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Abstract

The aim of this work is twofold: proving the existence of solution (u, ) € H'(2) x L?(Q)
in bounded domains of R? and the whole plane for the Oseen problem (O) for solenoidal
vector fields v in L?(£2), and analyzing the same problem in bounded domains of R™ for
n = 2,3 when h = 0, g = 0 and the solenoidal field v belongs to L*(Q2) for s < n.
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1. Introduction

This work is dedicated to the study of some existence aspect related to the Oseen
problem in bounded domain Q C R™, n = 2, 3:

O)—Au+v-Vu+Vr=f, V.u=h inQ, u=g onl.

In the 3-dimensional case, the existence of weak solutions (u, 7) € H'(2) x L%(f), regular
solution in H2(Q) x H'(2) and W1P(Q) x LP(Q) (and intermediate Sobolev spaces)
together with the analysis of the existence of very weak solutions in LP(Q) x W~1?P(Q)
have been analyzed by the authors in [I], assuming v a solenoidal field belonging to
L#(Q) for s > 3 (from now on, we will denote this solenoidal space by L:(€2)). However,
the existence of solution for the 2-dimensional Oseen system has not been attacked in
[1] because the “logical” assumption of considering the solenoidal field v € L?(Q) (in
order to obtain weak solutions for (O)) poses some difficulties in the treatment of the
convective term (v - V)u: On the one hand, it is not clear if the bilinear form associated
is coercive and continuous. Some related results can be found in [2] for the scalar case
(instead of considering a vector field solution w, one considers a scalar unknown 6) and
for g = 0. On the other hand, when Q = R? an additional awkwardness appears because
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even if we can prove Vu € L?(R?), it is not evident that u € LP(R?) (for any p). Giving
a successful answer to both previous problems is our first aim.

Our second aim is to give a first answer to the question of the existence of solution
for the Oseen problem (O) when v only belongs to L2 (), with s < n and n = 2, 3.

2. Solutions for the Oseen problem in the 2-dimensional case

The existence of weak solutions in H!(Q) for Problem (O) in 2-dimensional domains
is not known when a solenoidal field v that only belongs to L?() is considered. In this
case, the term (v - V)u belongs only to L*(Q). It is then not clear neither if the bilinear
form associated to the Problem (O), with h=0and g =0:

a(u,w):/Vu-deaz+/('u-V)u-wda:
Q Q

is coercive on the space V(Q) = {w € H}(Q); divw = 0in Q} nor if it is continuous on
V() x V(). In order to overcome this difficulty, we use the Hardy space H!(R?). One
equivalent definition of such a space (in the n-dimensional case) is ([3]):

HIR) = {f € LR, Ryf € LNRY). 1< <n) where B = 0~ (~8) V2,
L
A partial study of the BMO spaces (Bounded Mean Oscillation) will be also necessary
taking into account the duality between H' and the BMO (see [4]). Moreover, the
V MO-space (Vanishing Mean Oscillator) is a subspace of the BMO: a function f in
BMO(R") is said to be in VMO(R") if

lim sup in / |f — f | de =0, wheref:ﬁ / f-

r0 pocRn T xo,1)|
B(wo,T) B(moﬂ‘)

It is also crucial the fact that H!(R?) — VMO(R?) (see [5]).

With these ingredients, we will prove one of the two main results of this work, namely
Theorem in bounded domains and Theorem if @ = R2. In order to prove them,
we use the following result:

Lemma 2.1. Assume v € L2(Q) and y € H(Q). Then (v-V)y € H1(Q) and
1o V)llir-re < C ol Vol (1)
Moreover, we have that
(v-Vz,2)p-1q)xmp) =0 for all z € Hy(Q). (2)

PRrOOF. Indeed, considering w € L?(R?) the extension of v to R? given by: w = v in
Q, and w = VO in Q' = R2\Q where @ is the solution of the following problem:

A6 =0 in , =—v-n onl,

90
on
2
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with VO € L2()') that satisfies
IVOllL2n < Cllv - nllg-1/20r) < ClvllLz o)
because V-v = 0 in Q. Moreover, V-v = 0 in Q implies (v-n, 1)r = 0 and the existence
of 6 is ensured by Theorem 3.1 [6]. Observe that V-w = 0 in R? because for ¢ € D(R?):
(V- -w,p) = —/ v-Vode— | VO -Vodr=(v-n,p)r—(v-n,or =0,
Q %

and [|w(|2®2) < C||v|L2(0). On the other hand, we consider y the extension by zero of
y that satisfies y € H'(R?). Using Theorem I1.2 point 2) or Theorem II.1 point 2) in [3],
we can deduce that w - Vy € H'(R?) and the bound

|w - VYl re) < CllwllLzge) | VYllLzre) < CllvllLz)IVyllLz o)

Now, we have to prove that v-Vy € H=}(Q2) and (v - Vy, Yy a-1@xmi@ = 0. Indeed,
for o € D(2)

/ng'u-Vydac = /Rz pw-Vyde| < |w-Vyllue)lolzrmors:)
< Ol VYl @ 121 5 r2)
< Ol VYl @ llel m @)

because H'(R?) < VMO(R?) < BMO(R?). In that way, as D(Q2) is dense in Hg (L),
we can deduce that v - Vy € H~1(Q) and estimate (1))
For the proof of , let us consider z;, € D(2) be such that z;, — 2z in H}(2). Then,

(v Vz, 2)a-10)xmi @) — (U VZk 2k H-10)«HL ()]
< v Vi(z = zp), 2)ua-1 @ xmy@)| + (v Vzi, (28 — 2))a-1 Q) <m0

Using and the convergence of zj to z in Hy(Q2), both duality terms on the right-
hand-side of the previous inequality tend to 0 when k — +o0.
Finally, from (v - V2, 2k)u-1(0)xHi (o) = 0, we can deduce . O

Theorem 2.2 (Existence of weak solution for (O)). Let  be a Lipschitz bounded
domain in R?. Let

feH (), vel(Q), heL?Q) and geHY?T)

satisfy the compatibility condition

/Qh(m)dm:/[mg~ndo. (3)

Then, the problem (O) has a unique solution (u,7) € H'(Q) x L%(Q)/R. Moreover, there
exist some constants C7 > 0 and Cy > 0 such that:

w|la (o) SCl(”.f”H*l(Q) + (14 [[vlle) (17l L2 ) + lglla/2my) )a (4)
Iz <Co (IF 1@ + (L4 Iollie) (Bl 2@ + lgleew) ) ()

where Cp = C(Q) and Cy = C4 (1 + ||’U||L2(Q))
3



PRrOOF. Although some parts of this proof are identical to the proof made in [I], we
include the whole argument here for completeness. In order to prove the existence of
solution, first (using Lemma 3.3 in [7], for instance) we lift the boundary and the diver-
gence data. Then, there exists ug € H*(2) such that V-wug = h in Q, ug = g on I' and:
lwollar ) < C (Ihllz2) + llgllarzm) - (6)

Therefore, it remains to find (z,7) = (u — wug, 7) in Hj(2) x L*(Q) such that:
—Az+v-Vz4+Vr=F and V-2=0 inQ, z=0 onl. (7)

being F = f 4+ Aug — (v - V)ug. From Lemma we deduce that (v-V)uo € H71(Q),
then F € H™(Q). Since the space D, () = {¢ € D(Q); V- ¢ = 0} is dense in the
space V(Q), the previous problem is equivalent to:

Find z € V() such that: V¢ € V(Q)
/QVZ Veodr+ (v V)z,0)u-10)xuy @) = (F, @)a-10)xHL(©Q)-

Now, using by Lax-Milgram’s Theorem, if we assume that F € H™!(Q), then we
can deduce the existence of a unique z € H}(Q) solution of (7)) verifying:
Izl @) < ClFla-1o -
< (I s + (1 + o) (1hllza + lgle ) ).

which added to estimate (@ makes . We can recover the pressure m thanks to the De
Rham’s Lemma (see Lemma 6 in [I] and Corollary II11.5.1 in [§]). Now, —Az+v-Vz—F €
H~1(Q) and:

V(PEV(Q), (—Az—I—UVz—F,go)H_l(Q)XHé(Q) =0.
Thanks to De Rham’s Lemma, there exists a unique 7 € L?(Q2)/R such that
—-Az+v-Vz+Vr=F

with ||7]|z20)r < C|V|g-1(q). Finally, estimate (5] follows from the previous equa-
tion and estimate for z. O

With the same procedure than in [I], we can prove strong and weak-W1?(Q) regu-
larity for (O) in the 2-dimensional bounded case. These results can be stated as follows:

Theorem 2.3 (Existence of strong solution for (0)). Letp > 1,
f S LP(Q)7 h e Wl,p(Q)7 vE L«;(Q) and g c W2—1/p,p(1—\)

satisfying the compatibility condition @ withs=2ifp<2,s=pifp>2ands=2+¢
(e > 0) if p=2. Then, the unique solution of (O) given by Theorem (u, ) belongs
to W2P(Q) x WHP(Q), and there exists a constant C > 0 such that:

L' (@)
X (H.fHLP(Q) + (1 + H'UJJLS(Q)) (HhHWw(Q) + ||g||w271/p,p(r)))

lullwer@) +  ll7llwre@r < C(1+|[lv]
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Theorem 2.4. Let
p>1, feWP(Q), hel’(Q), veLi(Q) and ge W' /Pr(T)

satisfying the compatibility condition (@ Then, the problem (O) has a unique solution
(u,7) € WHP(Q) x LP(Q)/R, and there exists a constant C > 0 such that:

lullwir) + (1+ HUHL3(Q)>’Y 7l Leym < C (1 + [|v]lLa (o)
X (||f||w—1vv(sz) + (1 + ||”||L3(Q)) (||h||LP(Q) + ||9||w1—1/pvv(r)))

withy=0ifp>2andy=—-11ifp<2.

If we treat the case of Q = R?, we have to introduce the Sobolev spaces:

Wy (R?) = {90 e D'(R%); L e L*(®?), Vpe L2<R2>} :
1

W23 (R?) = {(p e D'(R?); w% e L*(R?), Z—‘f € L*(R? Vip € LQ(RQ)} ,

where w; = (1+|z|) In(2+|z|) and wy = (1+|x[)? In(2+ |x|) (see Definition (7.1),p. 593
in [9]). We denote by W, "?(R?) the dual space of W,'*(R?). Recall ([5]) that the space
Wy (R?) is densely embedded in VMO(R?), and therefore H'(R?) = [VMO(RQ)]/ —
Wy "*(R2).

Theorem 2.5 (Case Q = R?). i) Let
f=divF with FeL*R?) and heL*R?).

Then, the problem (O) has a unique solution (u, ) satisfying u € Wé’2(]R2) and T €
L?(R?), where 7 is unique and w is unique up to an additive constant vector field.
it) Moreover, if

feH (R?) and Vhe HY(R?),

then
Viu € HY(R?), VrecH'(R?), VuecL*(R?) and ue L®(R?), (9)
being L*>'(R?) is the Lorentz space of all measurable functions f satisfying

/ Y2 () dt < 400,
0

where the rearrangement function f* is defined by f*(t) = sup{s € (0,00); u({x €
RZ; |f(x)| > s}) > t}, for u the Lebesgue measure on R2.

PRrOOF. i) Existence: Let x € VVO2 ’Q(RQ) be the unique solution, up to a polynomial
function of degree one, of Ay = h in R? (see Theorem 9.6 in [9]). Then, we take
up, = Vx € Wy*(R?). Problem (O) is then written as:

—Az+v-Vz+Vr=k, V-z=0 inR?
5
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with k = f+Awuy, —v-Vuy,. Because of (v-V)uy, € HY(R?) < W, "?(R?), by using Lax-
Milgram’s Lemma (as in the bounded case) we can deduce the existence of a solution
z € Wé’z(Rg) with V - z = 0, unique up to a constant vector of R?. Lax-Milgram’s
Lemma hypotheses are satisfied because, on the one hand, we know that the quotient
norm | z|| Wi (®2)/R2 1S equivalent to that one defined as V2|2 (r2), and, on the other

hand, (v-V)z € H'(R?) for any z € W *(R?). The pressure can be recovered by using
Theorem 1 in [I0].

ii) Regularity: Assume that f € H'(R?) and Vh € H!(R?) (which, in particular, implies
that h € L»(R?)). Therefore,

~Au+Vr=f-v-VucH R?* and V- u=h
By using Theorem 3.14 in [10], one deduces (J).

3. The Oseen problem in bounded domains for a less regular v

The aim of this section is the analysis of the existence of solutions of (O) in a bounded
domain (n = 2 or 3) when v € L:(Q) for s < n. We analyze the case for f € H(Q),
h =0 and g = 0. Observe that the term (v - V)u can also be written as V- (u ® v). The
proof of Theorem (n = 2) applies directly from that one of Theorem [3.1| (n = 3).

Theorem 3.1. Let Q C R? a Lipschitz bounded domain,
feHYQ), h=0, g=0 and we LY Q)

for any 0 < a < 9/5. Then, there ezists a solution of (O) such that (u,n) € H}(Q2) x
L1 (Q)/R for q(a) = (6(6 + 5a))/(36 4 5a) with the estimate:

uller @) + 17l Lo ) r < C (1 + |vllLersta)) 1F -1 (10)

PROOF. We approximate v by vy € D,(Q) in the L/5+%(Q)-norm and look for the
solution of the problem:

(0)) —Aupr+V-(up®vy)+Vmy=f and V-uy=0 inQ, uy=0 on T
Taking u) as test function in (O)), we get the estimate:
[uxllaz @) < COQ) | flla-1(0)- (11)
By De Rham Theorem, there exists my € L?(£2) (unique up to a constant) such that:
Vry =+ Auy — V- (u) @v,).

Moreover, vy @uy belongs to a bounded set of LI(*) () with ¢(a) = (6(6+5a))/(36+
5a) and which implies that V- (vy ®uy) belongs to a bounded set of W~14(®)(Q). Note
that if 0 < a < 9/5 then 1 < g() < 2. Using (1],

VAl -9t (@) < C1 (1 + C() [ flla-1(0) + [|ur @ vallLae @)
<Ci(1+CQ) Ifllm-1) + CallvallLesa @ luallm @) (12)
<CQ) (1+ HU||L6/5+a%Q)) [ flle-1(0)
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where C; and Cy are the constant of the Sobolev embeddings H~(Q) — W~1a(®)(Q)
and H}(Q) < L5(Q), respectively. Therefore, from we obtain:

Jnf [l + Kl L @) < C(2) (1 + [[vllporstace) 110

Now, it is necessary to take the limit when A — 0: We can extract a subsequence of (w))
and (mx + Cy) (that will be called in the same way that the original one) such that:

uy —u inH)(Q), m+C\—7 inLI(Q),
where (u,) is solution of (O) and satisfies (L0). O

Theorem 3.2. Let Q C R? a Lipschitz bounded domain, f € H1(Q), h=0,g =0
and v € LIT*(Q) with 0 < a < 1. Then, there exists a solution of (O) such that
(u,7) € HY(Q) x LIB)(Q)/R for q(B) = 1+ B, for any 0 < B < a, with the estimate:

luller @) + 17l Lo @y r < C (14 [vllLita) [Flla-10)
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