N

N

An asymptotic-preserving method for a relaxation of the
Navier-Stokes-Korteweg equations
Alina Chertock, Pierre Degond, Jochen Neusser

» To cite this version:

Alina Chertock, Pierre Degond, Jochen Neusser. An asymptotic-preserving method for a relaxation
of the Navier-Stokes-Korteweg equations. Journal of Computational Physics, 2017, 335, pp.387-403.
10.1016/j.jcp.2017.01.030 . hal-02498895

HAL Id: hal-02498895
https://hal.science/hal-02498895
Submitted on 4 Mar 2020

HAL is a multi-disciplinary open access L’archive ouverte pluridisciplinaire HAL, est
archive for the deposit and dissemination of sci- destinée au dépot et a la diffusion de documents
entific research documents, whether they are pub- scientifiques de niveau recherche, publiés ou non,
lished or not. The documents may come from émanant des établissements d’enseignement et de
teaching and research institutions in France or recherche francais ou étrangers, des laboratoires
abroad, or from public or private research centers. publics ou privés.


https://hal.science/hal-02498895
https://hal.archives-ouvertes.fr

Journal of Computational Physics 335 (2017) 387-403

Contents lists available at ScienceDirect E‘&lﬁmmm
CS,

Journal of Computational Physics

www.elsevier.com/locate/jcp

An asymptotic-preserving method for a relaxation of the @CmssMark
Navier-Stokes-Korteweg equations

Alina Chertock?, Pierre Degond by, Jochen Neusser ©

4 Department of Mathematics, North Carolina State University, Raleigh, NC 27695, USA
b Department of Mathematics, Imperial College London, London SW7 2AZ, UK
€ Universitdt Stuttgart, Institut fiir Angewandte Analysis und Numerische Simulation, Pfaffenwaldring 57, D-70569 Stuttgart, Germany

ARTICLE INFO ABSTRACT
Article history: The Navier-Stokes-Korteweg (NSK) equations are a classical diffuse-interface model for
Received 15 December 2015 compressible two-phase flows. As direct numerical simulations based on the NSK system

Received in revised form 20 December 2016
Accepted 17 January 2017
Available online 24 January 2017

are quite expensive and in some cases even impossible, we consider a relaxation of the
NSK system, for which robust numerical methods can be designed. However, time steps for
explicit numerical schemes depend on the relaxation parameter and therefore numerical
simulations in the relaxation limit are very inefficient. To overcome this restriction, we

Keywords:

Asymptotic-preserving scheme propose an implicit-explicit asymptotic-preserving finite volume method. We prove that
Diffuse-interface model the new scheme provides a consistent discretization of the NSK system in the relaxation
Compressible flow with phase transition limit and demonstrate that it is capable of accurately and efficiently computing numerical

solutions of problems with realistic density ratios and small interfacial widths.
© 2017 The Author(s). Published by Elsevier Inc. This is an open access article under the
CC BY license (http://creativecommons.org/licenses/by/4.0/).

1. Introduction

There are in general two approaches to describe the behavior of multi-phase fluids, the sharp interface (SI) and the
diffuse interface (DI) approach. The first approach represents multiple phases with different sets of equations that are
coupled by some interface conditions. The second approach, which used to describe, e.g. the merging process of droplets
and bubbles, needs only one set of equations to model the phases and does not require the location of the interface to be
tracked explicitly.

In this paper, we consider two DI models for a homogeneous two-phase compressible fluid: The Navier-Stokes-Korteweg
system (NSK) and a relaxation system for the NSK system. The NSK system goes back to the work of Korteweg [31] and was
formulated in its present form in [18,2]. The NSK system uses a Van-der-Waals like pressure function to identify two distinct
phases and a third-order term to model phase transitions. Many authors achieved analytical results on the well-posedness
of the NSK system and its variants, e.g. [4,7,24,32,37]. While some numerical methods have been successfully developed and
used for these and related families of problems, see, e.g., [6,8,16,21,25,39], there are still many open problems, for which
accurate and efficient numerical methods are yet to be designed. Up to our knowledge, the robust computation of realistic
density values for liquid and vapor phases has not been suggested for the NSK model. Additionally, numerical methods also
fail in cases when very small interface widths close to a sharp interface are to be considered. In both cases, the occurring
problems are related to steep density gradients. Another source of difficulty one comes across while numerically solving
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NSK systems is related to the Van-der-Waals like form of the pressure equation. The latter prevents one from using upwind
hyperbolic solvers, which have been successfully applied, e.g., to stabilize computations for Navier-Stokes equations with
high Reynolds numbers.

The issue of very small interfaces is especially important because the NSK model can only provide the correct amount
of capillary forces if the interface is extremely small [17,25,27]. One idea to loosen the strict coupling between interfacial
width and capillary forces is to introduce an additional Cahn-Hilliard or Allen-Cahn type equation for a new phase field
variable. This was done for example in [1,5,42]. Another ansatz to avoid some of the difficulties for the NSK systems suggests
to introduce a relaxation of the NSK system, in which the third-order term is replaced by a first-order term and a Poisson
equation, that defines a new phase field parameter, see, e.g., [37]. This model is parametrized by a so-called Korteweg
parameter «. If the Korteweg parameter tends to zero, the relaxation system formally converges to the NSK system. The
most important feature of the relaxation system is the fact, that the first-order part is purely hyperbolic for sufficiently
small Korteweg parameter. It should also be observed that the addition of the Poisson equation to the system does not
increase the computational cost of numerical simulations as test cases demonstrate that the time savings, that come from
the fact that one does not have to solve a third order system, are greater than the loss of time that comes from the
numerical solution of the Poisson equation. These properties can be exploited to construct robust numerical schemes for
the relaxation system. In [34], it has been shown that the overall approach is robust for problems with large density ratios
and small interfacial widths. However, the numerical scheme proposed in [34] is an explicit scheme and thus the time steps
decrease as the Korteweg parameter « tends to zero.

It is the main purpose of this contribution to construct an asymptotic-preserving (AP) scheme [28] in the Korteweg
limit, that is, a scheme for the relaxation system that provides a consistent approximation of the original NSK system as
the Korteweg parameter « tends to zero. The AP approach was developed in the framework of linear transport in diffusive
regimes [22,29,33] and has been applied to many different areas, e.g. fluid and diffusion limits of kinetic models, relaxation
methods for hyperbolic systems and low-Mach number limits for compressible flow problems; see, e.g., [11,12,14,15,20,23,
30,35,36]. In [23], the time and spatial discretization of the isentropic Euler and Navier-Stokes Equations in the low Mach
number limit was investigated. Inspired by this research, we construct here a scheme that captures the Korteweg limit for
the relaxation system and prove the AP property of the proposed scheme. The AP property of the new scheme is achieved
by splitting the relaxation system into a non-stiff nonlinear, compressible hyperbolic Navier-Stokes like system and a system
that can be treated by a Poisson solver, and allows the use of time and spatial steps that are independent of the Korteweg
parameter. As the result the proposed numerical scheme is very efficient for small values of the parameter o, which is a
significant improvement compared to an explicit scheme from [34]. Beyond that, we expect our scheme to be asymptotic
preserving in the sharp interface limit. We cannot give analytical proof to that, but we support this statement by a numerical
example.

The paper is organized as follows. In Section 2, we introduce the NSK and relaxation systems and describe their main
properties together with the basic thermodynamical framework. We comment on the advantages of the relaxation system
and point out why it is necessary to introduce a new scheme in order to solve the relaxation system efficiently. Section 3
contains the basic outcome of this contribution. We propose the AP scheme for the relaxation system and perform an
asymptotic analysis to show that the scheme transforms into a scheme for the NSK equations in the Korteweg limit. In
Section 4, we demonstrate that the algorithm provides a massive improvement compared to a standard explicit scheme for
a number of problems in one and two space dimensions.

2. Navier-Stokes-Korteweg equations
2.1. The Navier-Stokes—Korteweg system

Let an open set 2 C R4, d e {1,2,3} up to the final time T > 0 be given. The isentropic Navier-Stokes-Korteweg (NSK)
equations in arbitrary spatial dimension are given by
ap+V-(pv)=0,

, Q 0,7), 2.1
B(OV)+ V- (PVBY) + V(p(0) = VTl 4 ye2pvap, 00 €FX @D -

where p = p(x,t) is the density of the fluid, v= (vi(X,t), ..., vg(x, t))T € R? is its momentum and p(x,t) is the pressure.
Note that ¢ is the Reynolds number and y&? is the capillary number. We refer to [26,41] for a detailed explanation on the
physical meaning of the scaling & — 0 and y = ©(1). The matrix T¢[v] € R9*? in (2.1) stands for the viscous part of the
stress tensor which is given for the viscosity coefficients v, © € R with £ >0 and 3v +2u > 0 by

1 .
TS, := eVV - (V)3 + 26Dy, mﬂzi(w,,+w&), (,je{1,2). (2.2)
We augment (2.1) with the initial data

pX,0)=pp, V(X0 =vy, XeQ, (23)



A. Chertock et al. / Journal of Computational Physics 335 (2017) 387-403 389

A

p

Gy o, b

Fig. 2.1. Pressure p as a function ff density p for the values by =b =3, T, =0.85, and R=8.

and boundary conditions that correspond to a bounded box:
v=0, Vp-n=0, xeciQ. (24)
To describe a two-phase fluid we choose the Van-der-Waals type pressure

RT.p
b—p

p(p) = —b1p?. (2.5)

Thereby, b, b1, R are positive constants and T, is the fixed temperature. If T, is chosen small enough, the pressure p is
monotone decreasing in some non-empty density interval. This structure allows one to define phases. If the density p lies
in the interval (0, 1], ((@1, a2)), {[®2, b)} the corresponding fluid state is called vapor (spinodal) {liquid}, see Fig. 2.1 for an
illustration.

We observe that the first-order part of (2.1) is not purely hyperbolic for all density values. Indeed, consider, for instance,
the one-dimensional (1-D) case, d = 1. It is easy to check that the eigenvalues of the Jacobian of the first order part of (2.1)
Df' (p, pv) € R2*? are

M@, W)=V —+/p'(p), A(p,u)=Vv++p'(p) (2.6)

with corresponding eigenvectors

1 1
K1<p,v>=(v_m), Kz(p,v):(V+ p,(p)>. (27)

Therefore, the first order part of (2.1) is hyperbolic if and only if p € (0,b) \ [&1, a2].

The lack of hyperbolicity in the first-order part of (2.1) and the presence of the third-order derivative in the momentum
balance make the numerical solution of (2.1) to be a challenging task: Explicit schemes suffer from extremely small time
steps while implicit discretizations lead to badly conditioned algebraic problems. The non-monotonicity of p prevents the
use of most modern shock-capturing schemes.

2.2. Arelaxation for the Navier-Stokes-Korteweg system
To overcome some of the shortcomings of the classical NSK system we propose a relaxation for the NSK system [37]
dp” + V- (p“v¥) =0,
1
H(PV) + V- (p*V* @V*) + Vp(p®) =V - T [v*] + ﬁp"‘v(ca - p%), (2.8)
1
2 o o oy
ye“AcC +@(p —c)=0.

Here o > 0 is the Korteweg parameter and c* is a new unknown, that is defined by the additional Poisson equation, and the
stress tensor T¢ given by (2.2). The relaxation system (2.8) is augmented with the initial conditions

p¥(x,0)=pg, V¥(X,0)=Vy, X€Q, (2.9)
and the boundary conditions

v=0, Vc*-n=0, xeiQ. (2.10)
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The system (2.8) has a structural advantage that becomes evident when we rewrite the time-dependent equations as

wp* 4+ V- (p*v*)=0,
o o0 o 1 2 € 1 o7 O (2'11)
H(P* V) + V- (p*V @Vv*) +V P(P)‘i'ﬁp ZV'T[Va]'i'ﬁP ve©.

Again, if we consider the 1-D case for the sake of simplicity, then the eigenvalues of the Jacobian of the first-order part of
(211) Df'(p%, p*v¥) € R2*2 are

1
r(p%, p*v¥) =v* —[p'(p*) + prLa

(212)
1
22(p%, pHVE) = v\ [P (0 + 5 0%,
with corresponding eigenvectors
o o,,o 1
K , PV = / )
10", p ) Ve — p/(pa)_i_épa
’ (213)
Ky (0%, p%v*) = 1 -
2(10 1Y ) (va+ p/(pa)_i_;_zpa)
A straightforward computation (see [38]) shows that we obtain a purely hyperbolic system for
1
2 |min{p’(s) : s € (o1, &2), (2.14)

where (a1, @) is the interval of the decreasing pressures, i.e., p’(s) <0, see Fig. 2.1. The system (2.8)-(2.10) can be seen as
an approximation of the classical NSK system with (p%, p*v*, c%) — (p, pv, p) for the Korteweg limit « — 0, where (p, pv)
is the solution of the corresponding initial boundary value problem (2.1), (2.3), (2.4). We refer to [8,9,13,19,21] for first
rigorous results on the Korteweg limit. It is possible to show that (2.8) formally converges to (2.1). We take the asymptotic
expansion

0% =p@ +ap® +a2p?@ 4 ..,
PUVE = pOYO) 4 Dy 4 o2 p@y@ 4 (2.15)
®=cO 4 ac® 4 a?c@ ...,

for small o and look at the balances within the equations of system (2.8). Therefore we compute the Taylor expansion at
0O for the pressure

p(*) =p( @) +p' (PN (p* — p@) +p" (P @) (p* — p ) +...

(2.16)
=p(P)+ap (P (PP +ap® +..) +?p" (P (0 +ap® +..)? + ...
A short computation leads to the following terms for the different powers of «:
O@™2):
p®=c® (217)
O™ 1:
pM =D (218)
oQ):
pt(O) +V. (p(o)v(o)) =0,
(p<0)v<0>) +V. <p<0>v<0) ® V(O)) +V (p(m) =V T[]
t (2.19)

+p© (C<2> _ p<2)) +py (Cm _ p<1>) +p?v (C(0> _ p(0>)’

ye2Ac© = (C(Z) _ p(2>) .
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Table 2.1
Discrete L?(2)-distance. The distance decreases as « does. The fifth line contains the experimental order of
convergence (EOC) with respect to & and the third line contains the CPU time.

i 1 2 3 4 5
AX=0.005, a2 = 1 10 100 1000 10000
CPU-time [s] 563 654 787 828 2178
Dl = lup — w2 025 0033 293 2404 37e-5
EOC; = 'm0b/%, ) - 0.879 1,056 1.082 0812

We substitute (2.17), (2.18) into (2.19) and obtain
P + V- (pOv®) =0,
(POVO), + V. (pOVO @v®) 1 vp© — e Av©® 4 1e2pOy . Ap©

which is the classical Navier-Stokes-Korteweg system, see (2.1).
We illustrate this result by the following numerical experiment that is taken from [34].

(2.20)

Example 2.1 (Numerical verification of the Korteweg limit).
We consider the 1-D system (2.8) with ¢ = 0.01 on interval 2 = (—1, 2) subject to the boundary conditions (2.10) and
the following initial data

(|03 X€(03,06)U(085105
PolX) = 1.8, otherwise ’ (2.21)

vo(x) =0.

From the physical point of view, these initial conditions describe two vapor bubbles surrounded by liquid fluid. A numerical
solution of this initial-boundary value problem, denoted by uy = (o}, of v}, c‘ﬁ)T and a numerical solution of the corre-
sponding classical NSK system, denoted by u, = (pop, ppvy)T. Both solutions were computed in [34] using an explicit local
discontinuous Galerkin (LDG) method, see, e.g., [3,10,16].

The numerical results, presented in Table 2.1, indicate that the relaxed model is an (O(«?)-approximation of the original
system. As one can also see from this Table, for decreasing values of o the CPU-time is increasing due to the dependence
on « of the eigenvalues (2.12). The maximum wave speed for system (2.8) is Amax = [VSg] + /P’ (Pfax) (Where p%..  and
v¥.x are the maximum values of the density and velocity, respectively). For an explicit scheme one needs

[ Ax AxX? i AX Ax?
At = Ccpg min , —— { =Cpc min (2.22)

Amax € [Viiax| + v/ P’ (0ffiax) L e 7

for some 0 < cpg < 1 to satisfy the CFL condition for stability. For small « one needs At = O(aAx). This restriction is a
huge drawback for numerical simulations and we are interested in finding a way to circumvent this restriction.

3. An asymptotic-preserving scheme in the Korteweg limit

Having in mind the shortcomings of the relaxation system (2.8), we propose a new AP numerical scheme. Note that from
here on we suppress the index o of all of the primal variables in order to shorten the notation.

3.1. A hyperbolic splitting
The numerical solution of the relaxation system (2.8) requires a resolution of two scales: the (fast) wave scale, coming
from the Korteweg part and the (slow) convection scale. In order to obtain an accurate and efficient numerical scheme,

which is able to handle both scales, we implement a splitting approach. To this end we first introduce a parameter a and
rewrite the system (2.8) in the following form (by adding and subtracting apVp):

adp+V-(pov)=0,
- 1
e (PV*) + V- (pv* @V) + Vp(p) =V - T[v] + 2PVE—p) +apVp, 31)
2 1 _
yE Ac~|—?(p—c)_0.
Here the pressure is defined as

p(p)=p(p)+ %pz (3.2)
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with
a=|min{p'(s) : s € {1, a2}, (3.3)

where (a1, @) is the interval of the decreasing pressures, i.e., p’(s) <0, see Fig. 2.1.
To resolve the different wave length scales, we then split (3.1) into two systems: The slow dynamics are described by
the system

oo+ BV-(pv) =0,
3 (V) + V- (ov@V) + Vp(p) =V -T[v],
and for the fast dynamics we have

dp+Q=p)V-(pv) =0,

(3.4)

1
o (pv) = @pv(c —p)+apVp, (3.5)

1
yetAc+ ﬁ(p —¢)=0.

The splitting parameter 0 < 8 < 1 in (3.4) and (3.5) determines how much of the momentum is seen by each system and
the choice of a in (3.3) is motivated by hyperbolicity. In the 1-D case, for instance, the wave speeds are

A=vE (- BV 4B ()

and when we choose a as in (3.3), we ensure that the slow system (3.4) is hyperbolic and that the wave speeds do not
depend on o any more.

In what follows, we present numerical methods used to solve each one of the subsystems. We can discretize the slow
system (3.3) using any explicit shock-capturing scheme for the compressible Navier-Stokes equations noting that the wave
speeds are no longer stiff which avoids time step problems seen in the original system (3.1). A stability analysis shows that
we need to fulfill the following CFL condition for the slow system:

[ Ax  Ax?
At = cap min y T
max &

) AX Ax?
= C4p Min =

[Vmax| + \/(1 - lg)v%mx + B’ (Pmax)

for some 0 < cap < 1. For the fast dynamics governed by (3.5), we introduce an implicit scheme that corresponds to the
discretization of a linear hyperbolic system with variable coefficients and therefore does not have any time step restrictions.

3.2. Time discretizations of the split schemes

In this section, we outline the first-order in time discretizations for the systems (3.4) and (3.5). Note that the MUSCL
methodology allows us to turn any first order scheme into a second order one. As mentioned in the previous section, we
choose an explicit time discretization for the slow dynamics

n+1 _ ,n
u +/3V . (pnvn) = 0’

At (3.7)
pn+lvn+l — pyt '
itV VRV + V(") =V T,

and the following implicit-explicit discretization for the fast dynamics:
n+1 _ ,n
% +(1— /S)V . (pn+1vn+l) =0,
+1gn+1
pPITIVIT — plv! _ lp"V(C"H _ pn+1) +a,Oan"H, (3.8)
At a?

1
VEZACH+] + _z(pn+l _ Cﬂ+1) — 0
o

The time discretization of the nonlinear terms in the fast dynamics system (3.8) is one of the key ingredients of our scheme.
With this choice, the system for the fast dynamics is a linear hyperbolic system with constant coefficients at each time step.
We show the benefit of this choice further below.
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Now we follow the idea of [23] to obtain an efficient numerical solution strategy. We sum up (3.7) and (3.8) to have

pn+l _ pn

AV (VH A=V (p"T v =0,

pn+lvn+] _ pnvn 1

VOV £ VR =V T 4 S p"V (e = p") - ap V" (3.9)

1
ye2 AT & @(anr] — My =,

and rewrite the third equation in (3.9) as

pn-H — CI‘H—] _ )/SZOlZACTH_l. (3]0)

We then substitute (3.10) into the momentum equation of (3.9) to get

pn+lvn+1 — pyt 1
F " 2 FC V. (pnvn ®vn) _ Vﬁ(pn) —-Vv. Te[vn] + Epnv(cﬂ-i-] _ CI‘H—] + ySZaZACTH-l)

At (3.11)
+ apﬂv(CnJrl _ )/820l2ACn+1)
Next, we solve (3.11) for p"t1v™*! and obtain
PMTIVTL = oW — ALV - (0" @ V) — AtVD(0") + AtV -TE[VP] + Aty e? p"V ACTH! (312)

+aAtp" V(A" — ye2a? AT,
Finally, we substitute (3.12) into the density equation of (3.9), obtaining a plate equation for c"t!:

Cn—H _ y82a2ACn+1 _ pn
At
+ TV + ye?p"VAC! +a (,OHVC”_H — yezazp”VAc"H)] =0.

+ BV - (PV) + (1 =BV - p"V' + (1 = BALV - [-V - (p"V' @ V") — VP(p")

The last equation is now a plate equation with respect to the unknown variable ¢"*! and the terms from the previous steps
can be pushed to the right hand side as source terms. The crucial part is the discretization of the non-conservative terms.
With the discretization we propose, we have to solve a symmetric, sparse linear system for c"*1. In two space dimensions,
the biharmonic operator is a tridiagonal matrix M € RM*N with bandwidth O(N), where N(M) is the number of grid cells in
the x-(y-)direction. This system can for example be solved with a conjugate gradient method. Note that we do not compute
the inverse matrix M~!, but solve the linear system directly. As long as N, M are not too large, this strategy showed to be
very efficient in our numerical test cases. The updated density p"*! and momentum p"*1v"*! are obtained from (3.10),
(3.12).

Before we depict the spatial discretization, we want to sum up the key ideas of our numerical scheme. We split up the
relaxation system into two smaller system to resolve the two wave scales. With our choice of the splitting parameter a, the
time steps of the explicit scheme for the slow system are independent of ««. Additionally, we proposed a linearization of the
fast system, that leads to an implicit scheme. After some small computations we have also showed, that evolution in time
corresponds to the solution of a plate equation.

3.3. Spatial discretization of the split systems

We assume a two-dimensional (2-D), rectangular grid with uniform spacing Ax for ease of explanation. Let 7 = {B; j|i =
1,...,N; j=1,..., M} be a partition of & where B; ; is a square with length Ax and N(M) is the number of cells in the
x-(y-)direction. We define ¢; ; = ¢(x;, yj) where (x;, yj) = (—Ax/2 +iAx,—Ay/2 4+ jAy). Within this section we define
u=(p,pv)'.

3.3.1. Discretization of the slow system
We rewrite system (3.7) as
un—H T
At
with u" = (p", p"u™, p"v")T and f!(u), f2(u) defined as

+fl(u)y + )y =V T [V"] (313)

f'(w) = (Bpu, pu + p(p), puv)’, £ = (Bpv, puv, pv? +p(p)".
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First, we treat the convective flux terms and thus recall that the eigenvalues of the Jacobians Df!, Df? are given by

M =u— /(- pu+pp(p),

Mw =u,

M =u+/(1 - pu+pp(p),

(3.14)
B =v—/a-pv2+p5p).
M) =v,
B =v 4,/ - B2 +B5 ().
We discretize the fluxes f' and f2 terms using a HLL-solver [40], so that the numerical fluxes are given by
Afla) — Al flt) — Al (wt —u~
H e aty = e ) _g>]+4 )
Ay —A_
MR 222wt — 222wt —u) B13)
Hu  ut)=—* -t .
AL =22
with Al defined as
A =21 (u,ut) = max{Ai(u), AL (uh), 0},
+ + 3 3 (316)

AL =2l (™, uh) = minfA} (u™), A} (™), 0}.
forie{1,2}.

With the numerical fluxes (3.15) we define the discrete conservative operator for the convective part f!(u)y + f2(u) y of
(313)

n _gn n _yn
i+3.0  i—3. Li+y -3
]_—(u?j) _ 2 2) 4 2 2 (3.17)
’ AX Ay
where
H' , =H'(™; "% ), H' | =HuW" ,,u")). 318
i+1.j ( i+1.j i+%,j) ij+3 ( i,j+1 ‘j+l) ( )

The values of w11/ j at the cell interfaces are reconstructed component-wise using the generalized minmod limiter with
0 €[1,2],

AX X
n+ _ .n n n— __.n
Wi T T %y Wy T TS0
n n n n n n (3.19)
o=y d—d ol -l
. i+1, i, i, i—1, i+1, i—1,
a’h:mmmod 0 J J gt S J 1.
’ AX AX 2Ax

The values of u; j+1/, at the cell interfaces are reconstructed in a similar manner. The proposed scheme (3.17) is general
and may be used in conjunction with one’s favorite numerical flux replacing the HLL-flux (3.15).
The viscous part of the stress tensor can be written as

) _ E(Ux +Vy)x + Uy — vy)y
v TS[V]_'S(_M(UJ/_VX)X +5(ux+vy)y>. (3:20)

Here we set &€ =2u + v where i, v denote the coefficients of viscosity. We define the discrete central difference operators

n _ ¢)11 ¢)11 __ AN
i+1,j i—1,j n i,j+1 i,j—1
D !7.=17, Do, = —-— I 3.21
X9 j S Ax y9i Ay (3.21)
and write the discrete version of the stress tensor

VTVl =

( EDX(Du T 4+ DyvIh); 4 Dy (Dyul Tt — DI ) (322)

—uDy(Dyuf Tt — DVt j+ EDx(Dxuf T + Dyvith
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We combine (3.17), (3.22) together and obtain the following discretization of the system (3.13):
n+1 n
Pij —Pij 1,1
2 [T tF)| =0

ij (3.23)

pn+1 n+1 —/0
ij Vi WV | 2 = nq|_
2 [ At ) = V'Tg[vi,j]:| =
ij

3.3.2. Discretization of the fast system
The discretization of the fast system (3.8) consists of three parts. First, we discretize the momentum term by using
central differences

V(oW = Du(p Tt + Dy (o TV, (3.24)

with the operators Dy and Dy, defined in (3.21). Then we discretize the elliptic term as

_ n+1 n-+1
At — DXCI'H Jj D"Cl 1,j Dy l]-H +Dycz j— 1

L 2AX 2Ay

(3.25)

The terms p"A¢ are non-conservative terms. The discretization of these terms is by no means unique and we chose for our
scheme

n+1 n+1
¢1+1] ¢1 1.j

ot
V n+l — Ly 3.26
(101 J ¢ )nc 2 ¢:1]+l]_¢ln;rll ( )
Ay
We combine (3.24), (3.25), and (3.26) together and obtain the following discretization for the fast dynamics (3.8):
1 n
pn+ — ol
S|P - pY (pv"“)} =0,
— At
i,j L
pn-H n+1 —,0
Z L) UAt L] l] - —(:01 ]Vcn+])nc + (— (1)(/01 Jan+])nci| =0, (3.27)
i,j L
n+1 n+l _ oty |
Z ye®Ac} +—(,0 ])}_0.

i,j -
3.4. Discretization of the NSK system

For the sake of completeness we also provide the discretization of the NSK system (2.1). We use the same ideas and
notations as in the previous chapters. For the slow dynamics the discretization reads:

n+1 n
Pij —Pij 1,0
Z[T” | =0

ij

(3.28)
Pzn]H ?71_'01]11 2
Z " + P ] ) -V TV | =
L]
and for the fast dynamics we have
1 n
P =Pl
L W4 1—pB)V. v"H =0,
Z[ - T A=AV (v
" (3.29)

pn+1 n+1 —,0
Z|: L] 1]At ij l] —ye (p”VApn+1)nC_a(pljvpn+1)nci|=O.
ij
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3.5. Boundary conditions

We have to account for the boundary conditions (2.4), (2.10) and enforce this conditions by using ghost cells. We intro-
duce an associated cell at the edge of each element B; j which is part of 9. For scheme (3.23), (3.27) we set

Lo.j = P1,j, Ug,j = —Uu1,j, Vo,j =V1,j, Co,j =0C1,j,
PN+1,j =PN,j>  UN+1,j = —UN,j»  VN+1,j =VN,j, CN+1,j =CN,j,
Li,0 = Pi,1, Uio =1Uj1, Vio =—Vi1, Ci,o =Ci1,
Pi,M+1 = PiM, UiM+1 =UiM, ViM+1 = —ViM, CiM+1 =CiM,

and for scheme (3.28), (3.29) we set

Lo,j = P1,j, Ug,j = —U1,j, Vo,j =V1,j,
PN+1,j =PN,j, UN+41,j = —UN,j, VN+1,j =VN,j,

Pi,0 = Pi1, Uio =1Uj1, Vio = —Vi1,
Pi,M+1 = PiM, UiM+1 =UiM, ViM+1 = —ViM-

3.6. Asymptotic preserving property

In the previous section we provided numerical schemes for the Navier-Stokes-Korteweg system and for its relaxation.
This allows use to formulate the main theorem of this work.

Theorem 3.1. The fully discrete numerical scheme (3.23), (3.27) is asymptotic preserving in the Korteweg limit o« — 0 in the sense that
it transforms into a consistent discretization of the Navier-Stokes—-Korteweg system (3.28), (3.29) as o — 0.

Proof. We start with the asymptotic expansion with respect to a small parameter «:

n,(2)
l] +

n yn n,(0) n(O) n,(1) n(l) n,(2) n(2)
Pivij= p,] ij +a,0” ij +a,0 +-

0 1
pl]—Pu()Jr“Pz M 4 g2

- 0 1 2
p?j p;}()+0‘pz()+o‘2pn()+

From (3.23), we obtain

1 n+1,(0 n+1,(1 +1,2
Pt = ol O L ap D pa2p P

Tygntl —_ ,ntL(@nt+1.0 +1,() 1,1 +1.(2). n+1.2
pITIVIET = pI OO ol L DYIELD g 2o L@y @

and from (3.27)3 we obtain

el — L) L) +azan]rl @

i,j ij ]

Then we look at the balances within the equations (3.23), (3.27). At O (ofz), we have the balance

+1,(0 +1,(0
Pij © =ci; @, (3.30)

and at O («~') we have

+1,(1 +1,(1
pii W =@, (3.31)
For the O (1) terms we compute for the slow system

n+1,(0) n,(0)

/Cl J /CI J 1 n, (O)
—t + F ( ) =0,
(3.32)

+1,00) (0)
pvi i = PV 2 (O _ G ey O
At + 7 () =¥ T
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and the fast system

n+1,(0) n,(0)

Pij Pij = YO
TH]_ﬁW'( i.j ) 0,
n+1,(0) n,(0)
PU i TP O (1.0 _ nH1.@) (O n+1,0)
‘ ‘ v () ), a(pr®vel )
At ('0’ J ~Pij Talpi . Pi.j nc (3.33)

(pn (1)V( JUERNCD ,o,"]“ (1))) (pn (2)V( SO pln;rl (0))) ,
nc nc

n+1 (0) n+1,2) _ n+1,2)
yE Ac + (,01] =G j ) 0.

Now we use (3.30), (3.31) and the third equation in (3.33) and finally obtain for the slow system

n+1,(0) n,(0)

Pi — P
i.j i.j _‘_]_-1(11(0)):0’
At
(3.34)
+1,(0) n,(0)
PV =V 2 ((1.0) n,(0)
’ Ty P (0) =9 T
AL + [ 1,
and for the fast system
pn+1 200 n,(0)
i,j i,J o +1,0)\ _
=PV (V) =0,
(3.35)

PVij 2(, nOFR ,1H1.0) 0 ,1+1.0)
At =ve (pw VAapi; )n +a(p11 Voij )

This is the numerical scheme that we derived in (3.28), (3.29). This means that the scheme (3.23), (3.27) is an AP scheme
for o« — 0.

Note that this AP analysis does not depend on whether the diffusion terms in the momentum equation are approximated
explicitly or implicitly in time. In order to make the simulation less time restrictive with respect to diffusion, it could be
interesting to use an implicit discretization of the diffusion terms instead of the explicit one presented here.

pvf.lﬂ,(o) e N ()
ij

nc

4. Numerical experiments for the asymptotic-preserving scheme

In this section, we present a series of experiments that compare the performance of the AP scheme presented in the
previous section with the results obtained by using the explicit discontinuous Galerkin scheme from [34]. The time step
AT was chosen according to the CFL condition (2.22) for the discontinuous Galerkin scheme with cpg and according to CFL
condition (3.6) with c4p = 0.4 for the AP scheme in all numerical computations.

4.1. Computational efficiency

In this test case, we consider two different numerical schemes for the relaxation system 31). Wesetd=1, =0.16,
Y
V82 =10 5 and start with initial conditions

) = 0.3, x€(0.3,0.6)U(0.85, 105)
POX) =118, otherwise (4.1)

vo(x) =0

that correspond to a two-phase density distribution. Fig. 4.1 shows the evolution of the density at different times that was
computed with the AP scheme (3.23), (3.27).

We compare the performance of the AP scheme and Discontinuous Galerkin scheme of polynomial order 1, which was
introduced in [34]. We use the two schemes to approximate solutions of the NSK system (2.1).

Tables 4.1 and 4.2 provide numerical evidence to the properties of the our scheme that we stated in Section 3. We take
a column wise look at the CPU-times in Table 4.1 and notice that they are constant for all values of o and for fixed Ax.
This means that for this test case the CPU time is independent of the parameter «. In contrast, the CPU-time increases as o
decreases for fixed Ax in Table 4.2. For example the AP scheme is faster by a factor 73 for « = 10000 and Ax = 0.005 and
even by a factor 84 for « = 100000 and Ax = 0.00125.
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2 2
1.5 15 15
1 1 1
0.5 0.5 0.5
0-1 -0.5 0.5 1 15 2 ?1 -0.5 0 0.5 15 2 ?1 -0.5 0 0.5 1 1.5 2
(a) t=0 (b) £=0.02 (c) t=0.04
2 2 2
15 15 15
1 1 1
0.5 0.5 0.5
91 -0.5 0.5 1 1.5 2 91 -0.5 0 0.5 1 15 2 91 -0.5 0 0.5 1 15 2
(d) t=0.4 (e) t=1 () t=4

Fig. 4.1. Density evolution for the relaxation system (3.1) and o = 100 with initial datum (2.21). The initial configuration at ¢t = 0 corresponds to two
bubbles in a box filled with liquid. The smaller bubble shrinks (t = 0.02, t = 0.04), and emits a shock wave as it collapses (t =0.4, t =1). At t =4 the
material seems to be in equilibrium.

Table 4.1
CPU-times, discrete L,-distances between the solution of the AP scheme and the reference solution u, and experimental asymptotic orders of convergence.
The reference solution was computed with an implicit DG scheme.

-2

o AX 0.01 0.005 0.0025 0.00125 EOC
10 CPU-time [s] 159 321 89.1 4710

1@ — a2 5.4e—1 6.3e—2 13e—2 34e—3 193
100 CPU-time [s] 158 321 89.3 4708

fl— w2 5.4e—1 51e—2 12e-2 33e-3 1.87
1000 CPU-time [s] 162 329 88.0 466.4

fl — u 2 47e—1 5.0e—2 12e—2 2.5e—3 226
10000 CPU-time [s] 157 325 89.3 4675

fla— a2 46e—1 5.0e—2 11e-2 24e—3 2.20
100000 CPU-time [s] 15.7 33.2 88.2 468.0

fl —u 2 46e—1 5.0e—2 1le—2 22e—3 2.32

Now we look at the discrete L,-distances for different & and Ax compared to a reference solution u, that was computed

with an fully implicit DG-scheme of polynomial order 1 for system (2.1) at Ax = 0.000625. The last line in Table 4.2 displays
the discrete Ly-distance for a fully implicit DG-scheme of polynomial order 1 for system (2.1). Tables 4.1 and 4.2 allow to
make three statements on the Ly-errors for this test case. First, the Ly-error for fixed a decreases as Ax does for both
schemes and one can observe that the experimental asymptotic order of convergence (EOC) is close to 2 for both schemes.
Secondly, the discrete L,-distances decreases for fixed Ax as o does for both schemes. Thirdly, the Ly-error for each o and
AX for the DG scheme is slightly better than the error for the AP scheme. However, for large « both errors are close to the
error of the implicit scheme that can be regarded as a reference solution for fixed Ax.

In summary, we observe that the AP scheme (3.23), (3.27) is able to provide solutions with the same magnitude of error
as the DG scheme much faster. The AP scheme provides the numerical solution independent of the parameter o and thus
is more efficient for small «.
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Table 4.2

CPU-times, discrete L,-distances between the solution of the discontinuous Galerkin scheme and the reference solution u, and experimental asymptotic
orders of convergence. The last line contains the discrete L,-distance for an explicit DG discretization of the NSK system. The reference solution was
computed with an implicit DG scheme.

a? AX 0.01 0.005 0.0025 0.00125 EOC
10 CPU-time [s] 50 103 229 483

a— 7.7e—2 51e—2 12e—2 3.6e—3 173
100 CPU-time [s] 133 440 615 1403

i — ud|2 7.3e—2 51e—2 8.8e—3 3.0e—3 155
1000 CPU-time [s] 440 857 1736 3855

@ — 7.0e—2 3.3e—2 8.5e—3 2.5e—3 177
10000 CPU-time [s] 1117 2375 5687 13154

la— 6.9e—2 3.2e—2 8.3e—3 2.2e-3 1.92
100000 CPU-time [s] 3694 7949 16246 39526

i — ud|2 6.9e—2 31le—2 8.2e—3 21e-3 1.97
NSK fla—ulSK)| 6.8e—2 3.0e—2 8.0e—3 2.0e—3 2.00

Table 4.3

Discrete L, (2)-distance for Ax =0.00125 and y&? = 1e—5 between the solution of the AP scheme and a reference solution that was computed with an
implicit DG scheme. The distance decreases as « does. The second line contains the experimental order of convergence (EOC) with respect to « and the
third line contains the CPU time.

i 1 2 3 4 5 6
a? 10 100 1000 10000 100000 1000000
K — w2 2.21e-1 3.15e—2 3.30e—3 3.31e—4 3.30e—5 4.07e—6
i i+1
EOC; = Pu/D7) - 0.84 0.98 1.00 1.00 0.90
In(f /o, ;)
CPU-time [s] 594 594 594 596 594 594

4.2. Large density variations

We already pointed out in Section 1 that explicit numerical methods for the NSK system (2.1) are not able to deal with
large density jumps. As we explained above the first-order part of the system is of mixed hyperbolic-elliptic type and one
cannot use shock-capturing numerical solvers for computations. Thus, there is no chance to stabilize the numerical scheme
for large density gradients. In [34], it was shown that this problem could be overcome if one uses the relaxation system
(2.8).

In this 1-D test case, we introduce a modified version of the Van-der-Waals pressure equation (2.5)

0
pi(p)=s-p (?) ,
with the scaling parameter s = 100 to enlarge the elliptic region (cf. [5]). This enables large density jumps for phase bound-
aries. We apply the AP scheme (3.23), (3.27) to the relaxation system (2.8), which is considered with y =0.16, y&? =107
and subject to the following initial conditions:

(0.08,0.12) U (0.14,0.16) U (0.18,0.22) U (0.30, 0.32)U
30: xe (0.38,0.42) U (0.44, 0.46) U (0.48,0.52) U (0.58,0.62)U
po(X) = (0.70,0.72) U (0.78,0.82) U (0.84,0.86) U (0.88, 0.92) (4.2)

180: otherwise,
vo(x) =0.

Tables 4.3, 4.4 and Fig. 4.2 indicate that it is possible to simulate large density ratios with the AP scheme (3.23), (3.27).
The first and second line of Tables 4.3, 4.4 show that the scheme is asymptotic preserving in this test case, as the discrete
L,-distance decreases as o does. We even see, that the order of convergence is of order one in o~2. The third line in both
tables underline that, analogously to the previous test case, the CPU time does not depend on the Korteweg parameter «.
Finally, the comparison between Tables 4.3 and 4.4 shows that the experimental order of convergence does not depend on
the parameter ¢ either (it even looks like smaller values of & lead to reduced CPU times).

4.3. Sharp interface limit

We again consider the 1-D version of the relaxation system (2.8) with o = 100000, y =0.16 and the following initial
conditions:
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Table 4.4

Discrete Ly (2)-distance for Ax =0.00125 and y &2 = 1e—6 between the solution of the AP scheme and a reference solution that was computed with an
implicit DG scheme. The distance decreases as « does. The second line contains the experimental order of convergence (EOC) with respect to o and the
third line contains the CPU time.

i 1 2 3 4 5 6
a? 10 100 1000 10000 100000 1000000
K — |2 2.33e—1 3.35e—2 317e-3 3.21e—4 3.25e—5 413e—6
i i+1
EOC; = Pi/Dy7) - 0.84 1.02 0.99 0.99 0.90
In(@? /o7,)
CPU-time [s] 374 364 354 356 354 354
200
B nn N nn
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120f
[—¢]
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1) d
40r
- s . " . . : i : i 5 . : i ;
] 0.2 04 0.6 0.8 1 0 0.2 04 0.6 0.8 1 0 0.2 04 0.6 0.8 1
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s s ! " n n L L 20 n " " n
0z 04 0.6 0.8 1 0 0z 04 0.6 08 1 0 02 04 06 0.8 1

(d) t=2 () t=5 (f) t=15

Fig. 4.2. Density evolution for the relaxation system (3.1) with Ax = 0.00125, y&? = le—5, a = 100000 and initial datum (4.2). The small bubbles shrink
and merge (t =0.5, t =1) and form one bubble (t =2). At t =15 the material seems to be in equilibrium.

w = |03 x€©3,07),
PoX) =118 otherwise, (4.3)
vo(x) = 0.

The initial datum is a non-equilibrium bubble that will be driven towards a two-phase equilibrium by the evolution of the
relaxation system. We want to study if the AP scheme (3.23), (3.27) can deal with tiny interfaces which appear in the sharp
interface limit (¢ — 0) for fixed Ax =0.00125.

The density distributions computed by AP scheme (3.23), (3.27) with Ax = 0.00125 are plotted Fig. 4.3 doe different
values of €. As one can see, shows the AP scheme is able to accurately capture tiny interfaces which appear in the sharp
interface limit (¢ — 0). This means that we are able to obtain numerical solutions that show the expected behavior even
for underresolved meshes. However, we were not able to give analytical proof for this property of the scheme.

Another property of the AP scheme (3.23), (3.27) can be seen in Tables 4.5. For decreasing values of ¢ the CPU time
decreases. For y&? < 10° the CPU-times are constant. We recall (2.22) and see that the diffusive term dominates for larger
& while the convective term does so for smaller ¢. Additionally, the solution of the fast system is very time consuming for
the small time steps that occur for larger €. In fact, it is a nice feature of the AP scheme, that it is faster for smaller and
thus more realistic ¢.
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Fig. 4.3. Approximate density distribution at t = 15 for different . The right figure displays a zoom of the upper corner of the right interface.

Table 4.5

CPU time for different ¢. The CPU-time decreases as & does.
ye? = 1073 104 107> 106 1077 10-8 1079
CPU-time [s] 8001 2599 831 465 463 464 461

() t=5

Fig. 4.4. Density evolution for the relaxation system (3.1) and Ax = Ay = 0.005. (For interpretation of the references to color in this figure, the reader is

referred to the web version of this article.)

4.4. 2D test case: static equilibrium

In this example, we compute a numerical solution to the relaxation system (2.8) in the 2-D case. We start with 22
bubbles in a bounded box (0, 1)? filled with liquid. We choose @~ = 1000, y =1, € =0.01.

We use a uniform rectangular grid and run the simulation up to t =5 on two different grids with Ax= Ay =0.005 and
Ax = Ay = 0.0025. The results (the density distribution) computed at different times are plotted in Figs. 4.4 and 4.5. The
density varies between 0.3 (blue) and 1.8 (red). At t = 0.06, t = 0.1 bubbles collapse and emit shock waves. At t =1, t =3
the smaller bubbles shrink and the biggest bubble grows. At t =5 the fluid seems to be in an equilibrium configuration.
Note that the position of the bubbles and the coalescence dynamics are the same for both gird widths. Even though we are
not able to resolve the interface by the underlying grid due to CPU time constraints, the results show the desired behavior
for a two-phase system. The computations for different grid sizes support the statement, that the behavior of the solution
is not only qualitatively but also quantitatively correct. However, to be absolutely sure, one has to compare it with a fully
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(d) t=1 (e) t=3 () t=5

Fig. 4.5. Density evolution for the relaxation system (3.1) and Ax = Ay = 0.0025. (For interpretation of the references to color in this figure, the reader is
referred to the web version of this article.)

resolved solution. In order to run such a simulation, one would need to implement a scheme that incorporates adaptive
time and spatial stepping, which is out of the scope of the current paper.

5. Conclusion/outlook

In this work, we presented a new asymptotic-preserving scheme for a relaxation of the Navier-Stokes-Korteweg system.
The method has two key ingredients. First, we introduced a modified pressure that guarantees that the Euler part of the
system is hyperbolic. Second, we split the relaxation system into a nonlinear conservative system for the slow dynamics
and a non-conservative stiff system for the fast dynamics that come from the Korteweg term. We showed that our scheme
is asymptotic preserving, i.e. it converges to a numerical scheme for the Navier-Stokes-Korteweg equations on the fully
discrete level. We supported this result with several numerical tests. In all test cases, the solutions showed the expected
behavior. We were able to compute large density ratios and small interfacial widths for fixed grid widths and we were able
to obtain approximate solutions of the same quality as those of an explicit scheme, but with significantly smaller compu-
tational costs. Additionally, our scheme showed to be asymptotic preserving in the sharp interface limit in our numerical
tests. Note that up to now we have not been able to give analytical proof to that.

The numerical proof of the asymptotic preserving property is one goal for future work. This is by no means an easy task,
because the system has a jump of the density at the phase boundaries. Therefore one needs to impose special coupling
conditions at the interface and to introduce an interface tracking algorithm. Another main goal is the extension of the
numerical algorithm to three space dimensions. In order to accomplish this, we will look to introduce an adaptive time
and spatial stepping and to use a discontinuous Galerkin formulation instead of the finite volume formulation. These two
extensions guarantee that the solution of the linear system remains efficient, because we are able to control the number
of cells, even if we need to refine the grid at the interface. This could prove to be important for the simulation of realistic
two-phase flow examples such as underwater explosions.

Data statement
No new data was collected in the course of this research.
Acknowledgements

This material is based upon work supported by the NSF Research Network Grant No. RNMS11-07444 (KI-Net). The work
of AC was supported in part by the NSF grants DMS-1216974 and DMS-1521051. PD acknowledges support from EPSRC
under grant No. EP/M006883/1 and from the Royal Society and the Wolfson Foundation through a Royal Society Wolfson
Research Merit Award No. WM130048. PD is on leave from CNRS, Institut de Mathématiques de Toulouse, France. AC and
JN gratefully acknowledge the hospitality of the Department of Mathematics, Imperial College London, where part of this
research has been conducted. JN acknowledges the support by the German Research Foundation (DFG) in the framework
of the Collaborative Research Center Transregio 75 Droplet Dynamics under Extreme Ambient Conditions and by the Elite
program for postDocs of the Baden-Wiirttemberg Foundation.



A. Chertock et al. / Journal of Computational Physics 335 (2017) 387-403 403

References

[1] G.L. Aki, W. Dreyer, ]. Giesselmann, C. Kraus, A quasi-incompressible diffuse interface model with phase transition, Math. Models Methods Appl. Sci.
24 (5) (2014) 827-861.

[2] D.M. Anderson, G.B. McFadden, M.E. Wheeler, Diffuse-interface methods in fluid mechanics, in: Annu. Rev. Fluid Mech., vol. 30, Annual Reviews, Palo
Alto, CA, 1998, pp. 139-165.

[3] E Bassi, S. Rebay, A high-order accurate discontinuous finite element method for the numerical solution of the compressible Navier-Stokes equations,
J. Comput. Phys. 131 (2) (1997) 267-279.

[4] S. Benzoni-Gavage, Nonuniqueness of phase transitions near the Maxwell line, Proc. Am. Math. Soc. 127 (4) (1999) 1183-1190.

[5] T. Blesgen, A generalization of the Navier-Stokes equations to two-phase flows, J. Phys. D, Appl. Phys. 32 (May 1999) 1119-1123.

[6] M. Braack, A. Prohl, Stable discretization of a diffuse interface model for liquid-vapor flows with surface tension, Modél. Math. Anal. Numér. 47 (2)
(2013) 401-420.

[7] D. Bresch, B. Desjardins, C.-K. Lin, On some compressible fluid models: Korteweg, lubrication, and shallow water systems, Commun. Partial Differ. Equ.
28 (3-4) (2003) 843-868.

[8] F. Charve, Convergence of a low order non-local Navier-Stokes-Korteweg system: the order-parameter model, http://arxiv.org/abs/1302.2617, February
2013.

[9] E. Charve, Local in time results for local and non-local capillary Navier-Stokes systems with large data, ]. Differ. Equ. 256 (7) (2014) 2152-2193.

[10] B. Cockburn, S.Y. Lin, C.-W. Shu, TVB Runge-Kutta local projection discontinuous Galerkin finite element method for conservation laws, III: one-
dimensional systems, J. Comput. Phys. 84 (1) (1989) 90-113.

[11] E. Coquel, E. Godlewski, P.-A. Raviart, N. Seguin, An asymptotic preserving scheme for Euler equations with gravity and friction, in: Finite Volumes for
Complex Applications V, ISTE, London, 2008, pp. 305-312.

[12] E Cordier, P. Degond, A. Kumbaro, An asymptotic-preserving all-speed scheme for the Euler and Navier-Stokes equations, J. Comput. Phys. 231 (17)
(2012) 5685-5704.

[13] A. Corli, C. Rohde, Singular limits for a parabolic-elliptic regularization of scalar conservation laws, ]J. Differ. Equ. 253 (5) (2012) 1399-1421.

[14] P. Degond, S. Jin, J.G. Liu, Mach-number uniform asymptotic-preserving gauge schemes for compressible flows, Bull. Inst. Math. Acad. Sin. 2 (4) (2007)
851-892.

[15] P. Degond, M. Tang, All speed scheme for the low Mach number limit of the isentropic Euler equations, Commun. Comput. Phys. 10 (1) (2011) 1-31.

[16] D. Diehl, Higher Order Schemes for Simulation of Compressible Liquid-Vapor Flows with Phase Change, PhD thesis, Albert-Ludwigs-Universitdt Freiburg,
2007.

[17] W. Dreyer, J. Giesselmann, C. Kraus, C. Rohde, Asymptotic analysis for Korteweg models, Interfaces Free Bound. 14 (1) (2012) 105-143.

[18] J.E. Dunn, ]. Serrin, On the thermomechanics of interstitial working, Arch. Ration. Mech. Anal. 88 (2) (1985) 95-133.

[19] J. Giesselmann, A relative entropy approach to convergence of a low order approximation to a nonlinear elasticity model with viscosity and capillarity,
SIAM ]. Math. Anal. 46 (5) (2014) 3518-3539.

[20] J. Giesselmann, Low Mach asymptotic-preserving scheme for the Euler-Korteweg model, IMA J. Numer. Anal. 35 (2) (2014) 802-833.

[21] ]. Giesselmann, C. Lattanzio, A. Tzavaras, Relative energy for the Korteweg theory and related Hamiltonian flows in gas dynamics, http://arxiv.org/abs/
1510.00801, 2015.

[22] F. Golse, S. Jin, C.D. Levermore, The convergence of numerical transfer schemes in diffusive regimes, I: discrete-ordinate method, SIAM J. Numer. Anal.
36 (5) (1999) 1333-1369.

[23] J. Haack, S. Jin, J.-G. Liu, An all-speed asymptotic-preserving method for the isentropic Euler and Navier-Stokes equations, Commun. Comput. Phys.
12 (4) (2012) 955-980.

[24] H. Hattori, D. Li, Solutions for two-dimensional system for materials of Korteweg type, SIAM ]. Math. Anal. 25 (1) (1994) 85-98.

[25] K. Hermsdorfer, C. Kraus, D. Kroner, Interface conditions for limits of the Navier-Stokes-Korteweg model, Interfaces Free Bound. 13 (2) (2011) 239-254.

[26] D. Jacobs, B. Mckinney, M. Shearer, Traveling wave solutions of the modified Korteweg-deVries-Burgers equation, J. Differ. Equ. 116 (2) (1995) 448-467.

[27] D. Jamet, O. Lebaigue, N. Coutris, ].M. Delhaye, The second gradient method for the direct numerical simulation of liquid-vapor flows with phase
change, ]. Comput. Phys. 169 (2) (2001) 624-651.

[28] S. Jin, Efficient Asymptotic-Preserving (AP) schemes for some multiscale kinetic equations, SIAM J. Sci. Comput. 21 (2) (1999) 441-454.

[29] S. Jin, D. Levermore, The discrete-ordinate method in diffusive regimes, Transp. Theory Stat. Phys. 20 (5-6) (1991) 413-439.

[30] R. Klein, Semi-implicit extension of a Godunov-type scheme based on low Mach number asymptotics, I: one-dimensional flow, J. Comput. Phys. 121 (2)
(1995) 213-237.

[31] D.J. Korteweg, Sur la forme que prennent les équations du mouvement des fluides si I'on tient compte des forces capillaires causées par des variations
de densité considérables mais continues et sur la théorie de la capillarité dans I'hypothése d'une variation continue de la densité, Arch. Neerl. Sci.
Exactes Nat. 2 (6) (1901) 1-24.

[32] M. Kotschote, Strong solutions for a compressible fluid model of Korteweg type, Ann. Inst. Henri Poincaré, Anal. Non Linéaire 25 (4) (2008) 679-696.

[33] E.W. Larsen, J.E. Morel, W.E. Miller Jr., Asymptotic solutions of numerical transport problems in optically thick, diffusive regimes, J. Comput. Phys. 69 (2)
(1987) 283-324.

[34] ]. Neusser, C. Rohde, V. Schleper, Relaxation of the Navier-Stokes-Korteweg equations for compressible two-phase flow with phase transition, Int. J.
Numer. Methods Fluids 79 (12) (2015) 615-639, fld.4065.

[35] S. Noelle, G. Bispen, K.R. Arun, M. Lukacova-Medvid'ova, C.-D. Munz, A weakly asymptotic preserving low Mach number scheme for the Euler equations
of gas dynamics, SIAM ]. Sci. Comput. 36 (6) (2014) B989-B1024.

[36] L. Pareschi, G. Russo, High order asymptotically strong-stability-preserving methods for hyperbolic systems with stiff relaxation, in: Hyperbolic Prob-
lems: Theory, Numerics, Applications, Springer, Berlin, 2003, pp. 241-251.

[37] Christian Rohde, A local and low-order Navier-Stokes-Korteweg system, in: Nonlinear Partial Differential Equations and Hyperbolic Wave Phenomena,
in: Contemporary Mathematics, vol. 526, Amer. Math. Soc., 2010, pp. 315-337.

[38] Margherita Solci, A Variational Model for Phase Separation, PhD thesis, Scuola Normale Superiore Pisa, 2002.

[39] E. Tadmor, Numerical viscosity and the entropy condition for conservative difference schemes, Math. Comput. 43 (168) (1984) 369-381.

[40] E.F. Toro, Riemann Solvers and Numerical Methods for Fluid Dynamics: A Practical Introduction, third edition, Springer-Verlag, Berlin, 2009.

[41] L. Truskinovsky, About the “normal growth” approximation in the dynamical theory of phase transitions, Contin. Mech. Thermodyn. 6 (3) (1994)
185-208.

[42] G. Witterstein, Phase change flows with mass exchange, Adv. Math. Sci. Appl. 21 (2) (2011) 559-611.


http://refhub.elsevier.com/S0021-9991(17)30046-3/bib4144474B3133s1
http://refhub.elsevier.com/S0021-9991(17)30046-3/bib4144474B3133s1
http://refhub.elsevier.com/S0021-9991(17)30046-3/bib414D572D3938s1
http://refhub.elsevier.com/S0021-9991(17)30046-3/bib414D572D3938s1
http://refhub.elsevier.com/S0021-9991(17)30046-3/bib42617373695265626179s1
http://refhub.elsevier.com/S0021-9991(17)30046-3/bib42617373695265626179s1
http://refhub.elsevier.com/S0021-9991(17)30046-3/bib42656E7A6F6E693939s1
http://refhub.elsevier.com/S0021-9991(17)30046-3/bib426C657367656Es1
http://refhub.elsevier.com/S0021-9991(17)30046-3/bib42726161636B50726F686Cs1
http://refhub.elsevier.com/S0021-9991(17)30046-3/bib42726161636B50726F686Cs1
http://refhub.elsevier.com/S0021-9991(17)30046-3/bib4272657363682D3033s1
http://refhub.elsevier.com/S0021-9991(17)30046-3/bib4272657363682D3033s1
http://arxiv.org/abs/1302.2617
http://refhub.elsevier.com/S0021-9991(17)30046-3/bib4368617276652D3133s1
http://refhub.elsevier.com/S0021-9991(17)30046-3/bib436F636B6275726E5368752D494949s1
http://refhub.elsevier.com/S0021-9991(17)30046-3/bib436F636B6275726E5368752D494949s1
http://refhub.elsevier.com/S0021-9991(17)30046-3/bib43475253s1
http://refhub.elsevier.com/S0021-9991(17)30046-3/bib43475253s1
http://refhub.elsevier.com/S0021-9991(17)30046-3/bib43444Bs1
http://refhub.elsevier.com/S0021-9991(17)30046-3/bib43444Bs1
http://refhub.elsevier.com/S0021-9991(17)30046-3/bib436F726C692D526F6864652D3132s1
http://refhub.elsevier.com/S0021-9991(17)30046-3/bib4465676F6E644A696E4C69752D3037s1
http://refhub.elsevier.com/S0021-9991(17)30046-3/bib4465676F6E644A696E4C69752D3037s1
http://refhub.elsevier.com/S0021-9991(17)30046-3/bib44543131s1
http://refhub.elsevier.com/S0021-9991(17)30046-3/bib446965686Cs1
http://refhub.elsevier.com/S0021-9991(17)30046-3/bib446965686Cs1
http://refhub.elsevier.com/S0021-9991(17)30046-3/bib4472657965724769657373656C6D616E6E4B72617573526F686465s1
http://refhub.elsevier.com/S0021-9991(17)30046-3/bib44756E6E53657272696E2D3835s1
http://refhub.elsevier.com/S0021-9991(17)30046-3/bib4769657373656C6D616E6E313461s1
http://refhub.elsevier.com/S0021-9991(17)30046-3/bib4769657373656C6D616E6E313461s1
http://refhub.elsevier.com/S0021-9991(17)30046-3/bib4769657373656C6D616E6E2D3135s1
http://arxiv.org/abs/1510.00801
http://arxiv.org/abs/1510.00801
http://refhub.elsevier.com/S0021-9991(17)30046-3/bib4A696E6574616C2D3939s1
http://refhub.elsevier.com/S0021-9991(17)30046-3/bib4A696E6574616C2D3939s1
http://refhub.elsevier.com/S0021-9991(17)30046-3/bib486161636B2D3132s1
http://refhub.elsevier.com/S0021-9991(17)30046-3/bib486161636B2D3132s1
http://refhub.elsevier.com/S0021-9991(17)30046-3/bib486174746F72694C692D3934s1
http://refhub.elsevier.com/S0021-9991(17)30046-3/bib4865726D73646F726665726574616Cs1
http://refhub.elsevier.com/S0021-9991(17)30046-3/bib4A61636F62732D3935s1
http://refhub.elsevier.com/S0021-9991(17)30046-3/bib4A616D65742D3031s1
http://refhub.elsevier.com/S0021-9991(17)30046-3/bib4A616D65742D3031s1
http://refhub.elsevier.com/S0021-9991(17)30046-3/bib4A696E2D3939s1
http://refhub.elsevier.com/S0021-9991(17)30046-3/bib4A696E4C657665726D6F72652D3931s1
http://refhub.elsevier.com/S0021-9991(17)30046-3/bib4B6C65696E2D3935s1
http://refhub.elsevier.com/S0021-9991(17)30046-3/bib4B6C65696E2D3935s1
http://refhub.elsevier.com/S0021-9991(17)30046-3/bib4B6F7274657765672D3031s1
http://refhub.elsevier.com/S0021-9991(17)30046-3/bib4B6F7274657765672D3031s1
http://refhub.elsevier.com/S0021-9991(17)30046-3/bib4B6F7274657765672D3031s1
http://refhub.elsevier.com/S0021-9991(17)30046-3/bib4B6F747363686F74652D3038s1
http://refhub.elsevier.com/S0021-9991(17)30046-3/bib4C617273656E2D3837s1
http://refhub.elsevier.com/S0021-9991(17)30046-3/bib4C617273656E2D3837s1
http://refhub.elsevier.com/S0021-9991(17)30046-3/bib4E657573736572526F6864655363686C657065722D3135s1
http://refhub.elsevier.com/S0021-9991(17)30046-3/bib4E657573736572526F6864655363686C657065722D3135s1
http://refhub.elsevier.com/S0021-9991(17)30046-3/bib414E4C4Ds1
http://refhub.elsevier.com/S0021-9991(17)30046-3/bib414E4C4Ds1
http://refhub.elsevier.com/S0021-9991(17)30046-3/bib50523033s1
http://refhub.elsevier.com/S0021-9991(17)30046-3/bib50523033s1
http://refhub.elsevier.com/S0021-9991(17)30046-3/bib526F6864652D3130s1
http://refhub.elsevier.com/S0021-9991(17)30046-3/bib526F6864652D3130s1
http://refhub.elsevier.com/S0021-9991(17)30046-3/bib536F6C63692D3032s1
http://refhub.elsevier.com/S0021-9991(17)30046-3/bib5461646D6F722D3834s1
http://refhub.elsevier.com/S0021-9991(17)30046-3/bib546F726F626F6F6Bs1
http://refhub.elsevier.com/S0021-9991(17)30046-3/bib547275736B696E6F76736B792D3934s1
http://refhub.elsevier.com/S0021-9991(17)30046-3/bib547275736B696E6F76736B792D3934s1
http://refhub.elsevier.com/S0021-9991(17)30046-3/bib576974746572737465696Es1

	An asymptotic-preserving method for a relaxation of the Navier-Stokes-Korteweg equations
	1 Introduction
	2 Navier-Stokes-Korteweg equations
	2.1 The Navier-Stokes-Korteweg system
	2.2 A relaxation for the Navier-Stokes-Korteweg system

	3 An asymptotic-preserving scheme in the Korteweg limit
	3.1 A hyperbolic splitting
	3.2 Time discretizations of the split schemes
	3.3 Spatial discretization of the split systems
	3.3.1 Discretization of the slow system
	3.3.2 Discretization of the fast system

	3.4 Discretization of the NSK system
	3.5 Boundary conditions
	3.6 Asymptotic preserving property

	4 Numerical experiments for the asymptotic-preserving scheme
	4.1 Computational efﬁciency
	4.2 Large density variations
	4.3 Sharp interface limit
	4.4 2D test case: static equilibrium

	5 Conclusion/outlook
	Data statement
	Acknowledgements
	References


