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Abstract

A new formula is obtained for the holomorphic bi-differential oper-
ators on tube-type domains which are associated to the decomposition
of the tensor product of two scalar holomorphic representations, thus
generalizing the classical Rankin-Cohen brackets. The formula involves
a family of polynomials of several variables which may be considered
as a (weak) generalization the classical Jacobi polynomials.
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Introduction

The tensor product of two holomorphic discrete series representations
has been long studied (see e.g. [7]). For scalar ones, L. Peng and G.
Zhang (see [6]) obtained fairly complete results for the decomposition
into irreducible components. When the representations are realized in
the weighted Bergman space model, the projectors on the irreducible
components are given by bilinear holomorphic differential operators.
In the case of the holomorphic discrete series representations of the
groupe SL(2,R) (or rather of its universal covering), these differential
operators coincide with the classical Rankin-Cohen brackets. Recently,
T. Kobayashi and M. Pevzner (see [5]) studied the same operators from
a different point of view and pointed a link to classical Jacobi polyno-
mials. The use of the L2-model for the representations, obtained from
the weighted Bergman space model by an inverse Laplace transform
plays an important role in their approach. Their paper was a source
of inspiration for this work.

In the present paper, part of their results are generalized to a tube-
type domain and its holomorphic automorphisms group. The group



can also be viewed as the conformal group of a Euclidean Jordan al-
gebra. The connection between a family of covariant bi-differential
operators on a Jordan algebra and a family of polynomials of several
variables was observed by the present author in [2]. The holomor-
phic counterpart of these results yields on one hand a new formula for
the holomorphic bi-differential operators on a tube-type domain which
generalize the classical Rankin-Cohen brackets, and on the other hand
a family of orthogonal polynomials which appears as a (weak) gener-
alization of the Jacobi polynomials.
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1 Geometric and analytic background

1.1 Euclidean Jordan algebra

Let V' be a simple Euclidean Jordan algebra. A general reference for
notation and main results is [3]. Let n be the dimension of V', r its
rank and d its characteristic number, which satisfy

r(r—1)

=r+—d.
n=r-+ 5

Let tr and det be the trace and the determinant of V. The inner
product on V' is given by

(z,y) = tr(zy) .



The neutral element is denoted by e and satisfies (e,z) = trz for all
zeV.

The structure group Str(V') is defined as the subgroup of GL(V)
of elements ¢ € GL(V') for which there exists a scalar x(£) € R* such
that for all x € V

det({z) = x(£)det x . (1)

Then x : Str(V) — R* is a character of Str(V).

Let Q be the open cone of squares, and let G(Q2) be the subgroup of
GL(V) preserving the cone Q. Then G(Q) C Str(V) and in fact Str(V)
is the direct product of G(2) by {£Id}. Moreover, for ¢ € G(f),
x(¢) >0 and

Det(€) = x(0)"" . 2)

Let P be the quadratic representation. The following identity holds
forzxandy eV :

det (P(x)y) = (det z)* dety . (3)

Recall the following equivalent propositions for an element x € V' :
i) « is invertible
i1) detx # 0
iii) P(x) is invertible .
When any of these propositions is satisfied, then the inverse of x is
given by
7! =Px)"(z) .

The open set of invertible elements is denoted by V*. For z € V>,
P(z) belongs to Str(V), and if moreover = € 2, P(x) belongs to G().

The Peirce decomposition plays the role of the spectral theorem
for the symmetric matrices. In particular it allows to define for any
z € Q a square root z'/2 which is the unique element in  such that
(21/2)2 = 2.

The following example may help the reader not familiar with Jordan
algebras. Let r be an integer, » > 1, and consider the space V =
Sym(r,R) of r x r symmetric matrices with real entries, equipped with
the Jordan product z.y given by

1
vy =5(ey +yz) .

The rank is r, the characteristic number is d = 1 and the dimension
isn = @ The trace and determinant coincide with the usual
notions, the cone €2 is the cone of positive-definite symmetric matrices.

The quadratic representation is given by

P(z) = zyz .



The group G(?) is isomorphic to GL(r,R)/{£1d} acting by
(9.2) — gzg" .

Going back to the general situation, a parametrization of €2 x €2,
akin to polar coordinates, will be needed later. Denote by | — e, +e]
the ”interval” between —e and +e, i.e.

[—e4e[=(—e+Q)N(e—Q) ={zeV,etzecQ}.

Proposition 1.1. The map ¢

1
Ox] —e,+e[3 (z,v) — t(z,v) = (5(2: - P(z%)v), (z+ P(z%)v))
(4)
is a diffeomorphism from Qx] — e, +e[ onto Q x Q. Moreover the
Jacobian of v is given by

DN | =

jac(e)(z,v) = 27" (det 2) " . (5)
Proof. Let z € Q and v €] —e, +e[. Then, as P(z'/2) belongs to G(f)
24+ P(z7)v = P(z2)(e £v) € Q,

and hence the image of ¢ is contained in Q.

Conversely, assume x,y € ). Necessarily, z = x4+ y and as z € (),
27 is well-defined. Next, y—z = P(2Y/2)v, and as P(z%/2) is invertible,

again necessarily v = P(272)(y — x). Now, as e = P(z72)(z)
etv=P3)(z+y+(y—=) P 7)Q)=0.
Hence (z,v) € Qx] — e, +e[. Moreover,

SEP(W) = L (@tyE (PEHPE D) -2) = 5 (vt y—2)),
or equivalently ¢(z,v) = (z,y), showing that ¢ is both injective and
surjective.

The map z — 27 is known to be a diffeomorphism of €2, so that
¢ is a diffeomorphism. To compute the Jacobian of ¢, set for a while
s=x+yand d = —x + y, so that

and the differential of the map (z,v) — (s, d) is equal to

(% i)

Now by (1), (2) and (3), Det P(27) = (det(27)) " = (det 2)* and the
result follows |

2n
r



There is a corresponding integration formula for the change of vari-
ables.

Proposition 1.2. Let f be an integrable function on € x Q. Then

/szxszf =y) dedy = 27 "/ /]]e,+e{[f(b(zav))(det z)rdzdv . (6)

1.2 The conformal group and the degenerate prin-
cipal series

Let j be the mapping defined on V* by

jlx) = -2t .

The differential of j at x € V™ is given by
Dj(x) = P(z™") = P(x)™" .

In [1], in a larger context and for technical reasons, was introduced the
subgroup L of Str(V) defined by

L={teStr(V),x(¥) >0} .

Remark. G(2) is contained in L and, thanks to (3), for any € V|
P(z) also belongs to L.

Let N be the group of translations of V', which is isomorphic to V'
as an Abelian Lie group, and let P = L x N.

Following [1], define the proper conformal group Co(V)* of the
Jordan algebra V as the group of rational transforms of V' generated
by L, N and j. The group Co(V)™ is a simple Lie group. The subgroup
P consists of all elements of Co(V)T which are affine transformations
of V and is a maximal parabolic subgroup of Co(V)*.

Let g € Co(V)™, and assume that g is defined at z € V' (hence also
in a neighborhood of x). Then the differential Dg(z) of g at = belongs

to L. Define )
Cg(x) = X(Dg(x))_

The Jacobian j(g,x) of g at « is given by

Jlg,r) = Cg(w)_n/T .

Proposition 1.3. Let g € Co(V)™T

i) The function ¢y a priori defined on some open dense subset of V
can be extended as a polynomial function on V.

i) The function cq is nonnegative and

cq(z) # 0 <= g is defined at x .



iii) There exists a polynomial function ay(z), unique up to a sign
+, such that

For a proof of iii), see [1].

A twofold covering of Co(V)" was constructed in [1] using the
cocycle a(g, x) 1= ag4(x).

Let G = {(g,a4),9 € Co(V)*} with the group law

(91,%1)(927%2) = (9192, (a‘gl °g2) %2) .

The group G is a twofold covering of Co(V)*.

There is a family of representations (py ) induced from the parabolic
subgroup P~ of G~ covering P, indexed by (A, €) € Cx {£}, sometimes
called the scalar degenerate prinicpal series. In the moncompact pic-
ture, the representation is given by

(Pre((9:09)) f) (@) = alg™",2) ™ F (g7 (@) (7)
where z € V and f € C>®(V).1

1.3 The automorphisms group of the tube-type do-
main and the series of holomorphic representations
Form the tube domain To =V & i) C V=V @ C. Let G(Tq) be
the group of holomorphic automorphisms of T. Some subgroups of
Tq are easy to describe. Firstly, any g € G(€2) can be extended to a

complex linear automorphism of T and hence G(€2) can be regarded
a a subgroup of G(Tq). Next, for u € V, the translation

Tu 22— 2+u

is a holomorphic automorphism of Tq, and the group of all translations
Tu,® € V is an Abelian subgroup N* of G(Tg). Finally, any element
of T is invertible in V and the map

Liz—y —z7 1

is an holomorphic automorphism of Tg.

Proposition 1.4. The subgroups G(2), NT together with the element
j generate the group G(Tq).

For a proof see [3] Theorem X.5.6.

Lwith the ususal convention for t € R*, ¥ = |¢|*, t}~ = sgn(t)|t|* .



Let G = G(Tq)° be the connected component of G(Tq) containing
the neutral element. Notice that the inversion ¢ belongs to G, as ¢
belongs to the connected subgroup of G(Tq) given by

{g(%@%& avﬂv’YaéERa a5*57:1}/{i1d}

where
Japys 2 — (az+ Be)(yz+de) ™t .

See [3] p. 208.
For g € G and z € Tq let

j(g,2z) = Det¢ (Dg(z)) )

For fixed g, the function z — j(g, z) does not vanish on Tq. As Tq is
simply connected, it is possible to define a logarithm, and two deter-
minations differ by a multiple of 2im.

Now the universal covering G of G can be described as follows :

é = {(gawg)vg S Gv’l/)g : TQ — C;eq}g(Z) :](gaz)}

with group law given by

(91: %00 )(92: ¥02) = (9192, Vi (92(2) + ¥ (2) )

We omit the description of the topology and the Lie group structure
of G. Notice that the fiber of the covering is isomorphic to Z.

Denote by O(Tq) the space of holomorphic functions on T, equipped
with its Montel topology. Let v € C. Let (g,¢4) € G and let
F € O(Tq). The formula

o ((9,49)) F(2) = 2700 O F (g7 () (8)

defines a (smooth) representation 7, of G on O(Tq). The factor 5-
is introduced to correspond to the classical normalization and will be
commented later.

1.4 The derived representations

The groups G(§2) and L have the same neutral component. Hence the
group Co(V)* and G(Tq) have the same neutral components, so that
the groups G and G are locally isomorphic, in particular have the
same Lie algebra simply denoted as g.

The purpose of the next proposition is to compare the derived

representations dm, and dp, . of the Lie algebra g = Lie (G(Tq)) =
Lie(Co(V)*) = Lie(G) = Lie(G"). It is well-known that in both cases,



these derived representations are given by first order differential oper-
ators with polynomial coefficients. For 7, the derived representation
is given by holomorphic differential operators on V. For p, . we may
extend the differential operators on V' of the derived representation as
holomorphic differential operators on V.

Proposition 1.5. The derived representations dm, and dp, . coincide.

Proof. In order to compare holomorphic differential operators, it is
enough to test them on holomorphic polynomials. So let F' be a holo-
morphic polynomial on V. Let zp be a point in V. For g in the
common neutral component of Co(V)T and of G(T,), close enough to
the neutral element, g is defined in a neighborhood V; of xg in V, and
j(g7t 2) € C \ (—00,0] for z € Vy. Denote by Ln the principal deter-
mination of the logarithm in C \ (—00,0]. Then Ln(j(g~!, 2) is well
defined on V, and there exists a global determination v, of log j(g~*, 2)
on T which coincides on Vo N T with Ln(j(g~!, 2). Then

™ ((9.4)) F () = e2a” 205D (g7 (2) (9)
On the other hand, j(g=!,2) > 0 for x € Vo NV and

ey 1(2) = jlg71, @)~ F = e~ InGle ™) |

Hence e~ 27 (97" 2)) s a local determination of ¢, (z)/2. By Propo-
sition 1.3 #4i), this local determination has a global extension a4(x) to

V. Hence for x € Vy NV,

prc((9,ag)) F(z) = e 1030 D pg=1 (). (10)

Extend by continuity (9) to z = « where € VyNV and compare with
(10), to get
Ty ((ga "/’g))F(‘T) = Pr,e ((g, ag))F(w)

for x € Vy NV. By differentiation, for any X € g
dr, (X)F () = dpy,F(x)

for x € Vo N V. As xy was arbitrary in V, dm,(X)F and dp, (X)F
coincide on V. As F was an arbitrary holomorphic polynomial, this
shows that dm,(X) and dp, (X) are equal for any X € g. The state-
ment follows.

O



1.5 Weighted Bergman spaces and the holomorphic
discrete series

Let dx be the Lebesgue measure on V associated to the Euclidean
structure on V. The Gamma function of the positive cone € is given
by

Fs)(u):/e*“(m) det(z)"~ " dx
Q

=(27) 2 T()T <y g) T <y (r — 1)%) :

See [3] chapter VII.
For a real parameter v, define H, (Tq) as the space of holomorphic
functions f : Tq — C such that

1FI2= [ PG+ i) detty)# dody < +00.

Tq

For v < 1+ d(r — 1), the space H, is reduced to {0}, so assume that
v > 1+4d(r—1). Then H, is a Hilbert space # {0}. For these results,
see [3], chapter XIII.

For (g,vq) € G and F € H,, the formula

pu(9)F (2) = ean¥o ) F(g71 () (11)

defines now a unitary representation p, on H,. These representations
belong to the holomorphic discrete series.

There is another usueful realization of these representations, using
the Laplace transform. For f € C°(Q), let for z € T

Lf(z) = i f(©e'=9dg .

The integral converges for z € T, and the function Lf is holomorphic
on TQ.

Let L?(Q2), = L? (Q,det(£) ™"+ ) be the Hilbert space of functions
on 2 which are square-integrable w.r.t. the measure det(&)™**+ 7 d¢.

Proposition 1.6. For v € R,v > 1+d(r — 1), the Laplace transform
can be extended by continuity to yield (up to a scalar) an isometry from
L2(2), onto H,(Tq). Furthermore

hO3
T

IL£II7 =2

“Talv =) fI2 -

For this result, see again [3] ch. XIII. Notice however some changes
in notation.



2 Rankin-Cohen brackets in a tube-type
domain

2.1 Definition of the Rankin-Cohen brackets

We now proceed to the construction of a family of holomorphic bi-
differential operators with constant coefficients on V x V, called the
generalized Rankin-Cohen brackets.

Proposition 2.1. Let s,t € C and k € N. The expression

k
) (@, ) == (det ) ~(det y) " det <% - (%) ((det z)*T* (det y)*+*)
(12)

a priori defined on £ x  can be extended as a polynomial function on
V xV.

This proposition, formulated in [2] is essentially a by-product of an
important result of [1].

Lemma 2.1. The polynomial cgft) satisfies the identity

Ve e G(Q), ) (e, ty) = x(OF B (2,y) . (13)

Proof. Let D = det (% - 6%). For ¢ € G(Q), let Dy be the differential

operator given by
Dyf =D(fol Yot

The symbol of D is d(£,¢) = i" det(¢ — (), and the symbol of Dy is
equal to dy = d o (¢%)~1. From (1) follows for h € G(Q)

d(h&, h¢) = x(h) d(&.¢) -
Apply to h = (£!)~! to obtain
de = x(0)'d and hence D, =x(0)7'D,

which implies
D = x(6)~"D" . (14)

Let for a while e ¢(x,y) = det(z)® det(y)'. By definition,
Dk@s-{-k,t-{-k = Cs,tEst -
On the other hand,
Djesiiirk =DM (esrnirn ol ) ol = (x(0) > " (DFesppqn) ol

= x(O) T (g rest) 0l = x(0) T (csr0 ) esy
Combining these two calculations with (14) yields (13). Notice that

this result implies that cglft) is homogeneous of degree rk. O

10



Let res : O(Tq x Tq) — O(Tq) be the restriction map to the
diagonal given by

J € 0(Ta x Ta), res(f)(2) = f(z,2) .

Definition 2.1. For A\,u € C and k € N define the k-th generalized

Rankin-Cohen bracket B/(\k; by

g 0
Bg\lfzb = res OC)\,%#L,% <&,%> . (15)

Theorem 2.1. Let A\, € C. The Rankin-Cohen brackets are covari-
ant bi-differential operators with respect to (mx @ Ty, Trypt2k), i.e. for
any g € G

B o (ma(9) © 1(9)) = maspran(g) 0 B . (16)

Proof. For arbitrary (A, €), (u,n) € Cx {+£} the authors constructed in
[1] a family of bi-differential operators from C*°(V x V) into C*°(V)
which are covariant for G2 with respect to ((p,\,€ ® pu,n)apz\+u+2k,en)-
In [2] the present author proved that these operators are equal (up to

scalars) to
Q) 9 9
res OCA_%7H_% %,a—y ,

where "res” here stands for the restriction from C>°(V x V) to C>=(V).
The covariance relation obtained for the group G2 can be translated to
the derived representations. Then use Proposition 1.5, i.e. the identifi-
cation of the derived representations d (px,c ® pu.n) (resp. dpr+p+2k,en)
with d (m\ ® m,) (resp. dmayut2r) to obtain a covariance relation for
the derived representations, namely for any X € g

B 0 d(ms © ) (X) = dma s (X) 0 B

This relation can now be integrated along the one-parameter subgroups
of G. Use the connectedness of G to obtain the covariance relation (16)
for any element g € G. O

2.2 Expression in the L?-model

Assume now that A, u > 1+d(r —1). The (completed) tensor product
HA®H,, is identified with the space H),, of holomorphic functions F
on T x T such that

// |F(x 4 iy, u—+ it)|? det(y) ™ det(¢)*~ 7 da dy du dt < oo .
TQXTQ

11



The corresponding (completed) tensor product L3 (Q)&®L?2(€) is iden-
tified with

L3, (2 x Q) = L*(Q x Q,det(§) "7 det(¢) "7+ d€dC) .

For f € C°(Q x Q) define its Laplace transform Lz f to be
Loferw) = [[ - Hl6 Q=0 Dagac
QxQ

Then Lo extends as an isometry (up to a scalar) between Li,u(ﬂ x §2)
and /H,\w.
The Rankin-Cohen operators have a counterpart when working

with the L2-model instead of the weighted Bergman spaces. Define

Bk - k - o 0

Bg,;),t =L 1 OBgvl)i OEQ =L 1 OI‘QSOCA,%”U‘,% (&, %) Oﬁg .
The composition of these operators is a priori formal, but will be
shown to make sense on functions in C°(Q x ). Recall the ele-

mentary formula for the Laplace transform, valid for any holomorphic
polynomial p on V

p(52) €nE = [ i ac

The following consequence is then immediate.

Lemma 2.2.

0 0 -rk
C/\,%Hu,% <£,%> OEQZZ EQOCA,%HLL,% . (17)
Notice that the multiplication by the polynomial cx—=z ,_= is a
continuous operator on C° (€ x Q).
The next step is to calculate resoLy (cf [5]). For f € C°(Q2 x ),
define for £ € Q

THE) =27 "(det §)* [ | Je o (18)

By elementary arguments, the integral converges, the resulting func-
tion Jf belongs to C°(2) and the operator J : CX(2 x Q) —
C°(Q) is continuous.

Lemma 2.3.
resoLo=LoJ . (19)

12



Proof. Let f € C°(Q2 x §2). Then, for z € T

res (Laf)( / / F(€,0)e! e+ ded¢

:/ <2n(det 77)%/ f(l,(n,v))dv> e g
: I—e,+el

by using the change of variables (£,¢) = t¢(n,v) and the integration
formula (6). This finishes the proof. O

From these two lemmas follows the main result.

Theorem 2.2. The operator Eg\ki maps C° (2 x Q) into C°() and
satisfies
B,(\k;)i i"Jo C(k) 2, pu—2 (20)
The expression for the operator Ef\kL can be given a slightly differ-
ent form. Introduce the polynomial Cgki on V defined by
- (55557).

)

Lemma 2.4. For (n,v) € Q x [—e, +¢€]

k k
e (e(n,0)) = (det ) " CL1) (v) - (21)
Proof. Use the covariance property (13) of the polynomials cg\ki under
the action of G(Q2) to obtain
k k e—v e+v
et o) = (P S50 P )
k e—v e+v k
= (Por) el (S5 ) = et

O

Hence we may rewrite Theorem 2.2 as follows.

Theorem 2.3.

BY) £(6) = 27"  (det )4 / Crz,pn(v)f (¢(&0)) do .

13



3 Continuity and unitarity of the Rankin-
Cohen brackets

When A, i are real numbers and A, u > 1+ d(r — 1), it is possible to
study continuity and unitarity properties of the Rankin-Cohen brackets
using their simple expression in the L?-model.

3.1 The formal adjoint of Egk;
Let h € C°(Q2). The formula

(®1) (€, 0) =i"*(det =F (det ('~ * det(¢ + ()72
erms 2 (E OBE +C)

defines an operator from C¢°(£2) into C>°(Q x Q).

The Hilbert product on L2(Q) (resp. on L3 (2 x Q)) induces a
duality between CS°(€2) and C*(Q2) (resp. CSO(QXQ) and C*°(Q2xQ)),
denoted by (ha, ha)rz (vesp. (f1,f2)r3 )-

(23)

Proposition 3.1. The operator @g\kl is the formal adjoint of E;ki with
respect to the dualities induced by the Hilbert products on L§\+M+2k(Q)
and Li_’#(Q x Q).

Proof. Let h € C(Q) and f € C°(Q x Q). Then

B (k) _
G

Ntpt2k

20 [ et )+ der( B [ o) Tl v

]]7674"’6 |I
On the other hand,

((I)g‘lflh’ f) L2 -

e

" // h(E+ Qermz 2 (€, C) det(€ + )TN H2H (€, ()dgd(
QxQ

r

- //]] et (det )™ (et )" o ()T

and the result follows. O

14



3.2 Unitarity and continuity properties

Theorem 3.1. The operator (I)g\kL is a partial isometry (up to a scalar)

from L§+#+2k(ﬂ) into Li,u(ﬂ x Q).
Proof.
k
255, h* =

/Q /Q B (e, [ (det €)% (det )~ % ded(

— [ IBEHOPIE . (€ QP (et () det(ae) 204+ ¥ dea
aJa T
Now use the coordinate change (£,{) = ¢(n,v). Notice that
det{ =27"detn det(e —v), det(=2""detn det(e+v),

S e (60 = (detm)* O, (v)

so that the integral becomes

—rA—rpt+n (k) 2 A_n .
2 A—rpt / |CA7£ 2z (U)| det(e — ’U) r det(e + ,U)M r dv
I—e,+el T

| |h(m)(det )™ dy
Q

= C()\a s k)Hh’H§\+,u+2ka
where
c(\ k) = gmrATTHAn / |C>\7%7#,% (v)|2 det(efv)/\f% det(e+v)“*%dv .
]]7674"’6'1
O

Corollary 3.1. The operator B/(\k; 1s continuous from Hy ; into Hqputok-

Its adjoint Bg\kzb is (up to a scalar) a partial isometry from Hay 42k
into Hx u-

Proof. Recall that @&kl is the dual of the operator E;kl)t From Theo-
rem 3.1 follows that Eg\kl is continuous from L3 ,(2x€) into L, , 9;.(2).
Now via Laplace transfrom/inverse Laplace transform, B/(\k; is contin-
uous from Hy ;, into Hxypyor. Similarly, its adjoint BE\kL* corresponds
to @&kl and hence is a partial isometry (up to scalars). o
Said differently, the last result shows that the orthogonal decom-

position of the tensor product 7y ® m, into irreducible representations
contains a copy of w4 4ok for each k£ € N.
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4 Applications

In this last section, we continue to assume that A\, u > 1+ (r — 1)d.
The corresponding representations my or 7, belong to the holomorphic
discrete series, a fact which was not used before. The existence of a
lowest weight vector in the space of the representation is the only result
really used therafter. For more information, see [3], [4], [7].

4.1 Lowest weight vectors

Let
Pa(€) = e~ E(det &) zeN,
©a(z) = det(z + ze)_k, zeTq .

Lemma 4.1.
i) ¥y belongs to L3(Q)
1) x belongs to Hy
iit) L(r) = " Ta(N)px

These results are contained in [3] chapter XIII. They give the ex-
pression of a (unique up to a scalar) lowest weight vector in the two
realizations of the holomorphic discrete series representation 7y .

Proposition 4.1. The lowest weight vector (unique up to a scalar)
in the subspace of Hx,, corresponding to the component isomorphic to
Hatpu+2k 18 given by

det(z — w)* det(z + ie) A F det(w + ie) THF . (24)

Proof. The lowest weight vector in the space L/\+u+2k( ) 1S Uagput2k-
The corresponding vector in L3 M (which is the lowest weight vector of
the component in L3 , isomorphic to L§\+H+2k (2 xQ))is

B8, (Uatpran) (€ Q) = (det 7 (det ()~ Fem e, L (€,0)

The Laplace transform of this function is

/ / e (0+00) qop A+ det ¢ FemtrSem T D, L (€,C) de dC
Q n

Recall that

k
deté/\—— det@—?c/\ n _%(§7§) = det (aﬁg — aﬁc) (detg)\-l-k—— det<u+k——) ,

and substitute this expression in the integral to obtain

0] 0]
(2,6)+(w, C) 7tr(£+c) Ak—2 ptk— 1
//Q dt<a€ GC) (det ¢ det ¢HE =Y ded(
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Next integrate by parts. Notice that for any smooth function f on 2
and any polynomial p on V

(& &)rerom

k
det (E _ 2) (ei((zyé)Jr(w,C))e—tr(£+<))

— i det(z — w)ke(BO+w.0) o~ r(e+0)

so that

Moreover, the condition on X and p implies A — 2, — 2 > (r — 1)%,

which in turn implies the vanishing of the border contributions when
performing the integrations by parts. Thus the integral is equal to

(=1)*7i*r det(z — w)k / / e e et MR e et (TR T gedc
oJo

= const. det(z — w)F det(z + ie) A det(w + ie) T .

4.2 Orthogonality of the family C’/(\k)

Proposition 4.2. The polynomials C form an orthogonal family in
L? (] — e, +e[,det(e — v)* det(e + v)* )

Proof. For k # 1 € N, the subspaces I'm (B/(\k;*) and Im (B/(\l)u*) are

two non equivalent (hence orthogonal) components in the decompo-
sition of the tensor product H, ,. In particular, their lowest weight
vectors are orthogonal. Hence, by isometry, the corresponding lowest
weight vectors in the L?-model of the representations are orthogonal,
ie.

/ / q)E\]?L("Z))\JrquZk)(faC)@E\l7)u("/))\+u+2l)(§vC)(det €)M (det ¢) M dgdc
aJo

=0.

Using (25) and after simplification, the integral becomes

// det €)M 7 (det Q)7 e 2O, L (6,0, a (€, Q)dgdC .
Q "

Use the change of coordinates (£, () = t(n,v) to write the integral as

313

/ / —200(det )T det(e — v) A7 det(e + v)PT
QJ]—e, el
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e (U)C,(\lzﬁ _a(v)dndv .

A=2 u—2 "

As
/ e 2 (det n)* v dn > 0
Q

follows

/ C(k) ) Cyzﬂ u_z (V) det(e—v)* ™7+ det(e+v)* " dv=0.
J—e+el B " T "

Up to the change of A— 7, 1 — to A, ju this proves the statement. [J

4.3 Final remark

The family of polynomials C’( ) reminds of the classical Jacobi poly-
nomials, appearing in the s1mplest example V =R (cf [5]). They have
in common at least three properties (see [2] for details) :

e a Rodrigues formula

. . k) (k—1
e a recurrence relation relating Ci and CA 11 Z 41

e for appropriate values of the parameters A, 1, orthogonality prop-
erties with respect to a certain measure dvy , on an "interval”.

For these appropriate values of the parameters, the Jacobi poly-
nomials are not only orthogonal but form an orthogonal basis of the
Hilbert space of square-integrable functions for the measure dvy , =
(1 — 2)*(1 + z)#dx. This is lacking in our more general case. The
polynomials C( BL are invariant by the automorphisms group Aut(V')
of the Jordan algebra V. From the spectral theorem, it is easy to see
that such an invariant polynomial (or more generally invariant func-
tion) depends on r variables. So one can guess that, in order to be a
basis of the Hilbert pace of invariant functions square-integrable w.r.t.
dvy,,, = det(e — v)* det(e + v)*dv, a family of polynomials should de-
pend on a r-tuple of integers. The decomposition of the tensor product
of two scalar holomorphic representations contains many non scalar
components (see [6]), indexed by a r-tuple of integers, which are not
considered in the present article. To these components correspond
more lowest weight vectors, which presumably could enlarge the fam-
ily of the orthogonal polynomials C'y ( ZL in order to obtain an orthogonal
basis of the Hilbert space of square-integrable functions with respect
to the measure dvy .

Let me address another question. The classical Jacobi polynomials
have expressions in terms of certain hypergeometric functions. A the-
ory of generalized hypergeometric functions exists for Euclidean Jordan
algebra, see [3] ch. XV. A complementary investigation would be to try
to relate the polynomials Cgk; with these generalized hypergeometric
functions.
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