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Abstract: We analyse the asymptotic behavior for kinetic models describing the collective behavior
of animal populations. We focus on models for self-propelled individuals, whose velocity relaxes
toward the mean orientation of the neighbors. The self-propelling and friction forces together with
the alignment and the noise are interpreted as a collision/interaction mechanism acting with equal
strength. We show that the set of generalized collision invariants, introduced in [1], is equivalent in
our setting to the more classical notion of collision invariants, i.e., the kernel of a suitably linearized
collision operator. After identifying these collision invariants, we derive the fluid model, by appealing
to the balances for the particle concentration and orientation. We investigate the main properties of the
macroscopic model for a general potential with radial symmetry.

Keywords: Vlasov-like equations; swarming; Cucker-Smale model; Vicsek model

1. Introduction

Flocking is observed in large populations of social agents such as birds [2], fish [3] or insects [4].
It refers to the emergence of large scale spatio-temporal structures which are not directly encoded in
the individual agents’ behavior. Understanding how large scale structures appear from individual
behavior has sparked a huge literature in the recent years concerned with both modelling [5-10] and
experiments [11, 12]. We refer the reader to the reviews [13—15]. Yet this phenomenon is still poorly
understood. The modelling of individual behavior at the microscopic scale requires to resolve the
motion of each individual in the course of time. This leads to so-called Individual-Based Models
(IBM) (or particle models) consisting of a huge number of coupled ordinary or stochastic differential
equations. By contrast, given the very large number of agents involved, the modelling of the
macroscopic scale is best done through Continuum Models (CM). They describe the system as a fluid
through average quantities such as the density or mean velocity of the agents. At the mesoscopic
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scale, kinetic models (KM) are intermediates ketween IBM and CM. They describe the agents
dynamics through the statistical distribution of their positions and velocities. In the literature, IBM,
KM or CM are often chosen according to the authors’ preferences rather than following an explicit
rationale. However, understanding flocking requires understanding how the individuals’ microscale
impacts on the system’s macroscale and consequently demands the use of a consistent sequence of
IBM, KM and CM models. This consistency can only be guaranteed if the passage from IBM to KM
and from KM to CM can be systematically established. But this issue is seldom considered. One goal
of this paper is to establish the consistency between a KM and a CM of flocking based on a variant of
the celebrated Cucker-Smale model of consensus (Eqs (1.1) and (1.2) below). KM have been
introduced in the last years for the mesoscopic description of collective behavior of agents/particles
with applications in collective behavior of cell and animal populations, see [1, 16—18] and the
references therein for a general overview on this active field. These models usually include alignment,
attraction and repulsion as basic bricks of interactions between individuals.

In this paper, we will discard the microscopic scale, i.e. the IBM. We will directly consider the
mescoscale, 1.e. the KM and will focus on the derivation of the CM from the KM. Of course, our KM
has an underlying IBM. However the techniques involved in the passage from IBM to KM are quite
different from those needed to pass from KM to CM. For this reason, considering the IBM would have
brought us beyond the scope of the present paper. We refer to [19-27] and references therein for a
derivation of KM from IBM. The derivation of the CM from the KM requires a spatio-temporal
rescaling. Indeed, the KM still describes-although in a statistical way compared to the IBM—the
microscopic dynamics of the particles. In particular, it is written in space and time units that are of the
order of the particle interaction distances and times. To describe the macroscopic scale, one needs to
introduce a change of variables by which the space and time units become of the order of the system
scale, which is much wider that the particle-related scales. This rescaling introduces a small
parameter, the ratio of the microscopic to the macroscopic space units. The derivation of the CM from
the KM consists in finding the limit of the KM when this small parameter tends to zero. This is the
goal of this paper. We will see that the CM (Eqgs (1.5) and (1.6) below) corresponding to the
considered modified Cucker-Smale model is a system consisting of equations for the density and
mean orientation of the particles as functions of space and time. This system, referred to as the
‘Self-Organized Hydrodynamics (SOH)  bears analogies with the Euler equations of isothermal
compressible gas dynamics, with the important difference that the average velocity is replaced by the
average orientation, i.e. a vector of norm one. The SOH appears in a variety of contexts related to
alignment interactions, such as repulsion [28], nematic alignment [29], suspensions [30], solid
orientation [31], and can be seen as a basic CM of collective dynamics.

Here, we focus on the derivation of macroscopic equations (SOH) for the collective motion of
self-propelled particles with alignment and noise when a cruise speed for individuals is imposed
asymptotically for large times as in [32-38]. More precisely, in the presence of friction and
self-propulsion and the absence of other interactions, individuals/particles accelerate or break to
achieve a cruise speed exponentially fast in time. The alignment between particles is imposed via
localized versions of the Cucker-Smale or Motsch-Tadmor reorientation procedure [17, 39-43]
leading to relaxation terms to the mean velocity modulated or not by the density of particles. By
scaling the relaxation time towards the asymptotic cruise speed, or equivalently, penalizing the
balance between friction and self-propulsion, this alignment interaction leads asymptotically to
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variations of the classical kinetic Vicsek-Fokker-Planck equation with velocities on the sphere,
see [1, 10, 44-48]. It was shown in [37, 38] that particular versions of the localized kinetic
Cucker-Smale model can lead to phase transitions driven by noise. Moreover, these phase transitions
are numerically stable in this asymptotic limit converging towards the phase transitions of the limiting
versions of the corresponding kinetic Vicsek-Fokker-Planck equation.

In this work, we choose a localized and normalized version of the Cucker-Smale model not
showing phase transition. More precisely, let us denote by f = f(¢, x,v) > 0 the particle density in the
phase space (x,v) € R? x R?, with d > 2. The standard self-propulsion/friction mechanism leading to
the cruise speed of the particles in the absence of alignment is given by the term div,{f(a — B|v|*)v}
with @, 8 > 0, and the relaxation toward the normalized mean velocity writes div,{f(v — Q[f])}. Here,
for any particle density f(x, v), the notation Q[ f] stands for the orientation of the mean velocity

\ﬁl‘gdf("v)v dv .
S if [, f(,v)vdveR!\ ({0},
QU= | fuf CovIv dy] if fuf G dv € RO

0, if [, fCvvdv=0.

f fC,vyvdv
R4

Let us remark that the standard localized Cucker-Smale model would lead to podiv,{f(v — u[ f])} while
the localized Motsch-Tadmor model would lead to div,{f(v — u[f])}. Our relaxation term towards
the normalized local velocity Q[ f] does not give rise to phase transition in the homogeneous setting
on the limiting Vicsek-Fokker-Planck-type model on the sphere according to [45] and it produces a
competition to the cruise speed term comprising a tendency towards unit speed. Including random
Brownian fluctuations in the velocity variable leads to the kinetic Fokker-Planck type equation

Notice that we always have

poulfl:= | fG,vyvdv= Q[f] with p := f f(C,v) dv.
R4 Rd

Of +v - Vof +divy{f(a =BV = div{o V. f + f(v = QIfD), (1,x,v) € Ry xR X R?.
We include this equation in a more general family of equations written in a compact form as

Of +v-Vif =0(f), (1.1)
where
O(f) =divifo V,f + f(v = Q[fD + nf V,V}, (1.2)

for any density distribution f with V a general confining potential in the velocity variables and > 0
(see Lemma 2.1 for more information on the type of potentials that we consider). In the particular

. 4 2
example considered above we take V = V, g(|v|) := ,8% - a% .

We investigate the large time and space scale regimes of the kinetic tranport Eq (1.1) with collision
operator given by (1.2). Namely, we study the asymptotic behavior when £ — 0 of

1
Of* +v-Vuf" = —Q(f), (1.3)
supplemented with the initial condition

20, x,v) = f(x,v), (x,v) e RYxRY.
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The rescaling taken in the kinetic transport Eq (1.3) with confining potential V, s can be seen as an
intermediate scaling between the ones proposed in [48] and [37]. The difference being that we have a
relaxation towards the normalized mean velocity Q[ f] rather than the mean velocity u[ f] as in [37,48].
This difference is important since in the first case there is no phase transition in the homogeneous
limiting setting on the sphere as we mentioned above, while in the second there is, see [38,45,48]. In
fact, in [48] the scaling corresponds to n = 1/ in (1.3), that is the relaxation to the cruise speed is
penalized with a term of the order of 1/&?. Whereas in [37] the scaling correponds to 17 = &, that is the
cruise speed is not penalized at all.

The methodology followed in [48] lies within the context of measure solutions by introducing a
projection operator onto the set of measures supported in the sphere whose radius is the critical speed
r= W. These technicalities are needed because the zeroth order expansion of f; lives on the sphere.
This construction followed closely the average method in gyro-kinetic theory [49-51].

However, in our present case we will show in contrast to [37,48] that there are no phase transitions
which is in accordance with the results obtained in [46] for the kinetic Vicsek-Fokker-Planck equation
with analogous alignment operator on the sphere. A modified version of (1.1) and (1.2) in which
phase-transitions occur was studied in [38] whose analysis is postponed to a future work to focus here
on the mathematical difficulties of the asymptotic analysis. Another difference in the present case is
that the zeroth order expansion of f, will be parameterized by Von Mises-Fisher distributions in the
whole velocity space, that is f(z, x,v) = p(t, x) Mg (v), with p and Q being, respectively, the density
and the mean orientation of the particles. And where for any Q € S?~! we define (see section 2)

Mqa(v) = ZLeXp( - (Dif‘})), with Zg = jl;d CXP( - (DQT(V,))dV’ (1.4)

Q
and
lv—QP
2

The main result of this paper is the asymptotic analysis of the singularly perturbed kinetic
transport equation of Cucker-Smale type (1.3). The particle density p and the orientation Q obey the
hydrodynamic type equations given in the following result.

O(v) = + V().

Theorem 1.1. Let f* > 0 be a smooth initial particle density with nonvanishing orientation at any
x € RY. For any & > 0 we consider the problem

A fe+v- -V, f°= édivV{O'Vv o+ 5 = QLD + FEV, V(D). (¢, x,v) e Ry x RY xRY,
with initial condition
0, x,v) = f(x,v), (x,v) eRIXRY.
At any (t,x) € R, X RY the leading order term in the Hilbert expansion f, = f + &fi + ... is an

equilibrium distribution of Q, that is f(t,x,v) = p(t, x)Mq (V) with Mg (v) defined in (1.4), where
the concentration p and the orientation Q satisfy

dp + div(pc;Q) =0, (t,x) eR, xRY, (1.5)

Mathematical Biosciences and Engineering Volume 16, Issue 6, 7883-7910.



7887

V.0

0Q+c(Q-VI)Q+ 0, -QoQ) =0, (t,x)eR, xR?,
P

with initial conditions

A%dfi“(x, v)v dv
|&dfi“(x, V)V dv| 7

p(0,x) = f f(x,v) dv, Q(0,x) = eRY.
Rd

The constants cy, c; are given by
~ fR+ r foﬂ cos B e(cosd, r)sin® 20 dodr
fR+ rd! fon e(cos 6, r)sin®? 6 dd dr

fR ré! foﬂ cos 0 y(cos 0, r) e(cos 0, r) sin®' 6 dO dr
) fR rd fon)( (cos8,r)e(cosb,r) sin?' 9 do dr

(%)

and the function y solves

-0, [rd_3(1 - cz)%le(c, r)(')c)(] - 00, [rd_l(l - cz)%e(c, r)('),)(] +o(d-2)r"731 - cz)%e)(

=11 - AT elc,r),

where e(c, r) = exp(rc/o) exp(—(r* + 1)/(20) — V(r)/ o).

(1.6)

Our article is organized as follows. First, in section 2 we state auxiliary results allowing us to
discuss the kernel of the collision operator. Then in section 3 we concentrate on the characterization
of the collision invariants. We prove that the generalized collision invariants introduced in [1] coincide
with the kernel of a suitable linearised collision operator. We explicitly describe the collision invariants
in section 4 and investigate their symmetries. Finally, the limit fluid model is determined in section 5

and we analyse its main properties.
2. Preliminaries

Plugging into (1.3) the Hilbert expansion
ff=r+ef' +...,

we obtain at the leading order
Q(f) =0,

whereas to the next order we get

1
Of +v-Vof =Tim—{O(f*) = Q(N)} = dO;(f1) = Ly (),

2.1)

(2.2)

where dQ/ denotes the first variation of Q with respect to f. The constraint (2.1) leads immediately to

the equilibrium

1 () DO (V'
Ma(v) = A exp (— Q(V)) , withZo = f exp (— alv )) dv',
g R4 (o

Q
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where )
v —Q|

Do(v) = — .

+ V(D). (2.3)

Indeed, by using the identity

V.M = _ Mo(v) Mq(v)
o

V,0q = - v=-Q+V,V(v])), 2.4)

we can recast the operator Q as

Q(f) = div, (0V.f + [V, Do) = ordiv, [MQ[ﬂVV (Mf )] .
arfl
We denote by S¢"' the set of unit vectors in R?. For any Q € S*°', we consider the weighted spaces

Ly, = {X : R? > R measurable , f ((V)*Mo(v) dv < oo},
Rd
and

Hy, = {X : R? > R measurable , fRd[ O))? + Vx> IMo(v) dv < oo}_

The nonlinear operator Q should be understood in the distributional sense, and is defined for any
particle density f = f(v) in the domain

D(Q) — {f . Rd - R, measurable , f/MQ[f] € Hlll/lgm}

2
=Jf: R? - R, measurable , f ( f ) +
zd |\ Moy

We introduce the usual scalar products

(i)
Mgy

> Dy, = f X(WOWMq(v) dv, x,0€ Ly, .
Rd

2
}MQ[f](V) dv < 00} .

(O Out, = f (XMOW) + Vox - ViOMo(v) dv, x.60 € Hy,,,
R4

and we denote by |- |y, |I-|lr, the associated norms. We make the following hypotheses on the potential
V. We assume that for any Q € S?! we have

_or
Zo = f exp (—l [|v Q' + V(Ivl)]) dv < . (2.5
R4 (oA 2

Clearly (2.5) holds true for the potentials V, z. Notice that in that case 1 € szwg and 1]y, = 1 for any
Q € S9!, Moreover, we need a Poincaré inequality, that is, for any Q € S%! there is Aq > 0 such that
for all y € H), we have

o f Vx> Ma(v) dv = g f LY(V)— f X(V)Ma(v') dv’
R4 R4 R4

Mathematical Biosciences and Engineering Volume 16, Issue 6, 7883-7910.
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A sufficient condition for (2.6) to hold comes from the well-known equivalence between the Fokker-
Planck and Schrédinger operators (see for instance [52]). Namely, for any Q € S9~! we have

(oa u
div, (Mgvv (_)) oA+
My VM,

The operator Hg = —0A, + [#WDQF - %AV(DQ] is defined in the domain

1 1
—I|V,D0)? — =A,Dq | .
40_| Ql 5 Q] u

D(Hyp) = {u e L*(RY), [%wv%ﬁ - %AVCDQ] ue Lz(Rd)} i

Using classical results for Schrodinger operators (see for instance Theorem XII1.67 in [53]), we have
a spectral decomposition of the operator Hy under suitable confining assumptions.

Lemma 2.1. Assume that for ®q defined in (2.3) the function v — %lVVCI)le - %Avd)g satisfies the
following:

a) it belongs to L} (R?),
b) it is bounded from below,
c)

1 1
lim | —|V,®q> — =A,Pq | = .
am | oV Palt = S A Pa | = e

Then 7-({21 is a self adjoint compact operator in L*(R?Y) and Hc, admits a spectral decomposition, that is
a nondecreasing sequence of real numbers (A)nen, 1im,_,o A}, = o0, and a L>(R%)-orthonormal basis
(W$)nen such that 7-191#5 = AW.n €N, /l?2 =0, /lgl2 > 0.

Let us note that the spectral gap of the Schrodinger operator H,, is the Poincaré constant in the
Poincaré inequality (2.6). Notice also that the hypotheses in Lemma 2.1 are satisfied by the potentials
V., p, and therefore (2.6) holds true in that case. It is easily seen that the set of equilibrium distributions
of Q is parametrized by d parameters as stated in the following result.

Lemma 2.2. Let f = f(v) > 0 be a function in D(Q). Then f is an equilibrium for Q if and only if
there are (p, Q) € R, X (Sd‘l U {0}) such that f = pMq. Moreover we have p = p[f] := fRdf(v) dv and
Q=Q[f].

Proof. If f is an equilibrium for Q, we have

f
v,
7 fRd (Mﬂ[f])

and therefore there is p € R such that f = pMqs. Obviously p = fRd f(v)dv > 0and Q[f] € S U{0}.
Conversely, we claim that for any (p, Q) € R, x (S%°! U {0}), the particle density f = pMq is an
equilibrium for Q. Indeed, we have

2
MQ[f](V) dV = O,

oV, (oMg) + pMa(v = Q + V,V) = p(cV, Mg + MoV, Pq) = 0.

Mathematical Biosciences and Engineering Volume 16, Issue 6, 7883-7910.
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We are done if we prove that Q[ f] = Q. If Q = 0, it is easily seen that

ff(v)vdv— fRd—oe p( (DO(V)) :_f (__(E+V(|v|)))vdv:0,

implying Q[f] = 0 = Q. Assume now that Q € S?!. For any & € S, £ - Q = 0, we consider the
orthogonal transformation O, = I; — 2¢ ® £. Thanks to the change of variable v = Oy, we write

j@fmww:ﬂfW@mmmw;{ﬂ@waMﬂwmw
R4 Q JR4

= Z (v HMa(v) dv' = - f O -HF) D,
Q R4

where we have used the radial symmetry of V, O£ = —¢ and OQ = Q. We deduce that fRf’ fywdv =
Jdv - Q) f(v) dv Q. We claim that [ (v Q)f(v) dv > 0. Indeed we have

f V- Q) f()dv =2 f v - QMo(v) dv + £ f v - Q) Mq(v) dv
R4 ZQ v-Q>0 ZQ v-Q<0
P ( (DQ(V)) ( (DQ(_V))]
= — exp|— —exp|— d
o g

(v-Q)
ZQ v-Q>0
Obviously, we have for any v € R such thatv-Q > 0

()} N - Q) —v=0J -Q
_2a()  Do(=v)  M-QF |-v-OF v >0,
o o 200 20 o

implying that fRJ(v -Q)f(v)dv > 0and

fafOvdy L0 Qf0) dv Q

Q[f] =
/ U[édf(v)v dv| URd v-Q)f(v)dv Q|

3. Characterization of the collision invariants

In [1], the following notion of generalized collision invariant (GCI) has been introduced.

Definition 3.1. (GCI)
Let Q € ST be a fixed orientation. A function y = y(v) is called a generalized collision invariant of
Q associated to ), if and only if

v&@ﬁ@ﬂ»@=o

for all f such that (I; — Q ® Q) ﬁ;{df(v)v dv = 0, that is such that fRdf(v)v dv € RQ.

Mathematical Biosciences and Engineering Volume 16, Issue 6, 7883-7910.



7891

In order to obtain the hydrodynamic limit of (1.3), for any fixed (¢, x) € R, x R?, we multiply (2.2)
by a function v — ¥, .(v) and integrate with respect to v yielding

f Bf (1, 3, VWa(v) dv + f VoV f V() dv = f i Gr D dv G
R4 R4 R4

=1 N X (L) () Ay
R
The above computation leads naturally to the following extension of the notion of collision invariant,
see also [48].

Definition 3.2. Let f = f(v) > 0 be an equilibrium of Q. A function ¥ = Wy (v) is called a collision
invariant for Q associated to the equilibrium f, if and only if £;l// =0, that is

f (Lrg)Wy(v)dv =0 forany function g = g(v).
R4

We are looking for a good characterization of the linearized collision operator £, and its adjoint
with respect to the leading order particle density f. Motivated by (2.1), we need to determine the
structure of the equilibria of Q which are given by Lemma 2.2.

By Lemma 2.2, we know that for any (¢, x) € R, x RY, there are (o(t, x), Q(t, x)) € R, x (S9! U {0})
such that f(z, x, -) = p(t, x)Mq, ), where
pt,x) = plft,x,)] and Q(,x) = Q[ x,-)].

The evolution of the macroscopic quantities p and € follows from (2.2) and (3.1), by appealing to the
moment method [54-59]. Next, we explicitly determine the linearization of the collision operator Q
around its equilibrium distributions. For any orientation Q € S?~!U{0} we introduce the pressure tensor

Mo = f (- Q)& (I - Q& Qv — QMa(v) dv,
R4
and the quantity
cy = f V- QMa(v)dv>0.
R4

We will check later, see Lemma 3.2, that the pressure tensor Mg, is symmetric.

Proposition 3.1. Let f = f(v) > 0 be an equlibrium distribution of Q with nonvanishing orientation,
that is

f=pMqy, where p=p[f], and Q=Q[f] e S,

(1) The linearization Ly = dQy is given by

Lrg = div, {O'va + gV, dq — f o g)f(v) vaf fRdg(v)v dv} ,
Rd

where Py := 1; — Q[f] ® Q[f] is the orthogonal projection onto {£ € RY: £-Q[f] =0} In
particular Loy, = L,

Mathematical Biosciences and Engineering Volume 16, Issue 6, 7883-7910.
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(2) The formal adjoint of Ly is given by

[aMa()Vyr dv

div,(MoV,§)
’ Ja - QMa(v) dv’

Mg

Liy=0 Prv-Wlyl, Wy := (3.2)

(3) We have the identity
Li(f(v=Q) =0V,f-div, (f %) :
1

Note that div, refers to the divergence operator acting on matrices defined as applying the
divergence operator over rows.

Proof.
(1) By standard computations we have

d d
Lrg = E‘FOQ(f +sg) = div, {Gva +g(v = Q[f1+V,V) - fE‘FoQ[f + Sgl} ;

and
d (Id_Q[f]®Q[f])f
ol QL+ s8] L fow Rdg(V)v v
Therefore we obtain
. f f
=div, {0V, V,®q - P dvy .
e {U S N S T LSOV V}
(2) We have
(Lrg)v)(v) dv
R4
= —f oV,g +gV,dq — f Pff g W dv'y - Vo dv
R a0 - f () dv 7 Jpa
Fuf OV,p(v) dv
= div,V.y - V-V, ®q] d P - d
fRdg[U VY v ol v+fRdg(V) ” fR[,(v-Q)f(v) dv ’
implying

Liy=0c

wwﬂ-wm

Q

(3) For any i € {1, ...,d} we have

M ’ ’ _ Q lP ’ d Vi
Lf(f(V - Q),) = diVV {(V - ,Q)l-(o-VVf + va(DQ) + O'fe,- _ fjl‘gd a(v )(V ) v av }

Lo V- QMo (v) dv’

Mathematical Biosciences and Engineering Volume 16, Issue 6, 7883-7910.
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and therefore, since f = pMq satisfies oV, f + fV,0q = 0, we get
deg(v’)(v’ - Q)P dv
L0 - QMqo(v) dv

= oV, f — div, (f%)
1

Li(f(v-Q)) =0V, f —div, (f

O

Notice that at any (¢, x) € R, X R?, the function & = 1 is a collision invariant for Q, associated to
f(t, x,-). Indeed, for any g = g(v) we have

f Of(t,%,) + 5g) dv =0,
Rd

implying that ﬁgd (Ls(tx98)(v) dv = 0 and therefore £;(t,x,-)1 = 0, for all (z,x) € R, x R% Once we
have determined a collision invariant ¢ = y(t, x,v) at any (, x) € R, X R, we deduce, thanks to (3.1),
a balance for the macroscopic quantities p(t, x) = p[f(t, x, -)] and Q(z, x) = Q[ f(t, x, -)], given by the
relationship
f daz(ng(z,x))w(t, x,v) dv + f v V(oMo (2, x,v) dv = 0. (3.3)
R: R
When taking as collision invariant the function A(¢, x,v) = 1, we obtain the local mass conservation

equation
3,0 + div, (p f (v - Q(t, X)) Moy (v) dv Q) =0. (3.4)
Rd

As usual, we are looking also for the conservation of the total momentum, however, the nonlinear
operator Q does not preserve momentum. In other words, v is not a collision invariant. Indeed, if
f = pMg is an equilibrium with nonvanishing orientation, we have

VVMQ P 7V P rv
+ =-V,0q + ,
Mo [ (/- QMa(v) dv Joo V- Mo (v) dv’

x
.EfV—O'

and therefore v is not a collision invariant.
0
v

We concentrate next on the resolution of (3.2). We will use the notation 0,& = (F) for the Jacobian

matrix of a vector field £ and div, for the divergence operator in v of both vectors and matrices with
the convention of taking the divergence over the rows of the matrix. With this convention, we have

f gdiv,Adv =— f AV,g dv and f Edivyp dv = —f 0,¢én dv (3.5)
R4 R4 R4 R4

for all smooth functions g, vector fields &,77, and matrices A. We now focus in finding a
parameterization of the kernel of the operator L;.

Lemma 3.1. Let f = pMgq be an equilibrium of Q with nonvanishing orientation. The following two
statements are equivalent:

(1) ¥ = y(v) is a collision invariant for Q associated to f.
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(2) ¥ satisfies
div,(MqV,
MV g, (3.6)
MQ ’
for some vector W € ker(Mq — oc1,).

Moreover, the linear map W : ker(L;) — ker(Mq — oci1y), with W[y = fRdMQ(v)va[/ dv/cy induces
an isomorphism between the vector spaces ker(LJ’;) / ker W and ker(Mgq — oc11;), where ker W is the
set of the constant functions.

Proof.
(1) = (2) Since ¥ is a collision invariant associated to f, i.e. .£;t// = 0, and by the third statement in
Proposition 3.1 we deduce (using also the first formula in (3.5) with fMg/c; and ¥)

0= [ L so-@a= [ smLio-o) @

) f ) [“va - dm (f &)] dv =~ f FOIV dv+ M f TON g,
R4 C1 Rd R

C1
= —poci Wyl + pMaWy].

Note that if p = O then f = 0 and fvfdv = 0, implying that Q[f] = 0. Hence, since Q # 0,
we have p > 0 and thus W[y] € ker(Mq — oc11,), saying that (3.6) holds true with W = W[y] €
ker(Mq — oci1y).

(2) = (1) Let ¢ be a function satisfying (3.6) for some vector W € ker(Mgq — oc11;). Multiplying
(3.6) by f(v — Q) and integrating with respect to v yields (thanks to the second formula in (3.5))

—a'pf 0,(v—QV uyMav) dv+ pMaW =0,
R4

which implies W[y] = W since MoW = oc;W by the assumption W € ker(Mgq — oc1;). Therefore ¢
is a collision invariant for Q, associated to f

iv,(MqV
lev( Q vlﬁ)+

div,(MqV,y¥) L p
Mq

Py -Wlyl=0 wv-W=0.

O

Remark 3.1. For any non negative measurable function y = x(c,r) :] — 1,+1[x]0, co[— R and any
Qe S*! ford > 2, we have

. Q T
f X(v—,lvl) dv = S| f f y(cos 6, )r‘~sin?? 0 dodr,
Rd V] R, JO

where |S%72| is the surface of the unit sphere in R\, for d > 3, and |S°| = 2 for d = 2. In particular we
have the formula

.0 r=1 (7 y(cos 0, re(cos 6, r) sin® 2 6 d9 dr
f x(—vlvl ,|v|)MQ<v> b (3.7)
Rd

fR+ rd-1 foﬂ e(cos 6, r)sin®2 6 do dr
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ﬁi rt! f_ﬁl)((c, re(e, r)(1 = )T dedr
L [ ete, (1 = ) dedr

2

where e(c,r) = exp(rc/o) exp(—=(r* + 1)/ 2o) — V(r)/ o).

Notice that thanks to (3.7) the coefficient ¢; does not depend upon Q € S9!

o

&dexp (—& - M) dv f& ri-1 fon e(cos 0, r)sin?™? 0 do dr

200 loa

S exp (-2 - XW) @y [ [Feosd e(cos b, r)sin’? 6 dodr

C1

In order to determine all the collision invariants, we focus on the spectral decomposition of the pressure
tensor Mg for any Q € S9!, In particular, the next lemma will imply the symmetry of the pressure
tensor.

Lemma 3.2. (Spectral decomposition of Mq) For any Q € S*! we have Mg = oci(l; — Q® Q). In
particular we have ker(Mgq—oci1;) = (RQ)* and thus dim (ker(£}*.) / ker W) = dimker(Mq—-ocl;) =
d—1, cf. Lemma 3.1.

Proof. Let us consider {E}, ..., E;_;} an orthonormal basis of (RQ)*. By using the decomposition

d-1 d-1
V-0 =(QQ)(W-Q)+ Z(E,-@E,-)(V—Q) Q) -Q)+ Z(E,-@E,-)v,

i=1 i=1

one gets
d-1 d-1
Mq = f QQ(WVv-Q)+ Z(E,- QE)|® Z(Ej Q Ej)v| Mq(v) dv. (3.8)
R4 i=1 =
We claim that the following equalities hold true
f[Q-(v—Q)](Ej-v)MQ(v)dv:O, 1<j<d-1, 3.9
R4
VP - (v- Q) ..
(Ei . V)(Ej . V)MQ(V) dv = 6,’j TMQ(V) dV, 1< 1, ] < d-1. (310)
R4 R4 -

Formula (3.9) is obtained by using the change of variable v = (I; — 2E; ® E;)V'. It is easily seen that
Q- v-Q)=Q-(V-Q), Ej-v=—E;-Vv, Mo(v)=Ma(V), 1<j<d-1,
and therefore we have
Rd[Q (v =Q)E; - vIMa(v) dv = - j};d[Q (V= IE; - VI)Ma(V) dV
which implies (3.9). For the formulae (3.10) with i # j, we appeal to the orthogonal transformation

V:O,’J'V,, Oij:Q(X)Q-l- Z Ek®Ek+Ei®Ej—Ej®Ei.
keti, j)
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Notice that O;;¢ = ¢, for all £ € (span{E;, E;})*, O;;E; = —E;, O;;E; = E; and therefore
(Ei-v)(Ej-v)=—(E;-V)E;-V).
After this change of variable we deduce that
Rd(E,--v)(Ej-v)MQ(v) dv=0, 1<i,j<d-1, i+],
and also

f (Ei- V)’ Mq(v) dv = f (Ej- VP Mo(v)dv, 1<i,j<d-1.
R R

Thanks to the equality X' (E; - v)?> = V> — (v - Q)?, one gets

2 2
(B E; ) Ma0) dv = 5 f id (V M- v, T<ij<d-1.

Coming back to (3.8) we obtain

N : P - (- QP
Mo =" | | (B v)*Ma(v) dv| E;® E; = f MR 2 Mo(v) dv(ly - Q0 Q).
R4

—1 R4 d— 1

We are done if we prove that

W= (v-Q)?
II%MQ(V) dv=o0c.
” _

Notice that, using (2.4):
V? = (v-Q)>?
(WL = v @ 1)) -V, Mg = =————Ma ().
and therefore

2 _(v.0)2
f M= QF oy dy = - f div, [Pl — v ® V)QIMa(v) dv
R4 o R

=— | 2Ov-Q) —-dv-Q)—(v-Q)]Ma(v) dv
R4

=(d-1)c;.

O

By Lemmas 3.1 and 3.2 the computation of the collision invariants is reduced to the resolution
of (3.6) for any W € (RQ)*. Hence, if we denote by E1, E, ..., E,_ any orthonormal basis of (RQ)*,
we obtain a set of d — 1 collision invariants Y, ,Yg,, ..., ¥g, , for Q associated to the equilibrium
distribution f such that E; = W[ypg], i = 1,...,d — 1. This set of collision invariants forms a basis
for the ker(.E;). In the next section we will characterize this set of collision invariants and provide and

easy manner to compute them (see Lemma 4.1).

We conclude this section by showing that in our case the set of all GClIs of the operator Q coincide

with the kernel of the operator £;.
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Theorem 3.1. Let Mg, be an equilibrium of Q with nonvanishing orientation Q € S°'. The set of
collision invariants of Q associated to Mg coincides with the set of the generalized collision invariants
of Q associated to Q.

Proof. Lety = y/(v) be a generalized collision invariant of Q associated to 2. We denote by {ey, ..., e;}
the canonical basis of R?. For any f = f(v) satisfying (I; — Q ® Q)e, - fRdf(v)v dv=0,1<i<d,we
have

Ldf(GAvw - Vvq)Q ' va) dv = fRdQ(f)(V)lﬂ(V) dv=0.

Therefore the linear form f — fR JOoAW =V, @ - V) dv is a linear combination of the linear forms
f—-U;—Q®Q)e; - fRd f(v)v dv. We deduce that there is a vector W = (W, ..., W,) € R? such that

L SOy =V, - V) dv + (- Q8 QW - , fywdv=0,
for any f and thus
AW —V, 0o -V + (I —-Q®Q)Y-W =0,
implying that i satisfies (3.6) with the vector W = (I; - Q ® Q)W € (RQ)*, that is, i is a collision
invariant of Q associated to M.

Conversely, let = ¥(v) be a collision invariant of Q associated to M. By Lemmas 3.1 and 3.2 we
know that there is W € (RQ)™* such that

oA -V, Do -V +v-W=0.

Multiplying by any function f such that (I; - Q ® Q) fRd f()v dv = 0 one gets

f QP dv = f SOTAY ¥, V) dv = - f e dv-w =0,

R R R

implying that i is a generalized collision invariant of Q associated to Q. O
4. Identification of the collision invariants

In this section we investigate the structure of the collision invariants of Q associated to an
equilibrium distribution f = pMg. By Lemmas 3.1 and 3.2, we need to solve the elliptic problem

— ordiv,(MaV,p) = (v- W)Mg(v), veR?, 4.1)

for any W € (RQ)*. We appeal to a variational formulation by considering the continuous bilinear
symmetric form aq : H 11149 X H 11149 — R defined as

ao(y,0) = O'f Vo - V.0 Ma(v) dv, x,0¢€ Hjm ,
R4
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and the linear form [ : Hy, — R, () = fRdG(v)(v - W)Mq(v) dv,6 € H), . Notice that [ is well defined
and bounded on H 11\49 provided that the additional hypothesis |v| € L%ln holds true, that is

~QF Vv
f |V|2 exp (_lV | _ (|V|)) dv < oo
RE 20 o

The above hypothesis is obviously satisfied by the potentials V, g. We say that ¢ € H,‘Wﬂ is a variational
solution of (4.1) if and only if

aqW,0) = (0) forany @ € H), . (4.2)

Proposition 4.1. A necessary and sufficient condition for the existence and uniqueness of variational
solution to (4.1) is

v-W)Mq(v)dv=0. 4.3)
Rd

Proof. The necessary condition for the solvability of (4.1) is obtained by taking 8 = 1 (which belongs
to H}WQ thanks to (2.5)) in (4.2) leading to (4.3). This condition is satisfied for any W € (RQ)* since
we have

v-W)Mg(v) dv = f(v - QMaq(v)dv (- W) =0.
R4 R4

The condition (4.3) also guarantees the solvability of (4.1). Indeed, under the hypotheses (2.5)
and (2.6), the bilinear form ag, is coercive on the Hilbert space I:I}WQ ={y € H}V[Q : (O, D)y, = 03,
i.e. we have:

min{o, Ao} -
an(c.x) = —— "Il x € Hiy,
Applying the Lax-Milgram lemma to (4.2) with ¢, 8 € FI}WQ yields a unique function ¥ € FI}WQ such
that
ao(,0) = () forany e H,, . (4.4)

Actually, the compatibility condition /(1) = O allows us to extend (4.4) to H 11149 This follows by
applying (4.4) with = 6 — (8, 1))y, for 6 € H 11149- Moreover, the uniqueness of the solution for the
problem on 1':1/{4Q implies the uniqueness, up to a constant, of the solution for the problem on H}lg. O

As observed in (3.1), the fluid equations for p and © will follow by appealing to the collision
invariants associated to the orientation Q € S9!, for any W € (RQ)*. When W = 0, the solutions
of (4.1) are all the constants, and we obtain the particle number balance (3.4). Consider now W €
(RQ)* \ {0} and y a solution of (4.1). Obviously we have Yy = Yy + Rdl//W(V)MQ(V) dv, where Jy
is the unique solution of (4.1) in H 11\49 It is easily seen, thanks to (3.4) and the linearity of (3.3), that
the balances corresponding to vy and Yy are equivalent. Therefore for any W € (RQ)* it is enough
to consider only the solution of (4.1) in I—NI}WQ. From now on, for any W € (RQ)*, we denote by vy
the unique variational solution of (4.1) verifying fR[,ww(v)MQ(v) dv = 0. The structure of the solutions
Yw, W € (RQ)* \ {0} comes by the symmetry of the equilibrium Mq. Analyzing the rotations leaving
invariant the vector Q, we prove as in [48] the following result.
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Proposition 4.2. Consider W € (RQ)* \ {0}. For any orthogonal transformation O of R¢ leaving Q
invariant, that is OQ = Q, we have

Yw(OV) = Yrow(v), veR?,
where 'O denotes the transpose of the matrix O.

Proof. First of all notice that ‘OW € (RQ)* \ {0}. We know that ¢y is the minimum point of the
functional

Jw(2) = % f V.2 Mo(v) dv - f (V- W)z()Mo(v) dv,z € Hy, .
R4 R4

It is easily seen that, for any orthogonal transformation O of R“ leaving the orientation Q invariant, and
any function z € H,, , we have, by defining zo :=z0 0 € H},_

MooO =My, Vg = 'O(Vz)00.
Moreover, we obtain with the change of variables v = Ov and using that Mq(v) = Mq(V'):
o
Jow(zo) = Ef O(V2)(OV)|*Ma(v) dv — f(v- 'OW)z(Ov)Mq(v) dv
Rd R4

== f (V)" )P Ma(v) dv' - f O - W)z( )Mo (V') dv'
2 R4 R4
= Jw(2).

Finally, we deduce that

YywoO € Hy , JowWwoO) = JyWw) < Jw(zo '0) = Jow(2),

for any z € H! ,» implying that Yy 0 O = Yrow. m]
The computation of the collision invariants {¢yy : W € (RQ)* \ {0}} can be reduced to the
computation of one scalar function. For any orthonormal basis {E, ..., E;_1} of (RQ)* we define the

vector field F = 2;1:—11 Y E;. This vector field does not depend upon the basis {E, ..., E; 1} and has
the following properties, see [48].

Lemma 4.1. The vector field F does not depend on the orthonormal basis {E, . .., E;_1} of (RQ)* and
for any orthogonal transformation O of R%, preserving Q, we have F o O = OF. There is a function y
such that

v-Q I — QD) (v) d
F(v) = , , R\ (RQ),
) X( ® IVI) =Gy ve R\ (RQ)
and thus, for anyi € {1,...,d — 1}, we have
V() = F) - E; :X(V'Q,M) VB e\ (ROY). (4.5)
i Ve - (v- Q)2
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Proof. Let{F,..., F,_1} be another orthonormal basis of (RQ)*. The following identities hold
E\QFE +.. +E; 1 QE; 1+Q0Q=1;, F1F +... +F;,.,19F;1+Q®Q=1,,

and therefore

d-1 -1

Z Ve L = ‘ﬁz;@;}(E,qu)F,-Ei

i= 1
1

U

d=1 d-1

= (E;i- F)Yr,E;
i=1 j=1
-1 d-1

= Y, (E; - F)E;
=1 i=1
d-1

= Vi,

—_

~.

For any orthogonal transformation of R? such that OQ = Q we obtain thanks to Proposition 4.2

d-1 d—1 d-1

FoO= Z(l/’Ei 0c0)E; = le’toa E; = Ozlﬁroa 'OE; = OF ,
i=1

i=1 i=1

where, the last equality holds true since {OE,..., ‘OE,_} is an orthonormal basis of (RQ)*. Let
v e R?\ (RQ) and consider
Id—Q®Q
EWw) = ( B .
V= (Q-v)?

Notice that E - Q = 0,|E| = 1. When d = 2, since the vector F(v) is orthogonal to Q, there exists a
function A = A(v) such that

([2 —Q@Q)V

VP—@v?

If d > 3, let us denote by *E, any unitary vector orthogonal to E and Q. Introducing the orthogonal
matrix O = I; - 2 *E ® *E (which leaves Q invariant), we obtain F o O = OF. Observe that
—(v-O)O LE.
0= ‘E.-E= ‘g W L Ov=v
VP = (- Q2 AP - (-Q)

F(v)=AWE = A®v) veR?\ (RQ).

and thus
FW=FOv=0Fv)=U; -2 "E® *E)F(v)=F(WV)-2(*E-F()) “E,

from which it follows that *E - F(v) = 0, for any vector *E orthogonal to E and Q. Hence, there exists
a function A(v) such that

(Id — Q@Q)V

WP = -
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We will show that A(v) depends only on v - Q/[v| and |v|. Indeed, for any d > 2, and any orthogonal
transformation O such that OQ = Q we have F(Ov) = OF(v), E(Ov) = OE(v) because

Ui - Q)0 =0v—-(Q-0v)Q=0(;—Q&Q)v,

VIOVE = (0v- Q)2 = V2 - (v- Q)

implying that A(Ov) = A(v), for any v € R? \ (RQ). We are done if we prove that A(v) = A(v') for any
v,V € R4\ (RQ) such that v- Q/[v| =v' - Q/V'|,|v| = V|, v # V. It is enough to consider the rotation O
such that

1, -Q®Q I, — Qe Q)
OE:E,, (O—Id)span{E,E/}J. :0’ E: (d )v E/: (d )V

N CR S SN [ GO
The equality OF = E’ implies that Ov = V' and therefore A(v') = A(Ov) = A(v), showing that there
exists a function y such that A(v) = y(v - Q/v|, [v]), v € R\ {0}. O

In the last part of this section we concentrate on the elliptic problem satisfied by the function (¢, r) —
X(c, r) introduced in Lemma 4.1. Even if ¢, are eventually singular on R€2, it will be no difficulty to
define a Hilbert space on which solving for the profile y. We again proceed using the minimization of
quadratic functionals.

Proposition 4.3. The function y constructed in Lemma 4.1 solves the problem

— 043 (1 = )T e(e, Ny} — T (1 = AT ele, Ay} + o(d = 2)r'3(1 = AT ey
= (1 = A Tele,r), (c,r)€]l-1,+1[ x 10, 0o[. (4.6)

Proof. For any i € {1,...,d — 1}, let us consider yg ,(v) = h(v - Q/|v|,[v])

vEi where v —
|V|2—

h(v - Q/|v|,|v|]) is a function such that Yz, € H /lwg- Observe that if 7 = y, then Y, coincides with
YE,. Note that generally ¢, are not collision invariants, but perturbations of them, corresponding
to profiles 4. In this way, the minimization problem (4.7) will lead to a minimization problem on A,
whose solution will be y. Notice that once that ¢z, € H! ,» then fRdtpEi,hMQ(v) dv = 0, saying that
Ve € H /lwg- We know that g, is the minimum point of Jg, on ﬁ}wﬂ and therefore

JE,-(‘/’E;) < JEi(lr//EiJ’l) . (47)

A straightforward computation shows that

v VE [an g g
v'/’Ei,h - |v|2 = (v : Q)2 [ c |V| + 0, M]
+h(ﬂ |V|)[1 _(v—(v-Q)Q)@v] E;
a1 BT El I woreare ol
and
, W-E) o, (v-E) y WP - QP - (-E) ,(v-Q
Vo, al™ = e (Och)” + M= Q) (0:h)” + = Q22 h o vl -
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.o, . l .
The condition Y, € Hy, writes

l(wEi’h)zMQ(v) dv < o, f d|vv¢Ei,,,|2MQ(v) dv < o,
R¢ R

which is equivalent, thanks to the Poincaré inequality (2.6) to

fd|Vvl//E,-,h|2MQ(V) dv < 0.
R

Based on formula (3.7), we have

> _C(VEP--Q? o, (8h)° d - 2)h?
fRdlvvl/’Ei,hl Mqo(v) dv = fRd[—(d— I (0.h)” + R B IESNTHOD Mg dv

kL =L@k + @) + S22 e(e,r)(1 - )T dedr
d- l)fR rd-1 f_+ll e(c, (1 = ¢)F dedr)

and therefore we consider the Hilbert space H; = {h : ] — 1, +1[X]0, co[— R, ||h||fi < oo}, endowed with
the scalar product

1= d—2)gh §
(g, h)g = f pd-1 f [ rzc 0.80.h + 8,80,h + ﬁ] e(e,)(1 = AT dedr
R, -1 -

for g and & in H; and the norm given by

1alle = V(h, h)a -

The expression Jg, (Y, ;) writes as functional of &

T (g ear o [(CECAGEM)
Teen) = 5 Rdl W nl"Ma(v) V—Ld S Op a(v) dv

Mq(v) dv

h(57. M) VIVE = (- )2
- [ranimana- [ AT
R4 & -
J(h)

@=L [ een( - dedr”

where

2 i r2 r2(1 = ¢?)

+1
B f ! f h(e,r)r V1 = c2e(c,r)(1 = ¢*)'7 dedr.
R, -1

+1 _ 2 — 2 d-3
Jiy =2 f P! f [1 ‘ (ach>2+(arh>2+M]e(c,r)(l—c%z dedr
Ry -

Coming back to (4.7) and using (4.5), we deduce that
xY€H; and J(y) < J(h) forany he H;.

Therefore, by the Lax-Milgram lemma, we deduce that y solves the problem (4.6). m|
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5. Hydrodynamic equations

After identifying the collision invariants, we determine the fluid equations satisfied by the
macroscopic quantities entering the dominant particle density f(z,x,v) = p(t, x)Mqun(v). As seen
before the balance for the particle density follows thanks to the collision invariant ¢ = 1. The other
balances follow by appealing to the vector field F (cf. Lemma 4.1) and the details are given in
section 5.1.

5.1. Proof of Theorem 1.1

Applying (3.1) with ¢ = 1 leads to (3.4). For any (¢, x) € R, X R? we consider the vector field
v-Qt, x)’ |V|) (I; — Q(t, x) ® Q(t, x))v .

vl VIV = (v - Q(t, 0))?

v— F(t,x,v) =)((

By the definition of F(t, X, -), we know that
Lr o Ftx,) =0, (t,x) €R, X R?,

and therefore (3.1) implies
f o.f F(t,x,v)dv + f v- V. fF(t,x,v)dv=0, (t,x) e R, x RY. 5.1
R4 R4

It remains to compute fRdB, fF(t x,v)dvand fRdv -V, fF(t, x,v) dv in terms of p(¢, x) and €(z, x). By a
direct computation we obtain

M,
0.f = d,pMg +p79<v -Q)-0,Q,

implying, thanks to the equalities 0,2 - Q =0 and v - 9,2 = Pyv - 0,2,

_ P 0. Q
fR Of Fdv= fR d(@,p+ v-Q) atQ) ( - Ivl) Q(v)upf| (5.2)

B V- 4 v-Q Pryv® Py
—&prd ( T IVI) Q(V)|Pf| Jf ( o IVI) Q(V)—|va| dv o,Q2.

Itis an easy exercise to show that the integral fRd X ( T |v|) Ma(v); Pf | dv vanishes and that the following
relationship holds

v-Q Pv®Prv
f dx(—,|v|)Mg(v>u dv
R

vl [P vl
2 _ (1.0
:f Q| O vt - Qe 9).
v’ d-1
Therefore, by taking into account that 9,Q2 - Q = 0, the equality (5.2) becomes
2 _ NG 2
f ofFdv=¢L00, &= f Q) =GR dy. (5.3)
R4 on v’ d-1
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Similarly we write (for any smooth vector field £(x), the notation 0,£ stands for the Jacobian matrix of

& 1.e. (0:8);; = 0y,&)

VoV f=-Vo)Ma+ 2y (10,00 - Q)Mq,
g

implying
-Q Pyv®Psy
\fwvaw=fxt Aﬂmw>f L avv,p (5.4)
R4 R4 |V| |va|
v Ly
(V Q))( IVI MQ(V) dv (0,Q) Q
T R [Pyl
—Cl(ld—Q®Q)pr+ c28 QQ,
where
N VIV = (v - Q)?
= f(v . Q)X | | Mu(v) dv.
Rd v’ d-1
Notice that in the above computations we have used (‘0,Q)Q = 0 and
f(v E)(v-Ej(v- Ek))(( o IVI) Mq(v) dv =
for any i, j,k € {1,...,d — 1}. Combining (5.1), (5.3) and (5.4) yields
cl—é)tQ+ 028 QQ+C1(Id—Q®Q)pr 0,
or equivalently
0Q+c0QQ+ ol - P-o, (5.5)

where

& - Qx (B2 W) VIV = (v QP Mo(v) dv

G L (32 h) V- 0 QF Ma() dv
fR+ pd+l fo cos 0 y(cos 6, r) e(cos 0, r) sin?' 6 do dr

- fR+ rd foﬂ x(cos,r)e(cos,r) sin'g dodr .

Cy =

5.2. Properties of the hydrodynamic equations

Let us start by noticing that the system (1.5) and (1.6) is hyperbolic as a consequence of Theorem
4.1 in [60]. On the other hand, the orientation balance Eq (5.5) propagates the constraint |Q| =
Indeed, let Q = Q(¢, x) be a smooth solution of (5.5), satisfying [Q2(0, )| = 1. Multiplying by Q(z, x) we
obtain

1
E&MP+%GMJ%VMQF=O
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implying that [€)] is constant along the characteristics of the vector field ¢,€2(¢, x) -V, and thus |Q(z, -)| =
|20, )| =1, forall £ > 0.

The rescaled Eq (1.3) can be considered as an intermediate model between the equations
introduced in [37] and [48] when there are no phase transitions. In [48], the authors considered a
strong relaxation towards the ‘terminal speed’ (or cruise speed). Whereas in [37] the authors do not
impose a penalization on the self-propelled/friction term. Our result could be applied to obtain the
results in [48] without resorting to measures supported on the sphere by doing a double passage to the
limit. First, passing to the limit € — 0 in (1.3), taking V = V, 3, we obtain (1.5) and (1.6). Afterwards,
we rescale V to AV in the system (1.5) and (1.6) and study the limit when 4 — oo. This amounts to
study the behavior of the coefficients

fR+ r fo7r cos @ e (cos 0, r)sin’ 2 6 do dr
f& re! foﬂ ea(cos 6, r)sin? 2 0 do dr

Cla =

and

fR r! foﬂ cos 6 y1(cos 0, ) e, (cos 6, r) sin®~! 6 dg dr
fR rd fonXA(COS 0,r)e (cosb,r) sin®' 9 dodr

A=

when 4 — oo, where the function y, solves the elliptic problem
— 9. [ (1 = )T ex(e. Ndexal
- 00, [rd_l(l - cz)%ed(c, r)ar)m] +o(d-2)r"31 - cz)#eﬂ)m
= (1 =N T eien),
and e;(c, r) = exp(rc/o) exp(—(r* + 1)/(20) — /H~/(r)/0').
In order to analyse the asymptotic behavior of ¢, ; we introduce the following result.
Lemma 5.1. Let ¢ € C*((0, o);R) and g € C°((0, o) X (0, 7); R). Let us assume that

i) 7 exp(p(r)g(r. Ol dodr < oo,
it) The function ¢ has a unique global maximum at an interior point ry ,

iii) [ g(ro,0)d0 # 0.
Then the function G(A) defined as

G) = f f ”eXP(/lsﬂ(r))g(n@)d@dr,
Ry JO

has the the following asymptotic behavior
/ 2n exp(dg(ro)) f "
G() ~ (ro,0)d0,
" (ro)l Va 0 S0
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The proof of this result is a direct application of the Laplace method, see for instance [61]. As an
immediate consequence of Lemma 5.1 we obtain

. 7o foﬂ cos fexp(rocos /o) sin“20do
lime, =

A—00 foﬂ exp(rocos /o) sin®26do

where ry is the minimum of the potential function V, s(r). Let us note that the asymptotic study of the
coefficient ¢; ; when 4 — oo can also be performed using Lemma 5.1 for more general potentials than
V,p(r). In particular, we could also consider smooth potentials V(|v|) having a unique global minimum
ro such that V'(r) < 0, for 0 < r < ry, and V'(r) > 0, for r > ry. On the other hand, the asymptotic study
of ¢, could be addressed following similar techniques as in [60], however, we do not dwell upon this
matter here and leave it for a future work.

6. Conclusion

In this paper, we have considered a flocking model consisting of a modified Cucker-Smale
involving noise, alignment and self-propulsion. We have investigated its macroscopic limit when the
time and space variables are rescaled to the macroscopic scale. In this limit, the velocity distribution
converges to an equilibrium which depends on the local density and local mean orientation of the
particles. The density and mean orientation evolve in space and time according to a hyperbolic system
of equations named the Self-Organized Hydrodynamics. This system is akin to the system of
isothermal compressible gas dynamics with the important difference that the velocity is a vector of
unit norm. It is structurally identical with that obtained from the Vicsek dynamics, with differences
only in the values of the coefficients. An interesting open problem would be to investigate whether the
coeflicients of the two models coincide in the limit where the Cucker-Smale model converges to the
Vicsek model. Future work will investigate different variants in the Cucker-Smale model, possibly
involving phase transitions (which have been avoided in the present work by an appropriate
expression of the alignment force).
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