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Abstract

In this work, we develop a multigrid solver that is steered by a posteriori estimates of the algebraic
error. We adopt the context of a second order elliptic diffusion problem discretized by the conforming
finite element method of arbitrary polynomial degree p > 1. Our solver in particular features an optimal
(adaptive) choice of the step-size in the smoothing correction on each level. Developing our previous
work [HAL Preprint 02070981, 2019], we show the two following results and their equivalence: 1)
the solver contracts the algebraic error independently of the polynomial degree p; 2) the estimator
represents a two-sided p-robust bound on the algebraic error. The p-robustness results are obtained by
careful application of the work done in Schoberl et al. [IMA J. Numer. Anal., 28 (2008), pp. 1-24] for
one given mesh, combined with a multilevel stable decomposition for piecewise affine polynomials on
quasi-uniform/bisection grids given in Xu et al. [Springer, Berlin, 2009, pp. 599-659]. We consider either
quasi-uniform or graded bisection meshes and show robustness with respect to the number of mesh levels
J for H?-regular solutions. Our solver relies on zero pre- and one post-smoothing by an overlapping
Schwarz (block-Jacobi) method. We also present a simple and effective way for the solver to adaptively
choose the number of post-smoothing steps, which yields yet improved error reduction. We present
numerical tests confirming the p-robust behavior of the solver and illustrating the adaptive number
of smoothing steps. Moreover, the tests indicate numerical robustness with respect to the number of
levels J even in low regularity settings, as well as robustness with respect to the jumps in diffusion
coefficient.

Key words: finite element method, multigrid method, Schwarz method, block-Jacobi smoother, a posteriori
estimate, stable decomposition, p-robustness

1 Introduction

Multilevel methods, including multigrid, have shown their versatility as solvers and/or preconditioners of
large sparse linear systems arising from numerical discretizations of partial differential equations; we refer
to pioneering works such as e.g. Brandt et al. [6], Bramble et al. [4], Hackbusch [15], Bank et al. [2], Ruge
and Stiiben [24], or Oswald [20]. We also refer to survey works that thoroughly treat subspace correction
methods in Xu in [33], robust multigrid methods with respect to non-smooth coefficients in Chan and
Wan [8], multigrid solvers for high-order discretizations in Sundar et al. [30], see also references therein.

In this work, we develop a multilevel solver for algebraic linear systems arising from the discretization
using conforming finite elements of arbitrary polynomial degree p > 1. One iteration of our solver can be
viewed as a V-cycle employing zero pre- and one post-smoothing step, with the levelwise smoother being
overlapping additive Schwarz (block Jacobi) associated to patches of elements that share a common vertex.
An important difference to the classical V-cycle is the use of optimal step-size at the error correction stage
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on each level, which yields a minimal residual in the subsequent level. The idea of an optimal step-size in
the error correction is not new; in fact, a weighting of multigrid error corrections concept appears as early
as in Brandt [5]. Then, the minimal residual approach is used e.g. in Canuto and Quarteroni [7], though not
in a multigrid setting. The interest in this minimal residual approach used for the multigrid error correction
has been pointed out in Heinrichs [16], where this choice resulted in better numerical performance of the
solver. Another version of multigrid solvers with a changing step-size error correction be found in the form
of a scaled residual used in Riide [22].

We prove that the multilevel solver we introduce contracts the error p-robustly on each iteration. Notable
works in treating p-robustness include e.g. Kanschat [17] and Lucero Lorca and Kanschat [18] using multilevel
preconditioners for rectangular /hexahedral, as well as Antonietti and Pennesi [1] for more general meshes.
A p-robust stable decompostion on triangular/tetrahedral meshes was presented in Schéberl et al. [26] and
it consequently leads to a (one-mesh) p-robust preconditioner. This result plays an important part in the
analysis of our previous work [19], which presented a p-robust multilevel solver, that we also use in this
work. Similarly to [19], the construction of the solver is tightly related to an a posteriori estimator on the
algebraic error. We show that this estimator is p-robustly efficient and that this claim is equivalent with
the p-robust contraction of the solver. The construction of the estimator is done easily and without extra
costs, stemming from the multilevel solver (see also Riide [23] for the link between efficient estimators and
subspace decomposition type solvers). These results hold for quasi-uniform meshes as well as possibly highly
graded ones. In this case, we show that the dependence with respect to the number of mesh levels J is
linear. Moreover, under additional full-elliptic regularity, we show that the above results are also J-robust.
Numerical experiments support the theoretical findings. Moreover, the tests suggest independence of the
jump in the diffusion coefficient, and that the numerical J-robustness holds even in low-regularity test cases.

A crucial immediate consequence of using the optimal step-size in the error correction stage is the fact
that the error contraction of the previous levels is explicitly known. Indeed, thanks to it, we obtain the
formula representing the error decrease:

J
3 i z i A AvIs)
12V (wy — w5 )P = 12V (g — ulp) > =Y (N [IK=Vpi )%, (1.1)
j=0
where IC is the diffusion coefficient, j € {1,...,J} is the level counter, u; is the true algebraic solution,

uffl denotes the iterate given by the solver from u?, with levelwise corrections pé and levelwise optimal
step-sizes )\; This is the foundation of a simple and efficient strategy to choose adaptively the number of
post-smoothing steps per level. The essence and particularity of our strategy relies on a posteriori-steered
decision-making of the number of smoothing steps. Thus, as formula (1.1) explains, at each level we are
decreasing the error by a positive computable quantity. After one mandatory smoothing step at each level,
if the given decrease is bigger than a user-prescribed portion of the decrease made by the previous levels (in
the spirit of Dorfler [10]), we can decide to do another smoothing step before going to the next level. The
idea of employing a variable number of smoothing steps per level has also been explored e.g. in Bramble and
Pasciak [3] where a generalized V-cycle is proposed. It uses a number of smoothing steps which is bigger on
coarser grids and smaller on finer ones. Closely related to the subject, in Thekale et al. [31] a new approach
is presented: it suggests an adaptive number of multigrid cycles per level in order to optimize the costs of
the full multigrid method.

Compared to previous work [19], we point out the novelties and improvements. While in [19] a global
optimal step-size was used in the proposed solver, here the levelwise step-sizes offer a better numerical
performace, as well as nicer development of the analysis. In fact, the current analysis gives independence with
respect the number of levels in full-regularity setting, which was not possible within the previous construction
of the solver. Moreover, the levelwise optimal step-sizes allow for the error representation (1.1), which other
than making the analysis simpler, is also very useful for the developed adaptive number of smoothings
strategy. Finally and importantly, the solver proposed in this work does not need any additional damping
parameters, whose tuning can be cumbersome.

The practicality of a solver is largely determined by its behavior with respect to discretization parameters
such as possible discontinuities in the diffusion coefficient of the problem. As for studies on the behavior
of solvers with respect to discontinuities of the diffusion coeflicient, see for e.g.: Vassilevski [32], where an
multilevel precondtioner is presented, both robust with respect to the number of levels and the discontinuity
of the diffusion coefficient when the discontinuities take place across edges/faces; Dryja et al. [11], where



the proposed multilevel solver is robust with respect to both the number of mesh levels and the jump in
the diffusion coefficient under a quasi-monotonicity assumption; Graham and Hagger [13], where number of
iterations grows with discontinuity only logarithmically for unstructured meshes; Xu and Zhu [35], where the
convergence rate of the proposed preconditioner is uniform with respect to the large jump and meshsize on
quasi-uniform meshes, then extended on bisection grids in Chen et al. [9]; Scheichl et al. [25], where a robust
multilevel preconditioner is presented by using stable splittings based on weighted quasi-interpolants and
weighted Poincaré-type inequalities, in particular the coarse grid needn’t be aligned with the discontinuities
of the diffusion coefficient; Spillane et al. [28],[29], where a two level robust method with respect to the
diffusion jump is presented thanks to the construction of a coarse space generated from the solution of local
eigenvalue problems.

In Section 2 of this manuscript, we present the setting and notation we will be working with, and in
Section 3 we present the motivation, in the spirit of Papez et al. [21], leading us to consider this particular
multilevel solver. The multilevel solver is then presented in Section 4, and the a posteriori error estimator
is given in Section 5. We collect in Section 6 the assumptions we work with and the main results of the
manuscript. In Section 7, we present the algorithm of the solver with the adaptive choice of number of
post-smoothing steps. Section 8 gives the results obtained by the numerical experiments. The proofs of our
main results are given in Section 9, and we give our concluding remarks in Section 10.

2 Setting

We consider in this work a second order elliptic diffusion problem defined over QCR% d € {1,2,3}, an open
bounded polytope with a Lipschitz-continuous boundary.

2.1 Model problem, finite element discretization, and algebraic system

Let f € L?() be the source term, K € [L>(Q2)]?*¢ a symmetric positive definite diffusion coefficient. We
search for u € HZ () such that

(KVu, Vo) = (f,v), Yo e Hj(Q), (2.1)

where (-,-) is the L2(Q) or [L?(Q2)]? scalar product. The existence and uniqueness of the solution of (2.1)
follows from the Riesz representation theorem.

We discretize the above continuous problem by fixing 7; a matching simplicial mesh of 2, and an integer
p > 1, in order to introduce the finite element space of continuous piecewise p-degree polynomials

VP = P,(Ty) N Hy (), (2.2)

where P,(7;) := {v; € L*(Q),vs]x € P,(K) VK € T;}. The discrete problem now consists in finding
uy € V¥ such that
(K:V’U,J,V’UJ) = (f, 1}]) Yvy € V}) (23)

If one introduces a basis of V7, then the discrete problem is equivalent to solving a system of linear algebraic
equations, whose matrix is symmetric and positive definite. Note, however, that such a linear system depends
on the choice of the basis functions. To avoid this dependence, we work instead with a functional description
of the problem; we in particular define the algebraic residual functional on V7 by

vy (f,ug) — (ICVuiJ,VvJ) eR, wvyeVy. (2.4)

2.2 A hierarchy of meshes and spaces

We work with a hierarchy of matching simplicial meshes {7;}o<;<s, where 7; has been introduced in
Section 2.1, and where 7; is a refinement of 7;_1, 1 < j < J. We also introduce a hierarchy of finite element
spaces associated to the mesh hierarchy. For this purpose, for j € {1,...,J}, fix p; the polynomial degree
associated to mesh level j such that 1 <p; <... <pyj_1 <ps=p. In particular, let:

for j=0: Vo =P (To) N H3 (Q) (lowest-order space), (2.5a)
for1<j<J-—1: Vjpj =Py, (T;) N H3 ()  (pj-th order spaces), (2.5b)



where P, (T;):={v; €L*(Q),v; €P,,(K) VK €T;}. Note that Vi cVF'C...cV}’'CVY. Let V; be the set
of vertices of the mesh 7;. We denote by 1; o the standard hat function associated to the vertex a € V;,
0 < j < J. This is the piecewise affine function with respect to the mesh 7;, that takes value 1 in the vertex
a and vanishes in all other vertices of V;.

o vertex a € V;
[ e S patch 7;% (dotted lines)

..................

J patch subdomain w?

Figure 1: Illustration of degrees of freedom (p; = 2) for the space V7 associated to the patch 7.

For the following, we need to define the notion of patches of elements, illustrated in Figure 1. Given
a vertex a €V, j€{l,...,J}, we denote the patch related to a by T, the corresponding open patch
subdomain by w?, and the associated local space V. Let Vi be the set of vertices of element K. Then

T2 ={K € T;,a € Vg},
V2 =P, (T;) N Hy(w?), j€{1,...,J}. (2.7)

As done in previous work of the authors [19], we could present a larger version of the patches and the main
results of this manuscript would still be valid. However, to make the presentation easier, we only consider
here the version with small patches.

3 Motivation: level-wise orthogonal decomposition of the error

Let us first motivate our multilevel construction. In the spirit of Papez et al. [21], consider for a given
u’; € V¥, the following (infeasible in practice but illustrative) hierarchical construction D alg € %473

J
ﬁ?],alg = p%) + Z pN;’ (31)
Jj=1

where pj is given as a solution to a global lowest-order problem on the coarsest mesh
(IKV p, Vog) = (f,v0) — (IKVuUY, Vg) Yo € Vo, (3.2)

and for all j € {1,...,J}, pj € V] are the solutions of

-

(V7 Vvg) = (f,05) = (KVul, ;) = Y (KVj;, V) Yoy € VI (3.3)
k=0

<

This construction (see also [21]) returns the algebraic error, i.e. we actually have 7 ,, = uy — u’. This, in
turn, means that ﬁ?],alg satifies

(K a1, Vvg) = (f,v5) — (IKVUYy, Vuy) Vos € VY. (3.4)

Moreover, there holds (KLV/S;, Vﬁ};) =0, 0<k,j<J; j#k. These observations lead to the orthogonal
decomposition

J
1=V (g = ufp)|* = KZV 5,17 = D IV, (3.5)
j=0



4 Multilevel solver

Let us now introduce our local constructions inspired by (3.1)—(3.3) and produce level-wise approximations
of the error. The construction relies on the use of coarse solution of (3.2), which is cheap enough to be done
in practice, and on local contributions arising from all the finer mesh levels. These local contributions are
defined on patches of elements on each level. We go through the levels adding gradually level-wise updates
to the current approximation as described below. The final update gives us the new approximation.

Definition 4.1 (Multilevel solver). 1. Initialize u% € V! as the zero function.
2. Let 1 > 0 be the iteration counter and uf, € V7 the current approzimation.

(a) Let ph be defined by (3.2), Ny =1, and u’y o := u’y + Apj.
(b) Forje{l,...,J}:

define the local contributions P;,a €V as solutions of patch problems, for all vertices a € V;
(ICVp;,a, V’Uj,a)w;‘ = (f7 vj,a)w;.‘ — (KVuf,,jfl, ij@)w;a ij,a (S ‘/ja’ (41)

and the level j descent direction pé» € Vjpj by

=D Pia (4.2)

aGVj
If ,Oé # 0, define the optimal step-size on level j

i (f7 p;) - (’Cvuf],j—lv VP;)
Aj = 1o ’ (4.3)
1K<=V pj||?

otherwise set )\j := 0. The level update is given by
=l oy NP (4.4)
and the final update is u'™ := uS’J eVvri.If uf]“ = uf], then we stop the solver.
Note that by definition A\j = 1 and we thus have for pj) # 0,

(f,p0) — (KVuy, Vo) (3.2)

1= M.
1 B 0
[11C2 V pp |2

Remark 4.2 (Compact writing of the iteration update). Let u’, € V¥, using the convention u(",ﬁ1 =,
and % =0, the new iterate after a step of the solver described in Definition 4.1 is

7 P . . .
i i i (f,p5) = (KVuy; 1, Vh5)
uJJrl :ul+z)\]p] :u]+z ! 1 i’jQ : p] (45)
§=0 j=0 K=Vt |
In the lemma below, we justify rigorously the use and choice of each level’s step size (4.3).

Lemma 4.3 (Level-wise optimal step-size). Let u’, € V¥ be arbitrary, let j € {1,...,J} and let U?},jfv pé—
be given by the solver described in Definition 4.1. Consider the level’s update u’Jj given by

“fly = “3,;‘—1 + AP;‘, for A € R.

The choice of X = [(f,p}) — (IKVuY

with respect to the energy norm.

,jfl,Vp;'-)]/HIC%sz-HQ leads to the best decrease of the algebraic error



Proof. We write the algebraic error associated to the new update as a function of A
l '. l '. '. i l .
172V (uy — iy )12 = €2V (ug —uy ;)P = 2AICV (ug — uly;4), Vi) + AN [IC> V5|2,
We realize that this function has a minimum at

(K:V(UJ - ufl,j—l)? V,O;) (2:3) (f7 p;) - (K:vuf],j—la v/);)
1=V 512 1=V 5|2

min —

which gives us the expression (4.3). O

Remark 4.4 (Construction of the new iterate). The construction of uJ L from u’ by the solver of Def-
inition 4.1 can be seen as one iteration of a V-cycle multigrid, with no pre-smoothing and a single post-
smoothing step, with a variable step-size in the error correction. The smoother on each level corresponds to
additive Schwarz with patch subdomains where the local problems (4.1) are defined. In particular, for p =1
(i.e. for all j € {1,...,J}, pj = 1), this corresponds to one-step Jacobi (diagonal) smoother, whereas when
p; >1,5€{l,...,J}, the smoother is block-Jacob.

The main motivation for choosing appropriate level-wise step-sizes is explained in the theorem below.

Theorem 4.5 (Error represenation of one solver step). For uf] eVvy, let uZ]Jr1 € V¥ be given by Definiton 4.1.
Then

J
12V (g — )P = K2V (g —ul) | = D (NI Vi), (4.6)

7=0

Proof. We obtain the result by going through the levels from finest to coarsest, and using the relation of
each level’s update with its associated optimal step-size

3 i (44) e 4 i i i
K2V (uy — UJH)H2 = K2V (uy — (ul ;1 + AP

(2:3)
(4 3) i i 1 i
||’C2V( Uy — “J,JA)HQ — (N2 V4 )? =
J
162V (g — (uly + Agpb))1> = D (ASIK2 Vi)
j=1
(3 2) J . 1 .
162V (g —ul)|? — > IV ).
7=0

5 A posteriori estimator on the the algebraic error
We present below how the solver introduced in Section 4 induces an a posteriori estimator 77;1g~

Definition 5.1 (Algebraic error estimator). Let u’y € V¥ be arbitrary, and let u?‘l € V¥ be the update at
the end of one step of the solver introduced in Definition 4.1. We define the algebraic error estimator

Nl=

J
g = (DI VALD?) (5.1)
7=0

Following Theorem 4.5, the estimator nglg is immediately a guaranteed lower bound on the algebraic error.

Lemma 5.2 (Guaranteed lower bound on the algebraic error). There holds:

K5V (g — )| > iy (5.2)



6 Main results

In this section, we present the main results concerning our multilevel solver of Definition 4.1 and our
a posteriori estimator 7, of Definition 5.1. As in [19], these two results are equivalent. We first list below
the assumptions used in the main results.

6.1 Mesh assumptions

For j € {1,...,J}, we denote in the following hx := diam(K) for K € 7; and h; = maxge7; hx. We shall
always assume that our meshes are shape-regular:

Assumption 6.1 (Shape regularity). There exists k7 > 0 such that
hi for all0<j <.J (6.1)
Elea%pK_HT orall0 < j < J, .
where pi denotes the diameter of the largest ball inscribed in K.

Then we work in one of the three settings below. In the first setting: we work with a hierarchy of quasi-
uniform meshes with a bounded refinement factor between consecutive levels. This setting is described by
the following assumption:

Assumption 6.2 (Refinement strength and mesh quasi-uniformity). There exists 0 < Crer < 1, a fized
positive real number such that for any j € {1,...,J}, for all K € T;_1, and for any K* € T; such that
K* C K, there holds

Crethx < hg- < hi. (6.2)

There further exists Cqu, a fized positive real number such that for any j € {0,...,J} and for all K € T;,
there holds

Cauh; < hie < hj. (6.3)
“ T; obtained by a bisection of 7;_;
b new vertex after refinement b,
J2

neighboring vertices on the
refinement edge by, ,bj,
bjl B; = {bj17bj27bj3} - Vj

Figure 2: Illustration of the set Bj; the refinement 7; (dotted lines) of mesh 7;_; (full lines).

In the second setting, we work with a hierarchy generated from a quasi-uniform coarse grid by a series
of bisections, e.g. newest vertex bisection cf. Sewell [27]. In this case, one refinement edge of 7;_1, for
je{l,...,J}, gives us a new finer mesh 7;. We denote by B; C V; the set consisting of the new vertex
obtained after the bisection together with its two neighbors on the refinement edge, illustrated in Figure
2, for d = 2. We also denote by hp, the maximal diameter of elements having a vertex in the set B;, for
je{1,...,J}. This setting is described by the following assumption:

Assumption 6.3 (Local quasi-uniformity of bisection-generated meshes). Ty is a conforming quasi-uniform
mesh with parameter Cgu. The graded conforming mesh Ty is generated from Ty by a series of bisections.
There exists a fized positive real number Cloc qu such that for any j€{1,...,J}, there holds

Cloc,quhzsj < hi < hg, VK €T, such that a vertex of K belongs to B;. (6.4)
In the third setting, we assume we have a higher regularity of the solution by:

Assumption 6.4 (H%-regularity). In addition to Assumption 6.2, we moreover assume that the domain Q
is conver and that K = Id, so that the solution of (2.1) has full-elliptic regularity u € H*(Q).



6.2 Main theorems
For the solver it holds:

Theorem 6.5 (p-robust error contraction of the multilevel solver). Let uy € V7 be the (unknown) solution
of (2.3) and let u%, € V7 be arbitrary, i > 0. Take uiJ‘H to be constructed from u’; using one step of the
multilevel solver of Definition 4.1. Under Assumption 6.1 and either of Assumptions 6.2, 6.3, or 6.4 there
holds

15V (s =] < @l (ug —u)], (6.5)
where 0 < o < 1 only depends on the space dimension d, the mesh shape regularity parameter k1, the
diffusion coefficient IC, and the parameters associated to the employed Assumption 6.2, 6.3, or 6.4. If either
of Assumptions 6.2, or 6.3 holds, then « additionally depends at most linearly on the number of mesh
levels J.

In the above theorem, a represents an estimation of the algebraic error contraction factor at each step i.
In particular, this means that the solver of Definition 4.1 contracts the algebraic error at each iteration step
in a robust way both with respect to the number of mesh elements in 7; (to the mesh size h) and with
respect to the polynomial degree p.

For the estimator, in turn, we have:

Theorem 6.6 (p-robust reliable and efficient bound on the algebraic error). Let u; € V¥ be the (unknown)
solution of (2.3) and let uf] € V7 be arbitrary, i > 0. Let T;ng be given by Definition 5.1. Let Assumption 6.1

and either of the Assumptions 6.2, 6.3, or 6.4 hold. Then, in addition to ||V (u; — u%)| > nglg of (5.2),
there holds .
Tatg = BIC2V (uy —uf)ll; (6.6)

where 0 < B < 1 has the same dependencies as « in Theorem 6.5.

The theorem allows to write nglg as a two-sided bound of the algebraic error (up to the generic constant
B for the upper bound), meaning that the estimator is robustly efficient with respect to the polynomial
degree p.

6.3 Additional results

Theorems 6.6 and 6.5 are actually equivalent, similarly as in [19].

Corollary 6.7 (Equivalence of the p-robust estimator efficiency and p-robust solver contraction). Let
the assumptions of Theorems 6.6 and 6.5 be satisfied. Then (6.6) holds if and only if (6.5) holds, and
B=+v1-aZ2.
Proof. We give the proof for completeness Starting from (6.5) with 0 < o < 1,
139 (wg = ™) P < @?ICEV (g = uly)?
(4.6) 1 ; J ; 1 ; 1 ;
&2V (uy — uip)|* =D (NI V) < a®(|K2V (uy — )|

§=0
(B1) gt i\[2 i V2 < 2|5 N
S K2V (g = uf)|” = (na)” < @72V (uy —uj)|

& K3V (uy —uh)|2(1 - a?) < (nh,)*

Finally, the following corollary formulates a three-part equivalence.

Corollary 6.8 (Equivalence error—estimator—localized contributions). If Assumption 6.4 holds, or if either
of Assumptions 6.2, or 6.3 holds together with )\j- < R,1<35<J, where R > 1 is a real parameter, then

J
EDID M SN
> 2

j=1ac

H’C%V(UJ - ufj)HQ ~ HIC%fo) ’ ~ (nglg)Q. (6.7)




The constants involved in the equivalence have the same dependency as o in (6.5), and additionally depend
on R for Assumptions 6.2, or 6.3.

7 Adaptive number of smoothing steps

We consider here a simple and practical way to make the solver described in Definition 4.1 choose au-
tonomously and adaptively the number of smoothing steps on each mesh level. We remind that the non-
adaptive version can be seen as a V-cycle multigrid with no pre- and one post-smoothing step only. The
idea of the adaptive version is to make more post-smoothing steps if needed. While with the non-adaptive
version we constructed level-wise contributions that defined the a posteriori error estimator (proved above
to be equivalent to the error), with the adaptive version we aim to add more contributions from levels that
contribute more to the algebraic error. Thus, we rely on the computable level-wise contributions we have
already at our disposal and whenever it is a dominant factor (via a Doérfler [10] type condition) in the a
posteriori estimator, another smoothing step is employed.

Definition 7.1 (Adaptive multilevel solver).  Let vyax be the mazimum number of smoothing steps, and
0<6<1.

1. Initialize ufJ] € Vo as the zero function.

2. Leti >0 be the iteration counter, and u’] € V¥ the current approzimation.
(a) Let p be defined by (3.2), let A :== 1 and quO =l + Nph.
(b) Forje{l,...,J}:

i. Construct from uly ; y: ph, Ny, and u’y; by (4.2), (4.3), and (4.4), respectively.

(AN ) R ) % eyt
Set pl1 = PG Aj 1= A, g = ug

i v =2;
. ; 1o i 2o 02( " i o i 2L e i 1o i |1\2
mile (1 < vmadele (N, ICE Vo, 102 2 02 (T ORIKEV AL+ O, 52 V5, 1)°) |
do ; -

Construct from uiJJ,V_l: pz-, )\j-, and ufl,j by (4.2), (4.3), and (4.4), respectively.

Set pjy 1= Pl Ny 1= Ajy U = U

vi=v+1;

endwhile
ii. Let pb = p, ; Ns =X, ; uf,J = uf,,j’,/ when j < J, ut = u’y 5, otherwise.
w. If uZJ+1 = uf], then stop the solver.

Remark 7.2 (Adaptive substep). Note that if we skip the adaptive substep 2(b)ii in Definition 7.1, we
obtain the non-adaptive version of the solver described in Definition 4.1.

8 Numerical experiments

We shall consider in this section various problems: a smooth solution “Sine”, a smooth solution with
a “Peak” behavior; a singular solution in “L-shape” domain; a “Checkerboard” solution whose diffusion
coefficient jump is of order 102; a “Skyscraper” solution whose diffusion coefficient jump is of order 10°. In
this section, we use the following stopping criterion: the residual drops below 10~° times the initial residual.
This criterion makes the robustness study easier, as we expect the number of iterations isiop, needed to
reach it, to be similar for different polynomial degrees (indicating p-robustness), different number of mesh
levels (indicating J-robustness), and different orders of the jump in the diffusion coefficient (indicating
KC-robustness). The behavior of the multilevel solver given in Definition 4.1 is presented in Table 1.



Sine Peak L-shape Checkerboard Skyscraper
111p 1ppp 111p 1ppp 111p 1ppp 111p 1ppp 111p 1ppp
J P DoF iend a iend o7 iend o iend a iend a iend o7 iend a7 iend a iend [e% iend a7
3|1|2e* || 19[0.53] 19]0.53|| 19]0.51| 19]0.51 || 21|0.57| 21|0.57|| 18|0.51| 18[0.51|| 19[0.53| 19]0.53
3|1e® || 29]0.64| 13]0.34|| 28{0.62| 14|0.35|| 29|0.68| 11[0.35|| 28|0.67| 11|0.36|| 31|0.69| 13|0.43
6]6e5 || 30/0.64| 13/0.34|| 30|0.63| 14 [0.34|| 26|0.67| 9|0.33|| 25|0.65| 10|0.34 || 28|0.68 | 11|0.41
9]1e8 || 31]/0.65| 14|0.35|| 30|0.63| 14 [0.34 || 23|0.65| 9]0.33|| 23(0.64| 9]0.33|| 26|0.67| 10| 0.40
4|1|6e* || 21[0.54| 21[0.54|| 20[0.52| 20|0.52|| 21|0.57| 21|0.57|| 19]|0.53 | 19[0.53 || 19[0.53| 19]0.53
3[6e®|| 29]0.64| 13]0.32|| 29]0.63| 14|0.32| 28|0.68| 11|0.35|| 27|0.66| 11|0.36|| 30|0.69| 11|0.41
6]2e8 || 31/0.65| 13|0.33|| 30|0.63| 14[0.33|| 25|0.66| 9]0.32|| 24(0.64| 9|0.33|| 27|0.67| 10| 0.40
9] 5e8 || 32/0.65| 14|0.33|| 31|0.63| 15[0.33|| 23|0.64| 9]0.32|| 23(0.63| 9]0.33|| 25|0.66| 9]0.38

Table 1: Illustration of the convergence of the solver.

9 Proof of Theorem 6.6

Our approach to proving Theorem 6.6 consists in studying level-wise the uncomputable exact residual lifting
ﬁf]’alg given by (3.1). We do so by relying on the polynomial degree robust stable decomposition result of
Schéberl et al. [26]. This will allow us to exploit the similiarities of the local contributions (4.1) (used to
build our a posteriori estimator nglg of Definition 5.1) and the global ones (3.3) that constitute ﬁf}’alg.

We will first present the proof of p-robust efficiency of the estimator stated in Theorem 6.6 in the general
setting. Then we give the proof of p-robust and J-robust efficiency of the estimator under the additional
assumptions stated in the second part of Theorem 6.6.

Hereafter, we will use the notation x1 < xo when there exists ¢, a positive real constant only depending
on the mesh shape regularity parameter k7 and the space dimension d such that z; < cxy. Similarly,
X1 2 ro means ro S x1 and 11 & x9 means that 7 < x9 and z9 < 27 simultaneously. If these constants

~ ~

additionally depend on the number of mesh levels J, we use the notations <j, 27, and =, respectively.

9.1 General properties of the estimator nglg

We first present some general properties of the estimator nglg needed for the proof.

Lemma 9.1 (Estimation of ||IC%Vp§-H by local contributions). Let p and p , for j € {1,...,J}, a €V,
be constructed as in Definition 4.1. There holds

VAP < (d+1) Y IK=Vp] a2 (9.1)
acV;

Proof. Since p; = > acy, P} by construction (4.2), and the inequality |ZZE ag* < (d+1) ZZ:} lak|?
lead to

2
1 i 1 i 3 i
15 P =Y AV S5 =D | Do KFVha
KeT; KeT"aeVik K
1 i 5 U
<S@+1)Y DOIKEVALIl = (d+ DY IV 4126
KeT; acVk acV;

O

Lemma 9.2 (Estimation of local contributions by HIC%V;);H). Let ph, ph o Ny for j e {1,...,J}, be
constructed as in Definition 4.1. There holds

Y K2V al5e < (d+ DNIIKE V). (9-2)
acV;

10



Proof. We start by using the expression of local problems (4.1) with pé-’a eV je{l,...,J}, used as test
function

p— i i i (42) i i
Z ||’C2vp3,a||c2;.);a = Z ((fvpj,a>w? - (’CvuJ,jflanj,a)w?) (f7 ]) (’Cvuﬁjflﬁvpj)'

acV; acV;
If pj; = 0, this means 3, H’C%Vp;aHZ,Ja = 0 and thus (9.2) holds trivially. Otherwise, we have
lg,i i i iv) (43) i
S IKEVR all2s = ((.0) — (KVul, 1, Vi) ) 2 NIV 2
acV;
€] 3
< NIkEa (@ DY I va )
acV;
After simplifying the expression and squaring, we obtain the desired result (9.2). O

9.2 General properties of the exact residual lifting /",

Two other important properties of /3;- will be useful for the proof. First, the relations of orthogonality of
a given mesh error contribution p%, j € {1,...,J}, with respect to previous mesh level functions. And
secondly, the local properties of p; with respect to local functions of the same mesh. In particular, the local
properties will allow the transition from the uncomputable p to the available local contributions of pj.

Lemma 9.3 (Inter-level properties of 55). Consider the hierarchical construction of the error ﬁf],alg gen
n (3.1). For je{l,...,J} and k€{0,...,j—1}, there holds

(KVp5,Vug) =0 Vo € Vi (9.3)

Proof. Take v, € Vj. Note that since k¥ < j — 1, we have vy, € V;_1 C V;. The definition given in (3.3)
applied to ﬁ; and [);:71, allows us to write

Jj—2
(K5, V) = (f,vr) — (KVuly, Vug) Z KV 58, Vo) — (KVp;_1, Vog)
1=0

= (KVpi_y, Vog) — (KVf,_y, Vug) = 0.
O

Below, we present the relation between ﬁ;'- and p§ locally on patches, more precisely when tested against
functions of the local spaces V? given by (2.7).

Lemma 9.4 (Local relation between p and p' ). Let je{1,...,J}. Let p}, p} be given by (3.3), (4.2),
respectively. For alla€V;_s and all v;a €V}, we have

j—1
(ICV35, Vvja)we = (VD 0, VUi a)ue — > KV (5}, — Aiph), Voja)we, (9.4)
k=1

where p;'-’a € V;* is defined as the solution of a local problem by (4.1). We use the convention that the sum
in the relation above is zero when j = 1.

Proof. We take vja € V*. This implies that v;a is zero on the boundary of the patch domain w?. Since
vja € VY when je{l,...,J —1} and v, € VT otherwise, we can use it as a test function in the definition
of p; in (3.3) as well as in the definition of pj , in (4.1). We conclude by subtracting the two following
identities

|
—

J
(VD5 Vvja)wa = (f, vja)we — (IKVu'y, Vv, aws — D KV, Vvja)ua,

<o
|
Ll

(K:vp;',av vvj,a)w? = (fa vj,a)w? - (K:Vuf], ij,a)wj-‘ - )\Z(Kvﬂi, ij,a)w;‘-
k=0

11



O

9.3 Proof of Theorem 6.6 (p-robust estimator efficiency in low-regularity set-
ting)
We begin by presenting here a result given in [19], obtained by a combination of a one-level p-robust stable

decomposition proven in Schéberl et al. [26] and a multilevel stable decomposition for piecewise linear
functions given in Xu et al. [34].

Lemma 9.5 (p-robust multilevel stable decomposition). Let vy € VI. Under Assumption 6.1, and either
of the Assumptions 6.2 or Assumption 6.3, we have

J
vy = Z Z Vja, Uja€V] (9.5)
j=0aeV;
J
S I VualZe < CslIK2 V|, (9.6)
j=0acVy;

where Cs > 1 only depends on the space dimension d, and the mesh shape regularity parameter kr. If
Assumption 6.2 is satisfied, Cs also depends on the mazximum strength of refinement parameter Cief, and
Cqu- If Assumption 6.3 is satisfied, Crer also depends on the local quasi-uniformity parameter Cioc,qu and
quasi-uniformity parameter of the coarse mesh Cgu.

The previous results and properties allow us to give a concise proof in the following.

Proof of Theorem 6.6 (p-robust estimator efficiency in the general setting). First, note that by (3.5), we
have ||’C%V(UJ —uh)| = HIC%V[)fLaIgH. Thus, we work with the exact algebraic residual lifting 57 ,\,. We
begin by first applying Lemma 9.5

J
ﬁ?],alg = Z Z €j.a, €j.a S V}a (97)
7=0 aEVj
J 1 1 .
YD K Vejalis < CsIICE VA 17, (9.8)

j=0aecV;
Taking into account the variations of the diffusion coefficient IC, we have
J
1 1
YD K VeallZe < CskllIC2 V7Y oy (9.9)
j=0aeV;

We use this decomposition to estimate

1KV gl (’CVPJalg,Z]: > Vesa) = (KV0h 3 Veoa) + > (KA Veia)
j=0acV; aclo Jj=laeV; I
(34) (]CVpé, Z Ve()@) + XJ: Z ((f, ej,a) L (’CVUJ,Vej7a> a)
acV, j=1acy, i i
(4.1) J j—1
W (k0 3 Vena) + 3 Y ((lcvp]a,VeJ, )+ 2 (AKVpL, Vesa) )
aeVy j=1a€eV; “i k=0 i
= (1590, Y Veoa) + ZJ: (K95, 0 Ve, a) + XJ:S (NI, Y Vesa):
ac€Vo j=lacV; 7j=1k=0 acV;

12



We will now estimate each of the above three terms using Young’s inequality and patch overlap arguments
as done in the proof of Lemma 9.1. First, we have, using the fact that A\ =1

7 (d+ 1)CS.,’C i 1 i 2 1 1
(Kvpm Z Veo,a) < f(%”’ovpo”) + m(dJr 1) Z ||7C?V€o,a||ig~

ac)ly acly

For the second term, we similarly obtain

J J J
Z:: S (K00 Vesa) | < Csxc 0 S0 ICHTA 2, + 74015& S K Vel

ev; “i Jj=laeVy; Y j=lagy;
(9.1) o N\2
< Csxe(d+1)Y (NIIEVALl) + C 33 Vejal2s
j=1 J lacVy;

Finally, for the third term we have

J - 2
J j-1 J j—1 > Z ‘7@ Veja
i i 2(d+1)CscJ Cs rd il i i\2 . J=lk=0 acy;
323" (MK Y Veja) < >3 (MIREVA) + e
j=1k=0 acV; j=1 k=0 ’
J L\
< (d+1)Csed* Y (MIREVAL) + 4C Z S
k=0 S, j=1laecVy;
Summing these components together, we can now pursue our main estimate
1 . J . 1 . 2
ICEV 3yl < 2d+ 1)Csd® Y (NIKEVA ) + 5
=0 " j=0acV;
(5.1)
(9.6) NP I U
< 2(d+ 1)CS,K:J (nalg) + §H’c2va,alg”
After subtracting on both sides %H’C%Vﬁf},mgHQ» we finally obtain the desired result.
1 o i 2
1Vl < 4(d+ 1)Cs. 0T () (9.10)
O
Proof of Corollary 6.8. First note that by )\; <R, 1< j < J, and an overlapping argument we have
) 5 nE ERvaN! ERvaN!
(N2 VAl) < RAPCE VAP < RXA+1) D 1KVl 120, (9.11)
acy;
Now, from the main proof we can conclude
, 2(02) 2 (9.10) ) 2 (5.1) s m (il i\ 2
() = iV —u)| S 4@+ s () B @+ 1G5 Y (N2
j=0
(9.11) (9.2) N2
< 4(d + 1)2Cs ,CJZRQZ Y IKEVp) 2 < 4(d+ 1)BOS,KJQRQ(n;1g)
j=0aecV;
O

13



9.4 Proof of Theorem 6.6 (p- and J-robust estimator efficiency in H2-regularity
setting)

We now work in the setting of Assumption 6.4, we can prove that the result of Theorem 6.6 holds not only
p-robustly but also J-robustly.

Remark 9.6 (Relation of consecutive mesh sizes). Putting together Assumptions 6.4, we have
CquCrethj—1 < hy. (9.12)

In order to obtain J-robustness in addition to p-robustness of our main result, we proceed by exhibiting
another level-wise stable decomposition of the algebraic error components. Firstly, we define the piecewise
linear component of the stable decomposition via a H!'-orthogonal projection. Then we use a duality type
argument to obtain the properties of the decomposition that will allow to estimate the algebraic error p-
and J-robustly by our a posteriori error estimator.

Definition 9.7 (H!-orthogonal lowest-order projection of error components). For any j € {1,...,J}, ﬁ;-
given by (3.3), let cé- € le be the solution of

(Ve, Vv;) = (Vp5, V), Vu; € V) (9.13)

Remark 9.8 (Orthogonality properties of C;) Note that due to Definition 9.7, for any j € {1,...,J}, cé»
satisfies the following orthogonality with piecewise linear functions of previous levels

(9.13) 9.3

(Vei, Vg) (V75 Vo) =)0, Vo, € Vb, VE < 4. (9.14)

Lemma 9.9 (H2-regularity result). Under Assumptions 6.4, 6.3, for any j € {1,...,J}, ﬁ;- given by (3.3),
and c§- given by Definition 9.7, there holds

1851 < Ryl V5, (9.15)
51l < Ayl Vsl (9.16)

Proof. To prove the first result, we proceed by a standard duality argument.
We consider the following problem: find &; € H} () such that

(VE;, Vo) = (7,0) Vo € HY(Q). (9.17)
Following Grisvard [14, Theorem 4.3.1.4], under Assumption 6.4 £; € H?() and
[€51m2(0) = A& = 1175]]- (9.18)

Consider T}_, (¢;) the P'-Lagrange interpolation of £; on mesh level j —1. Since ; € H?*(Q2), following, e.g.,
Ern and Guermond [12, Corollary 1.110], we obtain

V(& —T_1(§)] < Capphij—11&5]m2(0)- (9.19)

In particular: I}fl(fj) € Vj_1, so by the orthogonality relation (9.3)

(VI;_1(&), Vp;) = 0. (9-20)
We have now all the elements to conclude
—ina (9.17) i\ (9.20) ” .
151 =" (V& Vi5) =" (V& = Lo1(€)), V) < V(& =L E)INVA
(9.19) . (9.18) i i (9.12) Ca . .
< Capphyj—1lilm2 @ IVA; I =" Capphi—1155[1IVA5] < | 5511V 75|

Cqucref
which gives us Hﬁ;” < hj||Vﬁ§||.

To obtain (9.16), we use the same argument. It is enough to appropriately modify the right hand side
of the dual problem (9.17), and replace the orthogonality relation (9.20) by (9.14). O
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We can now present the stable decomposition that will help us prove the efficiency of the a posteriori
error estimator.

Lemma 9.10 (Stable decomposition of the error level-wise components). For all j € {1,...,J}, ﬁ; given
by (3.3) and 03» gwen by Definition 9.7, there exist ,Zé’a € V2, such that
Pi=ci+ Y fha (9.21)
acy;
IV + 3 197, a2 < Conll V5. (9.22)
acy;

Proof. We now rely on the stable decomposition result of Schéberl et al. [26] for one-level setting. We will
first show that c§- satisfies

IV + 1V (5 = DI+ D hill(5; — )l S IVa1°. (9.23)
KeT;
Then as following [26] this will give us
IV + > I1VA;all2a < Cspl VAP
acy;

To show (9.23), we first use the Definition 9.7 of ¢}

iy (9:13) i i
[Veh|1? = (Ve, Veh) "= (Ve Vi) < VeIV a5
This allows to estimate the first and second term (after using the triangle inequality) of (9.23). The third
term is then estimated by

> hlNE — )ik

Assumption 6.3

Cachy® > 155 = i < 205205215517 + 15)11%)

KeT; KeT;
(9.15)
(9.16) C 2 . . C 2 )
< app =i (|2 12) < app =i 2.
< 2ger) UVAIE+ 19 < 4G ) 1971

O
Remark 9.11 (Localized Writing of level-wise components). Note that since p~§- = cé + Zaevj 53@, we can
decompose the piecewise linear c; € le using nodal basis functions. We can then write

A=t Y = 3 Catint i) (021

acV; acV;

where c] a 18 the nodal value on vertex a € V;, and C;:’al/)j’a + ﬁza SA%

Lemma 9.12 (L2-stability of nodal decomposition). For all j € {1,...,J}, and any v; € le decomposed
into basis hat functions v; = Zaevj Vj,a¥j.a, we have

o < (d+1) > lvj.atsallee, — and > lvj.asall2a < Cuallvsl?, (9.25)
aEVj aEVj
where Chq only depends on space dimension d and the mesh shape regularity parameter K.

Proof. For the first estimate, we apply the usual overlapping argument as done for (9.1). As for the second
estimate, consider a patch w? and K element contained in the patch. Since v; € le and by equivalence of
norms in finite dimension, we have

1
lvsatsalles ~ vjatialli < Ivratralool K1* <[ 3 vjathsa
aeVik o

1 1
(K2 = [vjlloo, x| K12 S [lvjll -

The result is obtained by summing both sides over all vertices. O
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Lemma 9.13 (Level-wise estimation of ¢}). Let j € {1,...,J}, let ¢} = > acy; ¢} athja e given by Defini-
tion 9.7. There holds
i 2 i )2
Z ”Cj,aij,anuu; < Csean | V7 (9.26)

aEVj
where Csean ic only depends on the space dimension d, the mesh shape regularity parameter k, quasi-

uniformity parameter Cqy, and the strength refinement parameter Cret.

Proof. We start by using an inverse inequality, we denote by h,, ° the diameter of patch w#, then use the
quasi-uniformity Assumption 6.3

Z ||ci‘,aij,a”i? < C’inv Z h;;”‘?i‘,a%,a ‘?JJB < C(q_uQC’invhj_2 Z ||Ci',a¢j,a||i§

acV; acy; acV;
(9.25) . (9.16) ) C...C dC
-2 —2 2 2 . mnv>~mnd>~app
S Cqu Cinvcndhj ||C;|| S Cstab”vcz'” 3 Cstab . W
qu ~ref

Lemma 9.14 (p-robust level-wise error estimation). Let j € {1,...,J}, let ﬁ; and p§» be defined by (3.3)

and (4.2), respectively. There holds
IV S S 196l 027)
«'BEV]‘

Proof. Let j € {1,...,J}, we begin by using the splitting (9.21)

~i 924) =i
HV ||2 Z V V _]a,(/)], +p]a))

acV;
(9:4) =
> (V6 V(€ athsa + B a)us = S (VB = Noph): V(chatija + Fha))us )
acV; k=1
(9.24) =
=0 (VP V(S athja + Pa)wr — (V5 — Niepk), V75)
aEVj k=1
(9.3) : 1 ; =
= 2CspCistan(d + 1)Vp' ., V(¢ a¥ja~+ P5a))wa —0
ag\;j(\/ SD tab( ) Pj.a \/QCSDCStab(d—‘F 1) ( _],ad)],a p],a)) 3
1 2
< sta d 1 H a
>~ CSDCt b + Z ||vloja||w 4CSDcstab(d+1 Z v Jawj +p]a) w0
acV; “j
4 1 . -
7 2 i . 2 =i 2
< CSDCStab(d + 1) Z ”vpj,a”w? + 2CSDOstab Z (HC].,av'l/}]yan;‘ + va],a”w;‘)
aeV; acV;
(9.26) . 1 ) o
< S P, - ) 7|2 512,
< CspCutap(d+1) a; I965allss + 5o (CuranlI V]I + a;‘ 1V all2a)
(9.22) _ 1 4
% 2 ~7 |12
< CspCsan(d+1) a%; V0. \w? + §||ij|\ ,
which finally leads to the result
IVA;I* < 2CspCutan(d+ 1) D [V} a1 2e (9.28)

acV;

We can now give a concise proof of Theorem 6.6.
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Proof of Theorem 6.6 (p-robust estimator efficiency under additional assumptions). To estimate the alge-
braic error we use the level-wise decomposition (3.5). Each level’s contribution was estimated in Lemma 9.14.
We achieve the result by summing these estimates on different levels.

J J
i (3.5) i 2028 i i
IV (s — ui)|I> = (V|12 VAP < fleoH2+ 2Csan(d+ 1)) D (V) I
j=1 j=laey;
(9:2) e it = ire i i
<2+ 12 (15107 4D V2E1)2) = 2Cucanld + 1)) (929
j=1

Thus we showed 77, > B||V(uy — ub)|, for g := > 0, depending only on the space

1
(d+ 1)v/2Cstap

dimension d, the mesh shape regularity parameter x7, quasi-uniformity parameter Cqy,, and the strength
refinement parameter Cs. O

Proof of Corollary 6.8. As a consequence of the Proof of Theorem 6.6, we have

o, (5:2) o (9.29) 4 J ,
(i) < V(s =P < 2CsnCuan(d+ DIV + 32 Y IV6LLI12)
j:]-aEVj

(9.2) )
< 26'SDC'stab(d + 1>2(n;1g)2

10 Conclusions and future work

In this work we presented a multilevel algebraic solver, whose procedure naturally constructs an a posteriori
estimator of the algebraic error on each iteration. The solver can be seen as a geometric multigrid solver
relying on V-cycles with zero pre- and one post-smoothing, where the smoother is additive Schwarz associ-
ated to patches of elements (block Jacobi). A crucial difference compared to classic multigrid solvers is the
use of an optimal step-size in the error correction stage that takes on each level of the mesh hierarchy. This
significantly improves the behavior of the solver and conveniently enough, makes the analysis easier. We
also present a simple and efficient way for the solver to pick adaptively the number of post-smoothing steps
on each level. We show that the non-adaptive version of the solver (with only one post-smoothing step)
contracts the error in each iteration robustly with respect to the polynomial degree p of the underlying finite
element discretization. This result is moreover equivalent to showing the p-robust efficiency of the a poste-
riori error estimate. If we additionally assume H?2-regularity of the solution, we can show that these results
are also robust with respect to the number of mesh levels J. In this case, the error estimator is equivalent
to a sum of highly-localized computable contributions. Future work will explore how to incorporate this
information in the solver in order to make it adaptive by only tackling problematic regions which contribute
most to the algebraic error. Numerical results indicate that even for singular test cases, the solver behaves
robustly with respect to the polynomial degree p, number of levels J and also the diffusion coefficient 1C.
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