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ARTICLE INFO ABSTRACT

Article history: We consider algorithms that, from an arbitrarily sampling of N spheres (possibly
Received 16 May 2016 overlapping), find a close packed configuration without overlapping. These problems can
Received in revised form 28 October 2016 be formulated as minimization problems with non-convex constraints. For such packing

Accepted 30 November 2016

Available online 1 December 2016 problems, we observe that the classical iterative Arrow-Hurwicz algorithm does not

converge. We derive a novel algorithm from a multi-step variant of the Arrow-Hurwicz
scheme with damping. We compare this algorithm with classical algorithms belonging to

Keywords:

Non-convex minimization problem the class of linearly constrained Lagrangian methods and show that it performs better.
Sphere packing problem We provide an analysis of the convergence of these algorithms in the simple case of two
Non-overlapping constraints spheres in one spatial dimension. Finally, we investigate the behaviour of our algorithm

when the number of spheres is large in two and three spatial dimensions.
© 2016 The Authors. Published by Elsevier Inc. This is an open access article under the CC
BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).

1. Introduction

Particle packing problems can be encountered in many different systems, from the formation of planets or cells in
live tissues to the dynamics of crowds of people. They have been widely investigated in the study of granular media [1],
glasses [2]| and liquids [3]. More recently, particle packings have revealed to be important tools in biology [4]| and social
sciences, in particular in crowd dynamics [5].

Packing problems give rise to NP-hard non-convex optimization problems [6] and the optimal solution is in general
not unique, since permutations, rotations or reflections may generate equivalent solutions. We refer the reader to [6] for a
review on packing problems. In the literature, one can find numerical studies involving particles with various shapes such as
ellipses [7] or even non-convex particles [8]. However, in the present work we assume that the particles are simply identical
spheres with diameter d in Rb, b=1,2,3, but the methodology is general and will be extended to other cases in future
work. We consider algorithms that, given an initial configuration of N spheres (possibly overlapping), find a nearby packed
configuration without overlapping. Indeed, in many natural systems individuals or particles only seek to achieve a locally
optimal solution. Therefore, it is more likely that they reach a local configuration that does not necessarily correspond to
a global optimum. By combining our method with, for example, simulated annealing techniques [9], we could convert our
algorithms into global minimum search algorithms. It is however not the objective we pursue here.

Classical procedures to solve non-convex minimization problems include Uzawa-Arrow-Hurwicz type algorithms [10],
augmented Lagrangian [11,12], linearly constrained Lagrangian (LCL), sequential quadratic programming (SQP) [13], among
others. The SQP and the Uzawa-Arrow-Hurwicz algorithms are widely used. However they require the Hessian matrix of
the function to be minimized to be positive definite, which is not always the case in this type of problems (see the example
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presented in section 3). In general, all these methods perform well with a small number of particles. However we are
interested in the case where this number becomes large.

In [14,15] the authors study the shape of three dimensional clusters of atoms under the effect of soft potentials by
using molecular dynamics. This approach differs from ours with regard to the non-overlapping constraints, which are ap-
proximated by soft potentials, producing soft dynamics. Although being more costly when dealing with a large number of
particles, we have opted by the hard dynamics approach, since it allows for a higher precision in the treatment of the con-
straints. This proves effective when dealing with interaction between rigid bodies, where the effect of the rigid boundaries
plays an important role. This motivates the present work.

We start in section 2.1 by presenting two formulations of the problem. The first one is the classical minimization ap-
proach. The second one considers a constrained dynamical system in the spirit of [16]. We also present two equivalent
types of non-overlapping constraints involving smooth or non-smooth functions which are found in the literature [6,17].
To solve the non-convex minimization problems arising in these formulations, we first consider in section 2.2 the classical
Arrow-Hurwicz algorithm (AHA). In section 2.3 we introduce a novel multi-step scheme based on a second-order ODE in-
terpretation of the minimization problem: the damped Arrow-Hurwicz algorithm (DAHA). We test the DAHA against two
methods taken from the widely known class of linearly constrained Lagrangian algorithms [13,16]. These algorithms consist
of a sequence of convex minimization problems, for we refer to them as nested algorithms (NA) and they shall be referred
to as the NAP and NAV. The convergence of the four algorithms (the AHA, DAHA, NAP and NAV) is analyzed in section 3
and Appendix A for the case of two spheres in one dimension. In section 4 the algorithms are numerically compared for the
cases of many spheres in two dimensions. A brief numerical study of the packing density in two and three dimensions is
also presented. Finally, conclusions and future works are presented in section 5. We also refer to [18] for a detailed analysis
of the minimization problem. In particular we prove that minimizers are not saddle points of the Lagrangian. This analysis
requires development that are beyond the scope of the paper.

2. The damped Arrow-Hurwicz algorithm (DAHA)
2.1. Minimization problems for sphere packing

We first recall two different formulations of generic minimization problems. Let N and b be two given positive integers.
We consider first the problem of finding a configuration X such that

Xe argmin W (X), 21)
e (X)<0, k,t=1,....N, k<t

where W : RPN — R is a convex function (not necessarily strictly convex). The functions ¢y, : RPN - R, k,¢=1,...,N,
k < ¢ are continuous but not necessarily convex. We suppose that W has a minimum in the set of admissible solutions
{X € RPN |, (X) < 0}. In these conditions, X exists but may not be unique. We also assume that ¢y, k, € =1,...,N, k < ¢
and W are C! functions in the neighbourhood of X. In what follows, d will denote the diameter of a sphere, N the number
of spheres, b the spatial dimension, X the position of the center of the spheres and ¢y, the non-overlapping constraint
functions between the kth and £th spheres. The non-overlapping constraints for a system of identical spheres in R? can be
expressed by means of a smooth or a non-smooth function as specified bellow. Although leading to equivalent constraints,
each form has an impact on the convergence of the numerical method towards a local minimizer, as we will see in sections 3
and 4.

Definition 2.1. We call non-smooth form of the constraint functions (NS) the following function
dreX) =d — [Xg — Xel,k, €=1,..,N, k#¢
and smooth form of the constraint functions (S) the following function

dreX) =d? — | X — Xe> k. 6=1,..,N, k#¢.

An illustration of the non-overlapping constraints, as well as, a possible solution for N =7 are presented in Fig. 1.

We now present a second formulation consisting in solving a minimization problem associated with a discrete dynamical
system which has X as a fixed point. Let | - | denote the Euclidean norm on R?. The problem is formulated iteratively: given
an initial configuration X° = {X?}izl ~» We pass from iterate XP to iterate XP*1 as follows

X =XP 4 ¢ vPH! (a)

. 4 Y ) (2.2)
VPl ¢ argmin - Z [Vi+ Vx,W(XP)|“, (b)
e (XP+7 V)0, kb=1....N, k<2 1=

where 7 > 0 is a given parameter and V= {V;}i—; . We define X as a fixed point of this problem. Consequently, X satisfies
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X - X/|=d

¢k( > 0 ¢k£ < 0
/\
\V4 Y
ANEVAN
X0 - Xo| < d [Xe— X/|>d ‘Y’
(b)

(a)
Fig. 1. Representation of the non-overlapping constraints, a, and a possible optimal solution of (2.1) for N =7, b.
1 N
0e argmin =Y Vit VWX (2.3)

e X+1 V<0, k,e=1,...,N, k<“ j—1

Note that the minima of (2.2)(b) exist, but may not be unique.
The minimization problem (2.1) can be formulated in terms of the Lagrangian £ : RPN x (R7)NN-1/2 R defined by

LEMN=WX)+ > AuduX),
k.ee(1,...,N}, k<t

where A = {Ag¢}k,e=1....N, k<¢ represents the set of Lagrange multipliers. If X is a solution of the minimization problem (2.1),
then, the Abadie constraint qualification (ACQ) [19] holds at X and, consequently, there exists A € (RJ)NN=1/2 such that
(X, X) is a critical-point of the Lagrangian, namely, (X, 1) satisfies the KKT-conditions [20,21]:

Vx,LX,})=0,i=1,...,N
(Vi £X, 1) =0 and A > 0) or (Vi LX,X) <0and iy =0), k,£=1,...,N.k<¢

which is equivalent to

WX+ Y eVxduX)=0,i=1,..,N
. k.ee(l,....N}. k<t B B (2.4)
(¢xe(X) =0and Ay, > 0) or (¢e(X) <Oand Ay, =0), k,£=1,...,N,k <£.

We have reduced our original problem (2.1) to a critical-point system, with a possible enlargement of the set of solutions.
Contrarily to convex optimization, in the case of packing problems, these critical-points may not be saddle-points. In refer-
ence [18] we provide a detailed analysis of this point, which requires new technical developments that go beyond the scope
of the present paper.

We also formulate the minimization problem (2.2)(b) in terms of a Lagrangian LP,

N

1
PV =2 Vit VWD 4 Y0 e X +TV),
i=1 k,te{1,...,N}, k<t

where pt = {gelk e=1... N, k<¢ is the set of Lagrange multipliers associated to the constraints. The gradients of the La-
grangian are given by

VLV, ) =Vid VWP +7 0 Y e Vg XP +T V), i=1,.., N

Vi LP (V. ) = e XP +T V), k=1, ..., N.

The dynamical system is written: XP*1 = XP + 7 VP*1 such that (VP+!, @P*1) is a solution of the critical-point problem

VPV WED T Y AR Ve RP T VP =0, i=1,.. N
k,0e{1,..., N}, k<t
(#eeXP +7 0Py =0and 2" = 0) or (2.5)

<¢k5()2p+r\7p+1) <0and i) :0), k,e=1,...N, k<¢

Likewise, the fixed point X of the dynamical system is defined such that there exists ji such that
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Vi, WX) + 7 Y eV =0,i=1,..N
k,ee(1,...,N}, k<t (2.6)

(W(X) —0and jig > 0) or (¢k@(5() <0and jig = 0)  k€=1,..,N, k<¢.

Then, it is clear that problems (2.4) and (2.6) are equivalent for all values of T > 0 by setting A = T ji. However, the
choice of t is important to ensure convergence of the dynamical system (2.5) to the fixed point.

As it will be obvious below, all functions W and ¢y, used throughout the paper will satisfy the conditions considered
in this section. The nonlinear systems (2.4) or (2.5) will have to be solved by an iterative algorithm. We now present the
algorithms considered in the paper.

2.2. The Arrow-Hurwicz algorithm (AHA)

The classical Arrow-Hurwicz iterative algorithm [10] searches a saddle-point of the Lagrangian by alternating steps in
the direction of —Vx£L and 4V, L. Using this idea, a saddle-point is then a steady-state solution of the Arrow-Hurwicz
system of ODE’s (AHS) which is defined next.

Definition 2.2. The Arrow-Hurwicz system (AHS) is defined by

Xi=—a|VxWX+ > VxdueX) |, i=1..N (@

k.ee(1,....N}, k<t (2.7)
, {o, if Ak = 0 and ¢pe(X) < 0
ket =

. ck,e=1,..,N, k<¢, (b)
Bore(X), otherwise

where « and B are positive constants. Considering a small time-step At, a semi-implicit Euler discretization scheme of the
previous system leads to the Arrow-Hurwicz algorithm (AHA), which is defined iteratively by

Xpt ZX?—Ot|:Vx,-W(X")+ > A;:ﬂmu(x")}, i=1,..N
k.ee{1,...,N}, k<€

AT = max(0, A%, + B XD, k, £=1,..,N, k<¢

(2.8)

where « and B now correspond to & = oAt and B = BAt and the tildes have been dropped for simplicity.

The original AHA was formulated using a fully explicit Euler scheme, but it has proved more accurate to use a semi-
implicit scheme. Finding a local steady-sate solution of (2.7)(a)-(2.7)(b) in the case of a packing problem has revealed not
to be always possible because it often happens that no critical-point is a saddle-point [18]. This manifests itself by the
existence of periodic solutions of the AHS which do not converge to the critical-point. In order to overcome this difficulty
we propose the damped Arrow-Hurwicz algorithm which is presented next. This method is based on a modification of the
dynamics of the AHS that transforms an unstable critical-point into an asymptotically stable one. The performance of our
method will be tested by comparing with previous approaches [13,16], which are based on a modification of the Lagrangian
by linearly approximating the constraints. These approaches are presented in section 2.4.

2.3. The damped Arrow-Hurwicz algorithm

In order to avoid periodic solutions we will add a damping term as described below. Note that we are not interested on
the transient dynamics of the system, but rather on its asymptotic behaviour.
We propose the following definition.

Definition 2.3. We define the damped Arrow-Hurwicz system (DAHS) as

Xi= =PVxWX)+ > e VxdeX)]
k,te{1,...,N}, k<t

—af Y K VxeX) —cXi, i=1,..,N (a)
k.ee{1,....N}, k<¢
0, if A = 0 and ¢y (X) <0

Bore(X), otherwise

where «, B and c are positive constants and the damped Arrow-Hurwicz algorithm (DAHA) as the corresponding semi-
implicit discrete scheme:

,kot=1,... N, k<? (b)
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1
X = (2x{'—(1 —c/2)x?—1)

14¢/2

2
~ Ty VAW + > g VxeX")]
k,ee(1,...,N}, k<t (2.10)
of .
vz 2 AeOONVadu®D i=1N @
k,ee{l,...,N}, k<t

AT = max{0, A}, + B X"TH), k. £=1,.., N, k<, (b)

where «, 8 and ¢ correspond now to numerical parameters.

Note that the DAHA is a multi-step scheme, since not only one, but two previous configurations X"~! and X" are used
to obtain X™t1. By setting c = 2, the method is reduced to a one-step method.

A second-order ODE system with damping has previously been proposed within the scope of convex programming [22,
23]. Besides comprising the non-convex case, our approach differs from this with regard to the extra term a8 in equa-
tion (2.9)(a).

In the following we present the derivation of the DAHS. We start by considering the AHS (2.7)(a)-(2.7)(b) presented in
the previous section. We then take the second-order version of (2.7)(a). For each i =1, ..., N we have

N
Xi==a ) Vi, [VxWX)+ > AeVxdkeX)]Xm
m=1 k,ee{1,....N}, k<t
—a Y Ve, (211)

k,ee(l,...,N}, k<t

Using (2.7)(b), we can replace iy in (2.11) by Bee(X)H (hie), Where H is the Heaviside function. Moreover, in order to keep
the same steady states as the AHS, we replace H(Ag¢) by Ay, as at equilibrium Ay, = 0. Note that other choices could be
made, such as a power of Ay, for instance, which would influence the speed of convergence of the algorithm. However we
do not explore this aspect further here. We get

N

Xi=—a ) Ve, [VxWX+ Y AeVxde X)) Xm (2.12)
m=1 k.te{1,...,N}, k<t

—af Y G Vi re(X). (2.13)

k.ee{1,...,N}, k<t

It turns out that passing to the second-order introduces exponentially growing modes (see Remark 2.1).

Remark 2.1. Consider the simple ODE i = —au whose solution is u(t) = uge~*!, where ug is the initial configuration.

Differentiating both sides of the equation and substituting i1 by —cu yields ii = «?u, whose solution includes now an expo-
nentially growing mode: u(t) = cie~% 4 c,e%, where c; and c; are real constants determined by the initial configurations.

In order to remove these modes, we replace the term in (2.12) by a simple second-order dynamics in the force field
given by the right hand side of (2.7)(a). We get:

Xi=—a? | VxWX) + Y ;eVxdueX)
k,2e{1,...,N}, k<t

—af Y e Vi (X). (214)

k,e€{1,...,N}, k<t

Now, we just add a velocity damping term in the form of —cX; and we finally obtain (2.9)(a). We end up with the sys-
tem (2.9)(a)-(2.9)(b).

Remark 2.2. We can interpret the first term, at the right hand side of (2.14) as a second-order dynamics version of (2.7)(a).
Denoting by Tq and T, the terms in (2.14) which are multiplied by —a? and —a B, respectively, we recover (2.7)(a) in an
over-damped limit € [X; + ¢fT,] = —>T1 — cX;, with € > 0 and c=1.

Proposition 2.4. The AHS (2.7)(a)-(2.7)(b) and the DAHS (2.9)(a)-(2.9)(b) have the same equilibrium solutions.
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Proof. If (\*,X*) is a steady state of the AHS, then either ¢y (X*) =0 or A}, = 0. Consequently, Areepe(X*) = 0, which

implies that the second part of equation (2.9)(b) is null and X* = 0. Using a similar argument we conclude that a steady
state of DAHS is also a steady state of AHS. O

2.4. Previous approaches

A common approach to solve the generic minimization problems (2.1) and (2.2)(a)-(2.2)(b) is based on the linearization
of the constraint functions ¢, around a certain configuration X?, which we denote by qb,‘:[ X), i.e.,

By X) = e (XP) + Ve (XP) - (X — XP). (2.15)

The solution XP*! of the resulting linearly constrained optimization problem is used to improve the linearization of the
constraint functions and this process is iterated until convergence. Note that this transformation turns the non-convex
minimization problems (2.1) and (2.2)(a)-(2.2)(b) into a sequence of convex problems, for which there are many tools
available [24]. We have chosen the Arrow-Hurwicz algorithm, however, any other method for convex optimization problems
would suit our purpose.

This method belongs to the class of linearly constrained Lagrangian (LCL) methods [13] which have been used for large
constrained optimization problems.

2.4.1. The nested algorithm for the positions (NAP)
Consider the system (2.4) with linearized constraint functions. We propose the following definition.

Definition 2.5 (Nested Algorithm for the Positions (NAP)). Let (XP,AP) be given. Define XP-0 = XP, AP-0 = AP and ¢,f( as
in (2.15). For a given (XP-", AP-™), let the step of the inner-loop be defined as

XPT = xPT —a [ vywxP + Y AR Vb XP | i=1,...N (a)
k.ee{1,...,N}, k<€

Afé"“ = max {0, Af:é" + ﬂq),f[(xp’”“)] ck,t=1,...,N, k<¢, (b)

(2.16)

then (XP*1, APt = limy oo (XP1, APT).

If we only compute one step of the inner-loop per iteration of the outer-loop we get a variant of the AHA formulation,
where ¢, (XPT1) is replaced by ¢, (XP*1) in (2.16)(b).

2.4.2. The nested algorithm for the velocities (NAV)
We consider the minimization problem (2.5) with linearized constraint functions.

Definition 2.6 (Nested Algorithm for the Velocities (NAV)). Let T > 0 and (XP, VP, uP) be given. Define V?:0 = VP, puP-0 = P
and ¢,f[ as in (2.15). For a given (VP-", uP-™), let the step of the inner-loop be defined as

;n+1 , , , .
VP v P [ VP v WXP) + T > YV ph, (XP+TVPTY | i=1,.. N ()
k.ee(l,...N}, k<t
n+1 ,
" =max fo, wb" 4+ el P + VP | =1, N, (b)

(217)

then (VPF1, uP+1y = limy_, oo (VP", pP") and XPH1 = XP 4 ¢ VPH1,

The NAV corresponds to an adaptation of the method developed by Maury in [16].
3. Linear analysis
3.1. Preliminaries

Under the assumptions considered in the previous section, the associated ODE systems are piecewise smooth. In partic-
ular, they are smooth in a neighbourhood of X, which allows us to carry out the linear stability analysis in order to study
the local convergence of the solution towards a steady state.

We consider here a physical system where N rigid spheres in R? attract each other through a global potential which is
given by a quadratic function of the relative distance,

1 2
WX) = XI:V} i<j|xi — XjI% (3.1)
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Definition 3.1. A steady state x* of the ODE system X = f(x), t >0, is called

e stable (in the sense of Lyapunov) if for all € > 0, there exists a § > 0 such that ||x(0) — x*|| < § implies ||x(t) — x*|| <€,
for all t > 0 and for all solution X;

o asymptotically stable if it is stable and lim;_, o ||X(t) — x*|| = 0;

e unstable if it is not stable.

Note that this definition assumes that the initial configuration is chosen close enough to the steady state. Alternative
notions of stability could have been used [25,26]. The one we consider here allows us to get insight into the behaviour
of the algorithm as it is described below. The next theorem allows us to obtain conclusions about the original nonlinear
system from the corresponding linearized system.

Theorem 3.2. Consider the ODE system x = f(x) and a steady state x*, where f is smooth at x*. If x* is an asymptotically stable
(unstable) solution of the linearized system about x*, i.e., X = f'(x*)(X — x*), then it is an asymptotically stable (unstable) solution of
the original system.

Proof. See [27], Thm. 2.42, p. 158. O

In order to ensure convergence of the ODE system towards a steady state, we only need to ensure that the eigenvalues of
f’(x*) all have negative real part. If at least one eigenvalue has positive real part, then x* is unstable, and if all eigenvalues
are pure imaginary, then x* is a center equilibrium, i.e. if a solution starts near it then it will be periodic around it. In the
latter case, we cannot conclude anything about the nonlinear system. The analysis presented next is made for the case of
two spheres in R.

3.2. The Arrow-Hurwicz algorithm (AHA)
3.2.1. AHA-NS

Let ¢(X) =d — |X| and consider the potential (3.1). The ODE system associated to the DAHA-NS in the case of two
spheres in R where one sphere is fixed at the origin can be written as

X (a)

I

|

Q
YN

[

|
x| >
N—

S

0. if2=0andd < |X]| (32)

B(d —|X]), otherwise.

Lemma 3.3. The steady states of the system (3.2)(a)-(3.2)(b), (X*,A*) = (d,d) and (X*,\*) = (—d, d), are both asymptotically
stable, for any « and B positive.

Proof. Since the dynamics around each steady state is identical, we only need to carry out the analysis of the first steady
state. Suppose X > 0 and consider the change of variables Y = X —d and u = A — d. The system on the new variables is
given in matrix form by

]2 -5 5)

We want the eigenvalues of matrix A to be real and negative in order to have a fast convergence to the steady state.
The roots of the characteristic polynomial (1) = A2 + aA + Ba, have both negative real part, therefore the steady state is
asymptotically stable. O

Any solution to the ODE system (3.2)(a)-(3.2)(b) converges to a steady state for all &, 8 > 0 and the fastest convergence
is achieved when « = 4. Contrarily to the one dimensional case, in higher spatial dimensions the constraints are no
longer piecewise linear. Consequently, we cannot directly extrapolate the conclusions drawn in this section. In particular, in
dimension b = 2, the numerical simulations show oscillations around the steady state for N > 3 without never converging
to it. The non-convergence in this case is due to the non-existence of a saddle-point of the Lagrangian [18].

3.2.2. AHA-S
Let ¢(X) =d? —|X|? and consider the potential (3.1). The ODE system associated to the AHA-S in the case of two spheres
in R where one sphere is fixed at the origin can be written as
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3
< 2
1 O
04 ;
0 1 2 3 4 5

Fig. 2. Phase portrait of the system (3.3)(a)-(3.3)(b) with («, 8,d) = (0.01,0.01,2) and initial condition X° = 0.2. The dynamics do not converge to the
. 1
equilibrium (2, 5).

X=—-a(1=-20)X (a)
. 0, if A=0andd < |X| (3.3)
= 2 2 . (b)
B(d“ — X*), otherwise.

Lemma 3.4. The steady states of the system corresponding to the linearization of (3.3)(a)-(3.3)(b), (X*, A*) = (d, 1/2) and (X*, A*) =
(—d, 1/2), are both center equilibria, for any o and B positive.

Proof. As before, we will only carry out the analysis of the first steady state.
Suppose X > 0 and consider the change of variables Y = X —d and i = A — 1/2. The linearized system on the new
variables is given in matrix form by

i) =A[i) 2= 5]

The roots of the characteristic polynomial P (1) = A2 + 4d%« 8 are both purely imaginary, therefore the steady state of the
linearized system is a center equilibrium. 0O

The linear analyses does not allow us to conclude anything about the asymptotic behaviour of the nonlinear system
(see Theorem 3.2). Nevertheless, the phase portrait plotted in Fig. 2 reveals that a solution to the nonlinear system should
converge towards a periodic orbit around the steady state. As we will see in the next section, the damping term applied to
the Arrow-Hurwicz system (2.7)(a)-(2.7)(b) ensures asymptotic stability of the steady state, under certain conditions on the
parameters.

3.3. The damped Arrow-Hurwicz algorithm (DAHA)

3.3.1. DAHA-NS
Let ¢(X) =d — |X| and consider the potential (3.1). The ODE system associated to the DAHA-NS in the case of two
spheres in R where one sphere is fixed at the origin can be written as

X = o <1 - m) X+aprd-— IXI)W —cX (a)
;5 _ |0 ifa=0andd <|x], (b) (34)
~ | B —1X)), otherwise.

Lemma 3.5. Let «, B, ¢ > 0. If (& + Bd)c — Ba > O, then the steady states of the system (3.4)(a)-(3.4)(b), (X*, X*, %) =(d,0,d)
and (X*, X*, \*) = (—d, 0, d), are both asymptotically stable.

Proof. Suppose X > 0 and consider the change of variables Y = X —d, Z=Y and j = A — d. The linearized system on the
new variables is given in matrix form by

Y Y 0 1 0
Z|l=AlZ|, A=|-a?—apfd —c o?
s % -B 0 o

The eigenvalues of matrix A are the roots of the characteristic polynomial in A, which is given by P(A) =3 +cA2 + (a2 +
afd)x + Bo®. Consider in general a cubic polynomial of the form P(A) = A3 + 202 + 1A + o, with cg, c1,c2 € R, Let
71,22 and z3 be the (complex) roots to this polynomial. We want to ensure that all roots have negative real part. Since all
coefficients are positive, if the roots are real then they must be negative. Suppose now that two roots are complex conjugate,
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for example, z1 =a+ib, zp =a—ib, a,b € R and z3 € R™. In order to find a condition on the coefficients which ensures
that a is non-positive, we start by identifying the coefficients of the equation with its roots:

Z1+ 22+ 23 =—C2, 2122 + 2123 + 2223 = C1, 212223 = —Co
Rewriting in terms of a, b and z3 we get
20423 = —C3, a®> +b* 4+ 2az3 =c1, (@ +b*)z3=—co (3.5)
From (3.5) we deduce that a satisfies the cubic polynomial
8a3 + 8c1a2 +2(c1 + C%)a +c1c3 —cg=0.

Consequently, if cjc; — co > 0, then a is necessarily negative.

Back to our case, we have ¢; =c, c; = @ + aBd and cg = fa? and a sufficient condition for the steady state to be
asymptotically stable is (@2 4+ aBd)c — Ba® > 0, i.e., (@ + Bd)c — Ba > 0. Note that since the steady state is asymptotically
stable as a solution to the linearized system, then it is also asymptotically stable (see Theorem 3.2). O

3.3.2. DAHA-S
Let ¢(X) =d? — |X|? and consider the potential (3.1). For the case of two spheres in R where one sphere is fixed at the
origin, the ODE system associated to the DAHA-S can be written as

X = —a? (1 =20) X+ 2aBr(d® — X)X —cX (a)
0, ifA=0andd < |X]

A= b
,8(d2 —1XJ?), otherwise. (b)

(3.6)

Lemma 3.6. Let o, B, c > 0. If c — 2a > 0, then the steady states of the system (3.6)(a)-(3.6)(b), (X*, X*, A*) = (d,0,1/2) and
(X*, X*,A*) = (—d, 0, 1/2), are both asymptotically stable.

Proof. As before, suppose X > 0 and consider the change of variables Y = X —d, Z=Y and pu = A — 1/2. The linearized
system on the new variables is given in matrix form by

Y Y 0 1 0
Z|=A|Z|, A=| —2aBd®> —c 2da?
i w —2dg 0 0O

The eigenvalues of matrix A are the roots of the characteristic polynomial in A:
PO =23+ ca? + 20 Bd? A + 4d? B

Using the same reasoning as before we have ¢, =c, c; = 2afd? and cq = 4d%fa?. A sufficient condition for the steady
state to be asymptotically stable is 2cafd? — 4d?Ba? > 0, ie., c—2a >0. O

Remark 3.1. We see that as long as the damping coefficient, c, is large enough, the sufficient conditions for stability of
both the DAHA-NS and DAHA-S are fulfilled. Furthermore, the parameter space corresponding to the stability of DAHA-NS
is larger than the one of the DAHA-S.

The corresponding analyses for the NAP and the NAV algorithms are presented in the Appendix A.
4. Numerical results

In this section we investigate and compare the numerical results obtained from the damped Arrow-Hurwicz algorithms
(DAHA-NS, DAHA-S) and the nested algorithms (NAP-NS, NAP-S and NAV-NS) for the potential defined in (3.1). Due to the
difficulty in finding the optimal parameters («, 8) for each method and for each N, we have restricted this study to the cases
N =7 and N =100 in two spatial dimensions (i.e. b = 2). We address the convergence time and the robustness of the
convergence time with respect to the initial configurations. Additionally, we compare the accuracy of the methods for the
case N =7 only. Indeed, in the case N =7, the stable steady state of the dynamical systems associated to the algorithms is
unique (apart from translations, rotations and reflections) and is represented in Fig. 1b. This guarantees that all algorithms
converge to the same minimum for any initial configuration. In particular, this allows us to assess the accuracy of the
algorithms by comparing the computed minimum with the exact one. We finally show some examples of configurations
obtained with the DAHA-S for the case N =2000 in two and three dimensions.

In order to adjust the spatial dimensions, the numerical parameters must satisfy o, 8, c ~ O(1) for the methods with
the non-smooth form of the constraint functions and o, c ~ @(1) and g ~ O(1/d?) for the methods with the smooth form
of the constraint functions. In the following we have considered d = 1.
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In order to be able to compare the nested algorithms with the DAHA regarding convergence time, we only consider the
evolution of X and V and we do not consider the evolution of A. We denote by | - || the Euclidean norm in RPN, For a given
small and positive €, the stopping criterion for the minimization algorithms associated to the NAP, is given by the following
condition on the relative error

||xn+1 —_Xn ”
X"

For the case of the minimization problem formulated in terms of the velocities, the stopping criterion is similar but instead
of X we write V and instead of normalizing by V", we normalize by X", yielding

||V‘1Jr1 -V - €inner
X7 T

< €inner- (4.1)

(4.2)

By using the Euler step X"t1 = XP 4+ ¢ V"1 we show that the two conditions (4.1) and (4.2) are equivalent. As we will
see, in order to get a fast convergence with the nested algorithms, one does not need to wait for the convergence of the
inner-loop. We introduce a new parameter, Ijner, Which stands for the maximum number of iterations of the inner-loop
allowed per outer-loop iteration. Finally, the stopping criterion for both the outer-loop of the NAP and the NAV, as well as,
for the DAHA reads

IXPH! —XP|
IXP]

The assessment and comparison of the methods will be made through the comparison of statistical indicators obtained
from averaging certain quantities over a set of different initial configurations. These indicators are introduced bellow.

(4.3)

Definition 4.1. Consider a set of m initial configurations for which an algorithm converges, i.e., the stopping criterion is
satisfied in a finite number of iterations. Let T, be the number of iterations needed for the algorithm to converge when
starting with the ¢th initial configuration. Let A;; be the overlapping area of spheres i and j at convergence and Arorql =
N7 (d/2)2.

We define the following statistical indicators mean convergence time, variance of the convergence time and the mean
proportion of overlapping area per sphere as

1 & 1 & 1
T=—Y Ty, 02=—— (Ty—-T)?and A= —— Aij,
mle m—lzu ) MmN Acoral . 2 o
(=1 =1 i,je{l,...,N}, i<j

respectively.

The indicator T measures the efficiency of an algorithm with respect to the convergence time, A and W measure the
accuracy of the final configuration and 2 measures the robustness of the convergence time with respect to the initial
configurations. For simplicity we assume that the time interval between iterations is constant and invariant among the
different algorithms. As a consequence of this simplification, we will use the number of iterations as the time unit of T.

4.1 CaseN =7

We present a detailed numerical study for the case of N =7 spheres in dimension b = 2. The 20 different initial configu-
rations considered in this section were generated from a standard Gaussian distribution. We choose the tolerances € = 10~
and €jpner = 1079 and the maximum number of iterations of the inner-loop Iinner = 10. In order to study the relation be-
tween the damping parameter ¢ and the convergence time of the DAHA with smooth and non-smooth constraints, we plot
in Fig. 3 the maximum number of iterations over 20 different randomly generated initial configurations as a function of
c € (0,10]. We observe that the lower convergence time is attained when c ~ 2, for both the DAHA with the smooth and
with the non-smooth constraints. In Fig. 4 we plot the relative error as a function of iteration number, n, for different values
of c. If c =0 we observe that the relative error oscillates and never drops bellow 10~'. As we increase c the oscillations
tend to diminish. In the following we have used c = 2. Note that this choice for c¢ eliminates the dependence on X"~!
in (2.10)(a)-(2.10)(b), in this case, the DAHA can be seen as a discretization of the following first-order ODE system:

. 1
Xi= =S IVxWX)+ 37 AV )]
k,e{1,...,N}, k<t
1 .
—eB Y ke VxdeX), =1, N
k.ee{l,...,N}, k<t
0, if \kg =0and ¢y (X) <0

. ,k,e=1,....N, k<¥.
Bore(X), otherwise

Ake =
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Fig. 3. Maximum number of iterations needed for the DAHA to converge over a set of 20 randomly generated initial configurations as a function of c for
N =7 and € = 1075, The numerical parameters used are: (a) (a, 8) = (0.3, 3) and (b) (c, 8) = (0.3, 1.4).
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Fig. 4. Relative error on log scale, p, averaged over a set of 20 randomly generated initial configurations as a function of iteration number, n, for different
values of ¢ and for N=7 and € = 1075, The numerical parameters used are: (a) (o, 8) = (0.3, 3) and (b) («, ) = (0.35, 1.4). (For interpretation of the
references to color in this figure legend, the reader is referred to the web version of this article.)

We now consider the five methods, namely, the DAHA-NS, DAHA-S, NAP-NS, NAP-S and NAV-NS. The numerical simula-
tions suggest that « has influence in the attraction and g in the repulsion between spheres, which can also be observed by
looking directly at the equations. If 8 is too large we observe oscillations, if o or both parameters are too large we observe
numerical instability and if « is small we observe a very slow dynamics. The optimal set of parameters should then be
chosen near the parameters that lead to numerical instability, which may be a problem, since an algorithm may be very ef-
ficient for some set of initial configurations, however it may be numerical unstable for another. Moreover, we have observed
that the final positions obtained from each method by varying the numerical parameters are naturally not always the same.
Only the relative positions (apart from permutations) are invariant. As an exception, the NAV leads to nearly exactly the
same configurations. In fact, we can see from equations (2.2)(a)-(2.2)(b) that the dynamics of the particles in the NAV is
not directly affected by a change of the numerical parameters, since the parameters are only involved in the computation
of the velocity. Contrarily, in the NAP and DAHA a change in the parameters produces a different dynamics, which leads to
different final configurations. This is comprehensible, since the parameters in those algorithms are directly related to the
attraction and repulsion forces between the spheres. The previous observation could be statistically verified by comparing
all the final configurations produced by each method and checking how different (how far away from each other) they are.

In the following, we have chosen the numerical parameters (c, 8) that correspond to a fast convergence of each method
for all the 20 sets of initial configurations. We plot in Fig. 5 the relative error on log scale as a function of iteration number
for 20 randomly generated initial configurations and for each method. We observe that the profile of the relative error
follows the pattern: non-monotone behaviour, followed by an approximately linear decay at a certain speed, which seems
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Fig. 5. Relative error on log scale, p, as a function of iteration number, n, for 20 randomly generated initial configurations computed by each algorithm for
N =7 and € = 10~%. The numerical parameters used are: (a) (, 8, ¢) = (0.3, 3,2), (b) (&, 8, ¢) = (0.35, 1.4, 2), (¢) (&, B. Iinner» €inner) = (0.6, 0.46,10,1079),
(d) (@, B, Tinner» €inner) = (0.25,0.28, 10, 1077) and (e) («, B, linner» €inner» T) = (0.48, 126, 10,107°,0.1).

to be invariant with respect to the initial configuration. The faster decay is observed in the NAP-NS (see Fig. 5c). The
efficiency of the NAV-NS (see Fig. 5e) is apparently highly dependent on the initial configuration.

In order to quantify and compare the efficiency, as well as, the accuracy of the final configurations generated by each
algorithm we consider three different tolerances, € = 10~%, ¢ = 1076 and € = 108, and we compute the mean convergence
time, T, the variance of the convergence time, o2, the mean proportion of overlapping area per sphere A and the difference
between the theoretical optimum and the value of W at convergence. The results are presented in Table 1 and they are
averaged over a set of 20 randomly generated initial configurations. We observe that the NAP-NS (in bold) performs better
than any other method, while the NAV-NS is the least robust to initial configurations, the slowest to reach convergence and
it only produces an accurate solution for € = 1073, In the case of the methods with smooth constraints, we also observe
in Table 1 that the DAHA-S converges faster and produces more accurate solutions than the NAP-S. Indeed, for € = 10~
for example, we observe that the mean convergence time is T = 133 for the DAHA-S and T = 246 for the NAP-S and the
difference between the theoretical optimum and the computed one is of order 1010 for the DAHA-S and 10~¢ for the
NAP-S.
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Table 1

Results of the assessment of the final configurations averaged over a set of 20 initial configurations and obtained by each algorithm for
N =7 and for three different values of €, namely, 1074, 107 and 1078. The parameters used are DAHA-NS («, 8,c¢) = (0.3, 3,2), DAHA-
S (a, B.¢) = (0.35,1.4,2), NAP-NS (¢, B, linner, €inner) = (0.6, 0.46, 10, 107°), NAP-S (a, B, linner, €inner) = (0.25,0.28, 10, 10-°) and NAV-NS
(@, B, Tinner, €inner, T) = (0.48, 126, 10, 1079, 0.1).

(€, €inner) (1074,1077) (10-%,1079) (1078,107'1)
Mean convergence time (T)

DAHA-NS 103 145 198

DAHA-S 85 133 182

NAP-NS 81 107 131

NAP-S 165 246 325

NAV-NS 248 283 535

Order of accuracy (A, W —3)

DAHA-NS (1076, -1076) (1079, -1077) (10712, -10713)
DAHA-S (1077, -1075) (10710, —10710) (10712, —10713)
NAP-NS (1072,10°8%) (10712 ,10-12) (10-15,0)
NAP-S (1078, —1079) (10711,1076) (10713, -1078)
NAV-NS (108,107 (10719, —107 1 (10714,1079)
Variance of the convergence time (o2)

DAHA-NS 1.08 x 10° 1.21 x 10° 1.70 x 10°
DAHA-S 4.19 x 102 4.49 x 102 5.65 x 10?
NAP-NS 3.00 x 10? 4.13 x 10? 2.93 x 102
NAP-S 5.74 x 102 4.68 x 102 4.68 x 102
NAV-NS 1.03 x 10* 1.04 x 10* 1.80 x 10°

4.2. Case N =100

We present in the following a short study for the case of N =100 spheres. The 5 different initial configurations consid-
ered in this section were generated from a standard Gaussian distribution. In this case where the initial configurations are
very dense, one may observe two different types of behaviours depending on the choice of the numerical parameters: either
the spheres disperse initially very rapidly before they start to concentrate again while trying to avoid overlapping with other
spheres or they disperse slowly while trying to rearrange in a non-overlapping configuration. We keep the choice ¢ = 10~°
and €jpner = 1072, and we choose Ijpner = 103, Similarly to the case N = 7, the best value for the damping parameter ¢
should be of order O(1). We keep the choice ¢ = 2.

We now consider the five methods, namely, the DAHA-NS, DAHA-S, NAP-NS, NAP-S and NAV-NS. In the following we
have chosen the numerical parameters (o, 8) that correspond to a fast convergence of each method for all the 5 sets of
initial configurations. We plot in Fig. 6 the relative error on log scale as a function of iteration number. Contrarily to the
case N =7 the DAHA seems to converge faster than the NAP (see Figs. 6a-6d). The efficiency of the nested algorithms (see
Figs. 6¢c-6e) seems to be highly dependent on the initial configuration.

Note that the performance of the methods depends not only on the numerical parameters, but also on the initial con-
figuration. In this study, we have only considered initial configurations that are very concentrated around one point. In the
other case, i.e., if the spheres are initially far away from each other, then all the simulations must be redone and different
conclusions may be drawn.

4.3. Case N = 2000
Numerical simulations were successfully performed with the DAHA for N large, up to N = 2000. In order to obtain

a faster convergence towards a local minimizer [18], a fourth parameter, y, was introduced in the first equation of the
original formulation of the DAHA (2.10)(a)-(2.10)(b), yielding,

1
XTH'] e (ZX? —-(1- C/Z)Xn—])
' 1+¢/2 i
a
T 1+4¢/2 [V W X + > M Ve X
k.Le(1,....N}, k<t
2
1 —|J—/c/2 2 Pke X Age Vx, ke X", i=1,...,N
k,te{1,...,N}, k<t

M= max{0, A, + Bk X"}, ko £=1,...N, k<.

While using y # /a8 cannot be obtained from the derivation presented in section 2.3, it seems to bring additional
flexibility to the algorithm that can be used to improve speed and accuracy. The detailed study of the influence of this
parameter is deferred to [18].
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Fig. 6. Relative error on log scale, p, as a function of iteration number, n, for 5 randomly generated initial configurations computed by each algo-
rithm for N =100 and € = 1076, The numerical parameters used are: (a) («, 8, ¢) = (0.07,0.5,2), (b) (c, B, ¢) = (0.04,0.15,2), () (o, B, Iinner: €inner) =
(0.1,0.16,10%,1079), (d) (e, B. linner. €inner) = (0.015,0.026, 10%, 10~°) and (e) («, B, linner. €inner- T) = (0.31,41,10%,107°,0.1).

Note that the parameter y is imperative for the dynamics to converge. If we set y =0 with ¢ =2, the DAHA is reduced
to the AHA (up to a scaling factor) and the algorithm presents an oscillatory behaviour as observed in Fig. 2.

In Fig. 7 we present an example of four configurations that were obtained at intermediate steps, namely, n =1, n =101,
n=1001 and n = 10001 for N = 2000 with the DAHA-S. The initial configuration was generated from a standard Gaussian
distribution. For a tolerance of € = 10~ an optimal configuration was obtained in less than 13000 iterations.

We observe numerically that the stationary state is close to an optimal packing configuration, which corresponds to the
hexagonal lattice. In order to quantify this observation, we measure the packing density, denoted by ¢, which corresponds
to the ratio of the area covered by the particles over a disc centered at the center of mass X = Ly 1...n Xi for different
radii R (see Fig. 8). We observe that the packing density (¢ ~ .87) is close to the optimal packing den51ty (1e I~ .909)

23
for a wide range of radius sizes R. For R > 25, the packing density quickly decays since there are not enough particles to

cover the domain considered.
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Fig. 8. The packing density ¢ is estimated by taking the ratio of the area covered by the particles over a disc of size R centered at X = % Zi:l,..,. n Xi, with
N = 2000 (a). The packing density is close to the optimal configuration for a wide range of radius R (b).

44. Case N = 2000 in R3

Finally, we would like to explore how the DAHA performs in R3. We use a similar setting as in R?, i.e., we choose
the same parameters with an initial configuration generated from a standard Gaussian distribution. In Fig. 9, we plot the
configuration after 10* iterations and remove a segment to visualize its interior. The color corresponds to the pressure
exerted by nearby particles and estimates as @; = ) i Aije Notice that numerically the dynamics has not yet reached a
stationary state but it would require a new investigation to analyze when equilibrium will be reached.
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Fig. 9. Configuration after n = 10* iterations of the DAHA-S algorithm in R® with N = 2000 particles. The color corresponds to the pressure exerted by
nearby particles denoted p. The numerical parameters used are: (@, B, y,c) = (2.8 x 1072,2.2 x 102,5.6 x 1072, 2). (For interpretation of the references
to color in this figure legend, the reader is referred to the web version of this article.)
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Fig. 10. Packing density for the three dimensional configuration of Fig. 9 (a). Histogram of the number of neighbours for all particles (b).

We estimate the packing density of the configuration using the same method as in R? except that the domain considered
is a ball (centered at the center of mass X = > i—1....n Xi with radius R) instead of a disc. In Fig. 10a, we observe that the
packing density ¢ reaches a maximum around 0.65. The value ¢ ~ 0.64 is actually the packing density for a random close

packing [28]. However, the optimal configuration for sphere packing would give a packing density of ¢ = 3% ~0.741. It is

an open problem to determine if one could get closer to this optimal value by using a different set of parameters.

Another useful information is to study the number of neighbours each particle has. Numerically, two particles are neigh-
bours if their relative distance is less than 1.1 (1 being the distance for two discs in contact). In Fig. 10b, we observe that
particles have mainly between 8-10 neighbours. In an optimal packing configuration, each particle would have 12 neigh-
bours.

4.5. Summary of the results

We confront in Table 2 the results obtained from the theoretical analysis for the case of two spheres (N =2) in one
dimension (b = 1) and the results of the numerical simulations for the case of N > 2 spheres in two dimensions (b = 2).
If the system converges to a non-overlapping configuration within a reasonable number of iterations and for some set of
parameters we write v/, otherwise we write X.
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Table 2
Summary of the results obtained from the analysis for N =2 in one spatial dimension
and numerical simulations for N > 2 in two spatial dimensions.

Smooth constraints Non-smooth constraints
Analysis Simulations Analysis Simulations
AHA X X v X
DAHA 4 4 v v
NAP v v v v
NAV v X v v

5. Conclusions and future work

We have deduced a promising algorithm for solving a non-convex minimization problem, which was derived from a
multi-step variant of the Arrow-Hurwicz algorithm: the damped Arrow-Hurwicz algorithm. This algorithm can be seen as a
generalization of the AHA, when an additional parameter, y, is considered. For the packing problems, the DAHA has revealed
to perform better for a large number of spheres when compared to other classical algorithms. However, further studies
should be done in order to explore both the advantages and limitations of this method. In particular, a detailed analysis on
the stability of a steady state of the corresponding ODE system for the general case of N spheres in R® is still missing, as
well as, the analysis of the numerical stability. In the present work, the DAHA was assessed in the case of a global potential
and highly dense initial configurations, which we believe to correspond to the worst scenario possible. Nevertheless, the
results obtained here do not necessarily apply to other types of potentials or initial configurations, and hence similar studies
should be conducted for those cases. The estimated packing density of a three dimensional configuration obtained with
the DAHA shows that this algorithm is capable of generating random close packings. Whether a higher density could be
achieved by choosing a different set of parameters remains an open problem. In the next work we should consider more
general particle systems with different sized spheres or ellipsoids. The applications of hard-particle systems are vast, for we
believe these type of algorithms are going to be very useful in the study of many biological, physical and social systems.
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Appendix A. Linear analysis: previous approaches

A.l. NAP-NS

Let ¢(X) =d — |X| and consider its linearization around XP #0, i.e., ¢P(X) =d — %X, and the potential (3.1). The ODE
system associated to the inner-loop of the NAP-NS in the case of two spheres in R where one sphere is fixed at the origin

can be written as

. XP
X=—aXxX—=—1 (a)
|XP|
XP
0, ifA=0andd— ——X <0 (A1)
io= | XP] (b)
XP
B — mX), otherwise,

with the initial condition (X, 1)(0) = (XP, AP).

Lemma A.1. If X0 £ 0, then the steady state of the system (A.1)(a)-(A.1)(b), (X*, \*) =d (% 1), is asymptotically stable for any
o and B positive and the outer-loop converges in one iteration.



64 P. Degond et al. / Journal of Computational Physics 332 (2017) 47-65

Proof. The stability analysis shows that the steady state of (A.1)(a)-(A.1)(b), namely, (X*, A*) =d (% 1), is asymptotically

stable. Furthermore, if X% =£ 0, the outer-loop is defined recursively by XP*+1 = d'i# and it converges in one iteration. In
0
fact, X! :d';—ol and XP =X'forall p>1. O

The conclusions of the analysis in the one dimensional case cannot be directly extrapolated to higher dimensional cases,
where the constraint functions are no more piecewise linear. In section 4, we resort to numerical simulations to get some
insight about the behaviour of the system in two spatial dimensions.

A.2. NAP-S

Let ¢(X) =d? — |X|? and consider its linearization around X?, i.e., $?(X) =d? + |XP|?> — 2XP - X and the potential (3.1).
The ODE system associated to the inner-loop of the NAP-S in the case of two spheres in R where one sphere is fixed at the
origin can be written as

X = —a(X—2XPx) (a)
; _ Jo ifa=0and d? + (XP)? —2XPX <0 (b) (A.2)
| B(d® + (XP)? — 2XPX), otherwise,

with the initial condition (X, 1)(0) = (XP, AP).

LemmaA.2. If X0 £ 0, then the steady state of the system (A.2)(a)-(A.2)(b), (X*, 1*) = d2H(XD)? (XP, %), is asymptotically stable for

2(XP)2
d?+(XP)?
2XP

any o and B positive and the outer-loop generates the sequence {XP}pcn defined iteratively by X P+l — , which is convergent.

Proof. The stability analysis shows that the steady state of (A.2)(a)-(A.2)(b), namely, (X*, 1*) = dz;&f;)z (XP, %), is asymp-
totically stable. Consequently, the outer-loop generates the sequence defined recursively by XPt! = %, which is

well-defined for X° + 0. If this sequence is convergent to, say, L, then L must satisfy L = % i.e., L ==+d. Now, if XP >d

then
Xp+1 1 d2
= - 1 1
XP 2<(><P>2+ )< ’

therefore XP*1 < XP, i.e., the sequence decreases. Furthermore, if we write XP in the form XP =d +¢, € > 0, we then have

that
XPH = ) @ +d+e)—d
T 2\d+e
:#(d2+(d+e)2—zd(d+e))
2(d+¢€)
2
€
=—— >0
2(d+e)>

ie, XP*t1 > d. On the other hand, if 0 < XP < d then the sequence increases. Consequently, we finally conclude that if
X0 > 0 then the sequence {XP}pen converges towards d. Using the same reasoning we conclude that if X% < 0 then {XP}pen
converges towards —d. We see that for the case of the smooth form of the constraint functions, the sequence generated by
the outer-loop converges. 0O

A.3. NAV-NS

Let ¢(X) =d — |X| and consider the linearization of ¢ around XP # 0 evaluated at XP + tV, ie., ¢P(XP +7V) =
d—|XP|— T|§—£|V and the potential (3.1). In the particular case of two spheres in R where one sphere is fixed at the origin,
the ODE system corresponding to the inner-loop is given by

V:—a(V+X”—rA—) (a)
XP
0, ifA=0andd— |X"|—T—V <0 (A3)
i= IXPI (b)
XP
Bld—|XP| —t—-V |, otherwise,
|XP|

with the initial condition (V, 1)(0) = (VP, AP).
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Lemma A.3.If X° # 0, then the steady state of the system (A.3)(a)-(A.1)(b) is asymptotically stable for any « and B positive and the
outer-loop converges in one iteration.

Proof. The stability analysis shows that the steady state,

d— |XP||XP 1
. f"% M= @ =X - D)),

is asymptotically stable. Consequently, the outer-loop generates the sequence defined recursively by XP*1 =d 'i# If Xo#0

0
the sequence is well-defined and X! =d I;<(_0l and X, = X; for all p > 1, hence the outer-loop converges in one iteration. O

The NAV with the smooth form of the constraint functions did not show numerically good convergence results, for we do
not explore it in this paper. We note that in [16], the author has also only considered the non-smooth form of the constraint
functions.
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