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Abstract Stokes calculated the force exerted by the
surrounding fluid on a sphere and on a cylinder in os-
cillating motion. Although these results are valid only
if the Reynolds number Re is very small, Re < 1, all
the tests on macroscopic spheres have been made with
Re larger than 20. Here, we describe an experiment
which measures the drag force on an oscillating sphere
with small values of the Reynolds number, down to
Re =~ 0.03 for the smallest sphere studied here while the
Stokes’ number St is large, between 150 and 1500. Our
measurements are in very good agreement with Stokes’
result and, in particular, they exhibit the quadratic de-
pendence of the force with the sphere radius when this
radius is larger than the viscous penetration depth 4.

Keywords First keyword - Second keyword - More

1 Introduction

The damping of a pendulum oscillating in air by the
drag force is a very classic experiment and, in the case
of a sphere or a cylinder, this force has been calcu-
lated in 1851 by Stokes [1]. In the case of an oscillatory
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motion, the drag force on a sphere becomes a quadratic
function of the sphere radius a if a is considerably larger
than the viscous penetration depth § defined below and,
in this case, the drag force is considerably larger than
the drag force on the same sphere with the same veloc-
ity in steady motion. This classic result can be found,
for example, in the Landau and Lifschitz book “Fluid
mechanics” [2]. However, all the tests of this drag force
on spheres have been made with large values of the
Reynolds number Re > 20 while the validity of Stokes
calculation requires Re < 1.

In this paper, we present the measurement of the air
drag force on a series of pendulums made of a sphere
suspended by a thin wire. To reach the Stokes’ regime,
it is necessary to measure very small oscillations and
we use a shadow detector, with a sub-micrometer sen-
sitivity. We thus measure the damping time constant
of the oscillations with the pendulum oscillating ei-
ther in air at atmospheric pressure or under a very
low pressure, this latter experiment measuring the non-
hydrodynamic friction forces. We then deduce the drag
force from the calculated pendulum energy. Our results
are in very good agreement with Stokes’ result and, in
particular, with the quadratic dependence on the sphere
radius a. Our analysis takes into account the drag force
on the wire and the modification of the drag force on
the sphere due the confinement of the air by the vessel
enclosing the pendulum.

The content of the paper is organized as follows:
we recall Stokes’ results in section 2 and previous tests
of this force in section 3. Section 4 describes our ex-
periment and section 5 the data analysis. A simplified
calculation of the connection between the drag force
and the damping time constant is presented in section
6. The modification of this force due to fluid confine-
ment is discussed in section 7. The measurements of
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this force are presented and discussed in section 8. A
brief conclusion, section 9, summarizes our results and
three appendices give complementary information.

2 Stokes’ results
2.1 Some general ideas and Stokes’ results

When an object moves in an incompressible fluid, the
fluid motion is described by Navier-Stokes equations [2]
which relate the velocity v and the pressure p

p ((Z‘tf + (v-V)v) = —Vp+nV?v,

V-v=0, (1)

where p is the fluid density and 7 its viscosity. The force
exerted by the fluid on this object generally depends on
two dimensionless numbers, the Reynolds number Re
and the Stokes’ number St, symbolically defined as

vVl Letov/on | o
[ nV2v | [NV |

The immersed object we have in mind is a pendulum
made of a wire fixed at one end while its moving end
is attached to a sphere (see Fig. 1). Let us consider the

forces exerted on the two parts of the pendulum.

Re

We consider a sphere of radius a, oscillating along the
x-axis, with its center at x(t) = xg cos (wt) and then
2
St~ PLY (3)
Ui
The force exerted on the sphere was calculated, in the
limit of zero Reynolds number, by Stokes. This force,
parallel to the x-axis, is the sum of a drag force and an
d 2
Fx:—6ﬂ'na<l+g>—x—l

added-mass force [1,2]
95\ d*x
i+ =) =5, 4
5)at 3" < +2a> di?”’ )

where § = /2n/pw is the viscous penetration depth. As
could be anticipated, this Re = 0 force only depends on
the Stokes’ number St ~ a?/62.

Re ~ PATow ,
Ui

For the pendulum wire, we use Stokes’ results for an
infinitely long cylinder of radius R with its axis parallel
to the z-axis oscillating along the x-axis with its center
at z(t) = xg cos (wt). In this case, the Reynolds number
Re and the Stokes’ number St are given by

pR*w R?

pRxow
~ 0 x 5o (5)

Re , St ~
n

Stokes also calculated the Re = 0 force per unit length
of the cylinder dF, /dl

dF, R\®> ,dz 1 (R\? dz
dl (5) kdt+w(5> kdtQ] (©)

= —27n

The quantities k and k' were given in closed form by
Stuart in 1963 [3] (see also [4])

L AK(2)

k—ikl =1+ m, (7)
where Ky and K; are modified Bessel functions and
Z = (1 +i)R/6. The quantities R?k/6* and R%k’/§>
vary slowly with the ratio R/ and tend toward 0 when
R/§ — 0 while k and k' diverge.

2.2 Validity of these results

Equation (3) defines the Reynolds and Stokes num-
bers up to some undetermined proportionality constant.
Since we want to compare our results to those of pre-
vious works, we adopt for the sphere the widely used
definitions
2

Re = 49;3“ . St= 45% 8)
Stokes’ result, eq. (4), was obtained for Re = 0 and
arbitrary values of the Stokes’ number St. In our ex-
periments, we will strive to satisfy the condition xy <
a (which severely limits the amplitude of oscillations)
so as to have very small Reynolds number while the
Stokes’ number will be large.

Stokes’ calculation involves a second approximation:
the boundary conditions were written at the mean po-
sition of the oscillating sphere, which is a good ap-
proximation if the amplitude verifies zp/a < 1 and
20/0 < 1. These dimensionless ratios [5] can be writ-
ten as a function of Re and St
@:%andﬁzi. (9)
a St ) 2/St
If the conditions zp/a < 1 and zo/é < 1 are not ful-
filled, the force is no more proportional to the oscilla-
tion amplitude, as shown by Berg et al. [7] with mea-
surements and numerical calculations for an oscillating
cylinder: the additional force increases with the ratio
2o/d. We are not aware of a similar work for spheres.

For the wire treated as a cylinder of radius R, we
define the Reynolds and Stokes numbers in the same
way

4IOR 4R2

52 Ste = 5T (10)
and the discussion is similar. Because the cylinder ra-
dius R is considerably smaller that the sphere radius a,

Rec < Re and Sto < St.

Rec =

2.3 Our choice

We chose to measure the drag force on an oscillat-
ing sphere: this force is equal to the force in a steady
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motion, F, = —6wnadz/dt, multiplied by the factor

[1 4 (a/6)]. This multiplying factor, equal to {1 + \/Q/Q} )

is quite large, up to =~ 21 in our experiments. We thought
it interesting to test this somewhat surprising behavior.

3 Experimental tests of the force on an
oscillating object

3.1 Tests with macroscopic objects

These tests have been done with different types of sys-
tems:

e a gravity pendulum with a cylindrical or spherical
body [8-11];

e a string vibrating in air or in a liquid [12,13];

e a torsion pendulum oscillating in a liquid [14-16]
or in air [17];

e a microsphere oscillating at various temperatures

in liquid helium, using magnetic levitation in a super-
conducting capacitor [18].
These different experiments investigate different ranges
of the radius a and of the viscous penetration depth
0 x y/1/w. Many other papers have studied the damp-
ing of a pendulum but their experimental results are not
compared to Stokes’ results. We may have missed old
works not quoted by recent papers. Table 1 summarizes
the measurements of the drag force on spheres. The re-
sults of Jéger et al. [18], reanalyzed by Bolster et al.
[11], have not been included because some information
is missing: following Bolster et al., the Reynolds num-
ber is larger than 20 (respectively 40) when the helium
temperature is 2.1 K (respectively 2.2 K) in these ex-
periments. As far as we know, no experiment with oscil-
lating spheres has explored Reynolds numbers smaller
than about 20.

With a macroscopic sphere or cylinder oscillating
in air, Stokes’ regime, Re < 1, is difficult to observe :
for a radius equal to 5 mm, Re = 1 corresponds to a
velocity equal to 1.5 mm/s and, if the frequency is close
to 1 Hz, to an amplitude xg =~ 0.25 mm. The condition
Re <« 1 is verified only by very small values of xg and
it is necessary to measure very small displacements.

3.2 Tests with microscopic particles

Microrheology methods, which have developed during
the last forty years, are reviewed by Gardel et al. [19].
These experiments use micron-sized probe particles and
very sensitive position-measurement techniques. Some
experiments are active, with the application of forces or
torques on the probe particle, while other experiments

Table 1 The information collected in this table is taken from
the papers of Baily [8], Gupta et al. [10], Bolster et al. [11].
From the published data, whenever it was necessary, we have
calculated the values of the angular frequency w and of the
viscous penetration depth 4§, the Stokes number St, the mini-
mum and maximum values of the oscillation amplitude 2o and
of the Reynolds number Re during the experiments (all the
lengths are measured in mm). Baily describes numerous ex-
periments and the values given in this table corresponds to av-
erage values of the oscillation amplitudes of the experiments
performed at atmospheric pressure. The paper of Bolster et
al. describes the experiments with two pendulum lengths and
we reproduce here only the data obtained with the longest
pendulum. The minimum amplitude zg,in ~ 1 mm is taken
from figure 4A of this paper. In the papers of Gupta et al.
and Bolster et al., the authors give the maximum Reynolds
number for which the damping force is a linear function of
the velocity and we have used this value as Remaz-

Author Baily Gupta et al. Bolster et al.
Fluid air air water
a 37 [ 52 165 224 12.7 | 19.1 | 254
w (s~ 3.1 2.81 2.77 1.58 | 1.60 | 1.59
é 3.1 3.3 3.5 1.13 1.13 1.12
St 503 | 1125 | 10000 | 16400 | 505 | 1143 | 2057
TOmin 3.3 3.0 6.6 2.8 ~1
TOomaz 14 16 33 37 11 22 22
Remin 25 32 400 220 40 60 80
Remas | 107 | 166 2000 3000 | 436 | 666 876

are passive with the probe particle motion due to ran-
dom thermal fluctuations i.e. to Brownian motion.

In 2005, Berg-Sgrensen and Flyvbjerg [20] have shown
that the study of the Brownian motion of a microsphere
trapped in a viscous fluid by optical tweezers can be
used to prove that the “ thermal noise that drives the
Brownian particle is not white, as in Einstein’s sim-
ple theory [but] slightly coloured, due to hydrodynam-
ics 7. This effect is due to the fact that the hydrody-
namic force given by eq. (4) is frequency-dependent be-
cause of the terms involving the viscous penetration
depth § = /21/pw. Such an experiment was made in
2011 by Franosch et al. [21] in 2011 and by Jannasch
et al. [22]. This type of experiments was reviewed by
Li and Raizen [23]. These very nice experiments are
in agreement with Stokes result giving the hydrody-
namic force acting on a sphere and, because of the very
small radius of the sphere used in these experiments,
a ~ 1 pum, and of the small velocities of the order
of 1072 mm/s , the Reynolds number is very small,
Re ~ 3 x 1073 (calculation done with the kinematic
viscosity v =n/p =5 x 1077 m? /s used by Franosch et
al. [21]). However, precisely because of the very small
radius of the spheres , the frequency for which 6 ~ a is
large, w =~ 10% s71: it seems very difficult to study with
this type of experiment the case with a considerably
larger than ¢, especially because ¢ o 1/y/w.
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3.3 Comparison of these two types of tests

It can be concluded that:

with micron-sized particles the domain Re < 1 1is
easily observed but the particle size limits considerably
the range of St number that can be explored.

with macroscopic objects it is far from easy to obtain
small Re numbers but the main advantage is the large
range of St numbers which is easily available.

4 Our experiment
4.1 Principle of the experiment

We measure the oscillation amplitude xq (¢) of a pen-
dulum as a function of the time ¢. The drag force being
proportional to the velocity, o (t) decreases exponen-
tially. The drag force is deduced from the measured
damping time constant 7.5, and the calculated energy
of the pendulum. Non-hydrodynamic effects also induce
energy losses: they are due to the anelastic behavior of
the wire or to recoil of the support. Both effects appear
because the force exerted by a flexible object is not
in phase with its deformation. The theory of anelas-
ticity [24,25] gives a microscopic explanation based on
heat transfer between the parts of a spring which are
either heated or cooled by compression or expansion.
Recoil losses [26] occur because the resonance frequen-
cies of the pendulum support are not sufficiently large
with respect to the pendulum frequency. The hydro-
dynamic and the non-hydrodynamic friction forces add
their damping effects so that we can write

1 1 1
=—+— (11)
Texp Th Tnh

where 7, is the value of the damping time due to hy-
drodynamic forces only and 7, the value of this time
due to non-hydrodynamic forces only. A measurement
of the damping time constant with the pendulum at a
pressure smaller than 10~° mbar gives the value of 7,
because the gas friction force at such a low pressure is
negligibly small [26]. With the measured values of Tz,
and 7,5, and using eq. (11), we calculate 7, from which
we deduce the air friction force.

4.2 The pendulum

As the damping time constant 7., increases with the
pendulum mass, we have built light pendulums to limit
the duration of the experiments. The pendulum body
is a plastic spherical shell suspended by a piano string
wire. The spherical shell is made of two hemispheres,

~ 1 mm thick, that clip together and its suspension ring
has been ground off [27]: the spheres thus formed are
almost perfect with very small variations of their diam-
eter (see appendix C). The suspension wire is glued at
its top in a brass rod clamped in the pendulum support
and at its bottom in a 3 mm-diameter threaded brass
rod. A 10 mm-long nut and a threaded aluminium alloy
cylinder are screwed on the threaded rod, thus clamp-
ing the upper hemisphere. A 0.06 cm® NdFeB magnet,
fixed in this cylinder, is used to excite the pendulum os-
cillation thanks to the force exerted by a magnetic field
gradient. Figure 1 shows some details of the pendulum
and introduces the notations used to describe its mo-
tion [28]. For each pendulum, the dimensions and the
oscillation frequency are given in table 3). The calcu-
lated values of the viscous penetration depth § and of
the Stokes number St are collected in table 4).

Finally, the pendulum is in a vacuum-tight cylin-
drical vessel (internal diameter 250 mm and height 800
mm) which is clamped on a heavy optical table. The
components of the shadow detector are fixed on this ta-
ble. For the experiments at atmospheric pressure, this
vessel protects the pendulum from air currents. This
vessel is connected by a flexible pipe to an Edwards
T85 pumping station made of a dry primary pump and
a turbo pump and the residual pressure achieved after
24 hours of pumping is ~ 4 x 10~ mbar.

z L cylinder and
magnet

Fig. 1 Schematic drawing of the pendulum. The suspension
wire is fixed in O in the support and in D in the pendulum
body. G is the center of mass of the body and S is the center
of the sphere. C is the center of rotation of the pendulum
body and C would coincide with O if the wire rigidity was
negligible. The oscillation amplitude zo has been grossly ex-
aggerated with respect to the experimental values zg < 0.6
mm while the wire length OD is lyy = 404 + 0.5 mm.
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4.3 The shadow detector

We measure the displacement of the pendulum in the x
direction with a shadow detector. This device measures
the intensity of a light beam partly intercepted by the
moving object, which is the nut located at the top of
the sphere. The light beam is produced by a He-Ne laser
with a beam expander and its power is ~ 1 mW. The
transmitted intensity is measured by a photodiode with
a current to voltage amplifier.

The detector sensitivity has been measured, using a
knife edge on a micrometric translation: the signal as a
function of the knife edge position is well represented
by an error function, as expected for a Gaussian TEM
beam. From this fit, we deduce the local radius w ~ 2.8
mm of the laser beam and the detector sensitivity ~ 103
V/m. From the w-value, we calculate that the deviation
from linearity of this detector is equal to 5% for a dis-
placement from the beam center equal to 0.16w =~ 0.44
mm. As the maximum oscillation amplitude is close to
0.6 mm, this non-linearity has very small effects on the
measurement of the damping time constant 7. We have
verified that the time constant is modified by less than
1% if we suppress from the fit the first part of the am-
plitude record for a duration comparable to 7 (this part
is most sensitive to the detector non-linearity). Finally,
the measured noise level is ~ 3 x 10~* V/v/Hz at the
pendulum frequency ~ 0.8 Hz. As a consequence, the
displacement sensitivity is ~ 3 x 10~7 m/v/Hz.

4.4 Experimental protocol

We excite the pendulum oscillation along the x-axis by
the force produced by a magnetic field gradient acting
on the magnet. The magnetic field is produced by a
coil located outside of the vessel enclosing the pendu-
lum. This coil is powered by a voltage delivered by the
computer. This voltage, which oscillates at the pendu-
lum frequency, is applied during a time period chosen to
produce an initial oscillation amplitude 2(0) ~ 0.6 mm
for the spheres with a radius a < 30 mm. For the larger
spheres, because of the larger drag force, the available
force is not sufficient and the initial amplitude is re-
duced z¢(0) = 0.3 mm if ¢ = 50 mm. The shadow de-
tector signals are digitized at 40 Hz by a 16-bit digitizer
for a duration ~ 77 for the experiments at atmospheric
pressure and only ~ 47 for the experiments under vac-
uum, because 7 is considerably larger. At the end of the
record, the process starts again.

5 Data analysis
5.1 Extraction of the damping time constant 7

The recorded signal V(¢) is filtered at the pendulum
frequency by a sliding Fast Fourier Transform over 2048
data points i.e. &~ 51 s. This filter reduces the noise
but its averaging effect should not modify the damping
time constant. If we call V (¢1) the amplitude of the
oscillating term, this filter gives an average value noted
(V (t)) defined by

1 T2
V=g [ v (12)
t—T/2

IfV (t1) =V (0) exp (—t1/7), then (V (t)) x exp (—t/7),
which proves that the average of an exponential is an
exponential with the same time constant. Using the de-
tector sensitivity, we deduce from the filtered voltage
the oscillation amplitude xo(t), which is expected to
decay exponentially.

However, the vibrations of the laboratory, which are
a stochastic function of time, modify the end of the
decay [29]. We take this effect into account by fitting
xo(t) by the function

zo(t) = x1 exp (—t/7) + z2 (13)

where x5 measures the mean value of the effect of the
vibrations during the end of the record. For all our mea-
surements, we find |z3| < 0.5 pm. In order to take ad-
vantage of the good signal-to-noise ratio of our mea-
surements, we do not fit zo(¢) but ln[zo(¢)]: this choice
increases the weight of the data for ¢ > 7. As shown
in fig. 2, this function represents very well the decay of
xo(t) and the fit provides a measurement of the time
constant 7 with a small statistical uncertainty. As the
initial value of the Reynolds number Re is not smaller
than 1, we have tested the variation of the time con-
stant 7 if we fit only the part of the collected data with
an amplitude zo(t) smaller than a fraction a of x¢(0).
If 0.2 < a < 0.9, the fitted value of 7 is very stable,
with variations below 1%; if @ < 0.2, 7 increases and
we attribute this behavior to the persistent oscillation
due to the laboratory vibrations which modify the end
of the amplitude damping. We have chosen the value of
Tezp €qual to the average of the values over the range
0.2 <a<0.9.

Because of the perturbation of the amplitude damping
by the laboratory vibrations, we consider that the final
amplitude is equal to & finq ~ 3 pm, this last value be-
ing chosen because the damping is exponential as long
as 2o(t) > |x2| < 0.5 um. we will use the value of @ finai
to evaluate the final value of the Reynolds number.
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Fig. 2 The amplitude zo(t) (mm) is plotted as a function of
the time ¢ (s): measured values (full red line) and their best
fit (dotted blue line). The semi-logarithmic plot proves that
the agreement of the fit extends until the zg term is no more
negligible.

5.2 Measured values of 7¢, and 7,5,

For each pendulum, we have collected about 50 mea-
surements of 7., in a preliminary set-up operating
only at atmospheric pressure, a similar number in the
present set-up at atmospheric pressure and only about
5 measurements of 7,;: this smaller number is due to
the fact that the experiments under vacuum are consid-
erably longer, up to 45000 s, because of the larger value
of 7,5. In table 2, we collect the average values Tezp1
measured with the preliminary set-up and the average
values T,z,2 measured with the present set-up. As these
values are in agreement, we use their mean as the final
value of 7.z, with an uncertainty equal to half their dif-
ference or to 2 s, whichever is larger. We also give the
average value of 7,; measured under vacuum and the
value of 7.

Table 2 For each sphere, we give the rounded value in mil-
limeters of its radius a, the measurements in seconds of the
damping time constant measured under atmospheric pres-
sure, Tegp1 in the preliminary set-up and 7egp2 in the set-up
described above, their mean 7eqsp, 7,5, measured under vac-
uum and 75, calculated thanks to eq. (11)

a Texpl Texp Tnh Th
Texp2

15 | 4354+1.6 | 430+5 7302 £+ 435 456.9 £ 6
425+ 2.0

25 | 296 +0.5 | 292+4 8157 + 296 302.8 +4
288 +£3.2

30 | 262+£0.4 | 261 +2 9281 + 262 268.6 +£ 2
260 + 2.6

40 | 226 £0.3 | 228£2 | 11997 +226 | 2324+ 2
230+0.9

50 | 233+£0.2 | 237+4 | 139824233 | 241.1+4
241 +£2.0

6 Connection between the drag force and the
damping time constant

Here we present a simplified calculation with more de-
tails in Appendix C. In the absence of non-hydrodynamic
forces, the pendulum quality factor @ defined by Q =
wTh /2 is also given by Q = AE,/ (27 Ey:) where Eiot
is the pendulum total energy and AF} is the energy
lost during one oscillation period because of hydrody-
namic forces. We first consider that the drag force F,
is acting only on the sphere and we introduce a pa-
rameter g defined by F, = —fsv,(t). The velocity of
the sphere center is written v,,(t) = vy, () sin (wt), with
U (t) & —wxo(t). The energy lost AFE}, is given by

AEy (t) = nBsvp, (t) /w. (14)

If we add the contribution of the wire (see Appendix
B), we get the theoretical value SB;, which is the sum of
the effects of the drag forces on the sphere Sg and on
the suspension wire By, i.e. By, = Bs + Bw with the
following values

Bs = Bs1 + Bs2
Bs1 = 6mna and Bss = 6mna’/s
R\* 13,

k' is given by eq.(7), Z being calculated with the wire
radius R; lyy is the wire length and [g the distance from
the top of the wire to the sphere center.

If we treat the pendulum as a rigid compound pen-
dulum of moment of inertia I, the maximum angular
velocity is equal to v, (t)/ls where lg is the distance
from the sphere center to the top of the suspension
wire. The total energy Fi.; is

Broy (t) = Ivy, (t) /(203). (16)

Using the two definitions of the quality factor @, we
deduce the relation between the coefficient S and the
damping time constant 7,. We note B, the experi-
mental value of 8 given by

21
5@119 = Z%Th (17)
Because the suspension wire is not straight, the calcula-
tions of AE}, and Ey,; are more complex (see Appendix

Q).

7 Modification of Stokes’ force due to fluid
confinement

If the fluid is confined, the drag force is increased be-
cause the velocity gradient is larger. Stokes [1] has cal-
culated this effect in the case of the confinement by
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an external sphere of radius b and, if (b —a) > 4,
the dependence of the drag force with a, b and ¢ is
given by his equation (61). With Stokes’ notations, the
drag force is written F. = —M'k'wdx/dt, where M’
is the mass of the displaced fluid M’ = 47a®p/3, and
k' (a,b,6) = Im[K(a,b,0)] with K(a,b,d) equal to

3b

K(a,b,0) =1-— "
(m2a2 + 3ma + 3) (m262 — 3mb + 3)
b(m?2b% — 3mb + 3) — a (m2a? + 3ma + 3)

(18)

where m = (1 +4) /§. Using Mathematica, we have cal-
culated the development of the ratio k’(a, b, 8) /' (a, 00, d)
in powers of (a/b) and we reproduce here only the first
non-vanishing term

K (a,b,9) 30\ ra\3 a\4
Wa,00,0) T (“ ) (5) ~© ((b) ) (19)
In our experimental conditions, the viscous penetration
depth § is close to 2.5 mm and § < a. The first non-
vanishing term of the confinement correction varies like
2 (a/b)*. This correction is not negligible: if the cylin-
drical vessel enclosing the pendulum is equivalent to a
sphere of radius b = 150 mm, the numerical value of
the ratio k'(a,b,d)/k'(a,00,9) is 1.102 for a = 50 mm
(for this calculation, we have used eq. (18) and not eq.
(19) because the higher-order terms of the expansion
are not negligible).

8 Experimental results and discussion

8.1 Comparison of the experimental and theoretical
values of 8

Figure 3 compares the theoretical and experimental val-
ues of 3 (these values are listed in table 4 of Appendix
C). The theoretical curve f3y, takes into account con-
finement of the air by the vessel enclosing the pendu-
lum, assuming that it is equivalent to a sphere of ra-
dius b = 140 mm: we choose this value because it is
reasonable for a cylinder of radius 125 mm and also be-
cause it gives the best fit to the measured value Beyp.
The experimental values B, exhibit very clearly the
quadratic dependence upon the sphere radius a pre-
dicted by Stokes. Moreover, the experimental and the-
oretical values are in very good agreement.

8.2 Discussion of our theoretical evaluation of Stokes’
force

We discuss the effects which limit the accuracy of our
evaluation of the coefficient B;:

10*B

Fig. 3 The experimental and theoretical values of 8 =
—F! /vs in kg/s are plotted as a function of the sphere radius
a. The blue dots represent the experimental values Sezp, with
their error bars. The curves represent the theoretical value
of Bs1 (red dotted curve), Bs2 (long dashed green curve),
Bw (short dashed blue curve) and their sum B, (full line
black curve). The quantities 8g1 and Bg2 include the correc-
tion by confinement calculated for a sphere of radius b = 140
mm, chosen as it gives the best fit to the measurements. The
theoretical functions take into account the variation of the
viscous penetration depth ¢ with the sphere radius a be-
cause the pendulum frequency is a function of a, namely
w/(2r) mHz = 878 — 2.42a with a in mm.

e Validity of Stokes’ calculation. This validity
requires the oscillation amplitude z( () to be small with
respect to a and § for the sphere and R and § for the
wire. For the sphere, the ratio xq(0)/a covers the range
0.03—0.01 when a increases and the condition zy(t) < a
is very well fulfilled. As § ~ 2.5 mm, the ratio z¢(t)/d
decreases from 0.2 down to 10~3 during the damping
and the condition xo(t) < J is also very well fulfilled
during the largest part of the damping. For the wire,
the amplitude varies along the length of the wire and
is maximum at its bottom where it is equal to the one
of the sphere. The condition z((t) < R is not fulfilled
during the initial part of the damping as z¢(0) ~ 0.6
mm while R = 0.25 mm. Following Berg et al. [7], the
force increases but the correction is small. It would be
difficult to make a quantitative evaluation of this effect
because the force is proportional to the velocity with
a proportionality coefficient which is a function of the
amplitude and as a consequence of the time and of the
point on the wire.

e Drag force on the wire. In eq. (15), the effects
of the drag force on the sphere and on the wire are sim-
ply added. As the lowest part of the wire is in the fluid
dragged by the sphere, this calculation overestimates
the length of the wire and the energy loss but the rela-
tive error should be small. As the velocity field has two
length scales 6 and a, the part of this correction com-
parable to § is fully negligible but the part comparable
to a is more important. However, this last correction
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is small for the smallest spheres while, for the largest
spheres, By is a small fraction of [;,: in all cases, this
correction is a very small fraction of Sy,.

e Ambient air. The calculation of By, used n =
18.303 x 1076 Pa.s [30] and p = 1.175 kg/m? corre-
sponding to the mean Toulouse atmospheric pressure
~ 0.995 x 10° Pa and to the temperature 7' = 295 K.
The pressure and temperature, not controlled during
the experiments, vary typically by +2 x 10 Pa and
by £2 K. 7 is independent of the pressure and varies
like 70787 while the density p varies proportionally to
the ratio pressure/temperature. The associated errors
are +0.53% for n, £2.7% for p, £1.6% for § and 1.1%
for the ratio n/d o \/np to which the dominant term
Bs2 is proportional. Air humidity [31] has little effect
on 1 which decreases by 0.4% when going from dry air
to saturation at 298 K. We estimate that the resulting
error bar on By, is £2%.

None of the effects discussed here can modify notice-
ably the theoretical value (,. The largest effect which
is not rigorously described is the correction due to the
fluid confinement.

9 Conclusion

We have tested Stokes’ result for the drag force on an os-
cillating sphere by experiments in the validity domain of
Stokes’ calculation with the Reynolds number Re < 1.
All previous similar tests with macroscopic objects have
been made with large values of the Reynolds number,
Re > 20. Some recent experiments [21,22] using mi-
crorheology techniques have tested Stokes’ result with
very small values of the Reynolds number Re ~ 1073
but these experiments are presently limited to the do-
main where the viscous penetration depth ¢ is larger or
comparable to the sphere radius a i.e. to small values of
the Stokes number. In our experiments, the Reynolds
number Re decreases from an initial value 5 — 10 down
to a final value 0.03 — 0.09, depending of the sphere ra-
dius and the Stokes number covers the range 150 — 1500
(see table 4). The oscillation amplitude xg is always
very small with respect to the sphere radius a and it is
also small with respect to the viscous penetration depth
6. We have thus obtained the following results:

e when the sphere radius a is larger than the viscous
penetration depth J, the measured drag force has a
quadratic dependence with the sphere radius a, as pre-
dicted by Stokes, and its value is in very good agreement
with Stokes’ result: the differences between our mea-
surements and our theoretical evaluation of the drag
force coefficient B are of the order of a few percents;

e because of the confinement of the fluid by a cylindri-
cal vessel, it is necessary to include a correction. This

effect, which increases the drag force, was calculated
by Stokes in 1851 in the case of the confinement by a
sphere of radius b. With our experimental parameters,
the leading term of this correction is in 2 (a/b)*. We
have taken into account this effect, assuming that the
vessel enclosing the pendulum is equivalent to a sphere
of radius b = 140 mm. Thanks to this correction, our
measurements are in very good agreement with the the-
oretical values.
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A Quasi-degeneracy of the normal modes of
our pendulum

The pendulum has an almost perfect cylindrical symmetry
around the wire axis. Such a pendulum has two normal modes
with two oscillation frequencies which would be exactly equal
if the cylindrical symmetry was perfect and which are slightly
different because this symmetry is weakly broken. In our ex-
periment, we observe a weak symmetry breaking: a possible
explanation would be an elliptic cross section of the suspen-
sion wire but we have found that the dominant contribution is
due to the interaction of the magnet carried by the pendulum
with the gradient of the laboratory magnetic field. We treat
of this problem, in the case of a simple pendulum of mass
m. Its kinetic energy term FEj is isotropic and the anisotropy
comes from the potential energy term Ep

-2 [+ ()]

Ep = % [kuv® + kyv?] . (21)

Here, u and v are the axes which give a diagonal form to Ep
and u and v the coordinates of the pendulum center of mass
in this coordinate system. The normal modes correspond to
oscillations along the u and v axes with the angular frequen-
cies

wy = \/ku/m and wy, = \/ky/m. (22)

We consider the displacement of the pendulum in the x-
direction. In the general case, the pendulum is in a super-
position of the two normal modes

u = ug oS (wut + ¢u) and v = vg cos (wyt + ¢v) (23)

We note 6 the angle between the u and x axes and (7/2) — 6
the angle v and x. The position of the pendulum along the
X-axis

T = Ty €08 (Wut + u) + Ty cOS (Wult + @) (24)
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with z,, = up cosd and z, = vg sin §. We introduce the phases
Y4+ and ¢_ defined by

Yt = [(Wu +wo)t + ou + @o] /2
Yo = [(wu —wo) t+ ou — @u] /2 (25)

14+ describes the fast oscillation while ¢ describes the enve-
lope of the beats.

T = (zu + Tv) cOSY_ cos P4+ + (—2u + xo) siny_sinyy  (26)

The amplitude of the fast oscillation is a function of the time
t. It is given by the modulus of the Fourier component of
frequency w4 = (wy + wy) /2:

To () = \/xﬁ + 22 + 2z 3y cos (w_t + p_) exp (—t/7), (27)

where w_ and ¢_ are the frequency and the initial phase of
the beat pattern. We have taken into account damping by
adding the factor exp (—t/7). This is correct if the damping
forces are equal for the two normal modes: this assumption is
excellent as the pendulum has an almost perfect cylindrical
symmetry.

We now apply these results to the treatment of our experi-
mental data. The measured amplitude zo(¢) is an average of
Zw, (t), because of the use of the sliding Fast Fourier Trans-
form. When the pendulum is under vacuum, the damping
time constant 7 is very long and we observe beats which are
fitted by the following equation

zo(t) = \/A + Bcos (QT—T: + qS) exp (—t/7). (28)

This equation is equivalent to eq. (27) but better suited for
a fit. In this case, even if we record the oscillation for a long
time, the final amplitude is not very small and there is no
need to include a term representing the mean effect of the
vibrations of the experiment. Fig. 4 presents an example of
the recorded data and its fit by eq. (28).

a (mm)
0.44

0.3+
0.2

0.1+

t(s)

0 5 10 15 20 x10°

Fig. 4 Damping of the oscillation of the sphere of radius
a = 15 mm under vacuum. The measured amplitude zo(¢) is
plotted as a function of the time ¢ (s) (full red line) and its fit
using eq. (28) (dashed blue line). The damping time constant
7 and the beat period Ty given by the fit are 7 = 7174 s and
To = 4061. The amplitudes A and B mm are almost equal
in this experiment: this condition, which maximizes the beat
contrast, occurs if 6 ~ +7/4.

In a preliminary set-up, we measured the oscillation am-

plitude in two perpendicular directions with two shadow de-
tectors measuring the amplitude Z., (¢) and g, (¢). By taking
the square root of the sum of the squares of these two ampli-
tudes, we eliminated the effect of the beats and the damping
was exponential. The results of this preliminary experiment
appear in table 2 in the column Tegp1-
In the present set-up, we measure only the amplitude Z., (t).
When the pendulum is at atmospheric pressure, the damping
time constant 7 is considerably shorter than under vacuum.
We do not observe beats and we use eq. (13) to fit the mea-
sured amplitude. This technique was successful for all the
spheres except for the smallest one with a radius a = 15 mm.
For this sphere, the measured damping time constant varied
noticeably when we reduced the fraction « of the initial am-
plitude. We think that this was due to undetected beats: the
beat period Tp ~ 4000 s (see fig. 4) is sufficiently large with
respect to the damping time constant 7 ~ 430 s so that we
do not observe beats for this sphere but the hidden beat pat-
tern makes that the damping is not exponential (this effect
appears to be negligible for larger spheres because the beat
period Tp increases when the pendulum mass increases and,
at the same time, the damping time constant = decreases as
shown in table 2). For the sphere with a = 15 mm, we have
applied a dipolar magnetic field produced by a magnet in a
geometry such that the excited oscillation is a normal mode
and then the beat amplitude is negligible. This technique re-
stored an exponential decay of the amplitude and we thus
measured the value of Tegp2 for this sphere.

B Calculation of the energy lost AE}),

We calculate the energy lost AE), because of the hydrody-
namic forces acting on the sphere and on the wire. The drag
force on the sphere given by eq. (4) can be rewritten F., (t) =
—Bsvg (t). The velocity of the sphere center being v (t) =
U (t) cos (wt), where vy, (t) varies slowly with ¢, the work
AEg(t) done by this drag force during one period of oscilla-
tion T' = 27 /w is given by a straightforward integration

w2, (t
ABs(1) ~ ps ) (29)
The drag force per unit length of the wire given by eq. (6) is
used to calculate the force on each element dz of the wire as
if it was part of an infinite cylinder moving with a uniform
oscillating velocity

dF,
dz

= —Bwus (2,t) with By = 2wy (?)2 K (30)

If the wire is approximated by a straight line, the velocity
v (z,t) is proportional to the distance z and related to the
velocity of the sphere center by

vg (2,t) = évm (t) cos (wt) (31)

The work AEy (t) done by the drag force on the wire during
one period of oscillation is then given by integration over the
length of the wire and over one period of oscillation

l3 2 t
ABEw (t) ~ ,Bw—g;‘; ™im () (32)
s w

We thus get

A1) = ABs(t) + ABy (1) = s 72 (33)
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with 8 = Bs1 + Bs2 + Bw (34)
Bs1 = 6mna and Bgg = 6mna? /s (35)
w = 2mn (2) i e (36)
R N AT

In order to compare this theoretical value B;,. to its experi-
mental values Beszp, we will take into account the correction
due to the fluid confinement given by eq. (18) and this cor-
rection is applied only to the sphere terms Sg; and Bg2.

C Refined theory of the pendulum

We have developed the theory of a flexible-beam pendulum
[28] i.e. a rigid pendulum body suspended by a suspension
spring, as used in traditional clocks. This theory predicts the
existence of two resonances corresponding to different mo-
tions of the pendulum: we are interested here in the lowest
frequency resonance which is associated to the usual pendular
motion. The theoretical values of these two frequencies have
been compared to experimental results [32] and the agree-
ment is good, especially for the lowest frequency resonance,
which is the one we are interested here. We refer the reader
to our paper [28] for the equations which are used here to
calculate the frequency and total energy of our pendulum.
To apply this theory, we must know the masses of the pendu-
lum components and their dimensions as well as the elastic
properties of the suspension wire.

C.1 Information on the pendulum and calculation of
its frequency

Figure 1 presents a schematic drawing of the pendulum. The
free length OD of the suspension wire is noted Iy . The dis-
tance OS, when the pendulum is at rest, is noted lg = lyy +
In + a where [y = 10 mm is the nut length (see fig. 1 of our
letter). The length DG is noted h and the gyration ratio of
the pendulum body is noted p. We have weighted the various
parts of the pendulum and measured the various dimensions
to calculate the total mass M of the pendulum, the distance
DG = h and the gyration ratio p of the pendulum body. All
these values are given in table 3.

The pendulum suspension wire is a piano string of di-
ameter 2R = 0.49 £ 0.01 mm, of length Iy = 404 £ 0.5mm
and mass my = 0.60 g. Moreover, the theory [28] which
takes into account the bending rigidity of this wire requires
the product EIs for the suspension wire, where E is the
Young modulus of the wire material and Is is the second
moment of the area of its cross section, Is = 71'R4/4. We
have measured this quantity as in our previous work [28]
by measuring the deflection of a portion of this wire ini-
tially horizontal by a series of small test masses. We thus get
EI, = (6.1740.07) x 10~ N.m?, in good agreement with the
calculated value EI, = (5.94 + 0.48) x 1074 N.m?2, using the
value FE = 210 GPa of Young’s modulus for high carbon con-
tent steel (value from he website http://www.matweb.com/)

In our paper [28], the mass of the flexible beam was ne-
glected with respect of the pendulum body and this was
a good approximation in our experimental test [32]. It is
no more the case in the present experiment, because the
wire mass (0.60 g) is not negligible with respect to the other
masses, especially for the smallest spheres. As a consequence,
in the calculation of p and M, we have included the contribu-
tion of the wire as if it was straight. From these parameters,

we deduce the parameter k = y/Mg/ (Els) and the dimen-
sionless parameter x = kly . Using the equations (23) and
(24) of our paper [28], we calculate the frequency w/(2m) of
its lowest resonance and the length A\. The agreement of the
calculated frequency with its measured value is very good.

Table 3 For each sphere, we give the mean value of its radius
a, with an uncertainty interval 2Aa covering the variations of
the diameter measured along 7 well-spaced directions, the
total pendulum mass M [33], the lengths g and h and the
gyration ratio p. From these quantities and the quantity EI
for the suspension wire, we deduce the parameters x and xy =
kly . We compare the measured pendulum frequency to its
calculated value. Finally, we give the calculated value of the
distance A = C'D, which is substantially smaller than the wire
length ly =404 £ 0.5 mm.

a (mm) 15.01 | 25.08 | 29.96 | 40.02 | 50.01
Aa (mm) +0.09 | £0.03 | £0.14 | £0.06 | +£0.04
M (g) 12.35 17.92 21.54 31.43 49.52
ls (mm) 429. 439. 444, 454. 464.
h (mm) 8. 18. 24. 36. 49.
p (mm) 55. 49. 48. 48. 50.
k (m~1) 13.7 16.4 18.0 21.8 27.3
X 5.5 6.6 7.3 8.8 11.0
Measured
frequency (Hz) | 0.845 | 0.817 | 0.806 | 0.782 | 0.758
Calculated
frequency (Hz) | 0.843 | 0.817 | 0.805 | 0.780 | 0.757
A (mm) 306. 320. 326. 336. 345.

C.2 Calculation of the drag force coefficient g

Using our theory of this type of pendulum [28], we calcu-
late the total energy FEio: and the energy lost AE, by the
drag forces during one period of oscillation as a function of
thedrag force coefficient 3. In our calculation, we take into
account the exact shape of the wire. The results of this cal-
culation are given in table 4. In this table, we also give the
theoretical value By, of this coefficient, calculated using eq.
(33) and taking into account the correction for the fluid con-
finement given by eq. (18), assuming that the vessel enclosing
the pendulum is equivalent to a sphere of radius b = 140 mm.

Table 4 For each pendulum, this table gives the rounded
value of the sphere radius a, the value of the viscous penetra-
tion depth 4, the value of the Stokes number St, the exper-
imental value Besp deduced from the value of the damping
time constant 7, given in table 2 and the theoretical value
Ben (see text).

a (mm) | 6 (mm) St 10%Beap kg/s | 1058, kg/s
15 2.42 153 50.9 £0.7 46.8
25 2.46 415 1114+14 106.8
30 2.48 584 151.9+1.1 148.1
40 2.52 1010 260.2 +2.2 256.4
50 2.56 1530 | 403.7+6.7 409.0
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