1
d
1 — + — +
g5 1=7 Y (Os,05.0) (6 — 0, : ) (92, 06,0) (6 n’§2n), (2.45)
g k=1
d 1
— + 9_
Z/ zkgc]gp a)(§ - 95 )(8$pgkgjb)(9—n,—£2n+o—2 5)dcf, (2.46)
jkp 170
d 1
_ 1 + 0— —— +
F Y [ - @m0+ 0 ) O (0 - 0. S o, 4D
J’%P_ 0
+ 0 —
Z // 1~ 01)(1 — 02) (O ey )(g—e,fT”mlT”),
J, ,0,q=1
— 9 —
X (8£p£q$jzkb) (9 -, 5 0 + o9 5)d(‘/’ldO'Q . (2.48)

2 2
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We prove the estimate (2.23) on each term of the sum in (2.42). First of all we note that r1(&,60,n) # 0
implies that

£—0] _38 10 —n . d
E{‘£+9|— }ﬂ{|9+77| }—'B(§)a e Z”. (2.49)
Moreover we note that
0,m) eBE&) = <101, 10/l Inl < IE]- (2.50)

We now study the term R3h in (2.42)) depending on g3(&, 0, 7) in (2.45)). We need to bound from above, for
any j,k = 1,...,d, the H*~"™~m2%2_Sobolev norm (see (2.49)) of a term like

Fu© = Y (@ dea)(E—0. 55000000 —n. ST i)
(0,m€eB(E)

= Y Gale—n St i,

nezd

2.51)

where we have defined

C;,\k(p7 C) = Z (8@a) (p - e? C) (89U/k-8?gb) (67 C) 1C(p,§) ) p7< € Zda
Lezd

— d . lp — /| ° d . Aggjélggg, §
Clp.¢):={te TRV }ﬂ{z 2 e S5

and 1¢(p ¢) is the characteristic function of the set C(p, (). Reasoning as in (2.50), we can deduce that for
¢ € C(p, () one has

1
|2¢1 S 512¢ + 2l (2.52)
Indeed ¢ € C(p, () implies (8,7n) € B(&) by setting
2 =20+p, 20=2+2—-p, W=2—p. (2.53)

Hence the (2.52) follows by (2.50) by observing that 2¢ = £ + 7. Using thata € N} 4, b € N, and
reasoning as in (2.18) we deduce

|Gk, QO S Q)™ ™22 (p) ™ Plalyma, [blyma (2.54)

so+2
By 2.51), 2.50), 2.3), we get

~ 2
155 < St (X iG-S hmn))
£ezd nezd
€33.632.e53) 1
S |a’Nm1 ’b|Nm2 Z ’h )28 Z W

nez? gez?
< ||h 2 s|A 2 m b 2 m
S InlBlal s 0B,
Since the estimate above holds for any j, k = 1,...,d, we deduce the (2.36) for the remainder R3h in

(2.42). By reasoning in the same way one can show that the remainders depending on g1, g2 in (2.43)), (2.44)
satisfies the bound in (2.36) and that the remainders R,h with p = 4,5, 6, satisfy the (2.25). In order to
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obtain the expansion (2.24) one can simply note that (see (2.43))

d

o :é Z ey ) (€~ 0, 521 B 0) (0 -, 5 2) (2.55)
_— 9_
- Q Z / xkﬂc a)(£ 0, §+n)(afk§j§pb)(9_n’§—gn to 9 g)U(QP—fp)dO'
Jk,p 1

for some o’ € [0, 1]. Expanding similarly the term g2 in (2:44) and recalling the formula (2.12)) one gets the
(2:24). The estimate for the operator associated to the second summand in (2.33) follows by reasoning as
done for (2.46)-(2.48)). This concludes the proof of item (7). Item (7¢) follows by reasoning as before on the
symbols ag, bg. Notice that the remainder R(ag, bg) (see (2.23)) maps H® to H5~™1~ m2+3 - Actually using
that that ag = by = 0 if || < 3R one gets the (2.28). O

Lemma 2.5. (Paraproduct). Fix sy > d/2 and let f,g € H*(T;C) for s > so. Then

fg=Trg+Tyf +R(f.9), (2.56)
where
(f.9) (1 + min(fo], [w]))”
R = Gy 2o a6 =mOFE=magl).  lalv,w)| § (rieem s @57
nezd ’
forany p > 0. For 0 < p < s — sg one has
IR(S D arse S N s llgll s - (2.58)
Proof. Notice that
(F9)(©&) = Y F(e~mgn). (2.59)
nezd
Consider the cut-off function y. defined in (2.7) and define a new cut-off function © : R — [0, 1] as
(Y () v -
Xe ( ) + Xe ) +0O(&n). (2.60)
Recalling (2.59) and (2-8)) we define
(Tr9)(€) == C=M\ 2 ). ToE) = M\ e s
(Trg)(€) == Y xe FE&=mam) ., (TH©) = > x|+ ) FE&—man), @61)
> X\ ) RN
neL
and
=R(f,9),  R©:= ) OENTE ). (2.62)
nezd
By the definition of the cut-off function ©(&, ) we deduce that, if ©(£,7) # 0 we must have
5 5
(—m= ") and ()= E—m )~ E-). (2.63)
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This implies that, setting a(§ — n,n) = ©(§,n), we get the (2.57). The (2.63) also implies that (§) <
max{(£ —n), (n) }. Then we have

IRMZeer < 30 (20 |a<f—n,n>||f<5—n>r|§<n>|<§>s+p)2

EEZd nezd

Z( > e aifie=ali )’

cezd —n)>(n)

3 ( Z (€~ m)elFiE —mligenlin?)

gezd {E—n)<(n)
< D et g e — n)®(F(E — )

& e
+ 3 ) [Em) P — )20t fg — )
nGZd
trollal Freovn + 1 F 5o 9117
which implies the (2.58) for sg + p < s. O

2.2. Real-to-real, Self-adjoint operators. In this section we analyze some algebraic properties of para-
differential operators. Let us consider a linear operator

+ —
M} My
M* M-

M = (M )y greqay = (

for some p € R. We have the following definition.

> . HPP(T4;C?) — H*(T4; C?) (2.64)

Definition 2.6. (Real-to-real maps). Consider a linear operator A : H*+?(T%;C) — H?*(T¢; C) for some
p € R. We associate the linear operator A|] defined by the relation

A[v] == A[v], Vv e HP(T4C). (2.65)
We say that a matrix M of operators acting in C? of the form (2.64)) is real-to-real, if it has the form
M= (M7, preqeys M7 = M7 (2.66)

where M2 are defined as in (2.63).

Remark 2.7. Let § a matrix of operators as in (2.64). If § is real-to-real (according to Def. [2.6) then it
preserves the subspace U defined as

U:={(u"u)e L*(T%C) x L*(T%C) : u*t =u}. (2.67)
In particular it has the form (see (2.63)), (2.66))
A B
. (B A) ' (2.68)

We consider the scalar product on L?(T%; C?) N U (see 2.67)) given by
(U, V)2 ::/ U-Vdz, U=1[3], v=1[2¢]. (2.69)
Td
We denote by §* its adjoint with respect to the scalar product (2.69)

(FU V)2 = (U, V)2, YU VeIl (THCH)NU, § = @* i*> :
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where A* and B* are respectively the adjoints of the operators A and B with respect to the complex scalar
product on L2(T%; C) in 2.5).

Definition 2.8. (Self-adjointness). An operator § of the form (2.68) is self-adjoint if and only if

A*=A, B=DB*. (2.70)

Remark 2.9. Let us consider a symbol a(x,§) of order m and set A := T,. Then one can check the
following:

A= AR, = A=Ti, (€)= alz,—£); @.71)

(Ajdoint) (Ah,v)r2 =: (h,A*v)2, = A" =1T5. (2.72)

If the symbol a is real valued then the operator T, is self-adjoint with respect to the scalar product in ([2.3).

Remark 2.10. (Matrices of symbols). Consider two symbols a1, as € N!™ and the matrix

ai(z,§)  axx,§) ) ' (2.73)

A=Az, §) = (ag(aﬁ, =& ai(x, =€)

Define the operator (recall (2.9))
BW O0pPW(a1(2,€))  Op"W(aa(2,€))
M :=Op~" (A(z,€)) == BW/ T 7T & BW/, T 7o ) |
Op (CLQ(I’, _g)) Op (a‘l (l’, _5))
Recalling (2.71), (2.72)), one can note that M is real-to-real. Moreover M is self-adjoint if and only if
ai (ZL‘, é-) = ax (l’, 6) ) a2(x7 _5) = GQ(ZE’, g) . (274)

2.3. Non-homogeneous symbols. In this section we study some properties of symbols depending nonlin-
early on some function u € H*(T?; C). We recall classical tame estimates for composition of functions (see
for instance [20], [22], [23]). A function f : T¢ x B — C, where Bg := {y € R™ : |y| < R}, R > 0,
induces the composition operator (Nemytskii)

f(uw) := f(x,u(x), Du(z),..., DPu(z)), (2.75)

where DFu(x) denotes the derivatives 92 of order |a| = k (the number m of y-variables depends on p, d).

Lemma 2.11. (Lipschitz estimates). Fix v > 0 and assume that f € C>®°(T? x Bg;R). Then, for any
w € H'P with ||ul|wr. < R, one has

1F @)l < Cllfller (4 llull gen) s (2.76)
1w+ 1) = F)llzs < Cllfllowes (IRl vew + [ Bllwoeolluall ) 2.77)
1 (w+R) = f(u) = (duf) ()R] 12 <

Cllfllcr2llBllwese (1all e + [[Bllweoe ull ga+2) (2.78)

for any h € HV*P with |hlwr. < R/2 and where C' > 0 is a constant depending on ~ and the norm
[[ullwr.oo.

Now consider a real valued C*° function F'(u, Vu) as in (I.2)). Assume that F’ has a zero of order at least
3 in the origin. Consider a symbol f(¢), independent of 2 € T%, such that | f[ym < C < +o0, for some
constant C'. Let us define the symbol

a(z,§) := (8ZQZ£F)(U, Vu)f(§), zj:=0; u zk = aﬁ (2.79)

for some j,k =1,...,d,a,8 € {0,1} and 0,0’ € {+} where we used the notation u* = v and u™ = .
We have the following.
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Lemma 2.12. Fix so > d/2. For u € Br(H**50+1(T%; C)), we have
lalnm S Cllull gssort (2.80)

where C > 0 is some constant depending on ||u|| gs+so+1 and bounded from above when u goes to zero.
Moreover, for any h € H* 0L the map h — (9ya)(u; x, &)h extends as a linear form on HT*0+! and
satisfies

(GQua)hlng S Cllhl gsssoi|[ull gorsosr (2.81)
for some constant C > 0 as above. The same holds for Oga.
Proof. Tt follows by Lemma 2.11|applied on the function (8_, s F) (u, Vu) f(£), see 2.79). O
7 %k

3. PARALINEARIZATION OF NLS
Consider the nonlinearity P(u) in (I.Z). We have the following.

Lemma 3.1. Fix so > d/2and 0 < p < s — sg, s > so. Consider u € H*(T% C). Then we have that

P(u) = Tauﬂp[u] + TaﬂﬂF[ﬂ] 3.1
d d
+ 3 (T, plta,) + Tooorl7)) = 2 00, (T ple + Togrl@l)  32)
J ] . J
_ Z 835] Z ( %Buz F urk] + T%uTkF[@]> + R(u) , (3.3)
=1 k=1

where R(u) is a remainder satisfying
IR(w) || gs+e S Cllulls (3.4)
for some constant C' > 0 depending on ||ul| s bounded as u goes to 0.

Proof. The (3.1)-(3.3) follows by the Bony paralinearization formula, see Lemma [2.5] (see also [18]], [23])).
O

We now rewrite the equation (I.1)) as a paradifferential system. Let us introduce the symbols

d
a?(xag) = GQ(U;m,é.) = (%uljF)éjgka
j.k=1
d
ba(,€) = ba(Us2,€) i= Y (O ) (3.5)
j.k=1

. d
ar(,€) = a1Ui2.) = 5 Y (O, F) = Ou; ))&

where F' = F(u, Vu) in (I.3).
Lemma 3.2. One has that
ax(z,€) = az(,€),  ai(z,€) = ar(2,€), ai(z,—€) = ~a1(2,€), az(z,~€) = ax(z,€), (3.6)
|ag|nz + [b2|nz + lar|ny S Cllullgovsor s Vp4so <s, (3.7)
for some constant C' > 0 depending on ||u|| ggp+so+1 bounded as u goes to 0.

Proof. The (3.6) follows by direct inspection using (3.5). The (3.7) follows by Lemma[2.12] O
The following holds true.
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Proposition 3.3. (Paralinearization of NLS). We have that the equation (1.1)) is equivalent to the following
system (recall 2.9)):

U =1EOp"W (|¢]1 + Az(x,€) + A1(z,£))U + R(U)[U], (3.8)
where
U:=[3], E=[5%], 1=[§9],
the matrices Ag(x,&) = As(U;x,€), A1(x, &) = A1(U; x, &) have the form
GQ(ZIZ’,&) bQ(xv‘S) al(.’IJ,§) 0
A = A = - 3.9
2(1"’5) (bQ(LU, _5) ag(l‘,f)) ’ 1($7£) ( 0 a1 (.’E, _é.)) ( )

and ay, ay, by are the symbol in (3.5). The remainder R(U) is a 2 X 2 matrix of operators (see (2.64)) which
is real-to-real, i.e. satisfies (2.66). Moreover, for any s > d + 3, it satisfies the estimates

IRVl = S CIUIIEs (3.10)

for some constant C' > 0 depending on ||u| g+ bounded as u goes to 0. Finally the operators Op®W (A;(x, €))
are self-adjoint (see [2.70)).
Proof. We start by noting that

0o, = 0p"V(i&), j=1,...d, (3.11)

and that the quantization of the multiplication operator by a function a(z) is given by Op®W (a(z)). We
also remark that the symbols appearing in (3.1)), (3.2) and (3.3) can be estimated (in the norm | - |ym) by
using Lemma[3.2] Consider now the first para-differential term in (3.3). We have, for any j,k = 1,...,d,

00, T, P00 = OV (&) 0 OpP™ (O
5 Guxy J

Uz,

F) o Op"WV(i&)u.

By applying Proposition [2.4] and recalling the Poisson brackets in (2.1T)), we deduce

Op"V (i&;)00p" (95, F) 0 OpPW (i) = Op" ( = €i610uz 0., F) (3.12)
i i

+ O™ (58602, (05 0, F) = 2000 (O 0, F)) (3.13)

+ RV (u) + R (), (3.14)

where ﬁﬁlk) (u) == OpPW (= 10,,0s, (O 0, F)) and ﬁg? (u) is some bounded operator. More precisely,
using (2:23)), (2.13) and the estimates given by Lemma[2.12} we have, ¥ h € H*(T%; C),

IR s < Clbllasllullms, IR @hllme < Cllalas 1l grzsos (3.15)

for some constant C' > 0 depending on ||u|| 7 bounded as u goes to 0, with sg > d/2. We set
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Then

d d
_ BW ) /o)
_ ;1 Or, Ton5,,, w0, = Op™™ ( ;1 §&k0=0,,, F ) + R(w)
Jik= Jik=

( Zd: < §jOz,, aﬁau )+§k8wj(8wja“‘”kF))>

Jik=1

I

W(as(,€)) + R(u) + OpBW(EdI( &0 (0500, F) ~ (G0, F)) )

k=1
= 0p"V(az(x,€)) + R(u)
where we used the symmetry of the matrix d,, ¢, F' (recall F' is real). By performing similar explicit
computations on the other summands in (3.1)-(3.3) we get the (3.8), (3.9) with symbols in (3.5). O
4. BASIC ENERGY ESTIMATES
Fix so > d/2, s > 2s9+ 7, T > 0, and consider a function u such that

u € L®([0,T); H*(T% C)) N Lip([0, T); H*~%(T¢; C)), sup ||u(t)]| gzso+r < T, 4.1)
tel0,T)

for some r > 0. Let U := [#] € U (recall (2:67)). Consider the system
V =1EOp™Y (|61 + Az(x,€) + Ar(2,9))V
V(0) =V :=U(0),

where A;, i = 1,2, are the matrices of symbols given by Proposition[3.3] We shall provide a priori energy
estimates for the equation (4.2).

4.2)

Theorem 4.1. (Energy estimates). Assume (@.1). Then for s > 2sy + 7 the following holds. If a function
V= [%} € U solves the problem (4.2)) then one has

t
(@)1 < 0(0)]1F +/ Cllu(o)|lm:|[v(0)|}do,  for almost everyt € [0,T),  (4.3)
0
for some C > 0 depending on ||u|| s, ||Osu|| grs—2 and bounded from above as ||ul| s goes to zero.

The proof of the Theorem above require some preliminary results which will be proved in the following
subsections.

4.1. Block-diagonalization. The aim of this section is to block-diagonalize system (3.8]) up to bounded
remainders. This will be achieved into two steps. In the following, for simplicity, sometimes we omit the
dependence on (z, £) from the symbols.

4.1.1. Block-diagonalization at highest order. Consider the matrix of symbols

A A a x, Z T,
E(L+ Ay(w,€)),  Ax(w,€) = [¢[*As(w,€) = (5?(% ~2(( 2)
2T, — as(x,

i

(4.4)
o (x,€) = [¢| 2as(x, ), ba(x,€) = [€] 2ba(2,€),

where as(z, &) and by(x, &) are defined in (3.5). Note that the symbols above are well defined since we
restricted ourself to the case |£| > 1/2. Define

A2 (&) := \/(1 —i—ag(l‘,f))Q - ‘52(x7§)|27 a;(x,&) = Aa(2,§) — 1. (4.5)
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The matrix of the normalized eigenvectors associated to the eigenvalues of E(1 + A, (x,€)) is
Sl(xvé-) 52(3375) — Sl(x)g) 752(1’76)
S(I‘,f) =N ) S l(xug) = N ’
32(1‘,5) 81($7§) —82($,§) 81(1‘,5)
o 1+az + A2 o —by (4.6)
1-= — ) 52 = — ’
\/2>\2(1+02+)\2> \/2)\2(1+(12+)\2)
SiR ‘= si,R($7§) = Sl(xag)XR(g) , 1=1,2,
where A is defined in (2.16). Let us also define the symbols (recall 2.11)), (2.12))
StA@.6)  sha(e,6)
Sgg(% —£) 581%(957 —¢) 4.7)

1 ({sor 52} (@,8)  {s1r,528}(2,€) N
i <{sl,a,m}<x,—f> {sg,R,mm,—g)) S, AR,

S

Sl(x,f) =

and

1 1 1

g1a(@.€) = L {sins1a) — 5 {shp. 520} — 5o (528, 52)

1, qa 1, qa
927}1(15, 5) = _i{sg,f){a S?,R} - 5{527}){7 Sl,R} )

(2) (2)

sip(®,§)  syp(,€) L g1r(z,8)  g2r(z,)

3;?1%(1'7 —g) 3(1?1%(,%, —{) gQ,R(x7 _f) gl,R(x7 _§>
We have the following lemma.

Lemma 4.2. We have that the symbols a3 in @3), Ga, by in @A), s1, 55 in @B), g1.5, go.n in @8) are even
in the variable ¢ € RY, while the symbols in the matrix @) are odd in ¢ € R%. Let sq > d/2. One has

(4.8)

SQ(‘Tvg) = > S(x7§)XR(£)a

@ Lo + [d2lno + [Balao + [s11np + [s2lag S Crllull oo, pH+s0+1 <5, 4.9)
[{s2r, s1R} a1 + Hs2m 528} vt + 190l y2 S Collullgresors, p+so+3<s, (4.10)

fori = 1,2, and for some Cy depending on ||u|| gp+so+1 and Co depending on ||u|| gp+so+3, both bounded
as u goes to zero.

Proof. The symbols are even in £ by direct inspection using (4.4)), (4.6) and (3.6). The symbols in are
odd in ¢ by the same reasoning. Estimates (@.9), follow by Lemma [3.2] since the symbols s, 2 are
regular functions of as, be (recall also the (2.10)). O

By a direct computation one can check that

SN2, OB+ A(w,€)S(2,8) = [ 2§ 0 o],  si-lsalP=1. (.11

Moreover the matrices of symbols S, S~1 in (@.6) and S; in (#.7) have the form (2.73), i.e. they are real-to-
real. We shall study how the system (3.8) transforms under the maps

® = (u)[] := Op"™ (X(€)S™(2,€)),
U = U(u)[] == Op®Y (AR (€)S(,€) + Si(,€) + Sa(w,€)).

Lemma 4.3. Assume the 1) For any s € R the following holds:
(i) there exists a constant C depending on s and on ||u|| j2so+3, bounded as u goes to zero, such that

1@ () Vlzs + 1 (Vs < VIE:(1+Clullgzors), YV € H(T4C); (4.13)

4.12)
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(i1) one has U (u)[®(u)[-]] = 1 + Q(u)[] where Q is a real-to-real remainder of the form (2.64) satis-
fying
1Q)V | rs+s S CIV |z lull s+, (4.14)
1RVl S CRTHIV s [l gr2s0+ (4.15)
for some C > 0 depending on ||u|| y2s0+7 and bounded as u goes to zero;
(ii2) for R > 0 large enough with respect to x > 0 in @) the map 1 + Q(u) is invertible and (1 +

Q)™ =1 + Q(u) with

IQu)V || s+ S CRTHV [l s ul| oo+ (4.16)
for some C' > 0 as in item (i7). Moreover ®~1(u) := (1 + Q(u)) ¥ (u) satisfies
1o~ @)Vl < |VIlas(1+ Cllull gzeotr) . YV € H(T%C), 4.17)

for some C > 0 depending on ||ul| y2s0+7 and bounded as u goes to zero;
(iv) for almost any t € [0,T), one has 0,®(u)[-] = Op®WV (0,8~ (x,&)) and

10:S~ (@, )lnve, < Cllullyzsors s 0@V |gs < CIV sl gacosa (4.18)
for some C > 0 depending on ||ul| y2s0+3 bounded as as u goes to zero;

Proof. (i) The bound (@.13) follows by (2.13) and (.9), @.10).

(i7) By applying Proposition [2.4] to the maps in (4.12), using the expansion (2.24)) and the (@.7), (&.8) we
have U (u)[®(u)[-]] = 1+ Q(u). The remainder Q(u) satisfies @.14), (@.13) by estimates (2.25), (2.28) and
@9, @.10)

(i41) This item follows by using Neumann series, the second condition in (1), the bound (@.13) and taking
R large enough to obtain the smallness condition [|Q(u)V || gs+2 < 1/2||V||gs. The @I7) follows by

composition using #.16) and @.13).

(iv) We note that

Ors1(,€) = (Ous1) (s @, €)[a] + (Dgs1) (us 2, €)[u] -
By hypothesis (#.I) we have that @ and u belong to H*~2(T¢%; C). Moreover, recalling #.6) and #34),
we can express 0;s1(z, €) in terms of derivatives of the symbols as(x, &), be(z,€) in (3.3). Therefore, by
applying Lemma [2.12] (see estimate (2.81)), we deduce

Bust (. )lwg, < lullsaeosa.

Reasoning similarly one can prove a similar bound for the symbol so. This implies the first in (@.18). The
second one follows by (2.13). O

We are ready to prove the following conjugation result.

Proposition 4.4. (Block-diagonalization). Assume @.1)), consider the system (d.2) and set

7 = ®u)[V]. (4.19)
Then we have .
Z =iEOpBW (|§y211 + AW (2, 6) + AV (2, g)) Z +RUV (4.20)
where (recall {4.5))
(1)
AW _ [as (@,8) 0 (1) _ et
2 (%,€) ( 0 D)) (2,€) = [¢|"ay (z,§)
(1) B
AD () (c(tll) (,9) v () ) e eR, =12, (4.21)
bl x, _g) al x, _5)
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and the symbols aél), agl), bgl) satisfy
a5 |wz S Cillull e, pFso+1<s, (422)
|y + 16 s S Cullullpreors, p+s0+3 <5, (4.23)

for some Cy,Cy > 0 depending respectively on |[ul| gp+so+1 and ||u|| go+so+3, bounded as u goes to zero.
The remainder 'R is real-to-real and satisfies, for any s > 2sq9 + 7, the estimate

IRV s < CIV las lull a2 (4.24)
for some C > 0 depending on ||ul|| s, bounded as u goes to zero.
Proof. By @.2), @19) we have
Z = ®u)iBOp®W (|€]*1 + Az (x,€) + A1 (2,8))V + (0:@(u))V . (4.25)

By item (4i7) of Lemma@ we can write V = &1 (u)Z = (1 + Q(u))¥(u)Z with Q(u) satisfying [#.16).
Using this in (4.23)) (recall (2.16)) we get

7 = 2REOP™ ((©) (671 + As(w, &) + A1(5, ) ¥ Z + i)V, (4.26)

where
Qu(u) i= @REOPPY (1 = %(€) (€1 + Ax(2,€) + A1(2,)) ) + (9r(w))
+ D(iBOP™ (Xa(€) (€1 + Ax(w,€) + A1 (2,€)) ) Qw) ¥ (w)D(u)

By using @.13), @.14), @.16), 2.13) 2.17), the (2.80) on the symbols as, b2, a1, and item (iv) of Lemma
4.3l we deduce

4.27)

lQu@)Vllas S CRAVlaslullas ;5> 250 +7, (4.28)
for some constant C' > 0 depending on ||u|| 77+, bounded as u goes to zero. We now study the term of order
one in (4.26)). Recalling (#.12)) we have

O(w)iEOp°Y (A Ai(x,€)) ¥ (u) = OpPW (XS~ IEOP™Y (Xa A1) Op”Y (ArS) + Qa(u),  (4.29)
where
Qo(u) := ®(uw)iEOPPWV (AR A1) OpPWV(S) + Ss).

Using Lemmata [3.2] [4.2] 2.1] (recall that Sy, S in (4.7), (.8) are matrices of symbols of order < —1) one
gets

1Q2(w)V ||zs S ClIV || ms[[wll 2505 (4.30)
for some constant C' > 0 depending on ||| z2s+3, bounded as u goes to zero. We define
CLLR(l’, f) = XR(&)ai(xv 5) ) L= 17 27 (431)
with as(z, €), a1 (z, €) in (3-3). Recalling Lemma[3.2] (2.9) and (#.6) we have

OPPY (XS~ HOPPY (1EXn A1) OpPY (XaS) = iE <Cl C2>

Gy Gy
C1 =T, Toy 1 Torn — TonTonnTozws O = Tsy 1 Tuy 1 Tosn — ToynTur o T

S1,R S1,R S2.R S2.R S1,R S2R S2rt a1 Rt S1R "

(4.32)

By using Proposition [2.4] and the second condition in (#.T1)) we get (see the expansion (2.24))
Cr=To,+Q3(u),  Co=Quu)
where Q;(u), ¢ = 3,4 are remainders satisfying, using Lemmata
1Qi(w)V[ms < ClIV || a5 l[ull gr2so+s (4.33)
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for some constant C' > 0 depending on ||| ;2s0+5, bounded as u goes to zero. Let us study the term of
order two in (.26). By an explicit computation, using Proposition 2.4 and Lemma[4.2] we have

BB (A(€) (€1 + Ax(s,9))¥w) = iE (L 52

+0p™ (ST (e + 42)51)) + Qs (w)

(4.34)

where

1Qs W)V [|zzs S CIV s [full 2507 (4.35)
for some C' > 0 depending on ||| ;2s0+7, bounded as u goes to zero, and where, recalling Lemma 229)
and (@.6), (#31),

By = TSl,RTXR|£|2+a2,RTsl,R + TSI,RTbQ,RTm + TS?,RTme + T32,RTXR|§\2+G2,RTm’

By =Ty 1 Taglel2+asaTson T TsiaThonTorn + Tsz,nTaTm + Loy g T2 +azn Lo n - (4.36)
We study each term separately. By using Proposition 2.4 we get (see the expansion (2.24))
By =T, + Te, + Qg(u) (4.37)
where
1Q6(w)hll s < CllR| s |l graso+s (4.38)
for some constant C' > 0 depending on ||| 2s+5, bounded as u goes to zero, and
ea(a,§) 1= (16 + a2) (53 + [s2?) + bos153 + Basisa ) K (€).
(2,) = o1 (ARIEP + arp)sia) + 2R (GIEP +arg, 510} .
+ %{51,11, barS2R} + %{52,3,%} + %{Sz,n,msl,r{} ( :
+ %{E, S1p} + %{82,11, (XR|£|2 + asR)S2R} + Sg’iR{XR|f|2 + agr,S2R} -
By expanding the Poisson brackets (see (2.11))) we get that
o) =of), a@=a@g), al@-§=-a@g. (4.40)
Moreover, by (.9), (2.10) and Lemma[2.12on as, bs, we have
le1lnn S Cllull go+sore (4.41)

for some C' depending on ||| gp+so+2, bounded as u goes to zero. Reasoning similarly we deduce (see

@36))

B = Td2 + le + Q7(u) 4.42)
where
1Q7(w)hll s < Clibllers[ull 2e+s , (4.43)
for some C depending on ||| 2s0+5, bounded as u goes to zero, and

da(2,€) = ((IE[2 + az)s1ss + bas? +Das3 ) A3(E)

S1,
21R {XR[€]* + azp, s}

1
di(z,§) := 5{81,17” (XR|§|2 +agR)sa2n} +

S1a (4.44)

21
S9OR 1 52
+ 27?{52,37 sop} + 5{82,11, (XR|€)? + agr)sia} + 27’:{%\15\2 + agr, SiR}-

1 1 _
+ 5{813, barsip} + ——{b2r,S1r} + 5{82,11, borsor}
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By expanding the Poisson brackets (see (2.11))) we get that
di(z,£) =0. (4.45)
We now study the second summand in the right hand side of (4.34) by computing explicitly the matrix of

symbols of order 1. Using (.6), @.7), @.11) we get

X STIE(EP*1 + Az(x,€))S1 = XE (

ri(x, &)  re(x,§)
r2($, _é) 7“1(1'7_5) 7

where
ri(@,€) = 622 fin(st + |s2?) + Re(fonsis )] (4.46)
ro(z,€) = [€]* A [2f1,R3152 + forsis1 + fT,RSQSQ] : (4.47)
We remark that (recall Lemma [4.2))
n(z, =n&, n—-8=-n8, r-E=-r(7)), (4.48)
and, using (#.9) and (@.10), we can note
\7"1‘\/\/1} S Cllullge+so+s, p+so+3<s, i=1,2, (4.49)

for some C' > 0 depending on ||u|| gzp+so+3, bounded as u goes to zero. By the discussion above we deduce
that

(1)
B2 + @38 — ipoppW [ 28 BN gy e RGN ACON R
* Hop (dm, 8 @) bgU(x, 6 o —g) TV
where (see (@#.39), (4.46), @.47))
a(l)($ &) =a1(x,8) + c1(z, &) + r1(x,€), b(l)(x €)= rél)(az €). 4.51)

up to a remainder satisfying (.24)) (see (4.28), (4.30), @.33), @.33), (4.38), (.43)). The symbols a1 (s £ )

and bg )( , &) satisfy the parity conditions (@.21)) by (4.40), (4.48)), and the estimates (@.23) by Lemma
and estimates (4.41)) and (4.49). By (.39)), (#.44)) we observe that

62(‘%‘75) dg(ﬁ,f)
_d2($7 _g) _CQ(xvé.)
Therefore the (#.50), (@.52)) implies the (#.20). This concludes the proof. O

>=51(3:75)13(11+E2(x,€))5(w,£)|€!2@[AQ(S’ o lleP . @)

4.1.2. Block-diagonalization at order 1. In this section we eliminate the off-diagonal symbol b (:c §)
appearing in (@.20), (.21). In order to do this we consider the symbol

a0
c(x,§) = (a: 5) Xn B(z,§) = 0 o, ¢) 4.53
0.9 = e B (omg Y) e
where aél)( ,€), b(l)(m €) are given by Propos1t10nand X (&) is in (2.16). We set
O (u)[] =1+ 0p"W(B(x,€)),  Wa(u)[]:=1 - Op"W(B(z,€) + B*(x,€)), (4.54)

where 1 := [ §] is the identity matrix. We have the following.

Lemma 4.5. Assume the @1). For any s € R the following holds:
(i) there exists a constant C depending on ||u|| g2so+3, bounded as u goes to zero, such that

1@2()V]|ars + 12wV s < Vgs (14 Clluflgasors) . VV € H; (4.55)
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(73) one has Va(u)[P2(u)[-]] = 1 + Ra(u)[-] where Rz is a real-to-real remainder satisfying
[R2(u)V g+ S ClV ||z [|uell przso+ (4.56)
|Ro(u)V || grs+2 < CR™|V || s ||wll gr2so7 » (4.57)

for some C > 0 depending on ||u|| g2s9+7, bounded as u goes to zero;
(i7i) for R > 0 large enough with respect to r > 0 in @.1) the map 1 + Ra(u) is invertible and (1 +
RQ(U))_l =1+ Ra(u) with

1R () V|| grov2 S CRMV sl 2o 7 (4.58)
for some C' > 0 depending on ||ul| g2so+7, bounded as w goes to zero. Moreover Oy (u) =
(1 + Ra(u))Wa(u) satisfies
125 @)V [a= < |VIlas (1 + Cllull gzeotr) . YV € H(T%C), (4.59)
for some C > 0 depending on ||ul| y2s0+7, bounded as u goes to zero;
(iv) for almost any t € [0,T), one has 0;®2(u)[-] = OpBW (0,C(z,€)) and
00O s S Cllullpss . [002()V o1 S CIV e lullpooss s @60)

for some C > 0 depending on ||u|| g2s9+5, bounded as u goes to zero.

Proof. (i) By #.22)), @#.23) and {#.53) we deduce that

eyt Sp Cllullgossors,  p+so+3<s, 4.61)

for some C' > 0 depending on ||| zp+so+3, bounded as u goes to zero. The bound [@#.353)) follows by [2.13))
and (@.61).

(1) By applying Lemma Proposition using (@.54) and (@.61)), we obtain the #.56). The @.57)
follows by item (iz) of Proposition

(i4i) This item follows by using Neumann series, the (1)), bound (4.57) and taking R large enough to obtain
the smallness condition || Ra(u)h|| gs+2 S 1/2]|V|| s

(iv) This item follows by @.33), using the explicit formule (@.31)), (4.47) and reasoning as in the proof of
item (v) of Lemma.3] O

We are ready to prove the following conjugation result.

Proposition 4.6. (Block-diagonalization at order 1). Assume (d.1)), consider the system (@.20) and set (see

@#19)
W = & (u)[Z]. (4.62)

Then we have
€% + a8 (2, €) + a{(x,€) 0

W =iEOpPW (
0 €12 + al (2, €) + alV (2, —€)

) W+ Ro(U)V  (4.63)

where agl)(x, §), agl)(:c, &) are given in Proposition and the remainder R is real to real and satisfies,
forany s > 2so + 7, the estimate

IRa(U)V lzzs S ClIV | lul < (4.64)

for some C > 0 depending on ||u|| s, bounded as u goes to zero.
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Proof. By (@.20) and (#.62) we have
W = @ (w)iBOp™ (|¢?1 + A (2, €) + AV (2,)) Z + 2()R(U)V + (8@ (u)) Z .

By item (7i7) of Lemmawe can write Z = &, (u)W = (1 + Ry (1)) Wy (u)W with Ry(u) satisfying
#.58). Then we have

W = &y (u)iEOpPW (XR(f) (1621 + AN (2, &) + AV (a, g))) Uy(W)W + G(u)V, (4.65)
where (recall (4.19), (@.62))
Glu) i= @a ()i EOP™ (&) (1¢21 + AL (2,€) + AL (@,€)) ) R () Wa(u)@ (1)
+ (0P (1= A(€) (161 + 4L (2. ) + AV (,9)) ) 2(w)
+ (I)2<U)R<U) + 8t<I>2(u)<I>(u) .

Using Lemmata one can check that G(u) satisfies the bound (#.64). Reasoning similarly, and
recalling (4.54), we have that

D) (1EOP™Y (A(€) AL (2, ) ) Walu) = EOP™Y (Aa(€) A1 (2.€)) + Gr (w)
for some G (u) satisfying (#.64). By Proposition 2.4] we deduce that

2(iEOP™Y (%a(6) (1671 + 45 (2,)) ) Wa(u) =
' 0 d (4.66)
=500 (6Pt + 40w ) + (somg "G 7)) + Gt
where
A, €) = —2e(x, ) (€ + 05" (2, ) A(€) (4.67)
and where G3(u) is some bounded remainder satisfying (4.64). Using (.53) we deduce that
d(,€) + X(€)by (2, €) = 0.
By the discussion above (recall (#.63)) we have obtained the (4.63). O

4.2. Proof of Theorem[d.1} In this section we prove the energy estimate (4.3). We first need some prelim-
inary results.

Lemma 4.7. Assume @.1) and consider the functions W in (4.62). For any s € R one has that
[Wllas ~s Vs - (4.68)

Proof. Recalling @19), [@#-62) we write W = ®5(u)Z = ®2(u)®(u)V. By Lemmata[d.3| 4.5 we also have
V= ®_l(u)¢51(u)W. By estimates (#.13)), (#.33)), (@.17) and (@.59) we have

W lzzs < IVIlas (1 + Cllull gzsos)

IVIias < IWllas (1 + Cllull grzso+r)
for some constant C' depending on ||u/| g2s0+7, bounded as u goes to zero. 0

Our aim is to estimate the norm of V' by using that W solves the problem (.63). Let us define, for R > 0,
L= L&) =€ 40y (0,6),  La(2,€) = (L),
apa(e,€) = X()ay) (2.6),  alp(e.6) = %(©)a)" (2.0),

where agl) (x,€),i=1,2,are given in @.21)), X (&) in (2.16). We now study some properties of the operator
T, defined in (4.69).

(4.69)
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Lemma 4.8. Assume the @.1) and let v € R, v > 0. Then, for R > 0 large enough (with respect to r > 0
in (4.1)), the following holds true.
(2) The symbols L, E§ 7 satisfy
or some C > 0 depending on ||ul| gr2s0+1, bounded as u goes to zero.
J pending H g
(ii) For any s € R and any h € H*(T¢;C), one has
ITehll a2 + | Teghll g2y + (1 Tpv bl even < [2lls (1 + Clluf g2s+1) 4.71)
1Ty Telhl gs—2v S ClIRl g [[ull g2so+s (4.72)
R
for some C > 0 depending on ||u|| 2s,+5, bounded as u goes to zero.
111) One has that T .— T, = 1 + R(u)|-| and, for any s € R and any h € H* ']I‘d;C ,
L7 Lg
R
[R(u)hl g+ S Cllbl mslull gzso+s , (4.73)
|R(w)h| gs+1 < CR_1||h||Hs||uHH230+5 , 4.74)
for some C > 0 depending on ||ul| gr2s0+5, bounded as u goes to zero.
(iv) For R > r sufficiently large, the operator Tﬁg has a left-inverse Tgwl. For any s € R one has
R
1T hllprovr < lRllzs (1 + Cllull 2eoss) , Y h€ HY(TC), (4.75)

for some C > 0 depending on ||ul| gr2s0+5, bounded as u goes to zero.
(v) For almost any t € [0,T) one have

08 w2 S Cllulgrosos (4.76)
Moreover
I(To, el o2 S Clibll s lull grosos , Vb€ H¥(TC), (4.77)

for some C > 0 depending on ||u|| g2s0+3, bounded as u goes to zero.
(vi) The operators Ty, Ty, T are self-adjoint with respect to the L2-scalar product [2.3).

Proof. (i) It follows by (#.22)) and (#.69).
(1) The bound @.71) follows by Lemma [2.1] and #.70). Let us check the #.72)). By Proposition [2.4] we
deduce that (recall formule @.11), 2.12))

[TE};’?TC] = OpBW(%{ﬁgv E}) + R(’LL)

where the remainder R(u) satisfies (see (2.23)) and (@.70))
[R(u)h| ga=2ver S CllRl s l[ull2so+5
for some C' > 0 depending on ||u||2s,+5, bounded as u goes to zero. By an explicit computation, recalling
(@.69) and (2.16), one can check that
_ 1.

{3, L} =1L} 1£ax£x’(|§|) Es1gn(§) : (4.78)
Using the choice of the cut off function x in (2.7) one can note that the symbol in {.78) is different form
zero only if 5/4 < |¢|/R < 8/5. Therefore we get the bound

10p"™ ({£5, L}) Pl o0 S Cllbllmrsull gr2so+2

for some C' > 0 depending on ||u|2s,+2, bounded as u goes to zero. This implies the @.72).
(i74) This item follows by applying Proposition [2.4| and nothing that {£; ", £y} = 0. The bound

follows by (Z.10) (with a ~ Lz 7, b ~ £3), Z:13), @70) and 2:23). The @.74) follows by (2.28) and

nothing that (recalling 216)) |o(L ", L2)|—1 S R™Clul| gaso+3.
50
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(iv) To prove this item we use Neumann series. We define (using item (477))

T =1+ Rw) T, (L4 RW) =) (D (R(w)".
k=0
Using (4.74) and taking R sufficiently large one can check that

1L+ R(w)™ A= S llhllzs (1 + Cllull g2so+s)
for some C' > 0 depending on ||u|| 2s0+5, bounded as u goes to zero. The bound above together with @.71]))

implies the @.73).

(v) By (@.5) we have
1 _ _ ~= ~ =
875(1;— — K(2(1 + a2)8ta2 - atbeQ - b28tb2) .
2
Moreover, recalling (4.4), (3.5), the hypotheses of Lemma [2.12] are satisfied. Therefore, using (2.81) and

@.1), we deduce
|Oraz|ng S llullprtsots -

Similarly one can prove the same estimate for by. Hence the follows. The and (2.13) imply the

@.77).

(vi) Since £, £L~1 are real valued then item (vi) follows by (2.72). O
In the following we shall construct the energy norm. By using this norm we are able to achieve the energy

estimates on the previously diagonalized system. This energy norm is equivalent to the Sobolev one. For
s E€R, s> 2sy+ 7 we define

wy =Tppw, Wy =[ge] =TplW, W=[8], n:= 3 (4.79)

Lemma 4.9 (Equivalence of the energy norm). Assume @1). Then, for R > 0 large enough, one has
[wllze + lwnllzz ~s llwllas - (4.80)
Proof. 1t follows by using estimates (£.71)), and reasoning as in the proof of Lemma4.7] g

Notice that, by using Lemma[2.1] (see (2.17))) and by (#.64)), the (4.63) is equivalent to (recall (4.69))
Opw = iTpw + iTamw + Q1 (wv + Qo(u)v, W:=[g], (4.81)
where

1Qi(wh| s S Cllhllmsllullms . Vhe HY(TLC), i=1,2, s>2s0+7, (4.82)

for some constant C' > 0 depending on ||ul| =, bounded as u goes to zero.

Lemma 4.10. Recall @81)). One has that the function wy, defined in (@.79) solves the problem

Oywy, = 1T rwy, + 1A, (W) wy, + By (w)w, + Ry (uw)[V], (4.83)
where
Ap(u) := Tchag& (Tep)™ ', Bp(u) == Ty, en(Tep) ", (4.84)
and where R, satisfies
Rn(w)V L2 S CIV s lul s (4.85)

for some C > 0 depending on ||u| s, bounded as u goes to zero.

Proof. By differentiating and using (.81) we get the @.83) with A,,(u), B, (u) as in (@.84) and
(recall @E19), (@62

Ra(uw)[V] :=i[Trn, Te]P2(u)®(u)v + Trn (Q1(u)v + Q2(u)v) .
The estimate (4.83)) follows by (with v ~ n), (4.53), @.13), @.71) and @.82). d
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Proof of Theorem 4.1l We start by estimating the L?-norm of w,, satisfying (#83). Recalling item (vi) of
Lemmaf4.8]and (2.3), we have

Allwnllzs < Re(iAn (w)wn, wy) 2 + Re(By(u)wn, wy) 12 + Re(Rn (w)V, wy) 2 - (4.86)
We analyze each summand separately. First of all we note that
E&TD.673)
1Bn(wwnlle S Cllullgsossllwnllz2

for some constant C' > 0 depending on ||u|| ;2s0+5, bounded as u goes to zero. Hence, by Cauchy-Swartz
inequality, we obtain
Re (B, (w)wn, wy) 2 S Cllul graso+s|lwnl| 72 - (4.87)
Using (4.83)) we obtain
Re(Rn(w)V,wn) > S Cllullers [wn 2|V 5, (4.88)

for s > 2sg + 7 and for some C' > 0 depending on ||u|| s, bounded as u goes to zero. We now study the
most difficult term, i.e. the one depending on A,,. We write

Ap(u) = Ta(1) +Cp(u), Cn(u) == [TﬁS,Tau)](ng)_l (4.89)
1R 1R
By applying Proposition [2.4] and using estimates (.23), @.70), (2.25) and {.73) we obtain
[Cr(w)wnllrz S Cllull gso+ lwnllL2 » (4.90)

for some constant C' > 0 depending on ||u|| 2s0+7, bounded as u goes to zero. Recall that the symbol

agll,z is real valued (see (.21)), then the opeartor T’ ) is self-adjoint w.r.t. the scalar product 2.5). As a
’ 1,R

consequence we have

&0
Re(idp (0)1n, wn) 12 B2 Re(iCo(u)wn, wn) gz < Cllwn|Zallull gosos7 - 4.91)
By (@.86), #.87), (4.88) and (#.91) we get
Al wnll72 < CllwnllFzl|ull goso+r + Cllull s |wall g2 ||V || = - (4.92)

By @.80), (#.68) the (#.92)) becomes
t
Ollwallfz S Cllullms ot = llwalZz S llwa(0)[|72 +/0 Cllu()|las l[o(r) || Fsdr.

By using again the equivalences (4.80), (4.68) we get the [@.3). O

In the following we prove the existence of the solution of a linear problem of the form

{v =1EOp®W (|€]*1 + As(x,€) + A1 (2,€))V + Ri(U)V + Re(U)U ,

(4.93)
V(0) =Vo:=U(0),

where the para-differential part is assumed to be like in system (@.2)) and Ry (U)U has to be considered as a
forcing term, the function U satisfies (4.1)) and the operators R; and Ry are bounded.

Lemma 4.11. Let s > d + 7. Consider the problem (&93)), assume (@) and that the matrices As, Ay are
like the ones in system [@.2)). Assume moreover that R; are real-to-real and satisfies fori=1,2. Then
there exists a unique solution V of @2) which is in L>([0, T'); H*(T%; C2))N Lip([0, T); H*~2(T%;C?))N
U and satisfying the following estimate

V(O llrs < e (1 +CT)[Vollas + CTINU | o< o, 9) ) (4.94)

for a positive constant C > 0 depending on r in (4.1).
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Proof. Let us consider first the case of the free equation, i.e. we assume for the moment Ry (U)V =
Ry(U)U = 0. For any A\ € R" we consider the following localized matrix

ANz, €) = (AQ(:U, £) + Ay (x, é"))x(%) , (4.95)

where x is a cut-off function whose support is contained in the ball of center 0 and radius 1. Let V) be the
solution of the Banach space ODE

V =1EOpBW (AN (2,€))V
VA(0) = Vo

The function V), is continuous with values in H*~2. By reasoning exactly as done in the proof of Theorem
.1 one can show the following

t
VA < Vol +/0 ClU @)= [Va(@) 7 do

for some C' > 0 depending ||U]|| gs, ||O:U || s—2 and bounded as U goes to 0. Therefore we get by Gronwall
lemma

t
VA% < [V l2 exp ( /0 ouU<a>rHsda) ,

which gives the uniform boundedness of the family in L>° ([0, T'); H*(T%; C?)). This implies that the family
is uniformly bounded in C°([0,T); H*~2(T%; C?)). Similarly, by using also (#93), one proves that the
family is uniformly Lipschitz continuous in the space C°([0, T"); H*~2(T¢%; C?)), therefore one gets, up to
subsequences, by Ascoli-Arzela theorem, a limit ®(¢)U (0) in the latter space which is a solution of equation
@93) with R1(U)V = Ry(U)U = 0. The limit ®(¢)U(0) is Lipschitz continuous with values in H*~2.
Moreover by using (4.3) and Gronwall lemma one obtains

t
12 Vol%e < [Vll3 exp ( / CHU(U)HHSdU> | (4.96)
0

ie. |2 Vollus S ||Vollmse® for some C depending on ||U]|s, bounded as U goes to 0. The solution
®(t)Vp is in U since Vj € U and the matrix of symbols A* in @93) is real-to-real.

To prove the existence of the solution in the case that R (U)V and R2(U)U are non zero we reason as
follows. We define the operator

T(W) = ®(t)Vo + D (1) /0 [®(0)] " (R (U)W (0) + Ro(U)U () dor

and the sequence

Wo = &(t)U(0)
Wy =T(Wp_1).

In this way we obtain that [|W,41 — Wy, || gs < (CHL,)" |W1 — Wo||mrs. In this way we find a fixed point for
the operator T as V =3 7 | Wy41 — W, + W, the estimate (4.94) may be obtained by direct computation
from the definition of of the solution WW. g

Remark 4.12. [f R(U)U = 0 in the previous theorem, one gets the better estimate

V() |lms < (1+CT)e’ || Volls. (4.97)
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5. PROOF OF THE MAIN THEOREM [1.2]

The proof of the Theorem relies on the iterative scheme which is described below. We recall that,
by Proposition the equation (I.1)) is equivalent to the para-differential system (3.8). We consider the
following sequence of Cauchy problems

o,Ur = iEAU
,Pl_{tl 1 1

Ul(O, .I') = 00(.%),
where Up(z) = (i, Gig) is the initial condition of (T.I)), and we define by induction
p_ OiUn, = IEOpPW(|EP1 Ag(Un—1; 2, &) + A1(Un—1;2,€))Un + R(Un—1)Upn—1
" Un(0,2) = Up(z) .
In the following lemma we prove that the sequence is well defined, moreover the sequence of solutions
{Up }nen is bounded in H*(T¢; C?) and converging in H*~2(T%; C?).

Lemma 5.1. Fix Uy € H*(T% C2) N U such that |Upl||grs < r with s > d + 9, then there exists a time
T > 0 small enough such that the following holds true. For any n € N the problem P,, admits a unique
solution Uy, in L>°([0,T); H*(T%; C?)) N Lip([0,T); H*~2(T% C?)). Moreover it satisfies the following
conditions:
(S1)y,: There exists a constant © depending on s, v such that for any 1 < m < n one has

1Um |l oo (jo,7);05) < © -
(82)n: For 1 <m < none has ||Uy, — Upn—1l| oo ([0,1),15-2) < 271, where we have defined Uy = 0.
Proof. The proof of (S1); and (S2); is trivial, let us suppose that (S1),_1 and (52),_; hold true. We
prove (S1),, and (S2),,. We first note that ||U,,—1|| ;. 7s—2 does not depend on ©. Indeed by using (52),,—;

one proves that |U,,—1|| e gs—2 < 2r. Therefore Lemma applies and the constant C therein depends
on ©. We have the estimate

Un @)= < (L +CT) | Uollazs + TC|Un-rllpoerrs) -
To prove the (S51),, we need to impose the bound
T((1 +¢T)||Us|| u= +TCO) < O,

this is possible by choosing 7C < 1/2 and %ei/QHﬁOHHs <0O/2.
Let us prove (S52),. We use the notation A(U ;x,¢) = [€]*1 + As(U;z,€) + A1(U;2,€) and V,, 1=
U, — Up,—1. The function V,, solves the equation

OV =1EOpPW(A(Up_1:2,6))Vi + fn (5.1)
where
fo= iEOpBW (A(Un—l; xz, g) - A(Un—2§ xz, g))Un—l + R(Un—l)Un—l + R(Un—2)Un—2 .

The equation (5.1I) with f,, = 0 admits a well posed flow ®(¢) thanks to Lemma[4.11] moreover it satisfies
the (4.97). Therefore by Duhamel principle we have

t
Willzne-s < [#0) [ @) fuloddo]| ., < 1+ CTPAT T fypocs.

Using the Lipschitz estimates on the matrix A (which may be deduced by (2.81) reasoning as in Lemma 4.5
in [8]]), and the inductive hypothesis one proves that || f,,|| s—2 < C||Vj,—1]|| gs—2 for a positive constant C
depending on © and s. Hence it is enough to choose 7" in such a way that (1 + CT')2e?7CcT < 1/2. 0

We are now in position to prove the Theorem
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Proof of Theorem[1.2l Fix s > d + 9. We first prove the existence of a weak solution of the Cauchy
problem, then we prove that it is actually continuous and unique, finally we prove the continuity of the
solution map.

Weak solutions. From Proposition [3.3] we know that equation is equivalent to (3.8). We consider
the sequence of problems P,, previously defined. From Lemma we obtain a sequence of solutions U,
which is bounded in L>([0,T); H*(T¢;C?)), by a direct computation one proves also that the sequence
OyU,, is bounded in L>°([0,T); H*~2(T%; C?)). Thus, up to subsequences, we get a weak-* limit U €
L>=([0,T); H*(T%;C?)) N Lip([0, T); H¥~2(T%; C2)). In order to show that the limit U solves the equation
it is enough to prove that it solves it in the sense of distribution. One can check that

10pPWV(A(U; 2,€))U + RU)U — Op®WV(A(Un-1;2,€))Un + R(Un-1)Un—1 | prs—2

goes to zero when n goes to 0o, this is a consequence of triangular inequality, Lipschitz estimates on the ma-
trix A and R and Lemma (in particular the boundedness of U, in H*(T%; C?) and the strong convergence
in H572(T9; C?)).

Strong solutions. In order to prove that U is in the space C°([0,T); H*(T%;C?)) we show that it is
the strong limit of function in C°([0, T); H*(T%; C2)). We consider the following smoothed version of the
initial condition

ViV () := S<nVol(z) := (1 = Som)Vol(x) := Y (Vo)ee™™, (5.2)
[k|<N
and we define U" the solution of (3:8) with initial condition V;¥. The U”, since V" is C*° (in particular
H**2), are in ([0, T); H*(T?; C?)). We shall prove that U™ converges strongly to U. We fix 0 4+2+4¢ <
s,0>d+7,e>0and writt W := U — UV, then W solves the following problem

W =iEOp®WV (A(U; 2, €)W + R(UYW
+1EOpBY(AWU) — AU YUY + (R(U) — RUMN)UN

and W (0,x) = (Vo — V{¥)(x). We first study the o norm of the solution W. If one considers only the first
line of the equation above then by Lemma and Remark we have the existence of a flow ¢() such
that

lo(&)W (0, 2) || e < (1 +CT)e Vo — Vil ,

By using the Duhamel formulation of the problem and the Lipschitz estimates we obtain
t
W O)llme < CillVo = Vo" [l + 01/0 W Lo 1T o2 (1) + W e U |2 (7)) dr - (5.3)

where C; > 0 depends on ||U||+ and |[U”||g+ and it is bounded as U goes to 0. Note that, since
o + 2 < s, the sequence U” is uniformly bounded in H°+2(T%;C2?). By Gronwall Lemma we deduce
that ||[W(¢)||ge < C1]|Vo — ViV ||ge for C; > 0. Reasoning analogously for the H*(T¢;C?) norm one
obtains

t
W ()| s SC\!%—%N!!HerC/O W e 1T [ s2(0) + WU (o)) do, - (54)

where C' > 0 depends on ||U]|| s and ||U™ || = and is bounded as U goes to 0. The only unbounded term
in the r.h.s. of the latter inequality is ||V || «+2. To analyze this term one can argue as follows. First of all
one has to prove, in analogy to what we have done previously, that [|[ U || gs+2 < C||V{Y|| grs+2, at this point
one want to use the well known smoothing estimate || V3" || grs+2 < N2||Vo| . To control the loss N? we
use the previous estimate we have made on the factor ||W||go < C||Vo — V|| i=, which may be bounded
from above by N~27¢||Vy || g=. By (5.4) we get

t
W@l < ClIVo =V ll= + C/O [NZ=IVollzs + W L= | U™ |2+ (o) ] dor



WELL-POSEDNESS FOR QUASILINEAR NLS 29

Hence we are ready to use Gronwall inequality again and conclude the proof.
Unicity. Let V7 and V5 be two solution of (3.8)) with initial condition V(. The function W = V; — 1,
solves the problem

W =iEOpV (A(Vi; 2, €)W + R(V))W
+iEOp®W(A(W1) — A(Va))Va + (R(V1) — R(Va))Va,

with initial condition W (0, z) = 0. Arguing as before one proves that |W (¢)|| s—2 = 0 for almost every ¢
in [0, T") if T' is small enough. More precisely one considers the first line of the equation and applies Lemma
and Remarkto obtain a flow of such an equation in H*~2(T¢; C?) with estimates. Then, by means
of the Duhamel formulation of the problem, thanks to the fact that the initial condition is equal to zero, the
estimates on the flow previously obtained and Lipschitz estimates, one obtains ||W || gs—2 < $||W/|| zs—2 if
T is small enough with respect to ||V} ||zs and ||Va||ms. Since W is continuous in time we deduce that is
equal to 0 everywhere.

Continuity of the solution map. Let {U,},>1 C H*(T% C?) be a sequence strongly converging to Uy
in H*(T%; C2). Consider U, and Uy the solutions of the problem (3.3)) with initial conditions respectively

U,, and Uy. We want to prove that U, converges strongly to (70 in H*(T9; C?). Let T > 0 be small enough

and fix ¢ > 0. Consider N, > 0 big enough such that ||S>n_Up(t)|| s < € and ||S>n.Upn(t)|| s < € for
any t € [0,7"), where the operator S<, is defined in (5.2). Note that V. does not depend on n since the
sequence U, is bounded in C°([0, T); H*(T¢; C?)) (if T > 0 is small enough). By triangular inequality we
have

1Un = Uollzs < 1S<nv. (Un = Uo)llms + 15> . Unllms + 1> n.Uol| 15

< ||S<n. (Un = Uo) || s + 2e.
By using the smoothing estimates, having fixed s > o + 2, we can bound from above the first addendum

on the r.h.s. of the above inequality by NES*"HfJn — UOH Ho . By reasoning exactly as done in the case of the
proof of (5.3) and by means of the Gronwall inequality, one can prove that

1TUn = Uollzz < C||Un — Ul

for a positive constant C. Since U,, converges to Uy in H® we can choose n big enough such that the r.h.s.
of the above inequality is bounded from above by £/(N.)*~?. This concludes the proof. O
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