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SEMICLASSICAL RESOLVENT ESTIMATES FOR HOLDER POTENTIALS
GEORGI VODEV

ABSTRACT. We first prove semiclassical resolvent estimates for the Schrédinger operator in RY,
d > 3, with real-valued potentials which are Hélder with respect to the radial variable. Then
we extend these resolvent estimates to exterior domains in R%, d > 2, and real-valued potentials
which are Holder with respect to the space variable. As an application, we obtain the rate of
the decay of the local energy of the solutions to the wave equation with a refraction index which
may be Holder, Lipschitz or just L.

Key words: Schrodinger operator, resolvent estimates, Holder potentials.

1. INTRODUCTION AND STATEMENT OF RESULTS

In this paper we are going to study the resolvent of the Schrodinger operator
P(h) = —h*A + V(z)

where 0 < h < 1 is a semiclassical parameter, A is the negative Laplacian in R%, d > 2, and
V € L*®(RY) is a real-valued potential satisfying the condition

(1.1) V(z) < p(|z|)

where p(r) > 0, r > 0, is a decreasing function such that p(r) — 0 as r — oo. More precisely,
we are interested in bounding the quantity

g5 (hye) :=log [|(|z[ + 1)~ (P(h) — E £ ie) " (| + 1)~
from above by an explicit function of h, independent of ¢, without imposing extra assumptions
on the function p. Here L? := L2(R%), 0 < ¢ < 1, s > 1/2 is independent of h and E > 0
is a fixed energy level independent of h. Instead, we impose some regularity on the potential
with respect to the radial variable 7 = |z|. Note that througout this paper the space C' will
denote the Lipschitz functions, that is, the ones with first derivatives belonging to L*>® (and not
necessairily continuous).

We will first extend Datchev’s result [5] to a larger class of potentials. Recall that in [5] the
bound

(1.2) gE(he) < Ch™!

is proved when d > 3, with some constant C' > 0 independent of h and ¢, for potentials
V € CY(RT) with respect to the radial variable r and satisfying (1.1) with p(|z|) = Cy(|z|+1)7°
as well as the condition

(1.3) V() < Co(lz| +1)~7

where C1,C5,d > 0 and S > 1 are some constants. We will prove the following

S
HL2~>L2

Theorem 1.1. Let d > 3 and suppose that the potential V satisfies the conditions (1.1) and
(1.3). Then there exists a constant C' > 0 independent of h and € but depending on s, E and
the function p, such that the bound (1.2) holds for all 0 < h < 1.
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2 G. VODEV

Note that the bound (1.2) was first proved for smooth potentials in [2]. A high-frequency
analog of (1.2) on Riemannian manifolds was also proved in [1] and [3]. When d = 2 the bound
(1.2) is proved in [10] for potentials V' € C'(R?) satisfying (1.1) with p(|z|) = C1(Jz| +1)7° as
well as the condition

(1.4) IVV ()] < Co(lz] +1)77

where C1,C5,0 > 0 and S > 1 are some constants.
On the other hand, for compactly supported L*° potentials without any regularity the follow-
ing weaker bound

(1.5) g5 (h,e) < Ch™*log(h™")

was proved for 0 < h < 1 in [7] and [11] when d > 2. When d > 3 the bound (1.5) has been
extended in [12] to potentials satisfying the condition

(1.6) V(@)] < Gyl +1)7°

where C'3 > 0 and § > 3 are some constants. Note that (1.5) has been recently proved in [4] for
potentials satisfying (1.6) with 6 > 2. For potentials satisfying (1.6) with 1 < 6 < 3 the much

weaker bound
1

_ 2045 1
(1.7) gE(h,e) < Ch™ 36D (log(h_l)) -1,
was proved in [13].
In the present paper we show that the bound (1.5) can be improved if some small regularity
of the potential is assumed. To be more precise, given 0 < a < 1 and > 0, we introduce the
space C§(R*) of all Holder functions a such that

p— / [
sup 7](1(7“) (f(; ) <C(r+1)7%, VreR*,
7 >0: 0<|r—7|<1 r— 7'l
for some constant C' > 0. We now suppose that the function V(r,w) := V(rw) satisfies the
condition
(1.8) V(,w) € CHRY), 0<a<l,

uniformly in w € S4~!. We have the following

Theorem 1.2. Let d > 3 and suppose that the potential V satisfies the conditions (1.1) and
(1.8). Then there exists a constant C' > 0 independent of h and € but depending on s, E and
the function p, such that the bound

(1.9) gE(h,e) < Ch= ) 1og(h~1) 4 C
holds for all 0 < h < 1.

The proof of the above theorems is based on the global Carleman estimates proved in [13] but
with different phase and weight functions (see Theorem 4.1). In fact, in the case of Holder or
Lipschitz potentials we need to construct better phase functions and hence get better Carleman
estimates. Such functions are constructed in Section 2 modifying the construction in [13] in a
suitable way. In order that the Carleman estimates (see (4.1) and (4.6) below) hold, the phase
and weight functions must satisfy some inequalities (see (2.5), (2.9) and (2.21) below), so most
of the proof of the above theorems consists of proving these inequalities. Note also that the
above theorems have been recently proved in [4] by using similar Carleman estimates but with
a better choice of the phase function. Consequently, the bound (1.9) is proved in [4] for a larger
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class of a-Hélder potentials. On the other hand, it is shown in [15] that the logarithmic term in
the right-hand side of (1.9) can be removed for radial potentials.

We next extend the above results to arbitrary obstacles and all dimensions d > 2. To do
so, we need to replace the conditions (1.3) and (1.8) by stronger ones. To be more precise,
we let Q C R%, d > 2, be a connected domain with smooth boundary 9 such that R¢\ € is
compact. Let rg > 0 be such that R?\ Q C {z € R?: |z| < r}. Given a real-valued potential
V € L*>(Q) satistying (1.1) for |z| > 19, we denote by P(h) the Dirichlet self-adjoint realisation
of the operator —h?A+V (z) on the Hilbert space L?(£2). We define the quantity ¢gF in the same
way as above with L? = L*(Q). Given 0 < o < 1 and 3 > 0, we introduce the space C’g‘(ﬁ) of
all Holder functions a such that

(@) ~ )| _ o e e,

sup ’1‘ — 1'/’04

2/ €Q: 0< |z —a'|<1
for some constant C' > 0. Note that the case a = 1 corresponds to the Lipschitz functions. We
suppose that

(1.10) VeliQ), 0<a<l f>1
We have the following

Theorem 1.3. Let d > 2 and suppose that the potential V- € L>(Q) satisfies (1.1) for |x| > rg.
If V satisfies (1.10) with « = 1 and 8 > 1, then the bound (1.2) holds for all 0 < h < 1. IfV
satisfies (1.10) with 0 < o < 1 and = 4, then the bound (1.9) holds for all 0 < h < 1.

To prove this theorem we follow the same strategy as in [14], where the bound (1.5) is proved
in all dimensions d > 2 for potentials V' € L*°(Q) satisfying (1.6). It consists of gluing up two
different types of estimates - one in a compact set coming from the local Carleman estimates
proved in [8] (see Theorem 3.1) with a global Carleman estimate outside a sufficently big compact
(see Theorem 4.2). This is carried out in Section 4.

Theorem 1.3 together with Theorem 1.1 of [14] allow us to get uniform bounds for the resolvent
of the Dirichlet self-adjoint realisation, G, of the operator —n(z)"'A in the Hilbert space H =
L2(Q,n(z)dz), where n € L>®(1) is a real-valued function called refraction index satisfying the
conditions

(1.11) ny <n(zx) <ng in Q

with some constants ni,no > 0, and
(1.12) In(z) —1] < C(jz| +1)™° in Q,
with some constants C,d > 0. More precisely, we have the following

Corollary 1.4. Suppose that the function n satisfies the conditions (1.11) and (1.12). Then,
given any s > 1/2 and Ao > 0 there is a constant C' > 0 depending on s and Ny such that the
estimate

(1.13) (2] +1)7°(G = X2 +ie) " H(|z] + 1) 7% g < eC¥N

holds for all X\ > Ao uniformly in e, where Y(\) = 14/3 log(A + 1) if n € L>(Q) satisfies (1.12)
with § > 3, Y(A) = A log(A +1) if n € CF(Q) with 0 < o < 1, p(X) = X if n € C}(Q)
with 5> 1.

To get (1.13) we apply the theorems mentioned above with h = A/, V = A\3(1 —n), E = M2
and ¢ replaced by eh’n.
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Using Corollary 1.4 one can extend Shapiro’s result [9] on the local energy decay of the
solutions of the following wave equation

(n(x)0? — A)u(t,z) =0 in R xQ,
(1.14) u(t,z) =0 on R x 99,
(0,z) = fi(x), Owu(0,z) = fo(x) in K.

Given any ro > 1, denote Q,, = {x € Q: |z| < r9}. We have the following

u

Corollary 1.5. Suppose that the function n satisfies (1.11) and that n = 1 outside some compact
subset of Q. Then, the solution u(t,x) to the equation (1.14) with compactly supported initial
data (f1, f2) € HE(Q) x H}(Q) satisfies the estimate

(1.15) IVult, )l g2, ) + 10cult; )l L2,y < Cw(t) (L1l 2y + N f2ll @)
fort > 1, where
~ (loglogt 3/4
w(t) = ( Tog ) .

Suppose in addition that n € C*(Q) with 0 < a < 1. Then the estimate (1.15) holds with

log log ¢ (@+3)/4
wt) = logt

if 0 < a < 1, and with w(t) = (logt)™' if a« = 1. The estimate (1.15) remains valid when
Q=R"%

Remark 1. In view of the recent results in [15], when Q@ = R%, d > 3 and the function n depends
only on the radial variable 7, the estimate (1.15) holds with w(t) = (logt)~%/* if n € L>, and
with w(t) = (logt)~(@3/4 if n is o - Holder in 7.

Note that estimates similar to (1.15) were first proved by Burq [1] in the case n = 1. Note
also that an analog of the above theorem is proved by Shapiro [9] in the case = R?. Then an
estimate similar to (1.15) is proved with w(t) replaced by (logt)=3/4t¢ € > 0 being arbitrary.
Moreover, if in addition the function n is supposed Lipschitz, then the decay rate is improved
to w(t) = (logt)~!. The proof in [9] is based on the resolvent estimates obtained in [5], [10] and
[11].

The assumption that n = 1 outside some compact is only necessary to study the low-frequency
behavior of the cut-off resolvent of G. Indeed, under this assumption one can easily see that
this behavior is exactly the same as in the case when n = 1, which in turn is well-known (e.g.
see Appendix B.2 of [1]). Therefore, in this case the low-frequency analysis can be carried out
in precisely the same way as in [9]. Most probably, the condition (1.12) with 6 > 2 would be
enough. The high-frequency analysis in our case is also very similar to that one in [9] with
some slight modifications allowing to deduce from (1.13) the sharp decay rate w(t) (instead of
(log t)_3/4+5).

2. CONSTRUCTION OF THE PHASE AND WEIGHT FUNCTIONS

Let p € C§°([0,1]), p > 0, be a real-valued function independent of k such that [~ p(c)do = 1.
If V satisfies (1.8), we approximate it by the function

(ryw) =60" / (r' = 7))V (' w)dr = /000 p(o)V(r+6fo,w)do
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where 6 = h2/(@+3)_ Indeed, we have

[V (r,w) = Vp(r,w)| < /OOO p()|V (r+0o,w) — V(r,w)|do

(2.1) SO%(r+ 1)4/ c®p(o)do < 6%(r+ 1)1
0
This bound together with (1.1) imply

(2.2) Vi(r,w) < p(r) +O((r +1)7".
Clearly, Vp is C! with respect to the variable  and its first derivative Vy is given by

Vi) =07 [ (07 =0 o)V wd’

=6" / V(r+60o,w)do =6~ / o)(V(r+0o,w) —V(r,w))do
where we have used that f (0)do = 0. Hence
(2.9 Vi)l S04 1) [ ol o)ldo S0+ 1)
0

We now construct the weight function p as follows:
r) (r+1)2k — (r + 1)2ko for 0<r<a,
)=
: (a+1)%* —(a+1)%0 + (a+1)725F — (r +1)725FL for r >a,

where a = aph™™ with a9 > 1 independent of h, m = 0 if V satisfies (1.3) and m = 2 if V
satisfies (1.8). We choose k = 3 min{1, 8 — 1}, ko = 0 if V satisfies (1.3), and k = 1, ko = 1/2 if
V satisfies (1.8). Furthermore, s is independent of h such that
(2.4) 1 Cse +min{3,8+ 1} if V satisfies (1.3),
2 3 if V' satisfies (1.8).

Clearly, the first derivative of p is given by

() = 2k(r 4+ 1)1 — 2ko(r + 1)%0=1 for 0<r <a,

(25 —1)(r +1)72 for r > a.

We have the following

Lemma 2.1. For all v > 0, r # a, we have the inequalities

(2.5) 2r~pu(r) — /(r) >0,
(2.6) ’:Xg; Sa(r+1)»

for every j > 0.

Proof. 1t is shown in Section 2 of [13] that when kp = 0 the inequality (2.5) holds for all
0 < k < 1. Here we will prove it when v := 2k —2kg > 1 and 0 < k < 1. For r < a we have

2u(r) — ru'(r)
=2(1—k)(r+1)% —2(1 — ko) (r + 1) + 2k(r + 1)%71 — 2kg(r + 1)%k0~1
=2(r + 1) (1= k) (r + 1)"T — (1 = ko)(r + 1) + k(r + 1)” — ko)
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=2(r+ 1) (A= k)yr((r+ 1) =)+ (r+1)Y —vr/2-1)
> 2(r + 1) ((r 4 1) —wr/2 = 1) > wr(r + 1)1 > 0
where we have used the well-known inequality
(r+1)>vr+1
as long as v > 1. For r > a the left-hand side of (2.5) is bounded from below by
2r H(a+1)%* - (a+1)*0 —5) >0
provided a is taken large enough. To prove (2.6) observe that for r < a we have
W () > 20k — ko) (1 + 1% > 20k — ko) (1 + 1)1 > 2(k — ko) (r + 1)~

which clearly implies the bound (2.6) with j = 0. This together with the fact that u = O(a?*)
implies the bound (2.6) with any j > 0. O

We will now construct a phase function ¢ € C1([0,+00)) such that »(0) = 0 and ¢(r) > 0
for r > 0. We define the first derivative of ¢ by

, r(r+1)F—7(@+1)7% for 0<r<a,
i(r) =

0 for r>a,
where
(2.7) S { 70 if V satisfies (1.3),
T062¢/301/3 if V satisfies (1.8),

with some parameter 79 > 1 independent of h to be fixed later on. We choose now the parameter
agp of the form ag = Tg, where ¢ > 0 is a constant such that k¢ > 2 and (5 — 2k — 2s)¢ > 2. Note
that the choice of the parameters k and s guarantees that § — 2k — 2s > 0.

Clearly, the first derivative of ¢’ satisfies

" —kr(r+ 171 for 0<r<a,
(r) =
0 for r>a.

Lemma 2.2. For all r > 0 we have the bounds

(2.8) hlo(r) < ht if V' satisfies (1.3),
. ~ | R @t log(hY) + 1 if V satisfies (1.8),

Proof. The lemma follows from the bounds

maxgp:/ o' (r)dr §7'/ (r—}—l)_kdr,S{
0 0

ral7F i k<1,
Tloga if k=1.

For r > 0, r # a, set

where
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with 8 > 1, if V satisfies (1.3), and
Bi(r) = 070 + 1) P u(r) + (p(r) + (r + 1)) (r),

_1pa _ 2
(p(r) (h=10(r +1)=7 + | (r)]))
h=1! (r)u(r) + p/(r)
with g =4, if V satisfies (1.8). The following lemma will play a crucial role in the proof of the
Carleman estimates (4.1) and (4.6) in the case d > 3.

BQ(T‘) =

)

Lemma 2.3. Given any constant C > 0 there exists a positive constant 71 = 11(C, E) such that
for T satisfying (2.7) with 19 > 11 and for all 0 < h <1 we have the inequality

(29) A(r)~ OB(r) 2~ 2 (1)
for allr >0, r# a.
Proof. For r < a we have
A) = — (r+1%0¢?) 4720, (1- ¢+ Dia+1)*)
= ~2(r + %0l (1) (1) — kol + 10l (1)
~2kr(r + 1) o+ )7 (1= 4+ DF @+ 1))
> 27(k — ko) (r + )2~ *=1 (1) — 272 (r + DE a4+ 1)7F
> 27(k — ko) (r + 1)~ *=1 (1 — O <7’2a7k> w (1)
> 27(k — ko) (r + 1)~k 1 (1 — O <T§aak> w (1)

> 27(k — ko) (r + 1)~k =1 (1 — O <Také+2) w(r).

Hence, taking 7y large enough, we can arrange the inequality

E

(2.10) Ar) = 20(k — ko) (r + 1771/ (r) — 4 ()
for all » < a. Observe now that if 0 < r < a/2, then
(2.11) o (r) > ~yr(r+1)7F
with some constant v > 0. By (2.10) and (2.11) we conclude

~ E
(2.12) A(r) = Fr3(r + 1) 2kko) =1 _ 1)
for all < a/2 with some constant 5 > 0, and

E

(2.13) A(r) > —Z,u’(r) for all r # a.

We will now bound the function By from above. Since the function p is decreasing, tending to
zero, there is b > 0 such that

FE
p(r)—i—(r—l—l)_ﬁgﬁ for r>b.

Hence, for every N > 0 there is a constant Cy > 0 such that we have

(2.14) (p(r) 4+ (r+ 1)) (r) < Cn(r+ 1)V + %//(7") for all r # a.
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Let 0 < r < a. Then u(r) < (r 4 1)%, and in view of (2.14) with N big enough, we have

~ E
Bi(r) < Olr+ )™ 4 2 (r),

if V satisfies (1.3), and
~ E
Bi(r) < COTFr + 1% 4 o2l (1),

with 8 = 4, if V satisfies (1.8). Observe now that the choice of the parameters k, ko and
0 guarantees that 8 — 2k > 2(k — ko) + 1 and #~'+® = ¢4/3p=2/3_ Therefore, the above
inequalities imply

(2.15) Bi(r) <0 (762) 72(r 4 1) 2kko)=1 %p'(r) for r<a/2
in both cases. Similarly, we get
E

(2.16) Bi(r) <O (7’2a75+1) W (r) + %,u'(r) for a/2<r<a
and

E
(2.17) Bi(r) <O <72a*5+2k+23) W(r)+—=u'(r) for r>a.

9C
Since

_ _ _ —(B—2k—25)0+2
720 B+ < 720 BH2k+2s < Tgao B+2k+2s _ 7 (B s)l+ ,

we obtain from (2.16) and (2.17),

(2.18) Bi(r) < %,u'(r) for r>a/2,r#a,

provided 7y is taken large enough.
We will now bound the function By from above. We will first consider the case when V
satisfies (1.8). Let 0 <7 < a/2. In view of (2.11), we have

(1) (7262 + 1) + ¢/ (1)?)
h=1g!(r)

B o |G VY 1o
~ ¢'(r) ¢'(r)
< 7'71920%71(7“ + 1)3k725 + hr(r + 1)"672
5 7_0—37_2(7, + 1)72(14:714:0)71 —|—’T(T‘ + 1)]?72

where we have used that 5k — 2ky < 26 — 1. Since 3k — 2kg — 1 > 0, we have the inequality

(’I“ + 1)]4:72 < b3k72k071(r + 1)72(14:714:0)71 + bfkfl(,r + 1)2]?71

for every b > 1. We take b such that b3*~2k0—1 = por, where by > 0 is a small parameter
independent of 7 and h to be fixed below. Then the above inequality takes the form

By(r) S &

_ 2(1—k+kg)

T(r+ 1P S bor?(r + 1) 7RI TR ()

< bor?(r+ 1)kl L ().
Thus, taking 7y big enough depending on by, £ and C', we get the bound

E
—C,u'(r) for 0<r<a/2

(2.19) Bs(r) < O (15 +bo) 72(r + 1) 72k ko)1 S
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When V satisfies (1.3) we have 3k — 2ky — 1 < 0, and hence
T(r 4+ 1)F72 < 7(r 4 1) 2hko) =1 < o L (r + 1) 2(k—ko)=1,

Therefore, the inequality (2.19) still holds in this case.
Let us now see that

(2.20) Bs(r) < %,u'(r) for r>a/2,r#a.

Let § <7 < a. Since in this case pu(r)/p' (1) = O(r), we get the bound

Ba(r) < (fj,((?)f <h’19°‘(r +1)7F + |go"(r)|)2 1 (r)
S (P20 + )7 4 P2+ 1)) ()
< (h—2a2—25 _|_7_2a—2k> 1 (r)
< <h2m(6—1)—2ag*25 + h2m—2/37_02a62k> 1 (r)
< <a§725 +7_02aa2k) W) < <7_0—2£(ﬁ—1) +Ta2k2+2> 1 ()

which clearly implies (2.20) in this case, provided 7y is taken big enough. Let r > a. Using (2.6)
with 7 =1, we get

2
M(ﬂ) -1 8\
BrS( (h 0%r+1 )ur
2( ) ,U'/(T) ( ) ( )
g h72a4k(r + 1)45726/11/(70)
< h72a4k+4372ﬁlul(,r)
< h2m(572k72s)72alolk‘+48—2ﬁlul(T)
< aék+48726'u//(r) S 7_0*2Z(672k*28)'u/(71)

which again implies (2.20), provided 7y is taken big enough. Similarly, in the case when V'
satisfies (1.3) one concludes that the inequality (2.20) holds for all » > 0, r # a.

It is easy to see that for r < a/2 the estimate (2.9) follows from (2.12), (2.15) and (2.19) by
taking by and 7, ' small enough, while for r > a/2, r # a, it follows from (2.13), (2.18) and
(2.20). 0

Remark 2. It is easy to see from the proof that when V satisfies (1.8) the inequality (2.9) holds
as long as 1/2 < k < 1, kg = k — 1/2. The choice k = 1, however, provides the best resolvent
bound in the semiclassical regime, that is, for 0 < h < hg with some constant 0 < hy < 1.
When hqg < h < 1 the choice of k does not really matter because in this case g (h,¢) is upper
bounded by a constant. For example, we may take k = 1/2 and ko = 0.

The following lemmas will play a crucial role in the proof of the Carleman estimate (4.6) in
the case d = 2.

Lemma 2.4. Given any constants C,rg > 0 there exists a positive constant 71 = 11(C, E,rq)
such that for T satisfying (2.7) with 19 > 11 and for all0 < h < hgy, 0 < hg < 1 being a constant
depending on E, ry and 19, we have the inequality

(2.21) A(r) = h*r3u(r) — CB(r) > —%,u'(r)

for allr > rg, r # a.
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Proof. For rg < r < a we have
W) S G4 1)) S R+ 1)) < 2l (),
provided h is taken small enough. For r > a, in view of (2.6) with j = 1, we have
hZT'_g,U,(V") g h2a2k(7" + 1)28—3M/(T) S h2a2k+28_3,u'(r)
< 2k 258) 228 (1) %//(T),

provided h is taken small enough, depending on ag. Clearly, (2.21) follows from these inequalities
and (2.9). O

It is easy to see from the proof that when V satisfies (1.3) the inequality (2.21) holds also
for hg < h < 1. This is no longer true when V satisfies (1.8) because in this case 2k + 2s — 3
does not have the right sign. Therefore, to make (2.21) holds for h not necessarily small, we
need to make a new choice of the parameters k and kg in order to change the sign of 2k + 2s — 3
and for which Lemma 2.3 still holds. Thus, in view of Remark 2, in the semiclassical regime
(0 < h < hg) we take k =1, kg = 1/2 and in the classical regime (hg < h < 1) we take k = 1/2,
ko = 0. To cover the second case we need the following

Lemma 2.5. If V satisfies (1.8) we take k = 1/2 and koy = 0. Then, given any constants
C,ro > 0 there exists a positive constant 71 = 11(C, E,10) such that for T satisfying (2.7) with
To > 1 the inequality (2.21) holds for all r > ro, r # a, and all 0 < h < 1.

Proof. For ro <r < a/2 we have

Wr3u(r) S (r+ 1) 7Pp(r) S (r 4 )73 g (4 1) 2R
For a/2 < r < a we have

P2rou(r) S (r+ 1)720(r) S a7 (r) S ag ' (r) < — i (r),
provided ag is taken big enough. For r» > a we have

E
h27’_3,u(7‘) S a%(r + 1)28—3M/(T) 5 a2k+28—3lul(,r) S a3k+25731u/(7,) < E:U’/(T)’

provided ag is taken big enough. Then it is easy to see that (2.21) follows from these inequalities
and Remark 2. O

3. CARLEMAN ESTIMATES FOR HOLDER POTENTIALS ON BOUNDED DOMAINS

Throughout this section X C R?, d > 2, will be a bounded, connected domain with a smooth
boundary 0X. Introduce the operator
P(h) = —h*A + V(z)
where 0 < h <1 is a semiclassical parameter and V € L*°(X) is a real-valued potential. Let
U C X, U # 0, be an arbitrary open domain, independent of h, such that U N 90X = () and
let z € C, |z| < Cp, Cy > 0 being a constant independent of h. We will also denote by H,ll the
Sobolev space equipped with the semiclassical norm. Given any 0 < o < 1, denote by C%(X)
the space of all functions a such that
/
a(x) —a(x
|lal|ce = sup M < 400.
r zeX: 0<|z—a'|<1 |$ - |

We have the following
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Theorem 3.1. Let V € C%X) with 0 < a < 1. Then, there exists a positive constant y
depending on U, ||V||ca and Cy but independent of h such that for all 0 < h < 1 we have the
estimate

(3.1) ||UHH}1L()Q < evh—4/(a+3)H(P(h) . Z)UHL?(X) + eyh—4/(a+3)

Hu||H1(U)
h
for every u € H*(X) such that u|px = 0.

It is proved in Section 2 of [14] that for complex-valued potentials V' € L (X) the estimate
(3.1) holds with o = 0. The proof is based on the local Carleman estimates proved in [8]. We
will follow the same strategy in the case of Holder potentials as well. For such potentials we will
get new local Carleman estimates by making use of the results of [8]. To be more precise, we
let W C X be a small open domain and let z be local coordinates in W. If I' :== W N 90X is not
empty we choose x = (x1,2'), 1 > 0 being the normal coordinate in W and 2’ the tangential
ones. Thus in these coordinates I' is given by {z; = 0}. Let ¢,¢1 € C®°(W) be real-valued
functions such that supp ¢ C supp¢; C W, ¢ = 1 on supp$. When V € C*(X) with0 < a < 1
we approximate the function ¢1V by the smooth function

V(a) = 07! /X o(& — 2)/8)(61V) (& )da’

where o € C§°(|z| < 1) is a real-valued function such that [p4o(z)dz =1and 0 <6 < 1is a
small parameter to be fixed later on. The fact that V € C%(X) implies the bounds

(3.2) [(@1V)(z) = Vo(a)| < 67,

(3:3) |05 Ve ()| < 071,
for all multi-indices 8 such that |8] = 1. Set V = 61-*(Vy — 2) if V € C*(X) with 0 < o < 1,

V=V —zif Ve CY(X). In view of (3.2) and (3.3) we have 35‘7(1') = O(1) uniformly in 6, for
all multi-indices § such that |5 < 1.

Let now ¢ € C°°(W) be a real-valued function independent of h and 6 such that
(3.4) Vi #0 in W.

If T # () we also suppose that

N
oy
We set p = e, where A > 0 is a big parameter to be fixed later on, independent of h and .

Let p(x,§) € C°°(T*W) be the principal symbol of the operator —A and let 0 < h<1bea
new semiclassical parameter. Then the principal symbol, p,, of the operator

P (CREA 4 V)ee/h

(3.5) (0,2") >0 forall 2.

is given by the formula

Po(@,§) = pla, £ +iVe(z)) + V(2).
An easy computation shows that given any constant C' > 0 there is A = A(C) such that the
condition (3.4) for the function v implies the following condition for the function ¢:

(3.6) {Repy,Impy,} (z,8) > ¢y for [£] < C,

with some constant ¢; > 0 independent of #. On the other hand, if C' is taken large enough we
can arrange the lower bound

(3.7) Py (@, = café* for €] > C,
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with some constant ¢o > 0 independent of 6. If " # ) the condition (3.5) implies

(3.8) g—z(O,x') >0 forall 2.

Now we are in position to use Propositions 1 and 2 of [8], where the proof is based on the
properties (3.6), (3.7) and (3.8). We have the following

Proposition 3.2. Let the function u be as in Theorem 3.1. Then there exist constants C1, FLO >0
such that for all 0 < h < hg we have the estimate

(3.9) / (y¢u\2 + \vau)\?) X/t dy < 017! / [(—h2A + V) (¢u) 262/ M dz.
X X
We take h = h#(1=2)/2 when o < 1 and we rewrite the inequality (3.9) as follows

/X (Jpul? + 61~ hV (gu)[2) /M gy
< Oy lg3i-a)/2 /X (—h2A + Vi — 2)(u) 22/ M09 gy
< Clh*103(1*a)/2 /X |(P(h) — z)(¢u)\262“’/h9(170)/2dx
+Clh*163(1*a)/2 sup |1V — %‘2 /X ’¢u‘2e2¢/h9(lfa)/2dx
< Clh*103(1*a)/2 /X |(P(h) — z)(¢u)\262“’/h9<1w)/2dx

+Cyh 1B+ / Gul2c2e /o0 g,
X

We now take 0 = h?/(@+3)2/(1=0) " where k > 0 is a small parameter independent of k. Thus,
taking x small enough we can absorb the last term in the right-hand side of the above inequality.
When o = 1 we take h = hk. Thus we deduce from Proposition 3.2 the following

Proposition 3.3. Let the function u be as in Theorem 3.1. Then there exist constants 6’, ko >0
such that for all 0 < k < kg and all 0 < h < 1 we have the estimate

/ (16ul? + |hV (gu)|?) /= gy
X

(3.10) < Crh~Hot)/(a+3) / (P(h) — 2)(¢u)|2e2e/0 T gy
X

Now Theorem 3.1 follows from Proposition 3.3 in precisely the same way as in Section 2 of
[14], where the analysis is carried out in the particular case o = 0. It is an easy observation
that the general case requires no changes in the arguments, and therefore we omit the details.
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4. RESOLVENT ESTIMATES

The following global Carlemann estimate is similar to that one in Section 3 of [13] and can
be proved in the same way. The proof will be carried out in Section 5. In what follows we set

D, = —ih0,.

Theorem 4.1. Let d > 3 and let the potential V' satisfy (1.1). Let also V' satisfy either (1.3) or
(1.8) and let s satisfy (2.4). Then, for all0 < h <1, 0 < e < 1 and for all functions f € H*(R?)
such that

(|z| + 1)*(P(h) — E +ie)f € L*(RY)
we have the estimate

(2] + 1)~ fl p2ay + | (j2] + 1) 7*€? "D, f | p2(ray
< Cah7Y|(|z] + 1)%e?M(P(h) — E + i€) fll 2 (re)

(4.1) +C7a(e/h)? | £ 12 ma)
with a constant C > 0 independent of h, € and f.

Theorems 1.1 and 1.2 can be obtained from Theorem 4.1 in the same way as in Section 4 of
[13]. We will sketch the proof for the sake of completeness. It follows from the estimate (4.1)
and Lemma 2.2 that for 0 < h <1 and s satisfying (2.4) we have the estimate

(4.2) (] + 1)~ fllz2 < Ml|(ja] + 1)°(P(h) = E £ ie) f || g2 + Me'?| f] 2
where M > 0 is given by
Ch1 if V satisfies (1.3),
log M =
Ch=*(a+3) 1og(h=1) + C if V satisfies (1.8),

with a constant C' > 0 independent of h and . On the other hand, since the operator P(h) is
symmetric, we have

ellfIZ2 = £Im((P(h) - E £ie)f, f)r:

< M) |[(|l2 + 1)~ flI 72 + @M (o] + 1)°(P(h) — E £ i) f 7
which yields
(4.3) Me"2||f| 2 < %H(\x! + 17 g2 + 202 (2] +1)°(P(h) — B £ ie) f]| 2.
By (4.2) and (4.3) we get
(1.49) (] + 1) f g2 < AM2[(Ja] + 1) (P() — B % i) .
It follows from (4.4) that the resolvent estimate
(4.5) |(Jz] + 1)"5(P(h) — E £ i)' (|2| + 1)~

holds for all 0 < A < 1 and s satisfying (2.4), and hence for all s > 1/2 independent of h.
Clearly, (4.5) implies the desired bounds for g.

Given any ro > 0 we denote Y;, := {z € R? : |z| > o} and we let 1,, € C>°(R) be such
that 9., (r) = 0 for r < 19/3, nyy(r) = 1 for r > r9/2. We set V)(x) := . (Jz|)V (z). To prove
Theorem 1.3 we need the following

SHL2—>L2 < 4M2
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Theorem 4.2. Let d > 3 and let the potential V' satisfy (1.1) for |x| > ro. Let also V;, satisfy
either (1.8) or (1.8) and let s satisfy (2.4). Then, for all0 < h < 1,0 < e <1 and for all
functions f € H?(Y,,) such that f = 0,f =0 on Y, and

(lz| + 1)5(P(h) — E +ie) f € L*(Yy,)
we have the estimate

(] + 1)~ fll 2y + (2] + 1) 7€M D £l 2y
< Oa®h||(lz| + 1)°e?/M (P(h) — E £ ie) f || 23

(4.6) +Cra(e/h)'"? " {2y,
with a constant C' > 0 independent of h, € and f.

Let d = 2. If V;, satisfies (1.8) and k = 1, ko = 1/2, then (4.6) holds for 0 < h < hg with
some constant 0 < hg < 1 depending on . If V, satisfies (1.8) and k = 1/2, kg = 0, or V},
satisfies (1.3), then (4.6) holds for all0 < h < 1.

The proof of Theorem 4.2 is similar to that one of Theorem 4.1 with some suitable modifica-
tions when d = 2 and will be carried out in Section 5.

Theorem 1.3 can be derived from Theorems 3.1 and 4.2 in a way similar to the one developed
in Section 5 of [14]. Let 7o > 0 be such that Y, ;53 C Q. Fix r;, j = 1,2,3,4, such that

rg < r1 < 1y < r3 < rg. Choose functions 1,1, € C®°(R?), depending only on the radial
variable r, such that 11 = 1in R4\ Y, , ¥ = 0in Yy, ¢ = 1in R4\ Y, ¢ =0in Y,,. If s
satisfies (2.4), we choose a function x; € C*°(Q), xs > 0, such that xs(x) = |#|~° on Y;,. Let
f € H?(Q) be such that x;'(P(h) — E +ic)f € L?*(Q) and f|pq = 0. Set

Qo = lIxs ' (P(h) — E % ie) fll 2 (@)
Q1 = lfllzeqve,\vay) + 1P fllz2 (v, \ Vi)
Q2 = [ fll2vip\vey) + IPr fllL2(vi\ 2y )
and observe that
I[P(R), 5] fllee S Qjy 7=1.2
We now apply Theorem 3.1 to the function ¢of with X = Q\ Y,, and U C X such that
U Nsupp s = (). Thus we obtain

Il @) < I2flm @y,
—4/(a+3) .
< " (P(h) - E £ ienf o)

4/(a+3) H 4/(a+3)

(4.7) < (P(h) — E £ ie) fllr2 @y, + €™ Q

with a constant vy > 0 independent of h and 7y. In particular, (4.7) implies
—4/(a —4/(a
(4.8) Q) < VT Qy + e YR g,

On the other hand, it is clear that if V satisfies (1.10) with « =1 and 8 > 1 (resp. 0 < a < 1
and B = 4), then V,, satisfies (1.3) (resp. (1.8)). Therefore, we can apply Theorem 4.2 to the
function (1 — ;) f to obtain

(] + 1)~ fll 2w,y + (2] + 1) 7€M D, £l 2y,

< Il(i2l + 1)/ M (1= 1) fllzagr,y) + 2l + DD = ) fll 22y
< CaPh(Je] + 1) (P(h) ~ B % ie)(1 — 1) fll ey,
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+Cra(e/m) e £l 2y, )
< Ca®h7Y||(|z| +1)%e?/" (P(h) — E £ ie) fl| 2y, ) + Ca?h~'e?2)/hQ,
(4.9) +CTG(€/h)1/2Hewthm(le)
for all 0 < h < 1. In particular, (4.9) implies
eap(rg)/hQ2 < Ca2hflemax<p/hQO + CTa(e/h)1/26maxtp/hHfHL2(Q)
(4.10) +Ca?h~ /R Q.

We have v
p(rs) —p(re) = T/ <(r +1) 7%~ (a+ 1)_’“) dr > cr
T2
with some constant ¢ > 0. We deduce from (4.10)
Qo < exp <5h*4/ (+3) 4 max o/ h) Qo
=12 exp (Bh4C49) 4 maxo/h) | £l

(4.11) —}—ng exp ((ﬁ — CTo)h74/(a+3)> 0

with a constant E > 0 independent of h and a constant § > 0 independent of h and 7.
Combining (4.8) and (4.11) we get

0y < exp ((B+7)h~/@*9) +- maxp/h) Qo

22 exp (R4 maxo/h) | 2

(4.12) +72% exp ((ﬁ + v - CTQ)h_4/(a+3)) Qs.
Taking 7y big enough, independent of h, we can arrange that
7'023 exp ((ﬁ + v - CTQ)h74/(a+3)> < ng exp (—CToh74/(a+3)/2> < ng exp (—ecrp/2) < 1/2

for all 0 < h <1. Thus we can absorb the last term in the right-hand side of (4.12) to conclude
that

Q1+ 92 <exp (ﬁlh_4/(°‘+3) + max @/h> Qo

(4.13) +e/2 exp (ﬁlh_4/(°‘+3) + max go/h) £l 22

with a constant 51 > 0 independent of h. By (4.7), (4.9) and (4.13) we obtain
(4.14) Ixsfll2@) < NQo+ e’ NI fll2q)

where

N = exp <ﬁ2h_4/(o‘+3) + max gp/h)

with a constant 82 > 0 independent of h. In the same way as above, using the fact that the
operator P(h) is symmetric, we get from (4.14) that the resolvent estimate

(4.15) [xs(P(h) — E + Z‘5)71%HL2(Q)—>L2(Q) <4N?

holds for all 0 < h <1, 0 < e < 1 and s satisfying (2.4), which together with Lemma 2.2 clearly
imply the desired bound.
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5. PROOF OF THEOREMS 4.1 AND 4.2

The main point is to work with the polar coordinates (r,w) € Rt x S41 r = |z|, w = z/|z|
and to use that L?(RY) = L2(R* x S 1 r¢=ldrdw). In what follows in this section we denote
by || - || and (-,-) the norm and the scalar product in L?(S*"1). We will make use of the identity

(5.1) P02 7, ~(d-1)/2 _ g2 | A_;u
.

where Ay, = Ay, — 2(d —1)(d — 3) and A,, denotes the negative Laplace-Beltrami operator on
SA1. Set u = r(@=D/2ee/h f and
PE(h) = r=D2(P(h) — B +ig)r—@D/2,
PE(h) = e?/"PE(h)e /M.

Using (5.1) we can write the operator P*(h) in the coordinates (r,w) as follows
A
+ _ N2 w .
P=(h) _DTJF_r? —E+ie+V

where we have put D, = —ih0, and A, = —hzﬁw. Since the function ¢ depends only on the
variable r, we get

A
PE(h) =D+ T—;" — E+4ic—¢? + hy" + 2D, + V.

We write V. =V, + Vg with Vg, := Vp and Vg := V — Vp if V satisfies (1.8), and V7, := V and
Vg := 0 if V satisfies (1.3). For r > 0, 7 # a, introduce the function
F(r) = —((r?Aw — B = ¢/ (r)? + Vi.(r,))u(r, ), u(r, ) + [ Dyulr, )|
where Vi,(r,w) := Vi(rw). Then its first derivative is given by
F/(r) = 2 Agu(r, ), u(r, ) + (&) = Vi) lur, )P
—2h™ Im (P (h)u(r, ), Dyu(r, )
+2¢h ™ Re (u(r, ), Dru(r, ) + 4h~ | Dru(r, )|
+2hMm (Vs + he")u(r, -), Dyu(r, -)).
Thus we obtain the identity
(WF) = p'F + pF"’
= (2r = p) (2 Agu(r, ), ulr, )
HEW + (") = pVe))Julr, )2
—2h~tpIm (P;f(h)u(r, ), Dypu(r, )>
+2eh ™ uRe (u(r, ), Dpu(r, -)) + (' + 4h~ o 1) | Dou(r, )|
+2h~ pIm (Vs + ho")u(r, ), Dyu(r, -)).
Using that A, > 0 as long as d > 3 together with (2.5) we get the inequality
WE+pF > (B + (u(e')? = uVi))ulr, )|
+(// +4h7 ' )| Dy U( I

HPi( Julr, )IIQ——HD u(r,)|*

—eh™ p ([lu(r, ) + [ Dyulr, )|?)

3h
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S s )
Ll A D)
(Eu +(u( ) - TLu Zpp)lu(r, -)|?
A Dtr )12 = L P a2

—eh™ M(Hu(ﬁ')Her [Dyu(r,-)|?)
—3h7 2P (W + 47N )TN Qs + Rl ]) P u(r, )P

where
T,=0(r+1)77), Zi=p(r), Qs=0,
if V satisfies (1.3),
T,=00"""r+1)7"), Zr=pr)+0(r+1)7"), Qs=0(r+1)"),
if V satisfies (1.8), and we have used the bounds (2.1),(2.2) and (2.3) in the second case. Hence
we can rewrite the above inequality in the form

M’F+MF'Z(Eu’+A(r)—CB(T))Hu(n-)HQ D u(r ) 2
3h

HPi( Ju(r,)II* = eh™ p (Julr, )1 + [ Dyulr, )|?)

with a suitable constant C > 0. Now we use Lemma 2.3 to conclude that

S % (hyu(r, |

/ / E / 2 M/ 2
WE A+ pF" 2 o plfulr, )7+ 1 Drulr,)|1” —

(5:2) —eh™ u ([Ju(r, ) + [ Dpulr, ) -
We integrate this inequality with respect to r and use that 1 (0) = 0. We have

/ (WF + pF"dr = 0.
0

Thus we obtain the estimate

E < 2 >~ i’ 2 2 [™ M_z + 2
()| *dr + IDyu(r,-)|[*dr < 3h P5 (R)u(r,)||*dr
2 Jo o 3 o M

(5:3) +€h_1/0 w ([l )P + 1Drugr, )|?) dr
Using that u = O(a?) together with (2.6) we get from (5.3)

/ooow 172 (Jlur, )2 + [ Deulr, )|2) dr
aAn-2? OOT 251 D% (R ulr )12 dr
< Ca'h /0 (r + D> [PE (hyu(r, ) |2d

(5.4) L Ceha? /0 (e, )2 + 1Dl )|P) dr

with some constant C' > 0 independent of h and €. On the other hand, we have the identity

Re / <22‘g0/D7’u(707 ')7 ’LL(T’, )>d7’ = / hﬂP”Hu(VZ )H2d7°
0 0
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and hence

- + O, ulr, - )ydr = - u(r,)||*dr O07"*2 u(r,-),u(r,-))dr
Re/0 (PE(Ryu(r, ), u(r, ))d /0 1Dy, )| +/0 (2 Au(r, ), u(r, ))d
- [C @t W+ [T vate, ), utr ar

0 0
INPdr — O(2 u(r, )| %dr.
2/0 1D, )P dr — O )/0 lu(r, -)|%d

This implies
eh_laz/ I Dru(r, -)|[*dr < 0(72)6h_1“2/ lur, -)|[>dr
0 0

(5.5) +7y /000(7" + )72 u(r, ) ||2dr + v LA 2a? /000(7" + 1)25\\77;5(h)u(7“, I|Pdr

for every v > 0. Taking v small enough, independent of h, 7 and a, and combining the estimates
(5.4) and (5.5), we get

/OOO(T + 17 (lu(r, )P + [Drulr, )?) dr

47 —2 o 2s + 2
< Ca'h /0 (r + D> [PE(Rulr, )| 2dr

(5.6) +Ceh a2 / u(r, ) [2dr
0

with a new constant C' > 0 independent of h and . Clearly, the estimate (5.6) implies (4.1).

The proof of Theorem 4.2 in the case when d > 3 goes very much like the proof of Theorem
4.1 above. The only difference in this case is that we have to integrate the function F'(r) from
7o to oo and use that F(rp) = 0 by assumption. Thus, by Lemma 2.3 we conclude that the
inequality (5.2) holds for all r > ry.

In the case d = 2 the operator A, is no longer non-negative. Instead, we will use that so is
the operator —A,,. Thus, it is easy to see that the above inequalities still hold with V7, replaced
by Vi, — h?(2r)~2. Since

R (u(r)(2r)=2) = B2/ (r)(2r) 7% = 27 W2 P u(r) > —h*r P u(r),

we can use Lemmas 2.4 and 2.5 instead of Lemma 2.3 to conclude that the inequality (5.2)
remains valid for » > r¢ with E/2 replaced by E/3. O

REFERENCES

[1] N. BURQ, Décroissance de l’énergie locale de I’équation des ondes pour le probléme extérieur et absence de
résonance au voisinage du réel, Acta Math. 180 (1998), 1-29.

[2] N. BURQ, Lower bounds for shape resonances widths of long-range Schrédinger operators, Amer. J. Math. 124
(2002), 677-735.

[3] F. CARDOSO AND G. VODEV, Uniform estimates of the resolvent of the Laplace-Beltrami operator on infinite
volume Riemannian manifolds, Ann. Henri Poincaré 4 (2002), 673-691.

[4] J. GALKOWSKI AND J. SHAPIRO, Semiclassical resolvent bounds for weakly decaying potentials, preprint 2020.

[5] K. DATCHEV, Quantative limiting absorption principle in the semiclassical limit, Geom. Funct. Anal. 24
(2014), 740-747.

[6] K. DATCHEV AND J. SHAPIRO, Semiclassical estimates for scattering on the real line, Commun. Math. Phys.
376 (2020), 2301-2308.



SEMICLASSICAL RESOLVENT ESTIMATES 19

[7] F. KLoPP AND M. VOGEL, Semiclassical resolvent estimates for bounded potentials, Pure Appl. Analysis 1
(2019), 1-25.

[8] G. LEBEAU AND L. ROBBIANO, Contréle exact de l’équation de la chaleur, Commun. Partial Diff. Equations
20 (1995), 335-356.

[9] J. SHAPIRO, Local energy decay for Lipschitz wavespeeds, Commun. Partial Diff. Equations 43 (2018), 839-858.

[10] J. SHAPIRO, Semiclassical resolvent bounds in dimension two, Proc. Amer. Math. Soc. 147 (2019), 1999-2008.

[11] J. SHAPIRO, Semiclassical resolvent bound for compactly supported L™ potentials, J. Spectral Theory 10
(2020), 651-672.

[12] G. VODEV, Semiclassical resolvent estimates for short-range L°° potentials, Pure Appl. Analysis 1 (2019),
207-214.

[13] G. VODEV, Semiclassical resolvent estimates for short-range L™ potentials. II, Asymptotic Analysis 118
(2020), 297-312.

[14] G. VODEv, Semiclassical resolvent estimates for L% potentials on Riemannian manifolds, Ann. Henri
Poincaré 21 (2020), 437-459.

[15] G. VODEV, Improved resolvent bounds for radial potentials, preprint 2020.

UNIVERSITE DE NANTES, LABORATOIRE DE MATHEMATIQUES JEAN LERAY, 2 RUE DE LA HOUSSINIERE, BP
92208, 44322 NANTES CEDEX 03, FRANCE
E-mail address: Georgi.Vodev@univ-nantes.fr



