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2. Preliminaries

In the present paper, we consider linear functional systems that are gen-
erally written as Rn = 0, where R € D9°P is a ¢ X p matrix with coefficients
in a non-commutative polynomial ring D of functional operators, and 7 is a
vector of unknown functions. We study such systems through technics from
module theory, and the goal of the present section is to recall how module
homomorphisms and module isomorphisms are defined in terms of matrix
operations.
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We further assume that D is a general noetherian ring, i.e., every left /right
ideal of D is finitely generated as a left/right D-module (see Lam (1999);
Rotman (2009)). The matrix R € D?*? induces the left D-homomorphism

R: D¢ — DU
A — AR,

and we consider the left D-module
M := DY? /(D™ R),

which is defined as the cokernel of the map .R. It is the left D-module finitely
presented by R and the following ezact sequence (see Rotman (2009)) holds:

pxa By pbe Ty ar ),
where the D-linear map 7 € homp(D'*?, M) is defined by:

7. D>P — M
A — w(N),

and 7(\) denotes the residue class of A € D'P in M. The left D-module

-----

.....

is a family of generators of M which satisfies the left D-linear relations:
p
j=1

For more details, see Chyzak et al. (2005); Cluzeau and Quadrat (2008);
Quadrat (2010).

2.1. Homomorphisms of finitely presented left D-modules

We recall the characterization of left D-homomorphisms of finitely pre-
sented left D-modules, see, e.g., Rotman (2009); Cluzeau and Quadrat (2008)
and references therein.

Lemma 2.1 (Rotman (2009); Cluzeau and Quadrat (2008)). Let us consider
the following finite presentations of the left D-modules M and M’

.R
DYxa % pbr Ty M —0,

1xq’ R 1xp’ o /
D> — D> — M —0.
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1. The ezistence of f € homp(M,M') is equivalent to the existence of
P e D" gnd Q € DY satisfying:

RP=QFR.

Then, the following commutative exact diagram (see Rotman (2009))

Dxa I pbe T, A g
la L.p 1
pxd Eoope Ty g

holds, where f € homp(M, M') is defined by:
VYAe D f(x(\) =7 (\P).

2. Let Ry, € D%*Y be such that kerp(.R') = D% R} and let P € DP*?'
and Q € D7 be two matrices satisfying RP = QR'. Then, the
matrices defined by

P=P+ZR, Q=Q+RZ+ZR),

where Z € DP*4 and Zy € D% are two arbitrary matrices, satisfy
RP=QR and:

VYAe DY f(x(\) =7 (AP) =7 (AP).

Let f: M — M’ be a left D-homomorphism of left D-modules. Then,
we can define the kernel, image, coimage and cokernel of f as the following
left D-modules:

ker f:={m € M| f(m) =0},
imf:={meM|ImeM: m'=f(m)},
coim f := M/ ker f,

coker f := M'/im f.

Let us explicitly characterize the kernel, image, coimage and cokernel of
f € homp(M, M") when M and M" are two finitely presented left D-modules.

Lemma 2.2 (Cluzeau and Quadrat (2008)). Let M := D'*? /(D9 R) (resp.,
M' := D™ /(D™ R")) be a left D-module finitely presented by R € DI*P
(resp., R € DY*¥ ). Moreover, let f € homp (M, M') be defined by P € DP*¥'
and Q € D™ satisfying RP = QR'.
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1. Let S € D™ and T € D™ be such that

kerp ( < o )> _ D> (s —T),

L € D¥" a matriz satisfying R = LS and a matriz Sy € D™*" such
that kerp(.S) = D'*"™2 Sy. Then:

ker f = (D7 §) /(D4 R) = D"/ (D1x(q+7«2) ( é} >) |

2

2. With the above notations, we have:

coim f = DV /(DV" §) = im f = (D“(W’) ( }]; )) /(D™ R').

3. coker f = D™/ (Dlx(ﬁq') (PT R’T)T>, and thus the left D-module

coker [ admits the following beginning of a finite free resolution (see
Rotman (2009)):

(S -T) D1><(p+q’) .(PT R'TYT

D DY¥P' = coker f — 0. (1)

4. The following commutative exact diagram

0
1
DYt Sy D s oim f — 0
Lor l.p Lr
pd F opret T, a5
!
coker f

!
0

holds, where f*: coim f — M’ is defined by:

Ve DY fH(k(N) =7 (\P).



2.2. Isomorphisms of finitely presented left D-modules

Throughout this paper, we will consider isomorphisms between finitely
presented left D-modules. In this subsection, we recall a result of Cluzeau
and Quadrat (2008) which allows us to decide when f € homp(M,M’) is
zero, injective, surjective or defines an isomorphism.

Lemma 2.3 (Cluzeau and Quadrat (2008)). With the notations of Lemma 2.2,
the left D-homomorphism f: M — M’ is:

1. The zero homomorphism, i.e., f = 0, if and only if one of the following
equivalent conditions holds:

(a) There exists Z € DP*9 such that P = Z R'. Then, there exists a
matriz Z' € D% such that Q = RZ + Z' R}, where Ry € D%
is any matriz satisfying kerp(.R') = D% R},

(b) The matriz S admits a left inverse, i.e., there exists X € DP*"
such that X S = I,,.

2. Injective, i.e., ker f = 0, if and only if one of the following equivalent
conditions holds:

(a) There exists F € D™ such that S = F' R. Then, if p: M — coim f
18 the canonical projection onto coim f, then we have the following
commutative exact diagram:

0 0
T )
pixa L pbe T, N
T.F | Tot
pixr By plp By coim f —— 0
T )
0 0

(b) The matriz (LT ST admits a left inverse.

3. Surjective, i.e., im f = M', if and only if (PT R admits a left
inverse. Then, the long exact sequence (1) splits (see Rotman (2009)),
i.e., there exist (X Y) € DP*wtd) gng (UT VT)T ¢ Dwtd)xr



where X € D> Y € DV'*4 U € DP*" and V. € DY*", such that the
following identities hold:

( XP+YR =1,

PX+US=1I,
PY-UT=0,
RX+VS=0,

| RY VT =1,

In this case, we have the following commutative exact diagram:

0
/]\
Dt 2y pbe Sy oimf —— 0
T.-v Tx Tt
pxd o opret T, g 50
/[\
0

4. An isomorphism, i.e., M = M, if and only if the matrices (LT ST
and (PT  R™T)T admit a left inverse. The inverse f~% of f is then
defined by:

YN e D™ Y (W) =N X),
where X € DP*P s defined in 3. Moreover, we have the following
commutative exact diagram:

Dxa S opve I, M 50
to-vr tx Ty
pxd  Eopuet T g

We can now characterize the inverse of an isomorphism which will be
useful in the sequel.

Proposition 2.1. Let R € D?P, R' € D?*" and

f:M:=DYP/(D™R) — M':=D"/(DMR)
7(A) — 7 (AP)

be a left D-isomorphism, where P € DP*?' is a matriz such that RP = Q R’
for a certain matriz Q € DY .



1. f admits a right inverse g € homp(M', M), namely f o g = idyy, i.e.,
M = ker f @ M, if and only if there exist three matrices P' € DP'*P,
Q' € D% qnd Z' € DP'*9 satisfying the following relations:

RP =QR PP+7ZR=I,.

Then, there exists Zy € DY satisfying Q' Q + R' Z' + Zy Ry = I,
where Ry, € D" > is a matriv such that kerp(.R') = D" R},

2. f admits a left inverse g € homp(M', M), namely g o f = idy, i.e.,
M’ = M & coker f, if and only if there exist three matrices P’ € DP'*P,
Q' € DI*9 and Z € DP*9 satisfying the following relations:

RP =QR, PP +ZR=1I,

Then, there exists Zy € D" satisfying Q Q'+ RZ + Zy Ry = 1, where
Ry € D™ is a matriz such that kerp(.R) = D" R,.

3. [ is a left D-isomorphism, i.e., f € isop(M, M’), if and only if there
exist P' € DP'*? Q' € DY*, 7 € DP*9 and Z' € DP'*9 satisfying the
following relations:

RP=QR PP+ZR=1I, PP+ZR=1I,. (2)

Then, there exist Zy, € D" and Z, € D?*"" satisfying the following
relations

QQ +RZ+ZyRy=1,, QQ+RZ+Z,R,=1,, (3)

where Ry € D™ (resp., Ry € D" ) is such that kerp(.R) = D" R,
(resp., kerp(.R') = D™ R} ).

Proof. 1. The existence of g € homp(M', M) is equivalent to the existence
of two matrices P/ € D?*P and Q' € D?*9 such that R' P’ = Q' R (see 1 of
Lemma 2.1). Composing the following two commutative exact diagrams

pxa “Ey pbe T, N
la L.p lr
pxd Ay pret T 0



pxa By pbe Ty 0

ta T to
pd E praet T

and denoting by x = idy; — f o g, we obtain the following commutative exact

diagram:

Dxd F, prr T M —0
Ty -QQ 1Ly - P'P) T x
Dxd £, prf = M =0

By 1.a of Lemma 2.3, y = 0 if and only if there exists Z’ € D?*? such that
I, —P'P=ZR\ie, PP+ Z R = I,, which proves the result since the
following short exact sequence

0 — kerf — M L M —0

S

then splits (see Rotman (2009)), namely, M = ker f & M'. According to
l.a of Lemma 2.3, there exists a matrix Z, € D?*" satisfying the relation
I, —Q Q=R2Z+ZyR) ie,Q Q+R Z'+Z, Ry = Iy, where Ry € D"*¢
is such that kerp(.R') = D" R},

2. Repeating the same arguments as in 1 with the left D-homomorphism
0 =1idy; — g o f, we obtain the following commutative exact diagram:

Dlxa —f pixr T M —0
1.,-Qq) RO 35\ 1
Dlxa N R T M —0

By 1.a of Lemma 2.3, 6 = 0 if and only if there exists Z € DP*9 such that
I, — PP =ZR,ie, PP + 7R =1, which proves the result because the
following short exact sequence

0— M L M' — coker f — 0

i

then splits, i.e., M" = M & coker f. Finally, using 1.a of Lemma 2.3, there
exists Z, € D77 satistying the relation I, —Q Q' = R Z+ Z5 Ry, i.e., we have
QQ + RZ+ Zy Ry = I, where Ry € D™ is such that kerp(.R) = D" R,.

3. This is a direct consequence of 1 and 2. O
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Example 2.1. Let D := Q|o;, 0] be the commutative polynomial ring in
the two forward shift operators o; and o; defined by o; f(i,7) = f(i + 1,7)
and o; f(i,7) = f(i,5 +1). We consider the linear systems defined by the
matrices

R Uin—l-QO'i—O'j—? —301—‘—1 —30'j—10 D2><3
= € ,
—Ui+0j+2 O'Z'O'j—i-O'i—O'j—Q O'j+4

and
o, — 1 0 -1 -1 -3
R 1 o;— 1 0 -1 1 -
—2 -1 o;+3 -1 -1
0 -1 -1 o;j 0

Note that the system defined by R (resp., R') is a so-called generalized Fornasini-
Marchesini Fornasini and Marchesini (1978) (resp., Roesser Roesser (1975))
model. Using the package OreMorphisms Cluzeau and Quadrat (2009), we
can compute the morphisms from the D-module M := DY*3 /(D2 R) to the
D-module M' := DY5 /(DY R'). In particular, we find that the matrices

10000

ci+2 -3 11
P=|01000|eD¥ Q=" € D¥4,
—1 O'j+1 0 1
00001

satisfy RP = Q R’ and thus define a morphism f : M — M’ by f(w(\)) :=
7' (AP) for all X\ € DY*3, where ™ and 7' are the canonical projections onto
M and M'. Let us prove that f is an isomorphism, i.e., M = M’, or in other
words, that the linear systems defined by R and R’ are equivalent. With the
notations of Lemmas 2.2 and 2.3, we have:

o —0;+0;+2 0;0;+0; —0j —2 o;+4 c p3
0,0, +20; —0; — T 30,41 —30, — 10 ’

0 1
L=F= € D*?%
10

with satisfy R = LS and S = F R which proves that f is injective. This
can also be seen by noting that S has full row rank, i.e., Sy = 0 and L is

and
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a symmetric and orthogonal matrix, i.e., LL = Iy. Moreover the matrix
(PT  R'™)T admits the left inverse

1 0 0O 0 0 00

0 1 0O 0 0 00
o;,—2 —o;+1 -4 -1 1 0 0 [,

1 oc,i—1 1 0 -1 00

0 0 1 0 0 00

which proves that f is surjective and thus an isomorphism from M to M’.
In particular, for all D-module F, we have kerz(R.) = kerz(R'.) that is,
there exists a one-to-one correspondance between the F-solutions of Rn =0
and those of R'n' = 0. Let us now compute the matrices appearing in 2. of
Proposition 2.1. We get:

1 0 0
0 O
0 1 0
0 0
Pl — o; — 9 —0; + 1 —4 c _D5><37 Ql — X ' c D4><2,
1 o—1 1
0 1

which satisfy R' P' = Q' R and define the inverse morphism f=1: M' — M
by f~H7'(N)) :== (N P) for all N € D*°. We also find the matrices

0 0 00

0 0 0 0 00
Z=|00|eD¥* Z=| -1 1 00 |eD™,

0 0 0 -1 00

0 0 00

which satisfy the equations (2) and (3) with Ry = R, = 0. Note finally that
the one-to-one correspondance between the F-solutions of Rn = 0 and those
of R’/ = 0 is the following: a solution n € F> of Rn = 0 is sent to the
solution ' = P'n € F° and conversely, a solution n € F° of R'ny = 0 is
sent to the solution n = Pn € F3.

10



3. A constructive version of Fitting’s theorem

In this section, we constructively study the relations between isomor-
phisms of finitely presented left D-modules and equivalences of their presen-
tation matrices. It is known that the presentation matrices of two isomorphic
finitely presented left D-modules are not necessarily equivalent. Note that
in general they do not need to have the same row and column dimensions.
However, Fitting’s theorem (see Fitting (1936) and Cox et al. (2005); Kunz
(1985) for a modern formulation) asserts that the presentation matrices of
isomorphic finitely presented left D-modules can be inflated by blocks of 0
and I so that the resulting matrices are presentation matrices of the same
D-modules and are equivalent. We will now provide a constructive version
of this theorem of Fitting and give some useful consequences.

We first prove the following theorem which yields a constructive version of
Fitting’s theorem in the case where the left D-modules are finitely presented
by full row rank matrices.

Theorem 3.1. Let R € D¥?, R' € D?*?" be two matrices and

f:M:=D">?/(D™MR) — M':=D"" /(D™ R)
7(A) — 7 (AP)

be a left D-isomorphism, where P € DP*?" is a matriz such that RP = Q R’
for a certain matriz ) € D9 . Then, there exist four matrices P' € DP'*P,
Q € DI%4 7 € DP*4 and Z' € DP*Y such that we have R'P' = 'R,
I, =PP +ZR, and Iy = P'P + Z'R'. Moreover, the following results
hold:

1. We have
/
U:= ( _[pp, L _PP,P ) € GL,1py (D), Ul — < I, PJIDP Ip]lg > |
2. The following commutative exact diagram holds
; 0
' !
D) M pixe) T2 g
L Lo v .
Dix(p+d) M Dix+p) M N
! !
0 0

11



with the following notations

Vo= < —RP’ Q ) c D(tJer’)X(;DJrq’)7

Z/
. R 0 . I, 0
dlag(R7 [P/) = ( O [p/ ) ’ dla’g(Ip7R,) = ( (;9 R/ ) )
px) TEY gy D) BT g (5)
A N — (), A N — ).

3. If the matrices R and R’ have full row rank, i.e., kerp(.R) = 0 and
kerp(.R') =0, then ¢+ p' = p+ ¢ and the matriz V defined above is
unimodular, i.e.:

Z —P
V € GLq+p/(D>, Vil - < ) .

Q/ R/
Finally, diag(R, I,;) and diag(l,, R") are equivalent:
diag(l,, R') = V' diag(R, I;) U. (6)

Proof. Since f € isop(M, M') is defined by two matrices P € DP*P' and
Q € D79 such that R P = Q R', using 3 of Proposition 2.1, the existence of
the inverse f~! of f is equivalent to the existence of four matrices P’ € DP'*P,
Q' € DY%4 7 € DP*1 and Z' € DP'*? such that we have R' P’ = Q'R,
I,=PP +ZR, and I, = P' P+ Z' R'. Moreover, we have

dgrt - (B O I, P R RP
14, / = =
B 5 0 1, )\ —P I, PP P I,—PP)

. , R Q I, 0 R QR
leag(IIHR): ( _p! Z/) < (;7 R/ > = ( —p Z/R/)’

which yields diag(R, I,,) U = V diag(,, R) by the above relations. More-
over, we can check U € GL,, (D) with the inverse U~ given by the formula
in 1., and

D> w+) /(DY) diag(R, I,,))
= [DY? /(D™ R)] @ [DV¥ /(DY I,,)] = D™? /(D™ R),

D) (D04 ding (T, R))
= [D¥2/(DV? 1) @ DYV (D™ R)| = DX /(D ),

12



which proves 1 and 2. Then, we can easily check that
Z7Q R=ZRP=(,—PP)P=P(I,-PP)=FP ZR,

i.e., (Z/Q" — P'Z)R = 0, which yields Z' Q" = P'Z when R has full row
rank. Using 3 of Proposition 2.1, we get that the identities Q Q'+ RZ = I,
and Q' Q + R’ Z' = 1, hold, and thus

R Q Z -P\_( RZ+QQ -RP+QRY _,
—-p Q/ R - —PIZ—l—Z/QI PP+7R — tq+p'

If R’ has full row-rank, a similar computation shows that

Z —P R 0 ZR+PP ZQ-PZ
/ / _ pr / = ' DI DY ’ ! 71 :[P-HJ”
Q" R P Z QR-RP QQ+RZ

which yields ¢ +p' = ¢ +p, V € GLy1 (D) and (6). O

Example 3.1. Let us consider again Example 2.1. Using the formula of
Theorem 3.1 (which are implemented in the package OreMorphisms Cluzeau
and Quadrat (2009)), we obtain:

1 0 0] 1 0 00 0
0 1 0] o0 1 00 0
0 0 1| 0 0 00 1
v -1 0 0] o0 0 00 0 € GLy(D).
0 -1 0] 0 0 00 0
—0i+2 o;—1 4 |-0;4+2 o0;—1 1 0 4
-1 —o+1 -1 -1  —oi4+1 0 1 —1
0 0 -1 0 0 00 0

13



0 0 0[-1 0 00 0
0 0 0[]0 -1 00 0
0 0 0]o 0 00 —1
g 1 0 01 0 00 0
0 1 0o 1 00 0 |
0;i—2 —oi+1 =40 0 10 0
1 -1 1,0 0 01 0
0 0 10 0 00 1
and
oio;+20;—0;— 7 —30;,+1 —30;—10|o;+2 -3 11
—0;+0j+2 00+ 0y —0j —2 oj+4 ‘ -1 o;+1 0 1
-1 0 0 0 0 00
V= 0 —1 0 0 0 00
—0; + 2 oi—1 4 -1 1 00
-1 —o;i +1 -1 | 0 -1 00
0 0 -1 | 0 0 00

Since R and R’ are full row rank matrices, the matriz V' is unimodular, i.e.,
V € GL;(D) and we have:

0 0| -1 0 0 0 0
0 0| 0 ~1 0 0 0
0 0] 0 0 0 0 -1
Vii=|[0 0 |o;—1 0 -1 -1 -3
o 0| 1 o;—1 0 -1 1
1 -1 -2 I o;+3 -1 -1
0 1] 0 -1 -1 g 0

14




Finally, we obtain the equivalence of matrices:

100 o0 0 0 0 0
010 0 0 0 0 0
00 1] 0 0 0 0 0
000loy—1 0 -1 -1 -3
000 1 o-1 0 -1 1
000 -2 -1 o;+43 -1 -1
000 0 -1 -1 o 0
00j+20;—0; =T —30;+1 —30;—10/0 0 0 0 0
—0;i+ 0+ 2 oioj+oi—0;—2  o;+4 |0 00 00
0 0 0 (10000
=V 0 0 0 (001000
0 0 0 000100
0 0 0 00010
0 0 0 0000 1

Example 3.2. Let us consider two linear PD systems used in the theory of
linear elasticity, namely the Lie derivative of the euclidean metric of R? and
its Spencer operator, see Pommaret (2001):

oG =0,
na-o .
N [ PSRN
’ 0y Gz =0,
[ 02 (= 0.

Let D := Q[0y, 0] be the commutative polynomial ring of PD operators in 0y

15




and Oy with rational constant coefficients,

& 0 & 0 0 0 0 0\
Ri=| 10 1o, |eD¥ R:=|0 -1 0 1 0 0 | €D,
0 o 0 0 0 8, 8 0

(7)
M = DY?/(DY¥R), and M' := DY3/(D™®R'). In Ezample 3.2 of
Cluzeau and Quadrat (2008), it is proven that the matrices

200000
1
P::(égg),szi 010100 ],

000020

define f € isop(M, M'). Applying Theorem 3.1, we get:

1 0 0 0
0 1 0 1
u=| -1 0o o0 00 |eaL). (8)
-0y 0 =0, 1 0
O -1 0 00

Moreover, the matriz V' defined in Theorem 3.1 has the form:

& 0 1.0 0000
19, 1, 0 L 0L 00
s 0 00000
-1 0 0 0 0000
9% 0 0 -100 0 0
0 -1 0 0 0000

Then, we have diag(R,I3)U = V diag(ls, R'), where the matriz V is not
unimodular because it is not a square matriz. The computations can be done
using the package OREMORPHISMS (Cluzeau and Quadrat (2009)) built upon
OREMODULES (Chyzak et al. (2007)).

Consider two matrices R € D?? and R’ € D?*?" such that the corre-
sponding presented left D-modules M and M’ are isomorphic, i.e., M = M.

16



Fitting’s theorem asserts that under these hypotheses, R and R’ can be en-
larged by blocks of 0 and I to get equivalent matrices: letting

n=q+p+p+qd, m=p+yp

the two matrices

R O 0 O
— 0 IP’ nxm I 0 0 nxm
L=\, lepwm L= Lo € D
0 0 0 R

define finite presentations of M and M’  ie., M = DY™™/(D™"[) and
M' = DY /(D™" [/} and are equivalent, i.e., there exist X € GL,,(D)
and Y € GL,(D) satisfying L' = Y ! L X. We recover this result by giving
a completely constructive proof in the sense that the matrices X and Y are
explicitly given in terms of the matrices defining the isomorphism M = M’.

Theorem 3.2. Let R € D”?, R' € D?*?" be two matrices and

f:M:=DY/(D™MR) — M':=D""/(D"R)
7(A) — 7(AP),

be a left D-isomorphism, where P € DP*?" is q matriz such that RP = Q R’
for a certain matriz Q € DI . Moreover, let Ry € D9 (resp., Ry, € D"'*9)
be a matriz such that kerp(.R) = D" Ry (resp., kerp(.R') = D" R}).
Then, there exist matrices P € DP*P () € DY*, 7 € Dv*1 7' ¢ DP'*d
Zy € D7 and Zy € DT satisfying (2) and (3), and such that the following
results hold:

1. With the notations

n=q+p+p+q, m:==p+yp

we have:

t ( —IpP’ L —PP’P ) € GL,(D), X'= < Iy —P{DP’ ;pP ) |
I, 0 R 0

to O vy 7 € GL,(D),

—Z P 0 PZ-27ZQ
Q" -R 0 Z, R,
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7y Ry 0 —-R —-Q
PzZ-7¢ 0 P -Z

yl= 9
Z -P I, 0 )
Q' R 0 I
2. The following commutative exact diagram holds
0 0 0
) \: !
Dlxn _L> D1><m o0y M —0
by box br (10)
Dixn i> Dixm Op@ﬂl; M —s 0
\J 3 1
0 0 0
where T @ 0, and 0, & 7' are defined by (5), and
R 0 0 0
0 I, 0 0
L= " |eDvm L= e D™,
0 0 I, 0
0 0 0 R

ie., we have LX =Y L', and thus:
I'=Y'LX < L=YLX,
namely, the matrices L and L' are equivalent.
Proof. Since f € isop(M,M’) is defined by the matrices P € DP*?' and
Q € D7 satisfying RP = Q R, then, according to 3 of Proposition 2.1,
the existence of f~! is equivalent to the existence of four matrices P’ € DP'*P,
Q' € DI*4, Z € DP* and Z' € DV *7 gatisfying:
RP=QR, PP +ZR=1,
R P =Q'R, P'P+Z'R =1,.
The fact that X belongs to GL,,(D) can be proved as in Theorem 3.1. More-

over, 3 of Proposition 2.1 shows that two matrices Z, € D?*" and Z), € D7 *r’

exist such that:
{ QQ +RZ+ZyRy =1,

QQ+RZ +Z,R,=1I,.
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Using the above relations, we can prove the following identities:

ZyRo+RZ4+QQ =1,, —-RP+QR =0, PPP+Z'R =1,, ZR+P P =1,
ZhRyR =0, QQR—R'P' =0, QQ+R Z +ZyRy=1,,
(PZ-ZQ)R =PZ R-ZQR =PZ R~ZRP = P(Iy,—P P)—(I,~PP)P =0,
—Z 73R+ PP Z-2'Q)+(PZ —2Q)Q =—-ZZsRo+(PP)Z - Z(QQ)
=-ZZyRy+(I,—ZR)Z—Z(I,~ RZ — Zy Ry) =0,
Q' ZoRy—R (P Z -7 Q)+ ZyRyQ = -Q' (ZyRs) — (R P)Z+R Z'Q + (Zy R,
=-Q ([;-QQ —RZ)-QRZ+R Z'Q + Iy -QQ-RZ)Q =0.
We can then check that if we note K the matrix defined in the right-hand
side of (9), we have Y K = [,,. Similarly, we can easily check that K'Y = [,,,

which proves that K =Y 1.
Moreover, we can easily check that:

R 0 R RP
0 I, I, P —P' I,—PP
0 0 (—P’ Ip/—P/P): 0
0 0 0 0
Since (P Z' — Z Q) R’ = 0, we then have
I, 0 R Q 0 0 R RQ
o I, -P 7 0 0 _p 7'R
—Z P 0 PZ-ZQ L, o| | o (rz-zQFR
Q' R 0 A 0 R 0 ZVR, R
R RP
—pP' I, —PP
I 0 ’
0 0

which yields L X =Y L'. Finally, using Theorem 3.1, we get:
DY /(D" L) = D™ /(DY) diag(R, 1,y)) = D7 /(D" R) = M,

Dlxm/(Dlxn L/> _ D1><m/<D1><(p+q’) diag(Ip, R/)) ~ D1><p’/<D1><q/ R/> - M.
L]
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The matrices X, X!, Y and Y ! can be computed when the pairs of
matrices (P, Q) and (P’, Q') respectively defining f and f~! are known. The
computation of the matrices X and Y and their inverses has been imple-
mented in the OREMORPHISMS package, Cluzeau and Quadrat (2009).

Example 3.3. We consider again Example 3.2. With the notations of The-
orem 3.2, the matric X = U € GL5(D) is defined by (8), the matriz
Y € GLy4(D) is defined by

1 o 0 0 0 0 9 0 1 0 0 0 O
0 1 0 0 0 0 38 oo o L o i o0
0 o 1 0 0 0 0 9% 0 0 0 0 1
0 o o0 1 o0 0 -1 0 0 0 0 0 O
0 o 0 0 1 0 -8& 0 0 -10 0 O
0 o o0 o o0 1 0 -1 0 0 0 0 O
v | O o o0 1 o0 0 0 0 0 0 0 0 O
0 o o0 o0 o0 1 0 0 0 0 0 0 O
-1 0 0 -4 0 0 0O 0 0 0 0 0 O
0 O 0 -% 1 0 0 0 0 0 0 0 O
~d% 0 0 0 -0 0 0 0 -3 o 1 0 0
o -2 0 0 -1 -4 0 0 0 0 0 0 0
0 O -1 0 0 -8 0 0 0 0 0 0 O
0 20, 0, 0 -9 0 0 0 0 0 0 —d O
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and its inverse is defined by:

0 O

0

—-20;

1))

2

o))

1))

—0,

(diag(R, I3)T 07)T € DY*5 s equivalent to the

(0T diag(Iy, R")T) € D5, namely:

Then the matriz L :

matriz L' :

0

0
39 301 0 0 0

(11)

X.

0
1

0

0

0

0
-1

o

0 0 O

0 0 0

0

0

0

o1

2!

0

0

0
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Using Theorem 3.2, we find again Schanuel’s lemma (see Rotman (2009)):

kerp(.L) = kerp(.R) & DY td) o~ kerp(.L') = kerp(.R') @ Dix(a+p’)

4. A constructive version of Warfield’s theorem

As illustrated by the examples given in the previous section, the size of the
equivalent matrices obtained through the constructive versions of Fitting’s
theorem given by Theorems 3.1 and 3.2 is generally large. However, a result
due to Warfield (see Warfield (1978)) asserts that some zero and identity
blocks may be removed from these matrices to get new equivalent matrices
presenting the same finitely presented left D-modules. Warfield’s result is
based on the properties of an algebraic invariant of the ring D called stable
rank. In this section, we aim at providing constructive versions of Warfield’s
result (see Theorems 4.1 and 4.2). In fact, we will obtain a slightly more
general result than Warfield’s theorem: we show that zero and identity blocks
maybe removed as soon as the equation given in (12) admits a solution, which
is in particular the case when hypotheses of Warfield’s theorem are fulfilled.
We discuss this in Remark 4.1 and Examples 4.4 and 4.6.

4.1. Stable ranges and stable rank

In Lemma 4.1, we give a sufficient condition in terms of the stable rank
of D so that Equation (12) admits a solution. Computing this solution is a
hard task in general, but once it is known, other constructions of the section
are purely algorithmic. We discuss this problem through the section.

We first recall some definitions and some properties of the stable rank
of a ring as it will be useful in what follows. We refer to (McConnell and
Robson, 2001, Section 11.3.3) for more details concerning stable ranks.

Definition 4.1. Let D be a ring.

1. A column vector u € D" is said to be unimodular if it admits a left
inverse, i.e., there exists a row vector v € DY™ such that vu = 1.

2. A column vector u = (uy, ..., u,)" € D" is said to be stable if there ex-
ist dy,...,d,_1 € D such that the column vector (us +dy Uy, ..., Up_1+
dp_1u,)T € D" is unimodular.

3. An integer v is said to be in the stable range of D if for all integer
n > r, a unimodular vector u € D" 1is stable.
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4. The stable rank of D denoted sr(D) is the smallest positive integer
that is in the stable range of D. If no such integer exists, then we set
sr(D) = +o0.

The stable rank is an important invariant of a ring. For instance, if r is
in the stable range of D, then it implies that stably free D-modules of rank
n > r are free (see McConnell and Robson (2001)).

Example 4.1. We have the following results concerning stable ranks of clas-
sical Tings (see, e.g., Gabel (1975); McConnell and Robson (2001)).

1. If D is a principal domain, then sr(D) > 2.
2. For every integer n > 1, we have st(Q[z1,...,x,]) =n+ 1.

3. If k is a field of characteristic 0 and A,(k) (resp., B,(k)) denotes
the polynomial (resp., rational) Weyl algebra, then sr(A,(k)) = 2 and
st(By(k)) =2 (Stafford’s theorem - Stafford (1978)).

From a computational point of view, given a stable vector u € D", com-
puting the elements dy,...,d,_1 € D as in 2. of Definition 4.1 is in general
a complicated problem (which is also related to the computation of bases of
free modules). However, for some particular but useful rings D, we have some
interesting techniques. For instance, if D = k[zy,...,x,] is a commutative
polynomial ring with coefficients in a field k, then one can take advantage of
the constructive version of Quillen-Suslin’s theorem developed in Fabianska
and Quadrat (2007). Moreover, if D = A, (k) or B, (k) is a Weyl algebra over
a field k£ of characteristic zero, then we dispose of the results developed in
order to obtain constructive versions of Stafford’s theorem: see, e.g., Quadrat
and Robertz (2007) and references therein.

The notion of stable range can be extended to left D-modules as follows.

Definition 4.2. Let D be a ring. An integer r is said to be in the stable
range of the left D-module M if whenever M 1is generated by n elements
mi, ..., My, with n > r, then there exist dy,...,d,1 € D such that M 1is
generated by the n — 1 elements my +dy My, ..., My_1 + dp_1 My

Note that a column vector u = (uy,...,u,)’ € D" is unimodular if and
only if D is generated as a left D-module by uy, ..., u,. Consequently, being
in the stable range of D as a left D-module coincides with being in the stable
range of D as a ring.
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We now give a result based on the notion of stable rank which will be a
key ingredient in what follows.

Lemma 4.1. Let D be a ring and n, m two integers such that sr(D) < m.
Let uw € D™™*1 be a unimodular column vector such that we have:

vU = (Ul U2> (%) = 1,

where v, € DY vy, € DYX0"Y g € D" uy € D™, ug € D. Then, there
exist c € D, u € D™, v € D™ such that we have:

(cvr ) (u2 jfluug) — 1. (12)

Proof. Let N := D/D(viuy) and k : D — N the canonical projection. If
we denote ug = (ug1,...,usm)’, with the ug,’s in D, then N is generated
as a left D-module by the m + 1 residue classes k(uq;), ¢ = 1,...,m and
k(uz). By hypothesis, we have sr(D) < m so that m is in the stable range
of D and, from (McConnell and Robson, 2001, Lemma 11.4.6), m is also
in the stable range of N. Hence, there exist uy,...,u,, € D such that N

is generated by the m residue classes x(ug; + @;us), ¢ = 1,...,m. This
implies that there exist ¢ € D and © € D™ such that (12) holds with
i = (i, ... in)T" € D™ 0

Lemma 4.1 only provides a result of existence and, once again, obtain-
ing a constructive version of this lemma can be in general quite involved.
The results developed in the remaining of the present paper rely on this
lemma which is the only obstacle to obtain an entirely constructive version
of Warfield’s results. Note that, as already mentioned, some techniques to
make Lemma 4.1 constructive exist over some particular rings. Moreover
some useful heuristic can be implemented and permit to treat many exam-
ples. For instance, with the notations of Lemma 4.1, if the vector us is itself
unimodular (which is in particular the case if it contains a non-zero constant
entry), then one can take for ¢ a left inverse of us and set ¢ = 0 and @ = 0
to obtain (12). When uy is not unimodular, then one can still try to take a
random vector for o and check if uy + @ uz admits a left inverse.
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Warfield’s result applies to the equivalent matrices obtained through the
constructive versions of Fitting’s theorem developed in Section 3. We shall
distinguish the case of full row rank matrices where the equivalence of ma-
trices is given by Theorem 3.1 from the general case corresponding to Theo-
rem 3.2.

4.2. The case where R and R’ have full row rank

In this section, we consider two full row rank matrices R € D?P and
R € D?*¥ such that M := DY?/(D™1R) = M' := DYV /(D7 R').
From 3. of Theorem 3.1, we then have ¢ + p' = p + ¢’ and

diag(I,, R') = V' diag(R, Iy) U, (13)

where the matrices U € GL,1y (D), V € GLgy (D), and their inverses
are explicitly given in Theorem 3.1 in terms of the matrices defining the
isomorphism M = M’. Warfield’s theorem asserts that if a positive integer
r satisfies

r < min(p,p’), sr(D)<max(p—r,p —r), (14)

then we can remove 7 blocks of identity in (13), i.e., there exist two invertible
matrices U, € GL,1y_,(D) and V, € GLy4,y (D) such that

diag(I,,, R') = V, ' diag(R, I, ) U,. (15)

The objective of this section is to construct explicitly the matrices U,., V.,
and their inverses from U, V' and their inverses. To achieve this task, we
shall proceed by induction, i.e., we will remove the r identity blocks one
by one. Starting from U and V satisfying (13), we shall first construct
Uy € GLy1py—1(D) and Vi € GLgyy—1(D) such that (15) holds with r = 1.
Then, from U; and Vi, we shall construct Us and V3 such that (15) holds
with » = 2 and so on.

The rest of Section 4.2 is organized as follows. We give the full proofs and
details of the construction of the matrices Uy, V; and their inverses (i.e., to
remove the first identity block). Then we explain how to proceed similarly
in order to construct the U;’s, Vs, 7 = 2,...,7 and their inverses.

Let  be a positive integer satisfying (14). Without loss of generality, we
assume that p < p’ so that r < p and sr(D) < p' —r.
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4.2.1. Procedure for removing the first identity bloc
The matrices U and V satisfying (13) and their inverses are given in
Theorem 3.1. We first decompose them by blocks as follows:

I, P R Q
U — _P/| (Ip/ — Pl P>| s V — —P,l Z,| ,
—P, (I, —P'P), -P, Z,

U*l — (‘[P - ‘/PP, _P| _-P.p’) Vil _ <Z —P| _P.p’)
P ]p’.l Lp)p )’ Q Ry R,)’

where A| (resp. A;) stands for the matrix extracted from a matrix A by
removing its last row (resp. column) and A; (resp. A;) is the ith row (resp.
column) of A.

We then have the following lemma that is a direct consequence of the
hypothesis sr(D) < p’ — r through Lemma 4.1.

Lemma 4.2. With the above notations and assumptions, there exist c € D,
we DY and v € D'V such that

€z ) (L e ) =1 (16)

where P, denotes the entry at position (p',p) of the matriz P'. Moreover,
we have:

: (Ip) p _

(c(I,— PP, v) <_(P/|.).p o uPI’,,p) = 1. (17)
Proof. The equality V="'V = I,y yields Z R+ P| P\ + Py P!, = I,. Tak-
ing the entry at position (p,p) in the latter equality, we obtain Z, R, +
(P)p. (P'\.).p+ Ppp Ply, = 1 which means that the vector (R —(P'|)" -
P];/p)T € D7 is unimodular. As we have sr(D) < p/ — 1, we can thus apply
Lemma 4.1 with n := ¢ and m := p’ — 1. It ensures that there exist ¢ € D,
u € DP' and v € D™® -1 such that (16) holds. Finally, (17) is a direct
consequence of the relation P P+ Z R = I, (see (2)) which implies that the
left-hand sides of (16) and (17) are equal. O

Let c€ D, u e D' and v € D"~V be defined as in Lemma 4.2.
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Let us first define the following two unimodular matrices

I, 0 0 I, 0 0
Wiy=10 ]p’—l ul € GLq+p/(D>, Wfl =10 ]p’—l —-ul,

0 0 1 0o 0 1

I, 0 0 I, 0 0
Woi=10 Iy u|€GLyy(D), Wi'=10 I,1 —u]l,

0o 0 1 0o 0 1

which are such that the following square diagram commutes:

D1x(a+p) M D1x(+p")

W w Wit At (18)
pix(ay) U ELD )

We shall now proceed and reduce the size of the matrices in order to
get (15) with 7 = 1. We consider the four row vectors ¢; € D @+®' 1)
(, € DY@t ¢ DX+’ =1) and ¢, € DXPHP) defined by:

gl = (ch_ v), l = (c Ly v 0) = [71 (Iq+(p/_1) 0) ,
ly:=(c(I,—PP), v), l:=(c(l,—PP), v 0)="0 (Lypy-1 0),
and we define F}, € Dt =1D)xp+d) and F, € DP+E'=D)x@+r) by

F1 = (Iq+(p’71) 0) W1 V, F2 = (Ip+(p/fl) 0) W2 U. (19)
Proposition 4.1. With the previous notations, we have the following results:

1. The matrices G, € D(q—&-p’)x(q—#(p’—l))} H, € D(q+(p'—1))><(q+p')’ Gy €
D)X e+®'=1) - gnd H, € DPHE=D)xE+) defined by

L1 — (F1) 0 /
G = ( e+ 7 (F1)s 1) Hy = Ly — (F)p 6 (F),)

L1y — (), 0 N
G2 — ( p+(p 1) ~ ( 2)-17 2) ’ [_]’2 = (]p+(pl_1) . (FQ).p 62 (FQ)p) ’

Hl Gl = Lg+(p'—1) H2 GQ = dp+(p'-1)
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ker(.Gl) = Dﬁl, keI‘(.Gg) = Déz,
and the following square diagram commutes:

diag(R,1,/)
ey

Dix(a+p") D1x(p+p)

T.m T .5 (20)

diag(R,1,_1)
_—

Dix(a+@'-1)) DX+’ -1))

i The matrices Gll c D(Q+p,)x(q+(p,_l)); H{ [ D(q+(pl_1))X(Q+pl); G/2 €
D)+’ =1) - and H) € DPHE'=10)xe+) defined by

, - L 0N 00
G = (Jp+q,—(fg+q) elwlv) 0 o, H=(" ,
. 0 0 I
q/

) , L1 0 , I,; 0 0
G2 = ([erp’ - (fpp+p )T 82 W2 U) 0 0 9 H2 = ( PO 0 I ) )
0 Iy v

where fz-j denotes the i-th vector of the standard basis of D7, satisfy
H{ Gll = ](p—1)+q’7 Hé G/2 = ](p—l)-‘rp’a
ker(G’l) = Dgl W1 V, ker(G/z) = Dgg W2 U,
and the following square diagram commutes:
pix(e-Dtg)  deelo-t B (o)1)
T .6 T.q (21)

pixwte)  GeelnB) o By

Proof. 1. By computing the matrix products, we get

H, G, = (Iq+(p'—1) — (F1) gl)Z + (F1) p 21,

Hy Gy = (Iye -1y — (F2) p 02)* + (). L.

Moreover Equations (16) and (17) are equivalent to

UG(FY), =0(W V), =1, ly(Fy), =6LWLU), =1, (22)
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which implies that the matrices (F}), /; and (Fy), {5 are projectors, and
thus oy -1 — (F1), ¢/, and L1y — (F2)p 05 are also projectors. This
yields Hy Gi = Iy (1) and Hy Gy = I, (y—1). Let us show that ker(.G1) =
Dgl. We first write G1 = GH G12, where GH S D(q+p’)><(q+p’) and G12 c
Dlate)x(@+(#'=1) are defined by:

Iovoy—1y— (F1),01 0O y v
G ::(q+(p 1)0( 1).pl1 1)’ G1o ::(q+g 1)>‘

From (22), we deduce that im(.Gy;) C ker(.(F1),) & D. Moreover, the re-
striction of .G15 to ker(.(F1),) @ D is injective. Indeed, if we take (z,y) €
ker(.Gha) N (ker(.(Fy),) ® D), we have z + y 4, = 0, so that y¢,(F,), = 0
since x € ker(.(F1),), which, by (22), gives y = 0, and thus z = 0. This

proves ker(.Gy) = ker(.Gy1) = ker (.(Iqﬂp/,l) — (Fl),pg1)> @ 0. Now, us-

ing again (22), we can easily check that ker (.(Iqu(p/,l) — (F1) €~1)> = D/,
which yields ker(.Gy) = D ¢;. Adapting the above reasoning with the same

arguments we prove ker(.Gs) = D {5. Let us now prove that (20) commutes,
ie., Hydiag(R, I,) = diag(R, I,y_1) Hs. First we have

Hy diag(R, Iy) = (Iq—i-(p/—l) —(F1)p 0y 0) diag(R, Ip’)"’(o (Fl)-p) diag(R, Iy ),
and

) , (R 0 0
(Tgror-1) = (F1)p 01 0) diag(R, Iy) = (Ir(r-1) — (F1) p (1) (O Iy 0) ’

so that

. R 0 O ~ (R 0 0 .
H1 dlag(R, ]p’) = (0 Ip/_l 0)—(F1>p€1 <0 ]p/_l O>+(O (Fl)p) dlag(R, ]p’)'

Similarly, we obtain

. R 0 O R 0 ~ .
diag(R, Ly—1) Hy = (O Lo O)—<O 1> ((F2) e 0)+diag(R, Ly—1) (0 (F2),)-
Direct calculations from (19) yield

F = s @
L= —P’|.—uPI§,_ —Z".—uZ]’D,' ’
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and

Fy = b "
2T \-P) - ub, —(Iy—F P)|. —u(ly —P'P)y )"

Then, we have

(F1)ph (? ]p?_l 8) = (_(p/f'_pup/,)(c(ZR)p. v 0),

and

(0 (F),) diag(R,fm:(g o upg,p)zdiagw,fp/l) (0 (F),).

This proves that (20) commutes which ends the proof of 1.

2. The equalities H] G| = Ip-1)1¢ and H3GYy = I_1)4y are direct
consequences of H{ (f2*4)" = 0 and Hj(f?*?)" = 0. Let us show that
ker(.G}) = D6 W, V. From (22), D¢, W,V C ker(.G}). For the other
inclusion, if x € ker(.G"), then we have

]p—l 0 Ip—l 0
x| 0 O0|=x(W, V| 0 0],
0 Iy 0 Iy

which implies that the first p — 1 and the last ¢’ columns of z and z, {; W1 V
are equal. Moreover the p-th column of z,¢; W1V is x, ¢, (W, V), that is
equal to x, from (22). We thus have z = z, ¢, W, V, for every = € ker(.G})
which terminates the proof of ker(.G}) = D¢, W, V. Adapting the above
reasoning with the same arguments we prove ker(.G45) = D l, Wy U. Let us fi-
nally prove that (21) commutes, i.e., G diag({,—1, R') = diag(l,, R') G%. For
that, we first check that diag(l,—1, R') H) = Hj diag(1,, R'). Multiplying this
relation by G on the left and by G on the right, we get G| diag(f,—1, R') =
G' H{ diag(I,, R') GY, since Hy G = I—1)+p. The problem is then reduced
to showing that diag(/,, R') G5 = G| H{ diag(,, R") G}, which is equivalent to
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(G Hi — Iq) diag(I,, R') € ker(.G5). From the equality H{ G| = Ijp-1)+q,
we deduce G} H{ — I+ € ker(.G}) = D¢, W, V. From (13) and (18), we
have W, V diag(l,, R') = diag(R, I,) WoU. Now a direct calculation using
PP +ZR = I, (see (2)) shows that ¢, diag(R,I,) = {, which leads to
0, W1V diag(I,, R') = € Wy U. But, we have ker(.G) = D, W) V' so that
¢, Wy V diag(1,, R') € ker(.G%) which implies (G} H] — I,4,) diag(l,, R') €
ker(.G%) and ends the proof. O

We now obtain the following result which provides U; € GL,1,y_1(D) and
Vi € GLy1py—1(D) such that (15) holds with r = 1:

Proposition 4.2. With the previous notations:

1. We have
Ul = H2 W2 UG,Z € GLerp/,l(D), Ufl = Hé Uil W;l GQ,
Vi=HW VG’1 € GLyp-1(D), Vfl = H{ vt Wfl G.

2. The following commutative exact diagram holds

0 0 0

\J 3 \J
pixtrr-n LR D ey T2 g

lw U s (23)
Dix(p=1+q") 'diag([p*l’R/); D1x(p—=1+p") Op—1 EBW/; M —0

\J } \J

0 0 0

i.e., we have diag(R, I,y_1) Uy = V1 diag(l,—1, R'), and thus:
diag(I, 1, R) = V; ' diag(R, Iy 1) U, <= diag(R, I,_,) = Vi diag(l, 1, R') U; "

Proof. 1. Let U] := HyU ' W; ' G,. From Proposition 4.1, the lines of the
following diagram are exact

D RN D +p) G2 pixer-1)
l1 WeU LT .U-twy ! ot (24)
s BTN Dxp+p') _G,2_> DXx+r'=1)
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Let us show that (24) is also commutative. We have Gy Uy = Go Hy Wy U G,
so that we must show that (Gy Hy — I,1y) Wo UG, = 0. From Proposi-
tion 4.1, we have Hy Gy = I,4,y—1 which implies Gy Hy — I,1y € ker(.Gs).
Now since we also have ker(.G2) = D {5, the exactness of the second line of
(24) then gives (Go Hy — I,1,y) Wo U G = 0. Similarly, we can show that
U W, Gy = GLU] and so (24) is commutative. Since we further have
WoUU YWt = U YW ' WoU = Iy, it implies Uy U] = UL Uy = L1,
i.e., U; is unimodular with the inverse given in the statement of the proposi-
tion. Similarly we show that V; is unimodular with the inverse given in the
statement of the proposition.

2. The diagram (23) is obtained by gathering the commutative diagrams
(4), (18), (20), and (21), namely, we have:

Dix(p—1+q¢") M Dx(p—1+4p")
T.¢ T.¢y
D1x(a+p) M D1x(+p')
TV R
D1x(a+p) M D1x(p+p")
T T Wy
D1x(a+p) M D1x(p+p)
T .H T H,
D1x(a+p'-1) M Dix(p+p'-1)

Thus (23) commutes since we have already proved that each square com-
mutes. O

From the point of view of symbolic computation, all the difficulty is
reduced to the computation of ¢ € D, u € D! and v € D>*®-1 in
Lemma 4.2 which relies on Lemma 4.1 which is not constructive in general
(see the explanations in Section 4.1). Indeed if one can compute such ¢, u,
and v, then all the matrices needed to construct Uy, Vi, U; ', and V™! such
that diag(R, I,y_1) U; = Vi diag(l,—1, R’) holds, can be directly obtained from
the explicit formula given above.

Example 4.2. Let us consider again Examples 2.1 and 3.1 in which we have
p=3<p =5. The ring D = Qlo;, 0] satisfies st(D) = 3 (see Example 4.1)
so that Condition (14) is fulfilled by r = 1. Let us then show how to remove
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the first identity block from (13) where U, V and their inverses are given in
Ezxample 3.1. From Lemma 4.2, the problem is reduced to computing c € D,
u € D*, and v € DY** so that:

~30, — 10
O'j—|—4
0
(c(O 0) v) 0 =1,
— U
4
-1

and we know from Lemma /J.1 that such elements exist. Here, we can see
thatc=0,v=(000 —1), and u= (00 00)T is clearly a solution. Using
the above formulas, from these instances of ¢, v, and u, we automatically
construct the unimodular matrices

1 0 1 0 00 O
0 1 0 1 00 O
0 0 0 0 00 1
U, = ~1 0 0 0 00 0 |eGLy(D),
0 —1 0 0 00 O
—0;+2 o;,—1 —0;+42 o0;,—1 1 0 4
-1 —o0; + 1 -1 —0;+1 0 1 —1
with
0 0 0O -1 0 00
0 0 0 0 =100
1 0 0 1 0 00
Ut = 0 1 O 0 1 00|,
o;—2 —o;+1 -4 0 0O 1 0
1 o;—1 1 0 0 01
0 0 1 0 0 00
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and

with

so that we have:

(0j+2)0; —0; =T —30;,+1 oj+2 =3 11
—0;+0;+2 (oi—1)o;+0;,—2 -1 o0;+#1 0 1
~1 0 0 0 00
0 -1 0 o oo |
—0;+ 2 o; — 1 -1 1 0 0
~1 —0;+1 0 -1 00
0 0 -1 0 0 0
00 0 -1 0 0
. 0 0 o—1 0 -1 -1 |
o0 1 o—-1 0 -1
1 -1 =2 1 o;+3 -1
01 0 -1 -1 o
1 0] 0 0 0 0 0
0 1] 0 0 0 0 0
0 0[o;—=1 0 -1 -1 -3
00/ 1 o—-1 0 -1 1
00 -2 -1 o;+3 -1 -1
00| 0 -1 -1 og; 0
oio;+20;—0;— 7 —30;,+1 ~30; =100 0 0 0
—0; +dy + 2 00 +o;—0; —2 oj+4 ‘0 0 00
0 0 0 1000
0 0 o o100 |"
0 0 0 00 10
0 0 0 00 01
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4.2.2. Procedure for removing more identity blocks

We assume here that we have removed j := j — 1 < r identity blocks
from (13), i.e., we have computed unimodular matrices U; and V5 such that
(15) holds with 7 = j. The goal is then to compute U; and Vj from U; and
V5 such that (15) holds with r = j.

We first decompose by blocks the matrices U; € GL,,, (D), V5 €
GL,,,_7(D) and their inverses as follows:
—_— o /
p | J ]i by 1
Unr Uz \ < »p ! ' 4 =
_ r -1 _ Uy U Uy \¢<p—1J
U; = U Uspp |<p'—J U-" = u,, U, U, )«
U31 U32 —1 21 22 23
Vir Vi2 \ < ¢ ! v v =
T I -1 _ Viv Vi Vi \«<p—1J
‘/;' - ‘/21 ‘/22 —p J V;* - V/ U/ U/ V. q/
Vi, Vi | 1 21 Yo Ugs

We then have the following lemma, similar to Lemma 4.2.

Lemma 4.3. Let k == p—j = p— j + 1. With the above notations and
assumptions, there exist ¢ € D, w € D? =7, and v € D'~ such that

S ((Um).iUfz;kUm)k) -t (25)

where (Usy)y denotes the kth element of the row vector Us;. Moreover, we

have:
(e (Vi ) <<V'21>.2sz;k<vg1>k) -t (26)

Proof. The first part of the proof is similar to that of Lemma 4.2. Indeed,
taking the coefficient at position (k, k) in the equality Uj?l U; = 1,5 we get

that the vector ((U11)%  (Ua)%k  (Usi)r)T € DP*P=J is unimodular. As we
have sr(D) < p'—j, we can thus apply Lemma 4.1 with n := pand m := p'—j
which yields (25). Using the block structures of U; and V5 given above, the re-
lation V;diag(l, 5, R') = diag(R, I, 5) U; implies Vy; = Uy and V3, = Us;.
Similarly, the relation diag(l, =, R') Ufl = VJIl diag(R, I, -) yields V/, =

p—j> p'—j
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U12 and V{3 = Uj;. Moreover taking the coefficient at position (k, k) in
U U=1,., 5 andV V=1, 5 weget (Uj))k. (Un1) s +(Uly)k. (Un) xt
(Uiy)s (Usl)k =1 and (V) .(Vn).k + (Vi) (Var) k4 (Vig)k (Var Jx = 1. Con-
sequently, we have (Uj,)r. (U11)x = (V{})k. (Vi1)r which implies that the
left-hand sides of (25) and (26) are equal and yields the desired result. [J

Let c€ D, u € D’ 77, and v € D™®~J) be defined as in Lemma 4.3.
Let us first define the following two unimodular matrices

I, 0 0 I, 0 0
Wy=10 Iy u|eGL,, D), Wi'=|0 Iy —ul,

0 0 1 0 0 1

I, 0 0 I, 0 0
ng = O Ip’—j u c GLerp/ij(D), W2;1 = O [p’—j —U s

0 0 1 0 0 1

which are such that the following square diagram commutes:

.diag(R,Iprig)
_—

Dix(a+p'=j) DIx(p+p'=j)

Wit T Wyt T Wy
.diag(R7[p/7;)
R

Dix(a+p'—j) Dixe+p' —3)

We shall now proceed and reduce the size of the matrices in order to
get (15) with r = j. We consider the four row vectors ¢; € D'*(a+®'=)
0; € DX =) o e DXEHE' =) and fy; € DV WH'=D) defined by:

5713- = (C(Wl)k. v), by = (C(Vfl)k. v ) = glj ( q+(' —7) 0)7

b= (c(Uir. v), Loj:=(c(Ul)r v 0) =1Ly (Lypp—j 0),
and we define Fy; € D@0/ =)x(0+a' =) and Fp; € DO+@-)x 0/ =5) 1y

Fyj = (Igsgr—y 0) Wy Vi Iy = (Tp+r—i) 0) Wy Us-

Proposition 4.3. Let k:=p —j =p — j + 1. With the previous notations,
we have the following results:
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1. The matrices Glj c D(Q‘i’pl*j)x(q‘i’(p/*j)); Hlj € D(q+(pl7j))><(q+p/75)’ GQ] €
D' =)x ' =0)  gnd Hyj € D@ =xw+e'=3) defined by

Lovir o — (Fy) by -
Gy = ( D) gl,( )k U) cHyj = (L) — (B by (Fy)e)
J

T o — (Foi) g fos .
Gy = ( rHr) gQ,( 2 2j> , Haji= (L r-g) — (Foj) i bay (Fog)n)
J
satisfy
Hyj Gy = Igrr-g),  Hoj Goj = Iy w—j),
ker(.Glj) = Dglja ker(.ng) = Dégj,
and the following square diagram commutes:

pixtaty—) BRIy

T .Hy T .ty
diag(R,1,_;)
e

D1><(p+p’—3)
D1x(a+®'—4)) Dix(p+(®'=4))

2' The matrices Gllj c D(Q‘i’pl*j)X(Q‘i’(p/*j))’ H{j € D(q+(pl7j))X(Q+p/7;); G/2] =
Dt =)xp+v'=9)  gnd Hj. € D@ =) xw+e'=3) defined by

- a0 Ii1 O
Gy = (Ip—3+q’ — () Wla‘V) 0 0, Hy:= ( 0 0

Jj
0 I 0
fi—r 0 Iy O
- —j — k-1
G/Qj — (Ip*Eer/ — ( lerp J)T 62]' ng Uj) 8 IO 9 Hég T ( 0 0
pl

where ™ denotes the i-th vector of the standard basis of D™, satisfy
H{j Gllj = I(pfj)+q/v Héj G/2j = [(pfj)ﬂo/v
ker(.ng) =D 82]‘ ng U;’

and the following square diagram commutes:

ker(.G'lj) = Dglj le V-

g
DIx(—i+g)  d2edn—s B,

1.ay, T.ay,
.diag(I, 7,R')
_—

D ((p=i)+p")
Dix(p—j+d)

Dix(e—j+p")
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Proof. The proof is omitted since it suffices to follow exactly the lines of the
proof of Proposition 4.1. O

We now obtain the following result which provides U; € GL,4,y—;(D) and
V; € GLyypy—;(D) such that (15) holds with r = j:

Proposition 4.4. With the previous notations:

1. We have
Uj i= Hay Wo; U Gy; € GLyy (D), U;' = Hy U Wyl Gy,
Vj o= HijWh; V3 GYy € GLgsy (D), Vi = Hy Vo Wit Gy

2. The following commutative exact diagram holds

0 0 0

) | ) )
D1x(g+p'=7) ding(R Ly ;) DX (p+p' =) W—>@Op'*j M —0

Ly . 1.y br
pix—i+a) 28— ) i) O

) A \J

0 0 0

i.e., we have diag(R, I,y_;) U; = V; diag(I,—;, R'), and thus:
diag(I,—;, R') = V; " diag(R, Iy _;) U; <= diag(R, Iy_;) = V; diag(I,—;, R) U; .

Proof. The proof is omitted since it suffices to adapt the proof of Proposi-
tion 4.2. [

Now, by using inductively Propositions 4.2 and 4.4, we finally obtain the
main theorem of this section, i.e., a constructive version of Warfield’s theorem
in the case of full row rank matrices:

Theorem 4.1. Let R € D¥?, R' € DY*¥" be two full row rank matrices and

f:M:=DY?/(D™R) — M':=D"¥ /(D™ R)
7(A) — 7(AP),
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be a left D-isomorphism, where P € DP*?' s a matriz such that RP = Q R’
for a certain matriz Q € DY If r > 1 is an integer such that

r <min(p,p’), sr(D)<max(p—rp —r),

then there exist U, € GLpiy— (D) and V, € GLyyy_(D) such that the
following commutative and exact diagram holds:

0 0 .

! | } !
prxtar=m) DD gy T8y g

\LV’I‘ J/U'r J/f
o U O N oS (P B =L LN P

! 1 f

0 0 )

i.e., we have diag(R, Iy_,) U, =V, diag({,—,, R'), and thus:
diag(I, ., R') = V., ' diag(R, I,_,) U, <= diag(R, I, _,) = V, diag(I,_,, B) U ",
namely, the matrices diag(R, I,,—,) and diag({,—,, R") are equivalent.

From the point of view of symbolic computation, starting from U and V'
as in Theorem 3.1, the calculation of the matrices U;, Vj, for j = 1,...,r
relies, at each step, on the computation of ¢, u, and v as in Lemma 4.3.
Apart from that the whole process to finally get U, and V,. as in Theorem 4.1
is entirely constructive since all the matrices are explicitly given above.

Example 4.3. Let us consider again Eramples 2.1, 3.1 and 4.2. In Ez-
ample 4.2, we have seen how to remove effectively the first identity block.
Condition (14) is still fulfilled by r = 2 since we have sr(D) =3 < p' —r = 3.
Theorem 4.1 then implies that we can remove a second identity block. To
achieve this the problem happens to be reduced to computing ¢ € D, u € D3,
and v € D3 so that:

(c(000) v =1,

-1 +(1—0)u

O'Z‘—l
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and we know from Lemma 4.1 that they exist. Here, c =0, v = (0 —10),
and u = (00 0)T is clearly a solution. Using the above formulas, from these
instances of ¢, v, and u, we automatically construct the unimodular matrices

1 1 0 0 0 0
-1 -1 —0; +2 0 1 -1
U, = 0 0 0 0 0 1 € GLy(D),
-1 0 0 0 0 0
1 1 o, — 1 0 -1 1
—20;+3 —20;+3 —0°+30;—2 1 0;,—1 5—o0;
with
0 0 0 -1 0 0
1 0 0 1 0 0
Ut = 0 1 0 0 1 0 |
o, —2 —o;+1 —4 0 0 1
1 o;, — 1 1 0 o,—2 0
0 0 1 0 0 0
and
(0j+5)o;—0;—8 0;+2 —4+30; 11
—(0j+2)(0;—2) -1 (—0j—1)0;+20;,+3 0 1
Vo = -1 0 0 0 0 | € GLs(D),
1 0 1 0 0
—20;,+3 -1 —0;+ 2 0 0
with
0 O -1 0 0
0 0 o,—-1 —0; + 2 -1
Vob=10 0 1 1 0 ,
1 -1 =2 —0o; + 1 o;+3
0 1 0 —1+4+(6;—2)o; -1



so that we have:

1| 0 0 0 0 0
0jo;—1 0 -1 -1 -3
o] 1 o-1 0 -1 1
o] =2 -1 o0;43 -1 -1
0] 0 -1 -1 o 0
0i0;+20; —0; =T —30;+1 —30;—10|0 0 0
—0;+0j+2 00+ 0y —0j —2 oj+4 \0 0 0
=V, 0 0 0 (10 0 | U
0 0 0 010
0 0 0 0 0 1

Remark 4.1. In Theorem 4.1 above, the condition on the integer r with re-
spect to sr(D), namely, st(D) < max(p — r,p’ — r) gives an lower bound
for the number of identity blocks that can be theoretically removed using
Warfield’s theorem. Indeed, in the process described above, the assump-
tion sr(D) < max(p — r,p’ — 1) is a sufficient condition to ensure that, for
7 = 1,...,r, the equation in Lemma 4.3 admits a solution c, v, u through
Lemma 4.1. Howewver, it is only a sufficient condition and in some cases one
can still solve this equation without the assumption sr(D) < max(p—r,p'—1).
It implies that in some cases we can remove more identity blocks than the
upper bound deduced from the inequality st(D) < max(p — r,p’ — ) as it is
for instance illustrated by the following example.

Example 4.4. In the example considered above (see Examples 2.1, 3.1, /.2
and 4.3), the integer r = 3 does not satisfy the condition sr(D) < max(p —
r,p' — 1) since sr(D) = 3 and max(p —r,p' —r) = 2 but we shall see that we
can remove a third identity block. Indeed, to achieve this, we are reduced to
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computing c € D, u € D?, and v € D**? so that:

1
-1
(0(000) v) 0 = 1.

—1
( . )+(3—20i)u

Here Lemma 4.1 does not ensure that a solution exists but c =0, v = (0 1),
and v = (0 0)T is clearly a solution. Using the above formulas, from these
instances of ¢, v, and u, we automatically construct the unimodular matrices

0 02—-30;,+2 1 3 — o; o; +1
0 —-o0’+20, -1 o0,—2 -2-—o0
Us=1]0 0 0 0 1 € GL5(D),
1 —02+30;,—2 -1 =-3+o0;, —1—o;
0

(0; —1)° 1 —0;+2 o0;+2

—(0;+5)(0:=2) (0;+5) 02+ (-30;—15)0; +20; +12 1
(0j+2)0; —20; =5 —(0;—1)((0;+2)0; —20; — 5) 0
Vs = 1 —0; + 2 0
-1 o;— 1 0
and their inverses, so that we have:
o, — 1 0 -1 -1 -3
1 o, —1 0 -1 1
-2 -1 o;+3 -1 -1
0 -1 -1 o0 0
oi0;+20;—0; =T —30;+ 1 ~30;,—10|0 0
_y —0; + 0+ 2 0,0j+0;—0;—2 o;+4 ‘0 0 U,
0 0 0 10
0 0 0 01
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Note that the latter formula means an equivalence of matrices of the form
R = V3_1 diag(R, I5) Us, i.e., we have removed all possible identity blocks
from the original equivalence diag(ls, R') = V~tdiag(R, I;) U given by Fit-
ting’s theorem.

4.3. The general case

In this section, we consider two matrices R € D?? and R’ € DY*¥ that
are not assumed to have full row rank such that M := D?/(D'1R) =~
M':= DY /(D¢ R’). With the notation,

n=q+p +p+q¢, m:=p+yp,

Theorem 3.2 yields
LX=YL, (27)

where the matrices X € GL,, (D), Y € GL,(D), their inverses, and the
matrices L, L' € D™ are explicitely given in the statement of the theorem
in terms of the matrices defining the isomorphism M = M’. Warfield’s
theorem asserts that if two positive integers s and r satisfy

s<min(p+¢,q+p), sr(D) <max(p+q —s,q+p —s),
(28)
r <min(p,p’), sr(D)<max(p—r,p —r),

then we can remove s blocks of zeros and r blocks of identity in (27), i.e.,
there exist two matrices X, € GL,,_.(D) and Y;, € GL,_,_,(D) such that:

R 0 0 0
0 Ly, | X, =Y, (L., 0]. (29)
0 0 0 R

In the present section, we aim at providing a constructive version of this
result. The construction of the matrices X, and Y, is very close to what
we did in the previous section for the case of full row rank matrices R and
R’. We shall proceed by induction. We first remove one by one the s rows of
zeros. To achieve this, we only need to modify the matrix Y while the matrix
X stays unchanged, namely, from Y := Y, we compute recursively matrices
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Yi,...,Ys such that, for all i =1,...,s, Y; € GL,_;(D) and we have

( R 0
Li:=|0 Iy| € Dnxm
0 0
LiX=Y,L, (30)
0 0
L= |1, 0] ¢eDrixm
0 R

Then, we remove one by one the r blocks of identity, namely, from Y, := Y
and Xy := X, we compute recursively matrices Ys;,...,Y;, and X;,..., X,
such that, for all j =1,...,r, Y,; € GL,_s_;(D), X; € GL,,_;(D), and we
have

( R 0
Lej:=|0 Iy, | € Drs-)xtm=j)
0 0
Lo X5 =Y L, (31)
0 0
L= {1; 0|eDrsxmy
0 R

\

Let s and r be two integers satisfying (28). Without loss of generality, we
assume that ¢+ p' <p+¢ and p <p’ so that s < qg+p/, sr(D) <p+¢ —s,
r <p,and sr(D) <p —r.

4.8.1. Procedure for removing the zero rows

We assume by induction that we have already removed i := i —1 < s zero
rows, i.e., we have computed a unimodular matrix Y; € GL,,_;(D) satisfying
L; X = Y; L; with the notation of (30). Let us then explain how to proceed
to remove the ith row of zeros. We first decompose ¥; and Y{l by blocks as
follows:

q+7p 1
Yiin \ < q+p 1 I
Y; = Yoo |<p+4q —1 Y= (Y YL Yiy)
}/31 — 1 T
p+q —i
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Let us denote:
k::q_l_p,_;a n; '=n—1, ﬁzzn—lznz—l
We then have the following lemma, analogous to Lemma 4.2 and 4.3.

Lemma 4.4. With the above notations and assumptions, there exist ¢ € D,
u € DPYY=1 and v € DY) gyceh that

(c(Y ) v) (% )i‘ii(y 1>k) 1 (32)

Proof. The proof is similar to that of Lemma 4.2 and 4.3. Indeed, since
st(D) < p+ ¢ — s, we can thus apply Lemma 4.1 with n := ¢ + p’ and
m:=p+q —i. O

Let ce D, u e DP=9~% and v € D@+~ be defined as in Lemma 4.4.
Let us first define the following unimodular matrix

Iq+p' O 0 [q+p/ 0 0
Wi=| 0 Iy u|€GLy,(D), W= 0 Iy —ul,
0 0 1 0 0 1

which is such that the following square diagram commutes:

.L;
Dani D1><m

wt T owy T 4T I
Dani i D1><m

We consider the two row vectors ; € D™ ¢; € D**™ defined by

l; = (c(Y{ e v), L= (c(Y{)r v 0),

Y1
Fi = .
<Y21 +u Y?n)

Proposition 4.5. With the previous notations, we have the following results:

and the matrix
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1. The matrices G; € D™*"  H; € D"*" defined by
Iz = (Fi) 1 s ;
G = ( ' % ) ) , Hy= (I — (F) il (F) ),

satisfy
H,L' Gz = Im, ker(Gl) = Dgz,
and the following square diagram commutes:
Dlxni i) Dlxm

T H; T In
D1><7TZ- i> D1><m

2. The matrices G, € D">*™  H! € D"*" defined by

s 0 I, 0 0
Gi= (L, — (T ew, ;) [ o o |, Ho=("" :
1 3 7 7 0 0 Ip+q/
0 Dy

where f™ denotes the i-th vector of the standard basis of DY*™ satisfy
H! G = I;, ker(.G)) =D WY,

and the following square diagram commutes:

/

Dl><n7 ‘Li; D1><m

e 1ot

/

Dixni L5 Dlxm

Proof. The proof is omitted. It suffices to follow the lines of the proof of

Proposition 4.1. 0
We now obtain the following result:

Proposition 4.6. With the previous notations:

1. We have

Y= H;W;Y;G} € GL,_i(D), Y;'=H] Y. 'W G,
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2. The following commutative exact diagram holds

0 0 0

I ! !
pixtn Ly puon I ap g

L .x Ly (33)
pixt=i By pooan ZET g g

\ \ \

0 0 0

i.e., we have L; X =Y; L}, and thus:
Li=Y'LiX <L =YL, X"

Proof. The proof is omitted since it suffices to adapt the proof of Proposi-
tion 4.2. O

Using recursively the above process, we can thus remove s zero rows,
i.e., obtain (33) with ¢ = s. Note that in practice, to construct the ma-
trices Yi,...,Y,, we must be able to compute ¢ € D, v € DP9~ and
v € DW= 35 in Lemma 4.4 at each step. As already explained, in
general, this is the sole obstacle to obtain a totally constructive result.

Example 4.5. Let us consider again Fxamples 3.2 and 3.3. We have ¢ = 3,
p=2,¢ =6, and p' = 3 so that n = 14 and m = 5. Moreover we have
q+p <p+4q andp < p'. The ring D = Q[0y,0s] satisfies sr(D) = 3
(see Example 4.1) so that st(D) < p+ ¢ — s is fulfilled by s = 1,...,5
meaning that we can remove five zero lines from (11). Let us first show how
to remove the first zero line from (11) where X, Y and their inverses are
given in Examples 3.2 and 3.3. From Lemma 4.4, the problem is reduced to
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computing c € D, w € D7, and v € D7 so that:

_ o O O O O

(c(0 0000 0) v =1, (34)

0
1
0
0 +0u
0

)
— 0,

and we know from Lemma 4.1 that they exist. Here, we can see that ¢ = 0,
v=(0—-100000), andu=(0000000)" is a solution. Using the above
formulas, from these instances of ¢, v, and u, we automatically construct the
unimodular matriz Yy € GLy3(D) given by

1 0 0 0 0 8, 0 1 0o 0 0 0 0
0 1 0 0 0 Lo, Lo 0 1/2 0 1/2 0 0
0 0 1 0 0 0 8o 0 0o o 0 1 0
0 0 0 1 0 -1 0 0 0o o 0 0 0
0 0 0 0 1 —8s 0 0 -1 0 0 0 0
0 —28, 8, 0 — 8o 0 -1 0 0 0 -8 8, 1
Yy = 0 0 0 1 0 0 0 0 0o o 0 0 0
0 —28, 8, 0 — 8o 0 0 0 0 0 -8 8, 1
-1 0 0 -0, 0 0 0 0 0o o 0 0 0
0 0 0 —s 1 0 0 0 0o o 0 0 0
— 8 0 0 0 -8, 0 0 -8, 9 1 0 0 0
0 205 8) —2 —0,2 0 801 — 1 0 0 0 0 0 801 —-8,2 -0
0 2892 —820; — 1 0 822 0 0 0 0 0 822 —828; -89

so that Ly X =Y, L} with the notation of (30). Applying recursion, we can
compute unimodular matrices Y; € GLyy_ (D), i = 2,...,5 (which entries
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are too large to be printed here), so that we finally get Ls X = Y5 L, i.e.,

000 0 0 & 0 000
100 0 0 50, 300 0 0 0
01 0 0 0 0 & 000
000 0 O 0 0 100
00 9 -1 0 | =Y 0O 0 010 |X, (35)
000 8 O 0O 0 001
000 1 o 0 0 000
00 0 0 0 0 0 000
00 0 8 O 0 0 000

to be compared to (11). Note that, as it is the case for (34), the equations
coming from Lemma 4.4 for i = 2,...,5 can all be solved using heuristic
methods as explained in Section 4.1

4.3.2. Procedure for removing the identity blocks

We suppose that using the process of the latter section, we have removed
s zero rows. We further assume by induction that we have already removed
j = j—1 < r blocks of identity, i.e., we have computed unimodular matrices
Y,; € GL (D) and X5 € GL,, 5(D) satisfying L ;X5 = Y5 L with
the notation of (31). Let us then explain how to proceed to remove the jth
identity block. We first decompose Y, 7, X5, and their inverses by blocks as
follows:

n—s—j

/

R p p=j 1
);Lll Xllg —D \l/ i i _
! n ' Xy Xy Xig )<V

X31 X32 — 1
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q+p —s ¢
\ \
Yiiu Yio Yi3 \ ¢
Yor Yoo Yoz | —j

Y= | Ya Ve Y |1
Y Yo Y3 J<p+qd—s
T_
p—17J
and
qp -7 1 pt+qd—s
+ 4l
Yii Yiy Y3 Yi, \<q+p —s
v = Yy, Yy Yy Yy —p—j

Y Yy Yi Vg <4
Let us denote
kii=(q+p —s)+p—Jj, hkri=p—J,
and
n; =n—s5—7, m; =m -7, nj:=n-—s—7j, M;:=m—].
We then have the following lemma, similar to Lemmas 4.2, 4.3, and 4.4.

Lemma 4.5. With the above notations and assumptions, there exist ¢ € D,
uw € DP~I and v € DW= such that

/ (X11)~k2 _
(X v) ((X21).k2 Fu(Xan ) L. (36)
Moreover, we have:

(Y12) ks
(C (}/é,1>k2~ v c (1/2/4)’@) (}/22)162 +u (Yé?)kz =L (37)
(Ya2) .k,

Let c€ D, u € D’ and v € D@~ be defined as in Lemma 4.5.
Let us define the following two unimodular matrices

I, 0 0 0 I, 0 0 0
o Ly w0 Lo L —u 0
W=y %7 1 o €D =1y T 0
0 0 0 Ly, 0 0 0 Iy
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I, 0 0 I, 0 0
Way =0 Iy_; ul|€GLy, (D), Wy'=[0 L,_; —ul,
0 0 1 0 0 1

which are such that the following square diagram commutes:

Dixn; et Dixm;
wit T Wt LT Wy
L -

DIXTZ]' 5'7‘; Dlej

We consider the four row vectors £1; € D™ {; € D" fy; € D™ and
ly; € DY™i defined by:

Gji=(c(Vi)r v c(Ya)), L= (c(Ys)r v 0 c(Y3)r),

loj = (c(X| ko, V), Loy = (c(Xi)p, v 0),
and we define Fy; € D™ and Fy; € D™*™ by:

Y1 Yio Yis X1 X2
Fij= Yy +uYs Yo+uYs Yos+uYss|, Iy = (X21+UX31 X22+UX32) '
Y Yio Y3

We now decompose I, — (Fi;).x, le € D" by blocks as follows
_ K’
Iny — (Fy) o 0y = (K1 K3) = (K}) :
2

where K, € D%*@tP' =) [, ¢ prix(a+p=s) K! ¢ D+r'=)x7 and K} €
DW+r=9)x7;  We then get the following proposition (similar to Proposi-
tion 4.1 and 4.3).

Proposition 4.7. With the previous notations, we have the following results:

1. The matrices Gi; € D"*™, Hy; € D"*"  Go; € D™*™i and Hy; €
D™ix™mj defined by
K
Gij= | by |, Hy = (K1 (Fij)n Ka),
K
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Lie. — (Foj) iy 02 .
Goj = ( ’ (gzﬂk 2j) , Hyj:= (I, — (Foj) ko Laj (Fj)y) s
J

Hy;Gij = In;, Haj Gy = Im,,
ker(.Glj) == Dglj, ker(.ng) = Dggj,
and the following square diagram commutes:

L, -
DlXTLj 87.7; Dlej
T .Hy T .Hy,

D].Xﬁj 'Ls’j; D].ij

2. The matrices G'; € D™, Hy; € D™ Gy € D™ and Hy; €
D™ix™j defined by

]k1,1 0 I 0 0
Gllj = (]nj —( ]ZJ)T Uy W Ys}) 0 01, H{j N ’
O ] O 0 Iq/
q/

fiy—1 0 L1 0 0
. miNT _ e .
Gy = (Im; — (fr,))" Lo W X5) 8 IO My = ( 0 0 [p’) ’

p
where f™ denotes the i-th vector of the standard basis of DY*™ satisfy

A ro~
Hy; Gy = Iy, Hyy Gy = Iy,

ker(.G'lj) =D Elj le Y.

5,4

ker(.G’Qj) =D fgj ng X;,
and the following square diagram commutes:

D].Xﬁj .Ls’j; D].ij
T, T
2.
Danj S’jé Dlej
We now obtain the following result:

Proposition 4.8. With the previous notations:
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1. We have
Yy = Hiy Wy Y5 Gl € GLy (D), Y )' = Hy; Y Wi Gy,
and

Xj = HyjWo; X5 Gy € GLig (D), X' = Hy X' W' Gy

2. The following commutative exact diagram holds

0 0 0

3 \ \
D1x(n—s—j) 'stf} Dix(m—j) WGBOPI—J'; M —0

ANy 1.x; N (38)
Dix(n—s—j) 'Ls’j} Dix(m—j) Op—j @7‘—/; M —0

3 1 \

0 0 0

i.e., we have Ly j X5 =Y, ; L ;, and thus:

r_ vl = ! .
Lyj=Yo; Lsj Xj = Loy = Y5 L ; Xj

Now, by using inductively Propositions 4.6 and 4.8, we finally obtain the
main theorem of this section, i.e., a constructive version of Warfield’s theorem
in the general case:

Theorem 4.2. Let R € D, R' € DV**" be two matrices and

f:M:=DY/(D™MR) — M':=D""/(D™R)
7(A) — 7(AP),

be a left D-isomorphism, where P € DP*?" is a matriz such that RP = Q R’

for a certain matriz Q € DY . Letn =p+q+p +¢ and m:=p+yp. If
s> 1 andr > 1 are integers such that

s<min(p+¢,q+p), st(D)<max(p+q —s,q+p — ),

r <min(p,p'), sr(D)<max(p—rp —r),
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then there exist X, € GL,,_.(D) and Y, € GL,_s_.(D) such that if we
denote

R 0 0 O
Ls,r =10 [p’fr c D(H—S—T)X(m—r)’ L;,r — Ipfr 0 € D(n—s—r)x(m—r)’
0 O 0 R

then the following commutative and exact diagram holds:

\ l !
Dix(n—s—r) i) Dix(m—r) D0, M—0
\l/ .Ys,r \l/ X \l/ f
DlX(n—S—T) .st"‘ D]_)((m_r) Oper}ﬂ'/ M/ . 0

! l !

i.e., we have Ly, X, =Y, L’ ., and thus:

8,17

-1 —1
Lls,r = Y's,r Loy Xy <= Loy =Y, L;,T X

/
S,r

namely, the matrices Lg, and L, are equivalent.

From the point of view of symbolic computation, starting from X and
Y as in Theorem 3.1, the calculation of the matrices Y;, i = 1,...,s (see
Proposition 4.6) and Y ;, X;, for j =1,...,r (see Proposition 4.8) relies, at
each step, on the computation of ¢, u, and v as in Lemma 4.4 and Lemma 4.5.
Apart from that the whole process to finally get Y, and X, as in Theorem 4.2
is entirely constructive since all the matrices are explicitly given above.

Example 4.6. Let us continue Examples 3.2, 3.3, and 4.5. In Example 4.5
we have seen that we can remove five zero lines from (11) to get (35).
Moreover we have st(D) = 3, p = 2, and p' = 3 so that the condition
st(D) < max(p —r,p' —r) can not be fulfilled by an integer r > 1. It means
that Warfield’s theorem does not assert that we can remove any identity blocks
from the equivalence Ly X = Yy LL obtained in Example 4.5. However, as it
has been noticed in Remark 4.1 the condition sr(D) < max(p —r,p/ — 1) is
only a necessary condition for the equation appearing in Lemma 4.5 to admit
a solution through Lemma 4.1 and in some cases one can still use the above

o4



process to remove identity blocks. Here in order to remove a first identity
block, the equation of Lemma 4.5 is
( 0 >
1
=1,

(c(00) w) (g)—u

which clearly admits the solution c =0, v= (0 —1),u= (0 1)%. From
this solution, we can compute two unimodular matrices X1 € GL4(D) and
Y51 € GLg(D) so that we have the equivalence of matrices Lsy X1 = Y51 Lg
with the notation (31). Similarly, we can remove a second identity block, i.e.,
we can compute Xy € GL3(D) given by

1—-9, 1 0 10 1
Xy = 0 0 1|, X;'=]0, 0 -1+, |,
& -1 0 0 1 0

and Ys o € GL7(D) (the entries of Yso and its inverse are two large to be
printed here) so that we finally get Lsy Xo = Y52 Ly ,, i.e.,

0 0 0 & 0 0
o 0 0 10, 301 0
& —1 0 0 0 0
0 6 0 |=Y, | 0 0 1 |Xy,
0 1 o 0 0 0
0 0 0 0 0 0
0 9 0 0 0 0

to be compared to (11) and (35).

The computation of the unimodular matrices appearing in Theorems 4.1
and 4.2 and their inverses has been implemented in Maple. The implemen-
tation relies on a heuristic procedure to solve the problem in Lemma 4.1 and
apart from that point, the construction of the unimodular matrices yielding
the different equivalence of matrices is entirely automatic. The implemen-
tation will be soon added to the OREMORPHISMS package, Cluzeau and
Quadrat (2009).
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