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Abstract

We consider estimation of the inverse scatter matrix X! for a scale mixture
of Wishart matrices under various Efron-Morris type losses, tr[{&~1 — $1}25%]
for k = 0,1,2..., where S is the sample covariance matrix. We improve on the
standard estimators a ST, where ST denotes the Moore-Penrose inverse of S and a is
a positive constant, through an unbiased estimator of the risk difference between the
new estimators and a ST. Thus we demontrate that improvements over the standard
estimators under a Wishart distribution can be extended under mixing. We give a
unified treatement of the two cases where S is invertible (S* = S~!) and where S is
singular.
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1 Introduction

The estimation of precision matrices has recently received much attention. Most of the
literature is devoted to the case where the observation has a multivariate normal distri-
bution so that the sample covariance matrix S has a Wishart distribution. In that case,
Y71 the inverse of the covariance matrix ¥, is often called the precision matrix. This
classical multivariate setting has been studied by Efron and Morris [4], Haff [7], Dey [2],
Krishnamoorthy and Gupta [13], Dey et al. [3], Zhou et al. [19], and Tsukuma and Konno
[17]. Note that, in these papers, S is assumed to be invertible. However, in the setting
where the dimension of S is larger than the sample size, its inverse does not exist. Then
estimation of ¥~! is based on the Moore-Penrose generalized inverse S*. This approach
was, for instance, developed in Kubokawa and Srivastava [14].

Estimation of 7! has been extended to the distributional framework of elliptically
contoured distributions. Thus Fourdrinier, Mezoued and Wells [6] considered a large sub-
class of the elliptically contoured distributions and improvements over the usual estimators
(proportional to S™! or ST according to the invertibility or singularity of S) were provided
under quadratic loss. Note that the form of the underlying distributions was such that no
unbiased estimator of the risk was available.

In this article, we focus on the subclass of scale mixture of Wishart distributions for
S. Mixtures of Wishart are more and more popular in modeling. Thus Jian et al. [11]
use mixtures of Wishart distributions for modeling diffusion weighted magnetic resonance
imaging while Yang et al. [18] consider such distributions for the change of detection of
polarimetric synthetic aperture radar images. Also, Nielsen et al. [15], in a Bayesian
context, deal with a Wishart mixture model for modeling dynamic functional connectivity.
In a more theoretical paper, Haff et al. [10] consider the problem of estimating the mixing
density of a continuous mixture of Wishart distributions, the parameter being a covariance
matrix; they also provide an application to finance.

Here, we observe S from the mixture model

S|V ~W,y(n,VY)
A .

where W, (n, V' ) denotes the Wishart distribution with n degrees of freedom and covari-
ance matrix V' X and where H(-) is a distribution on R;. Note that we may view the
distribution of S as that of V' S, where S has the Wishart distribution W,(n,X) and is
independent of V. Thus, for any function g such that its expectation with respect to (1.1)
exists, we have

Es [9(S)] = Bu [Es [9(5V) | V],

where Ey; denotes the expectation with respect to the model in (1.1) and E4 the expectation
with respect to the mixing distribution H. We will often use this form in the calculation
below. Note also that, under the mixture model in (1.1), the population covariance matrix
is proportional to ¥ (the expectation of S is n E[V]X). For convenience, we refer to ¥ as
a scatter matrix and to =1 as a precison matrix.



Estimating X!, we consider a wide class of losses which are data-based losses in the
sense that they are function of S. More precisely, we deal with the family of loss functions

Li{x7L 871 = tr[{S — 271265, (1.2)
for k =0,1,2... and the associated risks
Rp(X71,27Y) = Eg[Lp {271, 271 (1.3)

Note that these losses are reminiscent of the losses used by Efron and Morris [4]. In the
Wishart case, loss Ly has been mostly considered for £ = 0,1 and 2. For example, for the
non singular Wishart distribution, loss L; was considered by Efron and Morris [4], while
both Ly and L; were considered by Haff [8] (actually, as for Ly, the identity matrix S°
was replaced by an arbitrary positive definite matrix @)). Kubokawa and Srivastava [14]
considered Lg, Ly Ly for the singular case. The consideration of the case where £ > 3 is
natural and we will see that, in the cases where £ = 1,2 and 3, optimal estimators in (1.4)
below exist while, the case k > 4 is similar to the case & = 0, where there are no such
estimators.

Note also that we provide a unified approach to the settings where S' is invertible and
S is singular. To this end, the notation S for the Moore-Penrose inverse of S when S is
non invertible is also used when S is invertible (S* = S™!). For Model (1.1), the usual, or
reference, estimators of ¥~! are of the form

~

Y. l=aST, (1.4)

a

where a is a positive constant. It is well known that such estimators may be inappropriate
(see the references above). The alternative estimators that we consider are of the form

S.t=aST+cSG(S), (1.5)
where ¢ is a constant and the matrix function G(S) is homogeneous in the sense that
JdaeR G(VS)=VrGE(S). (1.6)

The paper is organized as follows. In Section 2, we develop an unbiased estimator of the
risk difference between E;i in (1.5) and X! in (1.4), relying on a Stein-Haff type identity
given in Fourdrinier, Haddouche and Mezoued [5] and valid for the two cases where S is
invertible and S is singular. Note that this unbiased estimator of risk difference holds for
all the losses in (1.2) and implies directly conditions under which i‘;}: improves over 2;1.
In Section 3, we consider the possibility of the existence of an optimal estimator in the class
(1.4) of reference estimators, for each loss in (1.2). When such an optimal estimator does
not exist, we propose an alternative estimator. In Section 4, when the order of homogeneity
in (1.6) is -2, we provide explicit conditions for improvement of estimators of the form (1.5)
over the reference estimators in (1.4). In addition, we give analogous results for estimators
of the form a ST + ¢ r(tr{S}) SG(S) when G is orthogonally invariant and r is a real
valued function. In Section 5, we illustrate the theory with examples reminiscent of those
studied by Haff [7] and Dey [2], for each loss in (1.2). Some concluding remarks are given
in Section 6. Finally, we provide an Appendix which gathers most of the proofs of the
results presented in this article.



2 A unified expression for the risk difference

Under model ( 1), assume finitness of the risk in (1.3) of the estimators f)gi =aST+
¢SG(S) and $;! = a S*. Then the risk difference between Z Land 371 is given by

G) =Ry (2~ aS++cSG(S)) — R, (¥7',aSY)

=Eyx [tr[{a ST = X' +cSG(9)} S — (a ST — X712 SM]
[¢*
[

=By [ tr{S* [SG(S)]*} + 2¢ctr{S G(S)(a ST — £7') S*}]
= By [ tr{S" [SG(9)]*} + 2actr{ST S G(S)} — 2ctr{=7' S* G(9)}]. (2.1)

As the integrand term of A(G) in (2.1) depends on the unknown covariance matrix ¥, we
need the so-called Stein-Haff identity for the Wishart distribution W,(n, ¥). This identity
was derived by Stein [16] and Haff [9] when S is invertible while Kubokawa and Srivastava
[14], Konno [12] and Chetelat and Wells [1] considered the case where S is singular. In the
following lemma, we present a unified approach to these two cases. Its statement (under
an equivalent form where S G(S) is replaced by ST S G(S)) and its proof can be found in
Fourdrinier, Haddouche and Mezoued [5]. Although it is reduced to the Wishart case, it
will turn out to be sufficient to tackle the mixing model (1.1).

Lemma 2.1 (Stein-Haff-type-identity). Let S be a p X p matriz having a Wishart distri-
bution. For any p x p matriz function G(S) which is weakly differentiable with respect to

S and such that By [[tr{Z_l SG(S)]}] < 00, we have
Es {u{z—l 5 G(S)}] — By [tr{(n —(nAp) —1)8*8G(S) +25t D {GT(S S}}]

with n A p = min(n, p) and where the differential operator Dg for a matriz S is defined by

1 0
(2 ’ 857'] 1<4,5<p

with 6;; = 1 when ¢ = j and 0;; = 0 when i # j.

In order to apply Lemma 2.1 to Model (1.1), note that, for any appropriate function
G(S) and for any v > 0,

Ex [G(S) |V =] = By, [G(v S)|V = v] — By [G(v S)} .



Theorem 2.1. Under Model (1.1) and loss (1.2), assume that the risk of S in (1.4) and
that of 37 in (1.5) are finite. Assume also that the function G(S) in (1.5) satisfies (1.6)

a,c

and is such that SkG(S) satisfies the conditions of Lemma 2.1. Then the risk difference
between X7 in (1.5) and X1 = a ST is expressed through S as

a,c

A(G) =B | piszasa tr{S" [S G(S))
+2¢ [aphra = tthrari(n — (n A p) = 1)] tr{ST S G(9)}
~depantr{ST S Dg{GT(8) S, (22)
where o is the order of homogeneity in (1.6) and where, for B € R, ug = Ey[VP] is the
moment of order B of V.

Proof. Note that A(G) in (2.1) can be written as,
A(G) = Es [n(5) + B=(5)],

where

n(S) = A tr{S*[SG(9)]*} + 2actr{ST S G(9)},

and

Bs(S) = —2ctr{Z7' S* G(S)}.

Conditioning on V', we have

A(G) = Ex [y (V)] (2.3)

where Ey is the expectation with respect to H and
(V) =Esn(S) [ V]I +Es [B2(5) [ V]
According to the change of variable S = V'S, we have
1V) = Es [n(V ) | V] + s [Bs(V $) | V]
where . o o .
n(V8) = V224l SF S G(9))?} + 2ac VT tr{ST SF1 G(S)}, (2.4)

and ) 3 3
Be(V S) = —2cVFrott {7t SEHLG(S)}.

Now, by Lemma 2.1,
Es [8a(V 8) | V] = s [B(V 8) | V],
where
BV S) = —2¢Vkratl (n — (n Ap) — 1) tr{S* S G(9)}
— 4 VEretrl g[S+ 5 D {GT(S) SF1 Y. (2.5)



Then, according to (2.4) and (2.5),
V) =By [n(V §) + BV §) | V],

where the integrand term is independent of ¥, and hence,

Y(V) = Ex[c V22 60 {SF[S G(5)*}
+2c[aVFe =Vt (n — (n Ap) — 1)) tr{ST S G(9))
— 4Vt 40 {ST S D {GT(S) Sy | V. (2.6)

Since S is independent of V', unconditioning gives the desired result in (2.2). ]
The following corollary is immediate.

Corollary 2.1. Under the conditions of Theorem 2.1,

3(G) = & prr2ara tr{S*[S G(9)}
+2¢[aphra — phrasi(n — (n Ap) — D] tr{ST 51 G(S5)}

— e ipran {5 § D {GT(S) §1}, (2.7)

is an unbiased estimator of the risk difference between YL and X!

ac o, and hence, a sufficient
condition for improvement of ;1 over 71 is that 6(G) in (2.7) is non positive.

a,c

The result of Corollary 2.1 is in contrast to the setting in Fourdrinier, Mezoued and
Wells [6] (when k& = 0) where there is no unbiased estimator of the risk difference and
upper bounds of A(G) are needed. Note that, when the mixture distribution is the Dirac
distribution at a fixed point V', Model (1.1) reduces to the Wishart distribution W, (n, V X).
Thus the result in Theorem 2.1 expresses that the existence of an unbiased estimator of
A(QG) is preserved under mixing, under the assumption (1.6) of homogeneity of G.

In the next section, we consider the existence of optimal estimators in the class {a ST /a >
0} for the losses in (1.2). When there are no such estimators, we propose alternatives.

3 Reference estimators ¢ S™

In this subsection, for the usual class of estimators of X~! of the form a S* with a > 0, we
consider the possibility of the existence of an optimal constant a*, that is, such that, for
k=0,1,2..., its risk in (1.3) satisfies

Va >0, Ry(X7ha*ST) < R(X7taSH), (3.1)

under Model (1.1). In the case where such an optimal constant a* does not exist, we
suggest constants ay which possess satisfying properties.



For k = 0,1,2..., the risk of the estimator a S* under the model (1.1) is given by

Ri(X7",aST) =Eg[tr[{S7" — a ST}
=Ex[a®tr{S* (S1)?} — 2atr{X7! S* ST}] + Ex[tr{2 2 S*}].

Note that minimizing Ry(a S*,X7!) in a reduces to minimizing
a? Ex[tr{S* (ST)?}] — 2a Eg[tr{¥ S* S1}],
that is, to minimizing
a? pip—s Ex[tr{S* (S*)?}] — 2a pp_1 Ex[tr{2~t S¥ 51, (3.2)
which gives as a minimizing value

a* _ ,uk—l EE [tr{Ejl Slk S,+}]
pue—2 Es[tr{S* (57)2}] -

(3.3)

Applying Lemma 2.1 to the numerator in (3.3) with G(S) = S*(57)2, using the fact
that ST = ST S5 ST =5 (5T)?% gives
Exltr{21 5% St} = (n — (n A p) — 1) Bg[tr{S* (S*)?}] + 2Ex[tr{S* S D; {S* S+}}].

Hence the optimal value in (3.3) is expressed as

0t = B p ) — 1] 4 2 et BltrST S Ds {5 ST

k2 Hok—2 Exs [tr{S‘k (S”r)?}]

. (3.4)

The optimal value a* in (3.4) may depend on ¥ according to the values of k. When this is
not the case, it is a constant which corresponds to an optimal estimator among the reference
estimators. When it does depend on 3, we provide alternative values of a which give rise
to estimators having reasonable propreties. This is specified in the following proposition
whose proof is postponed to the appendix.

Proposition 3.1. Assume that S has the mizture of Wishart distribution in (1.1) and
that, under (1.3), the risk of ST is finite.

When k = 1,2 and 3, the optimal value a* in (3.4) is constant (so that (3.1) is satisfied)
and equals

1

o — [(nVp)—(nAp)—1] if k=1, withnAp = min(n,p) and nVp = max(n, p);
H—1

e i (nVp) if k=2

e B2lnip+1 if k=3
M1



When k =0 and k > 4, the optimal value a* in (3.4) depends on 3. However, a lower
bound ay and an upper bound af exist for a* so that, in each case, for a < ay, ag ST
improves over a St and, for a > af, ag ST improves over a ST. Specifically,

oa&:%[(n\/p)—?((n/\p)—i—l)} and aSFZ%[(”VP)_(”AP)_g] if
o ay = ZZ; [(nVp)+(nAp)+k—2] and af = Z’;; [(nVp)+(k—2) (nAp)+k—2]
i k>4 )

Comment It is worth noting that, taking the mixture as degenerate, that is, in the
Wishart case, when p < n, Ex[S*t] = Eg[S™!] exists if and only if n — p — 1 > 0; when
k = 1, this condition coincides with the finiteness of the risk of S* in (1.3), and hence the
optimal constant a* = n—p—1 is positive. Similarly, when k£ = 0, the finiteness of the risk
corresponds to the existence of Ey[(ST)?] which is satisfied if and only if n —p — 3 > 0,
that is, ag is positive (however, a; may be non positive). Also note that, when k > 2, the
risk is always finite.

Finiteness of the risk of ST in the mixture model (1.1) requires the additional assump-
tion of finiteness of ug = Ey[VP] for =k —2, k — 1 and k.

Finally, note that, in the Wishart case, when k = 0 and S is invertible, an unbiased
estimator of ¥~ is available; this is (n—p—1) S~'. Asaj = n—p—3, we haven—p—1 > ag,
so that the “reasonable” estimator ag S~! dominates the unbiased estimator (n—p—1) S~

4 Improved estimators

In this section, for a fixed a > 0, we consider improved estimators over a S™. We focus on
functions G(S) in (1.5) which are homogeneous of order « = —2. In this case, the following
result helps to establish a unified connection between improved estimators in the Wishart
case and the general mixture case (1.1). Although it is not used in the rest of the paper,
it is of independent interest.

Lemma 4.1. Let k = 0,1,2... be fizred. Suppose that the function G(S) in (1.6) is homo-
geneous of order —2 and weakly differentiable, and that all moments in Theorem 2.1 exist.
Then, for any fivzed a > 0, if a ST + ¢S G(S) improves on a ST for some ¢, in the case of
the Wishart model , then (pe—1/pn—2) (a ST+ ¢S G(S)) improves on (pe—1/pk—2) a ST in
the mizture model (1.1).



Proof. For o« = —2, Theorem 2.1 gives an expression for the risk difference in the mixture
case as

A(G) = Es, [02 fis tr{ 8% [S G(3)2)
+2¢[appo — o1 (n— (n A p) — D] tr{ST S G(S)}
“deprtr{8* S D {GT(3) S’fﬂ}}}

= ¢ -1 By {c Z::? M(S)+2N <a Z’;:"l’ s)] (4.1)
where 3 o
M(S) = tr{S*[SG(S)]*}
and

N(a uk_Q, g) =g 2 (n—(nAp)—1) tr{S* SF1 G(S)} —2tr{S* S Dz {GT(S) S*'}}.
Hi—1 Hik—1

If S ~W,(n,%) then H(-) is degenerate at V' =1 and ux = 1 for all k. Hence, if the
final expression is negative for py_o = pp_1 = 1 and particular values of a and ¢ (i.e. in
the Wishart case), then it is also negative in the mixture case (1.1) with a replaced by

aftg—1/px—2 and ¢ by ¢ pig_1/ pr—o. O

It is worth noting, from Section 3, that the optimal constant a* for £ = 1,2 and 3 (or
the “reasonable” constant ag for ¥ = 0 and & > 4) in the Wishart case corresponds to
the optimal constant a* pg_1/pr—2 (Or ag pg—1/pk—2) in the mixture case, so that improve-
ment over the optimal (or “reasonable”) estimator for the Wishart case corresponds to
an improvement over the optimal (or “reasonable”) estimator in the mixture case through
multiplication by g1/ k2.

Now we consider a useful modification of the estimators in (1.5) where the function G
is orthogonally invariant and homogeneous of order o« = —2. These estimators are of the
form

Sl =aST +er(tr{S}) SG(S), (4.2)

a,c,r

where ¢ is a constant, the matrix function G(.S) is homogeneous of order -2 and r is a real
valued function. We assume that G is orthogonally invariant, that is, of the form

G=H V(L) H/, (4.3)

where L = (diag(l;))1<i<nap With Iy > -+ > [, > 0 and H; is the diagonalizing matrix
satisfying H H; = I,,, in the singular value decomposition ! of S, i.e. S = H,LH],
and (L) is a (n A p) x (n A p) diagonal matrix, diag(¢1(L), ..., Yup(L)). Note that
homogeneity of order -2 implies that ¥(V L) = V-2(L).

"When p < n, H; is a p x p orthogonal matrix (i.e. H; H] = H| H, = I,,) while, when p > n, H; is a
p X n semi-orthogonal matrix (i.e. H{ Hy = I,,).



Lemma 4.2. Let k = 0,1,2... be fized. Under model (1.1) and loss (1.2), suppose that
the function G(S) is orthogonally invariant as in (4.3), homogeneous of order —2 and
weakly differentiable, and that all moments in Theorem 2.1 exist. Suppose also that, for
anyi=1,...,nAp, ¥;(L) > 0.

Suppose that, for some ¢ > 0, expression (2.7 ) is non positive so that the estimator
i_l = a5++cSG(S) in (1.5) improves over the estimator ;' = a St in (1.4). Then the

estimator 71 = a St + ¢ r(tr{S}) SG(S) in (4.2) improves over o1 = a St provided

a,c,”

that the function r is differentiable and that, for any t >0, 0 <r(t) <1 and r'(t) > 0.

Proof. Following the proof of Theorem 2.1, expression of (V) in (2.6) where G(S) is
replaced by r(V tr{S}) G(S) and where o = —2 becomes

(V) =Es[?r*(V tr{g}) V2 tr{S*[S G(S))?}
+2er(Var{S}H [aVF2 =V (n — (n A p) — 1)] tr{ST S G(9)}
—4e VP e {ST S Dg{r(V tx{S}) GT(S) S*}} | V]. (4.4)

As 0 < r(t) < 1, using Lemma A.3 applied to T(Vtr{g}) (so that 0/0l; r(V tr{L}) =
Vr'(V tr{L}) replaces 7’ (tr{L})), v(V') in (4.4) is bounded above by

(V) = Es[r(Vtr{S}) (A(S) V¥ — B(S) V¥ ) | V] (4.5)

where

A(S) = (A tr{SFSG(9)]*} + 2catr{ST S G(S)}) > 0
and
B(S)=2c((n—(nAp)—1)tr{ST S G(S)} +2tr{ST SD{GT(S) S*'}}).
We have used the fact that the term involving 7/ (t}"{S:’}) in Lemma A.3 is eliminated since,
by assumption, ¢ > 0, 7/(tr{S}) > 0 and tr{GT(S) S*'} = tr{ ¥ Lk} > 0. Since §(G)
in (2.7) is non positive by assumption, and since for, a = —2,

0(G) = A(S) pr—s — B(S) p—1 <0, (4.6)

the term B(S) is non negative.
Now expressing the difference in risk in (2.3)

A(G) = Bu (V)] < Ex (V)] = En [Es[r(V 6:(S)) (A(3) V-2 = BS) V1) | V]
according to (4.5). Then, reversing the conditioning,
A(G) < Eg [EH[ (Vtr{S}) (A(S) VF=2 — B(S) V*1) |§]]

< Bs [r(14(3) r{5))] Bs [B[(AG)V*2 - BE V) | §]]

10



as A(S) V=2 — B(S) V! changes sign once from + to - at V5(S) = A(S)/B(S) and
r(V tr{S}) is non decreasing in V. Hence, using (4.6),

A(G) < Bs [r(Vo(8) tr(Sh)| Bx: [A(S) 2 — B(S) pu

5 Examples

In this section, we illustrate the theory developed in Sections 3 and 4 with estimators
similar to those proposed by Haff and Dey.

5.1 Haff type estimators

We consider estimators

Sl =a ST+ ¢85St /tr{S}, (5.1)

that is, of the form a ST + ¢S G(S) with G(S) = S*/tr{S}. Note that the homogeneity
order of G(S) is @ = —2. This type of estimator was proposed by Haff [7] in the Gaussian
case where S is invertible under a loss proportional to L; . Note that G(5) is orthogonally
invariant, and hence, thanks to Lemma 4.2, the development below applies to estimators
of the form a ST + cr(tr{S}) S S*/tr{S} where r is a real valued function such that, for
any t > 0,0 <r(t) <1andr'(t) > 0.

Applying Theorem 2.1 with G(S) = ST /tr{S} and @ = —2, the term §(G) in (2.7) can
be written for any k > 0 as

5(G) = ¢ s ”ig;” F2cfaps — s (n— (n A p)— 1) T t{ ;f e
ol 555
= s % +2clapp— — pp—1 (n— (nAp) —1)] %
—de g tr{§+ S’Dg{ S;fg; }} : (5.2)

since ST = S+ 5 ST is symmetric and ST S = S St . For the differential term Dg{ S+ Gkt
tr{S }} in (5.2), thanks to Equality (A.1) based on the singular value decomposition of S,

11



we have

D{&} SRS

tr{S'} tr{L}

Sk G+ Sk G+ Sk+1 G+
w3y g tr{S}  (tr{S})?
IR o= =l 1 {8k 5+}
2 tr{S} Py li—1l; 2 tr{S}

[p—(nAp)]

N —

(IP_HIHF)v (5.3)

where here
Iy 0¢; i Iy
O = and —— = — .
tr{L} ol; tr{L} (tr{L})?

Substituting (5.3) in (5.2) and noticing that S S+ (I, — Hi H{") = 0, we have

o, tr{Sk+1 S+} oy B o (n B tr{S*k S+}
0(G) = ¢ pp—2 (3] +2¢clapp-2 — pr—1(n—(nAp)—1)] Tw(dl
tr{S* S+ tr{Sk+1 5+}

—2cpp—1 2k +p— (n A p)]

T N TV

) tr{gk—O—I g+}

tr{ Sk S+
T tr{S" 5"}

+2clapp—o —p—1 (n—p+2(nAp)+1—2k)]

(tr{S5})? {3}
tr{Sht1 S+ IR AT gy | 4
(tr{S}) tr{S} = T il

that is, expressing 6(G) in terms of L,

o tr{L*} -
I(G) = (L} {Cuk_z (L} 2 [pe-1 (nVp)— (nAp) —1+2k) — apy—o | tr{L"*"}
tr{ L*}

tr{L}

+4 pig—1 — 2 i1 Bk+1}

(5.4)

where
nAp nAp lk lk
i J

Bk+1:ZZ li_lj

i=1 j#i

12



(see Lemma A.2 in the Appendix). Then we have 6(G) < 0 in (5.4) for ¢ between 0 and

k-1 tr{ L tr{L} et et tr{L}
C,=2 nVp —nAp) —14+2k)—a —4 +2 Bryi ——~.
5.5

This gives rise to the following proposition.

Proposition 5.1. For a = a* given in Proposition 5.1, any Haff type estimator i;l} =

a* ST 4+ ¢S ST /tr{S} improves on the optimal estimator a*S™, and hence, improves on
any estimator a ST with a > 0, when k =1 and 2, as soon as

1
00<c<2u—((n/\p)[(n/\p)+1]—2) if k=1landnAp>2;
-1

e 0<c<2m[nAp) +1] -4 if k=2andnAp>2.

When k = 3, although Cy,« > 0, that quantity is not constant and cannot be bounded
from below by a positive constant. However, for a < a*, as soon as

o 0<c<2&(a*—a):2&(n+p~|—1—a),
H1 H1
the estimator $5% improves on a S*.
Fora = ay given in Proposition 5.1, any Haff type estimator ¥ = ag ST+c S St /tr{S}
improves on ay ST, and hence, improves on any estimator a ST with a < ay , as soon as

00<c<2b[(n/\p)—1} if k=0andnAp>2;
H—2

o 0<c< 2/t _3) if k>4
Hi—2

Comment. In the cases k = 3 and a > a*, k = 0 and @ > af, k > 4 and a > a7, our
method does not lead to any improved Haff type estimator. In each case, expression of C,
in (5.5) is non negative but is not bounded below by a positive constant.

1
Proof. According to Proposition 3.1, when k£ = 1, we have a* = — [(n Vp)—(nAp)— 1}
H-1
so that the quantity Cy+ in (5.5) equals

4 4 2
Cor=—(nNAp) — —+ —
H—1 H—1 H—1
which gives the first result.
When k£ = 2, we have a* = p; (n V p), and hence,

(tr{L})?

(nAp)[(nAp)—1] = ﬁ(mm (nAp)+1] —2),

(tr{L})*

c.. — 2u1[_(n/\p)+3]m—4,u1 +4M1[(n/\p)—1]'tr{L2}
= 2#&(?’@@)“]%—4”1

> 2m[(nAp)+1] —4p-y,

13



since (tr{L})? > tr{L?}. This gives the second result.
Now, when k = 3, as a* = H2 [(n Vp)+(nAp)+ 1], although C,« > 0, that quantity is
M1

not constant and cannot be bounded from below by a positive constant. Indeed we have

Co =222 [—2(n A p) zl]”‘{LQ}t”{L}—4ﬁ2

H1 P tl"{Lg} M1
H2 2 2 tI‘{L}
+ 2 m ((tr{L})* + [2(n A p) — 3] tx{L?}) {7
ot r{L L} e g (L))

p tr{L%} po o tr{L3} 7

according to the expression of By given in Lemma A.2. As for the positivity of Cy«, note
that, according to Inequality (A.5) in Lemma (A.4) with k = 1 and m = 1 and 2, we have

(L)) _ {2} tr{L}
(¥ = w{l’) =

Hence, it is clear that C,« > 0 with probability 1. However, it is clear from that expression,
that, for any a > 0, the corresponding C,, can be written as

B pe {2 er{L}
Ca - Ca* + 2 /,Ll (CL a) tr{L3} 5

so that
Co > 2&@* —a),
H1
as soon as a < a*. Then the result for £ = 3 follows.

When k = 0, we have a; = il [(nVp)—2((nAp)+1)]. It is easily seen from (5.5)
i

that -

H—2 nAp H—2 H—2
since tr{L™'}tr{L} > n A p. Hence, according to Proposition 3.1, the result for k = 0

follows.
_ HE—1

When £k > 4, we have aj = [(nVp)+ (nAp)+k—2]. According to the expression
HE—2

o :2E[(n/\p)—|—1] tr{ L'} tr{L} Y (nAp)—1],

Ao
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of By in Lemma A.2, it follows from (5.5) that

fk—1 tr{ L} ee{L}
C_-=2 —2(nAp)+2k—1 —4
s [=2(nAp) ] e {LF} s

M
Fik—2 tr{L*}

k—2
4o Mt { tr{ L™} tr{L* 17} 4+ [2
He—2 | 2

L (n A p) — K] tr{Lkl}} tr{l}

k-2
pr—y tr{L* "} tr{L} k-1 pe—1 tr{L} o1
=2 —4 +2 tr{ L™} tr{L mn
Hr—2 tr{L*} Hr—2 pi—2 tr{L"} mZ::l {7} J
k-1 k-1
> 9 pg—1 tr{L }ktr{L} g Mt M (h—2) tr{L }ktr{L}
Hi—2 tr{L*} Hk—2 Hi—2 tr{L*}
k-1
Mok—2 tr{L*} Hie—2
> o) 3),
HE—2

since, according to (A.5), S5 2 tr{ L™} tr{ LF""™} > (k—2) tr{L*~'} and tr{L* '} tr{L} >
tr{L¥}. This gives the result for k > 4. O

5.2 Dey type estimators

Counsider estimators

A S
ZD; = (IS+ —f-Cm, (56)

that is, of the form a ST + ¢S G(S) with
1

G(S) = — {§2}. (5.7)

Note that the homogeneity order of G(S) is @ = —2. Estimators of the form (5.6) were
proposed by Dey [2] in the Gaussian case where S is invertible, under loss Ly. Note that
G(S) is orthogonally invariant, and hence, thanks to Lemma 4.2, the development below
applies to estimators of the form a ST + cr(tr{S}) S /tr{S?} where r is a real valued
function such that, for any ¢t > 0, 0 < r(t) < 1 and 7/(t) > 0.

Substituting in (2.7), the term in (5.7) gives

_ 2 (S - o a py ST ST
0(G) = ¢ pir—2 (wr(57))2 +2c[apm ~Mkl( (nAp)—1)] Tu(d
—4ch_1tr{§+§D§ {ts{k_;}}} (5.8)
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Through Equality (A.1), we have
gk—i-l H. LFt1 HT
oSNy fminy
tr{S?} tr{L?}

:m{

N[ —

(p—(n AP))U{L—LQ} +k+1) tr{LL2} 7 (tr?LQ})Z} =

1 (nAp) lk:+1 lk+1
+ Hidiag Z R H/

2tr{ L2}
1 Lk T
where
L a %0yt L7
o= i g = DR 2 e
Substituting (5.9) in (5.8) we have
tr{Gk+2} tr{S+ 5¥1}
§(G)=c* g ——s—+2 9 — pg1(n—(nAp)—1)| ———
(G) = ¢ pp—2 (T clapp—rs — p1(n—(nAp)—1)] T
—4c trq ST SH 1( —(n A ))L—k+(k+1)L—k
Hi-t ez Platrey tr{L2}
Lk+2 -
g )
s 1 nAp lk+1 lk+1 .
—dcpp_tr< ST S Hidiag 2tr{L2} Z =1, H,|
1o [ IF .
—4c,uk_1t1" §S Str m (Ip_HlHl) . (510)

Expressing the terms in S through L, 6(G) in (5.10) becomes

c tr{L*+2} .
0(G) = w2} \“M? ey +2 a2 — pr—1 (nVp) — (R Ap)+ 2k +1)] tr{L"}
tr{LHQ} nAp nAp lk+1 lk+1
T8y = ey~ 2k Zl ; : (5.11)

since S S (I, —HiH) =0and (nVp)=n+p—(nAp). Then we have §(G) < 0 for ¢
between 0 and

[—1 tr{ L} tr{L?} pr—1 tr{L?}
W =2 — 2k+1| — — 2B .
C s [(nVp)— (nAp)+2k—+1] a} (L2 8 s +2 B2 Mk—2( tr{§k+2}
5.12
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where
nAp nAp lk+1 o lk—l—l

B2 = Z Z

i=1 j#i
This leads to the following proposition.

Proposition 5.2. For a = a* giwven in Proposition 3.1, any Dey type estimator ZDY =
a* St + ¢ S/tr{S?} improves on the optimal estimator a* ST, and hence, improves on any
estimator a ST with a > 0, when k =1 and 2, as soon as

4
e 0<c<—/[(nAp)—1] if k=1landnAp>2;
K1

e 0<c<2mu|(nAp)—1] if k=2andnAp>2.

When k = 3, although Cy« > 0, that quantity is not constant and cannot be bounded
from below by a positive constant. However, for a < a*, as soon as

° 0<c<2&(a*— )—2&(n+p+1—a)
H1 H1
the estimator ¥} improves on a S*.
When k =0, for a = a, and a = % gwen in Proposition 3.1, any Dey type estimator
S5 =ay St +c/tr{S2} and X7} = af ST+ ¢ /tr{S?} improves on a5 ST, af ST respec-
tively, and hence, improves on any estimator a ST with a < ay; and a > af respectively, as
S00M as

e 0<c< 4# [{(nAp)+1} (nAp)—2] and 0 < ¢ < 2':% [{(nAp)+3}(nAp)—4]
fnAp>2 B

When k > 4, for a = ay given in Proposition 5.1, any Dey type estimator EDY =
ag ST+ c/tr{S2} improves on ag ST, and hence, improves on any estimator a ST with
a<ay , as soon as

o 0<c< 23
Mi—2

Comment. In the cases k =3 and a > a*, kK > 4 and a > ag, our method does not lead to
any improved Dey type estimator. In each case, expression of C, in (5.12) is non negative
but is not bounded below by a positive constant.

1
Proof. When k = 1, we have a* = — [(nV p) — (n A p) — 1], then C, in (5.12) becomes

H-1
L L? 2 L?
C. = 8 tr{L}tr{L*} 8 N B, tr{L*} |
por o tr{L3} por o per tr{LF2}
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using the expression of B3 in Lemma A.2 it follows from the above equality that

8 tr{L}tr{L?} 8 i B 4 tr{L}tr{L?}
Co = T w@y o TR U

o tr{ L} tr{L?} 8

= e e

> Mi (nnp)—1],

where the above inequality is due to Lemma (A.4) with £ = 1 and m = 2. This gives the
first result.

When k = 2, we have a* = py (nV p). By using the expression of By in Lemma A.2
with k =4, C, in (5.12) equals

=2 [—(nAp)+5]% — 8y + 2 [(tr{L})? + 2 (n A p) — 3) tr{L2)] %
R e A
22ﬂ1[(nAp)+3]%—8u1.

since (tr{L})? > tr{L?}. Now, according to (A.5) with & = 2 and m = 2, we have
C(a* > 2/451 [(n/\p) - 1] )
which gives the second result.
When k = 3, as a* = ] [(nVp)+ (nAp)+1], although Cp- > 0, that quantity is not
M1

constant and cannot be bounded from below by a positive constant. Indeed we have

oM tr{ L3} tr{L?} b2 B2 tr{ L*}

Cys _2M1 [—2(n A p) + 6] BRSO 8,u1 +2M1 Bs g
2 tr{L}er{L?}  po
— 22 o(nap) 6] LS g2
o, 2 Ap)+6] (L7} o

tr{L?}
tr{L°}

+2 % [2tr{L} 0r{L*} + (2 (n A p) — 4) r{L*}]
_ g pe L {I2Y g {1 (0{L)
H1 tr{L5} %51 tr{L5} 41 ’

by substituting the expression of Bs given in Lemma A.2. As for the positivity of Cy«, note
that, according to Inequality (A.5) in Lemma (A.4) with m = 2 and k = 1 and 3, we have

tr{ L} (tr{L?*})? _ tr{L3}tr{L?}
w7y = w{f} — &

(5.13)
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Hence, it is clear that C,« > 0 with probability 1. However, from (5.13), for any a > 0,
the corresponding C, in (5.12) can be written as

po o tr{L%) tr{L?}
— O o2 () ST
Com o2 O Ny
Then, from (A.5) with & = 3 and m = 3, it is clear that
Co > 2 r2 (a* —a)
H1

as soon as a < a*. Then the result for £ = 3 follows.
When k£ =0, C, in (5.12) equals

—2 [ XL (v p) — (n —a| (nap) —8E 42l

C,=2 = [(nVp)—(nAp)+1] }( A p) 8ﬂ_2+2u_2B
=2 :%[(n\/p)—(n/\p)—l—l}—a} (n/\p)—S% +2%(n/\p)[(n/\p)—1]
= En —a n — E .
=2 | %L avp) - a| g -2 (514)

where B, is given in Lemma A.2. For a equal to the value a; in Proposition 3.1, that is,
for a, = ] [(nVp)—2(nAp)—2], it follows from (5.14) that
i

C,. =2 %[{Q(nAp)+2}(nAp)—4} :4“—_;[{(nAp)+1}(nAp)—2}

For a equal to the value af in Proposition 3.1, that is, for aj = i [(n Vp)—(nAp)— 3]

H—2
it follows from (5.14) that

C’+:2E[{(n/\p)+3}(n/\p)—4}.

Hence, according to Proposition 3.1, the result for £ = 0 follows.

When k > 4, we have a;, = Hi—1 [(nVp)+ (nAp)+k—2]. Then, according to the
1

19



expression of By in Lemma A.2, it follows from C, in (5.12) that

tr{L*} tr{L?} g

C_ =2 1 ot Ap)+k+3]

o P2 tr{LF+2} [ok—2
k—1 2
HE—1 m k—m k tr{L }
2 tr{ L™} tr{L 2(nAp)—(k+1D]|tr{L _—
+ ra {m1 r{L™}tr{ P2 Ap) = (k+1)]tr{ }}tr{LkJrZ}
4:uk—1 tr{Lk}tr{LQ} Sluk—l +2,UJk—1 tr{Lz} kz_it {Lm}t {kam}
_ — r r
fe—o  tr{LF+2} Hk—2 pr—p tr{LF2} 4=
 tr{ LR} {12 _ _ tr{L*} tr{L?
Z4Nk1 r{ }krg }_8uk1+2uk 1(k_1> r{ }krg }
pe—g  tr{LF+2} Hk—2 Hk—2 tr{LF+2}
_ tr{ LF} tr{L? _
Hk—2 tr{ L2} Hk—2
> ML) 3),
HE—2

applying twice Inequality (A.5) in Lemma A.4. This gives the result for & > 4.

6 Concluding remarks

In this paper, we have considered estimation of the inverse scatter matrix X! of a scale
mixture of Wishart distribution under Efron-Morris type losses. We have shown that the
standard estimators of the form a ST can be improved by alternative estimators through
an unbiased estimator of risk difference. Our approach unifies the two cases where the
sample covariance matrix S is singular and invertible thanks to a new Stein-Haff type
identity developed by Fourdrinier, Haddouche and Mezoued [5]. Our results extend several
classical domination results for the Wishart case to the scale mixture of Wishart case, and
also extend results for specific Efron and Morris type losses to the entire class.
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also partially supported by the Russian program #1.472.2016/1.4 Ministry of Education
and Science of the Russian Federation. W. E. Strawderman is supported by the Simons
Foundation #...
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Appendix

In this section, we focus on the technical aspects of the article. Thus we give the proofs of
results presented in Sections 3 and 4 and some supplementary lemmas used in these proofs.

A.1 Proof of Proposition 3.1

Recall the singular value decomposition of S, i.e. S = H;LH] (see Section 4). The proof
relies on the following lemma from Fourdrinier, Haddouche and Mezoued [5].

Lemma A.1. Let G = HiVH where ¥ = ¥(L) is a (n Ap) X (n A p) diagonal matriz,
diag(¢1(L), ..., Yunp(L)). Then SSTG =G and
1
D{SS* G} = D{H,VH]} = HYWHT + 3 tr(L'0) (I, — HiHY) (A1)

where W is a (n Ap) x (n A p) diagonal matriz with

p/\n

m _ 1 Ui 8%
U= - AT+ G+ 3 Zl—l

Recall that S = S /V. Without loss of generality, we prove Proposition 3.1 in the case
where V = 1, that is, S = S. First, we have tr{S* (S*)?} = tr{L*~2}. Then, applying
Lemma A.1 with \IJ(L) L*=1) we have

Dg{S"S*} = Ds{H, L' ' H[}
nAp jk—1 k—1
[p—(n/\p)—i—Q(k—l)]HlLk2H1T+§H1diag<2ﬁ> H]
i#] L 1<i<nAp

N | —

b5 (D) (1, — Hy A, (A.2)

Substituting (A.2) in the numerator of the fraction in (3.4) and tr{L*?} in the denominator
and using the fact that S S* (I, — Hy H' ) = 0, the optimal value of a* in (3.4) is

lk 1 lk—l

, , Es [Z?Af i ﬁ]
k— k—1 t

at = n—(nAp) —1+ nAp)+2(k—-1)] +

ez [ ( p) [ ( p) ( )H lih Ex, [tr{Lk—2}]

nAp lf l_lk 1]

nA
Fk Fk B [ZZ{D S
—1 -1 ¢
= — Vp)—(nAp)+2k—3|+
I (v p) = (nAp) ) k2 Ey [tr{LF~2}]

Finally, Proposition 3.1 follows immediately from the following lemma applied to (A.3).

(A.3)
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Lemma A.2. For k € N, [et

nAp nAp lk‘ l_lk 1

B’“_ZZ -1

Then, for k =0,
By = tr{L7?} — (tr{L7'})?

and satisfies
[1 = (nAp)tr{L™*} < By < 0;

for k=1,
B1 :0,
for k=2,
By = (nAp)[(nAp)—1];
for k =3,
By =2[(nAp) —1]tr{L};
for k >4,

By= 3 (L {2 20 A p) — (k- D] x5
and satisfies i
2(nAp) = (k=] ee{L*?} < By < (k= 1) [(n Ap) — 1] tr{L"}.
Proof. Note that the inequalities in Lemma A.2 use the inequality
tr{ L} tr{ L’} < (n A p)tr{L*"}

for a € R and b € R with ab > 0, which can be established thanks to the covariance
inequality. Thus, for a = b = —1, we have

(tr{L~ 1}) (n Ap)tr{L?},

which gives the first inequality satisfied by By. As for the second inequality, it follows from
Lemma A.4 with £k = m = —1. Also, setting a = m and b = k — 2 — m, we have

tr{ L™} tr{ L") < (n Ap) tr{L"?},

which gives rise to the second inequality satisfied by By for k > 4 (the first inequality being
obvious).
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As for the equalities, through straightforward calculations, we have

nAp nAp l 1 - nAp nAp nAp nAp
Bo=2 0 = z—z __ZZZZ Z<Zzz _g)

=1 j#i i=1 j#i

:_HZAP( )"ZA’I’(1>+"§(Z12) = —(te{L7})* + tr{L72}.

J

Also wp
Bl_zzl._l =0,
i=1 j#i
nAp n/\p nAp nAp
By = ZZZ_Z =Y D> 1=mAp)[(nAp) —1]
i=1 j#i =1 j#i
and
nAp nAp lg_lg nAp nAp nAp nAp nAp
By = ZZ;-; =) (li+l)= (nAp) =11 lHrZ(le—li)
i=1 j#i i=1 j#i =1 1=1 j=1

=[nAp)—1tr{L}+ (nAp)tr{L} —tr{L} =2[(n Ap) — 1] tr{L}.

Finally, for & > 4,

nAp nAp lk 1 nAp nA\p k—2

=2 T A 2

=1 j#i i=1 j#i m=0

k—3 nAp nAp nAp nAp
_ lm lk’ 2— m+ lk: 2 lk 2

k—3 nAp nAp nAp nAp nAp
=y > (sz A m) +Z (ZZH —lf‘2> +(nAp) =11 17

m=1 i=1 j=1 =1

k=3

(tr{L™}tr{L* >} —tr{L**}) + 2[(n A p) — 1] tr{L*?}
m=1
k=3

tr{ L™} tr{L* 2"} + 2 (n Ap) — (k — )] tr{L"?}.

3
IL
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A.2  An expression for tr{S* S Dg{r(tr{S}) GT(5) S¥1}}

The following lemma was used in the proof of Lemma 4.2.
Lemma A.3. For G(S) of the form G(S) = H, W(L) H, we have
tr{ST S Dg{r(tr{S}) GT(S) S*'}} = r(tr{S}) tr{ST S Dz{GT(S) S*'}}
+ 7/ (tr{S}H tr{GT(5) S"'} (A.4)
Proof. Since S S*GT(S) = GT(S), we have

Dg{r(tr{S}) GT(S) S¥™'} = Dz{S* Sr(tr{S}) GT(S) S}
= Dg{H, r(tr{S}) ¥ L HT}

1 ~
= HyWOHT + tr(L—lr(tr{S}) v Lk+1> (I, — HyHT),
according to Lemma A.1, where

(L) 0 (r(te{L}) (W L))

9 = 2o~ (o Am) r(tx{L)) Tt ol
—l—%r(tr{L})Z Wi )l _ ol
i#i Y
1 LFY, O LFY), 1 e (¢ LAY, — (¢ LAY,
=r(tr{L}) (5 (p —(PA n)) ¥ l; : + (wali : *3 2 %: - )lz - Z(Jw | )

+r'(tr{L}) (& L"),
Noticing that S S* (I, — H, H') = 0, it follows that
S ST De{r(tr{S}) GT(S) S*'} = r(tr{S}) S S* D{G(S) S} +'(tr{S}) S ST W LA

Finally, taking the trace gives the desired result. ]

A.3 A trace inequality
Lemma A.4. For k € R and m € R, we have
tr{ L") < tr{L*} tr{L™}. (A.5)

Proof. The result follows immediately from the inequality

pPAN pAn pAN

Dy Y
i=1 j=1

i=1
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