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Random Walk, Local times, and subsets maximizing
capacity

Amine Asselah * Bruno Schapiral

Abstract

We prove that in any finite set, in Z¢ with d > 3, there is a subset whose capacity and
volume are both of the same order as the capacity of the initial set. This implies some optimal
estimates on probabilities of various folding events of a random walk. For instance, knowing
that a random walk folds into an atypical high density region, we show that this random region
is most likely ball-like.
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1 Introduction

We consider a random walk {S,},en on Z%, with d > 3. For n € NU {oo}, and site z € Z%, the
local time is defined as

lp(z) = Z 1{Sy = 2z} andfor A CZ% £,(A):= Zﬁn(z). (1.1)

kelo,n) zeA

One of the main result of this note relates the tail behavior of the occupation time of A to the
harmonic capacity of A C Z¢ whose definition is as follows:

cap(A) = pr (Hy =o00), (1.2)

TEA

where P, denotes the law of the walk starting from z, and HX is the first return time to A.
Alternatively it can also be viewed as a probability to hit A by a walk starting from infinity,
conveniently renormalized:

1
= lim ——P,(H < o0), 1.3
200 G(2) (3 ) (1:3)

cap(A)

where G is Green’s function:

G(z):=> P(S, =2).

n>0
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A third equivalent way to define the capacity is given by the variational formula

1
= inf { ZZ G(z — y)u(z)p(y) : p probability on A}. (1.4)
cap(A) zEAYEA
The infimum is reached for the harmonic (or equilibrium) measure p(z) = Py(H{ = 00)/cap(A).

The many writings of the harmonic capacity, help obtain useful bounds. There exists a constant
ag > 0 (which depends on dimension d), such that

aq - |A]*"%4 < cap(A) < Al (1.5)

The upper bound comes from (?7), and the lower bound comes from taking u in (??7) to be uniform,
and rearranging the sum using that Green’s function is bounded by a symmetric radially decreasing
function, and

Glz) = HZT@_Q + O(HZ1||d), (1.6)

with c¢g some explicit positive constant (see Theorem 4.3.1 of [?]). In the continuous setting (?7)
allows to define the (usual) electrostatic capacity on R? with G(z) = ||=||>~¢. The Poincaré-Faber-
Szegd’s inequality [?] states that for some ag > 0, cap(A) > ay - |A|*=%/¢, for any compact set A
with smooth boundary, with equality reached only when A is a Euclidean ball.

The capacity appeared as a central object in many remarkable studies, and we would like to
highlight some of them. In the forties, Kakutani [?] discovers that a compact set of R?, is hit
by Brownian motion with positive probability, if and only if it has positive electrostatic capacity.
Fifty years later, Benjamini, Pemantle and Peres [?] make quantitative Kakutani’s discovery, and
establish sharp upper and lower bounds between a related capacity (Martin’s one) and the hitting
probability in the context of Markov Chains. In the late eightees, Kesten [?] bounds the growth rate
of diffusion limited aggregation (DLA), a celebrated model of discrete random growth on Z? where
sites in the boundary of the cluster are chosen according to the harmonic measure (of the boundary
of the cluster). For doing so Kesten introduces a martingale whose compensator is the sum of
inverses of capacities of the growing cluster. This in itself is inspiring: understanding the growth
of the capacity of the cluster plays a key role in understanding the reinforcement phenomenon
behind the ramified tree-like shape of DLA (see also [?] for a related model). Finally, ten years ago,
Sznitman [?] introduced a model called random interlacements which is a homogeneous Poisson
point process on Z¢ such that the number of trajectories (the points of the process) hitting a given
compact K is a Poisson random variable with mean u - cap(K'), and whose hitting sites (of K)
distribution is according to the harmonic measure (of K). The model of random interlacements
proves (or is conjectured) to be adapted to the study of many phenomena where a random walk
realizes atypical high densities: (i) either by reducing its range, and in a certain regime this is the
Swiss Cheese problem (see [?]), (ii) or by disconnecting say the sphere B, := {z € Z% : ||z|| < n},
from the complement of By, see [?7, ?], and many more sophisticated events which we gather under
the name of folding. One very basic example of folding is captured by the following event. For
r > 1, a set C of sites at distance at least 4r one from each others, and for a density p > 0, we
consider

F(r,p,C):={Vx €C, loo(B,+x)> p|B;|}. (1.7)
In many folding problems, one central issue is to characterize the size and the shape of the folding

region C.

Our key result concerning such folding events requires some notation. Let & be the collection of
finite subsets of Z%, whose points are at distance at least 4r one from each others, and if C € X,

let B.(C) = U ec(Br + ).



Theorem 1.1. Assume d > 3. There exist positive constants 5 and K, such that for any r > 1,
p >0 and C € X,, satisfying
pri=2 > Blog|C|, (1.8)

one has
P(Vz € C, loo(B, + z) > prd) <exp(—k-p-cap(Br(C))). (1.9)

Note that when r = 1, B, (x) reduces to {z}, and B,(C) reduces to C.

Remark 1.2. We obtained a similar inequality in Proposition 1.7 of [?], but for local times taken
at some finite time 7, and with an additional combinatorial factor of order (n|C|)I! in the right
hand side of (??). The extension to infinite time horizon comes from a slight modification of our
previous proof, but the removal of the combinatorial factor requires an original ingredient, given
by Theorem 7?7 below.

Remark 1.3. Sznitman obtained results with a similar flavor as Theorem 77 in the context
of the Gaussian Free Field (GFF) and in the model of Random Interlacements, respectively in [?,
Corollaty 4.4] and [?, Theorem 4.2] (see also [?] for related results). This is consistent with the facts
that on one hand the random walk is a limiting case of Random Interlacements, as the intensity
parameter goes to zero; yet in our case it does not seem possible to deduce our results from those
of [?] or [?]. On the other hand, it is well known that the GFF and the field of local times of
a random walk are strongly connected via the celebrated Dynkin’s isomorphism (see e.g. [?] or
[?]), and actually many results concerning the percolative properties of the field of local times for
Random Interlacements find their exact analogues in the setting of the level-sets of the GFF, as
illustrated in the recent works [?, 7, 7, 7, 7].

Theorem 77 relies on the following observation, which to the best of our knowledge is new.

Theorem 1.4. Assume d > 3. There exists o > 0, such that for any r > 1 and C € X,., there is a
subset U C C, satisfying

(i) cap(B,(U)) > a-r¥2U| and (ii) r72U| > a- cap(B,(C)). (1.10)
To appreciate the usefulness of Theorem 7?7, we note that in many settings, the folding event
concerns a walk of length n and is of the form UcF(r, p,C) where the union is over all C C [—n, n]?,

with only a lower bound on their volume, say |C| > L. In other words, the folding region is often
unknown. Then Theorem 7?7 and a naive union bound gives

P(UcF(r, ,C)) < @)+ - exp(—rp - ag - ri-2L1-2/)
using also that cap(B,(C)) > aqr¢=2|C|*~2/¢ by (??), which is useful only when (ignoring constants)
L Jog(n) < p- 1?72, (1.11)
Now Theorem ?? allows to go beyond this condition (?7?), and gives
P(UeF(r, p,C)) < exp(—rp - ag - r¥ 2L 2/4),
under the weaker assumption (ignoring constants):

log(n) < p-r®2.



The latter can be used to characterize the shape of a localization region for a random walk (which
corresponds to the level-sets for the local times in the particular case r = 1, see below), which we
now describe in details. First, we introduce more notation. To obtain a neat partition of Z¢ we
switch to cubes, rather than balls. Define for » > 1,

Qr:=[-r/2,r/2)2n2Z¢, andfor ze€Zi Q.(z)=z+Q,.
Define further for p > 0 and n > 1,

Cu(r,p) :={z erZ : 0,(Qr(x)) > pr'}, and V,(r,p):= U Qr(x). (1.12)

We can now state our third result.

Theorem 1.5. Assume d > 3. There are positive constants k, &, and C, such that for any n, r
and L positive integers and p > 0, satisfying

pri=2 > C -log(n), and n> CpriL, (1.13)
one has
exp(—r-p-ri2. LlfQ/d) < P(|Cu(r,p)| > L) <exp(—F-p-r? 2. LlfQ/d). (1.14)
In addition there exists A > 0, such that

lim inf P(cap(Va(r,p)) < A~ Va(r, p)|" 24| |Cplr, p)| > L) = 1, (1.15)

n—o00 (rvva)
where the infimum is taken over all triples (r,p, L) satisfying (7).

Remark 1.6. The result is interesting on its own right for » = 1, in which case it concerns the
so-called level-sets of the local times, that is the sets of the form

Lo(p) :=={z €27 : ln(2) > p}.
Specializing Theorem ?7? to these sets gives that for p > C - log(n) and n > Cp - L (i.e. (?7))
exp(—r - p- L' <P(|Ln(p)| > L) < exp(—F - p- L'%/1),

Furthermore, asymptotically as n goes to infinity, conditionally on being non-empty, the shape of
L, (p) is ball-like in the following sense. There is A > 0 such that for p,,, L, satisfying p, > C"-log(n)
and n > Cpy, - Ly,

nh—{go P(Cap(ﬁn(Pn)) <A |En(Pn)|1_2/d | [Ln(pn)| > Ln) =1
Remark 1.7. Theorem 77 is also interesting in its full generality for the question of the moderate
deviations for the volume and the capacity of the range. Indeed, in our previous works [?, ?], we
found that conditionally on shrinking the range, the walk folds in a ball-like (random) domain in a
distinct manner according to whether d = 3 or d > 5. By ball-like we mean that as the walk length
n increases, the capacity of the region of high-density, say V,, remains of the order of |Vn|1_2/ d
that is of the order of the capacity of a ball of volume |V, |. However, the characterization of the
deviation scenarii in [?, ?] was limited to a subregime of the moderate deviations. With the help of
Theorem 77, we can now complete the picture, and get that the folded region is typically ball-like.



Remark 1.8. Note that the condition (??) is (nearly) optimal. Indeed, concerning the first part,
observe that when the walk hits a ball of radius 7, it stays typically a time of order 72 in it, so
that the density of occupation is at least 1/r¢~2. Moreover, concerning the second part, which is
only needed for the lower bound in (??), note that one needs at least n > pr?L, for the set C,(r, p)
to be non-empty, and the role of the large constant C' is simply to allow some room for proving
the lower bound. Actually we also obtain a similar result as Theorem ?7? for a closely related set,
where instead of recording the time spent in small cubes, we count the number of visited sites, see
Proposition 7?7 for details.

The paper is organized as follows. Section ?? contains our main technical novelty: the proof of
Theorem ?77. In Section 7?7, we prove Theorem ??. Finally, in Section 7?7 we prove Theorem ?77.
The proof is divided into a short upper bound, and a technical lower bound in Section 77 where
we actually state Proposition 7?7 which deals with the (slightly more difficult) problem of covering
a certain partition of space, rather than with local times.

2 Proof of Theorem ?7?

We start with the proof in the case r = 1, which we think is instructive and more transparent.

Case r = 1. We need to show that in any finite set A C Z¢, there exists a subset U, whose
capacity and cardinality are both of the order of the capacity of A. The proof is an instance of the
probabilistic method. Indeed, we build a random set U which satisfies the desired constraints with
positive probability.

First, choose a family of i.i.d. trajectories (%, 2 € Z%) with the same law as the walk S = {Sn}n>0
starting from the origin, and denote their joint law by P. The hitting time of A by a (random)
path v : N — Z? is denoted by Hj(7), the return time to A by H} (), and set v, = 4% + 2. Now,
the random set U is

U:={zeA: H(y)= oo}

Note that the volume of U is a sum of independent Bernoulli random variables, and thus

E[|U]|] = Z]P’ 00) =cap(A), and var(|U]) < cap(A).
rEA

Thus |U| is concentrated around its mean and by Chebychev’s inequality

1
cap(A)’

P(u] < SE[U]) < and  P(U| > 2E[u]]) < (2.1)

cap(A)’

We can assume cap(A) > 16, (as for sets with bounded capacity one can always choose « small

enough) so that (??) reads

B(2eap(A) > U] > Seap()) > . (2.2)

Now, we show that cap(i) is of order its volume. By (??), if we choose for y the uniform measure

on U, then
cap(U -1
o <‘u| Z Gz ) . (2.3)




Let us compute the expression on the right hand side of (?7?).

Y Gla—y) =D 1{Hf () =00, H{ () = 00} - Gz —y)

z,yeU TEA yeEA

0)- U+ > L{H{ () = o0, H(v,) = o0} - G(z —y).
z€A yeA\{z}

Note that if z # y, then ~, and v, are independent. Therefore,

E| Y Gla—y)| <GO)-EU]+ ) P(H](n)=00)Gx—y)P(H{ ()= c0).

x,yeU z,yeA

By a last passage decomposition (see Proposition 4.6.4 in [?]), for x € A,

IP’(HA o) <oo ZGm— (fyy) )
yEA

Thus,

e~ w

E|Y G@-y)| <(G0)+1)-cap(A), and P| Y G(z—y) <4G(0)+1)-cap(A) | >
z,yeU x,yeUd

Together with (?7), we obtain

1
P 2cap(A) > U] > Seap(A), 3 Glr—y) < 4(G(0) + 1) -cap(A) | > % (2.4)
x,yeU
By (??) and (??), we deduce that for some a > 0,
P <2cap<A> > U| > Leap(A). cap(td) > o cap<A>) -2 (25)

Thus, we conclude that (??) holds for a random set U, when r = 1.
We now prove the general case by refining the previous argument.

General case r > 1. The proof follows the same steps after we choose an appropriate random subset
of the set of centers C. For simplicity, for » > 0, we set A, = B,(C), and V, to be the complement
of Bg,(C). We need now the hitting time of A, after exiting Bs,(C). For a trajectory ~, define

Hj (v) = inf{k > Hy,(7y) : v(k) € A, }.

Then choose a family of i.i.d. trajectories (y*,2 € Z?) with the same law as S, denote the joint
law by P, and set 7y, = 4* + 2. Our random set reads now

U:={xecC: Hy (y;) = o0}

Thus, each center x € C is kept in U/ if a random walk launched from x escapes A, after exiting
By, (C). The reason to force first to exit B, (C) stems from the following lemma taken from [?].

Lemma 2.1. There is 8 > 1, such that for anyr > 1,C € X, and x € C,

1
OP(H} (vz) = 00) > 3 Z P(H (y+5) = o0) >
y€IOBy(x)

B(Hf (o) =o0).  (26)

<b\>—~



Now, note that |B,(U)|/|By| is a sum of |C| independent Bernoulli random variables, and therefore
var(| B, (U)|) < |Br| - E[| B, (U)]].
Furthermore, thanks to Lemma 77, there are positive constants ¢; and co, such that

crr? - cap(B,(C)) < E[|B:(U)[] = |B;| - ) _P(H}, () = 00) < car® - cap(B,(C)).
zeC
It follows that for a positive constant cs,
1 rd=2
P -E||B.(U)|| < |B.(U)| < 2E||B.(U >1l—-—c————F=.
(3E08:001 < 15,00] < 2E15,0001) 21 - oo
We can assume that cap(B,(C)) > 4c3r?? (as otherwise we conclude by taking a < 1/(4c3)), in
which case it follows that

P (;E[IBT(U)H < |B.U)| < 2E[|Br<u>n> >

Thus, with probability larger than 3/4, the random set U satisfies (i) of (??). Let us check now
(7). By (?7), we obtain a lower bound on cap(B,(U)) as we choose a measure on B, (/). Taking
the uniform measure on the boundary of B,(U) gives

1
(|aB| (|0B,] - [U])? > 2 Y. Gu-y)= Bl (2.7)

x,2' €U yedBy(z) y' €0By(z')

=~

We need to show that the left hand side of (??) is smaller than 1/(r?2|i|). First, we treat the
case ' = x. Note that by Green’s function asymptotic (??), there is ¢ > 0, such that

Vy € 0B, (x) Z Gly—y)<c-r
y'€0Br(x)
Thus, as we further sum over y € 0B, (x), and = € U, we obtain
Z Z Z Gly—1vy) <c-r-ri 1 |u|. (2.8)
€U yedB,(x) y'€0Br(x)

Now, to deal with the terms with 2/ # x, we take expectation first, and we bound G(y — y') by
¢4 - G(x — ') uniformly in y € 9B, (z) and y' € B, (a’). Therefore,

E| Y > Y Gu-y)| <alBf-E[ Y G-

x#x' €U yedBy(z) y' €0B (') x#x'eU
< cl0B, > Y P(Hj (12) = 00)G(z — &')P(H} (var) = 00)
x#x'eC
< es(rH2E[|U|] sup Z G(z — 2')P(H}, (2) = 00).
/#x

By using (??) of Lemma ?7, and a last passage decomposition we have for a constant ¢g > 0, and

any x € C,
= P(Hy, (v >y > a P(H () = o0)

2/ €C yedB, (z')

' #x
> cord 2 Z Gz — 2" )P(H} (72) = 00).
z'eC
z'#x



This implies that for a constant ¢; > 0,

EL > Y Y Gly—y)| <er’-E[U|.

x#z' €U yedB,(z) y' €0Br (')

Chebychev’s inequality now allows us to conclude as in the proof of the case r = 1.

3 Proof of Theorem 77?

The result extends a previous one proved in [?] stating that there are positive constants C' and kg
such that for any finite A C Z¢ with d > 3, and any T > 0,

P(leo(A) > T) < cexp(—ﬂofw), where  loo(A) = loo(2). (3.1)
TEA

Note that this result already proves our desired estimate for small values of |C|, i.e. one can now
suppose that |C| is large enough.

The starting point of the proof is Proposition 1.7 of [?]. We showed that for any n > 1, any positive
r and p, and any C € X,

P(Vx € C, £,(B,(x)) > pr?) < nll. ||t exp (= k- p-cap(B,(C)), (3.2)

for some constant x > 0.

Note that if we set A = B,(C), the event estimated in (??) corresponds to a uniform covering
of A, whereas (??) only considers the total time spent in A. The proof of (??) uses that ¢ (A)
is bounded by a geometric variable of mean of order |A|>/¢, whereas the proof of (??) is by way
of induction and transforms visits of B,(C) into excursions between B,(x) and Bs,(z) for = € C.
Recall that an excursion is a period of time that the walk needs to go from the inside of B, (z) to
the outside of By, (x). The number of such excursions is denoted N, and our proof of (??) in [?]
establishes that for any z¢ € C, any y € 0B, (z9), and any sequence of positive integers (n;)zcc,

qx . .
P, (Ve eC N, =ng) < —0 T[T ¢, with 1 —_ P,(Hy = o0). (3.3
y( * * nz) T MiNgec gz ml;‘[,qm A Og(qx) ze@r%lgrl(x) Z( A OO) ( )

Note that exp(—1) < ¢, < 1, and since we wish to sum (?7) over all £k > n, and all x € C, we wish
to restrict the product over x € C in the right hand side of (??) to terms where ¢, are uniformly
bounded away from one. For this purpose we introduce the notation, with A = B,.(C),

1 A
cap,(A) = Z P.(Hf =), and C*={z€C: cap,(A) > 3 capc( )} (3.4)
2€0B, (x) IC|
Note that 1
Z cap,(A) < 3¢ cap(A), so that Z cap, (A fcap(A) (3.5)
zeC\C* reC*

Now, recall that by Lemma 5.2 of [?], there is # > 0 such that

0
in P,(Hp = o0) > A).
eiin (Ha = 00) 2 G5 cap,(A)




Thus, for any x € C*, we have

0 0 - cap(A)

Using next (??), we deduce that cap(A) > cr?=2|C['=?/¢, for some constant ¢ > 0 (that might
change from line to line), and therefore

T

z€eC*

p < (c|C)?/ el < ele)t. (3.7)

Thus, by summing (??) over all k > n,, and all x € C*, we get

1
1_Qx

IP’y(VxGC,Nxan) <e H

z€eC*

I ¢ <eer - ] o= (3.8)

zec* zec
Now, if we set n, = apri=2, we obtain using (??), (??) and the first inequality of (?7?),
Py (Vo € C, Ny > apr®™2) < ¢|C|! - exp (— k- p - cap(B,(C))).
From this point, we can follow the end of the proof of Proposition 1.7 in [?], and deduce that
P(Vz € C, loo(Br(z)) > ,ord) <clC|!exp (— k- p-cap(Br(C)). (3.9)

Then Theorem ?7 gives the existence of a subset U C C, with cap(B,(U)) of the same order as
both |U|r?=2 and cap(B,(C)). Moreover, for a given integer k, the number of possible choices for
U with cardinality & is of the order of |C|¥, which altogether allows to remove the combinatorial
factor in (?7), using the hypothesis (??). This concludes the proof of the theorem.

4 Application to Folding, and Theorem 77

The proof of Theorem ?7 is divided in two parts. In the first part (see Subsection ?? below), we
show that for some positive constants k and Ay, for any A > Ay, any n > 1, and any (r,p, L)
satisfying (77),

P (!Cn(r, p)| > L, cap(Va(r, p)) > A[V,(r, p)ll_z/d) <exp(—RA-p-r? 2L, (4.1)

In the second part (see Subsection ?? below) we prove the lower bound in (?7). Note that altogether
this gives (??) as well, and thus proves Theorem ?7.



4.1 The upper bound: proof of (77?)

We introduce the notation Q,(U) for Uzey @y (z), and we use Theorem ?7, with the condition (?7)
and then (?7) as follows.

B(Ca(r, p)| >L, cap(Va(r,p)) = A+ [Vu(r.p)l'"4) < 3 B(ICalr, p)| = kycap(Vu(r,p) = A- 142k 2

k>L
< Z P(3UC [-n,n]*: k> U] > Ak 2 cap(Qr(U)) > ar®=2[))
L<k<n
: Z Z P(3U C [-n,n]": U] =i, cap(Qr(U)) > ar® i)

L<k<n qAk'=2/d<i<k
Z E c(2n)4 . ! - exp (- roprd=2 . i)
L<k<n qAk1—2/d<i<k

< c Z exp ( —RA- prd—2k1—2/d) < cexp ( —9FA- p?"d_2L1_2/d).
k>L

IN

The combinatorial factor (2n)%?-4! was swallowed after using the condition that 7=2-p > C'log(n),
and choosing A large enough.

4.2 Lower bound

In this subsection, we establish a result which slightly differs from the lower bound in (?77?), and
deals with covering rather than occupation. For this purpose we introduce for n > 1, the range of
the walk R,, := {So,...,Sn}, and for any r > 1 and p € [0, 1],

C~n(r, p):={z¢€ r7% RN Qr(2)| > p|Qr|}
Our result is as follows.

Proposition 4.1. There exist positive constants ¢ and C, such that for anyn > 1, r > 0, p €
(0,1/2), and L > 1, satisfying

pr2>1, and n>CpriL,

one has ) |
P(|Cu(r, p)| > L) > ¢ exp(—cpri—2L11).

Thus this result is exactly the same as the lower bound in (??), but for this new set C~n(7“, p). Since
the proof for C,(r, p) is easier, we will only provide the proof for the set Cy(r, p). Note also that
since Cp(r, p) C Cy(r, p), the upper bound in (??), as well as (77), also hold for the set C,(r, p).

Remark 4.2. The hypothesis p < 1/2 in Proposition ?? could be replaced by p < 1 — 7, for any
fixed constant n > 0, and the constants ¢ and C' would then depend on 7. However, when p gets
close to 1, we fall in another regime, and for instance when p = 1 an extra logr factor is needed in
the exponential (and in the time needed to achieve the covering).

Proof. The scenario we choose to produce the desired event is to localize the walk long enough in a

ball so that its occupation density is p. It is convenient to transform localization into a statement
about excursions. We call excursion from a set U to a set V, the part of the random walk path

10



starting from a point in U up to its hitting time of V' which is maximal (for the inclusion of paths).
To produce L boxes of side r, and filled to a density above p, we expect to localize the walk in a
ball of radius R for a time 7" with

R= LLl/dTJ, and T = |[C1pR?] (and C large enough).
Let now Ng be the number of excursions from 9Qsr to Qg before exiting Qgr, and consider
A:={Nr >N}, with N =|CopR‘2|. (4.2)

Now, for any Co (that is any number of excursions N), one makes the event A typical by choosing
(4 large (that is a large localization time T'), and assume n > T. On event A, we define X =
(X1,...,Xy)and Y = (Y1,...,Yn), as respectively the starting and ending points of the N first
excursions from 9Qar to OQ4r. Then given some fixed x = (z1,...,2N) € GQQR we let Py be
the law of N excursions starting from {x;, i < N}, up to 0Q4r. We still denote by Y the set of
ending points of the N excursions under Py. We let M be the cardinality of the set 7Z¢ N Qr_.,
and number its elements in some arbitrary order, say vi,...,vy. We define

5. The N (first) excursions visit at least half of the boxes
o {Qr(vi) }i<, a fraction at least p of their sites ’

Assume for a moment that,
Vx € (0Q2r)Y,  Px(B) >1/2. (4.3)

With o =inf{n > 1 : S, € Q2r UQgr}, we have
P(ANB, X =x,Y =y) = [[ Py (S(0) =2i11) - Px(B,Y =y). (4.4)

Using Harnack’s inequality (see [?, Theorem 6.3.9]), for some constant cy > 0, for any = € 0Q2r,

iI?}f Py(S(0) =) > cuPy-(S(o) =), with y*:=(4R,0,...,0). (4.5)

Thus, using that there is a positive lower bound (uniform in R) for the probability that a walk
starting from y* hits 0Q2r before 0Qgr, we have ¢; > 0, such that

P(AN B) ZZIPADBX_XY y>ZcHHIP’ = ;) Y Px(B,Y =)
y

N n
> el inf Py (B) > pr* (S(o) = z;) > 7H H ) € Bag) > e Y. (4.6)

X i=1
Finally, define

C := {The walk makes at least N excursions from 0Qr to 0Q2pr before time T'}.

Using that on the event AN C*¢, the walk spends a time at least T in Qgg, we deduce that for some
constant ¢ > 0,

c T
P(ANC®) < exp(—cﬁ). (4.7)
Then the proposition readily follows from (??) and (??), once we choose Cic > 2Csc; and use

P(ANBNC)>P(ANB) —P(ANC").
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We now prove (?77). We fix some x € 8@5\7}3, and in the remaining part of the proof, we work under
P, . We denote by R™ the range produced by the N excursions. We note that it suffices to show
that for Co large enough, one has for any i < M,

Py (RN N Qr(vi)| > p|Qy]) > 3/4. (4.8)

Indeed, letting Z be the number of boxes whose fraction of visited sites exceeds p, (??7) shows that
E[Z] > (3/4)M, and using also that Z is bounded by M, it implies that P(Z < M/2) < 1/2, as
wanted.

Thus, we are lead to prove (??) for i« < M. For a chosen i < M, we introduce new notation. Let
N, be the number of excursions which hit 9Qs,(v;), and G be the o—field generated by N, and
the hitting points of dQ2,(v;) by these excursions. Finally we let X C Q,(v;) be the set of vertices
visited by these excursions. Since any vertex in Q,(v;) has a probability of order 72~ to be visited
by a walk starting from 0Q2,(v;), uniformely in its starting point, we have for some constant ¢y > 0,
almost surely

B 10> (1 (- ") 1@, > (1- e (a0 hty)) -1, (4.9)

using that 1 —u < e™, for all u > 0. We choose a large constant K whose value will be fixed later.
Since any excursion has a probability of order at least (r/R)%2 to hit 9Qa,(v;), it is possible to
choose C; (and C2) so that for this chosen K,

Px (N > Kpr®=?) > \/7/8. (4.10)

We distinguish now a high and a low density regimes.

High density. If 1 —exp(—cy Kp) > /7/8, then (?7) and (??) imply that
Ex[|X]) = (7/8) - |Qx .
Using that X C @, and as a consequence that |X| is bounded by |Q,|, we obtain with (?7?),

Pu(1X] < pl@r|) < Px(|X] <[Qr]/2) <1/4  (using p < 1/2).

Low density. If p is such that 1 — exp(—co Kp) < 4/7/8, then by (??) we may choose K large
enough, so that on the event {\} > Kpri—2},

Ex[|X]|G] > VEp-|Q. (4.11)

Our strategy now is to use a second (conditional) moment method, and show that the conditional
variance of X is small. We denote with X} the set of pairs of vertices (y,z) € X x X, for which
there exists an excursion going through both y and z, and let X5 be the complement of A} in X x X
and note that |X'|> = | x| + |Az2|. Since for any y € Q,(v;) the mean number of vertices in Q. (v;)
which are visited by a walk starting from y is of order 72, one has for some constant ¢ > 0,

Ex[l¥1] | 6] < er® - Ex[|X] | G].

Recalling pr¢=2 > 1 and (?7?), it follows that on the event {N, > Kpr?=2}, for a possibly larger
constant c,

Ex[| 1] | G] < J%-Ex[m | G)%. (4.12)
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We can take K such that v K > 64c. It remains to bound the conditional mean of |X5| knowing
G. One can find a constant K’ > 0, such that

Px(D)>17/8, for D := {Kprd*2 <N, < K’prd*2} i

We denote by &1, ...,EN., the N, excursions hitting @Q,(v;) under Py. Fix some y, z € Q. (v;), and
let
T, :={k <N, : y €&}

By definition, for any k < A/,
IPx(z €& ’ g)
Px(y & & [ G)

for some constant ¢ > 0. As a consequence, on the event D, and for r large enough,

Px(z € Sk | g)

Px(zegk]g,kgéIy)g | o2 d

< Px(z € & | G) + O(*D),

<

PeleeU&|6z)=1-T[ (1-Pelzetld 1)

K4, K¢,
<1- T (1-Pxz & 19) - 02>
k¢T,
N
—Py(:€X|G)+0 (%) , (4.13)

where at the penultimate line we use that on D, and when 7 is large enough, the term O(N;./r2(4=2))
can be made smaller than 1. Then on the event D, we get from (?7?),

Pu((9,2) € X | 9) < (Px(z € X | 9) + O(pr* ™)) - Px(y € X | ),
Summing over y, z € @Q,, we deduce from (??), that on the event D,
Ex(|%o] | 6] < Ex[|X] | GI(1+ O(*~%)).
Combining this with (??), we get for r large enough,
1
vare(|X] | G) = Ex[| o] | 6] + Ex(| %] | G] = Ex[|X] | 61" < o - Bx[|X] | GJ*.

Together with (?7), it follows that for r large enough, on the event D,

dvarx(|X] | G)
Ex[lX] | G]?

IN

1 1
Po(0] < Qu] 1) < P (1] < JB[1¥1 16116 < .
Finally, using that Py (D) > 7/8, we obtain the desired bound for r large enough,
Px(|X] < pQr|) < Px(D°) + Px(|X| < p|Q:[, D) < 1/4,

On the other hand, for small values of r, the result is immediate. This concludes the proof of (7?)
and the Proposition. ]
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