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Large mass minimizers for isoperimetric
problems with integrable nonlocal potentials

Marc Pegon

This paper is concerned with volume-constrained minimization problems derived
from Gamow’s liquid drop model for the atomic nucleus, involving the competition
of a perimeter term and repulsive nonlocal potentials. We consider potentials given
by general radial nonnegative and nonincreasing kernels which are integrable on R",
such as Bessel potentials. We show that, under reasonable regularity assumptions
and a bound on the first moment of such kernels, the problems admit minimizers
of arbitrarily large mass. In addition, we prove that, up to renormalization, any
sequence of minimizers converges to the ball as the mass goes to infinity. Finally,
we study the stability of large balls, and show that our bound on the first moment
of the kernels is a sharp stability threshold for large balls. A direct consequence
of the instability of large balls above this threshold is that there exist nontrivial
compactly supported kernels for which the problems admit minimizers which are
not balls, that is, symmetry breaking occurs.
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1. Introduction

We study large mass minimizers for a variant of Gamow’s liquid drop model for the atomic
nucleus, in which the repulsive term is given by a general nonnegative, integrable, radial
and radially nonincreasing kernel. More precisely, given G : R™ — [0,+0c0) a measurable
nonnegative function, where n > 2, we consider the minimization problem

min{P(E)—l—//;XEG(x—y)dxdy : ]E]:m}, (%)

where the minimum is taken over all sets of finite perimeter of volume |F| = m — which we
call the mass — and P(F) denotes the perimeter of E.

Let us point out that () has extensively been studied in the literature when G is a Riesz
kernel or a general integrable kernel with compact support. In the Riesz case, it is known that
the problem admits the ball as unique minimizer below a critical mass, and it is conjectured
that there is no minimizer above a (possibly different) critical mass. This conjecture has
already been proven in a few cases. We will discuss the Riesz case and compact support case
further in the next section. In this article, contrarily to Riesz kernels, we are interested in
kernels which are integrable in R™, and in order to highlight the differences with the Riesz
case, we focus exclusively on the behaviour for large masses. Except in Section 2, we shall
always assume that G satisfies the following general hypotheses:

(H1) G € L'(R™") N I/Vlloc1 (R™\ {0}), and the integrals

|z|G(z) dz, / |z||VG(x)|dz, and / z|?|VG(z)| da
R” R7 R

are finite.

(H2) G is radial and nonincreasing, that is, there exists a nonnegative and nonincreasing
function g : (0,400) — R such that G(z) = g(|z|) for £ — a.e. x € R";

(H3) G € CY(R™\ {0}).
Starting from Section 5, we add the extra assumption
(H4) G(z) = o(|z|~™*V) at infinity, and G(z) = o(|z|*™") near the origin, for some « > 0.

As we will show, the so-called Bessel kernels are natural examples of kernels satisfying these
assumptions. Observe that this problem exhibits a competition between two terms and is thus
nontrivial: the local perimeter term constrains the set E to concentrate as much as possible,
while the nonlocal term acts as a repulsive term, forcing E to spread. Indeed, it is known
that the perimeter is minimized by balls under volume constraint, while the nonlocal term is
mazximized by balls (by Riesz’ symmetric rearrangement using e.g. [23, Chapter 3.7], and the
fact that G is equal to its symmetric rearrangement).



Let us first remark that, G being integrable on R", for any set E of mass m, we may rewrite
the nonlocal repulsive term as

/ G(r —y)dzdy = m||G|| 1 gn) — // y) dz dy,
ExE

so that (x) is in fact strictly equivalent to

min {P(E) — Perg(E) : |E| = m}, (P)

where the functional Perg is defined as

Perg(E) = //E | Gle—y)dedy

and should be considered as a “nonlocal perimeter”, which behaves in several ways as a standard
perimeter term rather than as a volume term.
In the rest of the paper, we shall prefer working with this equivalent form (P) of the problem.
We are interested in the asymptotic behavior of this minimization problem for large masses
and give answers to several natural questions: does (P) admit a minimizer? If so, what do
minimizers look like, are they regular? Can the ball of volume m be a minimizer?
To state our main results, we define

. / 12]%10L G(z)| dz = n|By| / 9O () r7 1 dr

for every I € {0,1} and ¢ € {0,1,2}, where B is the open unit ball in R” and .G is the I-th
radial derivative of G, and for every positive natural numbers p and n, we denote by K, ,, the
constant defined by

K= [ Jeval dot ™, (1.1)
Snfl

which does not depend on e € S"~! by symmetry. Here S*~! denotes the unit sphere in R” and
"1 the (n — 1)-dimensional Hausdorff measure. We prove that if Ig’l is small enough, then
there exists a critical mass above which (P) admits a minimizer, and that, up to translations
and rescaling, any sequence of minimizers converges to the unit ball as the mass goes to infinity.

Theorem A. Assume Ig’l < % Then there exists me = me(n,G) such that, for any

m > me, (P) admits a minimizer, and any minimizer E is, up to a translation, included in
4Bl up to a set of vanishing Lebesgue measure, where [B],, denotes the ball of volume m
centered at the origin.

Theorem B (Corollary 4.9). Assume Ig:l < %ﬂ Let (my)ken be a sequence of positive real
numbers going to infinity, and for every k € N, let Ey be a minimizer of (P) of mass my such

that
/ zdz = 0.
Ey

1
Then letting Fy, := (|B;|> Ey, the sequence (Fy)ren of sets of finite perimeter of volume |B|

m

converges to By, the unit ball centered at the origin, w.r.t. to the L' norm, that is,
|FABy | £22% 0,

where Fi,ABy denotes the symmetric difference of the sets Fy, and Bi.



The main obstacle for proving the existence with the direct method in the calculus of varia-
tions is the possibility for a minimizing sequence to have some mass escape at infinity. We solve
this problem by showing that, for large masses, a minimizing sequence may be constrained in-
side a ball via a truncation lemma. This relies heavily on the introduction of the formulation
(P) involving the nonlocal perimeter Perg, and on the fact that the latter behaves to some
extent as a classical perimeter. Note that the general kernels we consider (and in particular
Bessel kernels) do not behave as nicely as Riesz kernels under scaling. For the latter, it only
results in the addition of a multiplicative constant before the potential, while here the scaling
parameter stays inside the kernel, making computations more involved. The convergence of
rescaled minimizers follows from the computation of the I'-limit of the functional associated
with the rescaling of (P) so that the mass m appears in the functional rather than in the
constraint.

Applying results from [30], when I, g’l < %, we obtain that minimizers have a O3 reduced
boundary, and we show that they are necessarily connected whenever G is not compactly
supported.

Then we recall a well-suited notion of stability for functionals on sets under volume con-
straint, and show that the threshold ﬁ for Ig’l is a stability threshold for large balls.

Theorem C (Theorems 5.6 and 5.9). Assume that G satisfies (H4). If Ig’l < %, then there
exists mg = mg(n, G) > 0 such that for any m > mg, the ball [B],, is stable for the functional
of (P). Conversely, if Ig’l > %ﬂ, then there exists m, = my(n, G) such that for any m > m,,
the ball [Bl,, is unstable for the functional of (P): in particular, it cannot be a minimizer, i.e.,
symmetry-breaking occurs.

The proofs for the stability and instability of large balls rely essentially on the two following
ingredients:

(i) the decomposition in spherical harmonics of the Jacobi operator associated with the
second variation of the perimeter and of the nonlocal term (given by the so-called Funk-
Hekke formula for the latter);

(ii) results analogue to the one by J. Bourgain, H. Brezis, and P. Mironescu in [7] for Sobolev
spaces on spheres, i.e. computation of the limit and of a sharp “asymptotic” upper bound
for the quantity

_ 2
/én_lxgn_l Mne(x _ y) djfxn—l d%n—l7

|z — y|?

where (9:)e>0 is a (n — 1)-dimensional approximation of identity, and f belongs to
Hl(Sn_l).

A particularly interesting consequence of Theorem C is that there exist kernels for which (P)
admits nontrivial minimizers, that is, minimizers which are not balls. Indeed, S. Rigot proved
in [30] that (P) always admits a minimizer whenever G is compactly supported. Hence, multi-
plying any sufficiently smooth, nontrivial, compactly supported kernel G by a large constant,
we may assume Ig’l > %, so that minimizers exists but cannot be the ball [B],, for m large
enough, since it is unstable.

Theorems A to C directly apply when G is a so-called Bessel kernel: for every «, k > 0, we
denote by B, . the Bessel kernel of order o defined as the fundamental solution of the operator



(I — kA)?Z, that is,
(I —KkA)2Beo =080 in Z'(R"), (1.2)

where dg is the Dirac distribution at the origin. We then have:

Application D (Corollary 3.15 and Lemma 3.16). For every k,a € (0,400), we consider the
problem (P) with G = By . Let us define

If k < Kq, there exist me = me(a, k) > 0 and ms = mg(a, k) > 0 such that, for every m > me,
(P) admits a minimizer, and for every m > mg, the ball [Bl,, is a stable critical point of the
functional of(P). In addition, consider (mg)ren a sequence of positive real numbers going to
infinity, and (Ey)ken an associated sequence of centered minimizers of (P), i.e., for all k € N,
Ey is a minimizer of mass my, satisfying

/ zdx = 0.
Ey
| B1|

1
Then setting F, := (m—k> " By, the sequence (Fi)pen of sets of volume |By| converges in L' to

Bi, in the sense that
k—o0

|F,ABy| 2222 0.

Conversely, if k > Kq, there exists m, = my(a, k) such that for every m > my, [Bly, is an
unstable critical point of the functional of (P). In particular, [B,, cannot be a minimizer.

In view of Theorems A to C, we conjecture that for I, g’l > %ﬂ, there should be a critical

mass mp such that, for larger masses m > mp, the unique minimizer of (P) is the ball [B],,,
up to translations. This conjecture will be the subject of a future work.

Outline of the paper

This paper is organized as follows. In Section 2 we discuss a few variants of Gamow’s liquid
drop model which have already been studied in the literature, and we motivate the choice
of our assumptions (H1) to (H4). We also recall some well-known results on isoperimetric
inequalities. In Section 3 we establish basic prerequisites on nonlocal perimeters and on Bessel
kernels, which justify Application D. In Section 4 we prove existence of large mass minimizers,
i.e., Theorem A. We then compute the I'-limit of the rescaled functional of (P), and show
that if I g’l is small enough, the I'-limit is a positive multiple of the perimeter, which implies
Theorem B. We conclude this section by establishing chs regularity (applying directly results
from [30]) and connectedness of minimizers. Section 5 is eventually dedicated to the study of
the stability of large balls, where we show that % is a threshold for I, g’l for which large balls
go from stable to unstable, i.e., Theorem C.

Notation

Operations on sets.  For any set E € R", we define E° := R"\ E, and we write | E| for its volume
(that is, its Lebesgue measure). Given two sets E and F', we denote by EAF := (E\F)U(F\E)
their symmetric difference. We say that two sets E and F' in R™ are equivalent if |[EAF| = 0.



Balls and spheres. We denote by B,(x) the open ball in R™ of radius r centered at z. For

simplicity we write B, when x is the origin. The volume of B; is wy, := |B1| = and

_m2
r(i+z)’
the area of the unit sphere S*~! is "~ 1(S"71) = nw,. More generally we denote by S* the
k-dimensional unit sphere, and for simplicity we write |[S¥| = 2% (S¥) its surface area. For any
m > 0 and € R"” we let [B]; ., be the open ball of volume m centered at x, or simply [B],,

if x=0.

Sets of finite perimeter. For any open set {2 C R", we denote by BV(2) the space of functions
with bounded variation in 2, and for any f € BV(Q2) we let | D f]| be its total variation measure,
and set [flpy(q) = Jo|Df]. For a set of finite perimeter E in Q, we let 1z € BV(Q2) be its
characteristic function (i.e., 1g(z) = 1 if z € E and 0 otherwise), and define its perimeter in
Q by P(E;Q) := [,|D1g|. If Q@ = R" we simply write P(E) := P(E;R"). We denote by g
the Gauss—Green measure associated with the set of finite perimeter E and vg(z) the outer
unit normal of 0*F at x, where 0*E stands for the reduced boundary of F.

2. Motivation and context

2.1. No repulsion: the Classical Isoperimetric Problem

First let us say a few words about the simplest case for (P), that is, when G = 0. In that case,
(P) is the classical isoperimetric problem which consists in minimizing the perimeter under a
volume constraint. It is known that the unique minimizer is the ball, up to translations, which
gives the classical isoperimetric inequality

P(E) > P([Blm),

for any set of finite perimeter F with volume m, and can which be rewritten
1
P(E) = nwy |B|' . (2.1)

Knowing that balls are solutions to the classical isoperimetric problem, it is natural then to
consider the related question: if the perimeter of a set E of volume m is close to P([B],), is E
close to the ball [B],, in some sense, and if so, is it possible to quantify it? This question has
been answered in [14] (see also [13] for a refinement), in the form of a so-called quantitative
version of the isoperimetric inequality, which we recall just below. Given E such that |E| = m,
we define the isoperimetric deficit of E& by

_ P(E) = P([B]m)
P ==,
and its Fraenkel asymmetry by
a(E) := min {‘EAES]W” Y€ R"} .

The sharp quantitative isoperimetric inequality proven in [14] then states that there exists

C = C(n) such that
a(E) < Cy/D(E), (2.2)

and that the 3 exponent over D(E) is sharp. In addition to their intrinsic interest, isoperimetric
inequalities are a very useful tool to study related isoperimetric problems, and we shall often
rely on them in the rest of the paper.



2.2. Slow decay at infinity: Riesz potentials

Problems such as (x) are essentially inspired by a model for the atomic nucleus introduced by
George Gamow in the late 1920s, which is now referred to as Gamow’s liquid drop model for the
atomic nucleus. This denomination is due to the fact that in this simple model (then refined
by Heisenberg, von Weizsiicker and Bohr in the 1930s), the protons and neutrons inside the
atomic nucleus are treated as an incompressible and uniformly charged fluid. In this model,
the atomic nucleus is represented by a set  C R? of volume m (which corresponds to its
mass), and its energy is given by

1 1
P(Q —i—// dx dy.
) 87 Jaxa |lr —yl

The perimeter term represents the energy associated with the attractive short-range nuclear
force, while the Coulombic repulsive term is due to the positively charged protons pushing
themselves away from each other. This model successfully explained the phenomenon of nuclear
fission: indeed, there are two critical masses 0 < m; < mo < oo such that, below mq, the
problem admits a minimizer (no fission), and above mg, there is no minimizer (fission). In
fact, there exists another threshold 0 < mg < my such that, below it, the ball is the unique
minimizer (up to translations) These results were first rigorously proven in [20] (see also [19]
for the planar case). Many variants and generalizations of this model have been proposed since
1

then, one of the most natural being to replace the Newton potential i in dimension 3 with

Riesz potentials in arbitrary dimension n > 2, that is
1
G(x)

’x‘n—a ’
The Newton case @ = 2 in dimension n > 3 was treated e.g. in [18], the Riesz cases with
a € (0,n —1) in [6], and the complete Riesz case « € (0,n) in any dimension in [12], where
the perimeter P(E) can also be replaced by the s-fractional perimeter Ps(F) with s € (0, 1).
Let us sum up some of what is known in the Riesz case in the following theorems.

Theorem 2.1 ([19, 20, 18, 6, 12]). Given n > 2 and o € (0,n), there exists mg = mo(n, a)
such that for any m < mg the ball [Bl,, is the unique minimizer of (x) for G(x) = |m]_(n_a),
up to translations.

a € (0,n).

There are also some nonexistence results.

Theorem 2.2 ([6, 19, 20, 24]). Given n > 2 and a € (n — 2,n), there exists m; = mi(n, a)

such that for any m > myq, (%) admits no minimizer for G(x) = ]:U|_(”_a).

These nonexistence results for large masses are in a sense not surprising. Indeed, on the one
hand, note that without the perimeter term the problem

1
ExE [T — Y|

admits no minimizer, since it is always better to split a set F into infinitely many pieces
and send them farther from each other at infinity, since Riesz kernels are (stricly) radially
decreasing. On the other hand, the relatively slow decay at infinity of the Riesz kernels make
them nonintegrable, which would explain why the repulsive potential takes over the perimeter
term in (%) for large masses, resulting in the nonexistence of minimizers.

As for the thresholds mg, m1, and mo, physical evidence indicate that in dimension n = 3
at least, they should be equal, but this has yet to be proven.



2.3. Compactly supported kernels

An interesting case is when the kernel G has compact support, i.e., when the long-range inter-
action fully disappears from some distance. Recalling our informal discussion on nonexistence
of minimizers for Riesz potentials, we see that in the compact case, sending disjoint pieces of
a set F at infinity does not decrease the energy of the nonlocal term: when the pieces are far
enough, they simply don’t interact with each other. Thus we may imagine that it is possible
to build a minimizing sequence lying in a fixed ball, and prove the existence of minimizers by
the direct method. In dimension n = 2 this strategy can be implemented quite easily (the
advantage being that sets of finite perimeter are essentially bounded, i.e., included in a ball),
but in higher dimension it is not that simple.

Fortunately, using the link between minimizers of (x) and “almost-minimizers” of the perime-
ter (see Section 4.4), that case was successfully treated by S. Rigot in [30], yielding the following
result.

Theorem 2.3 ([30]). If G is compactly supported, then () always admits minimizers. In
addition, for any minimizer E, O*E is a Cl’%—hypersurface, and, up to a renormalization, E
has a finite number of connected components N, where N can be bounded depending only on
G, n and m.

Note that Theorem 2.3 stands true even if GG is not radial. A consequence of this theorem
and of Theorem C is that we can easily build kernels such that large mass minimizers exist
and are nontrivial, as mentioned in the introduction.

2.4. Intermediate case: Bessel kernels

Between Riesz kernels, which are slowly decreasing kernels, and compactly supported kernels,
it is natural to wonder what happens in the intermediate case of rapidly decreasing kernels such
as Bessel kernels. Bessel kernels are usually given by the operators (I — A)_% for a € (0,n),
i.e., the Bessel kernel of order « is the fundamental solution of

(I-A)2f=46y in2'(RY),

where 9 is the Dirac distribution at the origin. In fact, we consider the “generalized” Bessel
kernels given by (I —xA)~%, where a, k € (0, +00). As far as we know, there is little literature
on () when G is a Bessel kernel, and especially on the asymptotic behavior for large masses.
Compared with Riesz kernels (which are associated with the operators (—A)_%), Bessel kernels
are generally not explicit, in the sense that they only have an integral representation, and they
do not behave as nicely as Riesz kernels under scaling. Near the origin, Riesz and Bessel
kernels of the same order a behave similarly, however at infinity Bessel kernels decay much
faster. Their decay at infinity is exponential (in particular, they are integrable), making them
an intermediate case between Riesz kernels and compactly supported kernels.

Physically, this model could apply to diblock copolymer melts, where the long-range in-
teractions are partially screened by fluctuations in the background nuclear fluid density (see
21)).

Note that even though Bessel kernels decay exponentially, the situation is very different from
the compact support case: here, there is always a little interaction between pieces of E, no
matter how far they are to one another, thus we cannot use the strategy implemented in [30]
to get compactness of minimizing sequences, even in dimension n = 2.



For small masses, the similarity between Riesz and Bessel kernels near the origin suggests
that (%) presents the same kind of behavior whether G is a Riesz or a Bessel kernel of the
same order «, that is, there exists a critical mass below which, up to translations, the ball of
volume m is the unique minimizer. In this “small volume” case, we believe the approach for
the Riesz case in [12] can be adapted without major difficulties, but this is not the subject of
this paper. We are more interested in the case of large volumes. For Riesz kernels of order
a € (n—2,n), it is known that above a critical mass, (x) admits no minimizers. Here, the
better integrability of the Bessel kernels changes the asymptotic behavior when the mass goes
to infinity: if x is small enough, (%) admits large mass minimizers, and up to translations,
any sequence of normalized (to unit mass) minimizers converges to the unit ball as the mass
goes to infinity. We end this introductory discussion on Bessel kernels here, leaving the more
technical reminders for Section 3.2.

3. Preliminaries

3.1. Nonlocal perimeters & rescaled problem

First, let us make a few remarks on the assumptions (H1) to (H4) made on G, and some of
their immediate consequences.

Remark 3.1. By (H1) and (H2), g is absolutely continuous on (0, +00). In addition, since G is
radial and radially nonincreasing, VG(z) - x = ¢'(|z|)|z| = —|VG(2)||z|, and

Sk /0 g(r)yr"tdr = o G(z)dz = Ig’l < 00,

s [Tl = [ VG@leldo = 15 < o

|S”‘1/0 () [+ dr = /Rn|ve(x)|x|2dx ~ 112 < oo,

By (H2) and (H3), VG is also continuous in R™ \ {0}. Furthermore (H1) implies that G(z) <
Clz|~™ Y at infinity for some C > 0. Indeed, we know that if f € LL (0, +00) and f' €
L'(0,+00), then f has a limit at infinity. Applying this to f(r) := 7"*lg(r), we have f’ €
LY(0,+00) in view of (H1), thus there exists [ > 0 such that 7"*1g(r) — [ which shows that
g(r) < 2lr=(*+1D in a neighborhood of infinity. The same reasoning applied to f(r) = r"g(r)
shows that r"g(r) has a limit in 0, and for 7 — 7"~ !g(r) to be integrable near the origin, this

limit must vanish, thus ¢g(r) = o(r~") near 0. In addition, we have the relation

15t =n1g’. (3.1)

/

Indeed, integrating (g(r)r™)’ = ¢'(r)r"™ + ng(r)r"~! between r and R, we find
R R
g(R)R" — g(r)r" = / g'(s)s" ds + n/ g(s)s" tds,
T T
thus using the fact that g(r) = o(r~™) near the origin and at infinity, letting r go to 0 and R
go to infinity yields
oo oo
—/ g'(s)s"ds = n/ g(s)"1ds,
0 0

hence (3.1), since ¢’ < 0.



Remark 3.2. The bounds at the origin and at infinity of G given by (H4) are in fact required
only for the study of the stability of the ball conducted in Section 5. The bound at the origin is
required in order to be able to use directly the formula for the second variation of the nonlocal
term computed in [12] (and it may actually be unnecessary), while the bound at infinity is to
ensure that the (n — 1)-dimensional approximation of identity (see Definition 3.10) given by
rescalings of r — rg(r) satisfies the extra assumption (A.41) (which can actually be dropped
in dimension larger than 2).

As we mentioned in the introduction, the rest of our study relies on the crucial observation
that (%) is in fact equivalent to (P), i.e., to minimizing P — Perg under volume constraint,
where Perg is sometimes called the nonlocal G-perimeter of E (see e.g. [5, 8]). Since the
ball [B],, of volume m maximizes [[y, n G(z —y)dxdy, it minimizes Perg(E) among sets of
volume m. From now on, we set

Fg := P — Perg. (3.2)

One of the reasons why Perq can be thought of as a perimeter appears if one imagines that
the kernel G' goes to infinity at the origin, and decreases quickly away from it. Heuristically
in that case the part in Perg(FE) that prevails would be when z and y are close to each other,
so that

Perg(E) ~ // G(z —y)dz dy,
ExE°
lz—y|<e

for a small e. But notice that the set (E x E°) N {|z —y| < €} is included in (e-neighb(9E))?,
where e-neighb(0F) denotes the e-neighborhood of JF, whenever E has a smooth boundary.
Hence what seems to prevail in Perg(E) is the size of the boundary OF.

In our case G may not actually be singular at the origin, however we still assume that it is
radially decreasing, so that for (z,y) € E x E°, the closer x and y are to each other (and thus
to OF), the more G(z — y) increases. In addition, Perg(F) can be controlled by the classical
perimeter if Ig’l = Jgn|7|G(x) dz is well defined, using that

[f(h+) = Fllpagny < |Rl[flgygny, Y € BV(R), Vh € R

Indeed, by Fubini’s theorem we find

Perg(E) = //EXEC Gz —y)dedy = ;//ann‘lE(x + h) — 1g(x)|G(h)dzdh

1
=5 [T+ ) = Ll GO
Rn
1

Ig
2

<> [ |nPE)G(h)dh = 1P(E).
2 Jgn

We can even refine the constant in this inequality using the following proposition, inspired by
[7, Theorem 2] (see also [9, Lemma 3]).

Proposition 3.3. Let f € BV(Bg(xg)) for some zg € R™ and R > 0, and let p : (0,400) —
[0,400) be a measurable function such that/ p(|lz|)dz = 1. Then
RTL

// Mp(!x—ybdxdyé K1,n/ |Df], (3-3)
BRr(z0)x Br(zo)

|z -y Br(zo)

10



where Ky, is defined by (1.1). As a consequence, if f € BV(R"™) we have

@)~ 1)
I Il aray <k [ 051 4)

Proof. The proof is similar to [9, Proof of Lemma 3|, with the difference that we want to obtain
an upper bound involving only the L' norm of the gradient on Br(z). Up to a translation,
without loss of generality we may assume that o = 0. By density of C°°(Bgr) N WH1(Bg) in
BV(Bgr) we shall assume that f € C*°(Bg) N W(Bg). Integrating on lines we have

1
fl@+h) - f(z) :/0 Vf(x+ th) - ht,

thus, making the change of variables h = x — y, and noting that h € Bspr, using Fubini’s
theorem we find,

//B <B WP(W —y|)dzdy

(] o P g an)
Br \Y Bar

(3.5)
-/ (/ \f(x—h)—f(x)\dx)’wdh
Byr \JBr(h)nBg Al
_ O th). ) PURD
_/BQR (/BR(h)mBR/O Vf(z—th)-hdt|d ) o an

Applying the coarea formula to (3.5) and then Cauchy-Schwarz inequality and Fubini’s theorem
gives
f(@) — fy
J[ M=y asay
BR X BR |':U - y|

2R 1
:/ / (/ / Vfi(lx—tro)-odt
0 Sn—1 Bgr(roc)NBgr|J/0

2R 1
) / / </ / Vf(z=tro)- o d dt) p(r)yr" =t d 1 dr.
0 §n—1 0 JBgr(ro)NBg

Since x — tro € Br whenever « € Br(ro) N Br and t € [0, 1] (indeed |z — tro| = |t(x —ro) +
(1 —-t)z| < tlz —ro| + (1 —t)|z| < R), a change of variables y = = + tro yields

// MP(W—ybdxdy
BrxBr |z — |
s /0 /Snl (/0 /BR|Vf(y) ’ 0-‘ dy dt) p(T)rnfl d%nfl dr (36)

2R
— [ [ ] Vi el aydo
0 sn—1 JBpgr

Using Fubini’s theorem once again and the equality

d$> p(r)yr"tdsent dr

L IVH) ol = K VSl

11



from (3.6) we obtain

//B xB Wﬁﬂm —y|)dzdy

2R
< / / / VF(y) - olp(r)r =t doen dy dr
0 JBpJsn—1

2R
—ls" K [ f V@l dydr =K ( /| VI dy> ( / ’ p<|xr>dw> ,

hence (3.3), since

[ pllads=1.
We deduce (3.4) by letting R go to infinity in (3.3). O

Remark 3.4. Note that by Proposition 3.11 further below, the constant K, ,, in Proposition 3.3
is optimal.
rg(r)

0,1
IG

Setting pa(r) = one may rewrite Perg(E) as

Perg(E) — ;//RWRHHE@;) C15)|G - y) dady

IS // 15(z) — 1p(y)|
=0 pc(lz —y|) dz dy,
> Jonwn  w—y Pl D

(3.7)

so that a direct application of the previous proposition with f = 1 leads to the following
control of the nonlocal perimeter by the local perimeter.

Corollary 3.5. For any set of finite perimeter E, we have

0,1
Ig Kin

Perg(E) < 5

P(E).
Recall that the classical perimeter is lower semicontinuous with respect to the classical

topology of L'(R™). Here the nonlocal perimeter is in fact continuous w.r.t. the L! convergence,
as is shown in the following lemma.

Lemma 3.6. For any sets E and F' with finite Lebesqgue measure, we have
|Perg(E) — Perg(F)| < IG°|EAF).
Proof. Let E and F be sets with finite (possibly different) Lebesgue measure. Using
Perc(E) = [ [16(e) - 16(0)[Gle ~ y) do
R7 xR™
we have

Perg(E) ~Pera(F) = 3 [ (116(e) = 16(0)| = [15(a) = 1r(w)]) Gla ) do

12



Thus by the reverse triangle inequality,

[Perg(E) — Perg(F //RR (1L5() - 1p(2)| + [15(y) — Lr(y)]) Gla - y) de dy

0,0

-2 //R o par(@) +1pap(y) G )

O]

One of the nice properties of the classical perimeter is also its behavior under scaling. For
any set of finite perimeter E and any A > 0, we obviously have P(AE) = A" 'P(E). This is
unfortunately not the case for such nonlocal perimeters. However just as we have |P(\E) —
P(E)| < C|1—\|P(E) when A is close to 1, for some C not depending of E, one can show that
the difference between Perg(AE) and Perg(E) is controlled by a perimeter term of the same
form C|1 — A|P(FE) thanks to assumptions (H1) to (H3).

Lemma 3.7. For any set of finite perimeter E, the function t — Perg(tE) is C* in (0, +o0),
and

2 1
4 [Perg(tE)] = il Perg(tE) + - // VG(x —y) - (z —y)dzrdy. (3.8)
dt t U JJaE)x(tE)*

In particular, we have
|Per:(tE) — Perg(E)| < C|1 —t|P(E), Vte (3,2), (3.9)

for some C = C(n, Ié:o, I}JJ2).

Proof. This is just a matter of derivating under the integral using the assumptions on G.
Unfortunately, we cannot use directly usual theorems to derivate under the integral, since
we cannot bound z — |VG(tx)| by an integrable function independently of ¢, for ¢ in a
neighborhood of 0 or ¢ in a neighborhood of infinity.

Up to considering F' := E°, we can assume without loss of generality that |E| < +o0c. By
scaling we have

Perg(tE) = t*" //E o G(t(x —y))dzdy (3.10)

thus ¢t — Perg(t(E) € C1(0,+00) if and only if f : ¢ // G(t(z —y))dzdy € C1(0, +00),
and we have d e
L tperg(tE)] = 202! // Gtz — ) dedy + 27 (8)
dt ExE°
= 27” Perg(tE) + t" f'(t).

Let us show that f € C°(0, +00). Since G is C° away from the origin by Remark 3.1, then for
LPae. (1,y) € Ex E° t— Gt(x —y)) € C°0,+0c0). In addition, since G is positive and
radially nonincreasing, for any ¢ > tg > 0, we have

Gtz —y))| < Gto(z — y))

and (z,y) — G(to(z — y)) is integrable on E x E€, thus by the theorem of continuity under
the integral, f is continuous on (tg, +00), for all ¢y > 0, hence f € C°(0, +00).

13



Given 0 < tg < t; we show that f € C'(to,t1) and compute its derivative. Let ¢ € (o, 1), and
ho > 0 so that to <t —ho < t+ ho < t;. For any h # 0 such that |h| < hg, integrating on
lines, we write

flt+h)—ft) 1 U
h_//ExEC/O VG((t+ sh)(@ —y)) - (z - y) ds dw dy. (3.11)

Given € > 0, we claim that there exists R > 0 such that, for any h € [—hg, ho|, we have

1
/0 IVG((t + sh)(z —y)) - (x —y)|dsdzdy < e. (3.12)

ExE°
|a:—y|<% or [z—y|>R

Indeed, on the one hand, using Fubini’s theorem and changing variables we have

// /;'VGW +sh)(z —y)) - (z — y)|dsdz dy

ExE°
lt—y|>R

1
< /0 (t + sh)~ @+ // IVG(x —y) - (z —y)|dedyds

t+sh)E t+sh)E)°¢
(( \5_)1, | 22(/((,5@2) ) (3.13)

1
< / (t+sh)(2n+1)/ / IVG(z —y) - (z —y)|dedyds
0 (t+sh)E J|x—y|>R/(t+sh)

< \E|t§‘ta(2"+l)/ IVG(z) - z|dz < e,
BC

R
31

for any R large enough independently of h, since VG(x) - x belongs to L'(R™). On the other
hand, proceeding in the same way, we find

1
// /yva((t+sh)(g;—y))-(x—y)\dsdxdyg|E|t?t0(2"“>/ VG(z) - 2] de < e,
0 B

EXE* TG
lz—yl<%
(3.14)
for R large enough, hence (3.12). Similar computations also lead to
IVG(t(z —y)) - (z —y)[dedy <, (3.15)

ExE*
|:L’—y\<% or [z—y|>R

14



for R large enough. Combining (3.11), (3.12) and (3.15) yields

ft+h
VG(t(z —y)) - (z —y)dady
A
1
[ [ Vo sm@—-e-pasaay
e (3.16)
£<lz—yI<R

// VG(t(x —y)) - (x —y)de dy| + 2,
ExE*®
1/R<|z—y|<R

for some large R independent of h. Since VG(z) -z is continuous away from the origin by (H3),
there exists C' = C(G, R, to,t1) > 0 such that

IVG((t + sh)(z —y)) - (x —y)| < C, whenever 1/R < |z —y| < R and |h| <|ho|. (3.17)

In addition
1
Z;VG«P+%M$—M)( y)ds =% VGt —y)) - (x — y)

for £?"-ae. (z,y) € E x E°, and Z*"((E x E°)N{% < |v —y| < R}) < 4oo, thus with
(3.17), by dominated convergence we find

// /01|VG((t+5h)(x_?/))'(fv—y)]dsdxdy

ExE°
L<lz—y|<R
rsle (3.18)

0, // VGt —y)) - (z — )| dzdy|

ExE°
+£<|z—y|<R

Combining (3.16) and (3.18) eventually yields

fo= [ vata—u)- @y

for any t € (tg,t1), by the arbitrariness e. Then we prove the continuity of f’ in (¢o,t1). For
to <t < t1 and hg as before, for any h € [—hg, hy| we write

|[f/(t+h) = f'(2)]

< [ WG+ - ) - VG )il - ylddy

ExE°
Ljo—y|<R (3.19)

+ Zy IVG((t + h)(z —y)) = VGt —y))llz - y[dedy.

ExE*°
|x—y\<% or [z—y|>R

15



As before, given € > 0, for R large enough we have

IVG((t+ h)(z —y)) — VG(t(z — y))||lz —y|dzdy <, (3.20)

ExE*©
|w—y\<% or [t—y|>R

for any h € [—hg, ho|, and using the continuity of VG (in particular its boundedness) away
from the origin, by dominated convergence we find

IVG((t + h)(z — y)) — VG(t(z — v))||z — y|dz dy 225 0. (3.21)

ExE°
z<le—y|<R

Combining (3.19), (3.20) and (3.21) gives the continuity of f in (¢o,t1). Hence by arbitrariness
of tg, t1, and in view of (3.10), t — Perg(tE) € C1(0,+00) with
d 2
— [Perg(tE)] = il Perg(tE) + t*" // VG(t(z —y)) - (x —y)dzdy
dt t ExEe
2n 1
= — Perg(tE) + // VG(x —vy) - (z —y)dedy,
t t JtEyx(tE)°

which gives (3.8). There remains to show (3.9). Let t € (3,2). Integrating in ¢ and using (3.8),
we find

Pera(tE) — Perg(E)| < /
L

d
e Perg(sE)‘ ds

< 4n/ Perg(sE)ds (3.22)
[1,¢]

+2/ // IVG(z — y)||x — y|dx dy ds.
(1,] M (sE)x (sE)°

By Corollary 3.5, we have the estimates

0,1
I Ky

Perg(sE) < 5

P(sE)

and
2

15K,
VG — y)l|z — yl dody < 2E-21" p(sE),
(sE)x (sE)° 2
thus with (3.22) it follows

[Perg (tE) — Perg(B)| < (201" + 15°) P(E)/ s"1ds < C|1 — "|P(E) < C|1 — t|P(E),
[1.4

for some C' = C(n,Ig’l,Ié’Q). O
Remark 3.8. Note that we could easily show that Perg also compares with a volume term, in

the sense that
[Perg(LE) — Perg(E)| < C[L—t||E| Vi e (5,2),

for every set of finite perimeter E, where C depends only on n and Ig’o. However it will be

necessary for us to have an upper bound for this difference which scales as m 5 if E is close
to a ball rather than as m, where m is the volume of FE.
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To study the behavior of (P) as m goes to infinity, we like to move the volume constraint
into the functional, and work with sets of fixed volume |Bj| instead. Thus we consider the
equivalent rescaled problem, defined in the following proposition.

Proposition 3.9 (Rescaled Problem). Let m > 0. Setting A := (%) and denoting by G the
kernel defined by G(-) :== X" TLG(X-), (P) is equivalent to

min{P(F) — Perg, (F) : |F| = \Bﬂ}, (RP)

in the sense that (P) admits a minimizer if and only if (RP) does, and E is a minimizer of

(P) if and only if F := \"YE is a minimizer of (RP).

In addition, denoting by pg : (0,+00) — [0,400) the function defined by pg(r) = rlgo(ﬁ), and
G

-1

defining, for any e > 0, its rescaling pg(r) == "pa(e~"r), we may rewrite Perg, as

12;1 |1F —1r(y)|

R xR" yl

Perg, (F paa(lr —yl) dz dy. (3.23)

1
Proof. Given E such that |E| = m, F = \™'E with A\ = (%)", we have |F| = w, = |B1].
Making the change of variables x = A\z/, y = A\y/ we find

P(FE) — Perg(F)

= \n! (P(F) - //Fch NG\ (z — ) dz dy>

- Io1 (@) — 1
— A 1(]3 1o // ) 1r(z ‘F( )‘pGJ/)\(‘x—dexdy),
nR?

which gives the result. O

The advantage of rewriting Perg, as in (3.23) is that the family of functions (pg.c)e>0
constitutes a n-dimensional approximation of identity, which we define just below.

Definition 3.10 (Approximation of identity). For any k € N\ {0}, we say that a family of
measurable functions (pe)e>o from (0,+00) into [0, 4+00) is a k-dimensional approximation of
identity if, for all € > 0, we have

018 [ttt = ) ti [ o)t L dr =0, 6> 0.

e—0 Fy

The following proposition will be crucial to shed a light on the behavior of (RP) when A
goes to infinity.

Proposition 3.11 ([9]). Let f € BV(R"), and (pe)e>0 be a n-dimensional approzimation of
identity. Then we have

//w@ W%('“yl)dffdy ﬂKLn/RnlDfl,

where Ky, is defined by (1.1).
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Taking f = 1g in Proposition 3.11 we get the following immediate corollary.

Corollary 3.12. For any set of finite perimeter E in R™, we have

0,1
A—00 IG Kl,n

Perg, (E) 5

P(E),

where Perg, is defined by (3.23).

This shows that the functional minimized in (RP) converges pointwise to a multiple of the
classical perimeter P when A goes to infinity. Thus we may guess that if this multiple is
positive, (RP) will reduce to minimizing the classical perimeter under the volume constraint
|B1| when A is large.

3.2. Bessel kernels
For any x and « in (0, 400), the Bessel kernel By, , is the fundamental solution f of

(I-kA)2 f=68; in2'(R").

When k = 1, we write B, := Bi . The following proposition sums up some basic properties
of B, (see e.g. [17, Chapter 1.2.2], [33, Chapter V.3] and [3, Chapter 11.3]).

Proposition 3.13. The Bessel kernel of order a € (0,400) in R™ is given by

1 1 &0 7lw|? a—n dt

Bo(z) = aa/ et e ARt T = (3.24)
(4m)2 T'(3) Jo t

The kernel By, is radial, radially nonincreasing, and C' away from the origin. In addition

oy, o, tUE)ITCR)

0 T+

=n, and Illgf < 400.

The asymptotic behavior of By, is

7 — if0<a<n
2a7r5F(%) |z /
— log(|z]) ,
Bo(x) ~ > =
o() o\ =i Ir (%) ifa=n
T (ezn
( 2 ) ifn<a,
2nre
and
1 a—n—1
Ba(x) n+a—1 n—1 |$’ 2 € Ix‘

= "5 (3)

By scaling, for o,k > 0, the (generalized) Bessel kernel By, o is given by

By o(z) = —Ba (;’E) Ve R\ {0}, (3.25)

thus

18



Proof. The integral representation (3.24) and the asymptotics can be found respectively in
[17] and [3], and the fact that Ilgf = |[Ballpigny = 1 is well known, so we detail only the

computations of [g,|2|Ba(2)dz, [g.|7||VBa(z)|dz, and the fact that [g,|z|*|VBa(z)|dz is
finite. By (3.24), using Fubini’s theorem, we find

]. ]. e a—n Tr 2 dt
gt = | |alBa(z) de = / e It ( afe "% dﬂﬁ) - (3.26)
@ Rn 0 R7™ t

mlac|?

t
|zle” "7 do = nwy, () re”" dr

. <t)nzl r (”Tl) ™t T (1”21) | (327

R’I’L

Ig’lz 11,1 ! nF<NT+1) /Ooeéfvrta;ldt
© Um =D TA+35) Jo t
1 1 ”F(nTH) 1ta 1+« (%) (2)
- Ty T (5 >‘” L) T+y)

Now we show that B, is C! away from the origin, and compute its gradient. Note that the
integrand of (3.24) is C! in x for almost every ¢ € (0, +00). Let 7 > 0. For every x € R"\ B,

we have
|2 t a—n ]_ ™ t

et e4wt2‘ <e Ttz te LY0, +00),

thus B, € C°(R"™\ B,) by the theorem of continuity under the integral. By arbitrariness of R,
B,, is then continuous away from the origin. Now let 0 < r < R. For every x € Br \ B,, we

have
d (_w|12 s anl)' ‘ 2rx _wlz2 _t a-nl
— | e t e 4ant 2 — || =|——¢ t e 4nt 2 —
dzx t t t

777"2 a—n
<2Re T e mt T 2 e L0, 400),
thus by the theorem of derivation under the integral, B, € C'(Bg \ B,), and for every z €
Br \ By, o ) d
1 1 2mx _xlel® _+ a-ndt
VBa(r) = —— / _2me el yege dE 3.28
DI T @ A v 329

By arbitrariness of r and R, B, is C'! away from the origin, and (3.28) holds for any 2 € R™\{0}.
In view of (3.1), if Ié’i = [gn|0rBa(z)||z| dz and Illgf = fRn|6rBa(a:)||a:|2 dz are finite, then B,
satisfies (H1) and (H2), and we automatically have

1,1 400
Ig =nlg =n,

thus we need only prove that the moments I éal and [ éj are finite, without having to compute
them. For the rest of the proof C' denotes a constant, possibly changing from line to line,
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depending only on n and a. By Fubini’s theorem, we have

> a—n 7f|1|2 dt
Ié’l < C'/ B < |z|e” "t de’) —. (3.29)
@ 0 t R t

Changing variables, we compute
o _mlzl? L B P 1+2
|z|"e” "t dx=Ct 2 r"Te™ dr =Ct "2, (3.30)
R" 0

thus injecting (3.30) into (3.29) yields

oo
Iy < C’/ e 7131 dt < 4o0.
0

There remains to show that I 1133 is finite. Once again, a use of Fubini’s theorem gives

1 1 o0 a—n 2 |z|? dt
1113,2 < e / P il ( ‘x’g’e_f dx) —,
« " (4m)z2 (%) Jo t \Jgrn t

and a change of variables shows

_nlz|? nts [ 2 n+3
lzlPe” "7 dz = Ct 2 / r"T2e T dr < Ct 2,
0

Rn
hence - " ~
I’ < C/ e*ﬁt%t%ﬂ? - C/ e~ 1°7 dt < 400,
0 0
which concludes the proof. O

Remark 3.14. The B, kernel can also be expressed in terms of the modified Bessel functions
of the third kind K, : (0,4+00) — (0, +00), defined for any v € R by

1 v—%
5 v,—T 0 t2 2 1
K, (r) = (”) ’ Te/ et <t+ ) At ifv>—=, (3.31)
2/ 1T (1/ + %) 0 2 2
and the relation K, = K_, (see [3, Chapter I1.3]). Then by [3, Chapter I1.4], B, is given by

1 K%(VCD

Ba(x) = nt+a—2 n—a ’

§ vz € R\ {0). (3.32)
272 w2l (3) o[

From (3.31) and (3.32) it is easy to see that when o =n — 1, B, takes the explicit form

1 eIl

(4m)*T D (251) lel

anl =

In particular, when n = 3 and a = 2, B, (z) = ﬁ‘e\_x‘rl

(3.24), one can compute B, explicitly as well. Indeed, in that case,

. When a = n+ 1, changing variables in

1 1 © L la? o2 1
Byii(x) = — 2\/471'/ e 22 dt = _
n (471_)# F <nTH) 0 ) +1 n
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We have the following straightforward corollary of Proposition 3.13.
Corollary 3.15. For every a, k € (0,+00), the kernel B, o, satisfies assumptions (H1) to (H).

We can express the constants K, ,, in terms of the Gamma function as follows, in order to
make the assumptions on Ilog’ja in Theorems A to C fully explicit.

Lemma 3.16. For any n € N and p > 0, we have

2I' (1435 1
Kl,n - ( 2)+1 and K2,n—1 =
n
nyal (1+ 251
Proof. In the definition of K, ,,, we may assume e = (0, ...,0,1) without loss of generality, so

that e -z = x,. Recall that for every nonnegative " !-measurable function f on S"~!, we
have (see e.g. [4, Corollary A.6])

1
fdamt = / (1- )" FV1 =2z, t)do 2 dt.

-1 S§n—2

S§n—1

This way we compute

1 . r(n=t
/ [nl? dt" " = 1877 / 171~ 2)"%" dt = |52 )
Snfl 1

thus

Application D is then a direct consequence of Corollary 3.15 and Lemma 3.16.

4. Existence and convergence of large mass minimizers

4.1. Existence of large mass minimizers

In order to prove the existence of minimizers for large masses, we want to use the direct
method in the calculus of variations, starting from a minimizing sequence. When Ig’l is small
enough, we will see that any minimizing sequence is bounded in BV(R™), but in order to get
compactness in L!'(R") and pass to the limit, we need to show that no mass escapes at infinity.
To do so, we will need to establish a few lemmas. First we show that for large masses, if the
energy JFg(F) of some set F, defined by (3.2), is smaller than that of a ball of same mass, then
FE is actually close to a ball.
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Lemma 4.1. Assume that Ig’l < %ﬂ Then for any set E of finite perimeter with volume

m = wp A" such that

Fa(E) < Fa([Blm),

we have

|EA[Blym| < mn(A),

for some ball y € R™, where

1
15K :

n(A\) :=C 5 P(B;) — Perg, (B1)|

and C = C(n,Ig’l).
Remark 4.2. Notice that n(\) goes to 0 as A goes to infinity by Proposition 3.11.

Proof. The inequality
Fa(E) < Fo([Blm)

rewrites

P(E) — P([B]m) < Perg(E) — Perg([B]m)-
Scaling this inequality with F := A" E yields

P(F) — P(B1) < Perg, (F) — Perg, (B1),

where Perg, is defined by (3.23). By Corollary 3.5, this implies

IO,IKl
P(F) = P(By) <~ 2" P(F) — Perg, (B1)
9K N I%'K n
= G2 (P(F) = P(By) + 4" P(By) — Perg, (B1),
thus
P(F) — P(B;) < Cif(\)
0,1 -1
where €y := (1 _ IG?”) depends only on n and Ig’l, and
_[071K "
FON) = GiLP(Bl) — Perg, (By).

2

Using the quantitative isoperimetric inequality (2.2) and (4.1), we find a(F) < Cy

where Cy = Cy(n, Ig’l). Hence there exists Bj(y) such that

|FAB1(y)] < Cay/ f(A),

which gives the result by (4.2), recalling that E = \F.

(4.1)

We also need a truncation lemma akin to [25, Lemma 29.12] or [12, Lemma 4.5] to quantify
by how much the energy decreases after properly cutting a set which is already close to a ball.
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Lemma 4.3. Assume Ig’l < KL There exist Cp, Cy € (0,400) depending only on n and

Ig’l such that the following holds. If E is a set of finite perimeter satzsfymg |E\ Br,| <, for
some positive constants n and 1o, then there exists r € [ro,ro + Cinn ] such that

IE\B\

Fa(ENB,) < Fa(E) — (4.3)
Con

Proof. Let C1,Cs > 0 to be fixed later, and F be a set of finite perimeter such that |E\ B,,| <7
We define u(r) := |E \ By|, and for now we assume that u(ro + 0177%) > 0. Since u is
nonincreasing, we have u(r) > 0, for all r € [ro,79 + 0177%]. Notice that w is absolutely
continuous, and u/(r) = —#" Y E N OB,) for £'-almost every r € [ro, 70 + C'm%]. By

contradiction, let us assume that

, 2\ 5,
(E) —Perg(E) < P(ENB;) — Perg(EN B,) + Gyt (4.4)
onn

for all € [ro, r0+C’177%]. Recall that for almost every r € [ro, r0+C’177%] we have "1 (0*EN
0B,) = 0 (see e.g. [25, Proposition 2.16]). Given such an r, note that P(E) = P(E;B,) +
P(E;B,°), and P(ENB,) = P(E; B,) + " (ENJB,) (see e.g. [25, Lemma 15.12]). Thus

P(E) - P(ENB,) = P(E;B,) + P(E;B,°) — P(E;B,) — A" Y(ENdB,)
= P(E;B,") — A" YENJB,) (4.5)
= P(E\B,) - 24" Y(ENdB,) = P(E\ B,) +2u(r),
P(E;

where we also used P(E \ B,) = B,°) + #" Y(ENdB,). On the other hand, noticing

that

Perg(F) = // G(x —y) dxder// Gz —y)dxdy
(E\By)x E° (ENB,)x E*
:// G(ﬂ:y)dxdy// G(z —y)dzxdy
(E\Br)x(E\Br)° (E\Br)x(ENB;)
+ // G(zx —y)dxdy
(ENB,)x E

:Perg(E\Br)// G(my)dxder// G(z —y)dxdy
(E\By)x(ENB,) (ENBy)x E°

and

Perq(E N By) :// G(z —vy) dxdy—i—// G(z —y)dz dy,
(ENB,)x B¢ (ENB,)x(E\By)

we find
Perg(FE) — Perqg(E N B,) = Perg(E \ B,) — 2 // G(z —y)dzdy. (4.6)
ENB,)x(ENBE)
Injecting (4.5) and (4.6) into (4.4), one gets
P(E\ B,) — Perg(E \ B,) < —2u/(r) —2// Gz —y)dxdy +
ENB,)x(ENBE)

< —2u(r) + A1)

Conn

u(r)1
2174
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for almost every r € [rg, 7o+ Cm%]. Note that by Corollary 3.5, we know that Perg(E\ B,) <
0,1
I X p(E\ B,), thus

Io’lKl n U(T) 1
1-— GT P(E\ B,) < —2u'(r) + o for a.e. r € [ro,ro + Cinn]. (4.8)
27"

Now by the isoperimetric inequality (2.2) we have

1 n—1

P(E\ By) = nwiu(r) = . (4.9)
Since w is nonincreasing and u(rg) = |E \ By,| < 1, we also know that
1 n—1 1 n—1

u(r) <u(ro)mu(r) = <npnu(r) = . (4.10)

Plugging (4.9) and (4.10) into (4.8), we deduce that for a.e. r € [rg,ro + Cm%],

1 19K ne nt
nwy; (1 - G21"> u(r) < —2u/(r) + u(g :
2

thus
n—1

Csnu(r) = < —u'(r), (4.11)

1| 2 %K, 1
Cy:==|wp [1--C ) - .

We can choose C5 large enough, depending only on Ig’l and n, so that C3 > 0. Then (4.11)
can be rewritten

where

(u(r)g)/ =~/ (ru(r)»~! < =C3  for a.e. r € [ro, 70 + 0177%],

thus integrating between r¢ and rg + 0177%, one gets
1.1 1 1 1
u(’l"o + 0117”)" < u(?“())n — C3Cinn < (1 — Clcg)n".

Choosing C large enough, depending only on n and Ig’l, we get u(rg+ C'm%)% < 0, which is
a contradiction. Recall that we assumed u(rg + Cln%) > 0, so there are two cases: for this C;
large enough, either u(r —I—C’ln%) > 0, and then as we have seen there exists r € [rg, g —i—C’m%]
such that (4.3) holds for some Cy = Cs(n, Ig’l), or u(ro + Cﬁﬁ) = 0, and then (4.3) holds for
any Cy with 7 = rg + C’m%. In any case, (4.3) holds. O

We are now able to prove the existence of large mass minimizers.

Proof of Theorem A. Step 1. Let us show that there exists m, > 0 depending only on G and
n such that the following holds. For any set of finite perimeter £ of mass m > m, satisfying
Fa(E) < Fa([Blm), up to a translation, there exists a set of finite perimeter E of mass m

satisfying
FolB) < Fo(E) — S |B\ @Blw)| and B C4[Bl,

mn
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1
for some C' > 0 depending only on n. Let m, > 0 to be fixed later, and A\, := (Z‘j) ". By
Lemma 4.1, if F satisfies |E| = m > m. and Fg(F) < Fg([B]m), then up to translating F,
we have

|[EABA| = [EA[Blm| < mn(X),

where m = w, A" (and in particular, A > A.). Using Lemma 4.3 with A"n()) in place of n, we
can find r < A + C’l)\n()\)% such that

1
i |E\ By
F(ENB,) < Fa(E) - L\L (4.12)
Ca(mn(A))=
For simplicity, let us define u := % and rewrite (4.12) as
n A
Fo(ENB,) < Fa(B) — — "2 (4.13)
Cop(n)n

To compensate for the loss of some mass, we define the rescaled set E = w(E N By), where
i > 0 is chosen such that |E| = m, that is, p:= (1 — u)fi Then we have

Fo(E) = P(E) — Perg(E) = " *P(E N B,) — Perg (u(E N B,)). (4.14)

Note that u < % <n(A) <1—=27"for ¢ (equivalently m,) large enough, depending only
on G and n, since A > A\, and n(\) goes to zero at A goes to infinity. This implies 1 < p < 2.
Now by Lemma 3.7 we have

Perg(u(ENBy)) = Perg(EN B,) — C3(u—1)P(EN By) (4.15)

for some positive constant Cs that depends only on n, Ig’l and 152. Injecting (4.15) into
(4.14), we find

Fo(E) <y *P(EN B,) — Perg(EN B,) + C3(u — 1)P(E N B,)

< (1+ Csu)P(EN B,) —Perg(EN B,) + CyuP(E N By)
= (14 Csu)[P(E N B,) — Perg(E N B,)] + CsuPerg(E N B,) + CyuP(E N By)
= (

1+ Csu)Fa(ENB,) + CsuPerg(E N B,) + CyuP(E N By).
(4.16)
where we used the fact that w = (1 — "), and introduced some positive constants Cy and C5
that depend only on n, Ig’l and Ié’z, since p € [1,2]. Injecting (4.13) into (4.16), and using

0,1
the fact that Perg(FE N Br) < la ?“LP(E N B,) by Corollary 3.5, we get

Fo(E) < (1 + Csu) (]-"G(E) - %Z ;Z;;f‘) + CsuP(E N B,)
W, )\nfl
< Fo(E) +u (C’5P(E) +CsP(ENB,) — C2W> (4.17)

< Fe(E) +u ((05 +C)P(E) + CsP(B,) — — A ) 7
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where Cg depends only on n, Ig’l and IéiZ, and where we used P(EN B,) < P(E) + P(B,).
Recall that Fo(E) < Fg([B]m), thus by Corollary 3.5,

(1 - Ig‘;‘) P(E) < P([Blw) = \"" ' P(By), (4.18)

which implies P(E) < C7A"~! where C7 = Cr(n, I3"). Since 0 < 7 < A+ CiAp(A)# and n()\)
vanishes at infinity, we can choose A, (recall that A\ > A.) such that r < 2\, thus

P(B,) < CgA"™! (4.19)
for some Cs = C’g(n,Ing). Plugging (4.18) and (4.19) into (4.17) yields

Fa(E) < Fa(E) +uA™ ((05 + Cs)C7 + CsCs — wn1> :
Can(A)n

and the fact that n(\) vanishes at infinity, we can then choose A, (i.e.

: _ |E\B/]
Recalling v = ==

m,) even larger depending only on n, Ig’l and Ié’Q such that
~ 1 1
Fa(E) < Fo(E) - X’E \ Br| < Fa(E) — X'E \ Baal,

where we also used the fact r < 2\ for the last inequality. Recall that EC B, C Bo, C Byy,

which concludes this step.
1

ep 2. rov xisten minimizers. rm>=>m = ()" consider a minimizin
Step 2. We prove the existence of ers. Fo > Me, A el
n

sequence (Ejy)ken for (P). There are two cases: either [B],, is a minimizer of Fg, and we are
done, or [B],, is not a minimizer of F¢, and up to a subsequence (not relabeled), for all k£ € N,
we have Fg(Er) < Fo([B]m). In the latter case, by Step 1 we can build another minimizing
sequence (Ek)keN of sets in By) such that fg(Ek) < Fa(Ey), for all k € N. Now (1Ek)k€N is

also bounded in BV(R"). Indeed Fg(Ey) < Fg([Blm) implies

thus [1Ek]BV(R”) is bounded, and H]—'E,VkHLl(Rn) = m. By compactness of BV(R") in L (R")
and the fact that E, C By, up to the extraction of a subsequence (still not relabeled),
15, converges to some function f € BV(R") in L'(R") and almost everywhere. The almost
everywhere convergence implies that f is the indicator function of some set of finite perimeter
E, and the L' convergence ensures |E| = m. Now by lower semicontinuity of the perimeter
w.r.t. the L' convergence, we have P(E) < lim infy, P(Ek), and by continuity of the nonlocal
perimeter in L'(R") shown in Lemma 3.6, it follows that Perg(E}) converges to Perg(E) as
k goes to infinity. Hence Fg(E) < liminfy, Fg(E}), which shows that E is a minimizer of (P),
since Ek is a minimizing sequence.

Step 3. We show that for A, chosen as before, for any A > A\, and m = w, A", any minimizer
of volume m for (P) is (up to a Lebesgue negligible set) included in Bgy. Consider E such a
minimizer, then by minimality, we have Fg(F) < Fg([B]m), thus applying Step I there exists
a set of finite perimeter E with mass m such that

F(E) < Fa(E) - C|E\ B,
where C' > 0. By minimality of E, necessarily |E \ Byy| = 0, hence the result. O
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4.2. Indecomposability of minimizers

The aim of this section is to prove the connectedness of minimizers of (P) whenever the kernel
G is not compactly supported. Since any minimizer is always defined up to a set of vanishing
Lebesgue measure, and we do not know yet if there is a precise (partially) regular representative,
we work here with a measure theoretic notion of connectedness for sets of finite perimeter (see
e.g. [1]), which is referred to as indecomposability.

Definition 4.4. We say that a set of finite perimeter F is decomposable if there exist two
sets of finite perimeter Fy and Fj such that E = E; U Es, |Eq| > 0, |E2| > 0 and P(E) =
P(E1) + P(E,). Naturally, we say that a set of finite perimeter is indecomposable if it is not
decomposable.

As with the usual topological notion of connectedness, it is possible to partition a set of
finite perimeter F into indecomposable sets (see [1, Theorem 1]) in a unique way (up to sets
of vanishing Lebesgue measure). We call the sets composing this partition the M-connected
components of E/. We have the following result establishing a link between the M-connected
components of a set of finite perimeter and the topological connected components.

Theorem 4.5 ([1, Theorem 2]). If E is an open set of finite perimeter such that " 1(OE) =
A" YHO*E), then the M-connected components of E coincide with their topological connected
components.

Proposition 4.6. If G is not compactly supported, then any minimizer E of (P) which is
included in a ball Br, for some R > 0, is indecomposable.

Proof. We proceed by contradiction. Assume that there exists a minimizer £ C Bg and two
sets of finite Fy and Fs such that E = Ej L Ey, |E1| > 0, |E3] > 0 and P(F) = P(Ey)+ P(E»).
Here we prefer to work with the equivalent formulation (x) of the minimization problem, and
show that E cannot be a minimizer of P 4+ V under the volume constraint m = |E|, where V
is the functional

Va(F) = /FXF G(z —y)dzdy.

Note that we have the decomposition

P(E) + Vo(E) = P(E1) + P(E) + Vo(E) + Ve(Ed) +2 [|  Glo—y)dudy,
F1xFEs
Let M > 0 and h € R™ such that |h| > 2R+ M. Since E; and E3 are included in Bp, then for
any (z,y) € By x (E2+ h) we have |x —y| > M. Obviously P(Ey) = P(Ey+ h) and Vg(E2) =
Va(E2 + h) by a change of variables. Now let us define the competitor Ej, := Eqy U (E2 + h),
which satisfies |Ey| = |E1| + |E2| = |E|. Since |z — y| > M whenever (z,y) € Fy x (Ey + h),
we have P(Ep) = P(Ey) + P(E3 + h), thus we compute

P(Ep) + Va(En)
(

:P(E1)+P E2+h)+VG(E1)+Vg(E2+h)+2 / G(:p—y)dxdy
E1x(E2+h)
(4.20)
= P(E1) + P(E») + Ve (Er) + Ve (E2) +2 Gz —y)dzdy
E1x(E2+h)

:P(E)—i—V(;(E)—i—Q// G(w—y)dxdy—?// G(z —y)dz dy,
E1x(E2+h) E1x Es
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where we used the fact that P(E) = P(E,) + P(FE2) for the last equality. Since G is radial,
positive and radially nonincreasing, we have

/AG(x) dz >0,

for any set A such that |A| > 0. In particular

//ElXE2 G(r—y)dedy = /E1 (/m_E2 G(y) dy> dz > 0, (4.21)

since |E1| > 0 and |E3| > 0. By a change of variables, we also have

Il Gla—y)dody < [ (/ G(y)dy>dx<|E1| Gy, (422)
Eq1x (E2+h) Ey BR] BICM

Since G € L'(R") fBC y)dy goes to zero as M goes to infinity, thus by (4.22) and (4.21)
we can find some M large enough such that

// G(x—y)dxdy—Z// G(x—y)dedy <0
Elx(E2+h) El ><E2

which yields, with (4.20),
P(E,) +V(ER) < P(E)+V(E)

and contradicts the minimality of E. O

Remark 4.7. In particular, this shows that if Ig’l < %ﬂ and G is not compactly supported,
then any minimizer of (P) with m > m, is indecomposable (where m, is given by Theorem A),
since it is included in the ball 4[B],,. In fact, we can even drop the assumption £ C Bp
for some R > 0 in Proposition 4.6, since it turns out to be always the case, as is recalled in
Section 4.4.

4.3. T'-convergence to the classical perimeter

Using the results from Section 3.1, we establish a I'-convergence result for the functional (RP),
and deduce that (rescaled) large mass minimizers converge to the unit ball as A goes to infinity,
up to translations. In view of (3.23), for any A € (0, 4+00), let us define on L!(R™) the functional

19
—f
Rn\Dﬂ //Rann |(y)|PG,1/,\($ - )

& =
/) if there exists a set of finite perimeter F s.t. f = 1g and |E| = |By|,
400 otherwise,

(4.23)
which is well defined and finite whenever f = 1p for some set of perimeter F such that |F| =
| B1| by Proposition 3.3. It is obviously defined so that it “coincides” with F, = P —Perg, on
sets of finite perimeter, in the sense that £;\(1g) = Fq, (E) for every set of finite perimeter
E with volume |Bj|, and so that minimizers of £ ) are precisely those functions which are
indicator functions of sets of finite perimeter solving (RP).
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Prop051t10n 4.8. Let (M\p)ken be a sequence of positive real numbers going to infinity. If
IO < K , then the functionals Eg \ defined by (4.23) T'-converges w.r.t. the usual L' topology
to the functwnal

%Ky,
(1—021’ )/ Dy
Rn

if there exists a set of finite perimeter E s.t. f = 1g and |E| = |B],

+o00 otherwise.

gG,oo(f) =

Proof. We shall prove, in that order, that

I' —limsup & a(f) < €q,00(f), and Egoo(f) < T —liminf g A (f),
where

1 n
I' — limsup Eg A (f) := min {limsupc‘fg,)\k(fk) : fr LN f}
k

and
1 n
T — liminf £ 5(f) := min {hmkinfgmk(fk) o LE, f} .

Step 1. Let f € LY(R™). If f is not the indicator function of a set of perimeter of volume
|B1], £G,00(f) = 400 so the inequality is trivial. Let us assume f = 1p for some set of finite
perimeter F' such that |F| = |Bi|, and consider the constant sequence f; = 1p. Then by
Proposition 3.11 we have

Ean.(1F) LatN EGoo(1F),
thus I' — limsup Eg A (f) < Eq,00(f)-
LY(R™)

Step 2. Given f € L'(R"), consider a sequence fj, € L'(R") such that f, —— f.

If f is not given by the indicator function of a measurable set F', we claim that there exists
ko € N such that for any k& > kg, fi is also not an indicator function. By contradiction, let us
assume that there exists a subsequence (fn, )ren such that for every ng, fn, is the indicator
function of a set F},, . By L' convergence, up to a further subsequence (not relabeled), we may
assume that f,, =1 Fy, converges almost everywhere to f. But then, for almost every z € R™,
f(z) = limy00 15, (z) € {0,1}, so that f is an indicator function, which is a contradiction.
Thus for any k > ko, fn, is not an indicator function, hence gy, () = +00, and we indeed
have

+ 00 = 1ikH_1>§£f Ean(fr) = Ea.o(f) = +o0. (4.24)

Now we assume that f = 1p for some measurable set F. If |F| # |By|, then by L! conver-
gence there exists ko such that for all k > ko, [p. f(2)da # |Bil, thus Eg ), (fk) = +oo and
(4.24) holds as well. Hence we may now assume that |F | = |B1|. By Proposition 3.3, we have

2K,
Ean (fr) = <1 - GQl> A |D fl,

which trivially holds even if f, ¢ BV(R") or [p, fi(x)dx # |Bi|. Since the BV seminorm is

lower semicontinuous with respect to the usual L! topology, and (1 — (Ig’lKl,n) /2) > 0, we
find Lo
IG’ Kl,n

. S (1_
hmklnfSG’,\k(fk) > (1 5

) |Df| gGoo( )
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where we used the fact that [p, f(2)dz = |F| = |By] for the last equality. Putting these cases
together, we getthat £g oo (f) < I' — liminf £ \(f). O

As usual, the I'-convergence tells us that any converging sequence of minimizers of the
functionals &g )., where A\, — 00, necessarily converges to a minimizer of the I'-limit, which
gives the following corollary.

Corollary 4.9. Let (A\g)ren be a sequence of positive real numbers going to infinity. If Ig’l <
%, any sequence of minimizers (Fi)ren of (RP) for A\ = A\ satisfying ka xdx = 0 converges
to By for the L' norm, that is,

|F, ABy| 2225 0.

Proof. By minimality of F}, and Proposition 3.3, we have

K,
(1 — G2n> P(Fy) < Fa,(Fi) < Fa,(B1) < P(By),

which yields
Ig'Ki,

-1
5 ) P(B1>, Vk € N,

P(Fy) < <1
since Ig’l < % Let Ej := A F, and my, := w,A}. Then by Proposition 3.9, (Ej)ken is a
sequence of minimizers of (P) under the constraint |Ey| = my, where my goes to infinity. For
any k large enough, my > m., where m, is given by Theorem A, thus |Ej \ (4[B]m,)| = 0,
i.e., up to subtracting a negligible set, we can assume Ej C 4[B];,, = Buy,, hence Fj, C By
for all k € N. By compact embedding of BV(R™) into L (R"), there exists f € BV(R") and
a subsequence ([}, )yen such that (1g, )ken converges in L'(R™) and almost everywhere to
f € BV(R™). The almost-everywhere convergence shows that f = 1 for some set of finite
perimeter F' C By, and the L' convergence shows that |F| = |By|. In addition, still by L'
convergence, we have | rrdz = 0. Note that for every £k € N, 1 Fp, 15 @ minimizer of &g, Ay,
thus, in view of the I'-convergence result given by Proposition 4.8, 1r is a minimizer of the
functional £g o, that is, F' is a minimizer of the perimeter functional under the constraint

|F'| = |Bi]. Since the open unit ball centered at the origin is the unique minimizer (up to a
translation) of the perimeter under volume constraint, the facts that |F| = |B;|and [,z dz =0
k—0

imply F' = B;. The L' convergence of 1, to 1p, simply rewrites |Fj,, ABi| —— 0. Since we
could have done the same reasoning for any subsequence of (F)xen from the start, the whole
sequence (Fy)ren actually converges to Bj. O

Theorem B follows immediately from Corollary 4.9, by the equivalence with problems (P)
and (RP) stated in Proposition 3.9.

4.4. Regularity of minimizers

We address here the question of regularity of minimizers of (P). Applying the extensive uniform
regularity theory of volume-constrained almost-minimizers for the perimeter developed in [30]
(here we prefer the term almost-minimizer over quasi-minimizer, similarly to [12, 13]), we
readily obtain uniform C 1’%-regularity of the boundary of any minimizer of (P) up to a singular
set of Hausdorff dimension at most (n — 8) (the singular set being empty for n < 7).
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Since sets of finite perimeter are defined up to a Lebesgue negligible set, we shall specify
which sense we are giving to the boundary. Here we are not referring to the reduced boundary
of E (which in fact does not have singular points if E is a minimizer of (P)), but rather to the
support of the Gauss-Green measure of F, which is given by

sptvg ={x € R" : 0 <|ENB(z)| <|By(x)|,Vr > 0}.

It is known (see e.g. [25, Proposition 12.19]) that for any set of finite perimeter F, there exists
Ey an equivalent representative of E (that is, |[EAEy| = 0) such that the topological boundary
of Ey agrees with spt vg = sptvg,. Some authors simply denote spt vg by OF, but we refrain
from doing so here.

Let us first elaborate on a few notions of minimality and quasi/almost-minimality for the
perimeter found in the literature, and recall some of the most remarkable related partial
regularity results.

Definition 4.10. We say that a set of finite perimeter E C R” is a local minimizer of the
perimeter if for every ball B,(xz) C R™ and for every set of finite perimeter F' C R™ such that
EAF CC B,(z), we have

P(E; By(z)) < P(F; By(7)).

It has been shown in [11], through the framework of area minimizing currents, that for any
local minimizer E of the perimeter, spt vg is locally a C1“hypersurface, for some a € (0, 1),
outside a set of at most (n — 8)-Hausdorff dimension (it was already proven before in [28],
following [10], that the reduced boundary 0*FE of any local minimizer of the perimeter is a
Cl @ hypersurface, and that /" !(sptvg \ 9*E) = 0). Similar partial regularity results were
then obtained for sets of finite perimeter with prescribed mean curvature, in a general sense
(see [26, 27]), possibly with a volume constraint (see [15, 16]). They were also extended to
quasi-minimizers of the perimeter, that is, sets of finite perimeter E satisfying

P(E; Br(z)) < (14 w(r))P(F; B (x)),

for every ball B,(z) C R™ and every set of finite perimeter F' such that EAF CC B,(x), where
w: (0,+00) = (0,400] is an increasing function vanishing in 0.

It was proven in [34] that if w(r) = Cr?* for some C > 0 and « € (0, 3], then the reduced
boundary 0* F of any quasi-minimizer of the perimeter F w.r.t. w is locally a (n—1)-dimensional
graph of class C™%, and the Hausdorff dimension of spt vg \ 0*F is at most (n — 8) (if n < 7,
the singular set is empty). With no other assumption on the function w than the fact that it
vanishes at 0, it was then proven in [2] that, outside a singular set of dimension at most (n—8),
sptvg is a C%*hypersurface for every a € (0,1), and that the singular set is still empty for
n < 7. This result however says nothing about the C%® constant of a quasi-minimizer E,
nor does it say at which scales around a point (outside the singular set) the boundary of E
is the graph of a C%* map. Finer, uniform versions of the results of [2] were then obtained
by S. Rigot in [31]. It is in particular shown that if w(r) = Cr?* for some a € (0, 3], for any
quasi-minimizer F w.r.t. w, sptvg is locally a (n — 1)-dimensional graph of class C1® outside
a singular set of Hausdorff dimension at most (n — 8), and its C1®-regularity constant can be
bounded depending only on n and w. In addition, when n < 7 there exists ro depending only
on n and w such that for every = € sptvg, spt vgN B, (z) is a (n— 1)-dimensional graph of class
C1@ for some r > ry. S. Rigot then studied in [30] regularity of volume-constrained almost-
minimizers of the perimeter (defined just below), and as an application obtained regularity
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results for minimizers of (P) (using the original equivalent formulation (x)). While in [30] the
kernel G is assumed to be compactly supported, this assumption is only used to get existence
of a minimizer, and the regularity results rely only on the integrability of the kernel on R™
(not even on the fact that it is radial). Let us now recall just a few of those results.

Definition 4.11 (Volume-constrained almost-minimizers). Let f : [0, 400) — [0, 4+00) be such
that f(r) = o(r%) near 0. We say that a set of finite perimeter E of volume m is an almost-
minimizer of the perimeter w.r.t. f under the volume constraint m if for every ball B, (z) C R"
and every set of finite perimeter F' of volume m such that EAF CC B,(z), we have

P(E; Br(x)) < P(F; By (x)) + f(IEAF]).

It is shown in [30, Lemma 5.2.1] that any minimizer of (P) is a volume-constrained almost-
minimizer of the perimeter w.r.t. f(r) = g’or. It is also a direct consequence of Lemma 3.6.
Indeed, we see that if a set E of volume m solves (P), then for any set of finite perimeter F’

such that |F| = m, then
P(E) < P(F) + Perg(E) — Perg(F) < P(F) + IS |EAF).

It is then proven in [30, Proposition 4.3.1] that the volume constraint can be dropped in
the almost-minimality condition, and that any volume-constrained almost-minimizer of the
perimeter w.r.t. f(r) = CrP, for p > "T_l, is a local quasi-minimizer of the perimeter, in the
following sense.

Definition 4.12 (rp-quasi-minimizers of the perimeter). Given rg > 0 and w : (0,79) —

(0, 4+00] an increasing function such that w(r) 229, 0, we say that a set of finite perimeter is a
ro-quasi minimizer of the perimeter w.r.t. w if for every ball B,(z) C R"™ such that r € (0,7¢)
and every set of finite perimeter F satisfying EAF CC B,(x), we have

P(E; B.(2)) < (1 +w(r))P(F; B.(x)).

Proposition 4.13 ([30, Proposition 4.3.1]). If f(r) = CirP for some p > ”T_l, and E is
a volume-constrained almost-minimizer of the perimeter of volume m w.r.t. f, then there
exist ro = ro(n,C1,p,m) and Cy = Cy(n,C1,p,m) such that E is a ro-quasi-minimizer of the

perimeter w.r.t. to w(r) := Cor®®, where a = min(w, 3).

Remark 4.14. We could also apply directly results from [35] to get rid of the volume constraint.
However, the approach differs from the one in [30] and does not give any control on the radius
ro of quasi-minimality, which may depend on the minimizer F considered.

From this are deduced partial C1“-regularity results when n > 8 and C“-regularity ev-
erywhere when n < 7 (see [30, Theorems 1.4.8 & 1.4.9], which are consequences of [31, Theo-
rems 2.6 & 6.4]; see also [2, Theorems 4.7 & 4.10]), with regularity constants depending only
on n, m and f. In our case, p = 1, and we obtain cla regularity. Let us sum up some of the
regularity results we obtain in the end for minimizers of (P) (and equivalently of (RP)) in the
following theorem.

Theorem 4.15. Let E be a minimizer’ of (P) or (RP). Then 0*E is locally a (n — 1)-

dimensional graph of class Ch3. In addition, defining

Ey:={z € R" : there existsr >0 s.t. |By(z) N E| = |B.(z)|},

2

or not.
Kin

If one exists, no matter whether Ig’l is lower than
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Ey is an open set equivalent to E whose topological connected components coincide with the
M-connected components of E, and it is included in some ball Br, where R depends only on
n, m (or \) and Ig’o. If n < 7, then OEg = 0*FE, making the topological boundary of Fy a
Cl’%-hypersurface, and if n > 8, then dim 4 (0FEy \ 0*E) < n — 8. Furthermore, if G does not
have a compact support, then Eqy is connected.

Proof. The fact that Ej is an open set equivalent to E such that 0FEy = sptvg is due to
[30, Proposition 2.2.1] (see also [31, Lemma 3.6]). By Proposition 4.13 with f(r) = Ig:or (i.e.
p = 1), E is a rg-quasi-minimizer of the perimeter w.r.t. to w(r) = Cr for some C and r
depending only on n, m and Ig’o. Using [34, Theorem 1] (see also [25, Theorem 28.1]), we
know that O*F is a Cl’%—hypersurface, with dim_z(0Ep \ 0*F) < n — 8 whenever n > 8,
and 0Ey = 0*E whenever n < 7. By the results of [30, 31] we know that there exists a
singular set ¥(E) (which is defined by a condition of mean-flatness, see [31, Section 6] or [2,
Definition 4.6]) such that 0Ey \ X(F) is locally made of (n — 1)-dimensional graphs of class
C'2, where dimy(S(E)) < n— 8 for n > 8 and S(E) = 0 for n < 7 (see [2, Theorem 4.10)).
In addition, a look at the proofs in [2] or at [31] shows that the Cl’%—regularity constants
are bounded depending only on n, m and Ig’o. By definition of this singular set and cha
regularity of 0*FE, we know that X(E) C 0Fy \ 0*F, so that the constant of chi regularity
of 9*F is obviously bounded depending only on n, m and I, 2;’0 as well. Since Fjy is open and
A" VOEy) = #"1(0*E), [1, Theorem 2] implies that the M-connected components of E
coincide with the topological connected components of Ey. The fact that Ey is included in a
ball Br such that R = R(n,m, Ig’o) comes from the density estimate

|E N B.(x)| > c|Br(x)], for £"-ae. x€ FE andevery 0 <r <7y, (4.25)

where ¢ = ¢(n,m, Ig’o), r o= rl(n,m,fg’o), which is a consequence of the results in [30].
More precisely, a uniform version of [30, Lemma 2.1.3] is obtained in [30, Section 4.1] (see in
particular paragraph 4.1.3 therein), which readily implies (4.25). Eventually, if G does not
have a compact support, by Proposition 4.6, F has only one M-connected component, thus
Ey is connected. ]

5. Stability of the ball

5.1. First and second variations of perimeters

In this subsection we recall formulas for the first and second variations of the classical and
nonlocal perimeters, which can be found e.g. in [12, Section 6]. In all this subsection E
denotes an open set of finite parameter such that JF is a C? hypersurface. First we define
some terminology.

Given a vector field X € C°(R™;R™), we define the flow induced by X as the solution in

t € R of the ODEs
{3t‘1)t(90) = X(®(z))
Oy(z) = x.

It is well known that ®;(z) is well defined for every ¢t € R and x € R", and that (®¢)er is a
one-parameter group of smooth diffeomorphisms on R", i.e. &, 0 &, = & 4, for all s,t € R,
and ®¢ = idjg». Given ®; a flow induced by X, we let E; := ®;(F).
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Definition 5.1. We say that a vector field X € C2°(R";R") induces a volume-preserving flow
on FE if there exists 0 > 0 such that |E;| = |E| for all |t| < 4.

Given a functional F on sets of finite perimeter such that ¢ — F(E;) € C?(—6,6) for some
d > 0, we define the first and second variations of F at E in the direction X € C°(R"™) by

SF(E)X] = [dfust)} L RFB)X] = [dfum]

dt ‘t:() dt2 ‘tZO

Then we define the notion of volume-constrained stationary sets for a functional.

Definition 5.2. We say that F is a volume-constrained stationary set for the functional F if
dF(E)[X] =0 for every X € C°(R",R") inducing a volume-preserving flow on E.

We are interested in the variations of the classical perimeter P and of the nonlocal perimeter
Perg, which we will deduce from the variations of the nonlocal term

Va(E) = /E EG(:U —y)dedy = \E|Ig’1 — Perg(E).
X

For the classical perimeter, it is known that ¢ — P(E}) is smooth in (—¢,d) whenever F is a
set of finite perimeter, and if OF is a C?-hypersurface, the first variation is

IP(E)[X] = - Hop (dA™ ™,

where vg is the outer unit normal to E, ( := X - vg, and Hyg is the scalar mean curvature of
OF. The second variation is given by

§*P(E)[X] = /8E|v7§\2 —GpCdmT + /{)E Hyp ((div X)¢ — div,(¢X,)) d#" 1,

where ¢35 (z) is the sum of the squares of the principal curvatures of OF at z, X, = X —
Cvg, and V., and div, denote respectively the tangential gradient and divergence on OF.
In addition, if F is a volume-constrained stationary set for the perimeter, and X induces a
volume-preserving flow on F, then the second variation of the perimeter takes the simpler form

S2P(E)X] = | |V ¢ =c3pctdwm . (5.1)
oF
Indeed, the fact that ¢ — |Ey| is constant in a neighborhood of 0 implies

d2

d
0= |- |E = dam? d 0=|—
{dt| t|]|t:0 8E< " ldtQ

|Et|] = / (div X)¢ do# 1.

t=0 JOF

As for the second variation of Vg, note that G € C1(R™\{0}), G(x) = o(|z|*™") near the origin,
for some a > 0, and G(x) = 0(|x|_(”+1)) at infinity by (H4), thus G satisfies the assumption of

[12, (6.7)], and, since E is an open set with finite volume such that JF is a C*-hypersurface,
we can apply [12, Theorem 6.1] directly to get

SVe(E)(X] = /8 Mo o™,
2 _ - - 2 n—1 n—1 2 2 n—1
5V (B)[X] = //@MEG@ DIC() — C)2 doen dar " /Mca,aEc 0

+/ HaaE((divX)C —div,(¢X,)) A1,
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where

& op(t) = | Gla— @) - ve(y)|*dA ", Vo€ IE,

and HaaE, which plays the role of the mean curvature for the nonlocal perimeter Perg, is
defined by

He pp(z) = 2/ G(r —y)dy, VzedE. (5.3)
E

Note that all the integrals in (5.2) are finite whenever OF is a C2-hypersurface by the assump-
tions on G, since X, ¢ and vg are bounded and C! functions. Similarly to the perimeter func-
tional, if F is a volume-constrained stationary set for Vg, and X induces a volume-preserving
flow on E, the fact that ¢ — |E| is constant in a neighborhood of 0 implies that the second
variation of Vg is simply given by

HaBXI=- [[ G-yl - Pt anr | e,
OEXOFE oF
Recalling that,

Perq(Ey) = I3 By — Va(Ey), Yt e (=6,9),

we see that E is a volume-constrained stationary set for Vg if and only if it is such a set for
Perg, and in that case, if X induces a volume-preserving flow, |E;| = |E|, thus the second
variation of Perg is given by

52 Perg(F)[X] = —6*Vg(E)[X]

| c-wl - cwP st ang - [ dpctannt
OEXOFE OF ’
(5.4)
We end this section by recalling the definition of stability in that setting.

Definition 5.3. We say that E is a volume-constrained stable set for a function F if F is
a volume-constrained stationary set for F, and 62F(FE)[X] > 0 for every vector field X €
C°(R™,R"™) inducing a volume-preserving flow on E.

Obviously, if F is a volume-constrained minimizer for a functional F, it is a volume-
constrained stable set for F in this sense.

5.2. The stability threshold
We are interested in the stability of the ball [B],, for (P). As before, given m > 0, we let

1
A:(gjﬂ

Proposition 5.4. Let m > 0. The ball [B],, is a volume-constrained stationary set for Fq,
and the unit ball By is a volume-constrained stationary set for Fq,, where G is defined in
Proposition 3.9. In addition, B, is a volume-constrained stable set for Fq if and only if
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By is stable for Fg,. Furthermore, for any vector field X € C°(R™;R™) inducing a volume-
preserving flow on Bi, the second variation of Fq, at By in the direction X is given by

0°Fg, (B1)[X]

3 Iolsn 2 _ 2 . .
= [ egrann - GS’M L S e = o o dop
gn—1 ’ Sn—1x§n—1 |z — y|

OlSn 2’ 2 2 1

where cén_l =n — 1 is the sum of the squares of the principal curvatures of S*~1,

Basri= [ noaplle o) g,

and where for all r € (0,+00) and € > 0, we defined
!S" 1\

= b —(n-1)

na(r) = rg(r), NGe(r) ==e na(e'r).

Proof. Since balls are minimizers of the perimeter under volume constraint, they are volume-
constrained stationary sets for P. Recall that Vg is maximized by balls under volume con-
straint, so that Perg is minimized by balls under volume constraint, thus balls are stationary
sets for Perg?. By scaling of Perg, the unit ball minimizes Perg, under volume constraint
as well. In the end, [B],, is a volume-constrained stationary set for F¢, and B is a volume-
constrained stationary set for Fg,. Applying (5.4) to Perg,, we find

e, (BOIX] = [ GG =)o) - ) at g
xsn (5.5)

—// NG @ =)l — y*[¢ ()| do~t dory
Sn—1y§n—1

for every X € C°(R™;R"™) inducing a volume-preserving flow on B;. Scaling back, we get

A5 Perg, (B1)[X]

= // Gz —y) AX(A"2) - vop, (z) = AX (A y) - vap, (y)|* d do) !
8BA><83)\
B // Gz — y)vos, (x) — vap, WP AX(A"2) - vop, (2)) dot? =" doy ™
BB)\XBB)\
— [ G-It van ) @) — (X von W) dot dot !
8B)\><8B)\

// (& = y)lvon, (x) — vop, (y)*(X» - vop,)* (x) do" "t do
aB)\XaB)\
= 0°Go([Blm)[Xal,
where X is the vector field defined by X (z) = AX(A~1z). Obviously we have as well
NP (By)[X] = 62 P([Bln) X1,

20One can also notice from (5.3) that H, & gn—1 is constant by symmetry, which directly gives the stationarity of
Bi in view of the expression of the first variation of Vg given by (5.2).
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thus

S F([Blm)[Xa] = A" 16% Fa, (B1)[X]. (5.6)
Observe that X induces a volume-preserving flow on Bj if and only if X, induces a volume-
preserving flow on [B],,. Indeed, the flow induced by X, denoted by @, is given by @, 4(x) =
AP (A"1x), where ® is the flow induced by X, and it is then easy to see that @, ,([B],,) =
AP (Bp). Hence with (5.6) we see that B; is a volume-constrained stable set for Fg, if and
only if [B], is stable for F. In addition, we can rewrite (5.5) in terms of ng 1/\ by

52 PerGA B1 // ( )‘ BAY/ SV yn- 1()\’ |)29(}\|x_y|)d%n—l d%n—l
Sn—1x§n—1 |x 4’y|

- //S e XY Nz = y))? gz — y) ) dogrt dot)

— W) o
a2 z—y)dA " dAt)
Sn N (//Sn s x_y|2 N/ —y) dA, 4

_ // 77G,1/>\(5U _ y)CQ(x) d%n—l d%n—l )
Snflxgnfl

Note that
Copgn-1 = /S L Gan(E = y) d) !

does not depend on x € S, since Na,1/x 1s invariant under rotations, thus by Fubini’s theorem
we find

70l gn—2 B 2 - -
#Per, (B = S ([ S P st -yt aorg
S | S§n—1x§n—1 x —-y‘
_ C%}’)\’Sn—l / <2 d%n1> 7
Sn—l
which concludes the proof. O

Remark 5.5. In view of the expression of 62Fg, (B1)[X], it would be natural to define the
quadratic functional QFq, (u) := QP(u) — QPerg, (u), where

OP(u) = / Vol 4 — (n—1) / > d e,

Sn—1 Sn—1

and
QPerqy(w) = [ NGO - p)lute) - uly) do ! g
S§n—1y§n—1
// NG — y))la — ylu(e)]® do " oty

Sn—1yx§n—1
on the vector space of functions u € H*(S"!) such that [5,_, ud#" 1 =0, since ( = X-vp, is
null-averaged on S"~! whenever X induces a volume-preserving flow on B;. Instead of defining
the stability of the unit ball by the nonnegativity of the quantity 62F¢, (B1)[X] for every flow
X inducing a volume-preserving flow on B, we could have defined it by the nonnegativity of

the quadratic functional QF¢, on null-averaged functions in H!(S"~1). In fact, it is interesting
to remark that, by the proof of [12, Theorem 7.1], those two notions of stability coincide.
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Let us point out that 7g 1/) is chosen in such a say that

‘Snfll [ee]

™2 /0 NG (r)r" 2 dr = rg(r)r"~tdr = 1.

0,1
IG

Similarly to the family (pg c)e>0 intoduced in Proposition 3.9 for rewriting Perg,, we will see
that the family (7g)e>0 is an approximation of identity as well, as defined in Definition 3.10
— however, here it is a (n — 1)-dimensional approximation of identity.

We wish to pass to the limit, but since we integrate S"~! instead of R”, we cannot use
Proposition 3.11. In [22, Theorem 1.1], an equivalent to this proposition is given for smooth
Riemannian manifolds, unfortunately the requirements on the family (ngc)e>0 are too strong
to be applicable in our case (in particular, the monotonicity of ng ., for all e, which we do not
assume). In Appendix A, we prove the required counterpart of Proposition 3.11 for the sphere,
which allows us to prove that large balls may be unstable.

Theorem 5.6. If Ig’l > %’n, there exists my,, = my(n, G) such that for any m > m,, the ball
[Blm is an unstable critical point of the functional Fg.

Proof. As we have seen in Proposition 5.4, given m and A positive such that w, A" = m, the
ball [B],, is stable for F¢ if and only if the unit ball B; is stable for F¢,. Consider a vector
field X € C>°(R™; R") inducing a volume-preserving flow on B such that 62P(B;)[X] > 0.
Let ( = X - vp,. First let us check that the family (ngc)e>0 is indeed a (n — 1)-dimensional
approximation of identity. Since g is nonnegative, we have ng. > 0, and we have already
checked

|S”2\/0 T]G,E(T)rr“2 dr = 1.

In addition, for any R > 0 and some C depending only on n and g, we have

/ 77G,5(1")r”_2 dr = C’L g(r)r™dr 20, 0,
R Ead

since r +— 1"g(r) € L'(0,00) by (H1) and (H2). Thus (ngc)e=0 is a (n — 1)-dimensional
approximation of identity. Let us show that it also satisfies assumption (A.41). Let K be a
compact subset of (0,+00), and a,b > 0 such that K C (a,b). Then for every s € K, using
the monotonicity of g, we have

n+1
nG,a(S) _ E—(n+1)829(6—13) < 6_(n+1)b29(€_1a) _ a—(n+1)b2 (Z) g (Z’) )

Recalling that g(s) = o(s~("*1)) at infinity by (H4), we then see that sup,cx 7c.c(s) goes to 0
as € goes to 0, i.e., the family (ngc)->0 satisfies (A.41). Thus we can apply Proposition A.4,
which gives

2
§n—1y§n—1 ‘x — y’ 1

(5.7)

A—00 S
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Similarly, we compute

1
2 — n—1 n—1
n— Ui x d% d%
CG,)\,S 1 ‘Sn_1| //S"—1XS”—1 G,l/)\( y) T y

1 T —y 2 . .
=S| //S g %nam(x —y)dA] " do) ! (5.8)
n—1wS§n—

[z -yl
A—00 K2,n71

2 _
S| Sn_l\vmy dA =Ko 1.

Combining (5.7) and (5.8) with Proposition 5.4, we find
Ko, n—2
tim 8%, (B[] = (1 - 1 K215 < / V¢ = g ¢ d%ﬂ"—l)
A—roo S OE

K . Sn72
- (1 - Igl 2’|Sn1_‘1| |> 62P(Bl){X]a

where we used (5.1) for the last equality. Now by Lemma 3.16 we see that in fact

Ko 1|S"2| _ Kin
‘Sn71| 2 )

thus
INK,
Jim 2 Fe, (B)[X]= (1~ % 62P(B)[X] < 0,
— 00

since I?;’l > ﬁ and 62P(B1)[X] > 0. This shows that there exists A, > 0 such that for any
A > )\, the unit ball is unstable for Fa,, which concludes the proof, setting m,, := w, ;. O

We have just seen that if Ig’l is above the threshold %ﬂ, then balls are unstable for large

masses. Conversely, we prove below that if [ g’l is below it, then balls are actually stable for
large masses, which shows that this stability hreshold is sharp. In order to prove this, we
use the decomposition of the Jacobi operator associated with the second variation of Fg, in
spherical harmonics, and express the second variation in terms of their eigenvalues, showing
that for large masses they are all nonnegative.

For k € N, we denote by Sy, the finite dimensional subspace of L?(S"~!) made of the spherical
harmonics of degree k, and (Yki)lgigd(k) an orthonormal basis of Si in L2(S"~!). When there
can be no confusion, we denote by Y} a generic element of S;. Let us recall that Yy € S; and
Y; € §; are orthogonal in L?(S"~1) whenever k # [, and that the family

(YY) o<k<oo,
1<i<d(k)

is total, i.e., it is an orthonormal basis of L?(S"!). For any u € L*(S"~!), we denote by at (u)
its (i, k)-coordinate in the basis, that is,

u= Z Z al (u)YR. (5.9)
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For any A > 0, let us define the operator

Ha(u)(x) =2 / MT}GJ/)\GZE — y|)d%"_1, Vu € C1(0By). (5.10)

st |z =yl

Recall that %llg—i(;lﬂ;yl) = Cg(Mz — y|) for some C = C(n,Ing), and that by (H4), g(r) =

o(r®~™) at 0 for some a > 0. We distinguish the two cases a € (1,+00) and « € (0, 1]:

Case 1. If a € (1,400), we can see that (5.10) actually defines an operator from L?(S"~!) into
L2(S™1). Indeed, in view of Lemma A.3, we have

na, Allz = yl) n— n n—
[ el gt <ot [ e = g

|z —y
n—3
2 2\ 7
= C’)\"H/ (1 — 4) gO\r)r" 2 dr (5.11)
0

1
< C’)\”“/O " 2g(\r) dr + C>\n+1\|g\|Loo(A,2,\)v

whose right-hand side is finite since 7" ~2g(Ar) = o(r®~?2) is integrable in a neighborhood of 0.
Thus, using Cauchy-Schwarz inequality, for any u € L2(S*!) we find

2
Sn—1 Sn—1 |a’,’ — y‘
g/ / ‘u(y)‘gnc,1/x(|$—2y|) d! / ﬁa,l/x(\l’;y\) ) doen
§n—1 sn—1 |l‘ — y| Sn—1 |$ - y|

C’/ / 27701/A(! i Dd%ﬂn 1
sn—1 Snl g;—y’

x —
<o / 1l ) argr <o [ P g
Sn—1 Sn—1 |1’ —_ y| Sn—1
(5.12)
As a consequence, by Fubini’s theorem, the integral in (5.10) converges for /" 1-almost every

z € S" L, and %\ (u) € L2(S"!) whenever u € L?(S*1).

Case 2. If a € (0,1], then r" 2g()\r) is not necessarily integrable at the origin, so that the
corresponding kernel is hypersingular, and % x(u) may not be well defined for every u €
L?(S™1). Nonetheless, when u € C1(S"™1), we have

M
jz — y/?

for every z,y € S"71, so that Z¢ \(u)(x) is still well defined for every z € S*~1, and % A (u) €
L?(S™1). Indeed, the integral

?7G,1/,\(’9? )

nea(lz —yl) < Cllullgrgnry EE

na,1/x(z —yl) n— n ' n— n
/Sn TR /0 Py dr 4+ ON gl e o)

is finite, since 7"~ 1g(A\r) = o(r®"1) is integrable in a neighborhood of 0.
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In addition, it is easy to see that we have

_ U —u 2 — —
/ u B () AT 1_// @) w2, (e~ gl drrtarert (5.3)
Snfl Sn 1><Sn 1

|z — y|?

whenever u € C!(S"!). Let us recall the so-called Funk-Hekke formula, from which we
deduce that spherical harmonics are actually eigenfunctions for the operator #Zg  in both
cases « € (0,1] and « € (1, +00).

Theorem 5.7 (Funk-Hekke formula [32, Theorem 1.7]). Let f: (—1,1) — R be such that

1 03
/1 (1) 7 [f®)ldt < .

Then for every Yy, € S, and every x € S"™1, we have

- f(@ - y)Ya(y) dot) " = e Ye(x), (5.14)

where [y, is given by
s 1|/ Por()f(0)(1 - 2)"7 d,

and P, ;. denotes the Legendre polynomial of degree d in dimension n, that is,

r(=z) g ()} =
P = (0 (=7 (5) a-ors

Corollary 5.8. Spherical harmonics are eigenfunctions of the operators Zq . More precisely,
for every k € N, there exists ug i € R such that
Haxr(Yi) = parrYe, VY € Sk
As a consequence, for every u € C1(S"1), we have
u(x) —u(y)|2 .
[ MR e g = Y weardw? (69
Sn 1><Sn 1 |$ — y| k=0 i=1

and pg i is given by

Yi(z) — Yi(y)|? . .
,UG,A,k:// ¥ (2) kg( ) nea(lz = yl) dot) " dA) (5.16)
S§n—1xS§n—1 ‘x—y‘

for any Yy, € Sk.

Proof. Recall that by Remark 3.1, a consequence of (H1) to (H3) is that g(r) = o(r~™) in
0. The situation being easier when we assume that (H4) holds for some a > 1, i.e., that
g(r) = o(r*~™) at the origin, for pedagogical purposes we first prove that spherical harmonics

are eigenfunctions for the operator Zg » under this assumption, and we drop it completely
only in a second step. In a third step we easily deduce (5.15) and (5.16).
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Oé—n)

Step 1. Here we assume g(r) = o(r near 0, for some « € (1,+00). Then we can consider

the operator

u(y _

Roa)@)i= [ =g nle -y ar,

st [ —y|

and proceeding as above in (5.11) and (5.12), we see that it is a bounded linear operator
from L?(S"71) into L*(S™!). Now let us see that we can just use the Funk-Hekke formula.

Recalling that |z —y| = \/2(1 — z - y), let us define
~ neapa(V2(1—1))

t) := .
fax(t) 20— 1) ; (5.17)
so that for any Y € Sk, we have
Raa(Ye)(x) = . fa(a - y)Yily) day) .
Changing variables, we have
1 s 2 2 23
/ (1=t "2 |far()|dt = / At <1 — 4> g(As)s" 2 ds
-1 0 (5.18)

1
< onrH! /O P29 () dr + CA g e 0y < +001

thus Theorem 5.7 applies and shows that spherical harmonics are eigenfunctions for the oper-
ator Rg . In addition, for every k& € N, all the Y}, € S, share the same eigenvalue, which we
denote by ug; , - Taking Y =1 in (5.14), one gets in particular

v
M0 = /n_l nG?l,i;(_ e 2 Ay, Ve es'

so that Zg » is simply given by

Hay=2 (N*G,)\,Old — RG7)\> .

Whence we deduce that spherical harmonics are also eigenfunctions for the operator Z¢ », and
the eigenvalue associated with any Y; € Sk is

’UIGv)‘:k: = 2(II"['>'<G,)\70 - ME,A,]C)'

Step 2. When we only know that g(r) = o(r~") (by Remark 3.1), the integral on the right-
hand side of (5.18) is not necessarily finite, so that we cannot apply the Funk-Hekke formula
directly on fg ) to prove that spherical harmonic are eigenfunctions of the operator R ». In
fact, Rg.x(u) is not even well defined for every u € C°°(S"~1), since

/ neAMIE 1) onet g en
sn-1 |z —y

may not converge. Instead, we proceed similarly to [32, Lemmas 6.25 & 6.26], defining the

operators
u(x) — uly n—
A (w(a) =2 [ wn) =uly), e — ) doer
sroinfla—y>e} |2 — Y| (5.19)

=2 [ (o) = uw) foala -9 A,
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for every ¢ € (0, 1), where

faat) = faa(t1(, 2y (),

and fg ) is given by (5.17). Now by introducing this cutoff we have removed the singularity
making fg » nonintegrable on (—1,1) and the operator hypersingular, so that we may now use
the Funk-Hekke formula with f¢ ,, which gives

R\ (Vi) (@) = 2uG 5 1 Ye(2), VY € Sp, Vo € S¥7 (5.20)

where
1_% n—3
s =181 [T 0= Pa®aa - )T ar, (5.21)
~1
and P, i, is given by Theorem 5.7. It is known (see references in the proof of [32, Lemma 6.25])
that

1P(t) —1] < ’Wu —1), Vte(-1,1),
thus
- P foa -7 <220 ana - 6

for all ¢ € (—1,1). On the one hand, recall that fg ) is continuous in [—1,1), and (1+ t)nT_S <

c(1 —I—t)_% in a neighborhood of —1, for some C' = C(n), since n > 2, thus the right-hand side of
(5.22) is integrable in a neighborhood of —1. On the other hand, fg \(t) = Cg(A/2(1 —1t)) =
o((1—t)"2) near ¢t = 1, so that

n—
2

far®@ 4+t T (1—8)"z =o((1—t)"2) in a neighborhood of 1,

thus the right-hand side of (5.22) is integrable near ¢ = 1 as well. Since this right-hand side is
also continuous in (—1,1), in the end it belongs to L'(—1,1), and by dominated convergence,
letting € go to 0 in (5.21) gives

n—

1
3
li s = 187711 (1= Pusl) (1 - )5 dt = g
-1

Hence, combining this with (5.20), and passing to the limit in (5.19) (with v = Y}) by domi-
nated convergence yields
Za\(Ye) = p6 Yk

which shows that spherical harmonics are eigenfunctions of the operator Z » in that case too.
Step 3. Using the decomposition of u € L?(S"~!) in the orthonormal basis of spherical har-
monics given by (5.9), and the spectral representation of % » given the previous step, from
(5.13) we deduce

u(z) — uly)[2 P L o
S —ylgncm/x(\l’ —yN)dA T dA) T =D paak aj(w)
n—1yS§n—

|z — k=0 i=1

for every u € C1(S"~1), which is precisely (5.15). Taking u = Y}, in (5.15) gives (5.16). O
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Theorem 5.9. Assume Ig’l < %ﬂ Then there exists mg = ms(n,G) > 0 such that for any
m > mg, the ball [Bl,, is a volume-constrained stable set for the functional F¢.

Proof. By Proposition 5.4, given m and A positive such that w,A" = m, the ball [B],, is
stable for F¢ if and only if the unit ball By is stable for Fg,. We shall prove that the latter
holds provided A is large enough. Consider a vector field X € C°(R™;R"™) inducing a volume-
preserving flow on Bj. Recall that the second variation of Fg, is given by

0% Fe, (B1)[X]

B IO 1 Sn 2 _ 2 . .

= [ wectaenr o fe T T RS e = o o g
gn—1 ‘ ’ Sn—1xs§n—1 x—y\

0,1

2 2 1 spn—1
+ <|Snl‘ CE g1 Ca&) /Sn_lf A"

(5.23)
It is well known (see e.g. [29]) that for any u € H'(S"™1), we have
oo d(k)
Veul? dan ! = I ak (u)?, 5.24
j S teakw) (524

where

Iy =k(k+n—2), VkeN.

Recall that the coordinate functions x — x; are spherical harmonic of degree 1, thus inserting
these functions into (5.16) and summing over i gives

1 n—1 n—1
pons =g [ meanlle = a -t

= /Sn—l 77G,1//\(’33 ) dt%@nil = Cé,x,gvkl'

Furthermore, since X induces a volume-preserving flow on By, we have

/ Cdam 1t =0
Snfl

d(k)

(=3 dOY

k=0 i=1

(5.25)

Writing

and using the well-known fact that

/ Y da#" ! =
Snfl

for all spherical harmonic Y}, of degree k > 0, it follows that a}(¢) = 0. Combining this with
(5.23) to (5.25), and recalling cgn-1 = n — 1 = Iy, using Corollary 5.8 we find

oo d(k) 0,11 gn—2

8 Fq, (B)[X ZZ(lk—ll—W(,UGAk_,uGAl)>ai(C)2

Al Bl A A k
k=11i=1

(5.26)

oo d(k) 0,1 2 0,11qn—2

1%t s 1%t sm ;

= E E (lk -e ’n 1 |MG,>\,k +E _—— |n,1 |HG,)\,1 - ll) aj,(¢)%.
k=2 i=1 [Sm=] [S™
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ikl
2Tsn—29

(5.16) and Corollary A.2, for € > 0 to be fixed later, there exists Ag such that, for any A > A,
we have

Notice that s™2ng1/2(s) = (s), thus s — s72ng1/\(s) is nonincreasing. Hence by

Hak S (K27n_1 + E)/S B ‘VT Yk|2 A1 = (Kz,n_1 + E) lf.. (5.27)
Using (5.27) and Lemma 3.16, we then have
IO,l Sn72 IO,l Sni? IO,lK n
I, — G|S|n_1‘ |MG,/\,k > <1 — 76{8"—1\ |K2,n71(1 te)|ly=[1--¢—" 5 Y1) | Uy (5.28)

As we have seen in the proof of Theorem 5.6, (5.8) shows that

A—00

2 —1 2
HG A1 = CGpgn—1 = / ) naaa(@ —y)dA) " —— Kopn-1cgn1 = Kon-1,
S

thus up to choosing As even larger, we have
paat = Kop 1li(1 —e), VA > As. (5.29)
Combining (5.28) and (5.29), it follows

1g'[8"| 1g'[8"| l
WMG’MC + WMG,A,I —h

%K %K
> (1— 021“(1+e)> Iy + <02Ln(1—€) —1|h

for all A > Az, where A\; depends only on n, G and . Since Ig’l < %ﬂ, we may choose € small

I —
(5.30)

enough depending only on n and Ig’l so that

'K
2

thus, noting that [ is bounded from below by Iy > 0 for all k& > 2, because (lg)ren is an
increasing sequence, (5.30) yields

1 (1+¢) >0,

Ig'[s"?| Ig'[s"?|
WﬂG,A,k + WﬂG,A,l -0

%K., %K,
> (1_“(1+5)>l2+ (“(1_5)_1 I

Iy —

2 2
%K., %K.,
- <1 _ G21> (Iy — 1) — GTL(ll +b)e,

whenever A\ > )\, where Ay = A\;(n, G,&). Whence, choosing ¢ even smaller if needed, depend-
ing only on n and Ig’l, we have

Ig'[s" Ig'[s"
el R
for all k > 2 and every A\ > \g, where Ay = \s(n, G), hence §2F, (B1)[X] = 0 in view of

(5.26), and the unit ball B; is a volume-constrained stable set for Fg,. Setting mg := wy, Ay
then gives the result. O

I — Ha ok + paxt — 1 >0,
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Theorem C is eventually a straightforward consequence of Theorems 5.6 and 5.9.
Let us emphasize that Theorem 5.6 relies heavily on the computation, in Appendix A, of
the limit of the quantity

2
T) — _ .
n—1yS§n—1 —

as € goes to 0, for every f € H'(S"!) and every (n — 1)-dimensional approximation of identity
(12 )e>0, but that this is not enough for proving Theorem 5.9. For the latter, we need to obtain
an upper bound for this quantity, and we need this bound to be uniform and asymptotically
sharp, in the sense that the multiplicative constant in front of ||V, f ||§{1(Sn71 converges to
K5 1 independently of f ad e vanishes.

A. Asymptotics for nonlocal seminorms on the sphere

In this appendix, we prove Bourgain-Brezis-Mironescu-type results similar to the ones in
Propositions 3.3 and 3.11, in the case where R" is replaced by the (n — 1)-dimensional sphere
SP—1 = §"~1. In [22] the case of a general Riemannian manifold is considered, yet the mono-
tonicity of the radial kernels is required, which is too strong to be applicable in our case. In
addition, it does not provide a satisfying bound on the quantity

2
// W@ =IO, 0 ) dedydoer anr, (A1)
S§n—1x§n—1

o —y?
2
K.

Let us remark that we could have treated the general case W1P(S"~1) for any p € (1, +00) the
same way. We focused on the case p = 2 since this is the only case we need, and computations
are slightly simpler.

In the following, we will often use the following to integrate S"~! on slices (see e.g. [4,
Corollary A.6]): a 2" !-measurable function f is integrable on S™~! if and only (z,t)

(1- tQ)nTigf(\/l — t2x,t) is integrable on S"2 x (—1,1), and in that case we have

which is necessary to conclude that large balls are stable whenever Ig’l <

1 )
/ fdxmt = / (1-2)" f(V1 =2z, t)da 2 dt. (A.2)
Snfl -1 §n72

Proposition A.1. Let n : (0,400) — [0,+00) be a nonnegative measurable function such
that s +— s~*n(s) is nonincreasing, for some k € N. Then for any ¢ > 0, there exists 7 > 0
depending only on €, k and n such that

_ 2
//gn_lxsn_l W”ﬂx _ y‘) d%n—l d%n_l

e =y (A.3)

2r
n— n— c
<<<1+e>|§ [ s 2ds+ﬂunumr,g))Kz,n-lnwnig(sn1)7

for all f € HY(S™ 1), where C depends only on n.
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Proof. Without loss of generality we may assume ¢ € (0, %) By using the density of C*(S"~1)
in H'(S*!) and Fatou’s lemma, we need only find some r > 0 such that (A.3) holds for any
f € CY(S"1), thus from now on we assume that f € C'(S"~!). We proceed in 3 steps.

Step 1. Let r > 0 to be determined later. We cut the integral into the following two parts

_ 2
//Sn1 - Mﬂﬂﬂﬁ _ y|) d%nfl d%nfl

& =yl
B 2
= [ et ag
Snflxgnfl r y (A4)
lz—yl<r
2
+ // qux —yl) A dA) T = T+ 11
Sn—l Sn—l
ja—yi>r
Defining
1 _
(f)S”_l = ‘Sn—l’ Sn—1 f(.%') d‘%n 17
note that

17 <2l ey // (@) — fy) P A doer!
Snfl Xgnfl
= TﬁZHWHLoo(r,z) // 1f(@) = (Fgnr + (Pgnr — f)P dot?™! d«%@nfl
Snfl XS"71

< 201l oo 2 IS = (D) 72(g0-1) 772

C
< T7||n||LW(r,2)||VTf”%z(S”*l)

(A.5)

for some C' = C(n), where we used Poincaré’s inequality on the sphere for the last inequality.
We now focus on I. We will make use of the stereographic projection IT : S*~1\ {e} — R~}
from the north pole N := (0,...,0,1) € S"~! on the hyperplane x,, = —1, given by

2z 2T50-1
II =
(xly 7:(}7'1) (1_56717 71_:1:”)7

and its inverse II71 : R*~1 — S"~1\ {e}, given by

SE |€|21>'
L+ 1+ 1€ 201+ €

0 (&, 6n) = <

It is well known that IT is a smooth diffeomorphism from S*~!\ {e} into R"~!, and that the
Jacobian determinant of II-! is given by

1

P e

Here we use the notation Bgr(z) for balls in R® and Dg(x) for balls in R®~!. Denoting by
S :=(0,...,0,—1) € R" the south pole of S, we have II(S) = S, and for any R > 0, IT maps
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Bpr(S) NS™ ! to the open ball D,r) € R"™!, where a(R) is a smooth function which goes to
0 as R goes to 0. Since we may choose r arbitrarily small, we will see that to estimate I we can

focus on the behavior near the south pole S, where the stereographic projection is “almost”
the identity. Indeed, I1(S) = S, and in addition the differential of II-! € £(R"~1 R") at 0 is

Lo = D) (0) = (R* 3 (ht, ooy 1) = (Bt o1, 0)). (A.6)

Since IT™! is smooth, there exists ry small enough so that

sup ||D(IT7 1) (x) — Lo|| < ¢, sup Jp-1(x) > 1—¢, (A.7)
$€D4TO $€D4TO
and
I(B,(S)NS"™ ') = Dy(p) € D2y € Dury,  Vp € (0,210), (A.8)
where for any L € £(R"~!,R"), we choose the norm
L(x
1) = sup L&
|n|<1 2]

We now split the sphere S*! into small disjoint spherical caps of size smaller than ry. Since
we will need to extend a little bit those spherical caps, and control by how much they overlap,
we want to work only with a finite number of them. Of course, we cannot cover exactly S”~!
by a finite number of spherical caps, but we can arbitrarily choose the amount of area not
covered. Indeed, by Vitali’s covering theorem for the Hausdorff measures, given the family of
balls

F = {Bp(x) : p€(0,r9) and z € S”_l} ,

there exists a countable family of disjoint balls in .7, denoted by (B,,);jen, covering S*=1in
the measure theoretical sense, i.e.,

A" (s (L Byy)) =0
JEN
Note that for every j € N, p; < rg. Now we may choose M € N large enough so that

A" SI\U) <, (A.9)

where

U:=||(By,,NnS"). (A.10)

=

For this finite “almost” covering of S*~!, for any § > 0, we consider
Vs:=((Bs+U)NS" H\U (A.11)

its “d-overlap” in S"~!. By continuity from below of measures, we have #"~1(Vs) — 0 as &

goes to 0, thus for §p small enough we have

"
M

AN Vs,) < €. (A.12)
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Let us now choose r := min(ry, %0) (and note that it does not depend on f).

Now that we have built a finite collection of small disjoing spherical caps almost covering S”~!
in the sense of the Hausdorff measure s#"~1LS"~!, and have chosen &y such that the Lebesgue
measure of their dp-overlap is small, we also want to control both the size of S*~1 \ U w.r.t.
the measure |V, f|*# (A" 'LS" 1), and the size of the dy-overlap of the covering w.r.t. to

the measure )
T) — _ .
|z —yl

Unfortunately, the variations of f may concentrate on those sets, however by an averaging
argument, for each f, we can find a good rotation Rg such that the rotated almost-covering
captures most of the variations of f. Indeed, let ;1 be the Haar measure on SO(n), the group
of rotations on the sphere. Since the application

mislo A l—>/ / IV, f(2) d" " du(R)
SO(n) JR(A)
is a Radon measure on S”~! invariant under rotations, by uniqueness of the Haar measure on
S"=1 (which is a positive multiple of "~ 1LS" 1), there exists a constant C' such that
vi(A) = CH" 1 (A), YACSL

2
”VT f”LQ(Sn—l)

Taking A = S !, we find C = S|

, so that

A1(A)

Vl(A) = |Sn,1|

/ IV, fRdan), WA C sl (A.13)
Snfl

hence by (A.12),

_ ALV .
ni)= [ [ @R R = L8R [ 9
SO Vig) | R

(A.14)
€ 2 n—1

< — .

< M/Sn_lmf\ A

Similarly, the application

2
vy SLD A s / // W@ =IO 0y amer =t anr—aur) (A1)
S0 xR(A) |z =y
is a Radon measure on S™~! invariant by rotations: the fact that f € C'(S*~!) implies that

|f(@) = f(W)| < [IV7 fll oo (gn-1y|z — y|, which justifies that the integral on the right-hand side
of (A.15) is always finite (in fact v is a finite measure). Thus

%nl ‘f ()‘ . n—1 n—1
() = Ly /SO M ke ) 7 A (R),

for all A C S"~!. In particular, by (A.9) we have

v |f@) —fwl e
e /50 //S“ nxrE-N) |7 -yl n(lz = yl) A" dA ™ du(R)

|f( ) ( )| n—1 n—1
8//§n—1xgn—1\x—y\ (e —yl) dA " dAy .

N

(A.16)

49



In view of (A.14), by Markov’s inequality we have

m (R € SO(n) : / V., fIPdamt > t/ |VTf\2d<%””‘1> < (Ve <=
R(Vsy) sn—1 t Mt
for every t > 0. Taking t = %, this implies
2 n—1 48 2 n—1 3
wlReSOn) : IV, fI°ds# < — |V, fI°ds# > —. (A.17)
R(Véo) M Sn—l 4
Similarly, (A.16) implies that
2
’ (R e som) | W =T 10— gy aser =t asegr
R(SNU)xRE-1U) |2 = Y| (A18)
(@) — f (@)’ et gt 5 3 '
< I Z L (0 — gy doep =t asep =) > 2,
§n—1xS§n—1 |x — y| 4
Combining (A.17) and (A.18) we may thus find some Ry € SO(n) such that
4
/ IV, fR ) < 5/ IV, f2dn (A.19)
RO(VBO) M Sn—l
and )
z)— f(x . —
Ro(S"~\U)xRo(s"=-1\U) | — Y] (A.20)
’f(ZL') — f($)’2 n—1 n—1
<de s n(lz —y|) dIA dA) .
Sn—1y§n—1 |$ —_ y|
As a consequence,
_ 2
I< (1 _ 48)_1 ’f(T) f|(2y)| n(‘x _ y‘)d%n—l d%n—l
x —_—
'R()(U)XR()(U) 4
lx—y|<r
M _ 2
— (1_4€)—IZ ‘f(.CC) f(y)‘ n(\x—y])d%”"_l d%n—l'
2 Y x
j=1/Ro(Bp; (z;)nsm—1) JSm—In{|z—y|<r} [z =y
(A.21)

Now we want to estimate the double integral on each of the spherical caps in the sum of (A.21).
Step 2. We show that there exists some C' depending only on n and k such that, for every
je{l,..., M}, we have

o 2
/ / |f($) f(Qy)‘ n(’x_y’)d%nfl d%nfl
Ro(Bp, (z,)nsm1) Jsn-1nfla—yl<r} |2 — ¥

2r
< (K22 + Ce) (‘Sn_2’/0 n(s)s" ds) (/R (5 ( _))mSn_lfvrf(x)‘th%ﬂn_l) .
v (A.22)
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Given a fixed j € {1,..., M}, there exists R; € SO(n) such that R;(Ro(B,,(x;) NS"!) =
B,,(5)NS™! (i.e. R; maps the spherical cap of radius p; around R () to the spherical cap of
radius p; around the south pole). Making the change of variables 2’ = R;(z) and v/ = R;(y),
we find

. 2
/ / M n(jz — y|) dA)~ 1d%n 1
Ro(Bo, ()r8n1) Jsn=1nfla—yl<r}  |& — yl?

. —_ . 2
— / / ’gj (.f(}) g]2(y)‘ 77(|$ _ y|) d%n—l d%n—17
By (S)nsn1 Jsn-in{lz—y|<r} [T — ]

where g; := fo Rj_l. Now making the change of variables z = II7!(¢) and y = IT7%(¢), it
follows

. . 2
/ / |gJ ($) g]Q(y)’ 77(|.I _ y|) d%n—l d%n—l
B, ($)nsn=1 Jsn-1n{jz—y|<r} Ix -yl

(A.23)

50T — g o TTHOP (MM -THQD
-, am/ Oler r G <>\2 Tt et ePyrt %

g0 TN g o TTHOP
/Qm/ e n1< 2 ) Q) dec

(A.24)
where a(p;) is such that Dy ,,) = (B, () NS™™ 1) C Dy,, C Duy, by (A.8). Since [TI7(¢) —
S| <7+ p;j < 2rg whenever II"1(¢) € B,,(S)NS" ! and [II7(£) — IT71(¢)| < r < o, we also
have ( € Dy, by (A.8), thus £ and ¢ both belong to Dy,,. Given &,( € Dy, by Taylor’s
theorem we have

() /D )¢+ H(E — O)(E— )t

thus, using the reverse triangle inequality

() = T40)] = |Lo(€ — Q)] /|D )(C+H(E = O)(E = O) — Lo(€ — O]t
< sup (D@ (@) — Lo|l)I€ = ¢ < elg = I,

€ Dar,

in view of (A.7), where Lg is the linear map defined in (A.6). As a consequence, we have

(1= —¢ <MY -T OIS A+e)|¢=C], V& E Dy, (A.25)

—k

By assumption, recall that s — s™"n(s) is nonincreasing, thus for every &, € Dy, such that

& # n, using (A.25), it follows

([T (E) = TTH(QN) < 1) = TTHQOIM((L = )le = <) (1 - )l = ¢])

e\ k (A.26)
<(155) ma - - <.
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Plugging (A.25) and (A.26) into (A.24) yields

/ / |g](a:) 932(.'9)’ 77(|$ o y|) d%n—l d%n—l
By, (S)nsn=1 Jsn—In{|a—y|<r} = =yl

1 oll™ oIl ! 2
1_+fk+2 / / e 90O = 9 S WO (1 oyje — ¢lyagac (aam)

=P
(1+¢)* lgj o I1(§) —gj o I (Q) 1—aVle — chded
1_6k+2 / - /5 o " n((1— o)|é - ¢y dedc.

Since g; € C1(S"1) and II7! is smooth, by Taylor’s theorem we have

070 T74(©) ~ 5 0 THOP < [ V0517 € + 1C - )
(DY) (E+ (¢ —€).(6 - O)[ at.

Writing temporarily z = £ + (¢ — &) € Day,, notice that

(A.28)

V7957 (2)) - (D(IT7Y)(2) f C))|
1

= |V-g; (11 z)( (2) = Lo+ Lo)(§ = Q) [*
= V7 g; (T (2)) - ( \2+ Vg (1171 (2)) - (DA )(Z)—Lo)(é—é))(2 (A.29)
2[ngJ<H1 ) - (DI)(2) = Lo)(€ = Q)| [V7 g (71 (2)) - (€ = Q)]

<|Vr g (71 (2)) - (€ = QI + 8|V g, (1T (2)) Pl = ¢

where we used (A.7) for the last inequality. Plugging (A.28) and (A.29) into (A.27) gives

/ / |g](x) gJZ(y)| "7(|:E _ y|) d%n—l d:}ﬁn_l
B, (S)nsn=1 Jsn-1n{z—y|<r} |z =y

(14 ¢)*

(A.30)

<qogre )
where
! ‘/ /, b [ Framier o) é;QU((l—S)\ﬁ—CI)dCdgdt (A31)
and

=z [ [ /£ o T I € HE )Pl = )l — (g dar (A3

Making the change of variables h = { — ¢ (for fixed &), and then z = £ + th in £ (for fixed ¢
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and h), (A.32) becomes

35/ /
oc(ﬂ)

2
<3 / /W /| o T P = )y
3e
<12 </|h<2r77((1—5)|h|)dh) (/Da(pjmrwrgy( Y@) P In-a (2 )dz)
_ 3 (V2 dapnl
B (1 _g)n </|h|<2(1—5)r 77(|h’)dh> (/l'll(Da<pj)+2r)|VTgJ( )| e ) ’

where we used (A.7) for the second to last inequality and the change of variables h — (1 —¢)h
and z — II7!(z) for the last equality. For any y; € H_l(Da(pj)_,_%), there exist z1 € Dyy))
and wy € Dy, such that y; = II"'(x1 + 22). Then by definition of a(pj), H_l(Da(pj)) =
B,,(5)NS" 1, so that IT"! (1) € B,,(S) NS"!, and we have

/h|<2 IV g (TT7H(€ 4 th))|Pn((1 — €)|h|) dh d& dt

(A.33)

ly1 — S| = [T} (21 + 22) — S|
<Y (wn) = 8]+ [ (21 + 22) = T (21)] < pj + [aa| < pj + 27,

since IT™" is 1-Lipschitz. Thus IT™!(Dyy,)42r) € Bp;12,-(S) NS"~, and from (A.33) it follows

2r
JJ < (13871 (\8"2] / n(s)s" > ds) / |V, gj(gc)\2 d" 1|, (A.34)
—e) 0 By 45 ()NS—

since 2r < dp. To estimate J, we make the same change of variables as for JJ, i.e., h =( —¢&
(for fixed &) and then z = £ + th in £ (for fixed t and h), which gives

Dar J Dap;)42r

Then using the coarea formula w.r.t. to the h variable, from (A.35) and by definition of Kg 1
n (1.1), we infer

<oif L

a(p )+2r

2r
=Ko, o|S"7? / / v
Dapj)+2r /0
K n— 1 E 2
< A= eyt 2 2 (Sn 2]/ ”2ds) / ‘Vng(Hfl(z))’ dz | .
Da(p;)+ar

2

Vg€ +th)) - n((1 —e)lh|)dhd§dt

]

, (A.35)

" (1 = )|h]) d= dh.

Vrgi (T (2)) - ]

coi () o 2] s (1 - 2)s) dsds

79 (H*l(Z))‘2 "

(1 - ¢)s)dsdz (A.36)
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Proceeding as we did for J.J, making the change of variables x = II7!(z), using (A.7) and
recalling that 2r < dp, (A.36) becomes

K . 2s
J<T i(@ﬂ\ / n<s>r“d5> / Ve gj@)P Tt (AB)
( 5) 0 Bijr(;O(S)ﬂS"*l

Now combining the estimates on J and JJ given respectively by (A.37) and (A.34), from
(A.23) and (A.30) it follows

2
Ro(By, (z;)nsm=1) JoBin{la—yl<r} |2 — Y|

(1 —+ E)k S 2r o
S W(Kzniz%—%) IS |/0 n(s)s" *ds

/ IV, g5(a)[2 doen!
By 46 (S)NS™—1

2r
< (Ko s+ Ce) (|S“| / n<s>s"2ds) / IV, f@)2doemt |
0 Ro (B, 150 () NS

(A.38)

for some constant C' depending only on n and k (since we assumed ¢ € (0, %)), and where we
made the change of variables © = R;(y) for the last inequality. This is precisely (A.22), which
concludes this step.
Step 3. Now that we have estimated the nonlocal energy on each small spherical cap composing
U, we want to sum over them to retrieve an estimation of the energy on the whole sphere.
Recalling that (Bpj+50 (z5) \ By, (x])) NS C Vs, (by definition of Vs in (A.11)), and using
(A.19), we have

/ Y, f(@)? doem !
Ro (BijO (z))nSn—1

Vs f(@) 2 a4 / Vs fo)2 doen!
Ro (B, 150()\Bp; () NS

//;,0 (Bpj (ZJ)) nsSn—1

1 4e e
Vo f@)[F ™+ 2 ||V f)P Ao

<

/R()(Bpj (z;))nSn—1
(A.39)
Then recalling (A.10), summing (A.39) over j € {1,..., M} gives

M
>/ Vor@Pdaer < [V Pt [ Vf) e
=1 IR (B 150 (7)) NS U sn—1

< (14 4e) /Sn1|VT f(@)|*dom L,
(A.40)
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Inserting (A.38) and (A.40) into (A.21) leads to

I< (1 jji) (Ko -1+ Ce) <|S"_2| /027’ n(s)s" > ds) </Snlfvr f($)|2d<%ﬂn_l>

<<Km11+0@<S%ﬂ17ﬁ@ﬁ”2@>(énJvfﬂmﬁdﬁm*),

for some C' = C(n, k). Thus with (A.4) and (A.5), we obtain

f@) = fy)l net e
Sn—1y§n—1 |$ — y|
n—2 2 n—2 CQ 2
<1+ Ce) 8" ; n(s)s" " ds + —F1ll oo ) | K2n-1lV7 fllz2(98,):
for some constants C; = C1(n, k) and Cy = C2(n), hence the result since C depends only on
n and k. O

We also have the following useful corollary for (n—1)-dimensional approximations of identity.

Corollary A.2. Let (n:)e>0 be a (n — 1)-dimensional approzimation of identity satisfying

e—0

sup . —— 0,  for every compact set K C (0, +00), (A.41)
K

and such that s — s7%1.(s) is nonincreasing for some k € N and for every ¢ > 0. Then for
every & > 0, there exists ¢g > 0 such that, for every 0 < & < &g and every f € H'(S"1), we

have
_ 2
//Snlxgnl Mnfﬂx - y|) < (K2,n—1 + 5)/

: IV, fI? dom (A.42)
|z =y SO

In particular, the maps N : HY(S*™1) — [0, +00) defined by

_ @ =W e
Ne(f) = (//SS (e - ua dy)

SIS

are uniformly equicontinuous for every e < €.

Proof. Let r = r(n,k,0) > 0 given by Proposition A.1 for e = 72K25

—, SO that we have

£(@) = )P .

//S 1 S 1W”E(|xiy‘)d% 1d% 1
n—1ygn— _

) C
< {(Kz,nl + 5) + ﬁ||ns|’Lw(r,2) V- f||%2(snfl)7

where C' = C(n). By (A.41), there exists g9 > 0 such that

c )
T72||7]E”L°°(r72) < 55 Ve € (0750),
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hence (A.42) holds for every ¢ < gg and every f € H'(S*!). As for the continuity of N,
using the reverse triangle inequality and applying (A.42), we find

1
|Ne(g9) = Ne(h)| < Ne(g — h) < (Kojn—1 4 0)2 [lg = hll g1 gn1y,
for all g,h € H*(S" 1) and all £ < &g, hence the uniform equicontinuity of the maps N.. [

We can now compute the limit of (A.1), which is a counterpart of Proposition 3.11 for the
sphere. But first, let us state and prove the following basic lemma.

Lemma A.3. Let f be a continuous nonnegative function from (0,+o0) such that

/OO f(r)r”_2 dr < +o0.
0

Then for every R > 0 and every x € OBg, the map F : y + f(|lx —y|) belongs to L'(OBR) for
any R > 0, and we have

n—3
2

L ) V4R s 2 5
z—y)dH" " =|S" R/ 1-— s"72f(s)ds.

In addition, if n > 3, we have

V4R
/ f(le —yl)der " < "R / 2 f(s) ds,
OBR 0

and if n =2,

9Br

2R
(1 VR LR
Fe— o)y drp=t < s 2|R<ﬁ | s 2d5+2”f”m«ﬁm>>'

Proof. Up to a change of variables, we can assume that x = N = (0,...,0,1) is the “north
pole”. Our computations will show that y — f(|RN — y|) € L*(0Bg). Applying (A.2) to
y — f(R|N — y|) we find

FURN —yydst= =R | f(RIN —y|)dot~!
aBR S§n—1

~R™! /1 (1-2)" /Sn2 F(RIN = (V1= t2y,0)]) doy =2 dt

-1

1
:R”l/ (1—t2)"23/gn_2f( 2R(1 —t)) dot 2 dt

-1

= |S" 2Rt /1 (1—13)"2 f(y/2R(1 — t)) dt.

-1

Changing variables with s = \/2R(1 — t), it follows

VAR =
FURN =yl doty ! = |82 R / 4R<(;)2(R—S)) f)%e

VAR 52 e
— |S"—2|R/ <1 - 4R> s"2 f(s) ds.
0

OBR

o6



There remains to show that the integral on the right-hand side is finite, with the desired upper
bounds. When n > 3, we have

n—3
2\ 2
S
1—— <1, Vse(0,vV4R),
(1-57) e (0.
which gives the required estimate and shows that the integral is finite, since
n—3

V4R 52 2 oo
/ 1—-— s"2f(s)ds < / §"2g(s) ds < 400.
0 4R 0

When n = 2, let us split the integral into two parts

1

V4R 52 -3 V2R 2\ 2 VAR 52 -3
/0 (1—4R> f(s)ds:/o (“41%) f(s)ds+/\/ﬁ (“43) F(s)ds.

»

(A.43)
On the one hand, we have
V2R 32 _% 1 V2R
1-— fsdsg/ f(s)ds, A44
/0<4R>()\/§0() (A44)
and on the other hand
VAR §2 —3 VAR §2 -3
11— — s)ds < o / 1—— ds
/. ( 4R> $6) ds < I lmamvam | ( 4R>
1 1
. 2\ "2 A.45
- ||f||Lm(\/ﬁM@)\/4R/1 (1 —s ) 2 ds (A.45)
V3
™R
= g (var,vam 5
hence the required estimate by combining (A.43) to (A.45). O

Proposition A.4. Let f € HY(S"!) and let (n:)e=o be a (n — 1)-dimensional approzimation
of identity satisfying (A.41). Then we have

iy /] u elle =y 2 Aoty = Koo [ (VoA
S§n—1y§n—1 S§n—1

e—0 ’

Proof. We need only prove the result for functions in C?(S"~!) by approximation, using the
density of C?(S"~1) in H1(S"™!) and the continuity of N, in H*(S*!) given by Corollary A.2.
Let us assume that f € C2(S"1), and consider some 0 < r < 3 to be fixed later. Let us split
into two parts the integral

_ 2
2
= Mna(’x_de%nfl d%nfl

2

x —_
Snflxsnfl ‘ y‘ (A46)
|z—y|<r
2
K ” W) = FWI, (0 — gy doen= dge .

sn— 1 x§n— 1

|z—y|>r
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Changing variables and using the fact that f € C?(S"~!), we have

2
// ” @) =IO, 10—y amert o < c ne(IN — ) d!
Sn IXSn 1 Sn_lﬂ{|x—N|2r}
|lz—y|>r

(A.47)
for some C' > 0 depending only on n and || f{|c2(gn-1), where N = (0,...,0,1) € S*=1. Using
Lemma A.3 with f = 1}, { )7, we find

2 2
/ w =g e (12 9) e )
Sr—in{|z—N|>r} r

n—3

If n > 3, we have (1 - %)T < 1, thus (A.47) and (A.48) give

2 oo
J X )' D=L, (o = yhaset ag <€ [T no)as

§n— 1><S'n 1
lz—y|>r

whose right-hand side goes to 0 as € goes to 0 since 7. is a family (n — 1)-dimensional mollifiers.
If n =2, by Lemma A.3 we have the estimate

2 82 nT_s 1 \/5 L T
[ (1-5)  n@as< (5[ nesas Tl e (A.19)

which also goes to 0 as € goes to 0 by assumption (A.41). Thus for any r € (0,1) we have

2
lim // )‘ (o — y]) doe Aot = 0. (A.50)

e—0
sn— lXSn 1
lz—y|>r

Since f € C%(S"~1), we have
f(2) = F(y) = V- f(2) - (@ =) < Cla =y’ Va,y e§", (A.51)
for some C' depending only || f[|c2gn-1). Let us write
(@) = FWP = 1f () = fly) = Vi fl@) - (@ = y) + V7 f(2) - (z = y)|”
(

=|V; f@) - (z —y)” +!f(w) f(y) wa) ( y)\

—V, f(@) - (z —y)|* < Clz —y|" and [(V; f(@) - (z — y))(f( ) — fly) -
< Clz — y|? for some C = C(||fllc2(gn-1y) and every z,y € S*~1 by (A.51),

(A.52)

Since |f(z) = f(y)
Ve f(@) - (z = y))l
(A.52) gives

V7 f(2) - (z = y)I* = Clz = y> <[ f (@) = f)|* < |V7 f(2) - (x = )] + Clz =y,
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for every z,y € S”~1. Thus

‘ // W”&ﬂf—ybdﬂn—l A

|z —
Sn—1lxsn—1
[z—y|<r
- // ’V flx)- x—yr (| = yl) dot " doty |
’ o —y]| T v (A.53)
sn—1lxsn—1
le—y|<r

< [ vl —spant i

sn—lxsn—1
lz—y|<r

Observe that

I vt -yt amg = < | ne(IN = yl) =,
Sn_IXSn_l Snilm{lN_y|<T‘}
lz—y|<r

where C' depends only on n and || f[|c2(gn-1y, thus integrating on slices with Lemma A.3 yields

n—3

3 _ T 32 2 B
| te=vinte = amtam<on | (1—4) ne()5" % ds
sn=ixsn—l (A.54)

|z —y|<r

< CT/ n:(s)s""2ds < Cr,
0

n—3
where we used the fact that (1 — %) > L 2foralln>2and s <r< 1, and where C' denotes
a constant depending only on n and || f|| -2 (Sn—1)- Once again, let us make a change of variables
and integrate on slices using (A.2)

\V4 .ﬂ2 _ d%nfld%nfl
@) e o)

sn—lygn—1

lz—y|<r
N~ Y ? nl) n—1
- (I[N — Vi f ) d% dit
/S”‘lﬂ{lNy@}?7 = </Sn_,f_3 " [N~y ’ (A.55)
82 2
- 1—— (1/2(1 —
/{8:\/2(17_s)<7“} Sn2< 4) 77( ( S))
2
(/ v, o) N0 ) d%“) a2 ds.
sn—1 2(1—s) Y
Writing
N-(V1-s%s) 1 1+ 1—s
2(1—s) N ﬁ(my’ m) o 9 (y,0) + (Ogn-1,1),
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we find
N- (I8 _1+s

2 1—s 2
V. fle) s LV J@) - (O + 25V (@) N
N (A.56)
1+s
=: ) ’v’r f($) ’ (y70)|2 + T($,$)
where T : S"~1 x (1 — %, 1) — R" is a continuous function such that
|T(x,s)] <CV1—5s<Cr, Vse (1—%,1), (A.57)
for some C' depending only on n and [|f||c2(gn-1). In view of (A.55) to (A.57), we have
r—1Yy 2 -1 -1
// \vT F@) o el D T AT = L L (A
Snflxgnfl
|lz—y|<r
where
2\ 5
I. ::/ (1—8> <1+$>775( 2(1—5))
{s:\/20-s)<r } Jsn—2 4 2 (A.59)
([ Ve woFam ) anp-2as
Sn—1
and

n—3

2\ 2 2\ 7"
|| < Cr/{ ) (1 - 84) 775< 2(1 - s)) ds = CT’/O (1 - t4> n-(t)t" 2 dt,
RV4 —s)<r

for some C' depending only on n and |[f||c2(gn-1), where we changed variables for the last

n—3
2

equality. Since r < 1, we have (1 — %) < 2 for any n > 2, thus

T
11| < Cr/ n-(t)t""2dt < Crr,
0

where we used the fact that [S"72| [ n.(s)s" ?ds = 1. Hence, given § > 0, with (A.54) we
can choose r small enough such that

IL]<5 and // & — ylne(|z — y]) dA" " dA <6 (A.60)

Sn—IXSn—l
lz—y|<r

for every € > 0. Recalling (A.50), we can then choose £y > 0 such that, for all £ < €y, we have

| OO ot ary o < (A.61)

Sn—lxgn—l
lz—y|>r
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Combining (A.46), (A.53) and (A.58) to (A.61), we find

—_ 2
’ //Sn_l — |f(x)£|(2y)|n€(|x _ y‘)d%n—l d%n_l . [6

|z —

< 39, Ve < e, (A.62)

for our choice of . Then we compute

n—3

t= e b 75) T () )

/Sn—l |VT f(x) . (y, O)‘ d%n—l d%n*Q ds

n—3

o 075) ()00

/ / V7 f(x) - (y,0)| doty > do " ds
S§n—1 J§n—2

= Ky, [S"Y /{ — (1 - "’j) - (1;") n(y/2(1 - 9))

/ IV, f(o)P doer ds,
Snfl

where we used Fubini’s theorem and the definition of Ky ,_1. Changing variables, it follows

T 82 >~ +1
Lo = Kon-1llVe f”QL%s"—l)’S"‘QI/ (1 B 4) ne(s)s" 2 ds.
0

Now we could have chosen r small enough such that we have as well

2 2 P2\t
0< K27n—1HVT fHL?(Snfl)‘Snf ’ (1 - (1 - Z> ) <0,

since ans + 1 > 0 whenever n > 2, thus

<, (A.63)

I. - Ky 1|V, f||%2(gn—1)|§n_2’ / n(s)s" 2 ds
0

where we used the fact [S"~?| fol 7:(5)s" 2ds = 1. Hence from (A.62) and (A.63), it follows

2
’ // |f(.CL‘) B f(gy)| d%n_l d%n—l
Sn—lxsn—1 [z — y (A.64)

—Kopn1|V- f||%2(swl)|§”’2| / ne(s)s™ 2 ds’ < 40, Ve < &p.
0
Notice that for every r € (0,1),

|Sn—2|/0v 7’]5(5)5”_2 ds=1-— |Sn—1’/ ns(s)sn_2 ds e—0 1’
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so that letting € go to 0 in (A.64), the arbitrariness of ¢ implies

e—0

2
. x)— — —
iy [ T et = |
n—1y§n— —

IV, fI?dom™ L
—1

N

d

In some sense, Corollary A.2 and Proposition A.4 justify that the upper bound given in
Proposition A.1 is “asymptotically sharp”.
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