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We investigate the long-time dynamics of an opinion formation model inspired by a
work by Borghesi, Bouchaud and Jensen. First, we derive a Fokker—Planck-type equation
under the assumption that interactions between individuals produce little consensus of
opinion (grazing collision approximation). Second, we study conditions under which the
Fokker—Planck equation has non-trivial equilibria and derive the macroscopic limit (cor-
responding to the long-time dynamics and spatially localized interactions) for the evo-
lution of the mean opinion. Finally, we compare two different types of interaction rates:
the original one given in the work of Borghesi, Bouchaud and Jensen (symmetric binary
interactions) and one inspired from works by Motsch and Tadmor (non-symmetric binary
interactions). We show that the first case leads to a conservative model for the density
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of the mean opinion whereas the second case leads to a non-conservative equation. We
also show that the speed at which consensus is reached asymptotically for these two
rates has fairly different density dependence.

Keywords: Opinion formation; grazing limit; non-symmetric rate; continuum limit;
Deffuant—Weisbuch model.

AMS Subject Classification: 82021, 82C22, 82026, 82C31, 82C40, 82C70, 91B12, 91B14,
91B70, 91B72

1. Introduction

The goal of this paper is the investigation of an opinion formation model inspired
from the one presented in Ref. 10. First, we obtain the mean-field equations for
this model and approximate the dynamics under the assumption that interactions
between individuals produce little convergence of opinions (weak consensus interac-
tion). We study the equilibria for this case and show that, under some conditions, it
corresponds to a Gaussian distribution N (¢, 0?) with a fixed given variance o2 but
undetermined mean ¢. The final aim is to derive the equation for the evolution of
the mean opinion ¢ in the spatially heterogeneous case when interactions become
localized. During this analysis, we will consider two different cases corresponding
to two different types of interaction rates: the original one given in Ref. 10 and one
inspired from Refs. 29 and 30. We show that, asymptotically, the dynamics for the
second rate reaches consensus faster in regions of low density of individuals while for
high density regions, the dynamics corresponding to the first rate is faster in reach-
ing consensus. The main result is discussed in the next section. As far as we know,
this is the first result that derives the macroscopic dynamics for these equations.

The tools used to carry out the present analysis are borrowed from kinetic the-
ory and hydrodynamic limit techniques which originally were developed to tackle
problems from mathematical physics. Recently these tools have found applications
in the study of emergent phenomena in biological and social systems. Some illustra-
tive examples of this are the study of self-organized collective behavior in different
settings like swarming and flocking,'®:?® fish schools,™!! ant trail formation®® or col-
lective cell migration3”; evolution of traffic?® and crowd dynamic?27; the emergence
of languages,3® cultures,? segregation®! or social classes.® In particular, recently
new approaches have been introduced to describe the formation of opinions using
mean-field (or kinetic) equations.*?21:32:34

However, the modeling of opinion formation has a long history. One can trace
it back to the Condorcet method for voting systems (1785) and more recently to
the Fisher-KPP equation (1937) which has found applications in modeling rumor
spreading.” This was followed in 1971 by Ref. 35 that models polarization phenom-
ena in a society, and in 1982 with the emergence of the concept of sociophysics.?*
One of the first approaches to opinion formation consisted of describing society as
a graph, or network, with individuals located at nodes and interacting with their
neighboring nodes. Such a description fostered links with the Ising model where
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spins were replaced by an opinion variable. This first approach also encouraged
to view opinions as discrete-valued variables. The main difference between the
proposed models is the rule by which opinions evolve. The interested reader can
find examples in the voter’s model,'? the majority rule model®® and the Sznajd
model.?? In opposition to this, in the model treated here opinions are repre-
sented by continuum-valued variables and individuals are located in the continuum
space R™.

In opinion formation two major opposing mechanisms are considered: on the one
hand, interaction between individuals leading to some type of consensus, and on
the other hand, noise that accounts for other factors like self-thinking, media, etc.
The balance between these two antagonist effects is key to the long-time evolution
of opinions and the formation of large-scale patterns like, for example, emergence
of clusters. For instance Ref. 5 investigates the formation of clusters under the
rule that interacting individuals adopt the average value of their opinions. Here,
we also study the balance between these two opposing effects, particularly, we give
conditions for consensus to emerge and we study how given interaction rates affect
the speed at which consensus is reached.

We will start first with an extension of the Deffuant-Weisbuch model.*®> Such
models are applied to the study of voters’ intentions and their distance correla-
tions.®? For the asymptotic analysis, we consider the individual-based model pre-
sented in Ref. 10 (spatially heterogeneous version of Ref. 15) with an interaction rate
inspired from Refs. 29 and 30. In Ref. 10 the authors consider that the interaction
rate between individuals is given by a centered Gaussian evaluated at the distance
between the opinions of the two interacting individuals. The authors showed that
a phase transition emerges between social dissension and a socially cohesive phase
with the mean opinion obeying a diffusion equation at the kinetic level. Here we
focus our attention on the weak consensus approximation (i.e. the case where lit-
tle consensus of opinions is reached after interactions). The equilibria and phase
transitions that we obtain are consistent with the results in Ref. 10.

There exist related works in the literature that present different settings from
ours. In Ref. 21 a similar model, introduced by Ref. 34, is studied with a constant
interaction rate and bounded domain. In Ref. 25, the authors investigate a kinetic
equation close to ours on a periodic domain. In Ref. 34, the author considers a model
where the outcome of a binary interaction depends on each of the individuals’
intention but not on their difference of opinions. Finally, in Ref. 14 the authors
consider a model for wealth dynamics where binary interactions are possible only
if the outcome wealth remains positive.

The paper is structured as follows. In Sec. 2, we discuss the main result, namely
Theorem 4.1 where the evolution for the mean opinion dynamics is derived. In Sec. 3,
we present the individual-based model for opinion dynamics in the spatially homo-
geneous case and consider interactions leading to weak consensus (analogous to the
so-called “grazing collision approximation” in gas dynamics). We study the equi-
libria of these dynamics. Finally, in Sec. 4 we consider the spatially heterogeneous
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case for the previous model and derive the macroscopic equations for the evolution
of the mean opinion.

2. Discussion of the Main Results
2.1. Framework

In this paper, we consider a model where pairs of individuals interact through
their opinions or intentions (3.1). A parameter v measures how close both opinions
become after an interaction. We assume here that v is small and therefore little
consensus is reached during interactions. We will consider that a noise with mean
zero and variance Y2 is present in the interactions. Finally, these interactions take
place at a given rate depending on how close the opinion of a pair of individuals
is. Particularly, the rate is parametrized by ¢ which represents the typical scale at
which interactions take place. Under the conditions of Proposition 3.2 we prove that
the equilibrium for the corresponding mean-field equation is given by a Gaussian
with fixed variance o2 (given by 7, ¢, ¥?) and undetermined mean ¢. In particu-
lar, we give criteria on +y, %2 and ¢ for a phase transition to occur between social
consensus and social dissent, see Remark 3.3.

We counsider two types of rates given by Eqs. (3.2) and (4.2). The first rate
corresponds to symmetric interactions, i.e. the rate at which a pair (¢, j) interacts
is the same as for the pair (j,4). This rate depends only on the spatial distance
and opinion distance between the pair of individuals (i.e. the closer individuals are
in space and in opinion, the higher the rate at which they interact). In the other
case, the interaction is non-symmetric. In this case, individuals forming a cluster in
the space-opinion phase space interact very frequently whereas isolated individuals
undergo fewer interactions and when they do interact they tend to interact with
the close clusters. If i denotes an isolated individual and j an individual belonging
to a close cluster then the influence of j on ¢ will be larger than the influence of 7 on
j by a ratio roughly equal to the size of the cluster. This implies that the isolated
individual ¢ changes its opinion toward a value closer to the opinion of individual
j, while the opinion of j does not change. This non-symmetric relation is key to
explain why this rate gives faster consensus than the symmetric case in regions of
low density, as we will explain later.

2.2. Conservative properties and entropy

The evolution for the mean opinion, or in the language of Ref. 10 of the “inten-
tion field”, ¢ = @(a,t) (where « is the spatial variable) is given for both rates
in Theorem 4.1 in the asymptotic time limit when interactions become localized.
The density p is constant in time and the density of opinion py evolves according
to

<3

0
L pp) = CVe - (02Vag), Coi=AD—>
(pyp) (P %0) v (202 + C2)3/2

= (2.1)
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for the symmetric case and

0 Ca 9 ¢2

E(P@) = 7v”‘ : (P Va@) ;o Cai= ’YDW7 (2.2)
for the non-symmetric case. From these expressions we investigate conservative and
homogenization properties for the respective solutions.

To begin with, notice that, for the symmetric case, the density of opinion py is a
conserved quantity. This is expected since this is a conserved quantity at the kinetic
level. The opposite holds true for the non-symmetric case: the non-conservation of
pp at the kinetic level is maintained in the macroscopic dynamics. Nevertheless, we
notice that in the non-symmetric case the value for p?p is conserved (multiplying
Eq. (2.2) by p as it is independent of time). Notice that if transport of individuals
was taken into account on the kinetic equations this conservation property would
most likely not hold (in particular, p would become time-dependent).

Moreover, from Egs. (2.1) and (2.2) we can deduce the following entropy dissi-
pation relations:

0
—/ pp?do = —Cs/ P*|Vapl*da, (2.3)
at n R’!‘L
for the symmetric case and
0
—/ pPo*da=—~Cq | p*|Vapl*da, (2.4)
8t R’n Rn

for the non-symmetric case. This shows that for both cases the L?(R™) (weighted)
norms on the left-hand side decrease over time. When the time derivative reaches
zero, the right-hand side vanishes which implies that V,¢o = 0 a.e., and so ¢ is
constant a.e. Therefore, the dynamics tend to homogenize the value of the mean
opinion, or intention field, ¢. Precisely absolute consensus takes place when ¢ is
constant, i.e. there is no difference in the mean opinion between different spatial
regions. Observe that, indeed, constant functions are stationary solutions to both
equations. In the next section, we investigate for which one of the two rates con-
sidered consensus is reached faster asymptotically.

Remark 2.1. (Conserved quantities and analogy with non-equilibrium thermody-
namics) Notice that the mean intention ¢ is not a conserved quantity, only the
density of intention py is (in the symmetric case). Also, Eq. (2.1) is consistent with
Onsager’s formalism of non-equilibrium thermodynamics where the time derivatives
of the extensive variables (here the mean density of intention) are balanced by the
divergence of fluxes that are linear in the gradients of the intensive variables (here
the mean intention itself). This is often referred to as the linear flux-force theory.
There exists a duality between intensive and extensive variables through the entropy
of the system.'® This is why, in order to study conservative properties and entropy
dissipation relations, we formulate Eqs. (2.1) and (2.2) in Onsager’s formalism,'6
i.e. by considering the time derivative corresponding to the extensive variable pp
instead of that of the intensive variable ¢. However, in the non-symmetric case, the
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formalism of non-equilibrium thermodynamics does not strictly apply since the time
derivative of the density of intention py is not balanced by a divergence. Instead,
there is the pre-factor 1/p in front of the divergence which makes the equation
non-conservative. Thus, in this case, the standard entropy [ ppdx as put forward
by Onsager need not be dissipated. But another entropy [ p>p%d is.

To conclude this section, we remark that by Proposition 3.2 the diffusion con-
stants can be rewritten as Cs = yD(y/(2 — k/¢)® and C, = vD(2¢* — k)/(2¢?)
(with k = ¥2/v) and so they stay positive for the same range values of x as that
for which the Gaussian equilibria given in Proposition 3.2 is defined. This shows
that the final model is well-posed.

2.3. Comparison in the speed of consensus

To compare the speed of consensus given by the two different rates, we recast again
Egs. (4.12)-(4.13) from Theorem 4.1 into, assuming that p > 0,

3
aa—f — Cs(pAnp +2Vap-Vap) =0, Cs:= 7D<20§f_7§2)3/2, (2.5)
for the symmetric case and
8_@_0 (A ¢+2v p-V <p>:0 C:zwDi2 (2.6)
ot “ “ p “ ’ “ o2+ (%’

for the non-symmetric case (o5 and o, are given in Proposition 3.2). One can
check that C, > Cs. In both cases we have that the mean opinion, or intention
field, diffuses and is transported in the direction —V,p, i.e. from places of high
concentration of individuals to places of low concentration. Since absolute consensus
takes place when ¢ is constant, the faster the mean opinion ¢ is diffused and
transported through space, the faster consensus is reached.

We start by examining regions with low population, say p < 1. We observe
that the diffusive coefficient for the symmetric case, given by Cjp, is always smaller
than that of the non-symmetric case, corresponding to C, (since C, > Cs). In
particular, in this symmetric case, diffusion slows down in regions with lower density
of individuals. Also the transport of the mean opinion toward areas of lower density
is slower in the symmetric case since this speed corresponds to Cs whereas in the
non-symmetric case it corresponds to C, /p. Notice then that, in the non-symmetric
case, in low density regions this transport takes place very fast. However in the non-
symmetric case, interaction rates are scale-invariant with the local density while in
the symmetric case they are homogeneous of degree one with the density. So, in the
non-symmetric case, agents in low density regions interact at the same rate as in
the high density regions while in the symmetric case, they interact at a much lower
rate. The effect is opposite in the large density regions.

In conclusion, from Theorem 4.1 we deduce the following.

Corollary 2.1. Low density regions reach consensus faster in the non-symmetric
rate case. By contrast, the large density regions reach consensus faster in the
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symmetric case. The crossover density between these two behaviors is given by

Csp=Cly, e

J— Ca

p= C_s

This crossover in the speed to consensus can be understood heuristically as fol-
lows. In the symmetric case any pair of individuals has the same influence on each
other. Contrary to this, in the non-symmetric case, individuals belonging to a clus-
ter (high density region) influence the opinion of isolated individuals (low density
regions) but not the other way around, this is precisely due to the non-symmetric
nature of the rate. As a consequence, in the non-symmetric case, because clusters
have more influence on isolated individuals, isolated individuals adopt quickly the
opinion of the cluster. This can be seen by examining the role of the convection
term (the third term on the left-hand side of (2.5) and (2.6)). Indeed this convec-
tion term shows a transport of the mean opinion in the direction of the gradient

(2.7)

for p, i.e. from places of high concentration to places of low concentration. Actually
this convection takes place much faster in low density regions in the non-symmetric
case than in the symmetric case. Now, in high density regions, in the non-symmetric
case, individuals of a cluster tend to interact very frequently among themselves but
they interact less frequently with members of other clusters than in the symmetric
case. This is why for higher density regions the symmetric rate reaches consensus
faster: there are more interactions (exchange of opinions) between clusters.

3. Rate Model and Weak Consensus Approximation
3.1. Kinetic model: Symmetric and non-symmetric cases

We first consider a spatially homogeneous model for opinion formation. Denote
by ¢;(t) € R the opinion of agent 4 at time ¢; for example, it could represent the
intention of agent i to vote for a particular party as in Ref. 10. When the pair
of agents (i,7) interact, they exchange opinions according to the following rule

(¢i,0j) — (¢}, ¢;) with

O = bi +v(dj — bi) + i (3.1)
where 0 < v < % is a constant which measures how opinions get closer after an
interaction takes place. For each ¢ = 1,..., N, where N is the number of agents,

(1i)i=1,... nv are independent, identically distributed random variables distributed
according to a probability density ¢ = q(n) with zero mean, variance ¥? and decay-
ing moments. This noise source accounts for other influences. The interaction rate
between a pair of individuals, given by G¢(¢) = G(|¢; — ¢;]/¢), is dependent on
the distance between their opinions and is a decreasing function of its argument.
In other words, individuals with far-away opinions interact at a lower rate (as in
Ref. 15). The parameter ( is a typical scale in the sense that individuals with opin-
ions distant by a quantity greater than ¢ have a probability close to zero to interact.
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Here, we will consider two types of interaction rates which we write compactly as

Gellgi — 85))
HE Yol Gellgi — ¢el)

where H is a function that can correspond to either the constant 1 or the identity
operator depending on the case we are interested in:

H:g € [0,00) — H(g) € [0,0),

1, Vg>0, ie H=1 (symmetric case), (3.2)
Hg)={ or
g, Vg>0, ie H=Id (non-symmetric case).

If H = 1, then the rate of interactions between two agents is symmetric. On the
contrary, if H = Id, the rate of interactions for pair (i,7) is not the same as for
pair (j,4). In particular, the non-symmetric rate case is inspired by the models in
Refs. 29 and 30.

We denote by f = f(é,t) the probability distribution of agent’s intentions ¢
at time ¢. According to the previous rule, and assuming propagation of chaos (see
Remark 3.2 and Ref. 13), the evolution of f is given for any test function g, by

%/ngdd):/Rg[g(¢+7(¢—¢)+n)—g(¢)]

x f(6, ) f (¥, t>%

Remark 3.1. The original interaction model presented in Ref. 10 considers the
symmetric interaction rate with interaction rules (¢, ¢;) — (¢, ¢;) given by:

q(n)dndedy. (3.3)

¢; = bi + (5 — di) + i,
@i = ¢j +v(di — ¢5) + nj,

0 <~v< % However, the kinetic equation for this system corresponds precisely

to (3.3) (up to a factor 2 due to the rate being counted twice). This is precisely
a consequence of the symmetry of the interactions. Therefore, for the following
analysis one can consider either of the two interacting processes.

3.2. Approximation under weak consensus assumption

Next we assume that the consensus parameter 7 is small, meaning that there is weak
consensus during interactions. This is analogous to the so-called “grazing collisions”
in gas dynamics.'® To prevent the noise term to dominate the dynamics, we assume
too that X2 is also small and of the same order of magnitude. In particular, we define
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¥? = ky, K = Constant. (3.4)

Under these assumptions, we Taylor expand the bracket in (4.2) to obtain
d o , Koy
& | fado =~ [ [d@)w o)+ 0]

Ge(lg =)
H(G¢ = f)

where we have dropped the terms O(7?), O(X?) and the ones with higher moments
of q. The equation for f obtained after dropping the low-order terms approximates

x [, ) f (4, 1) dedy, (3.5)

the evolution of the opinion dynamics under the weak consensus assumption. This
is in line with the grazing collision approximation in gas dynamics.

Using integration by parts, we get the strong form of the Fokker—Planck equation
for f:

of

5o, (3.6)
B (¢G¢) x f K (Gex* f)

Q“>‘”aﬁ{ﬂak*fyf+§0¢(H«%*fﬂﬁ}' 3.7

Remark 3.2. We can directly derive this equation from a stochastic interacting
particle system. We introduce the following system for the intention ¢;(t) of agent i:

= Z;V:1(¢j — ¢i)Ge(p; — ¢i)] i@t
H(E S0, Gelloi — o51)

1N Y
v ( ];/'Ej;l GC((ZSJ ¢’L) )dBZ,
H(5 k=1 Ge(loi — o51))

where B! are independent standard Brownian motions. We assume that the initial
data ¢;(0) are drawn independently out of identical probability densities fo(¢). We
notice that the system is invariant under permutations of indices 7. Hence the ¢; ()

doi =~

are indistinguishable. Introducing the one- and two-particle marginal distributions
1(\,1)(¢) and fl(\?)(gzﬁ,z/}), and denoting by g(¢) any test function, we have

& [ ao @0 =2 [ g0 -0+ 5a"(0)
G = 9)
CHGo )Y

Assuming propagation of chaos in the limit N — oo, namely there exists a
one-particle distribution f(¢,t) such that f(¢,t) — f(¢,t) and £ (¢, 1) —

(@, 0, t)dedy.
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f(¢:t)f(¢7t)a we get
& Lot =r [ [t -0+ 50

G —9)
H(G¢ =+ f)

which is the same as (3.5) without the low-order terms.

F(o, ) f (@, t)dpdip,

We can write (3.7) in a more convenient way by introducing a potential V(o)
such that

(¢G<) f

%V ="Goar

(3.8)

and a Gibbs distribution

M(6) = iexp< 2Vs (¢>), Z; = /]R exp <_M) do. (3.9)

Zy K K
We recast (3.7) into
_r (Gexf) [
o) =00 {0 (s Th e ) | 5.10)
which in the symmetric case (H = 1) corresponds to

atn =50, {amse, (U520,

and for the non-symmetric case (H = Id),

atn) =v0s {a1s0, (1)} (3.11)

Remember that sy = %2 which is assumed to be small.

3.3. Equilibria and phase transition

In this section, we investigate the equilibria for the operator @ in Eq. (3.10). In the
general case, we have the following.

Proposition 3.1. foq is an equilibrium, i.e. a solution of Q(feq) = 0, if and only

if [ satisfies:
(i) in the symmetric case,
(G 1)f = Byty, By = [ (Gex s (312)

(ii) in the non-symmetric case,

f=M;. (3.13)
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Proof. Integration by parts leads to

Gc*f) o (Gex ) ]
Q(f dp = / My |0p | ——=——==—— ]| do.
/ (Gex f) My w70 \H(Gex f) My
Then Q(f) = 0 if and only if ((GG‘ ff)) -L is a constant. This constant is given by
the constraint [ My = 1. O

Proving the existence of a fixed point for Egs. (3.12) and (3.13) is in general
challenging. We will focus our attention on the Gaussian case where

G(u) = e /2. (3.14)
In this case, we have the following.

Proposition 3.2. Assume that the interaction rate G is given by (3.14). Then
Gaussian functions feq = Fu o, with

1 _ 2
FU#P(d)) = \/%0_ exp <_%> (315)

are equilibria, provided that:

(i) in the symmetric case, o0 = o5 with

2 ¢
Kb (3.16)
(ii) in the non-symmetric case, o = o, with
02 = %42_ T (3.17)
Therefore, Gaussian equilibria exist only for k such that:
(i) in the symmetric case,
K< kes(C) =C% (3.18)
(ii) in the non-symmetric case,
K < Kea(C) = 2¢% (3.19)

Remark 3.3. (Constraints and phase transition)

e The constraints in Eqgs. (3.18) and (3.19) give a critical value of x for which
a phase transition takes place between existence and non-existence of Gaussian
equilibria. Notice that when k approaches its critical value the variance of the
equilibria diverges. Therefore, opinions spread toward dissension. Otherwise, a
consensus arises. On the contrary, if the noise strength 2 — 0 then o — 0 and
we expect to converge to a Dirac-delta distribution. The phase transition that
we observe here corresponds to the one proven in Ref. 10 when considering the
grazing collision case.
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It is easy to check that o5 > o4, therefore, opinions in the symmetric case are
spread more around their mean than in the non-symmetric one.
Replacing the value of x in Eq. (3.4) we can rewrite Eqgs. (3.18) and (3.19) as

22 < COC2'}/7

for ¢y = 1 in the symmetric case and ¢y = 2 in the non-symmetric case. Notice
that for higher values of v and (, we expect more consensus and, therefore,
condensation of the opinions; the larger + is, the closer the agents get in their
opinions and the larger the typical interaction range ( is, the more interactions
take place and the faster a consensus can be reached. The product of these two
quantities must bound the strength of the noise 2.

Notice that in Ref. 10 the constraint for the symmetric case takes the form

22 < (2y(1 7).

This is consistent with our result as in Sec. 3.2 we assumed weak consensus
interactions and drop terms of order ¥2.

In the sequel we will use repeatedly the following identities (expressed in the

notation of Eq. (3.15)):

Fy0F,0 = \/Tﬂ \/m_]’Z : (3.20)
Fro#Fyp=F foes (3.21)
Op(f *9) = (Opf +g) = (f % Dpg). (3.22)
Notice that in the Gaussian case (3.14) we can express G as
G¢ = V21(Fep. (3.23)

Proof of Proposition 3.2. In the case (3.14) we have ¢G: = —(?94G¢ and so

G¢) *
@)C:fiiff = —(C?0,log(G¢ * f),

which implies that

Vi = —(?log(G¢ * f) + Constant.

This implies that

M; = Cf(wa) - Cr= [GonnFas (3.24)

For the symmetric case, inserting this into (3.12)7 we get

(Gex [)f = 7~ (Ge * f)

By
Cy
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or
By 2¢2
=L@ 1
f Cf( ¢ f)
Now, one can check using (3.21) and (3.23) that f = F, , is a solution provided
that

which leads to (3.16). The condition for 02 > 0 is that % — 1 > 0 which leads to
the constraint x < (2.

The non-symmetric case is dealt with analogously by inserting expression (3.24)
into (3.13). |

4. Space Inhomogeneous Model and Continuum Limit

In this section, we consider the space inhomogeneous version of the opinion for-
mation model and investigate the evolution of the mean opinion dynamic when
interactions become localized in space. This is done in the spirit of hydrodynamic
limits for kinetic equations.

4.1. Derivation of the kinetic model

In this section, we assume that the agents are endowed with a spatial variable
a € R" (with n € {1,2,3}) which can be the geographical distance or any other
social metric. Then, each agent labeled ¢ (i € {1,..., N})is described by its location
variable a;(t) and its opinion ¢;(t) at time ¢. Inspired by Ref. 10, we can interpret
a; as the city of voter 4. It interacts with voter j with opinion ¢; and resident in
city a; according to rule (3.1) with rate

Ge(pi — ¢))Fe(ai — )
H(L SN, Ge(ds — dr) F- (o — o))

Gelo) = G (%) Fia) = =F (%)

and H given in Eq. (3.2). The parameter ¢ is supposed to be a measure of the
interaction range in the position variable . We subsequently normalize F' such
that

with

[ Flapda =1.

and denote by D the constant
1

D= % /n F(|a])|a)®da. (4.1)

Let f = f(«,®,t) be the probability density of the agents in the («, ¢) space
at time t¢. Following the same reasoning as previously, we can write for any test
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function g = g(a, @):

T fgdadd= [ g(asd+ 10— &) + 1) — gl $)] (e b, 6 F (B 1)

dt Rn+1 R2n+3

Gelo —¥)) - .
X HEG, vy i@ o1 ~ ADaln)dndgdydads.  (42)

As done previously in Sec. 3.2 for the spatially homogeneous case, we consider
the case of weak consensus interactions where v and X2 are small and of the same
order of magnitude. Taylor expanding the bracket in the previous expression and
dropping the low-order terms we get

%/ngdadéb = 7/ . [%g(a, )W — o)+ gﬁig(a, )| fle, ¢, 1) f(B 2, t)

R2n+

« —Gllo=¥D g 14— ) dodpdads, (4.3)

HF.G¢ *a0 [1(0)
where & is given by Eq. (3.4).
Using integration by parts, we get the strong form of the Fokker—Planck equation
for f in the inhomogeneous case:

of B
T, (4.9
o (F9G¢) *a,6 | K (FLG¢) *a,0 f
QW) =19 {H[FEGC rao 71 T 2% (H[FEGC vos £ ) } - 45)

where #, 4 denotes a convolution in both the a and ¢ variables. This system can
also be directly derived from a stochastic differential system in exactly the same
manner as in the homogeneous case, Remark 3.2. Details are omitted.

Now, we plan to investigate the ¢ — 0 limit, i.e. we assume that the exchange
of intentions is at leading order a local phenomenon in space. We note that for any
arbitrary function ¢, we have

F.xp=¢p+e’DAsp + O(e?),
where A, denotes the Laplacian operator in the « variable. Using this expansion

and introducing a diffusive time variable ¢’ = £2t, we get, dropping the primes,

S
R = Q) (16)

where the operator @ is given in (3.7) and:

(i) for the symmetric case,
€ € g g K g €
RE = RS = =700, {(6Gc * Aaf)f* + 505((Ge + Baf) )} (A7)

(ii) for the non-symmetric case,

(0Ge) * f
(Ge = f)?

(0Go) * Ao f

R f}. (4.8)

R® = RS = —yDd, {
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In both cases * denotes a convolution with respect to the ¢ variable only.
In the following section, we study the formal limit as ¢ — 0 for the Gaussian
case (3.14).

4.2. Derivation of the hydrodynamic model (Gaussian case)

In this section, we restrict ourselves to the Gaussian case (3.14) and study
the evolution of the mean opinion for Eq. (4.6) in the limit ¢ — 0. To com-
pute this limit, the concept of collision-invariant is key as it will be explained
next. However, in the non-symmetric case the mean opinion is not a con-
served quantity. This difficulty will be overcome by using a technique remi-
niscent of the classical Hilbert expansion.'® Notice that the lack of conserved
quantities is not new in the literature, see Ref. 17 where the authors use a
novel technique to compute the hydrodynamic limit, different from what we
do here.
First, we deduce the following.

Lemma 4.1. Assume that G¢ is given by (3.23) with k satisfying (3.18) in the
symmetric case and (3.19) in the non-symmetric case. Assume, further, that the
Gaussian equilibria given by Proposition 3.2 are the only equilibria of Q. Let f¢ be a
solution of (4.6) and suppose that f€ — [ as nicely as needed. Then, there exist two
Junctions p = p(a,t) and ¢ = p(a,t) such that

f(Oé, ¢7 t) = p(av t)Fa,Lp(a,t) ((b) (49)

The functions p = p(a,t) and ¢ = o(a,t) are respectively the agents’ density and
intention field at location « and time t, i.e. we have

/ Fles b )b = (o), / Flor6.t)9dd = plastyplant).  (4.10)
R R

Proof. Letting e — 0 in (4.6), we get that f formally satisfies Q(f) = 0. Since @
only operates with respect to the ¢ variable we deduce that f is proportional to
F, , by Lemma 3.2 with ¢ possibly depending on (c,t). Furthermore, since F,
is a probability distribution with respect to ¢, the proportionality coefficient is the
density p(a, ). m|

Remark 4.1. (The general case) Notice that the equilibria defined via Egs. (3.12)
and (3.13) (if they exist) are not necessarily defined by some moments of f like
the total mass, mean value or variance. This is the case in classical kinetic theory
where the goal in the hydrodynamic limit is to find the evolution of these moments,
which correspond also to conserved quantities of the system. However, here, in the
general case, it is not clear that this is the case. A partial attempt to solve this
problem can be found in Ref. 22.
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The function (4.9) is a local thermodynamical equilibrium of the system. Now,
we need to find the collision invariants of @, namely the functions x(¢) such that

/ Q(f @)dp =0, Vf.
We have the following.

Lemma 4.2. (Collision invariants) The function x(¢) = 1 is a collision-invariant
of the symmetric and non-symmetric cases. The function x(¢) = ¢ is a collision-
mwvariant of the symmetric case.

Proof. Since @) is a derivative with respect to ¢, by integration by parts, it is
straightforward that x(¢) = 1 is a collision-invariant for both cases. Now, for the
symmetric case, considering x(¢) = ¢, we have, using integration by parts,

[ @n@eas == [ (6= 6)Gelo =) () 0o =0,

because the function (¢,v) — Ge(¢¥ — @) f(¢)f(¥) is invariant by exchange of ¢
and v while the function (¢,1) — (¥ — ¢) is changed in its opposite. O

That x(¢) = 1 and x(¢) = ¢ are collision invariants corresponds to the conser-
vation of the number of agents and that of the mean intention during an encounter,
respectively.

Lemma 4.3. (Collision-invariant for the linearized operator) Assume that the
solution to (4.4) decays sufficiently fast as |¢| — oo. Then, under the assump-
tions of Lemma 4.1, in the non-symmetric case, the primitive x(¢) = f¢(G< *
Fy oa)(@')de" is a collision-invariant of the linearized collision operator, denoted
Ling, around Fy ,(a.t)-

Proof. The linearized form of @Q in Eq. (3.11) around F; ., ) is given by:

. (6G¢ * f)Fy p(a, (0Ge * Fy o) f
Ling (f) = 704 < GC = sp(ast) 4 GC - p(at)
¢ ¥ Lo p(ant) ¢*Lop(at)

(d)GC*Fatpat)(GC*f) o,p(a,t) )
+ = 8 f
(Ge* Fopan)? ¢

By assumption, the boundary terms vanish. Integrating against y and using
that x is the primitive of G¢ x F; ,(a,¢), we obtain

(4.11)

¢
/LinQ(f)(¢) V (Ge* Fa,cp(a,t))((b/)d(b/] de
R

:_7/ <(¢Gﬁ*f) o,(a,t) + (d)GC*Fo’,ga(a,t))f
R GC * Fg#,(a’t) GC * Fg#,(a’t)
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((ZSGC * F”’W(avt))(GC * f)Fa,Lp(a,t) K
) (Ge * Fopian)? #5007 ) (O)Gc * Frgio)@)d0

(Here we use Fubini’s theorem to change the order of integration...)

= —V/Rf |:_(¢GC * FO’,Lp(Ot,t))((ZS) + ((ZSGC * Fa,ga(a,t))(d))

((ZSG >I<.Fg7 a, )Fm o, K
—Gc*( C(Gg*? t)< t>>¢( %) = 506(Gc * Frpan) (@) | do
o,p(a,

o (d)GC * Fo’,ga(a,t))FU,ga(a,t) K
= —’Y/Rf [—Gg * ( G+ Fypion) ) - §8¢(G< * Fo,ga(a,t))(d)):l do

:O7

where we have integrated by parts. Using the exponential decay of F' at infinity, the
boundary terms in the integration by parts vanish. The last equality is obtained as
follows, using Eqgs. (3.21) and (3.23):

(¢GC * Fy p(a t))FO' pla,t) )
G+ ( ete)Fopan
¢ (GC * Fo’,ga(oz,t)) ( )

(0p(Ge * Fy, (a,t>))Fa,w(a,t>))
e ( ?
¢ ( ¢ (Ge¢ * Fy p(at) (@)

= _CQ(GC * [(8¢ IH(GC * Fcr,cp(a,t)))Fa,¢(a,t)])(¢)

1
W(GC ¥ (¢ — pla, 1) Fy p(a,n) (@)

=(?

0.2

2
o2 + (2
K
= —58¢(GC * Fo-,gp(oz,t))(qs)'

In the last equality we used the value of o given in (3.17). |

=— (G * 0pFy p(a,t)) (@)

Finally, we can prove the following.

Theorem 4.1. Under the assumptions of Lemma 4.1, as € — 0, the solution
f¢ of (4.6) formally converges to a local thermodynamical equilibrium (4.9), i.e.
[, 0,t) = pla,t)Fy pian) + O(e?) in a suitable topology, where p is constant
in time and the density of opinion pp evolves according to the following diffusion
equation in regions where p > 0:

(i) in the symmetric case,
43

9 _ 2 —
(pp) =CsVa-pVap, Cs:=7D (202 + (2)3/2°

ot
where o is given in Eq. (3.16);

(4.12)
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(ii) and in the non-symmetric case,

, . C, 2 _ ¢?
E(p@) = 7va P Vap, Cq:= ’YDU?I el (4.13)

where o is given by Eq. (3.17).
For the significance of this theorem we refer the reader to Sec. 2.

Proof of Theorem 4.1. From Lemma 4.1, we deduce that f = f(«,¢,t) =
p(a, 1) Fy o(a,t)()- Notice that by assumption G¢ is of the form (3.23). We split
the proof between the symmetric case and the non-symmetric case.

Symmetric case. Successively multiplying Eq. (4.6) by 1 and ¢ and using
Lemma 4.2 we get

ap®

5 (1) =0, (4.14)
0 D G A, fE t
(7)) /sz—w) (6 — B) A f (00,5, )

X [€(a, ¢, t)dpdip = 0, (4.15)

where p® and ¢° are defined by (4.10) with f replaced by f¢. Now, letting ¢ — 0
and using (4.9), we get

dp B
5 (@) =0, (4.16)
0
5 P2@) +9D [ (6= $)Ge(d ~ D) Aalp(0,) Py i) ()
R
X P(Oé7 t)Fa,cp(a,t) (¢)d¢d¢ = 07 (417)

We compute

Va (p(a’ t)FU,ga(oz,t) (¢)) = FO’,Lp(Ot,t) W) [Vap + <¢0_2 S0) Pvaﬁp} (O‘7 t)a

and

Au(p(est)Fp ooy ()

Y-
2

g

1
= Fop(a,)(¥) [Aap - ;p\vawlz + ( ) (PAsp +2Vap - Vap)

(52 pvmﬂ (1), (4.18)

g
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Then, we have

a0t =0 | Aap = 3oVl (@) [ (00160~ ) Faian @)

X Fy (a0 (0)dddy) + plpAap + 2V ap - Vo] (a,t)

B /R2 1/} — <p(¢ - Z/})GC((ZS - Z/})Fa,cp(a,t) (w)Fg,Lp(a7t) (¢)d¢d’(/}

o2

o2

+ 2| Vail?(a, t) /R2 <¢ — @)2 (0 —¥)Ge(— )

X FO’,Lp(Ot,t) (¢)Fa,tp(a,t) (¢)d¢d¢

The first integral is identically zero by antisymmetry. The second and third integrals
are denoted by I> and I3. To compute them, we introduce the change of variables
6 =0¢—pla,t), P =1 — ¢(a,t) and we get (omitting the bars for simplicity):

f2= /R :f—z (¢ — )Ge(d — V) Fo o) Foo(¢)dpda),
2
fo = /R %) (& — V)G (¢ — ) Foo () Fao(¢)dddis = 0.

The integral I3 is identically 0 by antisymmetry. Now, we compute the integral I,
using consecutively Eqgs. (3.23), (3.22), (3.21) and (3.20):

B = [ P0Gl =)0, () P (o) s
= ¢ [ (966 0sFr) (@) Fr(0)d0
R
= ¢ [ (G x Fa)(0)Fuo(0)d9
R

e / DG * Fi0)(6)0y F o)

¢ [ VIR, (F iz ) (0006 Fral0)do

2
= —¢Van ® 02(02 + (2) ¢27r(202 T Cz)F\/%jfp,ow)w
43
(202 + (2)3/2°
Finally,
1 0 ¢

V—DE(PSD)(OM t) = Wﬂ[ﬂ%@ +2Vap - Vagl(a, ),

which gives the result for the symmetric case.
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Non-symmetric case. We conclude that p = p(«) is independent of time ana-
logously as for the symmetric case. To compute the equation for ¢ = p(«,t) we
will use the collision-invariant for the linearized operator given in Lemma 4.3. We
multiply Eq. (4.6) by

¢
x=x(6) = /(Gg*Fwat)(wdas,

and obtain

R T

- = [ o, (£19)

Now writing that f. = p(a,t)Fy ot + €2f1 + o(e?) (by assumption), we have
that Q(f-) = €2 Ling(f1) + o(¢?), where Ling is given in (4.11). Consequently, by
Lemma 4.3, it holds that

5 [aten@d —o

+

We are left with computing the left-hand side of Eq. (4.19). Letting ¢ — 0,
keeping the highest order in € and integrating by parts, we obtain

0
0= [ (@) 5pds+7D [ Gcx Frpian)

y [¢G< *Aof  (9Ge* [)(Gex Aaf)
Gex f (Ge* f)?
=1 + I+ I,

(¢)d¢

with f = p(a)Fy o(a,r)- Next we compute each one of the terms. For I; we obtain,
using again Egs. (3.20)—(3.23),

of
L Ot

a o,p(o,t
—pla) [ D o) ()5

I = (@)x(¢)do

a) /R O Fr ooy (6)X(0)d

0
= G2 09(0) | oo (0)(Gc * Frgian) ()0

0
= \/%Ca—f(aat)f)(@) /R Fa,ga(oz,t) (d))F\/m,cp(a,t) (d))dd)



Math. Models Methods Appl. Sci. 2017.27:159-182. Downloaded from www.worldscientific.com
by 86.155.37.177 on 03/05/20. Re-use and distribution is strictly not permitted, except for Open Access articles.

Continuum dynamics of the intention field 179

=2r < (¢)do

\/ 2a2 e / \/ 2Lt o(ant)
1
= V27 —@ a, t)pla) —F—or—.
Va0 )pl0) s
The integral
o = 9D [ Foipa (6)(6Gc + Baf)(0)d0
R
CS
= — Di
v (202 + (2)3/2
was already computed in the symmetric case (observe that the factor p is not present
here), so we are left with computing

QSGC * Fy w(a t)(GC * Aa(p(a)Fa p(a t)))
Iy = — D/ o,p(a < : . : .
’ ! o(@n(?) G+ Fop(a

[pAozSO + 2vap : Va@}

) @ao,

Using the computation for Ay (pFy ,(a,¢)) in Eq. (4.18), we can compute analogously
as for the symmetric case. One can check that the only term that does not cancel
by an antisymmetry argument (as done previously for the integrals I1 and I3 in the
symmetric case) is

(9G¢ * f)(G¢ * 0pFys p(at))
(Ge* f)

I = [pAap + 2Vap - VaplyD /R Fy ooy () (6)do

_CQ[pAonD + 2vozp : VQQD}’YD

/ 9 (G¢ * Fo p(a,1))06 (G¢ * Fy p(at))
X Fa e(a,t
(Ge* Fo )

= (2 [pAa@ + 2vozp ' Va@]WD

(¢)de

(¢ — )

X /]RFa,w(a,t)(¢)a¢(GC * Fa,w(a,t)(ﬂs))m(qs)dﬁs
= V213 [pAnp +2Vap - VaplyD
(¢ —©)?

X /R Fo‘,gp(a,t) (¢)F\/,ﬂ—.|_g27<p(a,t) (¢) md¢

F 2
2 /22 oa)
V2R3 [pAap + 2Vap - ValyD (¢—¢) 2o e d
21(°[pAap p-Vaely T COP Izt O ¢)dg

vDo?

(o7 + C/ara )2 1 )

= V21 [pAap + 2Vap - Vay)

We conclude

Do ¢?

Par = Dm[ﬂﬁwp-iﬂvap'vas@] |
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5. Conclusions

In this work, we have studied the long-time dynamics of an opinion model in the
limit of spatially localized interactions under the assumption of low consensus. The
considered model is borrowed from Ref. 10 where it is used to model voter’s inten-
tions. We have investigated the dynamics under two different interaction rates: one
given in Ref. 10 (symmetric binary interactions) and the other inspired from Refs. 29
and 30 (non-symmetric binary interactions). In particular, we show that the density
of opinion pyp is a conserved quantity for the symmetric case but not for the non-
symmetric case; this is a direct translation of the conservative (or non-conservative)
properties of their respective kinetic equations. Moreover, in Corollary 2.1 we give
criterion on the spatial density p to decide for which one of the two rates consensus
is reached faster.

The interaction rates considered come with a modeling choice: the symmetric
rate in Ref. 10 assumes, for instance, that any two pairs of individuals have the
same influence on each other; this is not the case for the non-symmetric rate,
which assumes that individuals in a large group are more influential than solitary
ones. Other modeling assumptions can be considered, for example, we could assume
transport of individuals between different spatial regions. In this manner, one could
assume that individuals move toward places where larger clusters are formed (migra-
tion from the countryside to the cities) or a rule where individuals move to places
where others think alike. As we can see, a variety of possible modeling assumptions
can modify these opinion models in various directions. The validity of the model
considered will depend on the actual situation that we wish to describe. In any
case, the derivation of the macroscopic equations for these models leads, first, to
the long-time dynamics, and second, to understanding the relevance of a particular
modeling choice and contrast it with other alternative choices. Here, we have illus-
trated this idea by comparing the conservative properties and the influence on the
speed toward consensus for two different interaction rates.

Deriving macroscopic equations for these models has many benefits: it gives
access to the long-time dynamics in both a qualitative way (by analyzing the depen-
dence of the diffusion constants on the model parameters) and in a quantitative way
(by enabling numerical simulations for a large number of agents and over a long
time without suffering from the curse of complexity). It also allows us to explore
the relevance of particular modeling choices by contrasting them with alternate
choices (illustrated here by the striking differences between two different interac-
tion models in their conservation properties and speed toward consensus). For the
non-symmetric case, we were led to develop a theory beyond the state-of-the-art
of kinetic theory which is mostly restricted to the conservative case (see however
Ref. 19 for another instance of treatment of non-conservative interactions). Being
able to treat non-conservative interactions is key toward the development of kinetic
theory for social interactions as such interactions cannot be associated with a con-
served quantity in general.
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