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Abstract

This paper presents a kinematic enhanced plate model formulated within the Mindlin-Reissner theory. The main purpose of the model is
to simulate the behavior of a structure up to membrane or bending failure. The shear strain is taken into account and the numerical shear
locking problem is regularized by the Assumed Transverse Shear strain Field method. Two kinematic enhancements are applied at the
level of the displacement fields by introducing two strong discontinuity fields. The first one is associated with the membrane displacement
field and allows to describe the membrane failure and the second one is introduced in the rotation field to describe the bending failure.
The Embedded Finite Element Method is used to incorporate the two kinematic discontinuities within a plate finite element, which allows
to determine these new variables at the local level by the static condensation technique and to keep the architecture of the computational
software unchanged. The kinematic and equilibrium operators associated with the enhancement variables are determined by fulfilling
specific conditions. Case-studies are considered to asses the relevancy of the behavior of the enhanced membrane component as well as the
behavior of the enhanced bending component. A mesh sensitivity analysis is also carried out. Finally, the Willam’s test is performed for
both components to verify the numerical robustness of the model and to analyze the apparent anisotropy associated with the development
of discontinuities within the element. The present results allow to demonstrate the robustness of the numerical framework reported in this
paper.

Keywords: Plate Finite Element, shear locking, strong discontinuities, E-FEM, membrane failure, bending failure

1. Introduction

When studying a solid mechanics problem, the choice of kinematic assumptions allows to particularize it for specific applications.
A plate model is a solid structure element characterized by a reference plane and by a thickness, which is small compared to other
dimensions (length and width). It can be made of a homogeneous material or of different layers of different materials. In addition, this
framework is derived from the plane cross-section hypothesis and introduces, besides displacements, the notion of cross-section rotations.
The Kirchhoff Plate (KP) theory is widely used for thin structures for which shear effects are negligible. On the other hand, the Mindlin-
Reissner Plate (MRP) theory is used for any structure and particularly thick ones, whose transverse shear strain is of great importance
and needs to be taken into account [1]. Regarding finite element discretization, the MRP variational formulation is more flexible than the
KP formulation since the displacement field can be approximated by C” interpolations. However, plate elements belonging to the MRP
theory are sensitive to the so-called shear locking, when the plate tends to be very thin. This problem has been widely studied in the

literature and in this paper the Assumed Transverse Shear strain Field method is used to overcome this drawback.
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Elementary stiffness matrix of a plate element
The Heaviside function
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Displacement discontinuity vector

Matrix of the first derivatives of the interpolation functions
Local stiffness matrix
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Plate generalized force field
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Fracture energy in bending
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Fracture energy in membrane
Ultimate stress value in bending
Ultimate stress value in membrane
Generalized displacement field
Displacement field

Plate generalized strain field

3D strain field

Shear strain component field
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Bending strain component field
3D stress field

Rotation field

Poisson’s ratio

Rotational discontinuity vector
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The Dirac function

The (MRP) theory is used in the literature to model structures of different scales. For instance, [2] extended this theory to capture the
microstructure and thus the size effect in the context of functional gradation microplates. However, in our work, we are more interested
in large-scale structures, particularly reinforced concrete walls and slabs. This work aims to develop an MRP plate element allowing to
model properly the strain-softening phenomena that accompanies cracks initiation prior to the element failure. To achieve this objective,
three main strategies are proposed in the literature: (i) the smeared crack strategy, in which the assumption of a continuous model is made
by its stress-strain relationship and thus, the representative displacement jump is replaced by an equivalent inelastic strain. The main
problem with this strategy is that cracking features can not be quantified; (ii) the discrete crack strategy, in which the strain softening is
modeled by means of kinematic enhancements. In addition, cracks are modeled by interface (zero-thickness) elements placed between two
adjacent finite element. This strategy does not require a very fine mesh, but localized failure can only occur in predetermined locations.
Re-meshing is often necessary to follow the propagation of the crack [3]; (iii) in this paper, the focus is on a third strategy entitled the

discontinuous crack strategy. The principle is to incorporate the kinematics associated with the small scale at the material level with the



kinematics associated with the large scale at the structure level. The discontinuity is termed as weak when it is introduced in the strain
field while it is strong when it is introduced in the displacement field. The discontinuity can be taken into account according to different
finite element methods: (a) the Extended Finite Element Method (X-FEM), in which discontinuities are carried out by nodes and solved
at the global level [4, 5]. (b) the Embedded Finite Element Methods (E-FEM), in which discontinuities are not restricted to the element
boundaries, nor held by nodes, but embedded within the element [6]. This technique allows determining the displacement discontinuities
at the local level of the element using static condensation technique without changing the number of degrees of freedom to be resolved
globally at the structure level. The application of the discontinuity crack strategy on plate structures is initiated by [7] where a hinge line
is embedded within the rotation field. In [8], a multiscale approach is presented to model strain localization by means of concentrated
hinge lines in plates elements using E-FEM for which two displacement jumps in the rotation and deflection fields were considered in
contrast to the model proposed here. Indeed, the proposed model in the present paper consists in enhancing the displacement and rotation
fields of the plate element by a membrane and a rotational discontinuities respectively, within the E-FEM scope. This choice is more
appropriated to deal with civil engineering application, in which bending is a common loading. On the other hand, failure under antiplane
conditions was analysed by [9].

To find a numerical solution to the problem, the equilibrium equations are first linearized in order to illustrate how they can be
implemented. Case-studies are presented to verify the relevancy of the model. First, the opening and closing mechanisms of each
discontinuity is checked under cyclic loading. Then, we examine the case for which the two discontinuities of membrane and rotation are
activated at the same pseudo-time without ensuring a specific coupling between them. Furthermore, a sensitivity analysis with respect to
the mesh size is carried out to show that the model is free of mesh-dependency effects.

Finally, a particular attention is paid to the Willam’s test. This test aims to check not only the robustness of the numerical integration
strategy but also to study the capability of the model to describe the intrinsic anisotropy when non proportional loading is considered.
The test is performed for both membrane and rotation discontinuities. The numerical implementations as well as the various cases studied

were carried out in CastLab toolbox [10].

The paper is organized as follows. Section (2) recalls the main ingredients for formulating a MRP element with the appropriate
kinematic assumptions. The displacement and strain fields are introduced. The variational formulation is then addressed within the
framework of the principle of virtual works. Then, the generalized behavior model of the plate structure is derived from a behavior
relationship of an isotropic elastic material. The Assumed Transverse Shear Strain Field method to prevent from shear locking problem is
also briefly examined. In section (3) the kinematic enhancement of the plate is detailed. The two discontinuities of membrane and rotation
are introduced. In addition, generalized cohesive models representing discontinuities behaviors are examined. The compatibility and
equilibrium operators are determined in section (3.4). Section (4) is devoted to the linearization procedure of the equilibrium equations.

Finally, different case studies are examined to verify the proper functioning of the enhanced model.

2. Plate finite element modeling
2.1. Kinematic assumptions

Let us consider a plate structure having a thickness of h as shown in Fig.1. We start by pointing out that the spatial coordinates (z, y)
in the plane are designated by the vector x; in addition, the out-of-plane coordinate, z, remains scalar 2 The displacements u, and v, of

any point P of coordinates (x, z) vary linearly in z; however the transverse displacement w, (displacement according to z) depends only

2. By writing the variables in bold, it indicates that they represent a nth order tensor. Otherwise, the variables are scalar.



on x. The transverse strain along z is assumed to be zero (no variation along the thickness). According to the plane stress hypothesis, the

associated out-of-plane stress is negligible compared to the other components of the stress tensor. For any point P corresponds a point M

i

M

h

Figure 1: Illustration of a plate structure.

of coordinates (x,0) belonging to the reference plane (z = 0) as illustrated in Fig.1. The displacement field u(x, 0) of M is referred to

the generalized displacement U(x) and expressed as follows:

ug(x,0) Uz (x)
u(x,0) = vy(x,0) | = | Vy(x) | = U(x) )
w,(x,0) W, (x)

where u,, v, and w, are respectively the representative variables of the displacements according to x, y and z in the 3D plate. On
the other hand, U, V,, and W, are the generalized displacements respectively over x, y and z. In addition, the plane cross-sectional

assumption implies the introduction of a rotation vector ©(x). Therefore, the displacement field u(x, z) at point P is:

Uy (X, 2) U, (x) 0 1 0f [9:(x)
u(x,z) = |vy(x,2) | = | Vy(x) | +2|=1 0 0| |9,(x) 2)
w,(x, 2) W, (x) 0 0 0 0
=t
Thus,
u(x, z) = U(x) + zRO(x) 3)

The strain field € derives from the displacement field u. Taking into account the small strain hypothesis, € is written as:

€(x,2) = = (Vu(x, 2) + V'u(x, 2)) )

DN =

where V is the gradient operator and ()7 denotes the transpose.

In order to distinguish the different strain components of the plate (i.e. membrane, bending and shear), specific notations are used

such as:
€y = Ua:,x Kg = ey)m
Yz = Wz,x + @y
€= ey = Vyy ) = Ky = —BOzy e )
Yy = Wz,y — Oy
25y = Uy + Voo 260y = Oy — Oz p

where (o) , denotes the spatial derivative of e with respect to coordinate a € {z, y, z}. Therefore, the strain tensor (4) can be formulated



in vector form according to the Voigt’s notation as follows:

€x + 2Ky
ey + 2Ky
e+ zZKR
€= = | 2e5y + 22K,y (6)
~
Y
- ’Yy -

2.2. Principle of virtual works

Let us assume an arbitrary finite element plate e of surface 2. The elementary internal virtual work W7 , is written according to the

n

variations of the virtual strains €* where the upper index ()" is used to designate a virtual variable. Thus:

h
W)= [ [ seT 000 2 )0, ™
& ey

where ¢ is the pseudo-time and o is the stress vector composed of a plane part S, and a distortion part S such as:

i
g = [Uzz Oyy Ozy Oxz Uyz] (8)
N e N e’
ST ST

Then, by introducing the expression (6) of the strains € in (7) and by integrating along the thickness &, we get the following formula:
WE () = / se* T (x, t)F(x, t)dS2. ©)
Qe

with e* the plate generalized strains ® such that e*” = [e* k* ~*] (see Eq. (5) and F = [N M T|” the plate generalized forces defined
as follows:
4 4 4
N:/ Spdz M:/ 28,dz T:/ S.dz 10)
_ B —h —h
2 2 =
For the sake of conciseness, spatial and pseudo-time coordinates x, z and ¢ are omitted in the following.

2.3. Generalized constitutive laws
From a material point of view, we consider a plane stress elastic isotropic constitutive law. The three-dimensional constitutive law
can be written as follows:
o= Ce (11)
with C the local stiftness matrix combining plane stresses and transverse distortion. For a homogeneous isotropic linear elastic behavior,

C takes the following form:

1 v 0 0 0
v 1 0 0 0
L 1
C=7—5 |0 0 5 o0 0 (12)
00 o Moo
00 0 0o A

with k the transverse shear correction factor, ' the Young’s modulus and v the Poisson’s ratio. Furthermore, the matrix C can be put in

the following simplified form:

H 0
C= (13)

0 H,

3. Itis important to note the difference between the strain field € expressed in three dimensions and the generalized deformation field € having 8 components (e £ ).



with:

1 v 0
-2 |, 1 o|.m--E |"TF © (14)
1—v? ’ 1—0? 0 k(—v)
0 0 L2
Therefore, the equation (11) can be written using (6), (8) and (13) as:
o S, : H(e + zK) (15)
S, H,~

In order to obtain a gencralized form of the plate behavior, the generalized force equations (10) are developed according to the material

behavior law (15). Please see AppendixA for details. Therefore, the plate generalized behavior can be written as follows:

N H, H,; O0]]|e
M|=|H,, H, 0] |x|=F=De (16)
T 0 0 Hyl |y

with D the stiffness matrix of a plate element of thickness A. Lastly, the introduction of the generalized behavioral equation (16) into the
expression of internal work (9) provides:

wnt

we, = / o DedQ. 17
Qe

2.4. Finite Element discretization

Because computational cost is directly proportional to the number of integration points, engineers have a strong interest in using
elements that require only one integration point per element. That is why the finite element chosen in this study is a triangular element
with three nodes, referred hereafter as T3~y. Each node ¢ has six degrees of freedom representing the three generalized displacements
(Uqs, Vs and W), the two independent rotations (©,; and ©,;) and the out-of-plane rotation (© ;). The out-of-plane rotation has not
been particularly explored since the study of torsion has not been covered in this paper but the corresponding degree of freedom is left in
the formulation for compatibility reasons. However, since the out-of-plane rotation does not correspond to any stiffness, it is necessary to
be careful in the numerical computation of the system of equations in order to avoid rank deficiencies. The six independent generalized

components are expressed by the same linear interpolation functions [11].

Uy = Zz NiUy; Vy = Zl NiVyi W, = Zl N W,

(18)
where N; is the interpolation function corresponding to node 4:
Nix) =1 - & _;)' 1 (19)

n’ is the normal vector (o the opposite side of node i (directed, in our case, towards the inside of the triangular element) and A? is the
height associated with the node ¢. The assembly of these six equations (18) results in:
T
d=Nd. suchthat d=|U, V, W, ©, ©, O, (20)
with N the matrix of the interpolation functions associated with the six generalized displacement fields d, and d. the elementary vector
of the 18 nodal degrees of freedom. Thus, the generalized displacement fields (20) can be differentiated to obtain the generalized strain
fields as follows:

e =Bd. 21)



with B the matrix of the first derivatives of the interpolation functions associated with the eight components of the generalized strain fields

€. By combining equations (21) and (17), we end up with the following expression:
W, = odr ( /Q BTDBdQe> d. (22)
According to equation (22), the elementary stiffness matrix of a plate element can be deduced and written as:
K, = / B DBd. (23)
Q.

2.5. Shear locking

Shear locking is a numerical phenomenon which occurs with the MRP theory when the plate tends to be thin. This locking results
in an overestimation of the bending stiffness. Several methods have been proposed in the literature to avoid this locking problem. To
overcome this drawback, one can mention (i) the uniform reduced integration, where the bending and shear terms are both integrated with
the same rule which is of a lower order than the required one [12]; (ii) selective reduced integration, where only the integration rule order
of the shear terms is reduced [13]; (iii) the mixed variational formulation, which is capable of reducing the influence of shear energy.
However, the resulting formulations are complex and computationally expensive [14]. Finally, (iv) the Assumed Transverse Shear strain
Field, [15] which is used in this work since it avoids the problems raised by the reduced integration methods such as the development of

strong distortions or Hourglass phenomena, and avoids the complexity of the mixed formulations. The spatial variation of the distortion

Figure 2: Simplified illustration of shear distortion.

is assumed to be linear with a constant tangential component on each side. The element compatibility is imposed in the middle of all
three sides only in the tangential direction. The values of the tangential component v¥ of the transverse distortion along the side 7 in

Fig.2 can be calculated directly as follows:
k szj - I/Vzi
78 - L

k

sin a, see Fig.2

(OF + 0k (24)

DN | =

+

where ©%% and ©%7 are the projected values of the rotations on the tangent of the side ij such that :
@I;i — @; cos 2 + @; sin 25)

where ) represents the angle of the side ij with respect to the horizontal axis of the local system of axes. This procedure allows to

determine the interpolation functions associated with the transverse strains which leads to a shear locking free element. These functions



take the following forms:

Oy;
_@zi
Wzi
@yj
Yz
=mmp | —Q,; (26)
P
Yy W,
Oy
_@zk
Wzk
with:
1—t Ot ~Sige
M= __ Cpy 1 Chop L _ 1 * CwS; 3 27
s Tas5t TRl 5T R 5 ognstg @
and:
1 11 1
) 0 -, 2 0 I 0 0 0
GRS N (28)
Cr 8 1 Cr 8 1
G L o0 0 0 G % 4
and:
1
Q=——%—; Ci=cosQ ; S =sinQ ; l={ijk} (29)
5= 5. Ck

where ; = 0 for [ = ¢ as a result of changing the system of physical axes of the finite element 77k to the system of orthonormal axes of

origin . The variables s and ¢ are the coordinates in the system of reference axes .

3. Enhanced plate model
3.1. Kinematic enhancement

The kinematic enhancement-based method using discontinuities has been proven as efficient to describe failure. Several enhanced
models have been developed in literature [8, 17-19]. The kinematic enhancement is done within the framework of the generalized

approach. In other words, the discontinuity variables are generalized ones. The idea is to introduce two discontinuity fields per element:

il

. displacement discontinuity in the membrane;

— ©..: rotational discontinuity for bending.
The elementary discontinuity® vector i = [ﬁe 6@]T is represented by a thick black line designated I'; in Fig.3. The discontinuity
line is generally inclined by an angle o with respect to the vertical axis and having n = [cosa sina]” as a normal vector. The line I'y
divides the element into two domains: Q7 and 7, see Fig.3. Each of the two discontinuity fields has two components, according to
and y as follows:

_ U, = |[U4]| cos o _ 8, = ||®.||sina
U.=¢_  _ and ©.=¢ _  _ (30)
Vy = ||Ue||sin o 0, = [|®.||cosa

The two discontinuities are assumed to occur at the same position within the element. The opening of the membrane discontinuity is

4. Note that for this standard displacement formulation, membrane locking is not significant (i.e. the inability of the element to capture a state of pure bending problem
[16]). Therefore, it does not raise any issues.

5. The variables highlighted with two upper bars refer to variables associated with discontinuities.
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Figure 3: The components of the two discontinuities in the global system of axes.

assumed to be constant throughout the line I'y. This means that the two discontinuity lines are assumed to be parallel. In addition, it
should be noted that only a mode I opening is considered in the model developed here. This means that in the local system of axes (m, t)

corresponding to the discontinuity, see Fig.4, the tangent component U ; representing the sliding between the two lips of the discontinuity
T

7
n

is assumed to be setup to zero and thus, the sliding angle 8 = arctan ( ) is zero too 8. Therefore, one can write:

U.=U,n €2y

©.-6,n (32)

In the framework of the model proposed in this paper, crack continuity between elements is not taken into account. To do this, an

Y
Yy

r

Figure 4: Representation of the general case of a membrane discontinuity.

additional compatibility condition must be introduced and global/local crack tracking algorithms should be used in order to ensure the

continuity of the crack-path in particular under complex cracking conditions involving curved cracks [20].

6. It should be noted that the extension to mode II opening is not a difficulty. This can be done by considering the tangent component ﬁt of the discontinuity variable
U,



The application of the enhancement to equation results in the following expression:

d(x,t) =d(x,t) + d(x,t)

(x)de () -+ M(x, X0)de(t) (33)
(x)de(t) + [ip(x) + H(xa)] de (1)

with x; the position of discontinuity line in the element, (x,) the Heaviside function at x,; and ¢ an appropriate function requires

that the enhanced component of the displacement field to be equal to zero at the element nodes. Therefore, the generalized strain field

becomes:

e(x,t) =&(x,t) + Vﬁ(x t)

(x)de(t) + Gy (x,x2)d. (1)
(x)d.(8) + Gy (%, x2)d. (1) + 8 (x2)d. (1)

g(x,t) F(xq,t)

B (34)
B

Op(xX.X4)

with 8(x4) the Dirac function centered at x; and G, (x, Xg) = =

the compatibility operators associated with real enhancement

variables such that:

G, (x,x4) = 0 G, (x) (35)
0 RMy(x,x4)

where M is the matrix of enhancement functions associated with the rotation discontinuity such that My = ¢, (x) + Hg(xq) and

S, 0

(xa) o for x =xy

0(x4) = 0 3. (xq)| with &, =0, = (36)
0 0 0 otherwise

Since linear triangles are considered, the strain field is constant within the element. Therefore, the discontinuity line can be set to any
position within the element except that its direction is defined according to the principal direction (Rankine criterion). Indeed, the normal
vector at the discontinuity line is parallel to the direction of the principal stress. Finally, we consider that the discontinuity line passes
through the centre of gravity of the cracked element.

3.2. Variational formulation

=
The virtual strain field £* is written as a function of d} and d..:

e*(x,1) = B (1) + G (x,x4)d, (1) (372)

= B(X)d; () + G,(x)d, () + 8(xa)d,(t) (37b)

The virtual discontinuity variable ﬁ: is interpolated using the enhancement functions G, named the equilibrium operators. In general,
G, and G, are not necessarily the same. Each of them can be determined according to specific conditions, as shown in section (3.4).

Remembering equation (9) in which (37a) is introduced, the following expression can be derived:

—T
Wi (t) = 0a:T (0)F5,, p(t) + 04, (H)F, (1) (38)

10



where:
Fi.p(t) = / BY (x)F(x, ¢)dS). (39)
Q

o alt) = / GT (x)F(x, 1)dQ, (40)

After determining the expression of the elementary internal work, the principle of virtual works is written as:

D AW () =W ()} =0

—+T

> 0z () (F 5 (1) — Fego(1) + 04, (D)F5,, 6(t) =0 (41)

odz,, () (F5 5 () —FEL )+ od, (£)F5,, o(t) =0

’

with
T
dstr: Uzl Vyl Wzl @zm @ym @zm

with m the total number of nodes, n the total number of plate finite elements and 72 the number of plate elements with, at least, one active

discontinuity. The activation of the discontinuity is assumed to be defined by a Rankine’s failure criterion. In addition, the equilibrium

*
str

must be fulfilled for all virtual displacements dd’, . as well as for all elementary virtual jumps 53: Therefore, the following system is

obtained:
toe. B () —Fori(t) =0 (42a)
Vee{1,2,...,n} Fi,o(t)=0 (42b)

The first equation of this system represents the structure equilibrium at a global level. The second equation represents the elementary

equilibrium at local level. The development of the second equilibrium equation gives:

o) = / GT (x)F(x, £)d€2,

43)
_ /Q (G () + 87 (x0)) Flx, )2, = 0
Therefore, we end up with the following equation:
/Q G (x)F(x,1)dQ, = — /Q 87 (x4)F(x,1)dS, (44)
where 87 (x,4) is given in equation (36) and:
i | & ’ (45)

The following system of equations is obtained ’:

/ G (XN(x,1)dQ, = — / N(x,t)dl'y = N(xq, )lr,
Qe g

7. Equations (46) were obtained by knowing the following Dirac function property:

/ 87 (x)F(x,)dQ. = / F(x,t)dl'y = F(x4, t)ir,,
Qe Tq

11



: (46)

3.3. Generalized cohesive laws

The material behavior at the level of the membrane and rotation discontinuities needs now to be defined. For this purpose, a gener-
alized traction separation law is considered. For quasi-brittle materials, discrete cracking can be modeled by either a damage model or a
plasticity model. For more details about these strategies, see [21]. In this work, a cohesive damage-based model is chosen. Discontinuity
initiation is assumed to be defined by a Rankine’s failure criterion. In addition, discontinuity is assumed to occur along a localized surface
oriented perpendicularly to the direction of the maximum principal stress. The discontinuity activation and evolution can be described
either by neglecting shear stresses or by taking into account the two stress components (axial and shear) in the definition of the failure
surface. For both membrane and bending components we assume a linear elastic model in the bulk. Nevertheless, a cohesive model takes
control at the discontinuity level. For the membrane component, the membrane discontinuity is likely to develop only in tension beyond a
certain stress threshold. This choice is made in order to distinguish between the behaviour of concrete in tension and compression. On the
other hand, for the bending component, the rotational discontinuity can develop either in tension or in compression since a symmetrical
behavior is considered to represent the concrete cross-section.

The failure criterion ¢, for membrane and ¢ for bending are computed by comparing the values of the normal components with the

ultimate stress values (V,, and M,,) allowed before the discontinuities are initiated:
$m(t) = Np(t) — Nu(t) <0 and ¢¢(t) = |Mn(t)] — My(t) <0 A7)

where N,, and M,, are the normal components of the generalized membrane and bending forces in the discontinuity system of axes.
N, and M, represent their limit values which evolve according to the softening cohesive laws. The cohesive models take standard
exponential forms:

Nu: Mu:
N=N, GXP(—G—Un) and M = M, exp(—G—@n) (48)
m f

with G, and G the fracture energies in membrane and bending respectively. For more details about the thermodynamic framework of

this cohesive damage model, readers are invited to refer to paper [21].

3.4. Enhancement operators
3.4.1. Compatibility operators

Two conditions must be fulfilled in order to determine these operators [22].
First, the presence of discontinuity must not affect nodal compatibility between the elements. The following equations are derived from

this condition:

M(x,xq) = H(xa) + p(x) = H(xq) — Y Ni(x) (49)
ieQt
Therefore:
G.(x)=- ) Bix) (50)
ieQt
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Second, the cracked element must be able to reproduce a zero strain state when the discontinuities are fully opened. In this case, at
the pseudo time ¢ = ¢, the kinematic relationships between the discontinuities can be obtained by writing the displacement at node 4

belonging Q7 in Fig.3 as follows:

Al (ty) = A7 (ty) + DAL (ty) (51)
with:
1 0
) 0 x*—x
Dhinee — t (52)
0 1
0 0

For the other nodes (7) and (k) of the element belonging to €2, their nodal displacement vectors in case of a zero strain state d?mg “(ty)

and d}""9° (¢ ;) are equal to those of their rigid states d;igid(t ¢) and & (¢ ;) such that:
P9t ) = A9 ) and dl9%(tp) = AP ) (53)

By assembling the three nodal displacement vectors, the elementary displacement vector is obtained as follows:

d};mgg(tf) _ d;igid(tf) + nggeﬁg(tf) 54
with:
D?ing@
DI;inge — 0 (55)
0

The regular part € of the enhanced strain € in (34) must be cancelled in case of a zero strain state. This results in:

0 =BX)D!9°d, (¢ ;) + G, (x)da(tf) (56)

with B(x)d.#"(t ;) = 0. Therefore, the introduction of (55) in equation (56) gives:

Gr(x) = B, (x)D;""" (57)
Knowing that,
Grimn(x) rmzX) 0
Gx)=|Gux|=| 0 @_. (58)
G,y (x) 0 Gmg(x)
we obtain:
G, ,=(x) = —Brui(x)
G, (%) = —Buai(x) (59)
G, (%) = —Byui(x)(x' —xr,) ~ Noy(x)

For a three-node element T3~y which has linear shape functions (cf. equation (19)), the expressions of the compatibility operators can be

deduced directly from the equation (58). Therefore, the functions associated with the membrane part and the bending part are:

ni 0

_ — 1 )

Grmﬁ(x) - GTHE(X) - _E 0 an (60)
ny m
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with n® = (n', n}) the normal vector on the opposite side of the main node i and h* the element height. The discontinuity line is assumed
to be parallel to the opposite side of the main node. Thus, they have the same normal vector. Finally, regarding the enhancement functions

Em? related to the shear strain -+, we have :

500 = “Bui(x) (X' —xr,) — Noi(x) (61)
Therefore, the choice of the enhancement functions Erﬁ depends on the choice of the functions B.,.,; and Ng; associated with the node
i
3.4.2. Equilibrium operators

The enhancement functions G, also known as equilibrium operators, must verify the stress continuity between the continuous model
and the cohesive model. In other words, they must satisfy equation (46). It is also necessary to check the patch test condition. An
additional equation must be introduced in order to ensure the continuity of traction vectors through the discontinuity line. In other words,
the normal cohesive forces Ng and bending cohesive forces My on the discontinuity line I'; are defined as a function of the normal force

N and the bending moment M defined in the element €2, outside I' ;. The weak form of these equations is written as:

—/ NndFd+/ Ngdl'y =0 (62)
Fd Fd

— / [Mn -+ (X — xd)Vn] dFd + / [Md + (X — Xd)Vd] dFd =0 (63)
Ty Tq

However, according to [8], functions G, are defined to allow the transition from an integration along the discontinuity line I’y to an
integration over the element €).. Therefore, taking into account this idea to express the first terms of equations (62) and (63) respectively

allows us to write :

/ G. _(x)N(x, £)dQ. + / Ngdl'g = 0 (64)
Qe Ly

/ (G (OM(x, 1) + Gy 5(x)V(x,1)] d2

Qe (65)

+/Fd[Md+(X—Xd)Vd]dFdO

For x = x4, we obtain de (x —x4)V4dl'g = 0. As a consequence, we find the same local equilibrium equations derived from the virtual

work principle (46). By analogy between (64), (65) and (62), (63), one can deduce:

/ G, =(x)NdQ, = — / Nn dl'y + Ipo(h2Th) (66)

(1 Ta

/ G, (x)MdQ, =— [ Mndly+Iro(hl™) (67)
G Ty

/ G gVl = — / (x = Xg)Vn dl'g + Ip o(h2™) (68)
Qe Ty

where I, is the length of the discontinuity line, I'; and o(h’e’“) stands for higher order terms for p > 0. In [8], general expressions

for G, EUTHE and EvTﬁ satisfying the equations (66), (67) and (67) have been determined. The proposed expressions depend on the

'umi’
interpolation functions order. In case of a T3~y element, the interpolation functions for the strain field are constant. A simple expression
is proposed for the equilibrium operator in [23] in the context of a plane stress problem. Therefore, we can use these functions for both

the membrane and the bending parts independently:

T 0
- — l
va - G’UH - — Lo 0 n9 (69)
Sa.
Ty N
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with Sq_ the element surface and n = (n1,n9) the normal vector at the discontinuity line. Lastly, the patch test ensures the possibility
of representing a constant stress state per element [24]. Indeed, in order to perform the patch test, the following condition (70) must be

checked.

/ GumdQ. = 0, knowing that G, = Gyom + 6, (Xa),
£

1 0 (70)
:/ Evmdﬂe - _/ 5m(xd)dﬂe - _le 0 9
Qe
ny  nq

Therefore, the introduction of the equilibrium operator expression (69) in (70) allows us to easily fulfill the patch test.

4. Computational framework
4.1. Linearization procedure
The equilibrium equations of the system (42) are not generally linear. That is why, they must be linearized in order to be implemented.

Let us assume that the variables of the problem are determined at pseudo-time ¢. The objective is to determine these variables at pseudo-

time ¢ + 1. The residue associated with equation (42a) is defined as follows:

R(dstmﬁhﬁh . g dﬁ) Ffrtzrt B( ) thzrt( )

A (71
= A (5, 5(0) — Fot)}
with,
R _ A (s
adstr N e=1 ade (72)
OF¢, B
8?R —20E vee{1,...,7)
od,. od,

The symbol A refers to the assembly operator. Then, the overall equilibrium of the structure is achieved iteratively using the index &

according to a fixed point method. We end up with:

n

JR —(k+1>
1 k+1)
R§++1 Vs R§+)1 + ad,;, gttl Z ﬁ ’ et+1
_ (73)
A =(k+1)
0 =R, + QKBB LAY ZKBG Ad, .,
e=1
with Kz g and K g the stiffness matrices such that:
aFiEnt B T oF
Kgp=——== B — (x)B(x)d€2. 4
pp =l — | BTGB 74
oF3, 3] _
Koo = — 22 — [ BT 52 (G, ()0, as)
od, e 9e
Therefore, equation (73) can be reformulated into a matrix form as follows:
4 (k+1)
(k) d. e A (F
él {KBB KBGL+1 Aﬁe - _é( int,B — Fezt)g+)1 (76)
t+1
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Similarly, equation (42b), qualified as local, is also linearized. This step is done at a constant displacement increment Ad. at the pseudo-
time step ¢ + 1 and at the iteration k:

e, (1) e, (1)

. 8Fm JoF,; =(I+1)
Fz;z(tlgl) = Fz;z(tl)G + L Ad( 1 I =t7G Ad@
’ ad. ad. (77)
e,() 0 (k) =(I+1)
0=F;; + KipAd® + K, Ad,
such that:
znt G / G X t d) + F(Xd7 )le (78)
with I, the length of the discontinuity ['; and F (x4, ¢) the vector of cohesive forces. Therefore:
oF;, —r,  OF
Kan(t) = o0 — [ G005 (x OB(xa0 9
od. Q. g
oF3, —r1, . OF — ot
Koolt) = —25(0) = [ /x5 (x 06, ()a0 + = (0}, (50)
8d Qe od.
with t the cohesion forces defined as:
tilt N(xq4,1
((t) = F(xg,t) = F(x,t)|, and @) _ | Noxa 1) 81)
to(1) M(xy4,1)
Therefore, we have:
at at at
o =u(t)  =(t) =(¢) 0
?t(t) _ | au ) _ | oU. (82)
ad, %o () Qo (3) 0 a4y
aU, 90, 00,

The cohesive models governing the membrane and bending behaviors at the discontinuity line I'; are assumed to be uncoupled. Coupling
is possible if a staggered static condensation strategy is used [25]. The assembly of the local equations (79) and (80) over all elements

gives:

A ) | A4 L ;
4% {KGB KGGL+1 =(1+1) = —Fint,a¢01 (83)
t+1

Combining equations (76) and (83) results in:

0 (k+1) (k)

1& Kes Kga Ad. |~ (Fout,B — Fear) (84)

e=1 = e
Ko Kea " Ad, " —Fint

t+1
The resulting system (84) can be solved by performing static condensation at the finite element level. This technique allows to solve
the enhancement variables at the local level [26]. Once the equilibrium at the discontinuity line is reached, the value of ¥y, ¢|ry1 is

canceled. Hence:
0] (k+1) (k)

A K K Ad, —(F¢,, 5 —F¢
A BB BG = _ ( int,B ezt) (85)
=1 Ksp Koo Ad. 0
t+1 t+1 t+1
The second equation of this system gives:
= 7(k+1)
Kos|® Ad. + KagAd.| =0
t+1
thus:
kt-1) kt-1)
Ad5|g++1 - GG|(l KGB|(l Ad5|g++1
(86)
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The expression of Ad5|§i+11 is introduced into the first equation of the system (85) to give:

Kps|® Al + Kpol®(-KoE @ Kepl® Ado[hTY .
= —(F® T &7
int,B ezt t+1
And then:
(KBB|(l) — Kpa|? Kgg | KGB|(l))Ade|t+1

o) (88)

e k—+1)

- ( int,B ezt) §+Jlf

with K¢, ; the condensed stiffness matrix. The main advantage of the static condensation method is that the total number of degrees of
freedom at the structure level remains unchanged. This matrix can be updated during iterations with the evolution of the material state.
This reduces the number of iterations and then shortens the computation time; however, it can sometimes lead to snap-back numerical

instabilities. In this case, it is necessary to refer to advanced displacement/load control techniques such as the arc length method [27].

4.2. Geometrical transformation

It is necessary to distinguish three systems of axes, see Fig.5. The first one is the global system of axes. It is also known as the
physical one. The second one is a local system of axes which is defined at the element level whose origin is represented by the first node
belonging to the element according to the connectivity table. The third system of axis is local and is defined at the discontinuity line level
which has the advantage of managing the local equilibrium of the element in a scalar way and particularly to check the discontinuity
activation. Therefore, it is necessary to pay attention to perform transformations between the different systems during the computation in
a proper way. Furthermore, an additional transformation into the reference finite element is necessary during numerical integration step

using, for instance, the Gauss method. Details about these geometrical transformations can be found in [28].

Global system Local system Local system
of axes (Physical) of axes (Element) of axes (Discontinuity)

Figure 5: The different system of axes.

5. Numerical applications
5.1. Description of the numerical setting

In order to study the membrane and bending discontinuity independently and to prove the relevancy of the proposed modeling strategy,
a square-shaped plate with a size of 1 x 1 m? is considered, as shown in Fig.6. The thickness of the plate is assumed to be constant and
equal to 1 m. The structure is discretized into two triangular elements of T3+~ type. Nodes P2 and P3 are fixed. Nodes P3 and P4 are free
to move. For the membrane component, the constitutive model used is non-symmetrical: elastic-cohesive in tension and linear elastic in
compression. However, for the bending component, the constitutive model is symmetrical elastic-cohesive. The material parameters are

summarized in table (1).
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P4: (0,1) P3: (1,1)

P1: (0,0) P2: (1,0)

Figure 6: Geometry and mesh size of the plate.

Young’s modulus  Poisson’s ratio  Fracture surface energy ~ Threshold limit

FE % G & Gy N,
3 x 1010 0.2 103 & 5 x 103 2.8 x 10°
Pa = N.m 2 N.n !

Table 1: Material parameters.

5.2. Elementary tests

5.2.1. Pure membrane behavior under cyclic loading

The first test aims to study of the plate under pure tension. It consists in imposing an axial displacement U/, on the nodes P2 and

P3. Time evolution of the loading is given in Fig.7. The global response of the plate is shown in Fig.8. It shows the cyclic behavior of

%107

Imposed axial displacement (m)
N

0 100 200 300 400 500 600 700
Pseudo-time (-)

Figure 7: The time evolution of the loading.

the membrane component. The discontinuity opens and closes during each cycle. As expected, in compression, the behavior is linear
elastic. This validates the proper implementation of the enhanced plate model for the membrane component. The crack discontinuity
vs. traction vector evolution related to the membrane part is shown in Fig.9. The exponential shape of the curve is consistent with the

traction-separation law used.
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Figure 8: Global response: reaction force vs. imposed displacement.
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Figure 9: Cohesive response: cohesive force vs. discontinuity. The arrows in the figure (in blue) with the associated numbers allow to clarify the loading path.

An element fails when a discontinuity is opened inside it and its maximum value is reached, so that the force is no longer transferred
between the lips. This state is known as fully softened discontinuity. Fig.10 qualitatively illustrates the evolution of the plate state: before

discontinuities activation, after their activation and at element failure.

—maz

<

(c) Representation of the structure
at the fully softened discontinuities.

(b) Representation of the structure after the
activation of the discontinuities.

(a) Representation of the structure
before the activation of the discon-
tinuities.

Figure 10: Evolution of the state of the elements.

19



5.2.2. Pure bending behavior under cyclic loading
The second test consists in imposing a pure rotation. The same numerical setting as the one previously presented is considered. A
rotation is imposed at the degrees of freedom ©, at nodes P2 and P3 according to Fig.11. It is necessary to pay attention to the fact

that the rotation ©,, influences the curvature . and therefore the moment M,. A similar effect is observed for ©, and A, The global

Imposed rotation
L o

1
N

0 200 400 600 800 1000 1200 1400
Pseudo-time (-)

Figure 11: Time evolution of the loading.

response of the plate in pure bending is illustrated in figure (12). The crack opening vs. the traction vector evolution is shown in Fig.13.

Bending reaction (Nm)

Imposed rotation x 1073

Figure 12: Global response: bending force vs. imposed rotation. The arrows in the figure (in blue) with the associated numbers allow to clarify the loading path.

This result validates the cohesive damage model that is used.

5.2.3. Simultaneous activation of both discontinuities

In order to study how the proposed model works when two discontinuities are simultancously activated, we consider the square plate
of the previous example and we apply parallel loading, as shown in Fig.14. On one hand, an axial displacement is applied up to a
maximum value (5 x 10~* m) and then is kept constant. Simultaneously, a rotation is cyclically imposed between two opposite values
(£5 x 102). Both loads are applied at P2 and P3 nodes. The results obtained are illustrated in Fig.15. They show that the plate model
can develop two discontinuities simultaneously without any numerical instabilities. Fig.15a shows the overall response of the membrane

component and Fig.15b shows the overall behavior of the bending components.
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Figure 13: Cohesive response: cohesive bending vs. rotation discontinuity. The arrows in the figure (in blue) with the associated numbers allow to clarify the loading path.
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Figure 14: Time evolution of the loading history.
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Figure 15: Global responses.

5.3. Mesh sensitivity study

A mesh sensitivity study has been performed and the results are shown in this section. A localization band of width L is defined in
the middle of the plate represented by the light blue area in Fig.16. The localization band refers to the position where discontinuities are

activated. Outside of this zone, the material behavior remains linear elastic. Regarding the boundary conditions, the vertical side joining
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the nodes P1 and P4 of the plate is embedded and the loads are applied on the vertical side joining the nodes P2 and P3 at the right

boundary of the plate. Two simulation groups are catried out. The first group consists in imposing an axial displacement according to U,

IRRE RN AN

(@) L=0.33; n.=6

(b) L=0.20; 1..=20 (¢) L=0.10; ne=20 (d) L=0.04; n..=20 (&) L=0.02; no=112

Figure 16: The different mesh sizes where n. is the number of elements.

in order to study the membrane response with respect to mesh size. The second group consists in imposing a rotation according to ©, in
order to study the bending response as a function of the mesh size. The results from the two simulation groups are shown in figure (17).

These results show that the proposed model is free of mesh-dependency effects. It can be noticed this result was expected due to the fact

that the E-FEM is used.
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Figure 17: Global responses according to mesh size.

5.4. Willam’s Test

The Willam’s test [29] refers to a numerical test that aims to study the numerical robustness of the local integration scheme and to
investigate the model’s ability to describe induced anisotropy. In [30], the test was used to describe and compare the rotating and fixed
crack models. Also, in [31] an analysis of different constitutive models is performed in order to assess their performances to deal with
mixed mode cracking. The test is now widely used to check that no numerical instabilities are encountered in case of a complex 3D
damage models of concrete [32].

In this work, the realization of the Willam’s test is inspired from the work of [33] and is performed for both the membrane and bending
components.

As shown in Fig.18, the test is divided into two stages: In the first stage, a uniaxial load strain is applied in the x-direction accompa-
gnied by lateral Poisson contraction in the y-direction such that the strain increments Ae,, Ae, and Ae,, evolve respectively according
to the portions 1, —v, 0. When the material reaches the tension threshold, which in this case represents the maximum stress value, the
discontinuity is activated. Then, in the second stage, a shear loading strain is applied such that the strain increments Ae,, Ae, and Aey,
henceforth evolve respectively according to the proportions 1, 1.5, 1, while the out-of-plane degrees of freedom remain unchanged. The

material parameters are the same as those of the first numerical tests, as shown in table (1).
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Figure 18: Willam’s test configuration.

5.4.1. Membrane behavior
The test was first performed for the membrane behavior. The evolution of the three strain components is illustrated in Fig.19 to

ensure that the proportions are respected. Then, the evolution of the three stress components (N, N, and N, ) associated with the three

%107

25
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05 | | |
0 0.5 1 1.5 2

Pseudo-time (-)

Figure 19: Time evolution of the strain components e, e, and ez,.

membrane strains (e, e, and e,,) are shown in Fig.20 as a function of the axial strain (e,). Once the peak level is reached, the shear
response begins while continuing to apply the loading.

The results shown in Fig.20 show that the Willam test is successful. The stress Ny, is linear as shown in Fig.20; this is due to the fact
that the model does not take into account multi-cracking [33]. In this instance, the normal to the discontinuity line is assumed to be fixed
for once oriented along the x-axis. In addition, regarding the linearity obtained for the N, component in Fig.20, this is due to the fact
that there is no sliding between the crack surfaces. Accordingly, even if there is no softening in the behaviors of Ny and N, numerical
robustness is still demonstrated since continuity in the stress-strain relationship as well as softening are well preserved. These effects can
be achieved by implementing a more complex cohesive law [21]; however, this is not the primary focus of our work, which is to provide
a digital framework.

A final outcome lies in the rotations of the principal axes of stresses and strains with respect to the physical system of axis and is
shown in Fig.21. We note that the angles of rotation of the systems of principal axes are not the same for stresses and strains. This means
that anisotropy is induced since the constitutive models used are initially isotropic and, in this case, the angles are supposed to be the

same. Therefore, one can conclude that the apparent anisotropy is induced by the development of discontinuity within the element. The

anisotropy rate can be quantified by the ratio between the two asymptotic values of the angle and is equal to 222 x 100 = 33%. If

we compare this value to what [33] has obtained, i.e. 46%, we notice a difference due to the fact that the initial model used in [33] is
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Figure 20: Stresses evolution with respect to strain e.

intrinsically anisotropic. This explains why anisotropy is more significant in their case.
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Figure 21: Evolution of the angle of principal stress and strain direction with respect to strain e.

5.4.2. Bending behavior
Another novelty characterizing the results shown in this work is the execution of the Willam’s test on the plate bending behavior.
Thus, instead of applying a load in the membrane part, a load affecting the bending part is applied. The loading protocol has been kept

unchanged with respect to the case of the membrane part, see Fig.22. The same analysis as the one performed in the previous application

%107

Curvature
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Pseudo-time (-)

Figure 22: Curvature components evolution with respect to pseudo-time.

has been made. The shear response starts as soon as the bending moment limit value is reached and the rotation discontinuity is activated.

It is obvious in Fig.23 that the relationship between the bending moment M, and the bending curvature x, remains continuous with a
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proper softening phase. On the other hand, the bending moment A/, evolves in a linear elastic way since multi-cracking is not taken into

account. In addiction, the M, increases elastically because the sliding at the discontinuity level is neglected. Finally, the evolution of
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Figure 23: Bending stresses evolution with respect to curvature x;.

the angles of the principal axes for bending moments and curvatures is illustrated in Fig.24. This figure shows that the discontinuity of

rotation induces an anisotropy. This result shows that anisotropy is also developing in the bending part.
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Figure 24: Evolution of the angle of principal bending stress and curvature direction with respect to curvature w,.

5.5. Discussion: model limitations and perspectives

The main objective of the paper is to present in a clear, didactic and self-supporting way the theoretical framework of a new thick
plate model allowing to have two discontinuities of membrane and flexion. The previous elementary test cases were presented to verify
the concept of the model and to show how the model works on elementary cases.

After verifying the functionality of the model, it is necessary to validate the model against reference results: analytical or experimental
results. However, the model requires additional development in order to ensure the C° continuity of the crack path through adjacent finite
elements. A reflection in that direction still has to be carried out. More precisely, the tracking strategy to be adopted in order to ensure a
continuation of the crack’s propagation within the elements has to be defined and reveisited with respect to existing ones. In fact, crack
path strategies are still under discussion within the framework of the Embedded Finite Element Method. To overcome this issue, the
embedded finite element method can be combined with tracking algorithms to provide a propagation path continuity that allows to raise
the loss of objectivity that may occur during simulations. Local or global tracking algorithms can be found in literature [34]. What differs
mainly between the two methods is the way in which the direction of the discontinuity propagation is determined. I.ocal approaches

allow the reproduction of continuous crack paths by analyzing information from adjacent elements. However, using them in the case of
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multiple crack problems can be difficult and this strategy may lose a high portion of its robustness. In order to overcome the limitations
of local strategies, global approaches have been developed to be able to model the multi-crack problem robustly [35].

Several developments have been performed to study the crack path continuity within the framework of conventional finite element
models whose discontinuity is introduced into the displacement field. However, for rotational discontinuities, this has never been studied
to the best of the authors” knowledge. In addition, since the proposed enhanced model allows the development of two membrane and
rotation discontinuities, the choice of tracking strategy is more challenging and needs to be studied separately in order to determine which
approach is the most appropriate. This step is necessary to be able to perform large-scale and self-supporting simulations in which crack
propagation will occur. After that, more complex cases will be needed to assess the model’s ability to reproduce experimental reference

results that are representative of real engineering structures. Indeed, this is one of our objectives for futher works.

6. Conclusions

In this paper, a theoretical formulation of a Mindlin-Reissner plate with enhanced kinematics is presented. The main purpose of the
enhancement is to take into account the behavior of a structure up to failure by correctly describing the strain localization that accompanies
the softening phase. The membrane displacement and rotation fields are enhanced with two discontinuities. The discontinuities are
incorporated into the element by means of the Embedded Finite Element Method. The compatibility and equilibrium operators associated
with the two discontinuities are determined. The enhanced kinematic of the model allows to always detect a quantity of dissipated energy
unlike the classical continuous model (stress vs. strain) with a softening phase. As a result, the model is low mesh-dependent. The
linearization of the equilibrium equations, the computational procedure are addressed. Several case studies are presented to demonstrate
the relevancy of the element and its ability to reproduce the behavior until failure independently of the mesh size. The Willam’s test is
also performed to verify the robustness of the integration path and quantify the anisotropy rate related to the formulation. In summary,
three main novelties characterize the work carried out in the context of this paper. First, the proposed Mindlin-Reissner plate element is
based on a simplified kinematic assumption that reduces the number of degrees of freedom compared to three-dimensional approaches.
In addition, it consists of a three-node linear triangular element that is adjusted to overcome the shear locking and therefore requires a
single integration point in the calculation. The motivation behind this choice is to provide engineers with a fast and efficient modeling
tool. Second, a double discontinuity (membrane, bending) is introduced and allows the introduction of two distinct or coupled generalized
cohesive laws (membrane, bending). The Authors have planned to study this point in a future work. Third, the model allows for good
control of unilateral conditions; indeed, it is able to recover the material’s stiffness in compression previously damaged in tension. On
the other hand, in order to reproduce the shear failure, it is necessary to enhance the transverse displacement field with a supplementary
discontinuity variable. This issue is significant and could be addressed in future works. Finally, a very important challenge is the
extension of this work to the context of multilayerd plates. This allows working with material constitutive models instead of dealing with
generalized models. The plate can then be made of various materials and each material can be modelled by a specific constitutive model.

This allows the evolution of damage at the cross-section level to be closely tracked.
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AppendixA. Generalized behaviour of the plate

In order to obtain a generalized form of the plate behavior, the generalized force equations (10) are developed according to the material

behavior law (15). For membrane forces N, we have:

>

2
N-— / Spdz = Hye + Hy ik
—h

2

with:

h

h
z z
H, = Hdz and H,,; :/ zHdz
n —h
5 S

H,, ; takes a zero value in case of a symmetrical section whose axis is taken at the level of the midplane

for the bending components:
h
2
M= zSpdz:HmfeJern
—h
2
with: h
% 2
H; — / z*Hdz
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2

Finally, the same step is done for the shear component such as:
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. In the same way, we proceed
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