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Abstract

In this work, we investigate the qualitative properties as uniqueness, regular-
ity and stabilization of the weak solution to the nonlinear parabolic problem
involving general p(z)-homogeneous operators:

0 (u*T™Y) = V.a(x,Vu) = f(z,u) +h(t,2)u?™"  in (0,7) x

2q —1
u>0 in (0,7) x £
u=0 on (0,T) x 0%
u(0,.) = ug in Q.

Thanks to the Picone’s identity obtained in [10], we prove new results about
comparison principles which yield a priori estimates, positivity and uniqueness
of weak solutions.

Keywords: Doubly nonlinear equation, Polytropic filtration equation,
Leray-Lions operator with variable exponent, stablization.

2010 Mathematics Subject Classification: 35K55, 35J62, 35K65, 35K67.

1. Introduction and main results

The study of various differential equations and variational problems with
variable exponent has significantly influenced mathematics in recent years. In-
deed, the mathematical problems associated with nonstandard p(z)-growth con-
ditions are fascinating in applications as the nonlinear elasticity theory and
non-Newtonian fluids models. In specific, the importance of investigating these
kinds of problems lies in modeling of various anisotropic features that occur in
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electrorheological flows, image restoration, filtration process in complex media,
stratigraphy problems and heterogeneous biological interactions.

In the literature, there are many works that explore the questions of existence
(local or global), regularity or behaviour of solutions for parabolic equations
with variable exponent, for example [1, 2, 3, 6, 10, 29, 30]. Prior investiga-
tions have implemented diverse approaches to study the elliptic and parabolic
problems with nonstandard growth. In [10, 30], the authors have followed the
semigroup approach, involving the semi-discretization in time method for p(z)-
Laplacian and Leray-Lions type operators. In [3], the Galerkin method is used
alternatively to prove the existence of weak solutions and similarly in [2, 6],
the authors have used perturbation methods. We further specify that global
properties of solutions as extinction in finite time, localization, blow-up in finite
time are also explored in [4, 5]. The existence of mild solutions of parabolic
equation and its stabilization properties are studied in [30] for p(z)-Laplacian
and in [29] for Leray-Lions type operators.

The original model of our equation is given by

Ou — V. (V™) |P2V(u™)) =0 in (0,T) x Q. (1.1)

For p =2 and m > 1, (1.1) is well-known as the porous media equation. More
generally, for p > 1 and m > 0, (1.1) is known as the Polytropic Filtration Equa-
tions (P.F.E.) (see [41]). The physical background of P.F.E. can be explained
by considering the flow of compressible non-newtonian fluid in the homogeneous
isotropic rigid medium which satisfies:

ediu = 7V(UV) Mass balance
P = Pou™ State equation

where u is the particle density of the fluid, 7 is the momentum velocity, P is
the pressure, m is the polytropic constant and Py is the reference pressure and e
is the porosity of the medium. Due to the influence of molecular and ion effects
in non-newtonian fluids, the linear Darcy’s law is no longer valid. Instead, we
have the nonlinear version of Darcy’s law:

WV = “A|VPPIvP

where p is the viscosity of the fluid and A is the permeability of the medium.
By combining the two last equations, we obtain an equivalent form of (1.1).
Depending upon the value of m and p, (1.1) is called as Slow Diffusion Equation
(SD.E.) if p > 1 + L and Fast Diffusion Equation (F.D.E.) if p < 1+ L (for
more details see Chapter 2, [41]). A main difference between the two cases
is the existence of solutions with compact support for the S.D.E whereas the
occurrence of dead core type solutions can not occur for the F.D.E. due to the
infinite speed of perturbations propagation.

In the framework of Doubly Nonlinear Equations (D.N.E. for short) i.e. p # 2



and m # 1, (1.1) is referred in the literature (for instance see [33]) as:

p € (1,2) p>2
m € (0,1) | Doubly singular | Degenerate-singular
m>1 Singular-degenerate | Doubly degenerate

The D.N.E. have significant interests because they possess a wide spectrum of
applications for instance in fluid dynamics, soil science, combustion theory, reac-
tion chemistry (see [8, 9, 12, 13, 14, 21, 31, 35, 37, 38] and reference therein) and
for D.N.E. involving p-Laplacian operator, we refer to [23, 34, 40, 42]. The non-
homogeneous variant of the model (1.1) together with multivalued source/sink
terms can also be interpreted as the limiting case (when m — 1) of the cli-
mate Energy Balance Models (see [15, 16, 22]). Recently, the study of D.N.E.
involving variable exponent growth are getting into substantial attention: the
authors in [10] have studied a class of (1.1) involving the p(z)-laplacian using
time-discretization method. The authors in [18, 19] and [6, 7] have studied exis-
tence of solutions to D.N.E. using a nonlinear version of minimizing movement
method and Galerkin method respectively.

In the present paper, we study the existence, uniqueness and qualitative proper-
ties of the weak solutions of the following D.N.E. driven by a general quasilinear
operator of Leray-Lions type:

2q(i 18t(u2q_1) ~V.a(z,Vu) = f(z,u) + h(t,z)u?™" in Qr;
u>0 in Qr; ([HqE)
u=0 on I';
u(0,.) = ug in Q,

where T' > 0, ¢ > 1, Qr def (0,T) x Q with Q € RV N > 1 a smooth bounded

domain, I' % (0,T) x 02 and h belongs to L*(Qr).

The main difference of this work with the previous studies is the doubly non-
linear feature together combined to the broad class of considered Leray-Lions
type operators a. More precisely, problem (DNE) involves a class of variational
operators a : Q x RY — R defined as, for any (z,¢) € Q x RV:

ol €) = (a5, 0); ™ (550, 40.6)) = Ve,

where A : Q x RV — R7T is continuous, differentiable with respect to ¢ and
satisfies:

(Ag) € — A(.,€) is p(x)-homogeneous i.e. A(x,tf) = tP(*) A(x, &), for any
t eRT, £ cRY and ae. €0

with p € C1(Q) satisfying

1 <p_ “ minp(z) < pz) < pr = maxp(z) < cc.
e €

This class of operators a also satisfies ellipticity and growth conditions:



(A;) For j € [1,N], a;j(z,0) =0, a; € CH(QxRV\{0})NC(2 x RY) and there
exist two constants v, I' > 0 such that for all z € Q, ¢ € RV\{0} and
n€RN:

5 > Y|EPE 72 n %

3aj
5&

]
b

' < D@2

Remark 1.1. The assumption (A1) gives the convexity of & — A(xz,€) and
growth estimates, for any (z,&) € Q. x RV :

— e < Az, ) < EP@; Ja(@, €)] < ClEP@Y (1.2)

_
p(z) —1 p(x) —1

and, see [39], for any £&,n € RN and x € Q, there exists a constant 9 > 0
depending on vy and p such that

(ae,€) = aw,m), € =) AP A
a(z, &) —a(z,n), & —n) > i ‘
0 (14 [€] + [n])2—P=) if p(x) <2

(1.3)

Moreover, the homogeneity assumption implies that A(z,€) = a(x,£).£ for any
(z,6) € A x RV,

Next, we impose the condition below to insure qualitative properties as regu-
larity and the validity of Hopf Lemma.

(A2) There exists C' > 0 such that for any (z,£) € Q x RV\{0}:

>

3,j=1

da; _
2o (0,6)| < CIEP 0+ )

J

Remark 1.2. More precisely, from the condition (As) we derive the Strong
Mazimum Principle (see [43]) and the CY:®-regularity of weak solutions (see
Remark 5.3 in [26] and Remark 3.1 in [29]).

Concerning the conditions on the functions f and h, we assume:

(fo) f:9Q xRt — RT is a continuous function such that f(x,0) =0 and f is
positive on 2 x RT\{0}.

(f1) For any z € Q, s — £22) is nonincreasing in R+\{0}.

54— Teq—1

and

(Hyp) there exists b € L>(Q)\{0}, h > 0 such that h(t,z) > h(x) for a.e in Q7.



The study of (DNE) is naturally concerned with the investigation of the follow-
ing associated parabolic problem:

0170, (v?) — V. a(z, Vv) = h(t,z)v? ' + f(z,v) in Qr;

v > 0 in (gjﬁ
_ . (E)
v=20 on I
v(0,.) =g in Q.

We further prove that a weak solution of (E) is also a weak solution of (DNE).

By denoting W W™ (Q) (we refer to [24, 36] for the definitions and

properties of variables exponent Lebesgue and Sobolev spaces) and introduc-
ing weighted spaces with the notation §(z) Lef dist(x, 09Q):
w

30)

and for r > 0:

L () of {w: Q2 = R | measurable, € L>*(Q)}

endowed with the norm |Jw||s = supq, ‘%

M5(Q) def {w:Q — R" | measurable, 3 ¢ >0, <c},

we introduce the notion of weak solution of (E) as follows:

Definition 1.1. Let T > 0, a weak solution to (E) is any positive function
v € L0, T; W) N L>®(Qr) such that d;(v?) € L*(Qr) satisfying for any ¢ €
L2(Q7) N LY0,T; W) and for any t € (0,T)

/Ot/ﬂat(vq)vq_l(bdxds+ /Ot/ﬂa(x,Vv).qudxds

; (1.4)
:ﬂ/ /khwﬂﬂﬁkl+fmﬁvn¢dﬂk
0 Q

and v(0,.) = vg a.e. in Q.

Remark 1.3. In sense of Definition 1.1, a solution of (E) belongs to L>(Qr),
hence qu_l('?t(Uqul) =v9719,(v?) € L?(Qr) holds in weak sense and we deduce
the existence of a solution of (DNE).

Remark 1.4. Prototype examples of operators a satisfying (Ao)-(A2) are given

below: for any (z,£) € A x RN and p € C#(Q) by:

p(x)
2

A, ) => |g@) | > &

j=1 i€P;

where (Pj)jey is a partition of [1,N], g; € C1(Q) N C*#(Q) and gj(z) > ¢ >0
forany j e J.

In particular for A(x,€&) = |€[P(®), (DNE) can be classified as S.D.E. if 2¢ < p_
and F.D.E. if 2qg > p.



About the existence and properties of solutions of (E), we obtain

Theorem 1.1. Let T > 0 and ¢ € (1,p_). Assume A satisfies (Ao)-(A2), f
satisfies (fo), (f1) and

(f2) The mapping x + 6*~9(x)f(x,0(x)) belongs to L*() for some ¢ > 0
where Q. < {z € Q|d(z) <e}.

Then, for any h € L*(Qr) satisfying (Hyn) and for any initial data vy €
ME(Q) NW, there exists a unique solution in sense of Definition 1.1.
More precisely, we have:

(i) Let v, w be two weak solutions of (E) with respect to the initial data vy, wy €
MEQ)NW and h, g € L(Qr) satisfying (Hy). Then, for any t € [0,T]:

t
[(w9(t) = w(t)) L2 < [I(vf — wg) ™ ||z +/0 I(h(s) = g(s)) " llz2ds.  (1.5)
(ii) Assume in addition A satisfies, for any x € Q and for any &, n € RN :

(A5) Alw, 551) < (@) (A, )+ Alw, )= (A(w,€) + Alw,n) — 24(x, £52))

where for any x € Q, s(z) = min{1,p(z)/2} and {(z) = (1 — 217P(@))
if pla) <2 or ((x) = 5 if p(z) > 2.

Then, v € C([0,T]; W).

—s(x)

Remark 1.5. The above result can be generalized in case f(x,s) Lef flz,s)+

fxz,s) where [ satisfies (f1) and s — fs(f_’f) is Lipschitz with respect to the
second variable, uniformly in x € Q0 with constant w > 0. Then if f satisfies
additionally (fo), (f2) and under same conditions for A and q, Theorem 1.1 still

holds, (1.5) being replaced by

1w (t) = w? ()" |2 < e [[(vf — wg) ¥l 22 +/0 | (h(s) = g(9)) |2 ds.

Similar results have been obtained in [23] in the case of the p—laplacian operator.

Remark 1.6. Prototype example of functions f satisfying (fo)-(f2) is given
by for any (x,5) € Q x RT, f(z,5) = g(x)87(x)s® where g € L>®(Q) is a
nonnegative function, 8 € [0,q — 1) and B8+~ > q— %

Remark 1.7. The condition (As) reformulates the local form of Morawetz-type
inequality producing convergence properties.

In Theorem 1.1, the uniqueness of the solution in sense of Definition 1.1 is
obtained by the following theorem relaxing the assumptions on vy and h. More
precisely, we show:

s(z)



Theorem 1.2. Let v, w be two solutions of (E) in sense of Definition 1.1 with
respect to the initial data vy, wo € L?1(Q), vo,wo > 0 and h, h € L*(Qr).
Then, for any t € [0,T):

t
[09(2) = w () L2(0) < M6 — willz2@) +/O 1A (s) = h(s)llz2 () ds.  (1.6)

Using a similar approach based on nonlinear accretive operators theory as in
[11, 29, 30], we introduce T, : D(T,) C L*(2) — L?*(2) be the operator with the
parameter ¢ defined by

Tou = —ull=0/a (V.a(x, V(u/1)) + f(x,ul/q))
and the associated domain
D(T,) = {w : @ — RT | measurable, w7 €¢ WN L*(Q), T,w € L*(Q)}.

Based on the accretive property of 7, in L?*(Q) (see Theorem 2.2 and Corollary
2.2) and additional regularity on initial data, we obtain the following stabiliza-
tion result for the weak solutions to (E):

Theorem 1.3. Under the assumptions of Theorem 1.1, let v be the weak solu-
tion of (E) with the initial data vg € MY(Q)NW. Assume that h € L ([0, +00)x
Q) satisfying (Hy) on [0,4+00) x Q and there exists hoo € L>(2) such that

t"h(t,.) — hoollz2 = O(1) at infinity for some n > 0. (1.7)
Then, for any r € [1,00)
||Uq(t7 ) - UgtatHLr —0ast— o0

where Vgt 1S the unique solution of associated stationary problem with the po-
tential hoo € L>(Q).

Remark 1.8. The stabilization in L°° -norm appeals new estimates linked to the
T-accretivity of the operator T, in L> and in L' (see Remark 1.6 and Theorem
2.1 n [17] and Theorem 1.18 in [32]).

Remark 1.9. In Theorem 1.3, we noticed that vy € M}(Q) N W implies vi €
2
D(’E)L (see Proposition 2.11 in [20]).

The current work extends significantly results contained in [10] which only
apply to the p(z)-Laplace operator. We also prove in the present paper new
stabilization results for (DNE). To this aim, we borrow the Picone’s identity
obtained in [10] that we recall in the next result:

Theorem 1.4 (Picone’s identity). Let B : Q@ x RN — R be a continuous and
differentiable function satisfying (Ag) such that & — B(x, ) is strictly convex for



any x € Q. Let u, v € L>(Q) belonging to VI def {w:Q— (0,4+00) | wr € W}
for some r > 1. Then, for any x € Q
1
p(x)

where the inequality is strict if r > 1 or & # const. > 0.

r (p(x)—r)

)SBM@,V(W»B T (1, V (/)

r—1

u r

VgB(x,V(ul/T)).V(

We point out that the general form of operators requires to exploit sharply the
Picone’s identity. In this regard, the integrability of the quotient in this one
forces conditions of regularity or behaviours in the choices of test functions.
Another important part of our work is to study the convergence of the weak
solution to a steady state. To this goal, our approach is to use the semigroup
theory. Due to the general class of operators, additional technical computa-
tions are needed and performed with the help of the above Picone’s identity.
In our knowledge, the study of solutions of D.N.E involving the class of p(z)-
homogeneous operators are not discussed so far in literature. So, in this context
all results brought in this work are completely new. With both autonomous
and non-autonomous terms and the large class of considered operators, (DNE)
covers a large spectrum of physical situations. In our study, we also provide
new strong maximum principle and weak comparison principle in frame of the
large class of operators a.

Turning to the layout of the paper: in section 2, we study a problem related to
the parabolic problem (E) establishing existence and uniqueness results (Theo-
rem 2.1-2.2, Corollary 2.1-2.2). In section 3 we then prove Theorem 1.1. Pre-
cisely, we prove Theorems 3.1 concerning the existence of a weak solution in
sense of Definition 1.1 by semi-discretization in time method. Then the subsec-
tion 3.2 yields the proof of Theorem 1.2 and Corollary 3.1 giving the uniqueness
using Picone’s identity and Theorem 3.3 establishes the regularity of solutions
and then completes the proof of Theorem 1.1. Finally in section 4, we estab-
lish Theorem 1.3 via a classical argument of semigroup theory. In Appendix
AppendixA, we state in the framework of general class of operators a weak
comparison principle, strong maximum principle and regularity results.

2. Elliptic problem related to D.N.E.

In this section, we study a class of elliptic problem related to D.N.E. in order
to prove Theorem 1.1. First we start with a direct application of Theorem 1.4
which provides a comparison principle, uniform estimates and uniqueness.

Lemma 2.1. Let A: Q x RY — R be a continuous and differentiable function
satisfying (Ag) with a(z,§) = ﬁVgA(x,f) such that & — A(x,§) is strictly
convez for any x € Q. Then, forr € [1,p_), for any wy,wy € W N L>(Q) two
positive functions and for any x € Q)

a(z, Vwy).V (W) +a(z, Vwsy).V <w2T_1w1> > 0. (2.1)

wy W

If the equality occurs in (2.1), then wy = ws in .



Proof. Let wy,we € WN L>®(Q) such that wy,ws > 0 in Q. Then Theorem 1.4
yields

r—1

Ar/p(ac) (x’vwl)A(P(m)—f’)/P(z)(x,VwQ) > a(x,ng).V ( 4 ) .
Wa

Then, by using Young inequality and the equality A(x, &) = a(x, )., we obtain

a(z, Vwsy).V (wg - 121) > L(A(QL“,ng) — A(z,Vwy)). (2.2)
5 p(x)
Reversing the role of wy and ws:
a(x, Vwy).V <w1 — w?hl) > ]%(A(x,le) — Az, Vws))

and adding the above inequalities we obtain (2.1) and the rest of the proof
follows from Theorem 5.2 in [29]. O

2.1. L™ -potential

In this subsection, we study the following associated elliptic problem:

02l _\V. a(xa VU) = h0U(171 + )\f(i[,’,’l)) in Q;
v>0 in Q; (2.3)
v=20 on 0f),

where hg € L*°(£2) and A is a positive parameter. The notion of weak solution
of (2.3) is defined as follows:

Definition 2.1. A weak solution of (2.3) is any nonnegative and nontrivial

function v € X “wn L29(Q2) such that for any ¢ € X

2¢—1 _ -1
/Qv a ¢dx+)\/ﬂa(m,Vfu).V¢dmf/Qhovq ¢dm+)\/ﬂf(x,v)¢dx. (2.4)

The first theorem gives the existence and the uniqueness of the weak solution
of (2.3).

Theorem 2.1. Assume that A satisfies (Ag)-(Az2) and f satisfies (fo) and (f1).
Then, for any q € (1,p—), A > 0 and hg € L>(Q)\{0}, ho > 0, there ezists a
weak solution v € C1(Q) N M}(Q) to (2.3).

Moreover, let vi,ve be two weak solutions to (2.3) with hy, ha € L (Q)\{0},
hi, ha > 0 respectively, we have with the notation t+ ef max{0,t}:

I(vf = v8) " llz2 < [I(ha — o)™ |2 (2.5)



Proof. Define the energy functional J on X:

J(v) :21(1/91)2’1(1:1:—&—)\/9de—2/Qh0(v+)qu

—)\/F(x,v)dx
Q
tt

where F(z,t) = / f(z,s)ds.

0
Note from (fo)-(f1) that there exists C' > 0 large enough such that for any
(r,5) € A xR
0< f(z,8) <O 45771, (2.7)

By (1.2) and (2.7), J is well defined, continuous on X and we have

_—1
T (@) > [ollLz, (c1|v||‘;2q - ) ol (csllolfy ™ = es)

where the constants do not depend on u. Thus we deduce that J is coercive on
X. Therefore we affirm that there exists vg € X a global minimizer of 7.
Noting that, with the notation t~ = t+ — ¢,

T(wo) > T + Qiq /Q(vg)% de + )\/Q A(”;(Z)UO_) do > J(v})

we deduce vg > 0. Let ¢ € C}(Q) be a nonnegative and nontrivial function,
thus for any ¢ > 0
J(tqb) < tq(cltq + cotP~ 79 — 03)

where the constants are independent of ¢ and ¢z > 0 since hg #Z 0. Hence for ¢
small enough, J(t¢) < 0 and since J(0) = 0, we deduce vy # 0. The Gateaux
differentiability of J insures that vy satisfies (2.4).

From Proposition AppendixA.2, we deduce vy € L>®(2) and Theorem 1.2 in
[26] provides the C'1<(Q)-regularity of vy for some « € (0, 1).

By (fo) and (f1), f satisfies lim,_,o+ f(x,5)s!727 = oo uniformly in z € Q,
hence Lemma AppendixA.1 implies vy € M}(9).

Finally, let v1,ve € M}(2) be two weak solutions of (2.3) with respect to hy
and ho respectively. Namely, for any ¢, ¥ € X, we have

/Qqu*gbdx+A/Qa(x,vul).v¢dm:/thvgflqsderA/Qf(x,vl)Mx

and

/vgq_l‘lldxﬁ—/\ a(z, Vvs). VU de = | hov§ ' Wdz + X | f(w,00)¥ du.
o Q Q Q

10



Jr —
Subtracting above expressions by taking ¢ = (U1 — Ufgl) and ¥ = (7}2 — vﬁl)
1 2

then by (f1) and Lemma 2.1, we obtain

[t =prde< [ (= ha)ot = o) do

Q
< [(hy = ha) T [l 2@yl (v] — 03) T | L2

from which (2.5) follows. O

Remark 2.1. In the proof of Theorem 2.1, condition (f1) is not optimal to
obtain the existence of a minimizer and to apply Lemma AppendizA.1. Indeed
define a more general condition on f

(f1) limsup,_,, fp(ffz < vAp+ uniformly in x € 2

ef

1 d .
where py = and A== (supy, =1 (lull - (@)))P~, condition (f})

p—
p+(p+—1)
is a sufficient condition to obtain the existence of a weak solution of (2.3).
Moreover, to apply Lemma AppendizA.1 we assume in addition that f satisfies:

(f7) liminf,_,q+ {5;”_? > 1 uniformly in x € Q.

Remark 2.2. Inequality (2.5) implies the uniqueness of the solution in the
sense of Definition 2.1. Moreover to obtain (2.5), we use more precisely ¢, ¥
belong to L§°(2) N W. The uniqueness can be also obtained by using Theorem
AppendizA.1.

Remark 2.3. For q =1, (2.3) becomes

AXi=h in €2
fromon o "

v=>0 on 0N.

For any hg € L>®(Q) and for any f € L>®(Q x R) satisfying (f1) with ¢ = 1,
following the proof of Theorem 2.1, we get the existence of a unique weak so-
lution vg € W N L%() (not necessary nonnegative) in sense of Definition 2.1
with ¢ € WN L2(Q).

Moreover, choosing as test function ¢ = (vo+M)T where M = ||hg| L+ fll L,
we deduce vy € L>(Q) and hence for any XA > 0, R(I + A\T1) = L™(Q).
Moreover, let v1 and vy be two solutions to (2.8) with hy, ha € L () respec-
tively, we get from (1.3) and (f1): for any ¢ : R +— R Lipschitz and nondecreas-
ing function such that £(0) = 0:

/ (Thv1r — Thve)l(v1 — v2) dx > 0.
Q

Thus, by section I.4. in [32], Ty is T-accretive in L*(2) namely for any hy, ha €
L>(Q) and respectively vy, vy the solutions to (2.8), we have

(1 = v2) "l < [[(ha = h2) 1o

11



Finally, using Remark 1.6 in [17], T1 is T-accretive in L™(KY), for any m €
[1,00] i.e
(v = v2) Tl < [[(ha = h2) FllLm,  m € [1,00].

We point out that T-accretivity of Ty, for ¢ > 1, in L?(Q) is equivalent to
/Q (Tqv1 — Tqv2)l(v1 — v2)dxz > 0
with the fized choice £(t) = tT.
In the way of Remark 2.3, Theorem 2.1 implies existence, uniqueness and ac-

cretivity results for the perturbed problem induced by the operator 7,:

Corollary 2.1. Assume A satisfies (Ag)-(A2) and f wverifies (fo) and (f1).
Then, for any q¢ € (1,p_), A > 0 and ho € L>®()\{0}, ho > 0, there exists a

unique solution u € C1(Q) of

u+ ATqu=ho in
u>0 in (2.9)
u=20 on 0N.

Namely, u belongs to V_Z N /\/l};/q(Q) and satisfies:

/Quz/)daﬁ—/\/ﬂa(x,V(u

for any ¥ such that

1—gq 1

))-V(UTw)—f(J%W)U%wd:B:/Qhoz/)dx (2.10)

Q=

|V e LE(Q) and e LP@(Q). (2.11)

Moreover, if uy and us be two solutions of (2.9) corresponding to hy and hsy
respectively, then

(w1 —u2) (|2 < [[(u1 — ug + X(Tqur — Tquz)) |l L2 (2.12)

Proof. Define the energy functional & on VI N L2(Q) as £(u) = J(u'/?) where
J is defined in (2.6).

Let v is the weak solution of (2.3) and the global minimizer of (2.6). We set
up = vd. Then, ug belongs to VN M};/q(Q).

Let 1 satisfying (2.11). Then there exists to > 0 such that for ¢t € (—tg, o),
ug + t1p > 0. Hence we have £(ug + 1) > E(up) for any t € (—tg,to). Using
Taylor expansion, dividing by ¢ and passing to the limit as ¢ — 0 we deduce
that ug verifies (2.10).

Consider @ € VN M};/q(Q) another solution satisfying (2.10). Thus & = @!/9
verifies (2.4) for ¢ € L (2) N W. By Remark 2.2, we deduce ¥ = vy and the
uniqueness of the solution of (2.9). Finally (2.12) follows from (2.5). O
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2.2. Extensions for L?-potential
We now generalize existence results of subsection 2.1 for hg € L?(2) by approx-
imation method.

Theorem 2.2. Assume A satisfies (Ag)-(A2) and [ wverifies (fo) and (f1).
Then, for any q € (1,p_), X > 0 and hy € L*(Q)\{0}, ho > 0, there ewists
a positive weak solution v € X of (2.3) in the sense of Definition 2.1. More-

over, if hg € L™(Q) for some r > max {1, %}, v € L*(Q) and v is unique.
Proof. Consider h,, € C(Q), h, > 0 which converges to h in L?(2). By
Theorem 2.1, for any n > 1, define v, € CH*(Q) N M}(2) as the unique

positive weak solution of (2.3) with hg = hn.
For any s > 1 and a,b > 0, observe that

la — b]** < (a® — b%)2. (2.13)
Hence (2.5) implies, for any n, p € N*:
[(vn = vp) Tllpas < ll(vi —vf) *l172 < [1(hn — hp) Tl 72

Thus we deduce that (v,) converges to v in L?4(Q2) and (v4) converges to v? in
L?(Q).

Note that the limit v does not depend to the choice of the sequence (h,) by
(2.5). So define in particular, for any n € N*, h,, = min{h,n}. By (2.5), we
deduce that (v, ) is nondecreasing and for any n € N*|

v(x) > vp(x) > vi(x) > cd(xz) >0 ae. in Q, (2.14)

for some ¢ independent of n.
From (1.2), (2.7) and using Hélder inequality, equation (2.4) with ¢ = v,, be-
comes

1/ IV, [P d:v</ a(z, Vuy,). Vo, dz
P —

< ¢ (lvnllZzq (1hnllzz + 1) + o]l L2a)
<c (H?‘HLZq(wp [nllL2 4+ 1) + [|v]l£20)

for some ¢ independent on n. Hence we deduce that (v,,) is uniformly bounded
in W and v,, converges weakly to v in W (up to a subsequence).
Now taking ¢ = v, — v in (2.4), we obtain as n — oo

/fxvn (v, —v)dz| + /thln—v)dx—i—

which infers / a(z, V).V (v, —v)dz — 0.
Q

/ V21 (v, —v)dx| — 0
Q

Since v, — v in W, we deduce that:

/Q(a(x, Vo) — a(z,Vv)).V(v, —v)dz — 0.

13



Thus we infer that

|V (vp — 0)|P@ dz — 0 as n — oc. (2.15)
Q
Indeed we split Q into two parts: Q! = {x € Q: p(x) <2} and Q% = {x € Q:
p(x) > 2}
Since 7o > 0, (1.3) implies (2.15) directly on Q*. On Q!, we get from the Holder
inequality and (v,) bounded in W:

/ |V (v, — v)\p(z) dx
Ql

. IV (v, — v)|P®)
~ (Vv

Vol + |Vu,|)"® 2
+ |V,Un|)r'(:z:) L[)(Zw) @) ||(‘ | ‘ |) Hinp(_r/) D)
vV (v, — v)|P®
<e V(v v)| — ] défclN
(|V’U| + |V’Un|)r z I, p(x) QY

_ / V(0w —v)Pdz )ﬁ
C X
= U (Vo] + [Vo,|)2#@)

where r(z) = M, p=min{l, -} if N <1 and p = & otherwise.
Hence from (1.3), we conclude (2.15) in Q! and the convergence of (v,) to v in
W. Then by using dominated convergence Theorem and classical compactness

arguments, we obtain
_p(@) N
ale, Von) = a(z, Vo) in - (L7TT()

Finally passing to the limit in (2.4) satisfied by v,, and applying the dominated
convergence Theorem, we obtain v is a weak solution of (2.3). The regularity
arises from Proposition AppendixA.2. U

Next result is the extension of Corollary 2.1 for L?-potential.

Corollary 2.2. Assume A satisfies (Ag)-(A2) and f wverifies (fo) and (f1).
Then, for any q € (1,p_), A > 0 and ho € L*(Q) N L"(Q)\{0} for some r >
max{1, Z%}, ho > 0, there exists a solution u of (2.9). Namely, u belongs to

VfﬂL‘x’ (Q) and satisfies (2.10) for any v verifying (2.11) and there exists ¢ > 0
such that u(x) > cd?(x) a.e. in Q.

Proof. Noting that the existence of a weak solution vy € L*>(Q) of (2.3) for
h € L?(Q), can be obtained by global minimization method as in Theorem 2.1,
we deduce from Theorem AppendixA.1 that the solution obtained by Theorem
2.2 is a global minimizer.

Then we follow the same scheme as the proof of Corollary 2.1. We consider the
functional energy & defined on Vf N L2(2). We set ug = vl. Then, ug belongs
to V£ N L™ and (2.14) implies ug(x) > ¢6%(z) a.e. in Q.

Take ¢ satisfying (2.11), then for ¢ small enough, £(ug + t1)) > E(ug). From
classical arguments, we deduce that ug verifies (2.10). O
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3. Parabolic problem related to D.N.E.

In this section, we prove Theorems 1.1 by dividing the proof into three
main steps: existence, uniqueness and regularity of weak solution. The proof of
Theorem 1.1 (i) follows from the proof of Theorem 1.5 in [10] using Lemma 2.1,
Theorem 2.2 and Corollary 2.2. Thus we omit the proof.

3.1. Ezistence of a weak solution

In light of Remark 1.3 and improving Theorem 1.4 in [10] to p(z)-homogeneous
operator, we consider the problem (E) with vy € M}(Q) N W.

Theorem 3.1. Under the assumptions of Theorem 1.1, there exists a solution
v to (E) in sense of Definition 1.1. Furthermore v belongs to C([0,T7]; L"(9))
for any r > 1 and there exists C > 0 such that, for any t € [0,T]:

éé(x) <wo(t,x) < Cé(x) a.e.in Q. (3.1)
Proof. The sketch of the proof is classical and in particular we follow the proof
of Theorem 1.4 in [10]. However, for the convenience of the readers, we give
the entire proof due to the general form setting of the operator a which requires
technical computations. We proceed in several steps:

Step 1: Semi-discretization in time of (E)

Let n* € N* and set A; = T'/n*. For n € [0,n*], we define ¢, = nA; and for
(t, ) € [tn—1,tn) X :

e 1 tn
ha,(t,z) = h"(x) def E/ h(s,z)ds.
¢

n—1

Thus [|ha,|lz=@r) < Ihl|Le(@r) and let € > 0, then by density, there ex-
ists a function he € C§(Qr) such that [|he — hz2(g,) < €. Since he is uni-
formly continuous, we infer that (he)a, — he in L?(Q7) and by observing that

H(hF)AI, - h’Ar HL2(QT) < th - hHLZ(QT)a we have

||hAt - h/HL?(QT) <[[ha, — (h/E)AtHL2<(QT) + H(h/e)Af - he||L2<QT)
+ Hh,ﬁ — hHLZ(QT)
§2Hhc — }LHLQ(QT) + H(;LC)At — hr.”LZ(Qr,-) < 3e

for A, small enough. We then conclude that ha, — h in L?(Q7).
Applying Theorem 2.1 with A = Ay, hg = Ah™ + v, we define the implicit
Euler scheme,

q _ .4

(U" AU"_1>U,%1 —V.a(z,Vu,) = h™0@ + f(x,v,) in Q;
t

v, >0 in Q;

v, =0 on 0N,
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where, for all n € [1,n*], v, € C1(2) N M}(9) is the weak solution in sense of
Definition 2.1 .

Step 2: Sub- and supersolution

In this step, we establish the existence of a subsolution w and a supersolution
w of a suitable equations such that v, € [w, @] for all n € [0, n*].

As in Theorem 2.1, we prove, for any p > 0, there exists a unique weak solution,

w, € C1(Q) N ML(Q), to

— V.a(z,Vw) = p(hw?* + f(z,w)) in Q;
w>0 in Q; (3.3)
w=20 on 09,

where b is defined in (Hy,).

Let p1 < p2 and w,, ,w,,, be weak solutions of (3.3). Then,

/a(m,VwM).Vqﬁdx:m/(ﬁwzll+f(x w,,))¢dx
Q Q

/ a(r,Vuw,,).Vidr = m/(hwq Lt f(a, w,,,))Y dz.
Q

. . . (wi —w? )* —wh )7
Summing the above equations with ¢ = *“lwqifﬁ and ¢ = *’iﬂqif‘l then

Wy
from (2.1) and (f1), we deduce (w,,),, is nondecreasing. From Theorem 1.2 of
[26], we obtain for some « € (0, 1)

lw,llcre @) < C for p < po (3.4)

with 19 > 0 small enough and C' = C(puo, ). Therefore, (3.4) implies {w,,
1 < po} is uniformly bounded and equicontinuous in C*(Q). Furthermore, from
Theorem AppendixA.2, we have that [|w,, |z~ — 0 as p — 0. Applying Arzela-

Ascoli Theorem, we then obtain w, — 0 in C'(Q) as g — 0. Then by Mean

Value Theorem, we choose 1 small enough such that w o w, € CHQ)NM(Q)

satisfies 0 < w < vg. -
Similarly, there exists w,, € C'(Q) N M}(Q) the weak solution of the following
problem:

— V. a(z,Vw) = |hlpe@pw? " + f(z,w) + £ in Q;
w >0 in Q; (3.5)
w=0 on 01.

By Theorem AppendixA.2 and by comparison principle, we have for k large

enough that w def W, > wy > vo where w, is the weak solution of (A.1).
Rewrite (3.2) as follows

= AV.a(x,Vu,) = Ay (h"v?b_l + fz,vn)) + vl vi~h

n—1
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Since w < vy < w and w, w are respectively a sub- and supersolution of the
above equation for n = 1, Theorem AppendixA.1 yields v, belongs to [w,w] and
by induction v,, € [w,w] for any n € [1,n*].

Step 3: A priori estimates

Define the functions for n € [1,n*] and ¢ € [tp_1,tn)

t— tn—l

A, (vg — 02—1) + Ug—1

va,(t) = v, and 0a,(t) =

which satisfy
v 1 90a, — V.oa(z, Vua,) = fz,0a,) + h 0% (3.6)

and by Step 2, there exists ¢ > 0 independent of A; such that for any (¢,z) €
Qr

%5(1‘) < wa,, f)lA/tq < ¢d(x). (3.7

In (3.2), summing from 1 to n’ € [1,n*] and multiplying vi;,ﬁ’l € X, Young’s

inequality implies

1 v;{—vz_l
2
< 22At||h”|\%2 +22At
n=1 n=1

Since v, € [w,w] C M}(Q), (2.7) and (f2) insure that fFf, 2) is uniformly

bounded in L?(2) in A;. Hence, combining (1.2), (2.2) and (3 8), we deduce,
for any n’ > 1:

1 [V, p(x) _ |V p(x)
/ml V| ca| Vol dr < / 9 (Alz, Von) — Az, Vo)) dz
Q p(x) o p(z)

< Z / (x,Vu,) — A(z,Vu,_1))dx

L2

n=1
vl —ol
< Z / z, V). (f)dm <c3
1'71
where the constants ¢; = pfz 7 and ¢y = p:{ 7- The above inequality implies
that
(va,) is bounded in L°°(0,T; W) uniformly in A, (3.9)
and from (3.8), we deduce
(040a,) is bounded in L*(Qr) uniformly in A;. (3.10)
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t—1p—1
Ay

Moreover, for t = , we have

V(L) = (£+ % f)(vzgl)ﬁv (mn+ (1-1 <”Z:>q_lvvn_1> |

Hence we deduce from (3.9) and Step 2 that

(f)lA/tq) is bounded in L*°(0,7; W) uniformly in A,. (3.11)

Furthermore using (2.13), (3.10) implies

~1 2 ~
oup 1757 — v [y < sup s, — o, e < 08, (1) (3.12)

)

Gathering (3.9)-(3.12), up to a subsequence, va,, f)lA/tq Sovin L2(0,T; W) as
Ay — 0.
From (3.7) and (3.10) we deduce that (04, )a, is equicontinuous in C([0, T]; L™ (£2))

for any r € [1,4+00). Moreover, from (2.13), we also deduce that (f)lA/tq)At is uni-

formly equicontinuous in C([0,T]; L"(Q2)) for any r € [1,400). Thus, by Arzela
Theorem, we get up to a subsequence that for any r € [1, 400)

oa, = v?in C([0,T]; L™(2)) and va, — v in L*(0,T; L"(?)), (3.13)
hence (3.7) implies (3.1). From (3.10) and (3.13), we obtain
at’f}At — 825(1}(1) in LQ(QT) (314)

Step 4: v satisfies (1.4)
From (3.13) and (3.14), we have as A; — 07

‘/ UqA_tl(vAt — 0)0:0a, dxdt‘ + ’ h"qu_tl(vAt —v)dxdt] — 0
Qr

T

and from (fp), (3.7) and (3.13), we obtain

f(z,va,)(va, —v)dzdt — 0 as Ay — 0.
Qr

Then, multiplying (3.6) to (va, — v) and passing to the limit, we obtain

/ a(z,Vua,).V(va, —v)dzdt — 0 as Ay — 0.

T

Since va, — v in L>(0,T; W) and from the above limit, we conclude

/ (a(z,Vva,) — a(z,Vv)).V(va, —v)dodt — 0 as Ay — 0T,

T
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By (1.3) and classical compactness arguments, we get
a(z, Voa,) = a(z, Vo) in (LP@/P@=-1 Q)N (3.15)

Now, we pass to the limit in (3.6). First we remark that (qu_tl) converges to
v?~1in L2(Qr). Indeed (2.13) and (3.12)-(3.13) imply as A; — 0:
2q

=9_ 2
oy < C’/ |qu:1 — 07T dadt
Qr

—1 _ —
||Uth —v? 1”22(QT) =

<C &, —v?|? dwdt
Qr

S C Sup] (”qut - ’DAtH%Q + H/DAt - UQH%Q) — 0.
0,7

Hence plugging (3.10) and Step 1, we have in L?(Q7):
qu_tlatﬁAt — qﬂ—lat(vq) and hAthA_tl s hptL

Thus, we deduce, for any ¢ € L?*(Qr) as Ay — 0:

‘/ (vg:latmt - q}’l—lat(vq)) gbd:vdt’ + ‘/ (hAtqujl _ hU‘I—l) qbd;z:dt’ — 0.
Qr T

(3.16)
Furthermore from (2.7) and (3.7), (f(z,va,)¢) is uniformly bounded in L?(Q7)
in Ay and by (3.13) we have f(z,va,)¢ — f(z,v)¢ a.e in Q7 (up to a subse-
quence). Then, by dominated convergence Theorem we obtain

f(z,oa,)¢ dedt — flz,v)pdxdt as Ay — 0. (3.17)

Qr Qr
Finally gathering (3.15)-(3.17), we conclude that v satisfies (1.4) by passing to
the limit in (3.6) for any ¢ € L%(Qr) N LY(0,T;W). O

3.2. Uniqueness
Proof of Theorem 1.2. Let € € (0,1), we take

(v+€)?— (w+e) (w4 = (v+ €)1t
CE G e

both belonging to L*(Qr) N L(0,T; W), in

/Ot/Qat(vq)vq_l(bda:ds—&—/Ot/ﬂa(x,Vv).Vq’)dggds
_/Ot/Qh(S,LE)Uqlgbdasder/Ot/Qf(x,v)(bdzds,

/ot/gat(wq)wq_lwf’fds+/Ot/ﬂa(:c7vw).wdxds
:/Ot/Q?l(Sal')wq1¢da:ds+At/Qf(g;’w)¢dmds
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and summing the above equalities, we obtain I, = J. where

L —/ / <8‘f (vt)oe™" at(wq)wq_l>((v+e)q(w+e)q)dxds

v4ea (w4 e)a!

+/0 /Qa(x,V(ere)).V((v +8:6)(;fl+€)q)dxds
—|—/Ot/ﬂa(x,V(w—|—€)).V((w _;;):__G)S}j— E)q> dxds

/ / ( Ufif’i; 1 (wﬁfi;1>((v+€)q — (w+¢€)9) dzds
= @)Y (g1 — (w0t ) dads,
//<v+e (w+ ¢€)

<1and v, we L*®(Qr), we have

and

First we consider L. Since i, +¢

O (v)v?= 1 9y (w)wi~!

(v+e)9at (w+e)7—1

(v + ) = (w+ ) < C(|0: ()] + [0 (w)])

where C' depends on the L* norm of v and w and is uniform on ¢ € (0,1).
Moreover, as € — 0

(@(uq)vq—l 3 O (w?)wi =1
(v+ea 1  (wHea?

) (047 (w+ ) = 20,08~ ur)’

a.e. in Qp. Then dominated convergence Theorem and Lemma 2.1 give

limI, > = //& 4 — w?)? dxds.
e—0

In the same way for J., dominated convergence Theorem implies

/ / ( vfj—)qe ql 1 (wﬁfi;_l)((v‘f‘ﬁ)q — (w4 €)?) dxds

%/Ot/g(hﬁ)(vqwq)dxds.

Moreover Fatou’s Lemma gives
lim inf (w+ €)?dzds > fav) w? dxds,
e—0 (v + €)1~ 1 Q vq 1

liminf// U—i—e)qudsZ/ /qudxds.
e—0 ereq (w + €)a—1 o Ja wi—1

Hence gathering the three last limits and from (f;), we obtain

¢
liminfJ. < / /(h — h)(v? — w?) dxds.
e—0 0 Jo
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Since I, = J., we conclude using Holder inequality that for any ¢ € [0, T

1 t t _
f/ 0y (v1 — w?)? deds < / lh = hllL2@)llv? — w?| g2 () ds
2Jo Ja 0

and by Gronwall Lemma (Lemma A.4 in [20]) we deduce (1.6). O

Hence we conclude the uniqueness of the solution in sense of Definition 1.1 in
Theorem 1.1:

Corollary 3.1. Let v be a solution of (E) in sense of Definition 1.1 with the
initial data vo € L?1(Q), vo > 0 and h € L*(Qr). Then, v is unique.

From Theorem 3.1 and Corollary 3.1, we deduce the existence result for the
parabolic problem involving the operator 7:

Theorem 3.2. Under the assumptions of Theorem 1.1, for any ug such that
1/q € ML(Q)NW, there exists a unique weak solution u € L>°(Qr) of
du+Tu=h in Qr;
u >0 mn Qr;
u=0 on I
w(0,.) =ug in £,

(3.19)

in the sense that:
e u!/? belongs to L>(0,T; W), dyu € L*(Qr);

e there exists ¢ > 0 such that for any t € [0,T], 16%(z) < u(t,z) < c6(x)
a.e. in

e u satisfies, for any t € [0,T):

dyurp drds + (2, Vul/).V(u 7" ) dxds
/) [ /e

t
2/ f(x,ul/q)uqudxds—F/ h(s,z)y dzds,
0 Jo 0 Jo
for any ¢ such that

(3.20)

[/ € L0, T; L§*(Q)) and 55:/)('.) € L'(0,T; L") (Q)). (3.21)

Moreover, u belongs to C([0,T]; L"(2)) for any r € [1,+00).

Proof. Let v be the weak solution of (E) in sense of Definition 1.1 obtained by
Theorem 3.1. Then, setting in (1.4) v = v? and choosing ¢ = with
satisfying (3.21), we get the existence of a solution of (3.19).

Let us consider the uniqueness issue: let @ be another solution of (3.19). We
set & = /9 and taking ¢ = v771¢ with ¢ € L>(0,T;Ls(Q)) N LY(0,T; W)
n (3.20), we obtain that ¥ verifies (1.4) with the additional condition ¢ €
L>(0,T; Ls°(R2)). Since v, v verify (3.1), the test functions defined in (3.18)
with v and ¥ belong to L>(0,T; L§°(£2)). Hence (1.6) holds and we conclude
the uniqueness. O

P
va—1
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8.8.  Regularity of weak solution

Theorem 3.3. Under the assumptions of Theorem 1.1, assume in addition A
satisfies (As). Then, v the weak solution of (E) obtained by Theorem 3.1 belongs
to C([0,T]; W).

Proof. The proof is similar as the proof of Theorem 1.1, Step 4 in [29]. However,
the nonlinear term in time implies a specific approach in the computations.
Hence for the reader’s convenience, we include the complete proof.

We have v € L*(0,T; W) N C([0,T]; LP- (Q)) and p € C1(2), Theorem 8.4.2 in
[24] yields W C LP- () with compact embedding. So we deduce ¢ — v(t) is
weakly continuous in W.

Moreover, we consider the mapping (v fQ ;(vv)dm defined in W. The
convexity of A implies that K is Weakly lower semicontinuous. Thus for any
to € [0,T], we have

K(v(to)) < liminf K(v(t)). (3.22)

t—to

n (3.2), summing from n’ to n” and multiplying by = " L € X, we obtain

z:/A<7f_”l>dw+z:/ (x, Vo). (/%wl)m

n=n’ n=n’

n n” f(xvvn)
Z/h (vl — ! )dx+ Z/Q e (vd — vl _|)dx.

As in Step 4 of the proof of Theorem 3.1, after using Lemma 2.1 we pass to
the limit as n — oo and we get: for ¢ € [to, T

/to [ 040" dads + (o) g/ /h@t(vq)dxds+qlC(v(to))

(3.23)
/to vq 1 Or(v?) dzds.

Taking limsup in (3.23) as t — t§ and by (3.22) we deduce

lim K(v(t)) = K(v(ty))

t—td
and hence we get the right-continuity of /.

. vi(.+mn,.) —o?

Now, for t > t¢, let n € (0, —tp). We multiply (E) by 1,0 = ——————— €

ULk
L*(Qr)NL*(0,T; W) and integrate over (to,t) x Q and hence by using Theorem
1.4 and Young inequality, we obtain:

/t:/ﬂvq_l8t(vq)rnvdxds+Z/t:/C(U(S+77))—’C(U(5))dS

¢ t
Z/ /thflTnvdzdst/ /f(x,v)ﬂ,vdxds.
to JQ to JQ
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Since v € L>=(0,T; W) and K is right-continuous in W, by dominated conver-
gence Theorem, we have as n — 0

to+mn tn
,17/t K(v(s))ds — K(v(ty)) and %/t K(v(s))ds — K(v(t)).

Then (3.24) yields,
/0 /Qat(vq) dxds + giC(v(t)) >/to/Qhat(vq)dxds—l—qlC(v(to))

t
+/t/ %ﬁt(vq) dxds.
to JQ

From (3.23), we have the equality for any ¢, to € [0,T] in the above inequality
and we deduce the left-continuity of .

By (As3), the proof of corollary A.3 in [28] holds by considering K as the semi-
modular. Then, we deduce that Vu(t) converges to Vu(ty) in LP®)(Q)N as
t — to and hence v € C([0, T]; W). O

4. Stabilization

4.1. Stationary problem related to (E)

In the aim of studying the behaviour of global solution of the problem (E)
as t — oo, we consider the following problem

—V.a(z, Vo) = b(z)v? ' 4 f(z,v) in Q
v>0 in € (S)
v=_0 on 09,
where b € L (). The notion of weak solution of (S) is defined as follows:

Definition 4.1. A weak solution to (S) is any nonnegative function v € W N
L (Q), v £ 0 such that for any ¢ € W, v satisfies

/a(m,Vv).Vqua::/bvq_lq’)dx—i—/f(x,v)(bdx. (4.1)
Q Q Q

Theorem 4.1. Assume that A satisfies (Ag)-(A2) and (fo) and (f1) hold. Then,
for any g € (1,p-), b € L>=(Q)\{0}, b > 0, there exists a unique weak solution
v e CHQ) N ML) to (9).

Proof. Consider the energy functional £ defined on W such that
L(v) = / Mdm - 1/ b(vT)?dx 7/ F(z,v)dz
o p@) q.Jq Q

where F is defined as in (2.6). By following the same arguments as in Theorem
2.1, we deduce the existence of nonnegative global minimizer vy to £ and the
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Gateaux differentiability of £ implies vg satisfies (4.1).

Combining Proposition AppendixA.1 and Theorem 4.1 in [27] , we deduce

vg € L*°(£2). Then by Theorem 1.2 of [26], we obtain, vg € C1*(Q) for some
€ (0,1). From Lemma AppendixA.l, we deduce vg > 0 and vy belongs to

ME(Q).

Let @ another solution of (S). As previously, we deduce that 5y € C1*(Q) N

ME(Q).

We choose

q _ 5q 54 _ .4
Yo —% 4 %=

0
-1 —q—1
d q

0 0
spectively 7y, then adding the both equations we deduce from Lemma 2.1 and

(f1):
q _ ~q q
/ a(z, V).V <v0 qf0> + a(z, Viy).V (UONq Y0 ) dz = 0.
Q vg g

Applying once again Lemma 2.1, we obtain vy = 0. O

as test functions in (4.1) satisfied by vg re-

Hence we obtain using the same way of the proof of Corollary 2.1:

Corollary 4.1. Under the conditions of Theorem 4.1, there exists a unique
solution u of the following problem

Tu=0b in
u>0 in € (4.2)
u=0 on 0.

Namely, u belongs to Vq N Ml/q( Q) and satisfies, for any ¥ such that (2.11):

/Qa@»Vu”q)-V(ﬁwdw— infz S W‘/ b

4.2. Proof of Theorem 1.3

Proof of Theorem 1.3. We consider two cases:

Case 1: h = ho

We introduce the family {S(¢);¢ > 0} on Mé/q(Q)ﬁVf defined as w(t) = S(t)wo
where w is the solution obtained by Theorem 3.2 (and Theorem 3.1) of

Ow + Tqw = hoo  in Qr;

w >0 in Qr;
w=0 on I’ (4.3)
w(0,.) = wo in Q.

Thus {S(¢);t > 0} defines a semigroup on Mé/q Q)N V_Z Indeed the uniqueness
and properties of solution of (3.19) imply for any wy,

S(t+ s)wg = S(t)S(s)wg, S(0)wy = wy (4.4)
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and from (3.13) the map t — S(t)wy is continuous from [0, 00) to L2(£2).

Note that v = (S(t)wp)'/9 is the solution of (E) in the sense of Definition 1.1
with h = hs, and the initial data wé/q.

Let T > 0 and v be the solution of (E) obtained by Theorem 3.1 with h = hy,
and the initial data vo, hence we get u(t) = v(t)? = S(t)up with uy = vg.

Let w = w,, be the solution of (3.3) and W = W, be the solution of (3.5). Then,
w, W E M};(Q) and for p small enough and & large enough, w is a subsolution
and W a supersolution of (S) with b = hy such that w < vy < w.

We define u(t) = S(t)w? and w(t) = S(t)w? the solutions to (4.3). So u and
u are obtained by the iterative scheme (3.2) with vg = w and vy = w. Hence,
by construction the map ¢t — u(t) is nondecreasing, the map ¢ — w(t) is nonin-
creasing and (1.5) insures for any ¢ > 0,

w? <u(t) <u(t) <u(t) <w?a.e. in Q. (4.5)

We set u,, = lim; oo u(t) and Te = lim;—, 0o W(t). Then from (4.4), the conti-
nuity in L?(Q) and monotone convergence theorem, we get in L?(Q):

1 = Jim S(t+s5)(w?) = SO)(Jim S(s)w) = S(O)u

—00
S§—00

and analogously we have Uy, = S(t)Us. We deduce u., and Uy, are solutions

of (4.2) with b = ho, and by uniqueness, we have uggat def Uy = Uoo Where Uggat
is the stationary solution of perturbed parabolic problem (4.2). Therefore from
(4.5) and dominated convergence Theorem, we obtain

|lu(t) — ustat||r2 — 0 as t — co.

Finally, using (4.5) and interpolation inequality ||.|, < [|.]|%]|-]lz~%, we conclude
the above convergence for any r > 1.

Case 2: h # ho.

From (1.7), for any € and for some 1’ € (0,7), there exists to > 0 large enough
such that for any ¢t > to:

Rt ) = hoor2 < e

Let T > 0 and v be the solution of (E) obtained by Theorem 3.1 with h and

the initial data vg = ué/q and we set u = v9.

Since v satisfies (3.1), we can define 4(t) = S(t + to)uo = S(¢)u(tp). Then, by
(1.5) and uniqueness, we have for any ¢ > 0:

3

n
tO

t
llu(t + to,.) — alt,.)||r2 < / I1h(s +to,.) — hoollr2 ds < <e.
0

By Case 1, we have @(t) — usa in L2(Q2) as t — oo. Therefore, we obtain
[lu(t) — ustat||r2 — 0 as t = oo

and by using interpolation inequality we conclude the proof of Theorem 1.3. [
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AppendixA. Additional results

In this section, we give extensions of technical results for the class of operator
A or for some boundary value problems.
We begin by extending Theorem 4.3 in [10] using Lemma 2.1. Then, we obtain
the comparison principle:

Theorem AppendixA.l. Assume A satisfies (Ap)-(A2) and f satisfies (fo)
and (fa2). Letv, v € XNL>® () be nonnegative functions respectively subsolution
and supersolution to (2.3) for some h € L"(Q), r > 2, h>0. Then v < 7.

The proof is similar as the proof of Theorem 1.2 where the sub- and supersolution
do not need to belong to M}(2). The proof is very similar and we omit it. In
the next theorem, we extend Lemma 2.1 of [25] and Lemma 3.2 of [29] for
p(z)-homogeneous operators.

Theorem AppendixA.2. Assume A satisfies (Ag)-(Az). Let A > 0 and wy €
WNCH(Q) be the positive weak solution of

{ —V.a(z,wy) =X in (A1)

wy =0 on O0.
Then, there exists \* > 0 such that wy satisfies

o for any A > N, ||lws|re() < CLAY P~V and wy(z) > Cg)\”‘l“sé(m)
for some € € (0,1);

o for X < X, Jlwallpe (o) < Cy\V/(p+=1)

where the constants depend upon py,p—, N, Q and «. Moreover if Ay < Ay then
Wi, S W, -

Now we state a Strong and Hopf maximum principle for variable exponent p(z)-
homogeneous operators and theirs proof follows from Lemma 3.3 and 3.4 in [10].

Lemma AppendixA.l. Let o, f be two measurable functions such that 1 <
B < By <a- <ay <oo. Let h,l € L>®(Q) be nonnegative functions, h > 0
and k : Q x RY — R* and A satisfies (Ag)-(A1). Consider v € CY(Q) a
nonnegative and nontrivial solution to

— V.a(z, Vu) + [(z)u®® 7 = h(2)uP @ f k(z,u)  in Q;
u=0 on 0f).

If lim iilfk(x,t)tlfa(m) > |[||pee uniformly in x € Q, then u is positive in 2.
t—0

Furthermore, if Q0 satisfies the interior ball condition for any x € 02, then

%(m) < 0 where 7 is the outward unit normal vector at x.

We state a slight extension of Proposition A.1 in [10] and Proposition A.2 in
[29].
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Proposition AppendixA.l. Let q € [1,p_). Assume A satisfies (Ag)-(Az)
and u € X satisfying for any ¥ € X:

/a(x7Vu).V\Ildx:/huq_1\Ifda:
Q Q

where h € L?(Q) N L™(Q) with r > max{1, 1%} Then u € L (Q).

Proposition AppendixA.2. Under the assumptions of Proposition AppendizA.

consider u € X a nonnegative function satisfying, for any ¥ € X, ¥ > 0:

/u2q_1\I/dac+/a(m,Vu)~V\Ildx§/(f(m,u)—l—huq_l)\lldx
Q Q Q

where f verifies for any (z,t) € AxRT, |f(x,t)] < a1 +eo|t|* @1 with s € C(Q)
such that for any x € Q, 1 < s(x) < p*(z) and h € L3() N L"(Q) with
r > max{1, pﬁ_} Then u € L>=().

The proofs of above results follow the proofs of Theorem 4.1 in [27] and Propo-
sition A.1 in [10].
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