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Sharp inequalities on circular and hyperbolic
functions using a Bernoulli inequality type

Abd Raouf Chouikha *

Abstract

In this paper, new sharp bounds for circular and hyperbolic func-
tions are proved. We provide some improvements of previous results
by using infinite products, power series expansions and a variant of
the so-called Bernoulli inequality. New proofs, refinements as well as
new results are offered.

Key Words and phrases: Circular function, Infinite product, Bernoulli
inequality.!

During the past several years, sharp inequalities involving circular and

hyperbolic functions have received a lot of attention. Thanks to their useful-
ness in all areas of mathematics. Old and new such inequalities, as well as
refinements of the so-called Jordan’s, Cusa-Huygens and Wilker inequalities,
can be found in [5], and the references therein.
In this paper we present a new variant of the standard Bernoulli inequality.
This is more general than the one proved in [1|. It permits us to deduce
some bounds for circular and hyperbolic functions. These bounds appear to
be sharper than those proved previously.

In this paper we provide new lower bounds for the function cos(z) and %
as well as bounds for the products m(?%(m) and cosh(z) cos(x), improving

some of those established in the literature.
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12010 Mathematics Subject Classification : 26D07; 33B10; 33B20.



1 A variant of the Bernoulli inequality

The following two results concerning circular functions, they have been proved
by C. Chesneau and Y. Bagul [1|. They improve theorems 1,2 of [2].
The first result concerns bounds for cos(z).

Proposition 2 For a € (0,7/2) and x € (0,a), we have
e P < cos(z) < e/

?

with B _ _log(cos(aca)).

a2

sin(z) .

The second concerns bounds for
Proposition 3 For a € (0,7/2) and z € (0, ), we have
e < cos(z) < e’I2/2,

__log(sin(za))
a? :

with v =

Their proofs are based on infinite products of circular functions as well
as the following standard Bernoulli inequality

Proposition 1 For u,v € (0,1), we have

l—ww > (1—v)"

In this paper we propose at first the following main result which improves
the preceding

Theorem 1-1 For u,v € (0,1), we have

1—ww > (1—0)e™®D > (1 — )",

Proof of Theorem 1-1  For wu,v € (0,1) and k > 1, one has u* < u



The logarithm series expansion gives

ko k ko k
10g(1—uv):—zuv :—uv—zuv
k>1 k k>2 k
oF
> —uv +ut(= ) ?) = —uv + u*(v + log(1 — v).

k>2

Composing by the exponential function, we obtain the left inequality. To
prove the right inequality it suffices to note that the function

F(0) = (1= v)e’

is bounded by 1 for v € (0,1). Then powering by u — u?> > 0 one gets
f(v)u—uZ _ (1 . ,U)u—uQéu(u—uQ) <1
Implying
(1 o U)u2—uev(u2—u) > 1

or equivalently
2
(1 . U)u euv(ufl) > (1 i U)u

since u? < u.

Theorem 1-1 is a sort of a refinement of the classical Bernoulli inequality.
It allows us in particular to improve the lower bounds of preceding Proposi-
tions 1 and 2. It also allows to bring many other inequalities as well as with
sharp bounds.

Proposition 1-2  For«a € (0,7/2) and z € (0, @), we have the following
inequalities

(cos(@))* < (cos(a))*'e

Proof of Proposition 1-2  We will use the infinite product of the cosine
function. For x € IR we have

472

cos(z) = JJ(1 - m)

k>1
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The upper bound has been proved (Proposition 2 of [1]). The lower bound
follows from Theorem 1. We have to prove the middle bound. With respect
that * € (0,«) using the infinite product and Theorem 1 we may write

following [1]

40222 402 x?

T —=*" N1
COS(x) kl;Il( 05271'2(2]6 _ 1)2) kl;[l( 7T2<2/€ — 1>2 &2)
dota? o e%(ﬁéf%

> 110~ T2 (2k — 1)2)

k>1
4 402 x -
= (cos(a))ﬁ ezk21(m(ﬂ_ﬁ)).

On the other hand the sum may be written

D R
s1m(2k—1)> ot o ot a? st (2k —1)2
IR R RN
Tt Tt T T a2

s

. 1 o
sice ZkZI W = 3

Finally, we obtain the inequality

4 2

cos(z) > (cos())*" elar—az)

Qw‘ee
Ry,

The result below gives a generalization of [1, Proposition 3 |. It improves
the lower bound

Proposition 1-3  Fora € (0,7/2) and z € (0, «), we have the following
inequalities
sin(a) | 22 sin(a), 2% (2*-a2:2)  sin(x)

a7 < o1 ooz ) <
a>_(a)€6_:c

< 67I2/6

(




Proof of Proposition 1-3 We will use the infinite product of the sine
function the so-called Euler expansion. For x € I R we have

2

sin(z) x
- H(l o 7r2k2)

z E>1

The upper bound has been proved (Proposition 2 of [1]). The lower bound
follows from Theorem 1. We have to prove the middle bound. With respect
that © € (0,«) using the infinite product and Theorem 1 we may write

following [1]

sin(x) Ia a’x? )= I o? x2)
T a’m?k?’ m2k% o2
042372 at o? zt a2
> [0 - )oT emzrzlaao)
P 212
LG SRS e )

On the other hand the sum may be written

a? ozt 2P 2t 2% o 1

Dy v i) Rl v bl D
= ot o« at  a?im? o
4 2 2 9 4 2 2

: 1 _ w2
since Zk’Zl 2= 6

Finally, we obtain the inequality

I
S

sin(x)
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sin(av) )2 ol
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2 Others applications on the lower bounds

In [3, Theorem 1.26| the authors proved for z € (0, 7) the following inequality

The following improves this lower bound
Proposition 2-4 For x € (0,7) we have the inequalities

. 2
sin(zx) % x xz(%_%)z(l—%)%z.
m

Proof of Proposition 2-4 By Theorem 1 and the infinite product we get

sin(x) _ H(1 B

X

:[}2 $2 1 x 1
> 1 — 2 ez
Sz 0-5)

— (1 _ i)Zkzli e§(2k21 1%4721@21 1%2)

2 k4
2
€T 4 2 4 2
=(1—5)% ez %)
71—2

On the other hand, the well known inequality of the product
sin(z) sinh(x) < 2? has been improved in [4, Propositions 2.1 and 2.2] in
using infinite product and Bernoulli inequality. We propose the following
which is a refinement than the previous.

Proposition 2-5 For xz € (0,7) we have the inequalities

(e sinhla) ;. sina)sinh(a) 5 gz o Sinl)sinh(o) 5
a? - a2 < = <
4 4 . .
21— Ly < 2201 = Ly elozi-n) ¢ Sinle) sinh(z)
T - T — ,I‘Z



Proof of Proposition 2-5 The upper bound has been proved (Proposition
2.1 of [4]). The lower bound follows from Theorem 1. We have to prove the
middle bound. With respect that z € (0, «) using the infinite products

sin(x x? sinh(z x?
.CB( ! - kl;[l(l B 7T2k2>’ x( ! kl;[l(l + 7T2k:2)

Therefore 2 L

sin(x) sinh(z) =z kl;[l (1-— 7r4k4)
For this bound we will use Theorem 1. It follows

) 044:154

sin(r) sinh(z) = 2? kl;[l 7T4a4k4

4 8 4

« x
> 1_ o8 [ﬂ( —1)]
Sln( 28

ey )smh( )>§ e[jﬁ—i(fé—iq)zk21 l
o2
7T4

It implies the inequality since > 5~ /?14 = 55
For the second inequality which is sharp than the preceding we use again the
infinite products

4
sin(z) sinh(z) = kl;[l (1-— 7:45#1)
By Theorem 1 we may write
1 4 A
sin(z) sinh(z) = 2 H ;1;4 1 ) > H(l — %)ﬁs elzira (Gz—1)]
k>1 k>1

) 1

— 21— ;)c@ 21 (E-1¢()
Thus .

8 wd gt
sin(x) sinh(z) > (1 — %)m elzrGr—D 5]

T

Similarly, for the cosine product cos(x) cosh(x) we have the following result
which determines a double inequality improving [4, Propositions 2.3 and 2.4|

7



Proposition 2-6 For x € (0,7) we have the inequalities

'

[cos(av) cosh(oz)]%ill < [cos(a) COSh(Oz)]%i e 55 (£ ) < cos(x) cosh(z) < e

4 1624 , 24 1
. )161280 el o6 (Zz 1] < COS(J}) cosh(x).

Proof of Proposition 2-6 The upper bound has been proved (Proposition
2.3 of [4]). The lower bound follows from Theorem 1. We have to prove the
middle bound. With respect that z € (0, «) using the infinite products For
x € IR we have

4 cosh(z) 4

cos() ,}1( 2ok -1 v ,}1( MR TV
Therefore
cos(x) cosh(z) = [](1 — L964)
N Peset T (2k — )47
For this bound we will use Theorem 1. It follows
160tz
COS(.T) COSh(x) = kl;[l(l — m)
> T11 ot ERE=vltal
— a8 e —1 e’
=t T2k — 1)4

= [cos(a) cosh(a)]%Z e

4
?:1 (27_1) Ekzl (21;1)4]

4

It implies the inequality since > ;> ﬁ = 5%
For the second inequality which is sharp than the preceding we use again the
infinite products

cos(x) cosh(z) = [] (1 Lﬁ)
] T (2k — )47
By Theorem 1 we may write
1624 1 162t _1 (62t (2l _qy]
cos(x) cosh(z) = [ [ (1— ) > 22 T[[1— |1 el 7D aT
kl;Il 7'('4 (2/{? — 1)4 kl;Il 71'4



16334 1778 [1614(ﬁ_1)%}

= [1 — ]161280 el 1 2
T

3 1 _ 17x8

SICE Zk’zl (2k—1)® — 161280°

Thus \

8 104 m4
cos(x) cosh(z) > [1 — 16 ]ﬁﬁgso olf6 (Z2—1)]
T
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