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A CLASS FORMULA FOR ADMISSIBLE ANDERSON MODULES

BRUNO ANGLES, TUAN NGO DAC, AND FLORIC TAVARES RIBEIRO

ABSTRACT. In 2012 Taelman proved a class formula for Drinfeld Fq[f]-modules.
For an arbitrary coefficient ring A, several deep but partial results in the di-
rection of a class formula for Drinfeld A-modules have been obtained. In this
paper, using a completely new approach based on the notion of Stark units, we
establish the class formula for Drinfeld A-modules in full generality. Further
we extend this class formula for A-finite Anderson modules and more generally
for admissible Anderson modules.
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INTRODUCTION

The celebrated class number formula relates many important invariants of a
number field (e.g. the ideal class number, the regulator of units) to a special value
of its Dedekind zeta function. By analogy between number fields and function fields,
Carlitz suggested to transport the classical results to the function field setting in
positive characteristic. In 1935, Carlitz [13] succeeded to prove the first instance of
the class formula for special Carlitz zeta values. These zeta values are attached to
the field of rational functions equipped with the infinity place (i.e. when A = F,[6])
and intimately related to the so-called Carlitz module which is the first example of
a Drinfeld module. In 2010, an important breakthrough was due to Taelman who
gave an elegant and simple conjectural class formula for Drinfeld F,[6]-modules
(see [31], Conjecture 1). Tt states that the special value of the Goss L-function
attached to a Drinfeld module at s = 1 is the product of a regulator term that is
the covolume of the module of units and an algebraic term arising from a certain
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class module. Shortly after, Taelman [32] used the trace formula of Anderson [4]
and proved this conjecture.

Following the fundamental work of Taelman, in recent years, the class formula
has been rapidly developed in different directions. Fang [18] and Demeslay [15, 10]
proved the class formula for Anderson F,[f]-modules that are generalizations of
Drinfeld F,[0]-modules in higher dimensions. For general A, the class formula
for Anderson A-modules is shown in particular cases and we refer the reader to
[7, 9, 14, 34, 36]. Recently, motivated by the works of Bockle-Pink [11] and V.
Lafforgue [22], Mornev [26] developed a theory of shtuka cohomology and proved
the class formula for Drinfeld A-modules having good reduction everywhere.

In the present paper, for general A, we prove the class formula for Drinfeld A-
modules in full generality, which generalizes the works of Taelman [32] and Mornev
[26]. Our approach is completely different from the aforementioned works and based
on the notion of Stark units developed in [7, 8, 10]. Further, we extend our proof
to establish the class formula for admissible Anderson modules, in particular for
A-finite Anderson modules.

Let us give now more precise statements of our results.

Throughout this paper, let K be a global function field over a finite field [,
of characteristic p, having ¢ elements (F, is algebraically closed in K). We fix a
place oo of K of degree d, > 1 and denote by A the ring of elements of K which
are regular outside co. The oo-adic completion K., of K is equipped with the
normalized oo-adic valuation ve, : Koo — Z U {400} and has residue field F.
The completion Co of a fixed algebraic closure Ko of K., comes with a unique
valuation extending v.., it will still be denoted by v.,. With the valuation v,
we can define the following norm on Co.: || = ¢~V~®). We define the Frobenius
7 : Cox = C as the Fg-algebra homomorphism which sends x to x4.

Let L/K be a finite extension and O, be the integral closure of A in L. We set
Lo := L @k K. Let E be an Anderson A-module (or an Anderson module for
short) of dimension d defined over Op, that means an F,-algebra homomorphism
E: A — Mgxq(Op){7} such that E is nonconstant and for all a € A, if we write
E, =350 Earx with B, € Myxq(OyL), then we require

(Eao —alg)® = 04.

We denote by 0p : A = Mgxq(L) the F4-algebra homomorphism given by 0g(a) =
E, o for a € A. By definition, a Drinfeld A-module is just an Anderson module of
dimension 1.

Let R be an Op-algebra. We can define two A-module structures on R?: the first
one is denoted by E(R) where A acts on R? via E and the second one is denoted
by Lieg(R) where A acts on R? via 0.

There exists a unique power series called the exponential series expp € Ig +
Masa(L){{7}}7 such that

expp Op(a) = E,expy, a € A.

The exponential series expy converges on Lieg(Ls). Taelman [31] introduced the
unit module attached to E/Op, as follows:

U(E/OyL) := {z € Liep(Loo) | expp(z) € E(Op)}.
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By [31], U(E/Oyr) is in fact an A-lattice in Lieg(Loo). In other words, U(E/Oy)
is a finitely generated A-module which is discrete and cocompact in Lieg (Lo ).

Following the pioneer work of Anderson [3] in which he introduced the analogue of
cyclotomic units for the Carlitz module, the authors have introduced and developed
the theory of Stark units for Anderson modules. Roughly speaking, they are units
coming from the canonical deformation of Drinfeld modules in Tate algebras in the
sense of Pellarin [28]. The germs of the concept of Stark units can be found in
[5, 6]. The notion has been conceptualized in [10] for Drinfeld modules over F,[6]
and then further developed in the general context in [7, 8, 9].

The notion of Stark units is a powerful tool for investigating log-algebraicity iden-
tities. A log-algebraicity result consists of the construction of a specific unit in con-
nection with special L-values of a Drinfeld module. The notion of log-algebraicity
is first introduced by Thakur (see [34, 35]). It has been notably developed by An-
derson [2] and has become a very active topic in function field arithmetic. We note
that the units obtained by log-algebraicity theorems turn out to be always Stark
units.

More precisely, the Stark units attached to E/Oj are units coming from the
canonical z-deformation E of E. By definition, let z be an indeterminate with

the rule 72 = z7 and we denote by E the homomorphism of F,(z)-algebras E :
Fy(2) ®@r, A = Mgxa(Fy(2) @, Op){7} such that

Ea = ZZkEa,ka, a € A.
k>0
We write expp = Y., Eir" with E; € Mgxa(L) and set expg := Y50 2" EiT".
Then one sees easily that expzdp(a) = E, expg for all @ € A. Further, expj
converges on Liez(T,(Lo)) where T.(Lo) is the oc-adic completion of Lo[z].
Thus we can define
U(E/OL[Z]) = {z € Lieg(T. (L)) | expg(z) € E(OL[Z])}
Let ev : Liez(T.(Loo)) — Lieg(Lso) be the evaluation at z = 1. We define the
module of Stark units as follows:
Usi(E/OL) := ev(U(E/OL[2])).

One can prove that Us,(E/Oy) is a sub-A-lattice of U(E/Op) in Lieg(Ls). Con-
sequently, we get a regulator term [Lieg(Or) : Us¢(E/OL)] 4 which is an invertible
A-lattice in K.

Next, we introduce the special L-value attached to F/Op. For any prime P of
Op,, we define the local factor

Fitt 4 (LieE(OL/mOL))
Zn(E/O5) = -
BEI08) = T, (B(0L/%01))
which is an A-lattice in K. We would like to deal with the infinite product of
A-lattices in K:

L(E/Or) =[] Z3(E/Or)
B
where the product runs over the set of primes ¥ of Op. The rough idea is to
reduce this infinite product of A-lattices to an infinite product of elements in K.
The precise idea is given in Definition 4.1. In particular, if E is an admissible
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Anderson module, then for all except finitely many primes B of Oy, the local factor
Zy(E/Oy) is a principal lattice generated by an element zyp € K, and we require
that the infinite product H‘ﬁ Zp converges.

One of our main results is the following theorem:

Theorem A (Theorem 4.5). Let E be an admissible Anderson A-module defined
over Op. Then we have the class formula:

[LIGE(OL) : Ust(E/OL)]A = L(E/OL)

As we mention above, the notion of Stark units is conceived to prove log-
algebraicity identities. It is quite unexpected that it can be applied to prove the
previous class formula.

As an application, inspired by [14, 19, 30], we will show that any A-finite Ander-
son module is admissible (see Theorem 5.7). In particular, the class formula holds
for A-finite Anderson modules (see Theorem 5.8). As an immediate consequence,
the class formula holds for Drinfeld A-modules since Drinfeld A-modules are always
A-finite. This theorem generalizes the works of Taelman [32] and Mornev [26].

Theorem B (Corollary 5.9). Let ¢ be a Drinfeld A-module defined over Oy,. Then
L(¢/0p) is well-defined and is a principal A-lattice in K. Furthermore we have
the following class formula:

(O : Usi(¢/O1)] 4 = [OL : U(¢/OL)] 4 Fitta (H(¢/OL)) = L(¢/OL).

Acknowledgements. The second author (T. ND.) was partially supported by
ANR Grant COLOSS ANR-19-CE40-0015-02.

1. BACKGROUND

1.1. Notation. We keep the notation in the Introduction. Further, we fix a uni-
formizer m of K, and identify Ko, = Foo((m)).

Letting z be an indeterminate, we will consider a field £ which is either [F; or
Fy(2). We endow k ®p, K with the topology coming from the discrete topology on
k and the vy.-adic topology on K, and consider its completion

koo 1= k®p, Koo

Note that koo = Koo = Foo((m)) if k =TF, and koo = Foo(2)((7)) if k = Fy(2).

We still denote by v the co-adic Gauss valuation on Co(2). Let F' be a subfield
of C, and complete for v, we denote by T, (F') the completion of F[z] for v and
F the completion of F(z) for vs. Then the F,(z)-vector space generated by T, (F)
is dense in F. Observe that T, (K.) = Foo[2]((r)).

Let L/K be a finite extension and Lo, := L ®x K. Let Oy, be the integral
closure of A in L. We set f; = L Qg I/(; Let 62 be the F,(z)-vector space
generated by Op in f/;

1.2. Fitting ideals. We recall basic facts on the theory of Fitting ideals. The
standard references are the appendix to [25] and [17, 23, 27]. We will call here
Fitting ideal what is usually called in the theory the initial or zero-th Fitting ideal.
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We consider a commutative ring R and M a finitely presented R-module. Note
that if R is Noetherian, this is equivalent to M being finitely generated. If

R* — RV — M —0

is a presentation of M, and if X is the matrix of the map R* — R’ then one defines
Fittg (M) to be the ideal of R generated by all the b x b minors of X if b < a, and
Fittg (M) = 0 if b > a. This is independent of the choice of presentation for M.
Note that if M is torsion, one always has b < a.

We list below basic properties of Fitting ideals.

(1) If M ~ M; x M> is a direct product of finitely presented R-modules, then
Fittp (M) = Fittp (M;) - Fitt  (Ms).

(2) One always has Fittg (M) C Anng(M), and if M is generated by b ele-
ments, then Anng(M)® C Fittg (M).

3) If0 - My - M — My — 0 is exact, then Fittg (M) - Fittg (M2) C

Fittg (M).
(4) If I C R is an ideal, then Fittr,; (M/IM) is the image of Fittg (M) in
R/I.
(5) More generally, if R — R’ is a ring homomorphism, then Fittg (R’ @ g M) =
R’ @p Fittg (M).
All the assertions above can be found in [25], except the last one which appears

in [17], Corollary 20.5 as an immediate consequence of the right exactness of the
tensor product.

In the case where R is a Dedekind ring, the structure theorem asserts that if M
is a finitely generated and torsion R-module, then there exist ideals Iy,...,I, of R
such that M ~ R/I; x---x R/I,,. We deduce that Fittg (M) =[]\, ;. Moreover,
Fitting ideals are multiplicative in exact sequences. That is, if 0 - M} - M —
Ms — 0 is exact, then Fittg (M) - Fittg (M2) = Fittg (M). This can be deduced
from [12], Chapter VII, Section 4 n.5, Proposition 10.

1.3. Ratio of co-volumes. We define the ratio of co-volumes by following the
ideas presented in [12], Chapter VII, Section 4 n.6. The reader can compare this
section with the original construction of [32] or with [7], Section 2.3.

In this section, k is either F, or F,(z) and we recall that the field koo := k@[ﬁ‘q Ko
identifies with k((w)). If V is a finite dimensional k.-vector space, then it is
endowed with the natural topology coming from k.. We set kA := k @, A.

Definition 1.1. Let V be a finite dimensional k..-vector space. A sub-kA-module
M of V is a kA-lattice in V if M is discrete in V and M generates V over k.

Lemma 1.2. Let V be a finite dimensional ko, -vector space, and let M be a sub-
kA-module of V.. Then M is discrete in V if and only if there exist e, ... ,em € M
which are koo-linearly independent and such that the quotient M/ @, kAe; is a
finite dimensional k-vector space.

Proof. Let 0 € A\ Fy. If we write A = @3_;Fy[0]f;, then

e ()
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Let us assume that M is discrete in V. Let W be the k. .-vector space generated
by M, then there exist ey, ..., e, € M such that

1
W =@t koce; = B 5k ((0)) eif;-

N =2 kAe, = &, jk[0le; f;.
Since M is discrete in W, there exists an integer N > 1 such that

Mﬂgaévk H;H eif; = {0}.

Now observe that we have an injection of k-vector spaces

We put

i w
N Ne@®; k(3]
Since k ((5)) = k[6] ® $k[[3]], the k-vector space W is finite di-

N®®i,j oN k[[%]]eifj

mensional. Therefore the quotient is a finite dimensional k-vector space.

M
O7L kAe;
Conversely, let us assume that there exist ey, ..., e, € M which are k-linearly
independent and such that the quotient ﬁ is a finite dimensional k-vector
=1 2

space. Then there exists a € k[f] \ {0} such that
Let m = degy a. It follows that

1 1
MnN @ gtk HHH eif; = {0}.
i,j
We deduce that M is discrete in V. O

As an immediate consequence, we obtain the following proposition.

Proposition 1.3. Let V' be a finite dimensional keo-vector space, and let M be a
sub-kA-module of V.. The following assertions are equivalent :
(i) M is a kA-lattice in V.
(ii) M is discrete in 'V, finitely generated as a kA-module such that
dimpyac(kay M ®pa Frac(kA) = dimy_ V.

(iii) There exists a koo-basis (e1,...,en) of V such that for all i € {1,...,n},
e; € M, and the quotient ﬁ is a finite dimensional k-vector space.
=1 z

We can now proceed with the definition of ratio of co-volumes of lattices.

Let us start with the case where V is a k. ,-vector space of dimension one. We
write V' = kye. Let M be a kA-lattice in V. By Proposition 1.3, there exist a
nonzero fractional ideal Ip; of kA and aps € kX such that M = apsIpre. Letting
M, M’ be two kA-lattices in V, we define

[M': M), , = onaJT;,IMI_l,.
We see that [M’: M], , is well-defined and does not depend on the choice of e.
Furthermore, if M C M’, then we have

[M': M], , = Fittga (M'/M).
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We also observe that, if My, Ms, M3 are three kA-lattices in V, then
[My 2 M)y 4 = [My 2 Maly 0 [Ma 2 Mgy 4 -
Let us deal now with the general case. We put dimy__ V' =n > 1. Then A"V is

a koo-vector space of dimension one and we denote by A" : V™ — A™V the natural
koo-linear map. Let M, M’ be two kA-lattices in V. We denote by N and N’ the
respective images of M™ and M'™ in A"V via the map A"™. By Proposition 1.3,
both N and N’ are kA-lattices in A"V . We set

[M': My = [N": Ny o
Since kA is a Dedekind domain, it follows that there exist two koo-bases (e1, ..., ey)
and (f1,..., fn) of V such that

M:GB?;llkAei@Ievu M’ :@?;kafz@anv
where I, J are two nonzero fractional ideals of KA. Let 0 : V' — V be the kyo-linear
isomorphism of V' such that o(e;) = f;. Then
N=Te  AN---Ney,

N' =det(a)J ey A+ Aep.

Thus we get
[M': M), 4 = det(o) ' IJ "
Note that the set of kA-lattices in ko, is naturally an abelian group, and
-1

(M s M|y =M My

Finally, if My, M5, M3 are three kA-lattices in V, then
[My 2 M3y 4 = [My 2 Moy 4 [Ma: M3], 4 -

Proposition 1.4. If M and M’ are two kA-lattices of a finite dimensional koo-
vector space V', with M' C M, then M /M’ is torsion and

[M : M|, , = Fittpa (M/M').

Proof. 1t is clear that a quotient of lattices is torsion. By Proposition 1.3, M is
contained in a lattice L which is free over kA. It implies that

0—M—L—L/M-—0

is a presentation of L/M. If (e1,...,e,) is a kA-basis of L, and N is the image of
M™in \"V, it is equal to Te; A --- A e, where I is the ideal of kA generated by
the n x n determinants of elements of M written in the basis (e, ...,e,). Thus the
definitions of [L : M]ga and Fittga (L/M) coincide. Moreover, we have an exact
sequence of finitely generated and torsion kA-modules

0— M/M"— L/M' — L/M — 0

so that
Fittga (M/M') = Fittpa (L/M') Fitty (L/M) ™"
= [L:M/]kA [LiM];j
= [M:M,.
The proof is finished. O

We obtain immediately the following corollary:
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Corollary 1.5. Let V be a finite dimensional ko -vector space and let M, M’ be two
kA-lattices in' V. Leto : V — V be a koo -linear isomorphism such that o(M) C M’.
Then

1 M’
[M’ : M]k:A =deto 1 ‘FlttkA (o’(m) .

2. ANDERSON MODULES

Let d > 1 be an integer. For an F,-algebra R, let M = (ai;)1<i j<d € Maxa(R)
be a d x d matrix with coefficients in R. If k > 0 is an integer, we set M*) to be
the matrix whose ij-entry is given by (a; ;)*) := (a:?;). We denote by Maxa(R){7}
the non-commutative ring of twisted polynomials in 7 with coefficients in Myxq(R)
equipped with the usual addition and the commutation rule

™M =M®* peN.

Now let R be a field extension of F, equipped with an F,-algebra homomorphism
t:A— R. An Anderson A-module (or an Anderson module for short) of dimension
d over R is an Fg-algebra homomorphism E : A — Mgxq(R){7} such that

1) For all a € A, if we write E, = Zkzo E, .7, By € Mysa(R), then we require
(Eq0 — L(a)[d)d = 04.

2) There exists a € A such that E, # E, 0.
We denote by 0g : A = Mgxq(R) the Fy-algebra homomorphism given by 0g(a) =
Equ for a € A.

By definition, a Drinfeld module over R is an Anderson module of dimension 1
over R.

Let E be an Anderson module of dimension d over R as above and let B be an

R-algebra. We can define two A-module structures on B?. The first one is denoted
by E(B) where A acts on B? via E:

k
my m my
a-| | = X:Ea,;C , forac A | : | € B
mq k20 mgk mq
The second one is denoted by Lieg(B) where A acts on B9 via 0p:

mi mi my
a-| 1 | =Euol| i |, foracA | : | eB

mq mq mq

2.1. Setup. From now on, let L/K be a finite extension and Oy, be the integral
closure of Ain L. We set Lo, := L Qg K. We view L as contained in L, via the
diagonal embedding z — z ® 1.

We consider now an Anderson module E defined over Op, that means E, €
Mixa(Op){7} for all a € A. It follows that we have an F,-algebra homomorphism
O + A = Myxq(Op) which extends uniquely to a continuous map 9 : Koo —
Maxd(Loso) (see for example [16], Section 2.1.2).
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Let Myxq(L){{7}} be the non-commutative ring of twisted power series in 7
with coefficient in Mgxq(L). One can show that there exist unique power series
expg,logy € Iy + Maxa(L){{7}}7 ([20], Theorem 5.9.6) satisfying the following
equalities in Myxq(L){{7}}:

exppOp(a) = E,expp, a€A,
logp B, = O0Og(a)logg, ac€ A,
expplogy = logpexpp = I4.

These power series expy and logy are called the exponential series and the logarithm
series attached to E. The exponential series expy converges on Lieg(Ly,) (see for
example [20], Section 5.9, and the original article of Anderson [1]). In particular,
expp induces a homomorphism of A-modules

expg : Lieg(Leo) = E(Loo)-
We should stress that the logarithm series logy does not converge everywhere but

only on a neighborhood of 0.
Following Taelman [31], we introduce the unit module attached to E/Op as
follows:
U(E/Op) :={z € Lieg(Ls) | expg(x) € E(OL)}.
By [31], one can easily deduce that U(F/Op) is in fact an A-lattice in Lieg(Loo).

Since U(E/OL) = expy' (E(OL)), we deduce that the exponential series expp, in-
duces an exact sequence of A-modules:

: E(Lo) E(L)
0—U(E/Or) — Lieg(Loo) — E(Oy) — E(O1) + expp(Lien (L)) — 0.
One can show (see [31], Theorem 1) that
_ E(L)
H(E/OL) = E(Or) + expg(Lieg(Ls))

is a finite A-module which is called the class module attached to E/Oy,.

2.2. The z-deformation of an Anderson module.

We keep the previous notation. Let z be an indeterminate over K., and let
T,(K) be the Tate algebra in the variable z with coefficients in K. We set

T.(Loo) := Loo ®Kk., T2(Koo).

The map 7 : Loo = Loo, x — 29, extends uniquely into a continuous homomorphism
of Fy[z]-algebras 7 : T, (Loo) — T, (Loo)-

Recall that Oy, is the F,(z)-vector space generated by Of, in f; . In particular,
A =TFy(2)®r, A. Then the z-deformation of the Anderson module E denoted by £

is defined to be the homomorphism of Fy(z)-algebras E:A— ded(a/L){T} such
that
Ea = szEa,ka, ac€ A.
k>0
There exists a unique element expz € Ig + 7Mgxa(L[2]){{7}} such that

expg Op(a) = E, expp, a€ A
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If expp = D50 BiT', Ei € Maxa(L), one can show that expgy = > ,5q 2 Eir".
In particular, expz converges on Liez(T.(Ls)) and induces a homomorphism of
Alz]-modules

expg ¢ Lieg(T,(Loo)) — E(T.(Lao)).
We define
U(E/OLz]) == {w € Lieg(T-(Leo)) | expp(x) € E(OL[2])},
U(E/OL) == {z € Liez(Lo) | expg(x) € E(O)}.
We can show (see [10], Proposition 1) that U(E/Oy[z]) is a finitely generated
Alz]-module in Liez(T.(Loo)) and U(E£/Op) is an A-lattice in Lieg (Lo ). Further,
U(E/Op) is the F,(z)-vector space generated by U(E/O2)).

We set
H(E/OL[]) = £ )
' E(OL[ZD + iX]i@/(LieE(Tz(LOO)))’
H(E/Oy) = E(L)

E(Or) + expg(Lies(Loo))
Proposition 2.1. The A[z]-module H(E/OL[z]) is a finitely generated and torsion
F,[z]-module, with no z-torsion. In particular,

H(E/OL) = 0.

Proof. The proof is similar to that of [8], Theorem 3.3 for Anderson F,[f]-modules
(see also [10], Proposition 2 and [7], Section 2.2 for Drinfeld modules). O

Let ev : Lieg(T.(Loo)) — Lieg(Ls) be the evaluation at z = 1. Observe that
ev induces a short exact sequence of A-modules:
0 — (2 — 1) Lieg(T.(Loo)) — Lieg(T.(Loo)) = Lieg(Loo) — 0.
We define _
Us:(E/Opr) :=ev(U(E/OLZ])).
We observe that Us:(E/Or) C U(E/OL). The A-module Ug(E/Op) is called the
module of Stark units attached to E/Op. One can prove that Ug:(E/Op) is an

A-lattice in Lieg(Lo) and that we have (see [7, 8, 10]):
(2.1) Fitt 4 (%) =Fitty (H(E/Op)) .

3. LOCAL FACTORS

3.1. Local factors. For all nonzero ideal Z in Oy, we define
. FittA (LleE(OL/IOL))

Z7(E/Op) = Fitt4 (E(Or/ZO0r)) e

Fitt 5 (Liez(01/T01))

Z7(E/Oy) = /K.
Fittg (E(OL/IOL))
If °B is a nonzero prime ideal of Op,, Zy will be called the local factor at 3. For an
ideal I of A, we will write Zr instead of Z;o, .
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Lemma 3.1. Let I and J be two nonzero coprime ideals of Op. Then we have

Z1;(E/Or) = Z1(E/OL) Z;(E/OL),

Z17(EJOL) = Z1(E/OL) Z;(E/OL).

Proof. By the Chinese Remainder Theorem, we have

Fitt 4 (LleE(OL/IJOL)) = Fitty4 (LleE(OL/IOL>) Fitt 4 (LleE(OL/JOL))
Fitta (E(Op/1JOL)) = Fitta (E(Or/I0L)) Fitta (E(Oy/JOL)).

It follows that
Z15(E/OL) =Z1(E/OL)Z;(E/OL).

Similarly, we get the second equality. ([l

Lemma 3.2. Let I be a non zero ideal of Op, and n > 1. Then we have
Z1(E/Or) = Z(E/Oy),
Z1(E/OL) = Zin(E/Oy).
Proof. We give a proof by induction for the first equality since the second one can
be proved similarly. The case n = 1 is clear. Next, the short exact sequence
0—I"/I"" = Op/I"™ — O /I" =0
gives

Fitt4 (Lieg(Or/I""")) = Fitta (Lieg(1"/I™"")) Fitta (Lieg(Or/I™)),

Fitts (E(Or/I"")) = Fitty (E(I"/I"")) Fitta (E(OL/I™)).

For any € I" and a € A, we know that E,(z) = dg(a)x (mod I7"). Thus
E(I™/I"t!) ~ Lieg(I™/I™') as A-modules. It follows that Fitt4 (E(I"/I"!)) =
Fitt 4 (Lieg(I™/I™*")). Thus we get

Z1(E/OL) = Zasi (E/OL)

as desired. 0O

The following proposition is an immediate consequence of Lemmas 3.1 and 3.2:

Proposition 3.3. Let I be a nonzero ideal in Or. Then

Z1(E/Or) = [ [ Z=(E/OL),
B

Z1(E/OL) =[] Zx(E/OL),
B

where the product runs over all the primes B of O, containing I.
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3.2. Elimination of local factors. Let I = (£) be a principal ideal of A. Then
there exists a unique Anderson A-module E’ over Of satisfying for all a € A,
(B! = E,&. Fora € A, if B, = Y.;_( Eq;7", then E!, = 37 9 1E, ;7'. Note
that for all @ € A, dg(a) = O/ (a).

Lemma 3.4. Let I = (&) be a principal ideal in A and E' be the Anderson A-module
over Oy, satisfying EE!, = E.& for alla € A. Then IU(E'/Oy) is a sub-A-module
of U(E/OL). Further we have

Fitt4 (H(E/Oy))
A Fitt 4 (H(E//OL))

Z1(E/Or) = [U(E'/OL) : U(E/OL)]

Proof. We denote by d the dimension of E. Because of the unicity of exponential
series, we see that

expp =& texpp €.

We deduce that
TU(E'/OL) = €U(E')O1) = {x € Lieg(Ly), expp(x) € €04},

And thus IU(E’/Oyp) is a sub-A-module of U(E/Or). We deduce also that expg
induces an injection expy : U(E/OL)/IU(E'/OL) < O% /€0%. We therefore get a
short exact sequence of torsion A-modules:

U(E/OL) Or 0¢ + expp(Liep(Loo))
IU(E"/Oy) —F (&) 4) EOL% + epo(LieE(Loo))

where A acts on the third term via E.
We deduce that

0—> —0

Fitt 4 (E(O1/I01)) = Fitt <U(E/OL))> Fitt 4 ( Of + expp(Lieg(Loo)) ) '

IU(E'/Oy, €04 + expp(Liep(Loo))
Since U(E'/Op) et Lieg(Or) have the same A-ranks, we get

Fitt . (%) = [U(E/Oy) : U(E'JOL)], Fitta (%)

= [U(E/OL) : U(E//OL)]A FittA (LIEE(OL/IOL)) .

Further, we have

d .
Fitts ( O¢ + expp(Liep(Loo)) )

50% + expp(Lieg(Leo))
Ld
£0% + expp(Lieg(Loo))

= Fitt 4 ( ) Fitt4 (H(E/OL))"".

Since expp = £ Lexpy € and ELL = L9 | we get isomorphisms of A-modules:

LS L%

€07 + expp(Lieg(Loo)) €07 + €expp (Lieg(Lao)) H(E'/Oy).

The Lemma follows immediately. [
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Corollary 3.5. Let £ € A be a nonzero element. Denote by B, ..., Bn the prime
ideals in O containing £. Let E' be the Anderson A-module over Oy, satisfying for
alla€ A, EE! = E,£. Then

Fitt 4 (H(E/OL))
A Fitty (H(E'/OL))’

1 2. (E/OL) = [U(E'/OL) - U(E/OL)]

i=1
Proof. This is an immediate consequence of Proposition 3.3 and Lemma 3.4. O

By similar arguments and Proposition 2.1, we obtain the z-version of Corollary
3.5:

Proposition 3.6. Let& € A be a nonzero element. Denote by*P1,..., B, the prime
ideals in Op, containing &. Let E' be the Anderson A-module over Oy, satisfying for
alla € A, EE! = E,§. Then we have

[122.(E/O1) = [U(E/O1) : U(E/OL)] .

i=1
We also need the following lemma.

Lemma 3.7. Let £ € A be a nonzero element and E’ be the Anderson A-module
over Oy, satisfying for all a € A, EE! = E.£. Then for a prime B in Or con-
taining &, we have Zp(E'/Or) = A and Zp(E'/Or) = A. Otherwise, we have
Zy(E'|O1) = Zy(E/Ov) and Zy(E'/Or) = Zog(E/Ov).

Proof. Suppose first that B is a prime ideal in O, containing £. It follows that if
a € A, then E/ € a+£O0L[7]. Thus for all z € O, and a € A, we have E/(z) = ax
mod POr. We deduce that Zyu(E'/Or) = A and Zsp(ﬁ/é?) = A

We consider now the case where P8 is not a prime ideal in A containing £. The

desired equality is an immediate consequence of the fact that the multiplication by
¢ is an isomorphism of Or, /BOy. O

4. CLASS FORMULA A LA TAELMAN

We keep the notation of Section 3. Recall that L/K is a finite extension, Oy,
denotes the integral closure of A in L and E is an Anderson module defined over
Oyr. Then E denotes the z-deformation of E and we have defined local factors
attached to E and F in Section 3.

4.1. Admissible Anderson modules.

Definition 4.1. We say that an Anderson module E defined over Oy, is admissible
if the following conditions are satisfied:

(P) There exists a finite set S of primes of A such that for all prime B of O, with

B ¢ S, there exists xqp € A[z] such that
Fitt ; (E(ONL /apoNL)) = 794,
and
FittA (LleE(OL/mOL)) = l’s;p(O)A,
FittA (E(OL/‘BOL)) = xqg(].)A
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(C) The infinite product

11 zy(0)

pgs ¥

converges in [/_(\;O
Let E be an admissible Anderson module defined over Oy, as above. We set

0 —
e= [T 29 ek
Ty

RS

o zy(0)
y.—gsxm(l) € K.

Then we define

L(E/Or) = () ]| Zw(E/Or) € Ko,
Pes
L(E/OL) == (y) H Zp(E/OL) C Koo.
PeS
Further, there exists a finite set S’ C .S of prime of Op such that J[y. gj%io)
converges in T, (K).
4.2. A partial class formula over F,(z) for admissible Anderson modules.
This section is devoted to the proof of the class formula over F,(z) for admissible
Anderson modules.

Theorem 4.2. Let E be an admissible Anderson module defined over Op. Then
we have the partial class formula:

(4.1) [Lie(01) s U(E/OL)| . © L(E/Ow).

The lattice [LieE(ONL) : U(E/ONL)} is also called the regulator of U(E/(Z)
This partial class formula thus states, roughly speaking, that the regulator of the
z-units is a sub-A-lattice of the L-function lattice.

Before giving a proof of the above Theorem, we need some preparatory results.
We denote by Fy[2](.) the localization of Fy[2] at z.

Lemma 4.3. Let E be an Anderson module of dimension d defined over Op. We
wrile expy = Zk>0 exT®. Letn > 1 be an integer such that for all0 <k <n—1,
the coefficient ey, is integral, i.e. e € Myxqa(Or). Then any non zero element in
U(E/OVL) can be written in the form z*(a + 2"B) with a € Z, a € (F4[2](.)OL[2])*
not divisible by z and 8 € (Fq[z](:)T=(Loo))?.

Conversely, for any o € (Fy[2](:)O[2])?, there exists B € (Fg[2](z)T2(Loo))?
such that (o + 2" 8) € Fy[2] () U(E/OL[2)).

Proof. We write logp = Zkzo 7% with I, € L. Since ep € Myxq(Op) for all
0 <k <n-—1,it follows that for 0 < k < n — 1, we also have I, € Myxq(OL).
Therefore, if u € U(E/OL[z]), then we have

u = logg(expg(u))  (mod 2" Loo[[2]]),
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and thus
u € (0p[2)) (mod 2"T,(Ls)).

Moreover, if u € (Fg[2]()T:(Loo))? such that zu € (Fq[z](z)U(E/OL[z]))d, then
u € (Fgl2](-yU(E/OL[2]))?. Thus, if u € U(E/Oy[2]) is nonzero, then there is a €
N, a € (Or[z])? not divisible by z and 8 € (T, (L)) such that u = 2%(a + 2"3).

Since U(E/Oy) is the F,(z)-vector space generated by U(E/Oy[z]), we deduce
that any element u € U(E/OyL) can be written in the form u = 2%(a + 2™ ) with
a€Z, a € (Fy[z](:)OL[2])? not divisible by z, and 8 € (Fy[z](»)T-(Loo))™.

Conversely, let o € (Or[2])?. By the assumption on the coefficients ej (0 <

k < n) of expy, there exist x € (Op[z])¢ and y € (T.(Lo))? such that expz(a) =
x+ 2"y. By Proposition 2.1, there is f € F,[z] not divisible by z, y; € (Or[2])? and
Y2 € (T2(Loo))? such that fy = y1+expz(y2). Therefore, fa—z"y, € U(E/OL[Z]).
This concludes the proof. ([

Proposition 4.4. We keep the hypothesis of Lemma 4.5. Then any non zero
element in [Lieﬁ(éz) : U(E/OVL)]X can be written in the form z%(a + 2"B) with
a€Z, acFylz];)A not divisible by z and 8 € Fy[z]()T.(Koo).

Proof. The lattice {LieE (Op) : U(E/(SZ)} £ can be computed in the following way:

we fix a K-basis B of Lieg (L) in Lieg(Or). If we set M := AB, M is a sub-A-lattice
of Lieg(Opr). It follows that

[Lieg(01) s U(E/OL)| = [Lieg(O) : M| _ [M: U(E/OL)] .
Sin
ce {LieE(aL) : M]g =F,(2) [Lieg(Or) : M],,

we are reduced to computing [M U(E/é\;)} T that is, determinants of vectors of

elements of U(E/Oy) in the basis B.

First we remark that because of Lemma 4.3, for all m € O¢ = Lieg(Or),
we can find a unit in F, [z](z)U(E/OL [2]) which is congruent to m modulo z".
Thus the evaluation z +— 0 induces a surjective homomorphism of A-modules
Fq[z](Z)U(E’/OL[z]) — Lieg(Opr). Since Lieg(Oyp) is finitely generated and tor-
sion free over the Dedekind domain A, it is projective. This implies that there
is a section to the above evaluation map, i.e. a homomorphism of A-modules
¢ : Lieg(Or) — Fq[z](z)U(E/OL[z]) such that for all m € Lieg(Or), t(m) = m
mod z.

By induction, we can prove that for all b € N, for all u € F, [z](Z)U(E/OL [2]),

there exist mo, ..., mp—1 € t(Lieg(Or)) such that
b—1
Zz%(mj) =u mod 2°.
§=0
We consider now a vector v = (u1,...,us) € U(E/@Z)S where s is the rank

of O¢ over A, and compute its determinant in the basis B. Since U(E/éz) is
the F4(2)-vector space generated by U(E/Oplz]), we can suppose (u1,...,us) €
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(Fq[z](z)U(E/OL[z]))S. We also suppose that detz(u) is not zero and let a be the

biggest integer such that 2% divides detg(u).

By the previous discussion, for 1 < 7 < s, there exist m;o,...,Miq4n-1 €

t(Lieg(Op)) such that

at+n—1

Z zi(m; ;) =w; mod 2"

=0
We set u} := Z?igil 2i(mi ) € Fyl2] (o U(E/OLz]). Tt follows that
— ! a+n
dgt(u) = dgt(u ) mod z

and
a+n—1

det Z P Z det (t(ma))s--se(mss,)) mod 24"

i1+ is =]

By induction on j, we prove that for all 0 < j < a,

Z det (te(m14y), .. t(msy,)) = 0.

i1t =]
In fact, its evaluation at 2 = 0is 0, and thisisequal to >, , ; _; detp(mi,,...
Thus

> det(s(m g, ), - e(mas,)) = 0.

i1 s =]

We obtain
a+n—1
det Z P2 Z det t(mag)s - t(ms;)) mod 2"
=a i1+is =]

7ms,is)~

Thus, again by Lemma 4.3, if a < j < a+n, the coefficient of 27 of this determinant

belongs to [M : Lieg(OL)] 4, as desired.

The same arguments obviously apply to sums of determinants, and this concludes

the proof.
We are now ready to prove the main theorem of this Section.

Proof of Theorem 4.2. We divide the proof into two steps.

O

Step 1. We first show that Theorem 4.2 holds for any admissible Anderson module
E defined over Op satisfying the following condition: for all primes B of Oy,

Zyp (E/évL) is principal.

In fact, we claim that there exists a sequence &, € A\{0}, n > 0 such that:

(i) for all n € N, &,,41 divides &,
(ii) for any prime P in A, there exists an n € N such that &, € P,

(iii) for all n € N, El"l denotes the Anderson module such that an([ln] =

Eaén

for all a € A, we denote expgm = Zk>0 eLn] k then for all 0 < k <n —1,

the coefficient eL"} is integral: e[ "l e Myxq(Op).
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In fact, recall that expg = > ;5 ex7. Then we have

F-1,
eXPgin = expE &n = E &l BT
k>0

that is, egcn] = fgk_lek. Thus we can choose &, € A\{0}, n > 0 such that Conditions
() and (27) are satisfied. Condition (1) is verified by requiring &, € P for all P of
degree lower than n.

We now write
[Liep(O1) : U(E/OL)] |
= [Lieg(O) : UEN/Op)|  [U(EM /1) : U(E/OL)) |
By Proposition 3.6, we have

[U(E!/01) ;U (E/OL] [ Zp(E/OL)

En€P
so that
[LleE(oL U(E/Oy) ] [LieE(ONL) L U(EM /oNL)h I Z(E/OL).
En€P
Let y, € A[z] denote the generator of [, .o Z:p(E /OL)) given by the admissibility
condition and y its limit, which generates g, qu(E / 62) For all non zero u €

[Lieg((i) (E/OL)] _, there exists x,, € [LleE(OL) U(E "]/OL)} such that
U = TpYn. Thus x, converges to a certain element x and u = xy. By Proposrclon
4.4, x, is of the form 2% (v, + 2" 3,) with a,, € Z, a,, € Fy[2](2)A not divisible by z
and B, € Fy[2];)T.(K«). It implies that the sequence (a,)nen becomes stationary.
Moreover, for all ng, the sequence (x,, mod z™),>y, converges to £ mod 2™ in
Fg[2](zyA/(2"), which is discrete. Thus, the coefficients of 2 must belong to A, and
this implies that the limit  belongs to A. Thus we obtain the proof of Theorem
4.2 for E verifying Zg(E/Oy) is principal for all primes P of Oy,.

Step 2. We now deal with the general case. Let E be an admissible Anderson
module defined over Or. Then there exists a finite set S of primes of A such that
Zp (E/OL) is principal for all primes P of O, with P ¢ S. We choose a nonzero
element £ of A such that £ belongs to for all primes B of Oy with P € S.

Let E’ be the Anderson A-module over Op, satisfying for all a € A, §E’ = §
By Lemma 3.7, for any prlme LB in Of, contalnlng &, we have Zgg(E’/OL) = A.
Otherwise, we have qu(E’/OL) = qu(E/OL). In particular,

L(E/OL) = L(E'/O) || Zx(E/OL)
B
where the product runs over the primes 3 in Oy, containing &.

Further, E’ is admissible and for all primes P of Or, Zgp (E / évL) is principal.

By Step 1, Theorem 4.2 holds for E’ and we get

Liegs (O1) : U(E'/OL)| € L(E/OL).
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Therefore, by Proposition 3.6, we deduce

[Liep(O1) : U(E/OL)| | = [Lieg:(O) : UE'O1)|  [U(E/O1) : U(E/OL)]

= |Liegs (On) : UE/O1)| T] Zn(B/Ov)
B

CL(E'/OL) [ 23(E/OL) = L(E/Oy)
B
as required. O

4.3. A class formula for admissible Anderson modules. We now apply the
class formula over Fy(z) to deduce a class formula for admissible Anderson modules.

Theorem 4.5. Let E be an admissible Anderson module defined over Oyp. Then
we have the class formula

[Lieg(Or) : Ust(E/OpL)] 4, = L(E/Op).
Proof. By Corollary 3.5 and Lemma 3.7, we can suppose that for all primes B of
Oy, there exists an element xq € A[z] such that izg generates Zy(E/Op) and
22O gonerates Zoy(E/Oy). Further, we have

z(z) = H 3337(0) €T, (Kw).
B B

First we show that we have an inclusion
(4.2) [Lieg(Or) : Ust(E/Or)] 4, C L(E/Op).
In fact, let us fix now a basis B of Lieg(Ls) over K. This is still a basis
of Lieg(Log) over Koo, and a basis of Lieg(T,(Loo)) over T,(Ks). Therefore
we can use this basis to compute both [LieE(évL) : U(E/JL)]X and [Lieg(OL) :
U(E/Op)]a. It follows that

AB : Lieg(Oy) L =Fy(2) [AB: Liep(O1)], -

Recall that U(E/OL) = F,(2)U(E/OLz]). Tt implies that if we consider a
determinant of elements of Ug(E/Op) in the basis B, it comes by evaluation
at z = 1 from the determinant of elements in U(E/Oyz]) and thus belong to
[AB : LieE(OL)]IZ1 x(1). It follows immediately that [Lieg(Or): Us(E/OL)], C
L(E/Op).

Next we claim that the inclusion (4.2) is in fact an equality. We write L(E/Op) =
uA where u is a unit in K. By (4.2), we have

1.
; [LleE(OL) : USt(E/OL)]A C A.
Thus there exists an integer h > 1 such that
1 ..
— [Liep(Or) : Usi(E/OL) = aA, a e A\{0}.

Let # € A\ F,. By a similar proof to that of [31], Theorem 2, we have
[Liep(Or) : Ust(E/OL)]g, 1 = oFq[0], with va(ap) = 0.



A CLASS FORMULA FOR ADMISSIBLE ANDERSON MODULES 19

It follows that N p, (s)(a) € F;\. Thus o € F;¢ and we get
[LieE(OL) : Ust(E/OL)}A = L(E/OL)
as required. [

Remark 4.6. We can generalize [31], Theorem 2 to the F,(z)-context. In fact, the
proof of this theorem carries over without modification. By the same arguments as
above, we deduce that the inclusion (4.1) is also an equality, i.e. the class formula
over [F,(z) holds for admissible Anderson modules.

5. ADMISSIBLE ANDERSON MODULES

This section is devoted to exhibit a large class of admissible Anderson A-modules
including Drinfeld modules. The fact that Drinfeld modules are admissible was
proved thanks to the works of Gekeler [19] and Debry [14] (see also [30]). We will
extend these works and show that any A-finite Anderson module is admissible.
Finally, when A = F,[f], we recall the nontrivial fact that any Anderson F,[¢]-
module is admissible.

5.1. Dual Dieudonné t-modules. Let F' be a perfect field of positive charac-
teristic containing F,. Let ¢ : F© — F be the isomorphism of F-algebras given
by o(l) = li. Then o induces a continuous isomorphism of Fy((+))-algebras
o: F((3)) = F((1)). A dual Dieudonné t-module over F is a pair (V, o) where V/
is a finite dimensional F((}))-vector space and o : V — V is a surjective Fy((}))-

linear map such that

(W) = o(\o(v), forall \e F <(1>) wev.

Let & € Q with s,r € Z such that 7 > 1 and (s,7) = 1. We denote by V= (F, o) the
dual Dieudonné t-module given by

wir=eir((2)-

ole;)) =eiy1, oley) =t’er, i€{l,...,r—1}

Proposition 5.1. We assume further that F' is algebraically closed. Let (Vo) be
a dual Dieudonné t-module over F. Then there exist aq, ..., o, € Q such that we
have an isomorphism of dual Dieudonné t-modules

V@ Vo, (F).
Furthermore, the %—adic valuations of the roots of the characteristic polynomial

of o in any F((7))-basis of V are {—aq,...,—cu,} each counted with multiplicity
dimF((%)) Va,- We call {ai,...,an} the set of slopes of (V, o).

Proof. As was remarked in [29], proof of Proposition 5.1.3, the Proposition is a
consequence of the results established in [24], appendix B, but working with F'{c}
instead of F{r}. O

Remark 5.2. Maxim Mornev has informed us that he and Lenny Taelman have
noticed that [29], Proposition 5.1.3 does not hold as stated: one needs the field
to be perfect in addition to being separably closed. This hypothesis holds in the
proposition above.
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Lemma 5.3. Let (V,0) be a dual Dieudonné t-module over an algebraically closed
field . We assume that there exists a Ft]-submodule M of V' such that M is
a finitely generated F{c}-module and M contains a F((1))-basis of V. Then the
slopes of (V, o) are strictly positives.

Proof. The proof is similar to that of [30], Proposition 8 (compare also to [21],
Proposition 3.10 (a)). By Proposition 5.1, there exist a1, ...a; € Q and I such that

V = @y Vo, (F).

If (e1,...,€m,) is the F ((%))—basis of V' corresponding to this decomposition, then
there exists an integer N > 1 such that for all i € {1,...,m}, we have o¥ (e;) =
t*iei, s; € Z. We write M = 377, F{o™ }u; and

= 1
u; = Z(Si7jei7 51’,]’ e F <(t>) .

i=1
It follows that
m
oV (u;) = Z oVE(S; )t
i=1
Thus
s 5J‘ m s 6j
Zzlk,jUNk(U]) = Z ZlkJUNk((si,j)tksi €
j=1k=0 i=1 \j=1k=0

Observe that if s; < 0, we would get

S

9
vi [ D0 o) | > Inf{or (8i),5 = 1., s}

=1 k=0

Since V' is the F[[1]]-module generated by M, we obtain a contradiction. We
conclude that s; >0 fori=1,...,m. O

5.2. A-finite Anderson modules. Let L/K be a finite extension and let F =
LPef . Let E be an Anderson A-module defined over Or. Let O be the integral
closure of A in F. Then for every prime B of O there exists a unique prime 9 of
F over 9B and the inclusion Oy, C OF induces an isomorphism O, /B ~ Op/Q.

Let 7: F — F,x — 219 anda:F—>F,xl—>x§. Let Ap = A®p, F and let
Ap{o} be the skew polynomial ring

cla®l)=(a®1l)o, o(l®a)=(1 ®a%)a, for all a € A.

We will recall the construction of the dual A-motive M (FE/F) attached to E. We
refer the reader to [21], Sections 5.1-5.2 for more details. We set M (E/F) = F{r}".
We consider M (E/F) as a free F{o}-module where F acts on M(E/F) via right
multiplication and o acts on M (E/F) via right multiplication by 7. Also we view
M(E/F) as an A-module via left multiplication by E. Thus M(E/F) is a left
Ap{o}-module such that

1) (a®l—-1®@a)"M(E/F) CoM(E/F) for all a € A.

2) M(E/F) is a free F'{o}-module of rank n.

Following [21], Definition 5.7, we say that E is A-finite if M (E/F) is a finitely
generated Ap-module. Note that this definition does not depend on the choice of
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F. In that case M(E/F) is a projective Ap-module by [20], Lemma 5.4.10. By
[21], Corollary 5.13, we know that a Drinfeld A-module is always A-finite.

For the rest of this Section, we assume that F is A-finite. Then there exists an
integer m(E) such that for any prime B of O such that |Fy| > m(E) we have
that E (mod ) is A-finite where Fyy = O /*B.

Let ‘B be such a prime of Or. Let V(E/Fy) = M(E/Fy) ®4 K which is a finite
dimensional K-vector space. We still denote by ¢ the K-linear map induced by
o (which is the right multiplication by 7). Let Pp(X) = detx(XIdy (z/ry) — 0)-
Then clearly Pyp(X) € A[X].

Proposition 5.4. Let A € Co such that Py(X\) = 0.
1) We have v (N) < 0.
2) There exists a constant ¢(E) € N\ {0} (i.e. independent of B) such that for all

such A, voo(3) > ﬁ

Proof.
1) We choose 6 € A\ F, and observe that A ®g (g Fy(0) = K. Let P(X) be the
minimal polynomial of .7 acting on the IF,(6)-vector space M (E/Fy) @, 19 Fq(0) =
M(E/Fyp) @4 K. It suffices to prove that the roots of P(X) have the desired
property.

Let Fy be an algebraic closure of Fys. Let V be the dual Dieudonné #-module

F%{T}@Fq[e]]Fq ((;)) .

By Lemma 5.3, the slopes of (Vo) are strictly positives. Thus the slopes of
(V,o™¥) are strictly positives. Let (u1,...uy) be an Fylt]-basis of M(E/Fy),
then (ui,...uy) is an Fy ((5))-basis of V. Furthermore if G(X) € Fy[0][X] is
the characteristic polynomial of the matrix of "% in this particular basis, then by
Proposition 5.1, the roots of G(X) have oc-adic valuations that are strictly neg-
ative. This is also the case for [[7_; [Iseqairy r,) 0(G(X)). But P(X) divides
[T HéeGal(Fm/Fq) 0(G(X)). The first assertion follows.

2) Let H be an algebraic closure of L. Let P(X) € HJ[t][X]. Then there exists a
finite extension H'/L such that P(X) € H'[t][X]. Observe that the -adic Newton
polygon of P(X) is the same as that of P(X) (mod Q) for almost all prime Q of
Opg:. Part 2) is then a consequence of the proof of Part 1) and Proposition 5.1. I

Lemma 5.5. Let k be a field, Fy C k, and we assume that I, is algebraically closed
ink. Leti e Z. Let F/F, be a finite extension of degree m and let kr = k ®p, F.
Let V be a finite dimensional ky -vector space and let f :V — V be a k-linear map
such that

FOw) =T f(v), forall\€F,veV
Then we have

det(XTdy — f) € KX™].

Proof. We use similar arguments as those used in [14], proof of Proposition 3.6.
Observe that kg is a field. We have

F™ € Endy, (V).
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For j =1,...,m, we denote by V; the k-vector space V equipped with the kp-vector
space structure B
Av:=X"v, forall \eF,veV.

Let W =Vi® ... ®V,. We define the kg-linear map ¥ : W — W given by
(1, 5vm) = (f(vm), V1), f(om-1)). Let o : V ®p, F — W be the iso-

morphism of kp-vector spaces defined by a(v ® A\) = (v)\qz,v/\qm, oA We
get

Voa=ao(f®ldp,).
It remains to apply [33], Lemma 7.2. The proof is finished. O

Proposition 5.6. There exists a constant ¢(E) € N such that for every prime P
of O, such that ‘]Fq;g| > m(E), we have

- (];j;%) - 1) > By

where Vs is the co-adic Gauss valuation on K[X].

Proof. We write Pp(X) = [],(X — };), then

Py (X) :H <1i(> :1+ZﬂiXi, with g; € K.
; j

Py(0) =
By Lemma 5.5, we have Pp(X) € A[X™*], and by Proposition 5.4, if 8; # 0, then
we have v (8;) > % O

We state the main theorem of this Section.

Theorem 5.7. Let E be an Anderson module defined over Op which is A-finite.
Then E is admissible.
Proof. The right multiplication by 7 induces an exact sequence of A-modules
0 — M(E/Fy) & M(E/Fy) — Lieg(Fy) — 0,
as well as an exact sequence of A-modules
0— M(E/Fy(2)) 5 M(E/Fy(z)) — Lie E(Fqg(z)) — 0.
We deduce that
Fitt4 (Lieg(Fy)) = Pp(0)A,
Fitt ; (Lieg(Fyp(2))) = Pyp(0)A.
Next, the right multiplication by 7 — 1 induces an exact sequence of A-modules
0 — M(E/Fy) == M(E/Fy) — E(Fg) — 0.
It follows that
Fitt4 (E(Fy) = Pp(1)A.
Finally, the right multiplication by 7—z gives rise to an exact sequence of A-modules
0 — M(E/Fq(2)) 7= M(E/Fp(2)) — E(Fgp(z)) — 0.
Thus we get

Fitt ; <E(]Fq3(z))) = Py(2)A.
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Consequently, the Theorem follows from Proposition 5.6. O

As a direct consequence of Theorems 4.5 and 5.7, we obtain the following theo-
rem.

Theorem 5.8. Let E be an A-finite Anderson module defined over Or. Then we
have a class formula

[LieE(OL) . Ust(E/OL)]A = L(E/OL)

Since any Drinfeld module is A-finite (see [21], Corollary 5.15), by Theorem 5.8
and Equation (2.1), we obtain the class formula a la Taelman for Drinfeld modules,
which extends known results [7, 14, 26, 32, 34, 36].

Corollary 5.9. Let ¢ be a Drinfeld A-module defined over Or. Then L(¢/Opr) is
well-defined and is a principal A-lattice in K. Furthermore we have the following
class formula:

[OL : Usi(¢/OL)] 4 = [OL : U(¢/OL)] 4 Fitta (H(¢/OL)) = L(6/OL).

5.3. Anderson F,[f]-modules. When A = F,[d], we would like to mention the
nontrivial fact that any Anderson F,[f]-module is admissible.

Theorem 5.10. We suppose that A = Fy[0]. Let E be an Anderson A-module
defined over Op,. Then E is admissible.

Proof. Since A = F,[f], we have A = F,(z)[0]. Let B be a nonzero prime of Oy, and
recall that Foy = O /B. Then

Fitt ; (E(Fm(z))) — det (XId o A

Fo(2)[X] |Fm(Z)[X]) |x=0

Since Fy[z, X] is a finitely generated and free Fy[z, X]-module, we deduce that

, det (X140 = Eoly, x) s € ol X,
It follows that N N
Fitt ; (E(]Fqg(z))> = 114,
where g is a monic polynomial in 6 with coefficients in Fy[z]. Let us observe that
Fitta (Lieg(Fyp)) = x3(0) A4,
Fitt4 (E(Fy)) = zq(1)A.

It remains to prove that the infinite product ]_L13 ‘fio) converges in F( ((%))
In fact, it is the consequence of the adaptation in our context of [32], Theor 3.
We refer the reader to [15], proof of Proposition 3.5, for more details. ([l
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