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A CLASS FORMULA FOR ADMISSIBLE ANDERSON MODULES

BRUNO ANGLES, TUAN NGO DAC, AND FLORIC TAVARES RIBEIRO

ABSTRACT. In 2012 Taelman proved a class formula for Drinfeld Fg[t]-modules.
For an arbitrary coefficient ring A, several deep but partial results in the
direction of a class formula for Drinfeld A-modules have been obtained. In
this paper, using a completely new approach based on the notion of Stark
units, we establish the class formula for Drinfeld A-modules in full generality.
Further we extend this class formula for A-finite or abelian Anderson modules
and more generally for admissible Anderson modules.
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INTRODUCTION

The celebrated class number formula relates many important invariants of a
number field (e.g., the ideal class number, the regulator of units) to a special value
of its Dedekind zeta function. By analogy between number fields and function fields,
Carlitz suggested to transport the classical results to the function field setting in
positive characteristic. In 1935, Carlitz [13] succeeded to prove the first instance of
the class formula for special Carlitz zeta values. These zeta values are attached to
the field of rational functions equipped with the infinity place (i.e., when A = F,[t])
and intimately related to the so-called Carlitz module which is the first example of
a Drinfeld module. In 2010, an important breakthrough was due to Taelman who
gave an elegant and simple conjectural class formula for Drinfeld F[t]-modules (see
[28], Conjecture 1). It states that the special value of the Goss L-function attached
to a Drinfeld module at s = 1 is the product of a regulator term that is the covolume
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of the module of units and an algebraic term arising from a certain class module.
Shortly after, Taelman [29] used the trace formula of Anderson [4] and proved this
conjecture.

Following the fundamental work of Taelman, in recent years, the class formula
has been rapidly developed in different directions. Fang [18] and Demeslay [15,
16] proved the class formula for Anderson F,[t]-modules that are generalizations
of Drinfeld F,[t]-modules in higher dimensions. For general A, the class formula
for Anderson A-modules is shown in particular cases and we refer the reader to
[7, 8, 14, 31, 33]. Recently, motivated by the works of Bockle-Pink [11] and V.
Lafforgue [21], Mornev [24] developed a theory of shtuka cohomology and proved
the class formula for Drinfeld A-modules having good reduction everywhere.

In the present paper, for an arbitrary coefficient ring A, we prove the class
formula for Drinfeld A-modules in full generality, which generalizes the works of
Taelman [29] and Mornev [24]. Our approach is completely different from the
aforementioned works and based on the notion of Stark units developed in [7, 9, 10].
Further, we extend our proof to establish the class formula for admissible Anderson
modules, in particular for A-finite or abelian Anderson modules.

Let us give now more precise statements of our results.

Throughout this paper, let K be a global function field over a finite field F,
of characteristic p, having ¢ elements (F, is algebraically closed in K). We fix a
place oo of K of degree do, > 1 and denote by A the ring of elements of K which
are regular outside co. The oo-adic completion K., of K is equipped with the
normalized oco-adic valuation v, : Koo — Z U {400} and has residue field F.
The completion C, of a fixed algebraic closure K, of K., comes with a unique
valuation extending v, which will be denoted by v.,. With the valuation v, we
can define the following norm on C.: |z| = ¢~>®). We define the Frobenius map
T : Csx = C as the F-algebra homomorphism which sends x to z<.

Let ¢ : K < L be a field homomorphism (necessarily injective) such that L/¢(K)
is a finite extension and let Of, be the integral closure of t(A) in L. We set Lo :=
LRy K. Werecall the definition of Anderson modules of generic characteristic and
refer the reader to Section 2 for the general definition. An Anderson A-module (or
an Anderson module for short) E of dimension d defined over Oy, is an F,-algebra
homomorphism E : A — Myxq(Or){7} such that E does not take all its values in
Mgxq(Or) and for all a € A, if we write E, = >, -, E, 7" with E, ), € Maxa(Oy),
then we require -

(Eap — t(a)Ig)® = 0g.
We denote by 0g : A — Myxq(L) the Fy-algebra homomorphism given by 0g(a) =
E, for a € A. By definition, a Drinfeld A-module (of generic characteristic) is
just an Anderson module of dimension 1.
Let R be an Op-algebra. We can define two A-module structures on R%: the first

one is denoted by F(R) where A acts on R? via E, and the second one is denoted
by Lieg(R) where A acts on R? via Jp.

There exists a unique power series called the exponential series expy € Ig +
Maxa(L){{7}}7 such that

expp Op(a) = E,expy, forall a € A.
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The exponential series expp converges on Lieg(Ly,). Taelman [28] introduced the
unit module attached to E/Op, as follows:

U(E/Op) :={z € Lieg(Ls) | expg(z) € E(OL)}.
By [28], U(E/Oy) is in fact an A-lattice in Lieg(Loo). In other words, U(E/Oy)
is a finitely generated A-module which is discrete and cocompact in Lieg (Lo ).

Following the pioneer work of Anderson [3] in which he introduced the analogue of
cyclotomic units for the Carlitz module, the authors have introduced and developed
the theory of Stark units for Anderson modules. Roughly speaking, they are units
coming from the canonical deformation of Drinfeld modules in Tate algebras in the
sense of Pellarin [26]. The germs of the concept of Stark units can be found in
[5, 6]. The notion has been conceptualized in [10] for Drinfeld modules over F,t]
and then further developed in the general context in [7, 8, 9].

The notion of Stark units is a powerful tool for investigating log-algebraicity iden-
tities. A log-algebraicity result consists of the construction of a specific unit in con-
nection with special L-values of a Drinfeld module. The notion of log-algebraicity
was first introduced by Thakur (see [31, 32]). It has been notably developed by
Anderson [2] and has become a very active topic in function field arithmetic. We
note that the units obtained by log-algebraicity theorems turn out to be always
Stark units.

More precisely, the Stark units attached to E/Ojp are units coming from the
canonical z-deformation E of E. By definition, letting z be an indeterminate with
the rule 7z = 27, we denote by E the homomorphism of F,(z)-algebras E: Fq(2)®F,
A — Mgya(Fy(z) @, Op){7} such that

E, = > Bt foralla € A
k>0
We write expg = 3,5 e;7" with e; € Myxa(L) and set expg := > is0 Z'e;7¢. Then
one sees easily that expz Op(a) = E, expy for all a € A. Further, expz converges
on Lieg(T,(Ls)) where T, (Lo ) is the oo-adic completion of L [z]. Thus we can
define _ ~
U(E/Oplz]) :={x € Lieg(T. (L)) | expz(x) € E(OL[2])}.

Let ev : Lieg(T.(Loo)) — Lieg(Lso) be the evaluation at z = 1. We define the
module of Stark units by

Usi(E/OL) :=ev(U(E/OL2])).

One can prove that Ug¢(E/OL) is a sub-A-lattice of U(E/Op) in Lieg(Ls). Con-
sequently, we get a regulator term [Lieg(Opr) : Usi(E/Opr)] 4, which is an invertible
A-lattice in K.

Next, we introduce the special L-value attached to E/Oy,. For any prime P in
Oy, we define the local factor

Fitt 4 (LieE(OL/mOL))
Zx(E/Or) = -

#(B/OL) = e (E(O1/%B0y))

which is an A-lattice in K,,. We would like to deal with the infinite product of
A-lattices in K, given by

L(E/Or) = ][ Zx(E/OL)
¥
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where the product runs over the set of primes 8 in Op. The rough idea is to
reduce this infinite product of A-lattices to an infinite product of elements in K.
The precise idea is given in Definition 4.1. In particular, if E is an admissible
Anderson module, then for all except finitely many primes *J3 in Oy, the local factor
Zy(E/Or) is a principal lattice generated by an element zyp € Ko, and we require
that the infinite product Hf/B zyp converges in K.

One of our main results is the following theorem:

Theorem A (Theorem 4.7). Let E be an admissible Anderson A-module defined
over Op. Then we have the class formula

[LleE(OL) : USt(E/OL)]A = L(E/OL)

As we mentioned above, the notion of Stark units is conceived to prove log-
algebraicity identities. It is quite unexpected that it can be used to prove the
previous class formula.

As a first application, we prove that all Anderson A-modules are admissible
when A = TF,[t] and recover (see Theorem 5.2) the class formula for Anderson
F,[t]-modules already proved in [18] and [15, 16]. By reduction from a general
coefficient ring A to F[t], we show that admissibility is equivalent to an a priori
weaker condition than that given in Definition 4.1, which is, roughly speaking, that
for almost all primes 3 in Op, the local factor of the z-deformation of E at ‘B is
principal (see Theorem 5.6 for a precise statement).

We then show that any A-finite or abelian Anderson module is admissible (see
Theorems 6.1 and 6.3). In particular, the class formula holds for A-finite or abelian
Anderson modules (see Theorem 6.4). As an immediate consequence, the class
formula holds for Drinfeld A-modules since Drinfeld A-modules are always A-finite
and abelian. This theorem generalizes the works of Taelman [29] and Mornev [24].

Theorem B (Corollary 6.5). Let ¢ be a Drinfeld A-module defined over Oy,. Then
L(¢/0y) is well-defined and is a principal A-lattice in K. Furthermore we have
the following class formula

[Or : Use(¢/Or)] 4 = [OL : U(¢/OL)] 4 Fitta (H(¢/Or)) = L(¢/OL).

Acknowledgments. We would like to express our gratitude to the referee for his
valuable suggestions and comments which helped improve the paper.

The second author (T. ND.) was partially supported by ANR Grant COLOSS
ANR-19-CE40-0015-02.

1. BACKGROUND

1.1. Notation. We keep the notation in the Introduction. Further, we fix a uni-
formizer 7 of Ko, and identify K., = F.(()).

Letting z be an indeterminate, we will consider a field £ which is either IF, or
Fy(2). We endow k ®p, K with the topology coming from the discrete topology on
k and the v-adic topology on K, and consider its completion

koo = k®Fwa-
Note that koo = Koo =Foo(()) if k =TF4 and koo = Foo(2)((m)) if k = Fy(2).
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We still denote by v, the co-adic Gauss valuation on K (z). We denote by
T,(Ks) the completion of K [z] for vs, and Ko the completion of Ko (2) for vee.

Then the F,(z)-vector space generated by T,(Ko,) is dense in K. Observe that
T.(Koo) = Foo[2]((T)).

1.2. Fitting ideals. We recall basic facts on the theory of Fitting ideals. The
standard references are the appendix to [23] and [17, 22, 25]. We will call here
Fitting ideal what is usually called in the theory the initial or zero-th Fitting ideal.
We consider a commutative ring R and a finitely presented R-module M. Note
that if R is Noetherian, then this is equivalent to M being finitely generated. If

R*— R — M—0

is a presentation of M, and if X is the matrix of the map R* — R, then one defines
Fittg (M) to be the ideal of R generated by all the b x b minors of X if b < a, and
Fittg (M) = 0 if b > a. This is independent of the choice of presentation for M.
Note that if M is torsion, one always has b < a.

We list below basic properties of Fitting ideals.

(1) If M ~ M; x M> is a direct product of finitely presented R-modules, then
Fitty (M) = Fittz (M) - Fitt g (Ms).

(2) One always has Fittg (M) C Anng(M), and if M is generated by b ele-
ments, then Anng(M)® C Fittg (M).

3) f0 - My - M — My — 0 is exact, then Fittg (M;) - Fittg (M2) C

Fittg (M).

(4) If I C R is an ideal, then Fittr,; (M/IM) is the image of Fittr (M) in
R/I.

(5) More generally, if R — R’ is a ring homomorphism, then Fittp (R’ @ M) =
R’ ®p Fittg (M).

All the assertions above can be found in [23], except the last one which appears
n [17], Corollary 20.5 as an immediate consequence of the right exactness of the
tensor product.

In the case where R is a Dedekind ring, the structure theorem asserts that if M
is a finitely generated and torsion R-module, then there exist ideals Iy, ...,I, of R
such that M ~ R/I; x---x R/I,,. We deduce that Fittg (M) =[]\, ;. Moreover,
Fitting ideals are multiplicative in exact sequences. That is, if 0 - M} - M —
Ms — 0 is exact, then Fittp (M) - Fittg (M2) = Fittg (M). This can be deduced
from [12], Chapter VII, Section 4 n.5, Proposition 10.

1.3. Ratio of co-volumes. We define the ratio of co-volumes by following the
ideas presented in [12], Chapter VII, Section 4 n.6. The reader can compare this
section with the original construction of [29] or with [7], Section 2.3.

In this section, k is either F, or Fy(2) and we recall that the field ko := k@[ﬁq Ko
can be identified with k((7)). If V is a finite dimensional k.-vector space, then it
is endowed with the natural topology coming from k... We set kA := k ®p, A.

Definition 1.1. Let V be a finite dimensional k..-vector space. A sub-kA-module
M of V is a kA-lattice in V if M is discrete in V' and M generates V over k.

We recall the following standard fact.
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Lemma 1.2. Let V be a finite dimensional keo-vector space, and let M be a sub-
kA-module of V.. Then M is discrete in V if and only if there exist ey, ..., e, € M
which are koo-linearly independent and such that the quotient M/ @I, kAe; is a
finite dimensional k-vector space.

As an immediate consequence, we obtain the following proposition.
Proposition 1.3. Let V be a finite dimensional ke -vector space, and let M be a
sub-kA-module of V.. The following assertions are equivalent:

(i) M is a kA-lattice in V.
(ii) M is discrete in V, finitely generated as a kA-module such that
dimF‘rac(kA) M R Frac(kA) =dimy_ V.
(i1i) There exists a koo-basis (e1,...,en) of V such that for all 1 < i < n,
e; € M, and the quotient ﬁ is a finite dimensional k-vector space.
i=1 K

‘We now introduce the notion of ratio of co-volumes of lattices.

Let us start with the case where V is a k..-vector space of dimension one. We
write V' = kye. Let M be a kA-lattice in V. By Proposition 1.3, there exist a
non-zero fractional ideal Ip; of kA and ajps € k% such that M = ajrlpre. Letting
M, M’ be two kA-lattices in V', we define

[M': M), , i= anay Iy

We see that [M’ : M], , is a well-defined kA-lattice in ko and does not depend on
the choice of e. Furthermore, if M C M’, then

[M': M), 4 = Fittya (M'/M).
We also observe that, if My, My, M3 are three kA-lattices in V', then
[My 2 M3y 4 = [My 2 Moy 4 [Ma: M3], 4 -
Let us deal now with the general case. We put n = dimy__ V. Then A"V is a
koo-vector space of dimension one, and we denote by A" : V" — A™V the natural
koo-multilinear map. Let M, M’ be two kA-lattices in V. We denote by N and N’

the respective images of M™ and M'™ in A"V via the map A™. By Proposition 1.3,
both N and N’ are kA-lattices in A”V. We set

[M": M) 4 = [N": Ny
Remark 1.4. Let us emphasize that [M' : M], , is a kA-lattice in ko and not an

element of kX as it is the case in many previous works, notably those of Taelman
[27, 28, 29].

Since kA is a Dedekind domain, it follows that there exist two koo-bases (eq, ..., ey,)
and (f1,..., fn) of V such that
M =@l 'kAe; @ Iey,
M’ = &5 kAf @ J fa,

where I, J are two non-zero fractional ideals of kA. Let o : V' — V be the kyo-linear
isomorphism of V' such that o(e;) = f;. Then

N=TITe N---Ney,
N’ =det(o)Jer A+ Aey.
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Thus we get
[M': M), 4 = det(o) ' IJ "
Note that the set of kA-lattices in ko, is naturally an abelian group, and
-1
[M - Ml]kA =[M": My 4 -
Finally, if My, M5, M3 are three kA-lattices in V, then
[My 2 M)y 4 = [My 2 Malyy [Ma 2 Mgy 4 -

Proposition 1.5. If M and M’ are two kA-lattices of a finite dimensional koo-
vector space V. with M' C M, then M/M’ is torsion and

[M : M/]kA = Fittpa (M/M/)

Proof. Tt is clear that a quotient of lattices is torsion. By Proposition 1.3, M is
contained in a lattice L which is free over kA. It implies that

0—M—L—L/M—0

is a presentation of L/M. If (eq,...,e,) is a kA-basis of L, and N is the image of
M™in \"V, it is equal to Te; A --- A e, where I is the ideal of kA generated by
the n x n determinants of elements of M written in the basis (eq,...,e,). Thus the
definitions of [L : M]g4 and Fitty (L/M) coincide. Moreover, we have an exact
sequence of finitely generated and torsion kA-modules

0— M/M"— L/M' — L/M — 0,

so that
Fittya (M/M') = Fittga (L/M') Fittga (L/M)™"
= (LM, (L M),
= [M:M],,.
The proof is finished. O

We obtain immediately the following corollary.

Corollary 1.6. Let V be a finite dimensional ko, -vector space and let M, M’ be two
kA-lattices in V. Leto : V — V be a koo -linear isomorphism such that o(M) C M’.
Then

1 M’
[M’ : M]kA =deto L FlttkA (o’(m) .

2. ANDERSON MODULES

Let d > 1 be an integer. For an Fg-algebra R, let M = (a; ;)1<i,j<d € Maxa(R)

be a d x d matrix with coefficients in R. If k is an integer, we set M) to be the
k

matrix whose ij-entry is given by (a;;)*) = (af ;). We denote by Mgxa(R){7}

/L7
the non-commutative ring of twisted polynomials in 7 with coefficients in Myxq(R)

equipped with the usual addition and the commutation rule
™M = M®7kE for all k € Z.
Now let R be a field extension of F, equipped with an F,-algebra homomorphism

t:A— R. An Anderson A-module (or an Anderson module for short) of dimension
d over R is an Fg-algebra homomorphism E : A — Mgy q(R){7} such that
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1) For all a € A, if we write E, = Y ,+, Fq,m" with E, ) € Myyq(R), then we
require -
(Eq0 — (a)Ig)? = 04.

2) There exists a € A such that E, # Eq .
We denote by 0 : A — Myxq(R) the Fy-algebra homomorphism given by 0g(a) =
E,p for all a € A.

By definition, a Drinfeld module over R is an Anderson module of dimension 1
over R.

Let E be an Anderson module of dimension d over R as above and let B be an
R-algebra. We can define two A-module structures on B?¢. The first one is denoted
by E(B) where A acts on B? via E:

qk
mq mq mq

a-| | = Z Eq.x , forallae€ A, e B,

k>0 k

md mé mq

The second one is denoted by Lieg(B) where A acts on B? via 0p:

mq mq mi
a-| | =Ewo| : |, forallac A, | : | € B%

mq mq mq

2.1. Setup. From now on, L will denote a field equipped with a field homomor-
phism ¢ : K < L such that L/((K) is a finite extension. Let Op be the integral
closure of t(A) in L. We set Lo, := L ®x K. We view L as contained in Lo, via
the diagonal embedding = +— z ® 1. We let the Frobenius map 7 act on L or L
by = +— z4.

We now consider an Anderson module E defined over Op, that means FE, €
Mixa(Op){7} for all a € A. It follows that we have an F,-algebra homomorphism
O + A = Myxq(Op) which extends uniquely to a continuous map 0 : Koo —
Maxd(Loso) (see for example [16], Section 2.1.2).

Let Myxq(L){{7}} be the non-commutative ring of twisted power series in 7
with coefficient in Mgx4(L). One can show that there exist unique power series
expg,logy € Ig+ Mgxqa(L){{7}}7 (see [19], Theorem 5.9.6) satisfying the following
equalities in Myxq(L){{7}}:

exppOp(a) = FE,expg, forallae€ A,
logp E, = Og(a)logg, forallace A,
expplogy, = logpexpp = I4.

These power series expp and logy are called the exponential series and the logarithm
series attached to E. The exponential series expy converges on Lieg(Loo) (see for
example [19], Section 5.9, and the original article of Anderson [1]). In particular,
expp induces a homomorphism of A-modules

expy : Lieg(Loo) = E(Leo)-

We should stress that the logarithm series log, does not converge everywhere but
only on a neighborhood of 0.
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Following Taelman [28], we introduce the unit module attached to E/Op as
follows:

U(E/Oyr) :={z € Lieg(Ls) | expg(z) € E(Or)}.
By [28], one can easily deduce that U(E/OpL) is in fact an A-lattice in Lieg(Loo).
Since U(E/OyL) = expp' (E(Or)), we deduce that the exponential series exp in-
duces an exact sequence of A-modules
E(Or)  E(Or)+expg(Lieg(Loo))
One can show (see [28], Theorem 1) that

0—U(E/Oyp) — Lieg(Ls) — — 0.

E(Ls)
(Or) + expg(Lieg(Lso))
is a finite A-module which is called the class module attached to E/Op.

H(E/OL) =

2.2. The z-deformation of an Anderson module. We keep the previous no-
tation. We recall in particular that z is an indeterminate over K, and T, (K ) is
the Tate algebra in the variable z with coefficients in K,,. We set

Tz(LOO) = Lo QK Tz(KOO)~
Themap 7 : Looc — Loo, x > 27, extends uniquely into a continuous homomorphism
of Fy[z]-algebras 7 : T,(Loo) — T.(Loo). Let Ly := L&k Ko and Oy, be the Fy(z)-
vector space generated by O, in f;,
Similarly, we set A := Fy(z) ®F, A. Then the z-deformation of the Anderson

module E denoted by E is defined to be the homomorphism of F,(2)-algebras
E:A— ded(OL){T} such that
Ea = Z zkanka, for all a € A.
k>0

If R is an Op[z]-module endowed with a semilinear map 7 : R — R with respect to
7:0p[z] = Or[?] (e.g., R=T.(Ls) or R = L), then we denote by Liez(R) the
Alz]-module R? where a acts via dg(a) and by E(R) the A[z]-module R? where
a acts via E,. In both cases, if R is an F,(z)-algebra, then we can extend the
structures of A[z]-modules to structures of A-modules by linearity.
Lemma 2.1. There exist unique elements expg,logg € Iqg + Maxa(L[2]){{7}}T
such that

(1) expgp Op(a) = E, expg for alla € A,

(2) Op(a)logs = logs E, for alla € A.
Moreover, if expg = Y ;5 eim", and logp = 37,50 lLim" with e;,1; € Maxa(L), then

expg = Z Ze;mt,  and logs = Z 2T
i>0 i>0

In particular, expg ology = Ig = logg o expy and expg converges on Lie (T, (L)),

is locally an isometry and induces a homomorphism of A[z]-modules

expg 1 Lies (T, (Loo)) = E(T2(Loo)).
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Proof. Let us fix a € A, a ¢ Fg; Then the functional equation expz dp(a) =

E, expg induces a triangular system for the coefficients of expg, from which we de-
duce their uniqueness. From the identity expy Og(a) = E, exppg, it follows formally
that expz = >, Z'e; " satisfies the desired equation. The same argument can be
used for logz. The other statements are standard consequences of the properties
of the coefficients e; of expy and are left to the reader. O

We define
U(E/OL[]) = {z € Lieg(T. (L)) | expg(x) € E(OL[2])},
U(E/OL) == {x € Lieg(Lao) | expg () € E(OL)}.
We can show (see [10], Proposition 1) thaLU(E/OL [2]) is a finitely generated A[z]-
module in Lieg(T.(Loo)) and that U(E£/Or) is an A-lattice in Lieg (Lo ). Further,
U(E/Oy) is the F,(z)-vector space generated by U(E/Oy]z]).

We set
H(E/O, 1) = PL-)
P EOLR) +e~pr/(Lie§(Tz(Loo)))’
H(E/Op) = B(Lo)

E(Oy) + expg(Lieg(Loo))

Proposition 2.2. The A[z]-module H(E/Oyp [2]) is a finitely generated and torsion
F,[z]-module, with no z-torsion. In particular,

H(E/Op) = 0.

Proof. The proof is similar to that of [9], Theorem 3.3 for Anderson F,[t]-modules
(see also [10], Proposition 2 and [7], Section 2.2 for Drinfeld modules). We quickly
recall the proof for the convenience of the reader.

Since expg is a local isometry, expz(Liez(T.(Loo)) contains a neighborhood V/

s . E(T2(Loo)) : ] .

of ()~1n Liez(T.(Lo)). Since FoL gy 52 finitely generated F,[z]-module, so is
H(E/Og[z]).

Since expg = Iz (mod z), we see that H(E/Op|z])/zH(E/OL[z]) vanishes. The
result is then a consequence of the structure theorem for finitely generated F,[z]-
modules. u

Let ev : Lieg(T.(Loo)) — Lieg(Ls) be the evaluation at z = 1. Observe that
ev induces a short exact sequence of A-modules

0 — (2 — 1) Lieg(T.(Loo)) — Lieg(T.(Loo)) = Lieg(Los) — 0.
We define N
Usi(E/OyL) :=ev(U(E/OL[z])).
We observe that Ug:(E/Or) C U(E/Or). The A-module Ug:(E/Oy) is called the
module of Stark units attached to E/Oyp. One can prove that Ug,(E/Op) is an A-

lattice in Lieg(Loo) and that we have (see [7], Theorem 2.7, [9], proof of Theorem
3.3 or [10], Theorem 1)

(2.1) Fitt 4 ((%) = Fitt4 (H(E/OL)) .



A CLASS FORMULA FOR ADMISSIBLE ANDERSON MODULES 11

3. LOCAL FACTORS

3.1. Local factors. For all non-zero ideals Z of Oy, we set

__ Fitts (Liep(OL/ZI0L))
Zz(B[Or) = FittA(E](ZOL;IOL)L) C Koo,

Fitt ; (LieE(@ /Ié})) -

Z7(E/Oy) =

Fitt ; (E(OL/IOL))
If P is a non-zero prime ideal of O, then Zyp will be called the local factor at B.
For an ideal I of A, we will write Zr instead of Z;o, .
Lemma 3.1. Let I and J be two non-zero coprime ideals of Or. Then we have
Z1j(E/OL)=Z1(E/OL) Z;(E/Oy),
Z1/(E/Oy) = Z1(E/Or) Z;(E/Ov).

Proof. This is an easy consequence of the Chinese Remainder Theorem. [l

Lemma 3.2. Let I be a non-zero ideal of Or, and n > 1. Then we have
Z1(E/Or) = Z(E/Oy),
Z1(E/OL) = Zr-(E/Ov).
Proof. We give a proof by induction for the first equality since the second one can
be proved similarly. The case n = 1 is clear. Next, the short exact sequence
0—I"/I"" = Op/I"™ — O /I" =0
gives
Fitt4 (Lieg(Or/I""")) = Fitta (Lieg(1"/I""")) Fitta (Lieg(OL/I™)),
Fitt4 (E(Or/I"™)) = Fitty (E(I"/I""")) Fitta (E(OL/I™)).

For any z € I™ and a € A, we know that E,(x) = Jg(a)z (mod I9"). Thus
E(I"/I"1) ~ Lieg(I™/I"*!) as A-modules. It follows that Fitts (E(I"/I""1)) =
Fitt 4 (Lieg(I™/I"*")). Thus we get

Z[n (E/OL) = ZIn-H (E/OL)
as desired. O

The following proposition is an immediate consequence of Lemmas 3.1 and 3.2.

Proposition 3.3. Let I be a non-zero ideal in Or,. Then
Z((E/OL) = [ [ Zx(E/OL),
B
Z1(E/Or) = [ [ Z%(E/OL),
B

where the product runs over all the primes B in O containing I.
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3.2. Elimination of local factors. Let I = (£) be a principal ideal of O. Then
there exists a unique Anderson A-module E’ over Of satisfying for all a € A,
(B! = E,£. Fora € A, if B, = Y.;_( Eq;7", then E!, = 37 ¢9"1E, ;7'. Note
that for all @ € A, dg(a) = 0/ (a).

Lemma 3.4. Let I = (&) be a principal ideal in Op and E' be the Anderson
A-module over Oy satisfying EE!, = E.€ for all a € A. Then IU(E'/OL) is a
sub-A-module of U(E/OL). Further we have

Fitt4 (H(E/Op))
A Fitty (H(E'/Or))’

Z1(E/Or) = [U(E'/Or) : U(E/OL)]

Proof. We denote by d the dimension of E. By the uniqueness of exponential series,
we see that

expp =& expy €.
We deduce that
IU(E'/Or) = €U(E'/OL) = {x € Lieg(Lso ), expp(z) € €0},

Thus IU(E'/Oy) is a sub-A-module of U(E/Or). We deduce also that expp in-
duces an injection expy : U(E/OL)/IU(E'/Or) — O%/£0%. We therefore get a
short exact sequence of torsion A-modules

U(E/Oy) ( Or, > 09 + expp(Lieg(Lao))
00— ———""——F|— —0
IU(E//OL) fOL fO%+eXpE(LieE(LOO))
where A acts on the third term via E.
We then get

Fitt (E(OL/10y,)) = Fitt s (U(E/OL))> Fitts ( Of + expp(Lies(Leo)) ) _

IU(E'/Oy, €04 + expp(Liegp(Leo))
Since U(E’/OL) et Lieg(Oyr) have the same A-ranks, we obtain
- UE/OL) \ _ R - U(E'/OL)
= [U(E/OL) : U(E//OL)]A Fitt 4 (LieE(OL/IOL)) .
Further, we have
. OdL + expg(Lieg(Loo))
Fitta <£O% + eXpE(LieE(Loo)))
LS
£0¢ + expp(Liep(Leo))

= Fitt 4 < ) Fitt, (H(E/Op))™".

Since expp = £ Lexpy € and €LL = L9 | we get isomorphisms of A-modules
Ld Ld
€0¢ + expp(Liep(Loo)) €09 + Eexpy (Liep(La))

The Lemma follows immediately. [
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Corollary 3.5. Let £ € Op be a non-zero element. Denote by B1,..., B, the
primes in Op containing . Let E' be the Anderson A-module over Or satisfying
foralla € A, EE! = E,¢. Then

Fitt (H(E/OL))
A Fitts (H(E'/OL))’

[[%3.(E/OL) = [U(E'/OL) : U(E/OL)]

i=1
Proof. This is an immediate consequence of Proposition 3.3 and Lemma 3.4. (I

By similar arguments and Proposition 2.2, we obtain the z-version of Corollary
3.5:

Proposition 3.6. Let £ € O be a non-zero element. Denote by B, ..., B, the
primes in Op containing . Let E' be the Anderson A-module over Or satisfying
foralla € A, EE! = E,£. Then we have

[123.(E/Ow) = [U(F/0r) : U(E/OL)] |

i=1
We also need the following lemma.

Lemma 3.7. Let £ € O be a non-zero element and E' be the Anderson A-module
over Or, satisfying for all a € A, (E!, = E.§. Then for all primes P in Of

containing &, we have Zp(E'/Or) = A and Zm(E’/OL) A. Otherwise, we have
Zp(E'[O) = Zyg(E/Oy) and Zss(E'/Or) = Zss(E/Oy).

Proof. Suppose first that B is a prime in Oy, containing £. By construction E! €
a+EO0L[r] for all a € A. Thus for all z € Of, and a € A, we have El(z) = u(a)z
(mod PBOr). We deduce that Zy(E'/Or) = A and qu(E’/OL)

We now consider the case where 3 does not contain £&. The deswed equality is an

immediate consequence of the fact that the multiplication by £ is an isomorphism
of OL/mOL O

4. CLASS FORMULA A LA TAELMAN

We keep the notation of Section 3. Recall that L/i(K) is a finite extension, Op,
denotes the integral closure of ((A) in L and F is an Anderson module defined
over Or. Then E denotes the z-deformation of £ and we have defined local factors
attached to E and E in Section 3.

4.1. Admissible Anderson modules.

Definition 4.1. We say that an Anderson module E defined over Oy, is admissible
if the following conditions are satisfied:

Condition (P): There exists a finite set S of primes in Oy, such that for all primes
B in O with P ¢ S, there exists xy € A[z] such that

Fitt ; (E((S“L /méz)) —
and
Fitt 4 (Lies (Or,/9)) = 2q(0)A,
Fitta (E(OL/P)) = zp(1)A.
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Condition (C): The infinite product

zy(0)
ags o

converges in K.

Let E be an admissible Anderson module defined over Oy, as above. We set
T = H Lﬁ(o) € Kmo/o,
Tp
BES
oy (0
Y= H 2(0) € K.

pas T

Then we define
L(E/Op) := () [[ Z»(E/OL) C K,

PBeS
L(E/OL) = (y) || Z9(E/OL) € Kw.
Pes
Further, there exists a finite set S” D S of primes in Of, such that ngs/ x‘fi(io)

converges in T, (K).

Remark 4.2. We shall prove in Theorem 5.6 that the admissibility of an Anderson
module is equivalent to a new condition called Condition (P’) which is a priori
weaker than Condition (P). Further we show that Condition (P’) implies Condition
(C). We would like to thank the referee for suggesting this improvement.

4.2. A partial class formula over F,(z) for admissible Anderson modules.
This section is devoted to the proof of the class formula over F,(z) for admissible
Anderson modules.

Theorem 4.3. Let E be an admissible Anderson module defined over Oyr. Then
we have the partial class formula

(4.) [Lieg(O1) : U(E/OL)] , € L(E/Ow).
The lattice [Lieﬁ(az) : U(E/(i)} _ is also called the regulator of U(E/OVL)
This partial class formula thus states, roughly speaking, that the regulator of the
z-units is a sub-A-lattice of the L-series lattice.

Before giving a proof of the above Theorem, we need some preparatory results.
We denote by Fy[2],) the localization of Fy[z] at the ideal ().

Lemma 4.4. Let E be an Anderson module of dimension d defined over Op. We
write expy = Zk>0 exT®. Letn > 1 be an integer such that for all0 <k <n—1,
the coefficient ey, is integral, i.e., ey, € Mgxqa(Or). Then any non-zero element in
U(E/évL) can be written in the form 2*(a + z"B) with a € Z, a € (Fy[2](»)OL[z])*
not divisible by z, and 3 € (Fq[2](-)T(Loo))?.

Conversely, for any o € (Fy[2](:)OL[2])?, there exists B € (Fg[2](:)T2(Loo))?
such that (a + 2" ) € Fylz])U(E/OL[2]).
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Proof. We write logy = >, <0 le7" with I, € Maxq(L). Since ey € Myxa(Oy) for
all 0 < k < n—1, and loggoexpy = Ig, it follows by induction on k that for
0 <k <n—1, we also have [ € Myyq(Or). Therefore, if u € U(E/Oy[2]), since
logz oexpg = Iy, then we have

n—1

u= Z 2" (expp(u))  (mod 2" Loo[[2]]Y),

k=0

and thus
u € Opfz]* (mod 2"T,(La)?).
Moreover, if u € (Fg[2](-)T2(Loo))® such that zu € (Fq[z](Z)U(E/OL[Z]))d, then
u € (Fq[z](Z)U(E/OL [2]))%. Thus, if u € U(E/OL[2]) is non-zero, then there exists
a €N, a € (0r]z])? not divisible by z, and 8 € (T, (L)) such that u = 2%(a +
Since U(E/ONL) is the Fy(z)-vector space generated by U(E/OL2]), we deduce

that any element u € U(E/OL) can be written in the form u = 2%(a + 2" ) with
a € Z, a € (Fy[2](-)OL[2])? not divisible by z, and 8 € (Fy[z](»)T-(Loo))?.

Conversely, let o € Op[z]?. By the assumption on the coefficients e; (0 < k <
n — 1) of expy, there exist € Op[z]? and y € T.(Loo)? such that expz(a) =
T + 2"y. By Proposition 2.2, there is f € F,[2] not divisible by z, y1 € Op[2]? and
Y2 € T.(Loo)? such that fy = y; +expg(y2). Therefore, fa — 2"ys € U(E/OL[z]).
This concludes the proof. (Il
Proposition 4.5. We keep the hypothesis of Lemma 4.4. Then any non-zero el-
ement in {Lieé(az) : U(E/G/L)]g can be written in the form z*(a + 2"B) with
a € Z, acFylz];)A not divisible by z, and 3 € Fy[z];)T.(Koo)-

Proof. The lattice [Lie E(éVL) U(E/ ONL)} 5 can be computed in the following way.

We fix a K-basis B of Lieg(L) in Lieg(Or). If we set M := AB, then M is a
sub-A-lattice of Lieg(Oy,). It follows that
[LleE(oL) : U(E/OL)]Z: [LleE(OL) : M}Z [M :U(E/OL)] -
Since L
[LieE(OL) : M} =By (2) [Lies(Or) : M,

we are reduced to computing []T] U(E/az)} T that is, determinants of vectors of

elements of U(E/Oy) in the basis B.
First we remark that by Lemma 4.4, the reduction map modulo 2" induces a
surjective homomorphism of A-modules
Fq[2)()U(E/OL[2]) = Liep(O1) @, Fyl2]/(z").

Since Lieg(Or)®F,Fq[2]/(2") is finitely generated and torsion free over the Dedekind
domain A, it is projective. This implies that there exists a section to the above re-
duction map. By restriction to Lieg(Op,), we obtain a homomorphism of A-modules
w: Lieg(Or) — ]Fq[z](z)U(E/OL[z]) such that for all m € Lieg(Op),

p(m) =m  (mod 2"Fy[z](:)T.(Loo)).
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We see that p extends to a Ko-linear map LieE(z;) — Lieé(f;) so that its

determinant det p is well-defined. For all m = (my,...,my) € Lieg(Or)® where s
is the rank of O¢ over A, we have detg(u(m)) = det udetg(m). We also note that
(4.2) det p € 1+ 2"Fy[2] ()T (Koo)-

By induction, we can prove that for all b € N, u € Fq[z](Z)U(E/OL [2]), there
exist mog,...,my—1 € Lieg(Or) such that

b—1
u= Z 2 p(my)  (mod 2%).
=0

‘We now compute sums of determinants. We consider r vectors u; = (ui,l, el um) €
U(E/ONL)S, and compute Y ;_, detz(u;). Since U(E/OVL) is the [F,(z)-vector space
generated by U(E/Opz]), we can suppose that all the coefficients u;,; belong to
]Fq[z](z)U(E/OL [2]). We also suppose that Y ., detg(u;) is not zero and let a be
the biggest integer such that z* divides )_;_, detg(u;).

By the previous discussion, for 1 <¢ <rand1 < j < s, there exist m; j 0, ..., M j.a4n—1 €
Lieg(Op) such that

a+n—1
Ui = Z 2 u(mjx)  (mod z%t™),
k=0
We set uf ; := 007" 2 pu(mi j k) € Fyl2] () U(E/Op[2]) and w} = (uf ..., uj ).

Tt follows that
) = ! a+n
(4.3) ; det(u;) = ;dgt(uz) (mod 241",

and
a+n—1 r

ngt(ug) = Z P Z Z dgt(ﬂ<mi,l,k1)7 vy it(mis k) (mod 29T,

k=0 i=1 ky+-+ks=k
For 0 < k < a, we put

X = Z Z dgt(ﬂ(mm,kl), s (M s k)

i=1 ki1+4-+ks=k

= (detp) Z Z dgt(mi,l,kl yee sy Mg kel )

i=1 ki +ko=k
By (4.2), (4.3) and the assumption that z* divides > ._, detp(u;), we get by in-
duction on k that for all 0 < k < a, X = 0.

We obtain
at+n—1 r

Z; dgt(u;) = (det p) Z 2* Z Z dgt(mi,lykl, ceoyMisk,) (mod z%T™).

k=a i=1 ki+---+ks=k

Thus, by (4.2) again, if a < j < a + n, the coefficient of 27 of this determinant
belongs to [M : Lieg(OL)] 4, as desired. O

We are now ready to prove the main theorem of this Section.
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Proof of Theorem 4.3. We divide the proof into two steps.

Step 1. We first show that Theorem 4.3 holds for any admissible Anderson module
E defined over Op satisfying the following condition: for all primes B in Oy,
Zyp (E/évL) is principal.
In fact, we claim that there exists a sequence &, € Or\{0}, n > 0 such that:
(i) for all n € N, &,,41 divides &,
(ii) for all primes P in Oy, there exists n € N such that &, € B,
(iii) for all n € N, E[™ denotes the Anderson module such that an,[ln] = FE.&,
for all a € A, we denote expgim = > 1> eLn]Tk, then for all 0 < k <n —1,

the coefficient egl] is integral, that means eL"] € Myxa(Or).

Recall that expp = ;5 er7". Then we have

F-1,
eXPgin] = expE &n = E &l LT
k>0

that is, egcn] = fgk_lek. Thus we can choose &, € Op\{0}, n > 0 such that
Conditions (i) and (4i7) are satisfied. Condition (i¢) is verified by requiring &, € P
for all primes P in Oy, of degree smaller than n.

We now write

[Liep(O1) : U(E/OL)|

= [Lieg(On) : U(EN/OL)|  [U(E/OL) - U(E/OL)] |
By Proposition 3.6, we have

U(EM)01): UE/OL)] = T] Zu(E/OL)
En€P
so that
[Lieg(01) s U(E/OL)| = [Lieg(On) : UEM/0)| - T Zw(E/O0).
En€P
Let y, € T.(Kw) denote the generator of [ ], g Zp (E/O:L)Ag/iven by the admis-
sibility condition and y its limit, which generates [ [y Zss(£/OL). For all non-zero
u e [LieE((TL) (E/OL)] there exists z, € [Lieé(@) L U(EMW /52)}; such
that v = z,y,. Since y, converges to y, x, converges to z = % By Proposition
4.5, xy, is of the form 2% (ay, + 2" B,) with a, € Z, o, € Fy[2]()A not divisible
by z, and B3, € Fy[2];)T.(Kw). It implies that the sequence (a,)nen becomes
stationary. Moreover, for all ng, the sequence (z, (mod z™)),>n, converges to x
(mod z") in Fy[z](;)A/(2"), which is discrete. Thus, the coefficients of 2 must
belong to A, and this implies that the liinitAzc belongs to A. Thus we obtain the
proof of Theorem 4.3 for E verifying Zg(E/Op,) is principal for all primes 8 in Oy,.

Step 2. We now deal with the general case. Let E be an admissible Anderson
module geﬁned over Op,. Then there exists a finite set S of primes in Oy, such that
Zyp (E/Oyp) is principal for all primes 9 in Oy, with 9 ¢ 5. We choose a non-zero
element £ of Of such that £ belongs to all primes 8 in O, with ¢ € S.
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Let E’ be the Anderson A-module over Oy, satistying {E), = E,¢ for all a € A.
By Lemma 3.7, for any prime B in Op containing §, we have qu(E’/OL) = A
Otherwise, we have qu(E’/OL) = Zm(E/OL). In particular,

L(E/Or) = L(E'[Op) [ | Zy(E/O1),
B
where the product runs over the primes 3 in O, containing &.

Further, E’ is admissible and for all primes 3 in O, qu(ﬁ / 62) is principal.
By Step 1, Theorem 4.3 holds for E’ and we get

[Lieﬁ,@) : U(ﬁ/é})}g c L(E'/Oy).
Therefore, by Proposition 3.6, we deduce
[Lieﬁ(ﬁz) : U(E/ONL)} = [Lieﬁ(é\z) : U(ﬁ/oj)h [U(E’//@) : U(E/ONL)}E

= [Lieg: (O1) : U(E/0)| ] 2w(2/0r)
B

C L(E'/O) [ [ Z3(E/OL) = L(E/Oy)
B

as required. O

4.3. A class formula for admissible Anderson modules. We now apply the
class formula over Fy(z) to deduce a class formula for admissible Anderson modules.

We will need the following lemma due to Taelman:
Lemma 4.6. Lett € A\F,, then there exists oy € F,[t] with veo(ay) = 0 such that
[Lieg(Or) : (E/OL)] 1 Fittr, (¢ (H(E/Op)) = auF[t].
In particular, we have
[Lieg(OL) : Ust(E/OL)lg, 1y = cuFq[t].
Proof. By restriction, we can consider E as an Anderson F[t]-module. The first
part is proved in [28], Theorem 2 in the case of the Carlitz module. However, the

same arguments apply for all Anderson F,[t]-modules. Combining with (2.1), we
obtain the second part. (I

Theorem 4.7. Let E be an admissible Anderson module defined over Or. Then
we have the class formula

[LleE(OL) : USt(E/OL)]A = L(E/OL)
Proof. By Corollary 3.5 and Lemma 3.7, we can suppose that for all primes ‘3 in

Oy, there exists an element g € A[z] such that ?38 generates Zy(E/Op) and
m( )

generates Zyp (E/ OL) Further, we have

0
2(z) =] 220 o (k).
Tp
B
First we show that we have an inclusion

(4.4) [Lie(Oyp) : Ust(E/OL)] 4 C L(E/OL).
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We now fix a basis B of Lieg (L) over K. This is still a basis of LieE(Z;) over
K, and a basis of Lieg(T. (Lo )) over T, (K ). Therefore we can use this basis to
compute both [Liez(Oy) : U(E/Op)] 7 and [Lieg(Oyr) : U(E/Or)]a. To simplify
the notation, we identify here A and ¢(A). We obtain

AB : Liep(Op) - =Fq(2) [AB: Liep(O1)]4

Recall that U(E/OL) = Fo(2)U(E/OLz]). Tt implies that if we consider a
determinant of elements of Usi(E/Or) in the basis B, it comes by evaluation
at z = 1 from the determinant of elements in U(E/Oyz]) and thus belong to
[AB : LieE(OL)]IZ1 z(1). It follows immediately that [Lieg(Opr) : Ust(E/Opr)], C
L(E/Op).

Next we claim that the inclusion (4.4) is in fact an equality. We write L(E/OL) =
uA where u is a unit in KX . By (4.4), we have

1.,
5 [LleE(OL) : USt(E/OL)]A C A.
Thus there exists an integer h > 1 such that
1.
— [Lieg(Op) : USt(E/OL)]A =ad, acA\{0}.
Let t € A\ F,. By Lemma 4.6, we have
[Liep(Or) : Ust(E/OL)]g 5 = aeFqt], with veo(av) = 0.
It follows that Ng /p,(1)(a) € Fy. Thus o € F¢ and we get
[LleE(OL) : USt(E/OL)]A = L(E/OL)
as required. 0

Remark 4.8. We can generalize [28], Theorem 2 to the Fy(z)-context. In fact, the
proof of this theorem carries over without modification. By the same arguments as
above, we deduce that the inclusion (4.1) is also an equality, i.e., the class formula
over IF,(z) holds for admissible Anderson modules.

5. ADMISSIBLE ANDERSON MODULES

In this section, we first prove that all Anderson modules are admissible if A is a
polynomial ring. Then we use this result to show that the admissibility criterion is
equivalent to an a priori weaker condition.

5.1. Anderson F,[t]-modules. The proof of the following lemma is inspired by
that of [30], Lemma 7.1.

Lemma 5.1. Let F/F, be a finite extension of degree m and let d > 1 be an integer.
Let f € Maya(F[z]){7} such that
T
= ZAiZiTi, A; € ded(F),r > 1.

We put x(X, z) = detp, () ( XId [ lp()a) € Fy[X, 2]. Then

(1) x(X,z) € F[X, 2],
(ii) degx (x(X, 2) (X 0)) < degx (x(X, 2)) — 7.

T
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Proof. Let V =F(z)? and W = F(2) ®p,(.) V. We let 7 act on W via 1® 7, and f
act on W via 1 ® f. Thus we get

X(X, 2) = det(XTd — f ).

Let us write V"™ =V1 & ... & V,,, where V; =V as an F,(2)-vector space and F
acts on V; by v
lo=19"v, forallleF, veV,.
We also denote by o : V™ — V™ the map given by
(5.1) o1,y um) = (T(Vm), 7(01), ..., T(Vm—1)).

Note that o is an isomorphism of F(z)-vector spaces. Let g : V™ — V™ be the
map defined by

r
g(vla oo 7Um) = ZAizigi(Ul7 e 'avm)’
=0

where for A € Myxq(F), (v1,...,0m) € V™, weput A(vy,...,vn) = (Avy,. .., Avy).
We observe that g is F(z)-linear.
Now, let ¢ : W — V™ be the Fy(z)-linear map defined by

m—1

P(I®s):=(Is,l9s,...,19 s), forallleF, veV.
Then v is an isomorphism of F(z)-vector spaces. Further, we have
por=oou,

Yof=goi.
‘We deduce

x(X,z2) = d(e‘g (XId—g |ym).
F(z

Let (e1,...,eq) be the canonical F(z)-basis of V. For 1 <i <d,1 < j < m, let
e;; be the following element of V™: (0,...,0,e;,0...,0) where e; appears in the
jth position. Then B := (e11,...,€d1,--;€1m,---,Cdm) is an F(z)-basis of V™. We
observe that

k —
o (ez'j) = €i(j+k)>
so that .
gleis) =Y 2" Arei(jin)-
k=0

Thus the matrix of g in the basis B is given by the block matrix:

Z zkAgcl_i)

k=i—j (mod m) 1<i<m,1<j<m

where for B = (b;;) € Muxa(F) and h € Z, we recall that B = (b7). Thus, by
expanding the determinant of the matrix of XId — g in the basis B, we deduce that
X(X, z) € Fy[X, 2™]. Note also that the degree in z of the coefficients of the matrix
of XId — g in the basis B are bounded by r. Thus, since x(X, z) € F,[X, 2™], we

get
m

degx (X(X,2) — x(X,0)) < degx(x(X,2)) — e
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Theorem 5.2. We suppose that A = Fy[t]. Let E be an Anderson A-module
defined over Op. Then E is admissible.

Proof. Since A = F,[t], we have A = F,(2)[t]. Let B be a non-zero prime in Op,.
We put Fy = O /B. Then

|]Fq3(z)[X]) |X=t 4
Since Fy [z, X] is a finitely generated and free Fy[z, X]-module, we deduce that

Fitt ; (E(Fm(z))) = det (de ~ B,

det (de _E

eF, |z, X].
Fq(2)[X] , € Fale, X]

|Fm(2)[xl> |X:

It follows that B B
Fitt ; (E(]Fqg(z))> —_—

where zg is a monic polynomial in ¢ with coefficients in F,[2]. We observe that
Fitt4 (Lieg(Fy)) = z(0) A,
Fitt4 (E(Fy)) = zq(1)A.

It remains to prove that the infinite product [Ty zj’j—q(go) converges in Fy(z) ((1))

which is a consequence of Lemma 5.1, Part (ii). O

As an immediate consequence of the above theorem combined with Theorem 4.7,
we recover the class formula for Anderson F,[t]-modules which was already proved
in [18] and [15, 16].

5.2. Reduction from A to F,[¢]. In this section we use the result of the previous
section on Anderson F[t]-modules to show that the admissibility conditions (P)
and (C) from Definition 4.1 can be weakened by a new condition close to (P). In
particular, under this condition, the convergence (i.e., Condition (C)) is automatic,
which was suggested by the referee.

To do so, we start by proving the following technical result which, as in the proof
of Lemma 5.1, uses an idea from [30], Lemma 7.1. For m > 1, we will denote by

AF,(2™) the Fy(2™)-submodule of A generated by A.

Proposition 5.3. Let F/F, be a finite extension of degree m and let E/F be an

Anderson A-module of dimension d. Let E : A — Myyq(F[z]){7} be the canonical
z-deformation of E. Then, there exists an ideal I of AF,(z™) such that

Fitt ; (E(]F(z))) — 1A

Proof. Let V = F[z]? which is an A[z]-module via E. Let Ay :=F ®r, A. We set
W = F ®]Fq ‘/,
which is an Ap[z]-module. As in the proof of Lemma 5.1, we have an isomorphism

of F-vector spaces ¢ : W — V™ and an automorphism o of V™ defined by (5.1)

satisfying ¢ o (1 ® 7) = co1. If a € A and E, = ey Aizirt, then we define

F, : V™ — V™ the homomorphism of F[z]-algebras given by

Ta
Fo(viy...,vm) = Z Aiz' ot (v, .oy Um).
i=0
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We deduce that 1 is an isomorphism of Ap[z]-modules.

‘We now set
Vir}
(= VY

which is a free F,[z]-module of rank m?d. We view U as an F-vector space via

U=

m m
l. ngiil = Zvilql_lﬁ;l, foralll €F, vy,...,v, € V.
i=1 i=1

We also let A act on U via F[z]-linear maps given by
au= Eq.u (mod 7™ —1), forallae A, ueU.
Thus, we have an isomorphism of Ap[z]-modules

p: V™" U
m .
(V1. Um) Zvﬂl_l.
=1

Thus
Fitt o)W = Fitt g, ) V™ = Fitt 4, U.

Let (e1,...,eq) be an F[z]-basis of V = F[z]¢. Then

[

m—

U= Z Z Ag[z]eir?.

i=1 j=
Thus we get a surjective homomorphism of Ap[z]-modules
7 Ap[2]™ = U.
Let R = Kerm. We see that
R={(a1,0,. 040, s QU m—1,--.,Qdm—1) € A]F[z]md| Zai,j~€z‘7'j =0}.
5]
By definition of Fitting ideals (see Section 1.2),
Fittg, .U = Y det(ar,...,ama)Ar[z].
a1,eama€R

‘We now set

Ro = {(@1,0,- -+, @a0,- -, Qm—1,- -+, am—1) € R |30 <jo <m—1,05; € 2717° Ag[z™]},

We claim that
R = RoAg[z].
In fact, we work in V{7} and view V{r} as an F-vector space via
la:=al, forallleF, xeV{r},
and as an A-module via

a.x = Eax, foralla e A, x € V{r},.

We naturally extend E to a homomorphism of F-algebras Ag — Fr, Maxa(F[z]){T}.
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For A = Y, l; ® Ay € F ®p, Mgxa(F), we set AR) = > lgk ® A;. Let
(01,053 Qd0y- s XLm—1;-- -, Qdm—1) € R. We write

k
Q5 = E iRz, ok € Ay,
k=0

and
Tijk
Eoe = ZAijklZlTl, Aijrr € F ®r, Maxq(F).
1=0
‘We have

Zaij.enj = Z Agg,)clz“leﬂﬁl e (™™ =1V{r}.
@] 1,5,k,1

Thus, for 0 <lp < m —1, we get

S G -0

.5,k
I=lp—j (mod m)

It implies that for 0 < kg < m — 1,

@ . _
Z Aijklei =0.
4,J
k=ko+j (mod m),
I=lp—j (mod m)
For 0 < ky < m — 1, and for any integers i, j, we put
Zp = Z aijkzk.

k=ko+j (mod m)

(0%

Then
m—1
k
Q5 = E Ozijo.
k=0
ko

Now, for kg fixed, by our previous computations we get that Zi, ;0

i1 .e; 77 is equal
to

m—1
J k+1 j J k—+1 j
Z Agj,)dz el = Z Z Al(j,)dz el € (rm—1)V{r}.
1,5, lo=0 0,J
k=ko—j (mod m) I=lp—j (mod m),

k=ko—j (mod m)

Thus (afj‘-’) € Ry. We conclude that R = Ry Ap[z].

Now let (a1, ...,amd) € Ry then there exist integers ji, . . ., jma such that the ma-
trix whose lines are (z7ayq, ..., 2/m?a,,q) is a block matrix of the form (A4;;)1<i j<m
where each A;; € Mgxq(Ar[z]) is such that the degrees of the monomials of their
entries as polynomials in z are congruent to j — 4 (mod m). Thus, as in the proof
of Lemma 5.1, we get

Pt Himd det(ay, . . ., ama) € Ar[z™)].
Let Ay := F ®F, A and AgF4(2™) be the Fy(z™)-submodule of A generated

by Ar. We deduce from the previous computations that there exists an ideal J of
ApF,(2™) such that

Fitt ; (E(]F(z))) Ap = J Ap.
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Observe that if I is an ideal of A and Irp=1 Z]F C EF then if we choose an F,-basis
of F, we can recover the elements of I as the coefficients in the chosen basis of the
elements of Ir. As a consequence, we obtain that there is an ideal I of AF,(2™)
such that

Fitt ; (E(F(z))) = IA.

Lemma 5.4. The natural map Pic(A) — Pic(A) is injective, and we have

Pic(A)iors = Pic(A).

In particular, for any integer m > 1, the natural map Pic(AF (™)) — Pic(4) is
injective.

Proof. Let I be a non-zero ideal of A such that T4 is principal. Then there exists
F(z) € Alz] without roots in F, such that

IA = F(2)A.

Let n > 1 be any integer such that I™ is a principal ideal of A. We deduce that
there exist a € A and § € F,(z) such that
a=F(z)".

This implies that F'(2)" € A and 6 € F. Thus, since A is integrally closed in
A, we deduce that F(z) € A and I = F(z)A. We conclude that the natural map
Pic(A) — Pic(A) is injective.

Let X/F, be the projective non-singular curve associated to K/F, and let J/F,
be the jacobian variety associated to X. Then we have isomorphisms of groups

CI°(K) ~ J(F,),

CI°(K (2)) = J(Fy(2))-

By the Mordell-Weil Theorem we know that J(F,(z)) is finitely generated and
therefore J(Fy(2))tors is a finite abelian group. Let P € J(Fq(2))tors and let ¢(P)
be the point obtained by elevating to its gth power every coordinate of P. Since
J(Fq(2))sors is a finite group, there exist integers n # m such that ¢™(P) = ¢"(P).
Thus P € J(F,) N J(F,(2)) = J(F,). Therefore J(F;(2))tors = J(F,). Then the
natural map C1°(K) — CI°(K(z)) is injective and we have C1°(K (2))ors = CI°(K).
We have two compatible exact sequences

0 — CI°(K) — Pic(A) — diz -0,

~ Z
0 — C1°(K(2))sors — Pic(A)sors — - 0.
Thus
Pic(A)iors = Pic(A).
Let m > 1 be an integer and let I be an ideal of qu(zm) such that I A is principal.
We deduce that I™ is a principal ideal of AF,(z™) by taking the ideal norm map
from K(z) to K(z™). Thus I = JJAF,(z™) for some ideal J of A, and § € K (2™).

But JA is principal, thus J must be a principal ideal of A. Therefore [ is a principal
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ideal of qu(zm). We conclude that the natural map Pic(;ﬁFq(zm)) — Pic(A) is
injective. ([

Lemma 5.5. Let F(z) € Ku[z] \ {0} be a polynomial of degree less than some

integerr > 1. We suppose that F'(0) = 1 and that there exists C > 1 with veo (F(2)—
1) > C. Then

F(z)= ﬁ(l —a;2), «a; €Cq,vo0(a;) > ¢

i=1 o

Proof. Let o € CX such that F(a™!) = 0. We write F(z) = 1+ >._, a;z" with
a; € Koo, Voo(a;) > C. Then

" a
7
«

=1

Then there exists an integer ¢, 1 < ¢ < r, such that

Voo (&) <0.
al

It follows that

We are now ready to prove the main result of this section.

Theorem 5.6. Let E/Or be an Anderson A-module where L/u(K) is a finite
extension. We suppose that E satisfies the following condition:

Condition (P’): There exists a finite set S of primes in Or such that for all
primes B in Op with P € S, Fitt 5 (E’ (%(2))) is principal.
Then E is admissible.

Proof. We first show that E satisfies Condition (C). In fact, we choose t € A\ F,
such that K/F,(t) is a finite separable extension. We then write

Et = Zz‘lﬁi%’i7 AZ' S ded(OL)-
i=0
Let B be a prime in Oy, with B & S. We put Fyy = O /P and mg = [Fp : Fy]. By
Lemmas 5.1 and 5.5,

Fitty, i (E(Fp(2))) = Gp(2)F,(2)]1),

where
r

Gp(2) m Mg
- 1 7 ke ) i € (Coov oo\ &g > .
Gon(0) J:ll( a;z™F), « Voo (@) "
By Condition (P’), Proposition 5.3 and Lemma 5.4, there exists zp(z) € A[z"¥]

without roots in Fq such that

Fitt ; (E (Fm(z))) = 2q3(2)A.
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Since Fittmq(z)[t] (E(ng(z))) = NK(z)/]Fq(t)(z) (l‘gp(z))]Fq(Z)[t], we get

Gy (2) (%) 3 (2)
Gy(0) ~ 000 (x;“i@) ~ R/ (x:;(m) |

Thus there exists an integer r’, 1 <7’ < r, such that

’

rp(2) _ _gam , AL )
:L'SB(O) _;l;[l(l ﬁlz ‘I‘)’ o; € (Cooavoo(ﬁ1> Z P :

We deduce that E satisfies Condition (C), that is, the following infinite product
converges

H T (2) € T.(Ks)X.

To conclude, we will show that Condition (P) is satisfied with the zy’s as above.
We observe that

Fitt ; (E (IE‘sI;(z))> = Fittag (E (Fyy [z])) A,
Fitta (B (Fy)) = Fittag (B Fylz])) [,
Fitt4 (Lieg (Fy)) = FlttA[z]( ) 0.

Note that there exist G1(2),...,Gs(2) € xp(2)A[z] such that

Fitt 4[2) (E (Fos [z])) =Y Gi(2)Alz

It follows that

Fitta (E (Fg)) C zgp(1)A,

Fitta(Lieg (Fyp)) C  zp(0)A.
If T is a non-zero ideal of A (resp. A), then we set degl = dimp, (A/I) (resp.
degl = diqu(z)(g/I)). Observe that if I = aA (resp. I = aA), then degl =

—doovoo(a). Furthermore if I C J are non-zero ideals of A (resp. A) such that
deg I = degJ, then I = J. We know that

deg Fitt 4 (E (Fy)) = deg Fitt 4 (Lieg (Fy)) = deg Fitt 7 (E (Fos (z))) .
We note that

Voo (23(2)) = Voo (2 (1)) = Voo (23(0))-
Putting altogether yields

FittA(E (Fq’_g)) = l‘gp(l)A,

FittA(LieE (ng)) = (qu(O)A
This proves Condition (P) for E. We conclude that E is admissible. ]
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6. A-FINITE AND ABELIAN ANDERSON A-MODULES

In this section we prove that the Anderson A-modules which are either A-finite
or abelian are admissible.

Let L/i(K) be a finite extension and let F = LP®f. Let Op be the integral
closure of ¢(A) in F. Then for any prime P in Oy, there exists a unique prime Q in
O over P and the inclusion Oj, C Op induces an isomorphism Oy /B ~ Or/Q.

Let 7: F — F,x — 24 anda:F—>F,x»—>x%. Let Ap = A®p, F' and let
Ar{c} be the skew polynomial ring

cla®l)=(a®1l)o, oc(l®a)=/(1 ®a%)a, for all a € A.

6.1. A-finite Anderson modules. Let E be an Anderson A-module of dimension
d defined over Oy. We recall the construction of the dual A-motive M(E/F)
attached to E. We refer the reader to [20], Sections 2.5.1-2.5.2 for more details. We
set M(E/F) = F{r}4. We consider M(E/F) as a free F{o}-module where F acts
on M(E/F) viaright multiplication and o acts on M(E/F') via right multiplication
by 7. Also we view M(E/F) as an A-module via left multiplication by E. Thus
M(E/F) is a left Ap{o}-module such that

(1) (a®@1—-1®a)!M(E/F)C oM(E/F) for all a € A.

(2) M(E/F) is a free F{o}-module of rank d.
Following [20], Definition 2.5.9, we say that E is A-finite if M(E/F) is a finitely
generated Ap-module. Note that this definition does not depend on the choice of
F. In that case M(E/F) is a projective Ap-module by [19], Lemma 5.4.10.

If F is A-finite, then there exists an integer m(FE) such that for any prime

in O, such that ’]Fqg’ > m(E) where Fy = O/, we have that E (mod P) is
A-finite .

Theorem 6.1. Let E be an Anderson module defined over Oy which is A-finite.
Then E is admissible.

Proof. Let B be a prime in Oy, such that E (mod ) is A-finite. Let V(E/Fg) =
M(E/Fg) ®4 K which is a finite dimensional K-vector space. We still denote
by o the K-linear map induced by ¢ which is the right multiplication by 7. Let
Py (X) = detg (XIdy(g/ry) — o). Then clearly Py(X) € A[X].

By a direct computation, the right multiplication by 7 — z gives rise to an exact
sequence of A-modules

(6.1) 0 = M(E/Fyp(2)) 7= M(E/Fy(2)) — E(Fyp(2)) — 0.
Thus by Corollary 1.6, we get

Fitt ; (E(Ep(z))) = Pp(2)A.
Consequently, the Theorem follows from Theorem 5.6. (]

6.2. Abelian Anderson modules. Let £ be an Anderson A-module of dimen-
sion d defined over Op. We now recall the construction of the A-motive M (E/F)
attached to E. We refer the reader to [20], Section 2.5.1 for more details. We set
M(E/F) = F{r}'*4 that is, elements of M(E/F) are row vectors of length d.
We consider M (E/F) as a free F{r}-module where F' acts on M(E/F) via left
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multiplication and 7 acts on M(E/F) via left multiplication by 7. Also we view
M(E/F) as an A-module via right multiplication by E. Thus M(E/F) is a left
Ap{7}-module such that

(1) (a®1-1®a)!M(E/F)CTM(E/F) for all a € A.
(2) M(E/F) is a free F{r}-module of rank d.

Following [20], Definition 2.5.5, we say that F is abelian if M (E/F) is a finitely
generated Ap-module. Note that this definition does not depend on the choice of
F. In that case M(E/F) is a projective Ap-module by [19], Lemma 5.4.10.

If E is abelian, then there exists an integer m(E) such that for any prime P
in Op, such that ]Fqg’ > m(E) where Fy = O /%, we have that E (mod B) is
abelian.

Lemma 6.2. Let k be a field and R be a Dedekind domain which is a k-algebra. If
M is an R-module which is finite dimensional over k, then there exists an isomor-
phism of R-modules

Homy (M, k) ~ M.

Proof. By the structure theorem of finitely generated torsion modules over Dedekind
rings, we can suppose that M is of the form M = R/P™ where P is a non-zero
prime in R and n > 1. But then M and Homy (M, k) have the same dimension
over k and we have both P"Homy (M, k) = {0} and P"~*Homy(M, k) # {0}. The
result then follows again by the structure theorem. O

Theorem 6.3. Let E be an Anderson module defined over O which is abelian.
Then E s admissible.

Proof. Let ¢ be a prime in O, such that E (mod B) is abelian. We put Fy =
OL/PB and m = [Fy : F,]. We define M(E/Fy) = Fy(2)? equipped with the
following action of A: if a € A and E, = Zf:o A;zr% and X € M(E/Fy), then

k
a.X = Z A X 2
i=0

We extend this action to an action of A by F,(z)-linearity. Here we consider
M(E/Fg) with column vectors instead of row vectors and twist the Frobenius
map 7 with z as before.

We define K, to be the cokernel of the left multiplication by 7 — z on M(E/ Fop):
0 — M(E/Fy) =3 M(E/Fy) — K, — 0

Similarly to (6.1), a direct computation shows that K, ~ Fgp(2)? with the action

of a given by left multiplication by E* = Zle Zot(tA;)ol.

We now fix an F,-basis B = (e1,...,en) of Fyp and define for all 1 <¢ < m and
1 < j < d the vector e;; = (0,...,€;,0...,0) where e; appears on the jth position.
The family (e;;);; forms an Fy(z)-basis B’ = (€11,...,€1m;€21,---,€2m, ..., €dm)
of Fy(2)?. Let us remark that we can, and will, choose B so that for all i < m,
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e; = 7" te;, and 7™e; = e;. Then the matrix of 7 in B is the permutation matrix
1
1
T =
1
T
and in the basis B’ of Fy, it is the block matrix 77 = A=

T
(aij)i<ij<d € Maxa(Fyp), then its matrix in the basis B’ becomes a block matrix
A" = (Aij)i<ij<d € Mam(F,) where the A;; are the matrices of the action of a;; in
B. We see that the matrix of the action of o?(*A4;)0" in B’ is then T'~*t A’

Since 7' = T, it follows that 7"~! = *T". Therefore 7"t A, = *(A/T""). We
deduce that the action of AF,(z) on K is, in the basis B’, the transposition of that
of Fy(2)4 via E.

By Corollary 1.6 and Lemma 6.2,

det(r — 2) = Fitt 7(K)
= Fitt ; (Hoqu(z)(E(]Fqg(z)), Fq(z)))

= Fitt ;(E(Fp(2))).
Then the Theorem follows immediately from Theorem 5.6. (]

6.3. Class formulas. As a direct consequence of Theorems 4.7, 6.1 and 6.3, we
obtain the following theorem.

Theorem 6.4. Let E be an Anderson module defined over Op which is either
abelian or A-finite. Then we have the class formula

[LleE(OL) : USt(E/OL)]A = L(E/OL)

Since any Drinfeld module is both abelian and A-finite (see [20], Corollary
2.5.17), by Theorem 6.4 and Equation (2.1), we obtain the class formula & la Tael-
man for Drinfeld modules, which extends known results [7, 14, 24, 29, 31, 33].

Corollary 6.5. Let ¢ be a Drinfeld A-module defined over Op. Then L(¢/Op) is
well-defined and is a principal A-lattice in Ko,. Furthermore we have the following
class formula

[Or : Use(¢/OL)] 4 = [OL : U(¢/OL)] , Fitta (H(¢/OL)) = L(¢/OL).
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