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Error analysis of the compliance model for the Signorini
problem

Pierre Cantin! and Patrick Hild!

L nstitut de Mathématiques de Toulouse - UMR CNRS 5219, Université Paul Sabatier, France

Abstract

The present paper is concerned with a class of penalized Signorini problems also
called normal compliance models. These nonlinear models approximate the Signorini
problem and are characterized both by a penalty parameter ¢ and by a “power pa-
rameter” « > 1, where a = 1 corresponds to the standard penalization. We choose a
continuous conforming linear finite element approximation in space dimensions d = 2, 3
to obtain an L2-error estimate of order h? when d = 2, = 2,¢ > 0h (6 large enough)
and when the solution is W?23-regular. A similar estimate is obtained when d = 3
under slightly more restrictive assumptions on .

1 Introduction

Penalty methods are classical and widespread tools for the numerical treatment of con-
strained problems, such as the unilateral contact (Signorini problem) arising in mechanics of
deformable bodies, where a nonlinear boundary condition is written as an inequality. The
main idea of penalization is to replace the inequality constraint by a penalized non linear
equality that becomes larger as the solution fails to satisfy this inequality constraint.

For the Signorini problem, the penalty method is well-known and is generally used when
approximating this problem using finite elements. The convergence analysis of the penalized
models was first considered in the 80’s, see [16, 22] and the references therein. In the last
ten years, some new results dealing with H!-error estimates have been obtained for standard
penalization in [7] and more recently in [12, 11]. To summarize the current state of the art,
the convergence of the discrete penalized solution towards both the solution to the penalized
problem and of the Signorini problem are optimal in two and three dimensions when using
standard linear finite elements provided that the penalty parameter € behaves like h (up to a
constant), representing the mesh-size. These recent results complete the existing H'-optimal
estimates for Signorini problem using other discrete models such as the variational inequality
[13], Lagrange multiplier methods [5, 14] or Nitsche methods [4, 6, §].

Concerning the L2-error estimates for Signorini-like problems, the analysis becomes really
more difficult. The main reason is the standard Aubin-Nitsche technique well suited for linear
problems can not be applied in its original form, neither for the Signorini problem nor for



the penalized formulation, due to a lack of Galerkin orthogonality. Most of the efforts to
obtain L2-error estimate have been devoted to the Signorini problem written as a variational
inequality, but as far as we know there are very few results. We mention the early works
in [27] used in [10] where a complicated adjoint problem is involved and whose regularity
is not established. Using linear finite elements, we also refer to the recent works [9] where
an L*-estimate of order 2 — ¢ is obtained in two dimensions with additional assumptions
on the contact sets, and [30] where authors prove a 3/2 — ¢ error estimate in the L?-norm
when the solution is H°/?~¢-regular. Besides, the numerous numerical results dealing with
L2-error estimates (see, e.g., [9, 20, 21, 30]) indicate that the convergences behave well and
are optimal, so the main lack comes from the mathematical analysis.

In this work, we are interested in a generalized class of penalty models applied to the
Signorini problem, the so-called normal compliance model, corresponding to a power-law
regularization of the penalty methods. This model was introduced and studied in [25, 28, 23,
24], in the context of friction phenomena between a rigid body with a rough and deformable
body. Applied to the Signorini problem, the boundary contact condition on a portion I'c of
the boundary 0Q is €d,u = —[u]%, where [u]; represents the positive part of the solution
u: Q — R, ¢ > 0 is the penalty parameter, and o > 1 is the regularization parameter.
The compliance model for the Signorini problem that we consider in this work is then: find
u : €2 — R such that

—Au=f inQ, uwu=0 onlp, edu+ui=0 onlc=0NIp. (1)

When « = 1, the boundary condition on the contact boundary I'c becomes £0,,u = —[u]4,
corresponding to the classical penalized Signorini problem.

The main motivation of considering the normal compliance model (1) with a > 1 is that
the map ¢, : v — [u]{ is now differentiable. In our analysis, this property is essential to
obtain optimal L?-error estimates. As in the linear case using the Aubin-Nitsche lemma, our
L?-error analysis is based on the introduction of a companion problem, but different from
the adjoint problem. Taking inspiration from the extension of the Aubin-Nitsche trick for
semilinear problems developed in [19], the companion problem is defined by differentiating
do in (1), so that we replace the Galerkin orthogonality argument used in the linear case by
a first order Taylor expansion of g,. Combining this approach with a fine e-robust a priori
error analysis in energy norm, we then obtain optimal error estimate in L?-norm when the
parameters € and h satisfy some explicit conditions.

Our work contains two major contributions concerning the error analysis using linear
finite elements, in two and three space dimension, for the compliance model of the Signorini
problem (1). The first one concerns the a priori error analysis in energy norm; for all suitable
power-law parameters a > 1, we obtain optimal error estimates, robust with respect to e
under the condition that h/e is bounded. The second contribution is the optimal L?-error
estimate when o = 2. Assuming that the exact solution is W?3-regular, we prove that
|u—up|2 < ch? if € > Oh (with 6 large enough) in two space dimension or & > 6+/h in three
space dimension. We also extend these results when a > 2.

The paper is organized as follows. Section 2 deals with the formulation of the compliance
model for the Signorini problem, its associated weak form, the existence and uniqueness
results and some a priori estimates. Section 3 uses the most common approximation with



continuous linear finite elements, and H'-error estimates of order h are obtained when h/e
is bounded and the solution is W%l regular. In section 4 we prove L?-error estimates of
order 2 in two and three space dimensions when o > 2. Section 5 contains some technical
lemmata used in the analysis.

2 The compliance model for the Signorini problem

Considering f € L*(Q2) and € > 0, we are studying the existence and the uniqueness of
u. : Q C RY — R with d € {2, 3}, such that

—Au. = f inQ, (2a)
u, =0 onl'p, (2b)
€0pus + [u]$ =0 onT¢, (2¢)

where the boundary of €2, denoted by 0f2 is exactly divided into I'c and I'p, i.e., 02 = I'pUl'¢
and I'p NT¢ = 0. The parameter a > 1 is fixed and we denote by [t]; = 1 (¢ + |¢|) the
positive part of any t € R.

We set V = {v:ve H(Q),v=00nTp}. The well-posedness analysis of (2) is per-
formed by considering the equivalent variational formulation:

u- €V alug,v)+ - bug, /fv Yo eV, (3)
where we denote, for all v,w € V,

a(v,w) :/QV”U-Vw and  b(v,w) :/FC Go(V)w, (4)

with ¢, : t € R — [t]$. To lighten the notation, we do not write the dQ2 and dI" terms in the
integrals. In the rest of the paper, we will assume that

€[l,0) ifd=2 and «a€ll,3] ifd=3, (5)
so that the term b(v,w) is well-defined for all v,w € V owing to the continuity of the trace

map H'(Q) — L*T1(0Q).

2.1 Well-posedness

The main ingredient to prove the well-posedness of (3) is to prove that b is strongly monotone
on V', which is a consequence of the following proposition.

Proposition 2.1. For all v,w € L*T(T¢),

b(v,v —w) — b(w,v —w) > c|[v]y — [w]+||%j+11(rc),

with ¢ > 0 independent of v and w.



Proof. For all 5,t € R, we have from [17] the estimate (¢ [t|*" —s|s|* ") (t—s) > ¢ |t — s|*T"
with ¢ > 0 independent of ¢, s. Taking t = [v]; and s = [w]; yields the result. O

It then follows the strong monotonicity of
1
T:V-=V o (TW),w)vy =alv,w)+ =blv,w) Yo,weV.
£
Lemma 2.2. For allv,w €V,

(T(),v = wvry = (T(w),v —whvy 2 v = wlpo+ o] = Il 5.

To alleviate the notations, we denote by A < B the estimate A < ¢B when ¢ > 0 is some
non relevant constant, independent of the problem parameters. The notation A ~ B means
that A < B and B < A hold simultaneously.

Lemma 2.3. For all v,w,z € V,

(T(v), 2)vry — (T(w), )y vy S |v— w]Hl ’Z|H1(Q)
1
+2Jo = wlengolelenae (114 052h g + o5t ey
Hence, T : V — V' is continuous.

Proof. From the definition of T, it suffices to prove that for all v, w,z € V,
(0, 2) = baw, 2)| £ o~ wlgess ooy (el ey +10leliehig) - (6)

Observing that [[z]7 — [y]%] < cllz]s — [y]4] ([z]4 + [y]4)* " for all 2,y € R, with ¢ > 0
from [17], it follows by Holder inequality

/r (W15 = [wl9)2| S M) = [w]len eyl 2o e </r ([v]+ + [w]+)(a1)p) ' ;

with 1 o+ —Z2:=1,ie pla—1)=a+1. Then, the estimate (6) follows using the triangular

1nequahty O]

Strong monotonicity and continuity of T" obtained in Lemmata 2.2 and 2.3, respectively,
then gives the well-posedness of (3).

Theorem 2.4. For all f € L*(Q2), problem (3) admits an unique solution u. € V and there
exists ¢ > 0, independent of € and u., such that

e @tz II[ it < elflze)- (7)
)



2.2 Convergence analysis

In this section, we recall the convergence result of u, to the Signorini solution ug when € — 0.
This result, obtained in [16] for o = 1, remains valid if « satisfies (5).

Lemma 2.5. Let u. € V be the exact solution of (3). Then, u. — ug in V where ug €
K :={veV]|v<0onTc} is the unique solution solving

a(ug,w—ug) > (f,w—ug), YweK. (8)

Proof. Let u. € V stand for the exact solution of (3). Owing to Theorem 2.4, u. is bounded
in V' so there is u € V such that u. — w in V. From (3) and since [uc|g1q) < c|f|r2(). it
follows using the Poincaré inequality in V', that

b(u57u£> <e <f7 uE) 5 E"f”%ﬁ(ﬂ)’

so that b(u.,u.) — 0 when ¢ — 0. Observing that v € V +— b(v,v) is continuous from
Lemma 2.3 and convex, it follows that 0 < b(u,w) < liminf b(u,u.) = 0. Then v € K. Let
us prove now that u is the unique solution of (8). Let w € K and take v = w — u. in (3). It
then follows

a(us, w —ue) — (f,w—u.) = —gb(ug, w—u) = é (b(w, w — u.) — blus, w —ue)),

with b(w,w — u.) = 0. Owing to the strong monotonicity of b, we then obtain a(u.,w —
ue) — (fyw —wue) >0, so that

a(ue,w) — (fyw —u.) > a(ue, ue).

Since liminf a(ue, u.) > a(u,u), it then follows that v € K is the unique solution of (8). It
now remains to prove that u. — w in V. This is readily obtained by proceeding similarly
with w = u so that a(ue,u) — (f,u — u.) > a(ue, u.) and

[ul 10y = alu, w) > limsup e[z )

As a result liminf [ue| g gy = |l () = Hmsup [ue| ), so that u. = uwin V. O

3 Finite element approximation

In the rest of the paper, to lighten the notation we write u instead of u., so u is the unique
solution to the problem (3) which we now write as follows:

1
ueV a(u,v)—i——b(u,v):/fv, Yo e V. 9)
€ Q
We consider an approximation of the solution to this problem by standard Lagrange finite
elements of first order. Consider 7, an affine mesh of Q C RY, with d € {2,3}, regular in

the sense of Ciarlet, composed of closed triangles K € 7T, and faces F' € F;,. We denote by
hi the diameter of an element K, and h = maxgcy, represents the mesh size. Denoting

5



by hp the size of a face F' € F,, mesh regularity yields that hp ~ hx where K stands for
the triangle having F' on its boundary. In the forthcoming cases, when d = 2, > 2 or
d=3,a =2 (but not d =2,a =2) we need to use inverse inequalites on I'c so we have to
suppose that the d — 1 dimensional trace mesh on I'¢ is quasi-uniform. The space V' is now
approximated by the P; Lagrange finite element space defined by

Vii={v, € V|VK €Ty, v € Pi(K)}.

The discrete problem issued from (9) is then

1
u, € Vi a(uh,vh) + gb(uh,vh) = / fon, Yo, €V (10)
Q

This approximation being conformed, we immediately obtain from Theorem 2.4 the well-
posedness of (10), and the discrete solution wy, satisfies as well the a priori bound (7). We
now examine the convergence of the solution uy, to u.

Lemma 3.1 (A priori error estimate). Let o satisfy (5). Let w € V and uy, € Vj, be the
ezact solutions of (9) and (10), respectively. Assume that u € W*T1(Q). Then,

1

1
h a a+1
2 «a 2 o 2(a—1)/a
u— uh‘Hl(Q) + g" [u]+ — [uh]+”L;LL(FC) S |U‘H2(Q) + I (g) |U’W2,a+1(9) “f"L(?(Q))/ :

Proof. Let u € V and uj, € V}, stand for the solutions of (9) and (10), respectively, and
consider 7, : W*P(Q) — V}, the Lagrange interpolation operator in Vj,, with p > d/2. By
definition, we have

lu — uhﬁ{l(ﬂ) = a(u — up, u — mpu) + a(u — up, THU — up).

Applying Cauchy-Schwarz and Young inequalities, we obtain

1 2 1 2
5 U — up|z gy < 5 [ Tht =l ) + alu — up, Thu — up,).
By definition, we have

1
a(u — up, THu — up) = B (b(up, mpu — up) — blu, THu — up))

=2 [ (s = ) (= )

€

so that
1 (03 (6% 1 o (0%

alu —up, mpu —up) = == [ ([u]f = [ua]})(mu —u) = = [ ([u]§ = [ua]§)(u — un).

€ I'c € le

Applying Proposition 2.1, it then follows

1 (0% (63 c (0%
ol = wn,m =) < =2 [ (0l = ) m = ) = Sl = funl 152
C
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and then,

1 2 C a+1 ]. 2 1 / o o
—|u — - N <= — — - ult — [u u—u).
5 1t = unlgpa) + Zlluls = funle 7o o) < 5 Imn =l gy — 2 FC([ 1§ = [un] ) (mau — u)
Finally, the last term is bounded using (6), to obtain
2 1 2
u— uh|H1(Q) + g” [uly — [uh]+||La+1([‘C S e — u|H1(Q)
+ 2y — bl — wlimerey (el e + s lheg, )

Since u and uy, solve (9) and (10), respectively, the a priori bound (7) gives

57 (M k5t gy + Nl 15t ey ) S LIS,
so that 1
= (I gty + N kb e ) a”ﬂm@ e,
and we obtain
2 1 2
= unls oy + Nl = a5 gy S It =l
e [uls — [un] el e ooy I mnte — wl ooy | F gy Y.

Now, using the generalized Young inequality ab < a? + b?/ (qp%) for all a,b > 0 and p~! +
1
q_1 = 1, it follows with p = o+ 1, ag = a4+ 1, a = e 1| [uly — [up]4|rotire), b =

€ wiT ||7ThU—U||La+1(FC)||f||La D/(a+1) , that

1 «
] H +1 )/ e

2 2 _1 2(a—1
=y + 2Nl = fonl e gy P = wll oy + < S = wl sy 1S
Finally, owing to Proposition 5.1 and using the regularity of u, we obtain

atl 2(a 1/

1
2
[u = unlip ) + Zls = [l 1250 gy S 02 ulipeo) + 1 Paeh [ulyh, oty 12

We immediately obtain the following corollary.

Corollary 3.2. Let « satisfy (5). Let u € V and u, € Vj, be the exact solutions of (9)
and (10), respectively. Assume that u € W2TH(Q),

i) If e 2 h, then

1

2 etl 2(a—1)/a
= unli gy S b (0l + [l ) 113500 )



it) Ife ~ h, then

_1 (a+1)/2 2 QTH a—1)/a
= unl sy + B3l — [ IS S b (1l + el 11350 )

Remark 3.3. When o = 1 and d € {2,3}, the term | f|2) disppears in the corollary,
and we retrieve the estimates already obtained in [7] and more recently in [11] under the
assumption € ~ h. When a > 1, these estimates are new. In particular, the optimal
H'-convergence rate is obtained independently of o under the condition & ~ h.

Remark 3.4. Let us briefly discuss on the regularity of problem (2). To our knowledge there
does not exist any regularity results for problem (2). In order to have an idea concerning
its regularity we consider a slightly different problem in which I'p = ) to avoid additional
singularities at the interface between I'p and I'c. Consider the problem of finding u,. s.t.

—Au, +u. = f inQ,
€0pue + [u:]? =0 on 09,

which admits a unique weak solution in H*(Q) so u. € HY/?(9Q). Suppose that o = 1, so
Onte = —Luc]y € HY2(9Q) since ||[us]]lgirzoay < luellmi/20) and finally u. € W22(Q).
When o > 1, e.g. suppose a = 2 and d = 2, assume that there is a small § > 0 s.t.
u. € H'79(Q). As before [u.], € HY?T(0Q) and the latter space being a multiplicative
algebra, we deduce that [u.]2 € HY?*9(9Q) so O,u. € HY/*9(09), and then u, € W2+92(Q).
Then, a bootstrap argument yields u, € H*?*(9Q), so that ¥y > 0,[u.], € H*271(0N)
(see [29]), and if f is regular enough and 7 small enough, u. € W3 72(Q) — W23(Q) by
imbedding.

Remark 3.5. When u is less regular than W? onr:L(Q) say u € W*t(Q), 1 < s < 2 we can

obtain a bound of A2~V ]u\fq + 27D (2 )“ |u|WW+1 @) HfHLQCEQl)/a in Lemma 3.1 and a

bound of Ch*~! in Corollary 3 2 i) and 7). This is straightforward when u is continuous
which is always the case when d = 2 or d = 3,s(a + 1) > 3. In the remaining cases, the
Lagrange operator fails and interpolation operators adapted to nonsmooth functions should
be considered.

4 A priori error analysis in weak norm

4.1 The companion problem

Let u € V and u, € Vj be the exact and the approximated solutions of (9) and (10),
respectively. Denote by ( = u—wuy, € V the error, and assume that « satisfies (5) and o # 1.
Following the idea of [19] in a slightly different context, we introduce the companion problem

1 , B
pev a(qb,v)—i-g/rc qa(u)@}/ﬂ@, Yo eV, (12)

where a is the bilinear map defined in (4), go(u) = [u]2, so ¢, (u) = afu]f ™

8



As a linear problem with mixed Dirichlet-Robin boundary condition, problem (12) is
well-posed and the solution ¢ € V' satisfies [y (o) < [C]r2(0) uniformly in . Under some
assumptions on 2 and the interface between I'c and I'p (see [26]), we know that the solution
indeed belongs to H?(£2). In some particular cases (see [18, Theorem 4.3.1.4]), the solution
¢ € V also satisifes the regularity estimate

|60y < el qh(w)|¢] 2,

with ¢(e7'¢/,(u)) a constant that depends on its argument. In the following, we will assume
that the following assumption holds.

Assumption 4.1. The unique solution ¢ € V' of (12) satisfies the stability estimate ||z q) <
c|¢| 2y with ¢ > 0 independent of € and w.

In what follows, we denote by ¢, = m,¢ the Lagrange interpolation in V}, of ¢. Usin
assumption 4.1 and the inverse inequality, we obtain

1 3 3
|6 = dnlrzwe) + 12 |6 = Onlig) S h2 [0y S P2l 2@)- (13)
Using the continuous embedding H?(Q) < H3?(I'¢), we also have for d € {2, 3}:

|pnll ooy < N@lrewe) S 10lmarzme) S 16lm2@) S 1<1220)- (14)

4.2 L*(Q)-norm estimate for d = a = 2

Lemma 4.2. Let d = 2 and o = 2. Let u € V be the unique solution of (9) and u, € Vj,
the unique solution of (10), respectively. Assume that u € W?3(Q) and that € > 0h with 0
large enough. Then

lu—unlr2@) < C(|U|W2,3(Q) , ”f||L2(Q))h2;

where c(|uly2sq) ;[ fl12(0)) denotes a constant that depends on its arguments.

Proof. Proceeding as for linear problems, we choose v = ( in (12) to obtain
2 1 !
Il = (6.6 + = [ ditwoc
€ Jro

Denoting ¢, = m,¢, using the definition of u and u;, and the Galerkin orthogonality, we infer
from (9) and (10) that

1 1
0 = a(u, ¢n) — alun, ¢n) + —/ (¢a(u) = qa(un))dn = a(C, én) + —/ (qa(w) — qolun))dn.
€ Jre € Jre
Subtracting the two previous equalities yields

Iy = (6,6 6n) = [ (0a(00 = aalunn + - [ dyfu)co

Te



or equivalently,

“(”%Q(Q) =a((, ¢ — ¢n) — é/r (¢ (u) = qal(un) — ¢, (u))on + é/r o (u)C(P — on).

C

We then write HC”iQ(Q) =T, + T, + Ts with

= a’(Cv(b_(bh)a
T = = [ (@ul) = ) = g,
7= 2 [ oo

To obtain an estimate of [(|2(q), we consider separately each term T, T5 and T3. For
Ty, we apply Cauchy-Schwarz inequality with (13) and Corollary 3.2 to obtain

1
T < Ju = unl gy ¢ = bl o) S clw, F)ZRZ[C] 20, (15)
with c(u, f) = (‘U/’?{Q(Q) + ]u\%gd(m Hf”LQ(Q)). Considering now the second term Ty, we

observe that )
Ga(t) — qalun) — ¢ (u)¢ = C/O (g0 (u — tC) — gy (u)) dt,

so that 75 can be written as

to= =2 [ con ([ ot 10 -y ).

To estimate the integral over ¢, we note that t € R — [t]; is 1-Lipschitz, so that in particular

1
/0 I — 1) — ()] dt S Ic].

Then, the simple estimate follows:
1 2
Tl <= [ 1< |onl.
€ Jre

Applying Holder’s inequality combined with the trace inequality |(|z2r.) < [(] 1L/22(Q) IC ]}ﬁ )
estimate (14) and Corollary 3.2, we obtain

1 1 1h
1| S g!|<||i2<rc)|!¢hHL°o(Fc> S EHCH%Q(Q) Sl S C(u,f)“’gHCH%Z@)- (16)

For the last term T3, we have



Then, applying Holder’s inequality with % + % + % = 1 provides

1
T3l S ZMul+leswo) ISl zwey |6 = Snllisey.

From (7), we know that |[u]4|rsry) S £3 ”in/;EQ) Then, using the trace inequality |(||r2r.) <
I< HlL/f(Q) IC |}q/12 (> We deduce from Corollary 3.2 that

2/3 1/2
7] S 11750 wﬂw 2 (u, )6 = dnlroe)-

It now remains to estimate |¢ — ¢p|ro(r). Observing that the embedding W2?(Q) —
W35(Q) is continuous (see [1]), we infer from Proposition 5.1 that

4_1
|9 = dnllzowey S h3 78 18], 400 S 18 1Blmaey S B8 NG L20e

Hence, for T3 it follows

B 2/3
7l 5 () HICT i L s £

Collecting the estimates on T, Ty and T3, and absorbing the constants in the < symbol, it

then follows 2/3
h h
Mmms(M+ﬂmmﬁmm@+(g I, (17)

We then use the hypothesis € > 0h to infer
IChzzey € 1* + 07 Gl eaqy + 6/ hIC] -

Since 6 is assumed large enough, the expected result follows from the previous bound using
Young’s inequality:. ]

Remark 4.3. When u is less regular than W%3(Q), say u € W*3(Q), 1 < s < 2 we can
check that the limiting term is 75 which requires that ¢ = h*~!; we then obtain an L?-error
bound of A® in Lemma 4.2.

4.3 L*(Q)-norm estimate for d =3 and o = 2
In this section, we extend the previous analysis to a three dimensional domain (2.

Lemma 4.4. Let d = 3 and a = 2. Let u € V be the unique solution of (9) and uy, € V},
the unique solution of (10), respectively. Assume that u € W?3(Q) and that ¢ > 0h with 0
large enough. Then

8
lu = unlr2@) < cllulyas@y | flrz@)hs. (18)
If in addition € > 9\/%,

lu = unlz@) S cllulyzs gy 1Fl2@) R (19)
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Proof. Proceeding as in the proof for d = 2, we observe that (15) and (16) also hold for
d = 3. For the third term T3 we apply Holder’s inequality with % + % + % = 1. Note that we
choose L° for ¢ and L? for ¢ — ¢, which is the contrary of the choice for d = 2. That choice
gives the best estimates we are able to obtain in our analysis (we skip over the discussion on
the choice which is technical). Hence, we obtain

2 2
T3 = —/F [u]+:((¢ — dn) < g|| [ lzswa) €l o@we) |6 — onllrz@e)-

3

Using estimate (7), it then follows

2 2/3
T3 5 m”-f”L/Q(Q) ||C||L6(FC)||¢ - gbh”Lz(FC)

and using (13), we have |¢ — ¢p|r2(ry) S h%||C||L2(Q). As a partial result, we obtain

2/3
< QMH/WMMMbnqy

Now, we combine the interpolation inequality |([rsry) S [€ H}:/zgrc I¢ Hil/f’ (rey valid in two

1/2 |<‘1/2

space dimension (see [3]), with the trace inequality || z2rq) < €]}z to obtain

1/6 1/6 2/3
ICheecrey 0G0 atay [<Timioy 1T
We now estimate | (| g1 r.) as follows:

[Clr ey < lu—mnu ey + lmnu — unl e
<2 lull sz ey + h 2| — |20
S0P Jul o) + b7 u = wnl ey + b e = mul e

< WP ulaz) +h72 o)

where we have used triangular, interpolation, continuous and inverse inequalities, combined
with the a priori estimate from Corollary 3.2. Then, we obtain

ICheecrey S I3y 1Tt 0y (2Tl + B2 ¢ 50y ) -
From Corollary 3.2, it follows that (|1 gy < c(u, f)h if € > 0h, so that

[Clisre) S elu, HRIC ),

where c(u, f) is some constant depending on [u|y2s(qy, |ulm2(0) and | f{r2). Hence, for Tj
we obtain the estimate

< h\** 4/3) ~7/6
L5 (2) nPII, (20)

12



which gives Ty < 672/3p4/3|¢ H7/ 0 . with & > 6h bounded. Hence, applying generalized
Young’s inequality yields
T3 S 07%7¢ 72 ) + %,

and since 6 is large enough we get (18). If we consider again (20) with the additional
constraint € > @h'/?, then

'/ e 1/37.4/3 ~7/6 2/315/3 7/6
1us () WP £ 0l

which implies T3 < 077|(|75 ) + h* and (19). O

4.4 Estimate in L*(Q)-norm for d = 2,a > 2

Lemma 4.5. Let d = 2 and o > 2. Let u € V be the unique solution of (9) and u, € Vj,
the unique solution of (10). Assume that u € W**TH(Q), h < e and h small enough. Then

lu = unlL2) < elas [ulyyaei ) 1f lL20))h* (= In(h)),
where c(av, [ulyyzasi (g [ flz2(0)) s a constant that depends on its arguments.

Proof. As in the case a = 2 we consider separately each term 77, T5 and T3 and we absorb
the constants in the < symbol. For T}, we obtain as before

Ta| < Ju = unl gy 16 = Bl sy S Boelu, £)21Cl2) S W2IC 2w

Considering now the second term 75, we still have

to= =2 [ con ([ btam -y a) <=2 [ con ([ - - gy a).

The estimate on the integral over t is now different, and we use the bounds of Lemma 2.3:
1 1
J =ty =gy s [ o=t~ - 15 W @D
0 0
Since [u— ] < [u]y + [un]y, we obtain [u — (] + [u]9? < O([u]T 2+ [up]%?) and then
1
[ =5t = ) e 1 + ) (22)
It follows the estimate

||

AN

= Clenl ([uly™ + [ua)g™)

3

N

(0% —
21T e o Ionl e ey (Nl 1505 gy + M) 152 )

13



where Holder’s inequality is used with —= + & a—+1 = 1. Using the a priori bound (7) for u
and uy, it implies

« a-+1
e e O ) i
a—2)/(a+1)

saMﬁmm(|mm@mﬂwhmz ,

where we have used (14) to infer that |¢p|r~re) S |€]22(@)- It now remains to estimate

I¢)? 5oy - Using the interpolation inequality ||(|| 2epn S ||C||z‘2+1Fc HC||£‘;1(FC) com-
C

bined with the trace inequality |¢]r2(re) S [¢]5e |g|1/2

229 ISl )y We obtaln

<] 2o S HCHQ(”‘*” ICIH?Ei HCHEISM (23)

Then, using Corollary 3.2, it implies that

3
R\ e+t 341 -
s a (1) K KL,

Finally, we estimate |([zr.) using Proposition 5.2 and Corollary 3.2 as |(]ze(re)

hy/—In(h) yielding
3
N e o
s a(2)7 0 (vEmm) T i

Let us now consider the last term

~

« o
7= 2 [ oo - ).
e Jre
and apply Holder’s inequality with a—l + 2(a ot m = 1 to obtain
«
(e [ ey 6= dul e o).

1)

Proceeding as above, we use the estimate |[u]4|poriry) S sa%rlH f Hi/z((cg and the esti-

mate (23) on ]|C||L2(a3+1) e to obtain

LIS — i 2‘”” |C|?ﬁ(+g§) HCIIEIJFC |6 = énll ra@in ey

Then, using Proposition 5.2 and Corollary 3.2, it follows

Ty < gnq;“mmw( —mmﬁ”W¢ Onl e

14



Now, we use Proposition 5.1 with the continuous embedding W?2?(Q) — W%ﬁg(aﬂ)(ﬁ) to
obtain

at2 1 2043 2043
||¢ _ Cbh”L?(aH)(FC) S h o+l 2(atD) |¢|Wﬂ% 2(a+1)( o < h2(a+D |¢|W272(Q) 5 h2la+n) ||C||L2(Q).

Hence, we obtain

2
h atl _gda—2s a+1
g (2) 7 a5 () ey

Now, collecting the three estimates of T}, T5, T3, it follows

2 h 0‘3 2(a 2) a+1 2(;;712)
Il S+ ( 2 Pl (VETm) T+

2

b\ o+t 2“ L 2a+1 %
(2) sty (vemm) T e

3

so that we conclude applying Young’s inequality with the assumption h < e. O

Remark 4.6. Note that the estimate (17) obtained for a = 2 is consistent with the general

estimate (24) valid for all @ > 2. In addition, observe that the assumption ¢ > 0h with 6

large enough is not needed if o > 2, since we have —3- < 1. Nevertheless a |In(h)| term

a+1
appears when a > 2.

5 Technical results

Let m, be the linear Lagrange interpolation operator which to any function v € WeP(Q)
with sp > d and vanishing on I'p associates its interpolant m,v € V},. We recall the following
properties.

Proposition 5.1. For all v € W?P(Q) with 2p > d,
I — ooty + 70 — ey S B2 [ohyasiey
Im0 = oliarey S B0 ol
More generally, if v € WP(Q) with sp >d and 1 < s < 2,
[0 = liarey S B [olgney -
Proof. For all K € Ty, the local interpolation theory gives us
|70 = vl o) + b [0 = Wl ) S P [0l - (25)

Considering a boundary face F' touching the cell K € €2, we have from the multiplicative
trace inequality in LP(F'):

—1

p=1 _1 1 1
|70 = vllory S lwnv = ol 2y <th |70 = vl Ly + 1V (00 = v>||£p(K)> :

15



Hence, combining these two estimates, it follows

91
|mhv = vleery S by |U|W27P(K) J
and we obtain, summing over F' C I'c,
2p—1 -
Imno = ey < D Wi olvaniieny S B 0l -
FCl'e

The generalization to 1 < s < 2 follows the same lines as previously starting with a similar
estimate as (25) for 1 < s < 2. O

The next lemma is needed in the two dimensional case when o > 2.

Proposition 5.2. Let Q@ C R? and T C Q. Consider v € VNH?(Q) and vy, € V},. Assume
that h is small enough. Then

o — vl ey A/~ (B o]0y + v/~ (B0 — vl sy

Proof. We start with the triangular inequality |v — vp|zec(rg) < [V — TRV|Loo(rg) + |TRY —
up| Le(I'w) Where my, is the Lagrange interpolator mapping into V}, and we consider separately

[v = Thv]Loe(re) and |mhv — vpleere)-
From the Gagliardo-Nirenberg interpolation inequality in one dimension (see [3]), stan-
dard error estimates (e.g., issued from Proposition 5.1) and the trace theorem, we get

1/2 1/2
o = mnolieey S N0 = ol o = mno e,

< 3/2 1/2 1/2
~ (h |U|H3/2(rc) h |U|H3/2(FC)>
S h ‘U‘HQ(Q) :

Consider now the discrete term |m,v — vp|peor.)- Apply the one dimensional global
inverse inequality on I'c with p € [1, 00] ([15]), and obtain

|mhv — vnlzerey S TP |mRv — vil ocre)-

Then, using the embedding inequality |v]zrry) S \/]3||11||H%(F ) for all v € H'?(I'¢) and
c
p € [1,00) (see [2]), it follows

|70 = vnl oo (rey S VPR VP Imn0 — vallgsergy-

Choosing p = —In(h) yields

”7ThU — Uh"L"O(Fc) S A/ — ln(h) ”7Th’l) — 'Uh”Hl(Q)-

Finally, using a triangular inequality and Proposition 5.1, we obtain

[0 = lieirey S A/~ I0R) [0l a0y + v/~ (B = vnlin o

The result then follows by collecting these estimates and observing that h < hy/—In(h) for
h small enough. O
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