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MAGNETIC WKB CONSTRUCTIONS ON SURFACES

Y. GUEDES BONTHONNEAU, T. NGUYEN DUC, N. RAYMOND, AND S. VU NGQC

ABSTRACT. This article is devoted to the description of the eigenvalues and eigenfunctions of
the magnetic Laplacian in the semiclassical limit via the complex WKB method. Under the
assumption that the magnetic field has a unique and non-degenerate minimum, we construct
the local complex WKB approximations for eigenfunctions on a general surface. Furthermore,
in the case of the Euclidean plane, with a radially symmetric magnetic field, the eigenfunctions
are approximated in an exponentially weighted space.

1. INTRODUCTION

1.1. Magnetic Laplacian on a Riemannian manifold. Let (M, g) be a two-dimensional
connected oriented Riemannian manifold (possibly with boundary) equipped with a metric g.
Let A be a smooth real-valued 1-form defined on M. Since M is two-dimensional, there exists
a smooth real-valued function B such that

dA =BdV,,

in which dV, is the Riemannian volume form on M. We call A the magnetic potential and B
the magnetic field. Let g : TM — T*M be the canonical isomorphism induced by ¢, i.e. for
each p e M and V € T,M,

(1.1) G (V)W) = g,(V, V) for all W € T,M .
Let g* be the dual metric on the set of 1-forms on M:
gu(wy, wa) = g,(g, " (w1), g, ' (ws)) for all wy,w, € T, M .

The magnetic Laplacian can de defined as follows. When M is a compact manifold, possi-
bly with boundary, consider the sesquilinear form defined for complex-valued functions u,v €
Hg (M) by

Qna(u,v) = / g ((—ihd — A)u, (—thd — A)v) dV, .

M
From the Lax-Milgram Theorem, (5 a is associated with a self-adjoint operator %}, o whose
domain is given by

u € Hy(M) : there exists f € L?(M) such that
DOII](X]LA) =

Qna(u,v) = (f,v)r2(0n) for all v € Hy (M)
= Ho(M) N H*(M),
and
(ZLhav; V)2 = Qnalu,v) Vu € Dom(Z,a),Vv € Hy(M) .

Choosing local coordinates (z',2?) on M, the operator %, o can be written explicitly as

2

1 ke
Loa = N MZZI (hDy — Ay) [\/@G (hDy — Ag)] ,

where D, 1= —i%, G is the matrix associated with g, and G** are the matrix elements of G*.
1

(1.2)
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Remark 1.1. When M is compact, we have H}(M) = H'(M) and
DOI’H(gh’A) = H2<M) .

The readers may consult [I3] 20, 9] for an introduction to the magnetic Laplacian on a Rie-
mannian manifold. We also refer the reader to the book [I8] for the study of the magnetic
Laplacian under various aspects.

In this paper, we will also consider the non-compact case M = R? with the Euclidean metric.
In this case, the operator is characterized by

Dom(%,a) = {u € Hj, s (R?) : (—ihV — A)*u € L*(R?)},
fh,Au = (—th — A)Qu

Since A € €' (R?), the operator (—ihV —A)? whose domain is 65°(IR?) is essentially self-adjoint

(see [A]).

1.2. Context and motivation. One of the initial motivations to study the spectral theory
of the magnetic Schrodinger operator was the mathematical study of superconductivity, see
[5]. The ground-energy is indeed related to the third critical field in the Ginzburg-Landau
theory. From this initial motivation, the spectral theory of this operator acquired a life of its
own, see the series of papers by Helffer-Morame, Helffer-Kordyukov, and Raymond-Vu Ngoc
[13, 14, [15] 16l 8, 17, O, 10, 11, 19, 12, [7]. Among this vast literature, the case of the magnetic
field having a unique and non-degenerate minimum was investigated very much. Namely, in [9]
Theorem 1.2] (on a compact manifold) or in [12, Theorem 1.7] (on R?), Helffer and Kordyukov
provided the following asymptotic expansions

Vdet H . (Tr Hz)?
B(po) 2B(po)

where pg is the minimum point of B and H = %Hess B(po) -

We can also mention that, with the help of symplectic geometry and pseudo-differential
techniques, Raymond and Vu Ngoc recovered the eigenvalues expansions through a Birkhoff
normal form and related them to the magnetic classical dynamics, see [19]. In [3], Bonthonneau
and Raymond used a WKB analysis to recover under analyticity assumptions on the
magnetic field, when the metric is flat. Such expansions were not known before, except in a
multi-scale context, see [I]. The reader might also want to consider the well-known results
about the WKB analysis in the electric case, see [4, Chapter 3].

The aim of this paper is to extend the analysis of [3] to the case non-flat metrics, and to
remove the analyticity assumptions. Moreover, in the case R? and with radial magnetic fields,
we will explicitely describe the magnetic eigenfunctions, and establish some optimal exponential
decay away from the minimum of the magnetic field. Such an optimal decay is still a widely
open problem in the general case, see however [0, 2].

(1.3) V¢ eN, Me(Zha) =B(po)h + <2€ ) h* 4 o(h?),

2. STATEMENTS

2.1. General case. Let us state our main assumption on the magnetic field B.

Assumption 2.1. Let py € M, we assume that
(i) The magnetic field B € €>°(M,R) has a positive minimum at py, i.e.

B(ps) = min B(p) > 0.

(ii) The Hessian of B at py is positive non-degenerate, i.e.

(A°B),,(V,V) >0, for allV € T,, M\{0} .
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Remark 2.1. Note that, if M is a compact manifold without boundary, our first assumption

cannot be satisfied since
/ BdVg:/ dA =0.
M M

Nevertheless, this is not a big issue since our constructions are local.

In order to state our main theorem, it is convenient to use the isothermal coordinates, see
[22, Page 438|.

Definition 2.1 (Isothermal coordinates). Let (M, g) be a Riemannian manifold of two dimen-
sions, a local chart
(2.6:9—¢(Q) CR?)
is called an isothermal chart if there exists a function n € €*°(¢(Q2)) such that
(2.1) ¢* (e*90) = g,
where gy is the Euclidean metric on R2,
Theorem 2.2. Let p* € M and assume that the magnetic field B has a local positive minimum

at p* and its Hessian at p* is positive non-degenerate. Then, there exists an isothermal local
chart (Q,¢ : Q — U C R?) centered at p* in which the magnetic field has the form

(Bo¢™")(q) = bo+ agi + g5 + O(lq]*) ,
where by > 0, 0 < a <7y and for all ¢ € N, there exist

(i) a smooth complex-valued function P defined on € satisfying

e210)p, Va ) Nal )
2 (\/a T AT ey At
on U, where n is given in Definition |2.1
(i) a sequence of smooth complex-valued functions (Uy;)jen defined on €,
(iii) a sequence of real numbers (g ;)jen with

(2.2) Re(Po¢™")(q) =

) Lol

Vdet H (TrHz)?
o = bo, fe1 = | 20 + ( ) )
b 2bo

(iv) a sequence of smooth functions (Fy;);en defined on Q and flat at p*,
such that, for all J € N,

J J J+1
eP/h (gh,A - hzlu&jhj> <€P/h Z Ugjjhj> = Z thgJ’ + O(hj+2> s
=0

=0 =0
locally uniformly on Q.
Corollary 2.3. Let p* € M and assume that the magnetic field satisfies the conditions of
Theorem[2.2. For any { € N, there exist

(i) a non-negative function P € C5° (M) ,

(ii) a sequence of functions (U ;)jen C 65°(M) ,
and for any (¢,J) € (0,1) x N, there exist C' > 0 and hg > 0 such that, for all h € (0, hy),
(23) [P (Lha = M) T dllzan < CH7H2,
where

J I
Np=hY el and Y7, =Y Ughi.
=0 =0

In particular,

(2.4) 1 (Lha = Aie) Tiellizry < O
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Remark 2.2. Corollary can be used to prove that there is no odd powers of h% in the
expansion given by [0, Theorem 1.2]. Furthermore, Corollary is a generalization of |9,
Theorem 2.1| in the case k = 0.

Let us now turn to the description of the “true” eigenfunctions. For each ¢ € N, let T},
be a normalized eigenfunction associated with A\;(-%, a). We introduce the projection into the
eigenspace of A\y(Zp.a) :

Hg : L2<M) — Dom(iﬂmA)
u = Iu = <u, Thjg> Th’g .

Using the asymptotic simplicity of the eigenvalues and the spectral theorem, we get the following
corollary.

Corollary 2.4. Assume that the magnetic field satisfies Assumption . For all (J,¢) € NxN,
there exist C' > 0 and hg > 0 such that, for all h € (0, hy),

(2.5) 1068 = T oy, < OB

L2(M)

2.2. Radial magnetic fields on R2. Let us now describe our results when M = R? and when
the magnetic field is radial.

Assumption 2.2. We assume that the magnetic field B has the form

2+ 2
B(Q17q2) :/8 <QI 92 QQ) )

where 3 : R — RT is a smooth function such that
(2.6) B(r) > B(0), for allr > 0.
(2.7) 5'(0) > 0.

In this case, the WKB analysis becomes quite explicit.

Theorem 2.5. For all m € N, there exist
(i) a smooth positive function ¢ defined on [0,400),

(2.8) / / Bler) dedr,

(ii) a sequence of smooth real-valued functions (am,;)jen defined on [0,00), with a, > 0,
(ili) a sequence of real numbers (fim, ;)jen with

Vdet H (TrHz)?
+
bo 2Dy

1
Hm,0 = B(O)a Hm,1 = <2m > s H = §H€SSB(0) .

e et lal? lal?
q q .
P(q)=¢ (T) o Unj(q) = am, <T> . 0(q) = arg(q1 +iq2) .
Then, for all J € N,

)" () )

locally uniformly in R2.

F e Z Un hJ)

— O(hJJrZ) ’

Let K > 0. We consider a smooth cut-off function such that

1 on [0, K]
(2:9) x(p) = {0 on [K +1,4+00)
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Corollary 2.6. For all (¢,m,J) € (0,1) x N x N, there exist a constant C' > 0 and hg > 0
such that, for all h € (0, hy),

(2.10) 1 (Lhoa = M) Thmliqeey < CH7F2

where

J
Moy =B g
j=0

2 2
In particular,

(2.11) | (Lo = M) T llzgesy < O

m
2

J
eI U gl
=0

Let Yh,, be an eigenfunction associated with A, (:%,.a). We introduce the projection into
the eigenspace of A\, (-Zh.a)

I1,, : L*(R?) — Dom (%)
U Hmu = <U, Th,m>L2(R2)Th,m .
As in Corollary [2.4] we get an approximation of the eigenfunctions.

Corollary 2.7. For all (Jym) € N x N, there exist C > 0 and hy > 0 such that, for all
h € (0, ho),

(2.12) | ) < Ch7t

mHL2(R2

By using an Agmon estimates, we can prove that the eigenfunctions of the magnetic Laplacian
decay exponentially.

Theorem 2.8. Let Uy, ,, be an eigenfunction associated with A\, (£ a). Then, for alle € (0,1),
there exist C' > 0 and hg > 0 such that, for all h € (0, hy),

||€ap/hUh,m||L2(1R2) < CHUh,m“L?(R?) .
Actually, we can even prove a stronger approximation of the eigenfunctions.

Theorem 2.9. For all (¢,J,m) € (0,1) x N x N, there exist C > 0 and hg > 0 such that, for
all h € (0, hy),

(2.13) |e=F/™ (3, — I, Y] ) < Ch7*1.

7m) HL?(]R2

Without the radial symmetry, it is expected that such a result holds only when the magnetic
field satisfies some analyticity assumption.

2.3. Organization of the article. The article is organized as follows. Section [3|is devoted to
the proof of Theorem [2.2] In Section 4] we prove Theorems and 2.9

3. PROOF OF THEOREM AND OF ITS CONSEQUENCES

3.1. The magnetic Laplacian in isothermal coordinates. Let p* € M be the point in
Theorem [2.2] There exists an isothermal chart (2,¢ : Q@ — ¢(Q2)) centered at p*. We set
U:=¢(Q) CR? and g := €*"g, (the metric on U). We let M = ¢, A.

Lemma 3.1. Consider the operator acting on L*(U, €2"dq) defined by
Ly = e [(=ih0y, — M1)? + (—ihdy, — M3)?] .

We have

(3.1) ZLhoa=¢ Lynm-
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Moreover,
oM oM
( TRRT ) dgy A dgy = d(6.A) = .dA = 6. (BdV,) = e*(Bo ¢~ )dqy A dgy
1 2

Proof. For all u,v € 65°(2), we have
/ g (=ihd = A)u, (—ihd — A)v)dV, — / 6. (g (—ihd — Au, (—ihd — A)v)dV,)
Q U
— [ 5 ((~ihd = A, (~ind — " A)D)IG .
U

e~ 0

0 =21 is the matrix of g.

where @ := ¢.u, 0 := ¢pv and G = <
By considering M as a vector field (M, M3)T, we have

/Q G (=ihd — A, (—ihd — A)v) dV,
_ /U (G =iV, = M)i, (—ih, — M)T)_ |G dg
_ /U [(—ihdy — M1)? + (—ihd,, — My)?] b dg,
where the last equality is obtained by an integration by parts. O

3.2. Spectral analysis with the WKB method.

3.2.1. A choice of the magnetic potential. Let us denote B(q) = B(¢~'(q)). Through a linear
change of variable in R?, without loss of generality, we can write

B(q1,q2) = bo + aqi +v¢ + O(||q*) with by >0 and 0 < o < 7.
The following lemma will be useful to define a special vector potential.

Lemma 3.2. There exists a smooth solution of
(3.2) AV = e*B,
i a neighborhood of U such that

210 B(0

W(ara) = P g 4 ) + 0.

Proof. 1t is well-known that the Poisson equation (3.2)) always has smooth solutions modulo
harmonic functions. Consider such a solution u. We have
ou(0) dou(0) 10%u(0) ,  9*u(0) 10%u(0) , 5
— — = @)
0q1 q1 + 8q2 q2 2 8(]% (‘ZI + aq1q2 q192 2 8q% QQ + (Hw” ) )

and consider the harmonic function

ou(0) ou(0) 0?u(0) }
= — |u(0) + + +
©(q) u(0) o0 " o 2 g 1P

u(q, ¢2) = u(0) +

1 (9%*u(0)  0%*u(0

1 (2)— (2) (47 — 3) -
4 g5 dqi

Then, ¥ = u + ¢ satisfies

92U (0)  92W(0)
_ 2 2 3 . .
(o) = alaf + ) + O(lal"). 0= = .

Therefore, from (3.2]) at 0, we see that a = &is(o). 0
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Let U be the function given by Lemma 3.2 we let A := (—9,,¥,d,, V). Then A satisfies
oMy  OM; 04, 04

oq g2 o Ogp
The Poincaré lemma implies the existence of a function § € C*°(U) such that
A=M+V0.
By gauge invariance, we get
(3.3) Ly = ew/hEhMe_ie/h.
Note that, with the choice of the magnetic potential A = (—0,,¥,d,, V), we have V- A = 0.

3.2.2. WKB analysis. The eigenvalue equation reads
(3.4) Lpau(g; h) = A(h)u(q, h) .
We look for a solution u(g, k) in the form
u(q, h) = e~ @/*a(q, ),
where a and S are complex-valued functions. We have
(3.5) (L5 4 = A(R)) alg,h) =0, L§ 4 =e5"Ly 4.
We have
Ly, = e~ 2MeS/M(—ihV — A)2e=9/h
= e 2 [(— Ay 4104, 8) + (= Az +1i0,,9) +ihV - A+ hAS + 2h(VS +iA) - V — h*A] |
Since V - A = 0, gathering the terms of same order in h, we can write L}, 4 as
(3.6) Ly 4 =E§ +hE} — h*A,
where
By = e [(— A +10,,9) + (— Az +1i0,,9)%]
Ef = e (AS+2(VS +iA)-V) .
We look for A(h) and a(q, h) in the form

(3.7)

(3.8) A(R) = hZ i, a(q, h) = Zaj(q)hj ,

where (a;);>0 are smooth complex-valued functions and (y;)jen C R.
Let us substitute (3.8]) into (3.5]), we get the sequence of equations

ho ESay =0

hli E§a1+(Ef—uo)a0:O,

h? . Eﬁqag + (Els - Mo) a) = (ul + 6_277A) ao ,
n—1

h™ E()gan + (Ef — ,uo) Ap_1 = (,u1 + 6_2’7A) Ap_o + Zﬂjan_l_j )
j=2

In [3], under an analyticity assumption, a similar system of equations was solved exactly in a
neighbourhood of 0. Here, without an analyticity assumption, we will only be able to solve this
exactly in a space of formal series at 0.
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3.3. WKB construction.
Notation 3.1. Let f be the Taylor formal series of f € €(R2, C) at zero, i.e.,

£ 1 am—i—nf(o) m_n
flane) =), — ogioq L%

\}

m,n>0

Let f be the formal series after changing variable (g1, g) = (24w, 252) with (z,w) € C%. C[[z]]

denotes the ring of formal series in the variable z with coefficients in C and C[[z, w]] is the ring
of formal series in the variable (z,w) with coefficients in C.

3.3.1. The eikonal equation. Let us find S in C[[g1, g2]] such that
. N\ 2 . 2
(— A1 +i0,5) + (— Az +i0,,5) =0,
and thus such that
(—Al +i0, 8 +i(—Ag + za@é)) (—Al 40, S —i(— Ay + z'aqgé)) ~0.

Let us consider an S such that

Ay +1i8, S +i(—Ay +i0,5) = 0.
It satisfies )

20:5 = —iA; + A,, with 0 == = (9, +i0y,).

Notice that we also have (95@/ = —ifll + /12. It implies that

After changing the variable ¢; = 5% and ¢ = %5 in the formal series S and U, we have

Oy = O-. Thus, S satisfies (3.9) if and only if S satisfies
DS (z,w) = 0,V (2, w),

and thus S has the form

(3.10) S(z,w) = ¥(z,w) + f(2),

where f(z) = Z fmz™ be a formal series in C[[z]] to be determined later. Next, we write the
m>0

transport equations. With the choice of S in (3.10)), we have

(3.11) AS=AV=E18 E=¢.

The term (VS +iA) -V in EJ can be written as
(0 S + A1)y, + (03,8 + i Az)0,, = 2 (zazir + f’(z)> Dy .
The operator EY becomes
BS =4 (282\11 + f’(z)) O+ B.

Finally, we obtain the system of the transport equations:

nteo (48 (282\11 n f’(z)> By + B — 1] A® =0,

P2 A€ (2004 [1(2)) 0 + B — o] AV = (i +4£0.0,) A,
n—1

wes (48 (20,0 4 712)) 0+ B o] A0 = (1 +4£0.0,) ACD £ 3 A1)

Jj=2
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3.3.2. Some lemmas. In this subsection, we prove some useful lemmas for solving the transport
equations.

Lemma 3.3. There exists a formal series w(z) = Yo, wp2* in C[[2]] satisfying

(3.12) B(z,w(z)) = by,

Vi—V/a
Ve

Proof. We write B(z,w) = > >0 by 2™ w"™ and

and such that w, =

m,n>0 k>1
Note that
. 1 , 1 1 2
B(z,w) =by + Z(a —7)z“+ E(a + 7)zw + Z(a —y)w” + ...

Collecting the various terms, we have

(a) Term 2° boo = bo.

(b) Term z* blO + bmwl =0.

(c) Term 2* bogw1 + byywy + bag = 0. There are two solutions for wy:

—\/7—1—\/5 and —\/7—\/5
Vi-va’ Vitva

VIi—Ve
VIHVar
(d) Term z3: notice that the equation obtained by collecting the coefficients of the term 2® does

not contain wy, for £k > 3 since b01 = 0. This equation is linear in wy whose prefactor is
1 Ja

—(a — )\/_ =/ay>0.

2 VI +Va

By induction, let p € N\{0}, we assume that (wy)1<x<p—1 are determined and we need to look
for w,. We collect all coefficients of zP™!, and since by; = 0 , we get an equation containing

We choose w; =

- - 1
b1 + 2bpwy = 5(04 +7) +

only a finite number of terms (wy)1<x<p and (byn)o<mn<p+1- The equation is linear in w, whose
prefactor is

b11 + 2b02w1 \/ # 0.

So, w, is determined. O

Lemma 3.4. Let V (s,t) and F(s,t) be formal series in C|[s,t]]. We write V (s,t) and F(s,t)

i the form
V(s,t):=> on(s)t™,  F(s,t)=Y_ fuls)t™,

m>0 m>0

where (U, (8))nen and (fn(S))nen are the sequences in C[[s]]. We assume that vo(s) =0, v1(s) =
v1, fo(s) = fo with vy € R\ {0} and fo € R. Let { € N, then

(i) the homogeneous equation
(3.13) (V(s,t)0 + F(s,t))u(s,t) =0,
has solutions in the set

W) = {Zwm(s)tm e C[[s,t]] : w(s) =0 fork e {0,...,({ —1)} and wy(s) # O}

m>0

iof and only iof fo+ vy = 0.
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(ii) Under this condition, there exists a family (ck(s))k=o... C C[[s]] such that the inhomoge-
neous equation

(3.14) (V(s,£)0: + F(s,t)u(s, t) = G(s,t) = > _ gm(s)t™,
m>0
has a formal solution in the form
(3.15) u(s,t) =Y up(s)t",
m>0
if and only iof
(3.16) ce(s)go(s) + co—1(8)g1(s) + ... + co(s)ge(s) = 0.

Here, the coefficients (cx(s))r=o... C C[[s]] are determined by (v;(s))1<j<(es+1) and (f;(s))1<j<e,
and co(s) = 1. Furthermore, assume that (3.16)) is satisfied, if u,(s) is given, the formal
series solution u will be determined uniquely by the relation
Gm(8) = 7 (F0m—1 () + fnmi(5))u;(s)
Um(8) = ,
(m —0)vy

for allm € N\ {(}.

Proof. Let us start with the homogeneous equation. We look for a solution u(s,t) in the form
u(s,t) = Zum(s)tm,

of the equation
(Z vm(s)tm> (Z mum(s)tm1> + (Z fm(s)tm> (Z um(s)tm> =0.

For arbitrary k € N, we get the equations corresponding to t*

N
—_

kvt + fo)ur(s) + ) (Jve—js1(s) + fr—j(s))u;(s) = 0.

§=0
Let us write the first three equations
t: fouo(s) =0,
th: [v1 + fol ur(s) + fi(s)ue(s) =0,
2 201 + fo] ua(s) + fa(s)uo(s) + (va(s) + fi(s)) ui(s) =0.

For ¢ € N, consider a non-zero solution w in W (¢). Then wuy(s) = 0 for 0 < k < ¢ —1 and
ue(s) # 0. We have lv; + fo = 0. Now, if fv; + fo = 0, then for all k # ¢, we get

S0 G0k (8) + frmj(s))us(s)
(k—0)vy '

ug(s) = —

We consider two cases:

a) £ = 0. It leads to fo = 0. Since the first equation is foug(s) = 0, we can choose any
uo(s) # 0, and we have

Ef;é (Jor—j+1(8) + fr—j(s))u;(s)

]{?Ul ’

ug(s) = —

for all £ > 1.
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b) ¢ # 0. Then fy has to be non-zero. From the first equation, it leads to uy(s) = 0. From the
recursion formula, it implies that u(s) = 0 for all £ < ¢. For k = ¢, we get the equation

(k — vy (s)ue(s) =0,
we can choose any uy(s) # 0.

In any case, we always get non-trivial solutions u in the set W (/).
Now we consider the inhomogeneous case:

(Z vm<s>tm> (Z mum<s>tm-1) - (Z fm(S)tm> (Zum<s>tm) =3 guls)™

m>1 m>1 m>0 m>0 m>0

For all £ € N, the equations corresponding to t* are

(kvi + fo)ux(s) + i(jvk—j+1(5) + fr—i(s))ui(s) = gr(s).

Assume that there exists ¢ € N such that fv; + fy = 0, these equations become

e
—

(3.17) (k= Oviug(s) + ) (G0r—j41(5) + frj(5))uj(s) = gu(s) -

J

Il
o

The equation corresponding to t¢ is

~
—_

(6= Oue(s) + ) _(Goejir(s) + forj(s))u;(s) = gels).-

J

Il
=)

The inhomogeneous equation has solutions in the form (3.15)) if and only if

-1

ge(s) = ) (Gve—j1(s) + foj(s))u;(s) = 0.

J

This relation is in the form (3.16|) after computing (ux(s)) as a function of gx(s), fi(s) and vi(s)

for k =0,...,0—1. For example, we can compute ¢;(s) by collecting all coefficients connecting

with gy_1(s). Notice that g, 1(s) only appears in the formula of u,_; and its coefficient in u,_q
is ;—11, then we can compute

Il
o

ex(s) = — [(£ = Vua(s) + fi(s)] = = LDl +Als)

(%1 U1

The statement at the end of the lemma is obtained from (3.17)). U

3.3.3. The first transport equation. We consider the first transport equation
(3.18) v(z, w)0y AQ (2, w) + <l’>~’(z,w) — u(]) AO(z w) =0,

where v(z, w) = 4€(z, w) (f’(z) + 20,0z, w))
Let w(z) be the formal series given by Lemma [3.3] Using the change of variables (z,w) =
(z,y + w(z)), which is allowed in C][(z,w)]] since wy = 0, we get the equation

(3.19) V(z,9)0,A9 (2, y +w(2)) + F(z,y) AV (z,y + w(z)) =0,
where
V(z,y) = vz + w(z) = 4€(zy + w(2) (f/(2) +20:0(zy + w(2))) |

and
F(Zvy> - l’;’(z,y—i—w(z)) — Mo -
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3.3.4. Choosing formal series f and determining S. We recall that S is given in (3.10). The
formal series ¥(z,w) is given by Lemma and the formal series f(z) € C[[z]] has to be
determined. We choose f(z) such that we can apply Lemma , i.€e.,

(3.20) F(2) +20,9(z,w(z)) =0.
According to Lemma [3.2)],

- 2n(0)p,
U(z,w) = ¢ 02w + Z YV 2" W™,
m+n>3
so that
~ e210)p,
0.9 (2 w(z)) = ——w(2) + D Mt w(2))"
st

Let f(2) =2 ;=0 frz*. Since there is no restriction for f(0), we can choose fo = 0. Moreover,
a straightforward computation using Lemma [3.3] gives

. . 6271(0)50\/&_\/5
f1:O7 f2: .
4 Va+.y

Now, S(z,w) is completely determined and

2n(0)y, e2n(0)p, —
€ OZ’LU I 0 \/_ ﬁ 24 Z
4 4 \/_ + \/_ m+n>3

3.3.5. Solving the first transport equation. Let us come back to the transport equation (3.18]).

We write
V(z, va 2)y™ and F(z,y) = me

m>0 m>0

(3.21) S(z,w) =

m, 1
Jmn 2™ w™ .

We now check the assumptions of Lemma . From ([3.20)), we have
0o(2) = V(,0) = 4€ (2 w(2)) (F(2) + 20.9(2,w(2)) ) = 0.

From Lemma [3.2], we obtain

v(z) = 0,V(z,0)
— 40,E(z,y + w(2)) (f/(z) 420, 0(z,y + w(z)))

y=0

—1—85(2, Y+ w(z))awaz@(z, y+w(z))

y=0
= 2B(z,w(z)) = 2by .
Finally, from , we get
folz) = F(2,0) = B(z,w(2)) — po = by — i

Thanks to Lemma for the homogeneous case, we see that has solutions in the form
Y om0 Agg)(z)ym with Ago)(z) # 0 if and only if fy(2) = 0, i.e. g = by. In this case, the solution
of the first transport equation is in the form A©(z,w) = ¥, _ AW (2)(w—w(z))™, where
AﬁS)(z) can be computed for m > 1 thanks to .

5 G (2) + s (DAY ()

AR(z) = ST

The series Aéo)(z) will be determined later.
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3.3.6. The second transport equation. We consider the second transport equation
(3.22) (v(z,w)@w + B(z,w) — Mo) AW = (g + 4E(2,1)0.0,,) AY .

By changing variables (z,w) = (z,y + w(z)), we obtain

(3.23) V(2,9)0,AM (z,y +w(2)) + F(z,9) AV (2,5 + w(2)) = GY(z,y),
where G (2, ) = (,u1 +4&(z,y + w(z))&z@w> AO(z,y +w(2)).

We write G (z,y) = > om0 gfﬁ)(z)ym. Since vy(2z) = 0, v1(2) = 2by # 0 and fy(z) = 0, and

thanks to Lemma (with ¢ = 0), the equation (3.23]) has solutions if and only if g(()l)(z) =0,
ie.,

G (2,0) = (1 + 4E(2,w(2))0.0,) AV (2, w(2)) = 0,

or, equivalently,

Since
0 f1(2) 40
AP () = =5, = A (),
and
A0y = )+ ﬁ(z))Ai(z) + f(2) AP (2)

1 (0) 1 0

= 8—b3f1<z>(v2<z) + f1(2)) A7 (2) — %fz(Z)Ao (2),
the equation related to p; can be rewritten as
(3.24) V()AL (2) + F(:) AP (z) =0,  V(z):= %az,w(z)) £i(2),
with

& 2 / 1 / 2 /
Fle) = Ee) () + A6 () + ) w) 4 2R ) =

Notation 3.2. Below, with a given formal series X (2) = >~ 212" € C[[2]], we use the notation
[X (2)]i to extract the coefficient of z*, so that [X (2)] = x.

We have
() = 0Bz, w(2) = 3 wbnz™ (w(2))" "

m>0
n>1

n(n —1)

5 by 2™ (w(2))" 72 .

o) = 308B(w(2) =

It is easy to check that

V(2)]o = —[E(z,w(2))]o [f1(2)]l, =0  (since by = 0),

S
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and
2 4 2 .
V@)l = @z w@)l Al + €z wl2)h A=)
2¢—2n(0) , _ -
= bo (2b02w1 + bn)
2e~ 210 /1 VI—Va 1
S (Gl e )
26—277(0)\/@
= T ,
Furthermore, we can compute
9e—21(0) ,_ B e—2n(0) + )2
[F'(2)]o = ‘ (511 + bozw1> — 1= Wi+ va) — H1-
bo 2bO

Applying Lemma [3.4] we see that (3.24) has solutions if and only if there exists ¢ € N such that

2
[y = =210 (g VT V7 + V)™
bo 2,

Then, Aéo) can be determined as a formal series whose ¢ first terms vanish and [Ago)(z)] =1
Once the right-hand side of (3.22)) is determined, we can find a particular solution in the

form
> al (@) (w—w(z)™,

where the aﬁrlb)(z) are determined by a recursion formula starting with oz(()l)(z) = (. The solution

of takes the form
(3.25) AW (zw) =Y "ol (2)(w — w(z)™ + Y AW (2)(w — w(z))",

m>0 m>0
where >, A%?(z)(w — w(z))™ is the solution of the first transport equation (3.18]), and in
which only A[()l)(z) remains to be determined.

3.3.7. Induction. Let p € N\ {0}. We assume that the sequences (11;)o<j<p and (AY)o<jcp 1
are determined from the first (p + 1) transport equations:

(v(z,w)aw + B(z,w) — ,u0> A® =0

(v(z,w)@w + B(z,w) — ,u0> AW = (g 4 4E(2,w)D,0,) AV

=2
Let us also assume that the AU)’s for j € {1, ..., p}, are in the form
AD(z,w) = ad(2)(w —w(2)"™ + Y AD(2)(w —w(z))",
m>0 m>0
where
(i) >0 o) (2)(w—w(z))™ is a particular solution of the j-th transport equation and satisfies
a(()j)(_z) =0 in C[[2]] for j € {1, ..., p}.
(i) > .50 A%)(z)(w —w(z))™, which is a solution of the first transport equation (3.18)), is also
determined and satisfies [Aéj)(z)]g =0inCforje{l,...,p—1}.
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At the rank p, only A% (2) needs to be determined.
Let us now consider the equation satisfied by A®+D:

p
(3.26) (v 0w+ B — bo) AP = (11 +4€0.0,,) AP 4 1y AV Y APTD),

=2
As before, the fact that this equation has solutions determines the value of ji,,1; and the series
A(()p )(z) We leave these details to the reader.

3.3.8. Conclusion. From the above analysis, we get the following theorem.

Theorem 3.1 (WKB construction for £, »q). For all ¢ € N, there exist
(i) a smooth complex-valued function T on U satisfying
62n(0)b0 ( \/5 ﬁ
3.27 Re(T)(q) = @+ q2)+(9 al®) .
(3.27) D) =57 (a5 74+ var 7) + Ollal)

(ii) a sequence of smooth complez-valued function (as;)jen on U,
iii) a sequence of real numbers (py ;)ien with
He,j);

Vay + Va)?
=b _ o) (Y7 L W
e 05 1 € b() + 2b0 )
(iv) a sequence of a flat function (f;)jen on U,

such that, for all J € N,

J J J+1
eT/h (Lh,/vl _ hZUZ,jhj> (eT/h Zaé,jh'j) _ Z hjf] + O(hJ+2> :
7=0

=0 =0
local uniformly in U.

Proof. We have constructed the formal series S(z,w), (A9 (z,w));en in C[[z,w]] and g, all
depending on ¢. By coming back to the original variables (q;,¢2), we obtain formal series in
Cllg1, g2]]. Applying Borel’s Lemma, we get a smooth complex-valued functions S and (a;) en

so that for each J € N, there exist flat functions fy, fi, ..., f7+1 and a smooth function F' on R?
(F' is a polynomial in h whose coefficients are smooth functions depending on a; and ;) such

that
J J J+1
(z;jA - hz W,ﬁﬂ') (Z ag,jhj> — Z Wi+ h'+2F
=0

j=0 3=0
Note that £ , = S Ly, 465/ so that

J+1

J J
(3.28) eS/h (ﬁh,A ~hy WW’) <e—5/h > ag,jhj> => Wf+h'TF.
j=0 j=0 j=0

We recall that we used the WKB method for the operator £ 4, with the special magnetic
potential A, see Section and especially (3.3). Letting T'= S 4 i, we get

J 7 J+1
(3.29) eT/h (ﬁh,/\/{ — hz W,th) <6_T/h Z a£7jhj> = Z W+ h'T2F .
=0 =0

=0
Since Re(T") = Re(SS), the Taylor expansion of Re(7") directly comes from (3.21)). O

Proof of Theorem[2.3 Let us recall (3.1]). Consider a fixed cut-off function y; equal to 1 in a
neighbourhood of 0 and with support in U. Then, we set

i) P=¢"(xiT),
11) U&j = Qﬁ*(XlCLg’j) for all (E,j) S NQ,
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Using Appendix [B], we deduce Theorem [2.2]
U

In order to prove Corollary [2.3] we just need to shrink the supports of functions in Theorem
by inserting appropriate cutoff functions and use the fact that there exist R > 0 and 6 > 0
such that

(3.30) Re(T)(q) > d]|q||* for all ¢ € D(0; R).

This coercivity of the phase implies that the Ansatz has an exponential decay.

4. PROOF OF THEOREM AND OF ITS CONSEQUENCES

4.1. Radial magnetic Laplacian and Fourier decomposition. Consider the polar coor-
dinates

1) v {R+ x R/2n7Z — R?\ {0}

(1,0) — (rcos®,rsinfd) = (q1,q)
The following proposition is easy to get.
Proposition 4.1. Letting A = A;dq, + Aadge, we have
A = A dr+ Apdd,
with A = (A, Ag)" := (dy)T (A1, Ay)", where dy denotes the Jacobian matriz of 1.

The magnetic Laplacian £, 4 is unitary equivalent to the operator
(4.2) Ky i =12 (r(=ihd, — A,))? + 172 (—ihdy — Ag)?,
whose domain s
Dom(#), 3) = {w € L(R" x R/2xZ,rdrdf) : /), zw € L(R x R/2nZ,rdrdf)} .

Thanks to the gauge of invariance, we can choose a magnetic potential compatible with the
radial symmetry (the one given by the Poincaré lemma):

(4.3) A(q) = —afq),  Ax(q) = qalq),
where
a(q) ::/0 tB(tq) dt.

With the choice, we get

r 2
A(r,0) =0,  Ag(r,0) = G(r) = / 8 (%) dr,
0
and the magnetic Laplacian becomes
Ky = =022 (1r0,)? + 172 (—ihdy — G(r))?.

Via the Fourier decomposition, the magnetic Laplacian %}, can be written as the direct sum of
radial electric Schréodinger operators

(4.4) K= Lhm.  Lum =0 (00,)? 4 (hm — G(r))*.
meZL

Therefore, we can focus on the spectral analysis of £;,,,, especially on its ground-energy.
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4.2. Compact resolvent.
Proposition 4.2. For any m € Z and h > 0, the operator £, ,, has compact resolvent.
Proof. We fix m € Z and h > 0, consider the sesquilinear

o (hm — G(r))”

+00
Qpm(u,v) = 2h2/ O, uwo,wrdr +/
0 0
defined on the domain

Dom(Qp.m) = {u € LA(RY,rdr) : O,u € LA(RT,rdr), \/Vimu € L2(R+,Td7”)} :

+00
uvrdr + / wordr,
0

with )
Vi (1) = Wn_f#

Dom (Q),m) is a Hilbert space equipped with the inner product Qp,,. The sesquilinear form
Op.m induces a positive self-adjoint operator Sy, ,,,. From ([2.6)), we have

(4.5) lim (hm——G(7’))2

r—-+00 T2

The conclusion easily follows by means of the Riesz-Fréchet-Kolmogorov criterion for compact-
ness in LP spaces. U

4.3. Spectrum of rescaled radial electric Schrodinger operators. By the change of

variable p = é, we have
T 7_2 P
G(r) —/ 75 (—) dT_/ B(s)ds.
0 2 0

a@w:[fM$d&

We let

Using the unitary transformation
(4.6) T, :L*(R*, dp) — L*(R™, rdr),
v(p) = (Tw)(r) = v(r?/2),
we get the new operator, acting on L*(R*, dp),
(hm — a(p)?*
2p

4.3.1. Rescaling. The rescaling p = ht is convenient to analyse the expansion of the eigenvalues
and some decay properties of the eigenfunctions. Consider

(4.8) Ty :L*(R*,dt) — L*(R*, dp),
v(t) = (Teo)(p) = h™20(h ™).

(4.7) Nin =Ty LTy = —2h0,p0, +

and
(49 My = Ty i s = 2000, + 00
We have
a(ht) = B(0)ht + @}ﬁﬁ +O(R*t%).
and thus

R(ht)

M = hel0 4 p2elll 1 —
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where

el .= 20,10, + ﬁ(g)2t + 7;1_; —mp(0)

27[711} — —mﬂ;(o)t + 5(0)25/(0)152’
and R is a remainder such that there exist a constant C' > 0 and § > 0 such that
(4.10) |R(s)| < Cs? for all s € [0,0).

We consider £/ defined through the sesquilinear form

400 400 2 2
Ol (u,v) = / 2t0yu Oyvdt —|—/ (5(2) ! + % — mB(O)) uvdt .
0 0

The operator SLQ] has clearly compact resolvent. Furthemore, the spectrum of SLQL} is well known

and related to the Laguerre operator. Indeed, by letting ¢t = B0 the operator SLQL] becomes

(4.11) 5(0) <—283363 + g + ’;—; - m) .

We consider the following operator 7, on the Hilbert space L*(R*, s~"lesds)

T = P (—285885 + s + m_2 — m) s5e s
2 2s
It is unitarily equivalent to el A computation gives
Ton = —2802 4+ (2s =2 —2|m|) 05 + |m| —m + 1.
The spectrum of operator 7y, is described in Appendix [B] and we get

Sp(ely = {(2k + 1 + |m| — m)B(0) : k € N} .

m

Remark 4.1. When m > 0, the first and the second eigenpairs of el are respectively
m —BO)

(80).#2e75)  and  (36(0), [30) —m — 1% 7).

By using the t3e3" as test function and then the Spectral Theorem, we get the following

(this result will be recovered later by using a WKB analysis).

Proposition 4.3. For all m € N, there exist C > 0 and hy > 0 such that, for all h € (0, hy),
dist (ptm,0h + fim,1h*, Sp (Mym)) < Ch?,

where Hm,0 = 6(0) and Mm1 = %

4.3.2. Semiclassical Agmon estimate. The above proposition states that, for each m € N, one
can find an eigenvalue of My, near 3(0)h + %h?
prove that this eigenvalue is in fact A\g(M,,,). In this section, let us denote
hm — a(ht))?
Vam(t) = ( (ht)) |
2ht

and consider the quadratic form associated with M, ,,:

Qnm (1) :Zh/mt|8tu|2dt+/OOVh7m(t)|u(t)|2dt.

0 0

We will use Agmon estimates to

Since we only deal with the Hilbert space L*(R*,dt) in this section, we denote || - [|;2 (resp.

(-,-)12) instead of || - ||L2(R+,dt) (resp. (-, '>L2(R+,dt)>‘
Let us recall that a(p) = [ B(s)ds. From (2.6), we get

a(ht) > B(O)ht .
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For t large enough, we have
(b — a(ht)? _ | (B0}~ m)*
2ht - 2t
Proposition 4.4. Let m € N and let € WH(RT,R), then for all u € Dom(M,, ), we have

(4.12) Vim(t) =

+oo
(4.13) Qnm(e®u) = Re(My, u, *u)2 + Qh/ tH(D'(1))?e*®|ul? dt .
0
Proof. We have
+oo
(4.14) 2h(/t0pu, V19, (e*%u)) 12 + Vim ()22 |u? dt = (M, mu, > u)ys .
0

We set P := 1/t0,. Notice that the commutator
[P, e®] = Vtd'(t)e®
is a multiplication operator. We have
(Pu, Pe*®u)r> = (Pu,|[P,e®e®u);2 + (Pu,e®Pe®u);»
= (e?Pu, [P, e®|u)2 + (e® Pu, Pe®u);»
= (e®Pu, [P, e®|u)r2 + (Pe®u, Pe®u)2 + ([e®, Plu, Pe®u)»
= [|Pe®ull?> = (I[P, e®lullfs + (" Pu, [P, e®Ju)y2 — ([P, e"]u, e” Pu)y2

Taking the real part of -, we get
+oo

2h|| Pe®ul}2 — 2h||[P, e®]ul|?. + Vi ()e2®|u? dt = Re(M, mu, e**u)y2 .
0

O

Proposition 4.5. Under the assumption (2.6)), for all m € N, and for all £ € (0, @), there
exists M > 0 such that

le P|If> < MW7, and  Qnum(e"V) < M [P,
for all eigenfunctions ¥ of the operator My, ,,,, with eigenvalue of order h.

Proof. Let us consider a sequence of functions (xy);, defined as follows

t for 0 <t <k,
(4.15) k(t) =< 2k —t for k <t < 2k,
0 for t > 2k.

Notice that y, € WH°(R*,R) and |x,(t)] <1 for all ¢t € RT.
Let us consider the equation

(4.16) MU =AU with A < Ch.
Using Proposition with ® = ey (t), we get

+oo
Qnm (W) < N[|e W2, + 2he” / ], () 7e* O 1w (1) dt
0
+o0
< Ch||eX w2, + 2h52/ te22Xk | (1)|2 dt .
0

It implies that

+o0 —+o00
/ Vi ()X 0|02 dt < Oh||e DT |12, + 2he? / te2xe O 1w () dt
0 0
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so that
+oo
/ (Vi (t) — Ch — 2he®t) X012 qt < 0.
0
From (4.12)), there exist R > 0 and C}(R,e) > 0 such that for all ¢ > R, we have

N2
Vim(t) — Ch — 25%h > h [w e c}

b2 2
:h[(g—%?)t—i—?—t—bom—C]

(4.17) > Oy (R, €)h.

We deduce the existence of Cy(R,€) > 0 such that, for all &k > 1,

+00 +oo
Ci(R,e)h / W2 dr < / (Vim(t) — Ch — 2he?t) >0 0|2 gt
R R

IN

R
/ (2he®t + Ch — V(1)) 20| 0|2 dt
0
< Co(R,e)h|| V] .

Then, there exists a constant C'(R, ¢) such that, for all k > 1,
00 R +o00
/ W p2 gt = / 2 x|y |2 gt +/ 20| g|2 dt
0 0 R

R 400
/ 628R|\I’|2dt+/ <22€><’“(t)|\11|2 dt
0 R

< C(R,e)|IPIf.

IN

Letting £k — +o00 and using Fatou’s lemma give
+00
| e < e
0

Using again (4.17)), we notice that

Vim(t) — Ch — 2e*th > C1(R, €)ht .
Following the same steps as above, we get

+oo
/ te e ()|2 dt < C|| P2
0
Then, it leads to
Qnm (eOW) < Ch||W|IT:,

and we get the result. O

Proposition 4.6. For allm € N,
(m+1)8'(0)
B(0)

Proof. Let us fix m € N. We can choose the first eigenpairs (A;(Mp, ), Vi 5)iz1,2 such that g,
and W, j, are orthogonal. We consider the two-dimensional space

(4.18) Mo(Mpm) = B(0)h + h* + o(h?) .

(4.19) BE(h) = span(Ugp, Uy ).
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Let ¥ € E(h), we have

+o0 +o00
Qnm(¥) = 2h/ t]0, (V) ]th+/ Vh,m (8)| U] dt
0 0

= h/OW 2t10; (W) |* + (%O)QH Tg—; — mB(O)) | |2dt
+ /Om [vh,m@) s (B(;))zt + 7;—: - mﬁ(O))} W2 dt
> Q) = [ Vim0~ (XG0 = ms0) )l

where QY is the quadratic form associated with 2l We have

Vi (t) — h (B(S) t+ mo_ mﬁ(o)) _ O((?t) )

There exist C; > 0 and § > 0 such that, for all (h,t) satisfying ht < 9,

Vim(t) — b (5(())215 L™ m5(0)>

2 2t

< Cyth?.

We have

m 5/h
f+ mﬁ(O)) ’ W[ dt < 01h2/ {02 dt
0

§/h
/

+oo
gCQhQ/ e* | W dt
0
< OW?| 2.
Moreover,

“+o00 +oo
/ Vi ()| V] dt = / e Vo (t)] €W |* dt
§/h §/h

+oo
< max e > / Vi (t)] €| 0|2 dt

< CR*[|¥|I7> -

Similarly, we also have

+o0 2 2
/ h (&t+m——mﬁ(0)) dt < Ch?|| 9|7, .
5/h 2 2t

Thus, we have the estimate
Qnn(¥) = hQLN(T) — CR?|| Y| .
Since ¥ € E(h), there exists (a1, ag) € C? such that ¥ = a¥g; + ¥, and

Qnn (V) = Ao( M) o P Wo 72 + At (Mpgn) o2 W1 4172 < A (M) W72

By the min-max principle, we deduce that
(4.20) M (Mpm) > 38(0)h — Ch>.

21

From Proposition , we see that there exists an eigenvalue of My, ,,, which is near 3(0)h +

(m+1)B'(0
B0)
the estimate

(m+1)5'(0)

h* + o(h?),

)12 modulo o(h2). This eigenvalue can not be Ag(My, ) with k > 1, because if it were,
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would give a contradiction. The conclusion follows. 0

4.4. Eigenfunctions of the magnetic Laplacian and of its fibration. We recall the ex-
pression of the magnetic Laplacian operator .7,

(4.21) Sy = =272 (r,)? 4+ r72(—ihdy — G(r))?.

For each m € N, let A\g(Npm) be the first eigenvalue of the operator N, and Uy, be the
associated eigenfunction. Since My, and N}, are unitary equivalent, from Proposition [.6],
we obtain

(m +1)5'(0)
p(0)

On the other hand, £, and N, also are equivalent by

(4.22) MoNim) = Ao(Mpm) = B(0)h + h? + o(h?).

Sh,m = T].Nh,mTl_l )

where T is defined in (4.6)). Therefore, Ag(N}.,) is also the first eigenvalue of £y, ,, and 71 (¥, ,,,)
is the associated eigenfunction. It results that

[ — Mo WNam)] €™ T (Whm) = [Lhim — Ao(Mpm)] Tr(Ppm)e™ = 0.

Thus \o(Np.m) belongs to the spectrum of J#,. Now, the result by Helffer and Kordyukov tells
us that, for all k£ € N, the k—th eigenvalue of 7, denoted by A (#,) satisfies

/de v H1/2)2
(4.23) Me(3) = B(0,0)h + (% B(?of(j)t)[ + (2TB?070)) ) h% + o(h?),

where H = %Hess(o,o)B7 so that

(k+1)5'(0)
p(0)

Since Ag(Np,m) is the eigenvalue of J#,, thus there exists & € N such that

(4.24) () = B(0)h + h? + o(h?).

Ao(Mpm) = Ne(H) -

Considering and taking A small enough, we immediately obtain £ = m and
A () = Ao(Mhm) -

Since A\, (#4) is a simple eigenvalue, we have the following statement

Proposition 4.7. When h is small enough, the m-th eigenvalue of the magnetic Laplacian J&,
is exactly the first eigenvalue of the operator Ny m:

)\m<<%/h) = )‘O(Nh,m) :

The m-th eigenfunction of J;, is in the form

2
(4.25) ™, (%) :

where Uy, n, is a ground-state of the operator Ny, and ¢ € C\ {0}.
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4.5. Radial magnetic WKB construction. In this section, we focus on constructing a WKB
Ansatz. Thanks to Proposition@ we just need to do the WKB analysis for the operator N, ,,.
Since Ny, ., is a real electric Schrodinger operator in dimension 1, one can easily find a WKB
approximation of Wy, ,,,. We recall that

hm —a
(4.26) Nh,m = —2h28pp8p + — ( 2p ( / 5
We consider the conjugated operator with real-valued smooth function ¢:
( ) m m - ( )
th = 7PTNh,mp76 ip ,
and get

N = (a(;;)) - 2’)(9"'([’))2] +h [4<P'(P)P5p +2¢'(p) + 2p" (p) + 2mep (p) — m@

+h? [=2p07 — (2m 4 2)9,] .

4.5.1. The eikonal equation. The eikonal equation reads

(alp)?

(4.27) (&' (p) = 12

We choose a positive solution

2T

oo = [ an

which is a smooth function on [0, 4+00) because it can be rewritten in the form

/“/ﬁ ¢)dedr = = //557 dédr .

Then the operator N}, becomes
Nowm = N+ N2,
where
N =49 (p)p0, +2¢ (p) + 20" (p) = 2a(p)0, + B(p) ,
and
NZ = —2p02 — (2m +2)0,.
We now look for a WKB Ansatz and a quasi-eigenvalue
ap, h) ~ ao(p) + hai(p) + h*as(p) + ...,

We substitute these formal series into the equation

(N = A(R) ) alp, 1) = 0,
and get
h: (N = o) ag =0
B (N = o) ar = (i — N2) g
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4.5.2. The first transport equation. Collecting all terms of order h', we have the first transport
equation

(4.28) (2a(p)9p + B(p) — po)ao = 0.
This equation has smooth solutions which do not vanish at 0 if and only if
to = B(0).
Indeed, since a(0) = 0, the function
B(0) — B(p
Fip) o 0 = 3l0)
2a(p)

is actually smooth on [0, +00). Then,

mmzmmm{[f@w)
with ao(0) # 0. We choose a(0) = 1.

4.5.3. The second transport equation. Let us gather all terms of order h? to get the second
transport equation

(4.29) (2a()0, + B(p) — po)an = (s + (2m +2)0, + 2p0P)a.
Thus, (4.29) has a smooth solution if and only if
(11 + (2m + 2)3,)a0(0) = 0,

_ (2m+2)9,a0(0)
o a(0)
From , we get
0,0(0) _ . 50) = Bp) _ ~8(0)
ao(0)  ,=0  2a(p) 25(0)
Thus,
(4.30) = (m+ 1)g<(8))

With this choice, (4.29)) can be rewritten as

(11 + (2m + 2)0, + 2p02)ag
2a(p) '

(4.31) 0pa1 = F(p)ar = gi(p) =

This equation has solutions in the form

ar(p) = exp ( /0 " (s) ds) /0 " exp (— /O " F(s) ds) gi(7)dr
+a1(0) exp ( /0 " F(s) ds) .

We impose a;(0) = 0 so that

a:(p) = exp (/OpF(s) ds) /Op exp (— /OTF(S) ds) gi(r)dr.
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4.5.4. Induction. Let n € Nand n > 2. We assume that (1;)o<j<n and (a;)o<j<n are determined
and (a;j)1<j<, are smooth function on [0, +00) and vanish at p = 0. Let us show that we can
determine p,+1 and a,y; by the (n + 1)-th transport equation

n+1

(4.32) (2a(p)0, + B(p) = p10) ans1 = ((2m +2)0, + 2p02) an + > [1ni1-; -
j=1

The equation has a smooth solution at 0 if and only if
(2m + 2 8 CLn + Z HjQn41— ] + ,un+1a0(0) =0.

Since ag(0) = 1, fy41 is completely determined by

fnt1 = —(2m + 2)0,a,(0) .
With this value of 11, we can rewrite the equation as
(4.33) Opni1 — F(p)ani1 = gn(p)
where g, is the smooth extension of the function

((27” +2)0, + 2/362) an, + Z] 1 Hjlnt1—j

Gn(p) = 2a(p) )

on [0, 400).
There is only one solution a,; such that a,.;(0) = 0, that is

i) e ([P as) [T (= [T F6)as) gutryar.

Proof of Theorem [2.5, We fix m € N. The WKB analysis provided us with functions and
sequences as follows:

(i) The function ¢(p) is given by (4.27)):

(434) e =3 | [ senacar,

(ii) The transport equations give us the existence of a sequence of smooth functions (a, ;)jen
defined on [0, +00) and the sequence (i, ;)jen Which depends on m. Notice that a,, is

positive since
P
am,o(p) = exp < / F (S)d5> :
0

For each J € N, from the WKB construction, there exists a smooth function f,, ;(p) defined
on [0, +00) such that

J J
ew,’)}m (Nh,m —h Z Mmdhj) (Pgew’fm Z am,jhj> = fm,J(p)hJ+2 :

j=0

After changing of variable p = g, we obtain
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2
By multiplying ( ) ( > h? with e and using the fact that

%L(ezmQU) — £h’m(6im9u) 7
we deduce Theorem [2.5] is easily deduced. O

Corollary 4.8. For all (e,m,J) € (0,1) x N x N there exist a constant C' > 0 and hg > 0
such that, for all h € (0, hy),

(4.35) Heaso(p)/h (th _ )\}{m) \Ijim”LQ @ S < ChJ+2
where
J J
(436) M =hD et and W () = xe O (Z aj,mhj> ,
5=0 §=0
where x is defined in (2.9)).
In particular,
(4.37) [ (Mo = Al n) Cion [ 2 vy < CRT2.

We may now provide an approximation of the ground-state eigenfunction of the operator
Np.m by the WKB construction \D,{m defined in (4.36)). Let Uy, ,,, be an eigenfunction according
t0 Ao(Nam), we introduce the orthogonal projection of W3 = on the eigenspace of Ao(Npm)

Lo = (V7 s ) U -
Corollary 4.9. For all (m,J) € N x N, there exist C > 0 and ho > 0 such that, for all
h € (0, hy),

(4.38) | R < Ch'™,

,mHL2(R+)

4.6. A stronger WKB approximation. Let us recall the expression of the operator N,
Nim = —2h%0,p0, + Vh,m(p) ,

where 9
(hm — a(p))
2p '
Proposition 4.10. Let m € N and let (®p)pey € WH(RT R). Assume that there exist
M >0, K1 >0, Ky >0 and Ry > 0 such that for all h € (0,1), k € N
(439) Viom(p) — 20/ () > Mh for all p € [Roh, +00)
(4.40) |D1.(p)| < K7, |Dr(p)| < Ksh for all p € [0, Roh) .

Then, for all ¢y € (0, M), there exists a positive constant C > 0 such that, for all h € (0,1),
k€N, z € [0,c0h], and u € Dom(N, ),

vh,m(p) =

C
(4.41) ||€q>k/hu||L2(R+) < E”e@k/h (Nhm — 2) U||L2(R+) + C”UHL?(Rﬂ .
Proof. We have
(4.42) (N, 62¢k/hu>L2(R+ = 20% (/PO u, v/pOp(**/ M u )>L2(R+)+/O Vi (p)€ /™ |u|* dp .
Setting P = /p0,, we get

Re <<Pua P62¢k/hU>L2(R+)) = ||P6¢k/hu||i2(R+) — I[P, eq)k/h]u”?}(uw)'
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Noticing that [P, e®*/"] = pr%eq)k/h and (4.42)) gives

—+o00
Re (N, ) =202 [ pl0,(c™u) P dp
0

+oo
[ (T = 20000 M .
0

Since Vim(p) > 0, we get

+oo
[ (Toam = 2619500 e dp e Nl e el
Roh

Roh
[ 20l ap.
0
Using (4.39), we deduce that

+o0
M [l dp < [Nl € a2
Roh

Roh
[ 2l Pl dp.
0

Thanks to (4.40), ®;/h and @} are uniformly bounded with respect to h and to k on [0, Roh).
Therefore, there exists a constant L > 0 (independent of h and k) such that

oo Roh
Mh [ e P dp < [Nl ey ¥ ulageny + Lh [ Juf?do.
0 0

For z € [0, ¢oh), we get
(M - CO)hHe(Dk/huHiQ(R-F) S ||€q>k/h (N}hm - Z) UHL?(RJr)||6¢k/hu||L2(R+) + Lh||u||iQ(R+) .
Since M > ¢, this gives (4.41]) . O
The first application of the above Agmon estimate is to prove the decay of the eigenfunctions.

Theorem 4.11. For all ¢ € (0,1), there exist C > 0 and hy > 0 such that, for all h € (0, hy)
and all eigenfunctions ¥ with eigenvalue of order h of the operator Ny m,

(4.43) ||ew/h‘1’||L2(R+) < Ol 12®+y s
p

where (p) = / %:) dr is given by (4.34)).
0

Proof. Let (xx)ren be a sequence of functions as in the proof of Proposition (4.5). In order to
apply Proposition [4.10] we consider

Pi(p) = exk(p(p)) -
For each k € N, we have &, € W1>(R" R). Furthermore, one has

B(0)] < el ()] = 52

Let us consider an eigenvalue A = (O(h)) and an associated eigenfunction W. Then, there
exist ¢y > 0 and hy > 0 such that

Al < coh for all h € (0, ho) .
Let M and Ry be numbers such that

a.e. on R, .

M > Co,
26(0)m + 2M
o2 B0 e
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Using ([2.6]), we have a(p) > bop for all p € R,.. From the definition of Ry, we have the estimate,
for all h € (0, hg), k € N and p > Ryh,

20%(p)

Vim(p) = 20|®,(0)]? > Vi (p) — €

2p
(1—e) (B(0)p — {p)” — Lo
> 5
> ((1 —¢ )25(0> Ry —B(O)m) n
> Mh.

On the other hand, there exist K; > 0 and K, > 0 such that, for all h € (0, h), k¥ € N and
p e [07 R(]h')7

|5 (p)] <

1
8(1265) = g/o B(ps)ds < K

and

|Pr(p)| < ed(p) = 5/0p/0 B(rs)dsdr < Kyh.

Now, we can apply Proposition for z = A, there exists a constant C' > 0 such that, for
all eigenfunction ¥ associated with A,

+00 +o0
/ =Xk g2 dp < 0/ T2 dp.
0 0

By letting £ — oo and using Fatou’s lemma, we get

+00 +0o0
/ 625“’/h|\11\2dp§0/ |W)?dp.
0 0

O

Proof of Theorem[2.8 Let T : L*(R? dq) — L*(RT x R/27Z,rdrdf) be the unitary operator
associated with the polar coordinates. Then, T'(Uy,,) is the eigenfunction associated with the
cigenvalue A, () = A\ (Z,a) of the operator J#,. From Proposition [1.7]

1 , 2
T(Uh,m) = eilmeqjh,m (r_) )

V2T 2
where W, is a eigenfunction associated with the first eigenvalue \o(Np,.,) of the operator
Npm. Theorem easily follows. O

Theorem 4.12. For all (,m,J) € (0,1) x N x N, there exist C > 0 and hg > 0 such that, for
all b€ (0, ho),

(4.44) e (@5 1y = T W3 ) iy < OB,

p
where (p) = / alr) dr is given by (4.34)).

0 2T

Proof. Let us fix (¢,m,J) € (0,1) x N x N. We recall that T',,¥3  is the eigenfunction with
the eigenvalue \g(Nj,,,) that has order h. We consider again the sequence (®)ren. Applying
Proposition m tou = \I/,{m — Fm‘lf;{’m we find

C
(4.45) le® M ull < =™/ (Nim = Ao(Nim)) ull + Cllul]
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Thanks to (4.35]), we have
He%/h (Nim = Ao(Nim)) “HL?(R+)
€% N = X ) Wil ey + [ Ao Noan) = N [0
Ch7™? + Ch7H (Mo(Nam) — M| + ClANam) — Al |25
ChI+2
Using Corollary and , we get

|I€5Xk(<P(P))/hu||L2(R+) < Ch'*t,

for all £ > 1. Then, we take to limit £ — +oo and use Fatou’s lemma. O

IN

sm ||L2(R+)

IN

,mHLQ(Rﬂ

IN

APPENDIX A. SPECTRUM OF THE LAGUERRE OPERATOR
This appendix is devoted to the Laguerre operators
Ton = =280+ (2s —2 —2|m|) 05 + |m| —m + 1,

for each m € Z. We denote by L™ the generalized Laguerre polynomials: these are solutions
of the differential equation

(A1) s0%y + (lm| +1—5) Oy +ny =0,
with n € Z , see [21]. Then, for each m € Z, we have
(A.2) T (LI™) = (20 4+ 14 |m| — m) L™,
In particular,
(A.3) {2n+|m|—m+1:n e N} Csp(T,).
These polynomials are orthogonal with the inner product of space L*(R*, s/™le~*ds) and satisfy
/+0<> Lém)(s)L;m)(s) smle=sds = L(n +7|:L’ + 1>5k7n ,
0 !

where 9y, denotes Kronecker symbol.

Theorem A.1. For each m € Z, the family (L;m))neN is total in L*(RT, s™le~%ds). Moreover,
the spectrum of the operator T,, is

Sp(Tm) ={2k+1+|m|—m: k€ N} .

APPENDIX B. ABOUT THE DETERMINANT AND THE TRACE OF THE HESSIAN
From the definition of isothermal coordinates, we have
9o (U, V) = 219 g4 (dp, U, dp, V), for all U,V € T,- M .
In the matrix expression, we have
(B.1) Gy = (D)L (D), ,

where (D¢),» is the matrix of d¢,-. The relation between the Hessian of B on manifold and
the Hessian of B = B o ¢! is given by

(B.2) d°B,-(V3, Va) = (HessB(0)dg,- Vi, dgpy-Va)ge .

In order to compute the trace and determinant of the Hessian at p*, we consider the endormor-
phism H of T,- M defined by

(B.3) (A*B)- (V1, Vo) = gp-(HV1, Va)  YVi, Vo € Tpe M .

Additionally, (B.2) and (B.3)) imply that
(B.4) (Hess B(0)d,+ Vi, dgpVa)ge = gpe (HV1, V2)  VVI, Vo € T)o M,
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(D¢) ] Hess B(0) (D), = HG,,.

Using (B.1)), we get

(D). Hess B(0) [(Do)..] o 0y

Notice that

Let

and

(1]
2l
3]
4]

5]

[10]

[11]

[12]
[13]
[14]
[15]
[16]
[17]

(18]

Hess B(0) = (200‘ 0) .

2y
H= %H, then we can easily compute the determinant of H and the trace of H 3
det (H) = det (Hess B(0)) = e " Dqry |
1/2 e 1) T 1/2 71-1
TrH'/* =Tr 7 (D¢)]. (Hess B(0))"/* [(Do).]
—n(0)

e 1/2
_ NG Tr [(Hess B(0))"/?]

= e MO(Va+ V7).
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